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1 Introduction

In 1995 Gilboa and Schmeidler proposed a new theory of decision-making under uncertainty
— the case-based decision theory. In contrast to the expected utility theory it does not assume
that decision makers have beliefs about states of nature and probability distributions over state-
contingent payoffs. Instead, people are supposed to learn from experience. They evaluate an
alternative according to its performancein anumber of past cases observed and use an aspiration
level as a bench-mark in the decision process. The aternative which has performed best in the

past i s then chosen.

I have recently applied the case-based decision theory to decision making in financial markets,
see Guerdjikova (2001, 2003 a, 2003 b). In thiswork, however, | have assumed, that an asset
or aportfolio is evaluated only according to its own performance, but independently from the
performance of other assets or portfolios. It is, however, plausible that an investor could con-
sider investment aternatives as smilar. In this case, the past performance of one investment

possibility will influence the evaluation of another one, considered similar to the first.

The theory of case-based decisions allows to incorporate such kind of considerations into a
forma model. Similarity is, however, a relatively new concept in economics. Hence, itisnot a
priori clear how similarity should be operationalized in different contexts. Therefore, the first

guestion this paper should ask iswhat does "similar” mean in the context of financia markets.

The case-based decision theory works with similarity functions which allow a numerical repre-
sentation of perceived similarity. Still, there has been little research into how such a similarity
function should look like and what characteritics it should have. Thisis the next issue to be

discussed in this paper.

Once the two former issues have been discussed, it will be possible to present a model of in-
dividual portfolio choice, in which smilarity considerations will be integrated. By using this
model the impact of the form of the similarity function on the individual decision making will
be discussed, by comparing the results to those obtai ned without similarity cons derations and

to the results of the standard theory, which assumesa fully informed expected utility maximizer.

The individua portfolio choice problem can afterwards be integrated into a market. Instead

of considering similarities among assets or portfoliosaonein this case, it seems reasonable to
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define similarity between problem —act / price — portfdio pairs. Again it will be interesting to
know, how similarity considerati ons influence the portfolio choices and the pricedynamicsina

mar ket with case-based deci sion makers.

2 Similarity

2.1 A Philosophical View

Similarity, without doubt, aff ects our judgements and theref ore influences our decisions. Nev-
ertheless, although " there is nothing more basic to thought and language than our sense of simi-
larity” , Quine (1969, p. 6), it seemsto be very difficult to give a precise definition of similarity,
which could be used in aformal model. Phil osophical thought hasbeen dwelling on thisquestion

for along time and till, the problem does not seem to have a straightforward sol ution.

The problem isthat similarity can be neither defined by means of sets, nor by means of logical
structures. Indeed, suppose that one could divide the objects into sets, such that all objects,
which are similar to each other are in one such set. One easly seesthat as long as objects are
compared with respect to al possible criteria, each object should either be placed into aseparate
set, or all objects will be considered ssmilar in some sense and will build a unique set, thus

leading the notion of similarity ad absurdum.

A representation of similarity by means of alogical structureisalso problematic. Suppose you
want to evaluate alternative «. If you know that alternative o has performed well and you
consider o and o’ to be similar, you will probably think that o will also perform well. Now
suppose that you also know that aternative o has performed badly and you consider o to
be dissmilar to «. Will this make your believe that o will perform well stronger? Probably
yes, if you feel that this confirms the (perceived) law that aternatives that perform poorly are
not similar to «, therefore that aternatives which are similar to o cannot perform poorly. It is
however paradoxical that an alternative, which is considered to be dissimilar to o should be used

to predict the performance of o?.

2 This argument is known as the Hempel's puzzle. Its original version is, that since " each black raven tends to

confirm the law, that all ravensare black, so each green leave, being a non-black non-raven, should tend to confirm
the law that all non-black things are non-ravens, that is, again, that al ravensare black”, Quine (1969, p. 5).
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The main problem is, of course, that since mathematical concepts obey the laws of logic, one
necessarily embeds this paradox into each mathematical model of similarity. And indeed, the
theory of Gilboaand Schmeidler (1997 (a)) also bearsthis paradox in itself.

Although aphilosophical definition of smilarity isproblematic, it still does not mean that smi-
larity is aconcept that couldn’t beimplemented in an economic model. Infact, aslong asweare
interested only inindividual perception of similarity, it is enoughto elicit the similarity function
of anindividual (by asking him questions of the type "is o similar to ’?” or ”isa moresimilar
to o/ than to o/?”), in order to model his behavior. However this behavioristic modelling does
not give any clues up to which similarity perceptions are sens ble or what should be understood

under similarity in economics.

2.2 Smilarity in Economics

Similarity does not bel ong to the standard concepts of economic theory. Rubinstein (1988) sug-
gests atheory of decision-making based on similariti es between lotteries. The concept of Sim-
ilarity he uses is abinomial one. Two objects are either smilar or not similar. Similarity is
defined on interval s of real numbers and two numbers are considered similar, if and only if the
difference between these two numbersis less than a given number s, and dissmilar else. This
definition of smilarity can be used to explain some of the experimentally observed behavior
of choices between lotteries, Buschena and Zilberman (1995, 1999), as well as hyperbolic dis-
counting, Rubinstein (2003). Since however the smilarity relation is not trangitive, it leads to
preferences with intransitive indifference rel ations®. Of course, thisintransitivity of preferences
is due to the assumption of binomial similarity relation and can be avoided by introducing a

"more similar than” relation.

Such arélation is proposed by Tversky (1977), who derives a smilarity function from a set of
axioms. Similarity is seen as possession of common attributes, still symmetry isnot implied by
the axioms and is generally violated empirically. The approach of Nehring and Puppe (2003)
issimilar to that of Tversky (1977). Their smilarity concept isatrinomia relation, interpreted
as "« ismore similar to o thaniso/”. It satisfies reflexivity, symmetry and transitivity and

expresses theidea that @ and " have more common attributes than o/ and o”. M oreover, this

3 Kajii (1996) provides a chracterization of preferences consistent with the similarity concept of Rubinstein.
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trinomial relation is representable by a smilarity function. However, the similarity relation is
not complete, i.e. it is not defined for all triples of acts and theref ore similarity judgements are

not always possible.

An aternative theory is the case-based decision theory proposed by Gilboa and Schmeidler
(1997 &). They assume asimilarity function defined on problem — act pairs, which is aso based
on a”more similar than” relation. They suggest that the cumulative utility of an act depends
not only on the utility realizations observed when the same act was chosen in the past, but
also on utility realizations of smilar acts chosen in similar decision problems. An axiomatic
representation of this functional form is provided. Nevertheless, the axiomatization does not
give any clue about the characteristics a similarity function should have and their inpact on the

decisions made.

Few models have used this concept of similarity up to now. Gilboa and Schmeidler (1997 b)
show how similarity between goods can be interpreted in terms of complementarity and sub-
stitutability in a consumer choice problem. Blonski (1999) models social learning and repre-
sents social structures by similarity considerations. He shows that different similarity functions,
associated with "star” -communication structures, A-neighborhood structures and compl ete in-
formation, imply different stable states of the dynamical learning process. Gayer (2003) shows
how similarity cons derations may aff ect the perception of lotteries and lead to overestimation
of low probabilitiesand underestimation of high probabilities. She proposes to measure thesim-
ilarity between lotteriesin terms of distance. In contrast to the models presented in thisthesis,
she assumes an endogenous similarity function, which becomes finer, as the memory grows.
She shows that if the similarity function depends on the distance, its concavity insures that the

decision-maker will be able to learn the correct distri bution.

This research shows that the results obtained are very sensitive to the form of the similarity
function assumed. It will turn out that the form of the similarity function playsamaor role for

the behavior of case-based investors in financial markets, aswall.

2.3 Smilarity in Financial Markets

Supposethat you ask aninvestor, who has lost areasonable amount of money on dot.com assets,

whether he would be ready to invest in a dot.com company now. You would probably receive
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afirm no, even, if the company you are proposing is asound one. Not necessarily because the
unlucky investar has looked up the performance of the company and has analyzed the pro and
contras, but because his experience has taught him that dot.com assets can lead to significant
losses and he obvioudy finds the investment you are proposing to be quite similar to the bad

choice he has made last time. Thus, similarity can play major rae in asset choice decisions.

The most natural concept of similarity (from the point of view of standard financial economics)
is the concept of covariance. However, since the case-based decision theory presupposes no
knowl edge about state-contingent outcomes and their distribution, it does not seem appropri ate

to use the concept of covariance to model similarity in case-based decision-making*.

Since the information availabl e to a case-based deci sion-maker consists of a problem and a set
of acts, it is reasonabl e to use the description of acts to elicit a notion of similarity. In this sense
similarity may refer to the fact that assets of firmsin the same industry are regarded as similar,
as contrasted to firms from different industries. For instance, an investor may consider shares
of BMW and Renault to be more similar to each other, than the shares of Renault and Telecom.
Similarity percepti ons might also include the nati onality of an asset. Thus, aninvestor might find
that Telecom is more similar to BMW than to Renault. Other characteristics, such as maturity
or being derivatives of the same underlying asset can aso influence similarity perceptionsin

financial markets.

The above discussed characteristics allow only for a comparison of individua assets, but not
of portfolios. However, it is easy to imagine, how similarity might refer to the comparison of
the structure of two portfolios. For instance, an investor may consider a portfolio, conssting of
20% risky assets and 80% bondsto be more similar to ariskless portfolio, consisting of 100%

bonds, than a portfolio, cons sting only of risky assets.

To formalize these ideas, note that each portfolio, consisting of at most K assets can be repre-
sented as apoint in a K -dimensional simplex AX~1, Now, simil arity between portfolios can be
modelled as a continuous decreasing function of the Euclidean di stance between the points in
this smplex:

s(a) = f([a—al]) with

4 There seems to exist a certain connection between the notions of similarity and correlation, as observed by

Matsui (2000). Still, since his states of nature do not necessarilly correspond to the states of nature as considered
in the standard financial economics, the interpretation of hisresult is ambiguous.
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f (le=a]) < 0.
In order to include similarity considerations between assets (such as maturity, or belonging to
the sameindustry), it is enough to modify the simplex, all owing the di stance between itsvertices

to vary with the degree of similarity. Figure 1 illustrates this.

a) C b) C
A B A B
a) A, B and C are mutualy dissimilar.

b) Aand B aresimilar, A and C, aswell as B and C' are mutual ly dissimilar.

Figurel

Such asimilarity function applies, of course, only to situations which are considered to be iden-

tical and inwhich only similarity between acts matter.
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Still, the market situation might also inf luence the evaluation of different acts. Buying an asset
in a market boom might be quite different from buying the same asset, when prices fall. The
characteri sti cs of agiven decision situation are captured i n the notion of aproblem. Inafinancial
mar ket asset prices seem to bear the most important i nformation about the deci sion situation and

will, therefore, inf luence similarity perceptions.

In amodel of case-based decision-making in financial markets these two aspects of similarity
— similarity between problems and between acts — are captured in a single similarity function:
s((p; ) ; (05 0)),
whichisto beinterpreted asthe degreeof similarity of choosing act «in problem p to choosing
act o/ in problem p’. It has adready been shown that the acts o can be situated on a metric
space, depending on how similar they are perceived to one another. Since it seemsto me that the
major characteristic of a portfolio choice problem is represented by the pricesin the economy; |
proposeto identify the problem with a price vector (p; ... px) and to represent a problem - act pair
in AK-1 x AK-1 Again, taking the Euclidean distance as measure of similarity, the similarity

function can be written as:
s((pya); (p5a)) = f([[(asp) — (@5p)]),

where f (-) iscontinuous and decreasing.

The axiomati zation of Gilboa and Schmeidler (1997 (a)) implies that the similarity function is
unique up to an affine-linear transf ormation, and theref ore the similarity functi on can be normal-
ized, so that it takes on only values between 0 and 1 where avalue of 1 meansthat two objects
are”identical” or "completely similar”:

s((pa);(pa)) =1,
whereas 0 can be interpreted as " having nothing in common”, or being ” completely different”,

depending on the context.

Of course, thenotion of similarity, aswell as the specific smilarity function used by aninvestor
will influence his behavior in a financial market, since they will determine his evaluation of
acts. Moreover, the smilarity function may (as well as the aspiration level) evolve with the
time, ref lecting the fact that the deci sion-maker learns about (di s)similaritiesamong a ternatives,
which hewasnot aware of, see Gilboaand Schmeidler (2001 (a), Chapter 19) and Gayer (2003).



I will assume that the ssmilarity function remains constant over the time and will explore the

inf luence of the form of the similarity function on investors behavior.

3 Portfolio Choicewith Similar Acts

In this section | analyze the individual portfolio choice problem for given asset prices, hence,
for exogenous returns. 1 first consider the case of constant aspiration level and show how the
aspiration level and the similarity functioninfluencethelimit behavior of a case-based decision
maker. Next, | turn to the issue of learning. | study the question of whether the adaptation rule
proposed by Gilboaand Schmeidler (1996) |eads to optimal learning in presence of similarity

and identify conditions necessary for thisto be the case.

3.1 Theportfolio choice problem

Suppose, that the set of problems P consists of one el ement p, described asfdlows: aninvestor
has toinvest one unit of wealth into a portfolio cons sting of two assets A and B. Thereturns of
the two assets, denoted by 6 4 and 6, are identically and independently distributed on [4 4; 6 4]
and [8; 5], respectively. 2 = [0; 1] denotes the set of possible portfolios and a € [0; 1] stays
for the share of wealth invested inthe asset A. The possible utility realizations of a portfdio a,
i, aregivenby:

u(a;04;0B) =u(ada+ (1 —a)dp)

If « isbounded and continuous on

[ad s+ (1 —a)dp;aba+ (1 —a)b3)
for all a € 2l then the digtribution (), o Of u (-), for a given a is characterized by afinite
mean, 1, finite variation and bounded support A,. Assume, that the same investment decision

hasto be made in every periodt = 1, 2,...

Since all the problems are identical, the smilarity function s can only record simil arity between
acts: s (a;a’) fora, ' € A. Assume, that the similarity function satisfies

s(a;a) = 1

s(a;a’) = s(d;a)
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s(0;1) = 0.
Let s further depend only onthe distance between a and o’ and assume that it is decreasing and

concavein |a — a’|. Figure 2 gives an example of such a similarity function.

Figure 2

Note, that the decision maker is not assumed to know the distribution of the returns, nor their
possible realizations, moreover he doesn’'t form beliefs about state-dependent outcomes. The
only information, on which he bases hisdecis onishis memory, aset of cases he has encountered
in the past. A caseisdefined as atriple (ps; as; uy (a;)), where p, € P denotesthe problem to
be solved at time ¢, (and therefore p; = p for al p), a; € A isthe act chosen at time ¢, and
ut (at) € g isthe result observed, after a has been chosen. The memory of the investor at time

t istherefore represented by the set of cases:

Mt = ((p'm Qr; Ur (aT)))T:Lth :
M, is assumed to be endogenoudly determined at each timet, i.e. M; contains only caseswith

portfolios actually chosen and utility reali zati ons actual ly observed by the investor.

3.2 Thecaseof congtant aspiration level

Assumefirstthat the aspiration level u of the investor is constant over thetime. Given aproblem
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p and amemory of length ¢ the decision rule of a case-based decision maker is specified as

follows. Let U (a) denote the cumulative utility of an act a:
t

Ua) =" s (a;ar) [ur 1.
T=1
In each period ¢ the investor cal culates the cumulative utilities of all acts avail able and chooses
the act with the highest cumul ative utility. In the first period the memory is empty, therefore the
cumul ative utility of all acts isassumed to be equal to 0 and the investor chooses a portfolio at

random.

Denote by Sy the set of al possible decision paths:

So = {w= (@5 aw)) 5. | © ®xAx A
with A = Usepo;1Aq- Let S denote the subset of paths on which the decision maker chooses the
act with the highest cumul ative utility in each period of time:

S = {w €Sy | ay € argmeag)l(Ut(a) Vit > 1}

Leta; = a denotetheact choseninthefirst period. Assumeaswell, that a isastrictly diversified
portfolio, i.e. @ € (0;1). S; describes the set of possible paths on which the aspiration level
remains constant over time:

S ={we S |y=ufordlt=1,2,...}.
Let P denote a probability measure consistent with (I1,),cp0.1)@s in Gilboa and Schmeidler
(1996, p. 11). Itiseasily seen that®:

Lemmal Ifa < ug,then the expected time, for which the investor will hold a is infinite. If
u > p15, then theinvestor will switch in finite time to a different act a, witha = 0, if a > 1 and

azl,ifd<12-.

The interpretation of thislemmaissmple: if the first aternative chosen issatisficing (in mean),
then it is chosen for an infinitely long time (in expectation). However, if it isnot satisficing, the
investor switches to another one in finite time. The new portfolio chosen isthe most dissimilar

to the first one, or in other words, the one most far away from the initial a.

The next proposition shows how an investor will behave, if his aspiration level is higher than

the mean of the utility returns of the initialy chosen portfolio.

5 All proofsare to be found in the appendix.



Proposition 2 Let the similarity function s (a; ") of an investor be concave in the distance
between a and o’ with s (1;0) € (0;1) and the memory of the investor be endogenous and
contain all past cases up to the current period. If u > p, and

e U > max {/; 14}, then
u

P{wES1 | 37 (a) : [0;1] — [0; 1] and ZE?; = ':(1):;,7?(@) = 0for a € {0;1}}: 1;

® [y > U > iy, then

P{we S |3In(a):[0;1] —[0;1]and 7 (0) =1, 7 (a) = Ofor a #0} = 1;

o [y > U > fi, then

P{we S |3In(a):[0;1] —[0;1]and 7 (1) =1, 7 (a) = Ofor a # 1} =1,

o 1y >uand p, > u,then

p{wesl|37r(a):[0;1]—>[031]and Zg(l)gii Zggig ltg[zz(l) Or}:L

An investor, whose aspiration level exceeds the mean of the utility of the returns of the ini-
tialy chosen portfolio will only diversfy for a finite number of periods, afterwards he will
either choose one of the undiversified portfolios forever, or switch between them, depending on
whether he finds their mean utility satisficing or not. Note, that this result does not depend on
the assumption, that the investor can remember all past cases. The statement of the proposition
remains true, even if the investor can remember a finite number of cases only. It is essentid,
however, that theinvestor remembersonly casesthat really occurred, i.e. that hismemory is en-
dogenous. Moreover, the result of the proposition shows that the similarity between the corner
acts does not influence the limit distribution. In other words, the symmetric Euclidean distance
cannot capture simultaneously similarity with respect to the composition of the portfolios and

similarity with respect to asset specific features such as nationality, maturity, etc.

With two assets only, smilarity between the two undiversified portfolios can be normalized to

0, hence only similarity perceptions with respect to portfolio structure pay arole for the limit

behavior. This feature is due to the indeterminacy of similarity function with respect to affine-

linear transformations. To discuss the role of similarity between assets, the introduction of a

third asset is necessary. Hence, suppose that besides assets A and B, athird asset A is present

in the economy. Its dividend payments are denoted by 6 ;, distributed onaninterval [8;;6;]. A
12



portfolio consisting of the three assets A, B and A is now described by two variables (a; ) €
A = [0; 1]2, denoting the proportion of Aand of A in the portfolio. Thus, choosing a portfolio
(a;a) resultsin autility realization of
u(aba+adb;+ (1 —a—a)dp)
If u iswell-defined, bounded and continuous on
[ady + 84+ (1—a—d)dpiaba+ads+ (1 —a—a) o)
for al (a;a) € 2, then the distribution (I1,) ., Of u (-) for agiven a is characterized by afinite

mean, 1, finite variance and bounded supports.

One can imagi ne the portfolios consisting of A, B and A situated on a triangle. The similarity
between portfolios is then represented by the distance between the corresponding points. Be-
cause of the uniqueness of the similarity function with respect to linear affine transformations,
it is possible to normalize the distance between A and A so that s ((1;0); (0;1)) = 0. | assume
as above that s depends only on the Euclidean distance between two points, that it is strictly

decreasing and concave in the Euclidean di stance.

Suppose that the initially chosen portfolio is strictly diversified with (ag; a,) € (0;1)* and note
that inanalogy tolemma 1 the strict monotonicity of the similarity functioninthe Euclidean dis-
tance implies that if 4, .., < u (where u denotes the constant aspiration level), then (ag; o) is
abandoned amost surely in finite time and one of the undiversified portfolios (0;1), (1;0) or
(0;0) is chosen. The concavity of the similarity function further implies that one of the undi-
versified portfolios will be chosen in each period of time afterwards. In order to focus on the
inf luence of similarity between the corner portfolios on limit behavior, | will theref ore concen-
trate on the choi cesbetween the three corner portfoli os and neglect thediversified ones. Hence,
it is convenient to denote the three undiversified portfolios by 4, B and A and the similarity by

5((1;0);(0;0)) = s(A;B) =san

s(0:1)5(0;0) = 5 (4 B) =54
Denote as above, the set of all possible paths on which case-based decisonaremade by S;. Let

S denote a subset of S;, on which the first chosen portfolios is an undiversified one and the

aspiration level is constant and exceeds the maximal mean utility of an undiversified portfolio:
~ = >max {py; i ppt foralt=1,2, ...
§=qwes| and (ao;do)E{A;fl;B}
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Let P again denote a probability distribution on S which is consistent with <Ha>a€[0;1}2'
Proposition 3 e If
SAB + SAB Z ]-1
then on S, the frequencies with which the portfolios are chosen in the limit satisfy almost

surely with respectto P:

m(A) _pi—u
W(A fa —
7 (a;a) =0, else.

o |f
saB +s,45 < 1,
then on S, the frequencies with which the corner portfolios are chosen in the limit satisfy

almost surely with respect to P:

(1= sap) (up —u)’
7 (a;a) =0, else.

The proposition shows that depending on the rel ationship between s 45 and s ;;, Similarity be-
tween the corner portfolios can have different effects on the limit choice of the investor. As
long as their sum s larger than 1, the negative impact portfolios A and A exhibit on the cumu-
lative utility of B isso largethat Bisnever chosen after some period ¢. If, however, their sum
islower than 1, B is still an optimal choice during a positive fraction of time. The frequencies
with which A and A are chosen depend on how similar they are to B. Especialy, the portfo-
liowhich is more similar to B is chosen | ess frequently, sinceits cumul ative utility suffers more
from the negative net utility realizations of B. Clearly, for s ;5 = sap, this effect disappears.
Still, aslong as 0 < s ;5 = s4p holds, the utility redlizations of B negatively affect the cumu-
|lative utilities of A and A and their frequencies are therefore lower than in the case in which no
similarity between A and B and A and Bis perceived.
14



3.3 Learningand smilarity

Gilboa and Schmeidler (1996) posethe question of whether acase-based decision maker is able
to learn to choose the optimal (expected utility maximizing) act if the same problemis repeated
an infinite number of times. They find arul efor adapting the aspiration level that indeed | eadsto
optimal behavior. Theideaisasfollows: start with an aspiration level u; and update it towards
the maximum of the average utility achieved by some act till time ¢, to be denoted by X;. In
some rare periods, however, increase the aspiration level by aconstant 4. Formally:
U = Uy
l_bt:Oél_Lt71+(1—Oé)th0rtZ2,t¢NC (1)
ﬂ’t - at_l + thf t < NC,
where N C Nisinfinite but sparse and « is aconstant between 0 and 1. Write
— - 'L_Ll - 111 and
This combination of realism and ambitiousness leads to optimal choice in the limit, formally,
on almogt all possible paths of dividend reali zations, the frequency of choosing one of the al-
ternatives a € argmax {u, | a € [0;1]} is1. The theorem, assumes a very specific similarity
function for which
s(a;a') = 1l,ifa=ad
s(a;ad’) = 0,ifa#ad.
In other words, two acts are only considered similar if they are identical .

It is interesting to know, whether this adaptation rule also works for more general similarity
functions. Suppose, as above that the similarity function is concave. Let P be a probability
acfos1]» @in Gilboaand Schmeidler (1996,
p.11). Suppose again that the first act chosenisa; = a € (0;1). Itisclear that an investor

measure on S, (u1; 3), which is consistent with (T1,)

following updating rule (1) will switch at sometimeto act 1 or 0 (thisisimplied by the fact that
the aspiration level isincreased by 4 in an infinite number of periods). Suppose this happens at
timet. Denote by X;(a) the achieved average utility of a till timet.

Proposition 4

Proposition 5 Suppose that s is concave and strict monotoni cally decreasing in the Euclidean
distance between acts. For all u; € R and all 8 € (0; 1) the fol lowing results apply:
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1. On S such that
§ ={w e S| Xi(a) < max {ug; 1 }}
P{weg\ﬂﬁ(arg max ua) =1;=1

ac{0;1}
holds.
2. On SQ\S
( foreacha € A Jr(a) suchthat )
Piw652\5| m _ mdal g ~1,
m(a) =0 fora ¢ {0;1}
hol ds.

The concavity of thesimilarity function impliesthat similarity decreases relatively dowly, asthe
distance between the acts increases near 0. The utility realization of each chosen act therefore
significantly influences the evaluation of those (unchosen) acts which are close to it. With
increasing distancethe similarity decreases faster, making the acts0 and 1 most attractive, given
anegative realization of an interior act. Although the decision-maker has thus never tried any
of the actsa € (0;1), a # a, hisevaluation of an interior act is awayslower than that of acts 0
and 1. His choices consist therefore only of the corner acts. Sincetheinvestor observesonly the
utility realizationsof theacts 0 and 1, he can only learn to choosethe better of thesetwo acts, as
long as one of them is satisficing. If however theinitial average performance of a istoo high,
neither 0, nor 1 will be able to outperform it on average, so that both will seem unsatisficing in

the limit.

Since the proof of proposition 4 heavily relies on the concavity of the similarity function, | now
explore, how results change, if the similarity function is convex over some range®. Make the

foll owing assumptions:

Assumption 1: Suppose, that s (a;a’) is concave on [a’ — 1;a’ + 1] for some! > 1 and all
a € [0;1] and s (a;a’) = 0 outside thisinterval. M oreover, assumethat s (a; a’) is continuous,
sothat s (o' —1;a') = s (' +1;a') = Oforal d'.

Assumption 2: Let a; = 0 and let the investor choose the dternative, which is next to the
alternative he chose lat, if indifferent. (In other words, suppose he chose a; = 0 last and the

cumul ative utility of a; has fallen below 0. Since the smilarity between 0 and a > —} is 0, the

5 Note that a continuous similarity function that hasamaximum at s (a; a) = 1 cannot be convex everywhere.

16



investor is indifferent anong all « > 4 and by the above assumption he should choose a = 1,

the alternative next to 0.)

@ Figure3

Figure 3 illustrates these two assumptions.

Proposition 6 Suppose that assumptions 1 and 2 hold. For all u; € Rand all 5 € (0;1) on

almost all possible paths of Sz, an investor, who updates his aspiration level according to (1)
will learn to choose the act

a= argmax{,ua |a € {O;ll;zl...l_Tl;l}}

with frequency 1.

It seemsthat convexities of the similarity function improve the learning process. Instead of just

learning the better one of the two corner acts0 and 1, the investor can now learn to choose the

best of thel + 1 acts (including 0 and 1). Therefore, he can do better, the more intervals [ he

distinguishes. In thelimit, | — oo and the intervals on which the similarity function is positive

shrink to single points, which leads again to the result of Gilboa and Schmeidler (1996) that
17



optimal learning is possible for similarity functions of the type s (a;a') = 1, if a = &' and
s(a;a’) =0, else.

Assumption 2 however isnot inthe spirit of theresult derived by Gilboaand Schmeidler (1996),
since they assume no specific rule for choice under indifference. | therefore drop assumption
2 and denote by a;...a; the first [ portfolios chosen by the investor. It is easy to see that the
smilarity betweenany two of thesel portfolio should be 0, else the decisi on-maker would vid ate
the case-based decision theory.

Remark 1 s(a;;a;) = 0 holds for any two distinct portfolios of the set {a;...a;}. Hence,
’(Zi — (1/]| 2 Jl'

It istherefore possible to assume without loss of generality that:

e o],
ai _’l )
c[12
az _l’l
a € Z_Tl;l}.

Proposition 7 Suppose that Assumption 1 holds. For all 4; € Rand all 5 € (0;1), on no

possible path on Sz, an investor who updates his aspiration level according to (1) will choose

anact different from0; 1; 2 .. =4 1 ay; a9 43, a1 4+3 . a+ 5 as—1, as+ 3, + 52
Ly — =L

ap — 7y -

The decision-maker will not necessarily choose al of the listed acts, hence it cannot be guaran-
teed that he will learn the optimal one even on thisfinite set. Still, thisset isobvioudy bigger
than the one obtained with concave similarity functions (except for [ = 1). Note that the ini-
tial [ choices are random (besides the constraintsimposed by |a; — aj| > —}). I n order to choose
the optimal portfolio in the limit, the decision-maker will have to choose the first [ portfolios
in such away that the optimal portfolio bel ongs to the set of potentially chosen portfolios, for-
mulated in proposition 7. But the set of actually chosen portfolios isfinite and has a measure
0 relative to the set of available portfolios. Therefore the probability for choosing the "right” [

portfolios in the beginning is 0. Hence, the proposition can be understood as a negative result

" The order in which the acts are chosen does not play any role, from period ¢, in which the utility of dl [ acts

becomes negative for the first time.
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— the adaptation rule proposed by Gilboaand Schmeidler (1996) almost surely does not lead
to an optimal portfolio choice in the limit, if non-trivial similarity considerations are included
in the model.

4 Similarity in Asset Markets

After having discussed how similarity considerations inf luence the portfolio choice problem
of asingle investor, | turn to describing an asset market with case-based decision makers and
exploring how similarity cons derations based on problem - act/ price - portfolio- pairsinf luence

the price dynamics.

4.1 OLG-Model with representative consumers

Consider an economy, consisting of a continuum of investors, uniformly distributed on the in-
terval [0; 1]. There are two types of investorsi € {1;2} with constant aspiration levels %' and
u?. The shares of these two types are denoted by 6, and 6, = 1 — 6, and remain constant over

the time.

Each investor lives for two periods. The preferences of the investors are assumed to be such,
that they wish to consumeonly inthe second period of their life. The preferencesabout the con-
sumption in the second period are represented by a utility function « (), which is identical for
all investors, independently of their aspiration level. | assume, as usual that « is strict monoton-
ically increasing and continuous in consumption in period two. Thereis one consumption good
in the economy with a price normalized to 1. Theinitial endowment of the investors cons sts of

one unit of the consumption good in the first period and is 0 in the second period.

There aretwo possible waysto transfer consumpti on between two periods: either using ariskless
storage technology B, or investing in arisky asset A with exogenous supply. The storage tech-
nology delivers (1 + r) units of consumption good in period ¢ for each unit of the consumption

good, stored in period ¢t — 1. It isavailable to every young consumer at no costs®.

Suppose that the dividend paid by the risky asset 6, isidentically and independently distributed
according to a probability distribution @ on theinterval [§; §]. Let g (-) denotethedensity of the

8

B can be interpreted as ariskless bond availablein perfectly elastic supply a& apriceof 1 in each period, asin
the model of De Long, Shleifer, Summers and Wa dmann (1990).
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distribution ). The supply of the risky asset A isfixed at 1. No short salesare alowed. New
emissions are not considered, since | am interested in the behavior of prices on the secondary
asset market only.

Let a! denotethe share of A in the portfolio of an investor of typei attimet (a; € [0;1]) and let
p: be the price of asset A at timet. The similarity function of an investor isdefined on pairs of
(p;a), i.e. the investor only considers the price of the risky asset as relevant for the description
of the market situation, when he has to make his decision. Of course, the assumption that only
prices inf luence the perception of an investment problem isvery smplifying, still since in this
model all other factors are constant over the time, this seemsto be the natural description of a

problem at | east in the context of the model presented.

Since short sales are not allowed, and since the initial endowment of the economy is fixed at
1, it follows, that the price of the asset A, p¢, can only take on val ues between [0; 1]. Since the
portfolioshareof A canalsovary between [0; 1], it followsthat the (p; a)-pairscanberepresented
on asguare with side length one. The Euclidean distance on this square can therefore be taken

asameasure of similarity. So, assume that

s((pya); (pa") = f([(pra) = (@ d)),

where f (-) isgtrictly decreasing. s () is assumed not to depend on the type of investors.

Assume that the memory of the investors is endogenous, i.e. they can only remember cases
(p;a;u(a)) that really occurred in the economy. Moreover, each investor of type i € {1;2}
can only observe past cases experienced by investors of his own type, i.e. cases of the type
(pg; a¥;u (ai)). Let m denote the number of past cases that an investor can remember. Sincein
period ¢ = 0 the memory of the investorsis empty, let aq € (0; 1) be the aternative chosen (at
random) in period 0 by both types and p, = a, be the equilibrium priceat ¢t = 0.

4.2 Equilibrium paths

Giventheinitial alocation a, and theinitial price py = aq, an equilibrium path of the economy

is defined as a vector of asset prices (p;) and avector of portfolios (a}) chosen by

t=0,1,... t=0,1,...

the young investors at ¢ (with aj = ag, pj; = po), such that:
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(¢7) young investors make case-based decisionsin each period:

a; € argmax Ul (a) =

t—1
= arg max s ((prid}) s (psai)) -

T=t—m

- [u((wlp—t&“) a.+ (1+7) (1 —ai)) —ai]

(77) Themarket for the risky asset is cleared in each period:
a.* (py) + ai* (p})
Pt

= 1,if a* (0) + a?* (0) #0

pr = 0,if al* (0) + a?* (0) = 0.

I will not discuss the question of existence of an equilibrium path in general. For a concave
similarity functionand form = 1 andm = ¢, itwill be shown that such pathsexist, by analyzing
the price dynamics. Note, that the market clearing condition allows for degenerate equilibria,
in which no one holds asset A and itspricefallsto 0. Since it has been shown, that case-based
decision makers with concave similarity functions do not diversify, if their aspiration level is
relatively high, it is natural to expect that such degenerate equilibria occur for high values of .
That iswhy | will assume that the aspiration level of investors of type 1 is low enough, so that
they never switch fromtheir initially chosen portfolio. Thiswill insurethat the priceof the risky

asset remains positive for all possible paths of dividend realizations.
Assumption 3: Supposethat @' < u (rj% +(1—ap) (1 +r)).

Assumption 3 insures, that even if al investors of type 2 holda = 1 at sometime ¢, whereas the
investors of type 1 hold ay (hencep; = 1 — 6, (1 — ag)), and if al investors of type 2 switch to
a=0at(t+ 1), causngthepricetofal top;,; = 0 a0 and if the dividend of the risky asset
is the lowest possible at (¢ + 1), theinvestors of type 1 are still satisfied by the return of their
portfolio ay. Given this condition on %!, the investors of type 1 will hold a, forever, no matter
how long their memory is and independently of the price and dividend realizations and of the

portfolio chaices of type 2.To avoid the discussion of multiple cases| assume

1>6>r>ag > 0.
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4.3 Price Dynamicswith One-Period Memory

Consider first the case of one-period memory, hence, the investors only remember the last case
observed. Sincethe aspirationlevel of type 1 isfixed in such away that they never switchfrom
their initially chosen portfolio, only the aspiration level of type 2 needs to be considered. If
this aspiration level is relatively low, thentype 2 is always satisfied with the return of hisinitial
portfolio ag, given that everyonein the economy continuesto hold ay. Therefore, the following
proposition obtains:

Proposition 8 Suppose that assumption 3 holds and let w? < u (1 +48+ (1 —ag)r). Then,

there is an equilibrium path on which a}* = ag, a?* = ag and p; = po for eacht = 0,1, ....
Hence, (a' = ag; a® = ag;p = py) isa stationary state of the economy,.

Now, let the aspiration level be such that the portfolio ag isnot satisficing for type 2 if the risky
asset pays adividend lower than & € (8;6) eveniif the price of A remains unchanged. Hence,
let

ﬂzzu(l—i—g—i-(l—ao)r)
for some 6 € (é; 6). As long as the utility from the return of the riskless storage technol ogy
exceeds @2, (i.e. if & < r) thestate in which theinvestorsof type2 hold portfolio a2 = 0 ineach
period is a stationary state of the economy.
Proposition 9 Supposethat assumption 3holdsandleta? € (u (1484 (1 —ag)r);u (1+7)).
Then, on almost all paths of dividend realizations w, there is an equilibrium path, such that

al* = ag, a?* = 0 and p; = O1ao for all t > £ (w), for somet (w). (a* = ag;a® = 0;p = O1a0)
is, thus, a stationary state of the economy.

Since the proof of this proposition demonstrates how a bubble can endogenoudy emerge and
burst in an economy popul ated by case-based decision-makers, | include part of it intothe main

text.
Proof of Proposition 9

Since assumption 3 guaranteesthat the investorsof type 1 never switch away fromtheir initialy

chosen portfolio, only the behavior of the investors of type 2 needs to be considered.

Observe that since
u(l4+6+(1—ag)r) <u<u(l+r)
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for § < 6, it follows that

1+6+1—ag)r<1l+r
and therefore that for each § < 6

o <agr <r.

Note further that for § > 6

u(l4+6+ (1 —ao)r) > a,
hence, the return of theinvestorsof type 2 issatisfactory for themif the young investors continue
to hold a, and, therefore, by the argument of proposition 8 there is an equilibrium, such that
a2* = agand p = p, for al ¢, such that 6, > §foral 7 < t. Lett/ = min{t 16, < 5}. tis
finite on amost all paths of dividend realizations w, but its val ue depends on the path chosen®.
In period ¢ the utility realization of agisat most u (1 + &, + (1 — ag) r) < u? if the portfolio
holdings remain unchanged. Therefore, the cumulative utility of ag is negative for the investors
of type 2. Since the similarity function is decreasing in the distance between two portfalios,
given aprice p, it follows that the investors of type 2, who take the price as given, choose the

portfolio furthest away from ao. Hencea? = 1if ag < 3 anda? = 0 if ag > 3.

Suppose first that ag > é Then, p;, = 601a0 isthe equilibrium price corresponding to a2 =
and one easily checksthat a? = 0 indeed maximizes the cumul ative utility of type?2 in this case.
Once the portfolio consisting only of bonds has been chosen, the utility reaization becomes
u (1 +r) in each period, independently of the price p, andsincew (1 + r) > 4, it follows that
thestate (a' = ag;a® = 0;p = 0,q) is Sationary.

Now consider the case ay < —; Given py, the investors of type 2 choose the portfolio which
is furthest away from ag, i.e. a = 1. However, if ay = 1 is chosen, the price py rises to

0rap + (1 — 01) and the utility achieved by type 2 increasesto

" (91“0 - 5t’p+ L=01) 0 4 (1—ap) (1 —|—r)) |
0
If thisis still smaller than @2, then the cumulative utility is indeed maximized at o = 1, given

Py = ]_

However, if

" (91% + 6+ (1 — 64)

s ao+ (1 —ap) (1 +r)) > U2,

9 Similarly, all period numbersintroduced hereafter depend on the realized dividend path w. | neglect this depen-
dence in the notation for simplicity.
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then the cumul ative utility of a, is positive at py = 0,ay + (1 — 6,) and, therefore, a* = 1 isnot

optimal given p, = 1. Should this be the case, choose a?* in such away that

*/ (5/
u(pt; tao—i-(l—ao)(l—i-r)) =%
0

where p; " clears the market, given that a? a;" ischosen by type 2, whereas type 1 still holds ay:

pt/ = 91a0 + (1 - 91) at, .
Since u () is continuous and strictly increasing, such portfolio and equilibrium price exist by

the intermediate value theorem and are unique. Note further that 1 > a * > ag and
0100+ (1 —01) > pj > po
must hold. Moreover, the cumulative utility of ao given pj, is
Ui (ag) = u(pyy + 6y + (1 — ag) (1+ 7)) — > = 0= Uj (a)
for al a € [0;1]. Hence, a pj, the investors of type 2 are indifferent among all available

portfolios and, therefore, a2* isan optimal choice.

Again, two cases can occur: either a2* > - and the investors of type 2 switch toa?; = 0 at time
" = min {t >t 6 < (5} as shown above, or a>* < 3 holds. In the latter case, construct a2
in the same manner as a%*. Again, 1 > a2 > a>* > ap must hold. Repeat the same procedure

ntimes aslongasa? < 1 holds. Now note that since

+ (5
(47——ﬁ1+u tkda+m)=#
ptk 1
and

ptk 1 — 01(10—'_(1 _81) tk 1
it follows that the price at time t* is given by

w—(1+r
——4—;lmw41—&»+a+rMWJ—@k )
Pie—1 — V1o

foral k = 1...n, where w = w~! (@?) denotes the return which yields a utility exactly equal

Ptk = Pre—1

to the aspiration level of the investors of type 2. It has to be shown that the sequence defined

recursively by (2) satisfies
. 1—6:+20 1
Din = . 5 190 _ 01ao0 +§ (1—6q)

after afinite number of periods ¢*, hence after afinite number of iterations (n — 1), the critical

value being computed as the price necessary to render a2 > 1 The demonstration of thisis

deferred to the appendix. But once thisvalue of pj, isreached,
p* _ bia 20,(1—-61)an+(1—-64) . 916!0
af = H—2 > 2 =

1
1-0, = 1— 6, 2
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obtains and from this time on the investors of type 2 switch to asset B and hold it forever.
Setting t™ = t (w) for the respective path of dividend realizations, provesthe statement of the

proposition.l

Note, however, that during the (n — 1) iterations the price of A rises. Moreover, it risesin those
periods in which the dividend paid by therisky asset is 0. Imagine, therefore, that therisky asset
has a fundamental value of 0 (either 6 = 0 or ¢ = 0). In this case, the case-based decision-
makers holding asmall initial share of the risky asset steadily increase the share of their wealth
investedin A, until it exceedsé. Hence, they cause a bubble. Atthetime when thecritical value

of ps» i1Sreached the bubble bursts and never reemerges again.

If the aspiration level of type 2 exceedsu (1 + r), the economy startsto evolvein acycle:

Proposition 10 Letu? € (u(1+7);u(1+ + . Then on almost all paths of div-
1-01(1—ao)

idend realizations w, there is a time ¢ (w), such that for all ¢ > ¢(w) the economy evolves
according to a stochastic cycle with two states:

h, with a,lz = ap, a,% =l,andp, =1 —0; (1 — ap)
and
[, with a}L = ap, alz = 0and p; = 1a9.
The frequenci es of the two states are given by:
1
T — 5 _ 7
l—q
o= -/,
2—q

where 5
0= [ 96)de
denotes the probability of a dividend payment higher than §, defined as:

o
=2 _ 1
b u( +1—91(1—a0)>

If the aspiration level is set even higher, so that even « (1 + 1—7{1-%0)) is not satisficing, then

according to Q.

the investors of type 2 switch between the two corner portfoliosin each period:

Proposition 11 Leta? > u (1 + m>

w, thereisa time¢ (w) such that for all t > ¢ (w) the economy evolvesin a deterministic cycle
of period 2 with two states h and [, as described in proposition 10.
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The results of this section show that investors with short memory and a strictly decreasing S m-
ilarity function diversify only for a finite number of periods, unless their aspiration level is
relatively low. Note that to prove this, the assumption of a concave similarity function was not
necessary. Thisisdue to the fact that with one period memory only one utility realization at a
timeisobserved. Sincethe similarity function obtainsits maximum for identical problem- act
pairs, the investor either retains hisinitially chosen portfolio (given a utility realization exceed-
ing his aspirations) or choosesone of the corner portfolios, since they are most dissmilar to the
initial one. It is possible to show that these results still hold with long memory, given that the

similarity function is concave.

4.4  Price Dynamicswith Long Memory

Now assume that the investors can remember the whol e history of the economy from time 0 on.
Suppose that the similarity function of the investorsis concave in the Euclidean distance:
[(p;a); (05 )]

The result that in an economy with two types of agents only those investors with relatively low
aspiration level will diversify holds here as well. The introduction of along memory further
allows to consider learning effects. An investor who can only remember the last case realized
is not abletolearn much about the possible dividend and price realizations. In contrast, making
observationsfor along time might allow the investors to gather enough information so asto be

able to choose the optimal portfolio from the point of view of the standard theory in the limit.

Denoteby Eu [a | p] the expected utility from holding portfolio a € [0; 1] at time ¢, given that

the price of a remains constant at p = p; = py41. FOr instancefor p; = pri1 = po,

)
Eu [ag |p0]:/§ u(14+6+ (1 —ag)r)g(6)dd

obtains. To smplify matters, assume that the foll owing inequality holds:

Eulag | po)) <u(l+7) < EBula=1|p=1—-0;(1—ag)]. 3
Remark 2 Anecessary condition for theinequality (3) to hold is
1>5> r[l—@l(l—ao)}

1

Since the investors of type 1 are constructed in such away that they hold a, in each period,
independently of how the economy evolves, the ana ysis concentrates on the behavior of the in-
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vestors of type 2, who will determine the evolution of the asset price. Note that since now their
memory consists of all observed cases, in the long-run the mean of the observed utility realiza-
tions of an act determineits evaluation. Since however the behavior of type 2 has an influence
on the market price, this mean utility shall be constructed for the respective equilibrium price
which obtains, given the portfolio chosen by type 2. Should an expected utility of a portfolio
be satisfactory at a constant equilibrium price, then the expected time for which this portfo-
liois held isinfinity. Alternatively, if the expected utility of a portfdio liesbelow %2, then the
investors of type 2 switch away from this portfolio in finite time. Thefirst result isthat the in-
vestors of type 2 only consider the utility realizations of three portfolios: ag, a = 1 and a = 0.
The inequality (3), therefore, assumes one possible ordering of the expected utilities of these

three portfoliosin order to avoid cons dering multiple cases.

Note further that as long as the investors of type 2 hold ay the price of a remains pg = ay.
If type2 holdsa = 0, p = 61a¢ obtains and in the case that the choice of type 2 isa = 1,
p=1—01(1— ap) istheequilibrium price of the risky asset.

Proposition 12 Suppose that the probability distribution @ on [4; 5] has a density function
which is strictly bounded away from0 ontheinterval [5 — 0+ C} for some ¢ > 0 and 4 such

that )
u 1—«91(1—@0)4-5 _ 22
1—91 (1—&0)

1. If 4% < Eulag | po], the expected time for which the investors of type 2 hold aq isinfinite.

2. If @ € (Eulao | po];u (1 +7)), theinvestors of type 2 hold either @ = 1 or a = 0 with
frequency 1 almost surely in the limit.

3. Ifa?e (u(l+r);Bull|1—0601(1—ao)]),theinvestors of type 2 hold a = 1 with
frequency 1 almost surely in the limit.

4. If u®> > Eull|1—0;(1—ap)], theinvestorsof type 2 hold a = 1 and a = 0 with
strictly positive frequencies m;, and ;, respectively, almost surely in the limit, whereas the

frequencies of all other actsare 0. These frequencies almost surely satisfy
mn @ —u(l+r)

u u? — iy
where 1f denotethe mean utility of choosing asset « as observed by the investors of type 2.
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Comparing proposition 2 to proposition 12, one easily sees the analogy: if the aspiration level of
the investors of type 2 isrelatively low, theinitialy chosen portfolio is cons dered satisfactory.
Hence, the initial allocation and price prevail infinitely long in expectations. If the investors
of type 2 consider a¢ as unsatisfactory, they sooner or later switch to an undiversified portfolio
and never diversify again, dueto the concavity of their similarity function. Now, they have to
choose between the two undiversified portfolios. If at least one of these portfoliosis found to be
satisfactory, then it isheld forever. If, however the expected utility of none of these portfolios
exceedsthe aspiration level 42, thentheinvestorsof type2 switchinfinitely often between them,
causing the price of A to fluctuate in a stochastic way.

Thefrequencieswithwhich the two undiversified portfoliosare chosen by theinvestors of type 2,
provided that their aspiration level isrel atively high asin case 4., depend not only onthemean re-
turns of thetwo assets, but alsoon the perceived similarity between (p = 1 — 601 (1 — ag);a = 1)
and (p = rap;a = 0).

Note that if the aspiration level of theinvestors of type 2 is appropriately chosen, i.e. if

e (u(l+r);Bu[l|1—0,(1—ay)]), 4
these investors | earn to choose the best among the threeactsap, a = 1 anda = 0, namelya = 1
in the limit. Still, their choice might not be optimal from the point of view of an expected utility

maximizer, since they only observe realizations of at most three portfolios.

Since the dynamic of the economy is predetermined solely by the behavior of the investors of

type 2, it can easily be derived from proposition 12. The following corollary obtains:

Corollary 13 Supposethat the probability distribution ¢ on [ﬁ; 5} hasa density function which
is strictly bounded away from 0 on theinterval [3 — o+ C] for some ¢ > 0 and 4 such that

1-61(1—aQ) 48\ _ ~
u( 1—61(1—ao) ) = u’

1. Let 4> < Eufag). Then, the expected time which the economy spends in the state

2

(a'! = ap;a® = ap;p = po) isinfinite.

2. Let u? € (Eulagl;u (14 r)). Then, with probability 1 in the limit, the economy
remains either in state (a' = ag;a® = 0;p = 0,a¢) with frequency 1 or in state
(a' = ag;a®*=1;p=1— 6, (1 — ay)) with frequency 1.
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3. Let @? € (u(1+7);Eull|1—0;(1—ag)]). Then, with probability 1 in the limit, the

economy remainsin state (a' = ag;a® = 1;p =1 — 6, (1 — ay)) with frequency 1.

4. Let w? > Full|1—61(1— ap)]. Then, inthe limit, the economy almost surely evolves

according to a stochastic cycle with two states ~ and [, as described in proposition 10.

The results are similar to those derived for an economy in which investors do not take similarity
between acts and problems into account and in which diversification is not allowed, Guerd-
jikova (2003 b). Investorswith low aspiration level sinduce stable prices and portfolio alloca-
tions. However, the portfolio held by the investors in a stationary state needs not coincide with
the optimal portfolioinan economy with arepresentativeinvestor, implying that the case-based
decision makers do not make optimal decisions, given the market price. Hence, arbitrage possi-
bilities can emergein such amarket. If, for instance, the share of A intheinitial portfolio, a, is
relatively high, implying a high p,, the riskless asset B may dominatetherisky one. Neverethe-
less, (ao; ap; po) represents a stationary state, in which all investors hold a strictly dominated
portfolio. The relatively low aspiration levels lead to alack of incentives to experiment and

choose different acts with possibly higher payoffs.

If at least some of the investorsin the economy have arel atively high aspiration level, then the
economy evolves according to acyclewith two states— alow-price and a high-price state. The
investors with relatively high aspiration levels and concave similarity functions hold underdi-
versified portfolios. In general, they trade too much buying the risky asset in period in which
its price is high and abandoning it in periods in which its price islow. This behavior causes
excessive price volatility which contradicts the result of the standard theory. Indeed, since the
economy described in this model is dynamically efficient, it followsthat the price of the risky
asset should remai n constant under rational expectations. Moreover, the fluctuation of the price
has agreater amplitude, the higher thevalue of 1 — 61, i.e. the mass of theinvestors of type 2 in

the economy.

The identical and independent distribution of the dividends further impliesthat current dividend

payments cannot be used to predict future prices. Nevertheless, an external observer would be

able to predict a priceincrease from the past dividend reali zationsand prices. For instance, with

short memory, an externa observer would know that a price increase will occur in the period
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following aprice decrease. In contrast, price decreases are impredictabl e, since they depend on
the probability of low dividends.

5 Conclusion

| have anal yzed theimpact of similarity considerationson the behavior of investorsin afinancia
market. In the individual portfolio-choice problem only similarity cons derations among acts
are taken into account, whereas problems are assumed to be identical. It can be shown, that
an investor with a concave similarity function among portfolios will only hold a diversified
portfolio, if his aspiration level is sufficiently low. Moreover, his portfolio will coincide with
theinitially chosen and probably suboptimal one. If the aspiration level of the investor ischosen
relatively high, then he will choose only undiversified portfolios from some finite period ¢ on.
He will either hold one of the undiversified portfoliosforever, or if his aspiration level iseven
higher thanthe expected utility from each of the undiversified portfolios, hewill switch infinitely

often between the undiversified portfoliosin the limit.

It could further be shown, that the method for adapting the aspiration level proposed by Gilboa
and Schmeidler (1996), which insures that acase-based decision maker learns to choose the act
with maximal expected utility inastationary environment, does not work with concavesimilarity
functions. In this case the decision maker only |earns to choose the act with the highest expected
utility among the undiversified ones. Introducing convexitiesinto the similarity function leads
to more successful |earning, thelimit being the case of no similarity considerations analyzed by
Gilboa and Schmeidler (1996).

In a market environment not only similarity among portfolios (acts), but among problem-act
/ price-portfolio pairs are considered. |nvestors with one period memory hold a diversified
portfolio, onlyif their aspirationlevel issufficiently low and chooseonly undiversified portfolios
from some finite time on, else. This result is independent on the curvature of the similarity
function. For the case of long memory the results are similar, but rely on the assumption of
concavity of thes milarity function. Theinvestors can learn to choose the best alternative among
theundiversified portfolios, if their aspiration level isappropriately chosen. Still, they only learn
to choose the best portfolio in the limit, if their utility function islinear or convex, henceif no

diversification isindeed optimal for them from the expected utility theory point of view.
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Appendix

Proof of Lemma 1 Supposefirstthat u < .. Thecumulative utility of a , aslong astheinvestor
holdsit, is then arandom walk with differences

abe+ (1 —a)dp — a.
Since the expected value of the differenceis i, — @ > 0 and the process startsat 0, the expected
time until the first period in which the process reaches 0 isocc. But, aslong as U, (a) > 0,
Uy (a) = s(a;a)Ug(a) > Uy (a), since s(a;a) € [0;1] and therefore a is chosen in every
period.

Now suppose that « > p.. Then, the expected increments of U (a) are negative. Therefore,
when the process startsat 0, it will cross any finite barrier below 0 in finitetime. Let ¢ be the
first period, at which Uy (@) < 0. Then U (a) = s (a;a) U (a) < 0. Snces = (a;a’) isstrictly
decreasing in the distance between the acts, U, (a) has a maximum either at 0 or at 1. Moreove,

s(L;a) > s(0;a), iffa > 4 andsince U, (@) < 0, the act lest Similar to a is chosen. It follows
that
1, if
GM_{Oif }'

It has already been shown, that for p, — @ < 0 the investor switchesin finitetimetoa = 1

QI

N 0 1=

<
>
Proof of Proposition 2

ortoa = 0. Suppose, that a > —; and therefore a = 0 is chosen at some time ¢, such that
t =min {t | U¢ (a) < 0}. Two cases are possible: either y, — @ < 0 or iy — @ > 0. Let Cy (a)

denote the set of periodsin which act a € [0; 1] has been chosen up to time ¢. Define V; (a) as:

V;f (CL) = Z [UT (G’T) - ﬂt] :
T€C(a)
Thenat timet > ¢ the cumul ative utility of an act a can be written as:

U, (a) = Vi (@) s (a3 @) + V; (0) 5 (a3 0).
AslongasV; (0) >0,

U (0) = Vi (a) 5 (0;a) + Vi (0) > Vi(a) s (a;a) +V; (0) 5 (a;0) = Uy (a),
wherethe second inequality stems from the fact, that V; (a) s (0;a) < Vi (a)s (a;a) < Vi (a) <
0Oand 0 < V;(0)s(a;0) < V4(0). If uy — @ > 0 holds, then V;(0) > 0 infinitely long in
expectation. If however p, — . < 0then V;(0) < V;(a)(s(l;a)—s(0;a)) < 0 obtains
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in finite time. Let now ¢’ denote ¢ = min{¢ | V; (0) < V;(a)s(1;a)}. Notethat at ¢ the
cumulative utility of a = 1 is:
Ur (1) = Vi (@) s (L:@) + Vi (0)s (1;0) = V; (@) s (L;a@).
Moreover, since now V; (a) < 0, V; (0) < 0 and s isconcave, it followsthat at every t’ U, (a) is
concave for every a € [0; 1]. Therefore the optimal aternativeiseither 1 or 0. Moreover:
U (1) = Vi (@) s (@) > Vi (@) s (0;@) + Vi (0) = Us (0),
so that az 1 = 1ischosen.

Again,if u;—u > 0,thena = 1 will beheldinfinitelylong in expectation, whereasif 1, —u < 0,
then the cumulative utility of « = 1 becomes less then the cumulative utility of a = 0 in finite
time. Repeated use of theabove argument shows, that theinvestor will choose only the portfolios

a=0anda = 1.

Note that if one of the two acts, say a = 0 were chosen only for a finite number of times,
the cumulative utility of the other act, « = 1, would converge amost surely to —oco, since
p; — @ < 0. Let ¢ denate thelast period in which a = 0is chosen (depending on the path of

dividend redlizations). Then, it would be possible to finda period ¢ > '’ such that
[s(0;a) — s(1;a)]
1—s

Vi (1) < Vir (0) + Ve (a)
holds and, therefore,

Up(1) = Vi(1) + sV (0) + Vg (@) s (1;a) < sVi(1) + Ve (0) + Vi (a) s (0;a) = Uz (0).
Hence, the assumption that act 0 is chosen only for afinite number of times leads to a contra-
diction on ailmost all possible paths of dividend realizations. Anal ogous reasoning shows that
(because of the assumption p, — u < 0), acta = 1 cannot be chosen for afinite number of times

on aset of paths with a positive probability measure.

Now, consider the following process.
1:a) — .=
o (10) = v (@) =200

. g tu(bs)—u, ife>0
e (B0) = 4 (o) — @, ifer<0
(1 —s)e; (1;0) represents the difference between the cumulative utilities of the actsa = 1 and

a = 0 after period ¢'. To see this note that
Ur(1) = U (0) = [Vi(1)+ sV, (0)+ Vi (a) s (1;a)] — [sVi (1) + Vi (0) + Vi (@) s (0;@)] =
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= (1=5)[Vi(1) =Vi(0)] + Vi (@) [s (1;a) — s (0;a)]
and
e¢(1;0) = Vi (1) — Ve (0).

Aslong as act a = 1 is chosen, this difference represents a random walk on the half line with
negative expected increment. Define £, (1;0) to be equal to ; (1;0) in the periods in which
a = 1ischosen and 0, else. Such a random walk has an accessible atom at 0. Moreovey,
each set of the type [0; ] isregular, see Meyn and Tweedie (1996, p. 278). This meansthat the
state 0 isreached in finite expected time, starting from each set of the type [0; ¢] and especially,
starting from the set [0; @ — min {u(64);u(ép)}]. Denote the supremum of these expected
times by V' and observe that it is finite according to the definition of regular sets. Note that
a—min{u (8,);u(dg)} equasthe maximal possiblevalueof ¢ (1;0) inaperiod, in whichthe
decision-maker switchesto froma = 0 to a = 1. Observe aswell that since the probability that
¢ (1;0) = 01is0 (for atomless distributions of 6 4 and ég), it followsthat &; (1;0) = 0 coincides
with e (1;0) < 0. Hence, the decision-maker switchesaway from a = 1 inthe first period, in
which &; (1;0) = 0 isreached. It follows that the expected time for which an arbitrary act a is

held in arow isfinite and bounded from above.

It can be shownthat ¢, (1;0) is bounded above on aimost each path of dividend realizations. At
timesat which a = 1 ischosen ¢, never falls below
u(8y) — a,

since thiswould contradict choosi ng the act with highest cumulative utility in each period. Sup-
pose, thereforethat there is aset of pathson which there exists asequence of periods (dependent
on the path) ¢, t"..., such that ey (1;0), e (1;0)... growsto infinity. In other words, suppose
that on each such path for each M > 0 thereisa k, such that ¢~ (1;0) > M for dl n > k.
Since U (1) has negative expected increments, it follows (as shown above) that a = 0 is cho-
sen infinitely many times on amost each path of dividend redlizations. But each time that the
act a = 0 is chosen, the difference e, (1;0) falsbelow 0. If & (1;0) > M, the time needed
to return to the originisat least ﬁ, which growsto infinity, ase;. and, hence, M become
very large. However, as has been explained above, the expected time for return to the origin 0

of &, (1;0) isfinite and bounded above by . The Law of Large Numbers then implies that for

10 See Meyn and Tweedie (1996, p. 105) for adefinition of an accessible atom.
33



each x > 0 on almost each path of dividend realizations there isaperiod i, such that

2 T <N+k
n
for dl n > K, where 7, denotes the time needed to reach the origin, once a = 1 has been

chosen. Ontheother hand, the assumptionthat ;- (1;0) — oo impliesthat the stopping times;
become infinitely large as the time growson aset of paths with a positi ve probability measure—
acontradiction. Hence, on almost each path of dividend realizations, each sequenceey (1;0),
e (1;0)... (wheret’, ¢"... denote periods a which a is chosen) is bounded from above. A
Ssymmetric argument can be used to establish that ¢, (1; 0) is almost surely bounded from below.
It followsthat on almost each path w € S}

U@ U ()+ (0 —s)e(150)
SRTO) e oo
holds.
. Ue(1) B
A 0) L
Hence,
V(1) +sVi(0) + Ve (a) s (1;a)]
lim — — =1
t—oo [V3 (0) +sV; (1) + Vz (@) s (0;a)]
GO o MEATE +51C O S MR Ve @s @)
m = .

=2 L51C ()] ey MR+ 1Ce(0)] 5 e 0 B + Ve (@) s (053)
Since |C; (1)] — oo and |C; (0)| — oo on amost each path, it foll ows according to the Law of

Large Numbers that
lim > rec [ (6a,) — Ul B .
v |Ce(D) .
lim ZTECt(O) [U (537—) - ’lﬂ . g
e |G (0) o
obtain almost surely in the limit. Hence,
G 1y = @) + ]G O)] (19— 1) + Ve (@) s ()]
t=o0 [5|Cy ()] (1 — @) + |G (0)] (1o — @) + Ve (@) s (0;a)]
UG ] ( — @)+ 51C, (O)] (g = @) + Vi (@) 5 (1)
t=o0 [s]|Cy (1)[ (uy — @) + [Cr (0)] (o — @) + Vi (@) s (0;a)]
68 G — )+ 5 o — ) + S8t
= 11m — - =
s (= @)+ (o — @) + L |
|gZ(é)\ (g — @) + s (g — 1) B
tmoe 5%%}} (1 — @) + (o — 1)

amost surely holds (since V7 (a) is finite on amost all paths, it does not influence the limit
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behavior). Therefore, the limit frequencies 7, and 7, satisfy
Ty JCL] g

A
mo == |G (0)] gy —u

Proof of proposition 3

First, | show that a diversified portfolio is never chosen. Indeed, suppose that up to time ¢ only
undiversified portfolios have been chosen. Then the cumulative utility of any portfolio (a; a) is
given by
Us(3) = Vi (4) 5 (As (@:0)) + Vi (A) 5 (4 (0:0)) + Vi (B) s (B; ().

Notethat if an act has been chosen in the past at least once and is not chosen at time ¢, then its
Vz must benegative, else it would not have been abandoned for another act. Indeed, if (a’; a") #
(aj_y;a}_,) is chosen at time ¢, then

Ui(a;a) < Uz (d';d)
forall (a;a) e [0;1)° must hold at this time. Aslong asV; — V; is positive,

Ut (a;a) < U (d;a')
still holdsfor all (a;a) € [0;1]°. The investor can switch to a different act, only if V; — V; <
0 holds. Since when (a; @) is chosen for thefirst time, V; (a;a’) = 0, it follows that the first
switch away from (a’;a’) occurs at V; (a’;a') < 0. When at time #, (a’;a)is chosen again,
Vi < 0 and, therefore, the next switch away from (a'; @’) occursat ¢ suchthat V; < V; — Vi < 0.
Hence, if (a’;a’) is not chosen at ¢ but has been chosen in the past, Vi (a';a") < 0 must hold.
Else, itsVyis0. Hence, at ¢ exactly oneof the corner acts can have a positive 1%, namely theone
chosen at time¢. If Vi (a;;a;) > 0, then

(ae+1;a41) =arg max  Up(a;a) = (as; )
(a;a) €[0;1]?
and therefore an undiversified act is chosen again. If, on the other hand, Vi (as; ;) < 0, then
the function Uz (a; @) isasum of convex functions and has therefore a corner optimum. Hence,
again an undiversified act is chosen. It followsthat starting with an undiversified portfolio, the

investor never diversify and, hence,
7 (a;a) = 0foral (a;a) ¢ {A;A;B}.

Suppose now that
Sapt+Si5=>1

holds and assumethat theinvestor has chosen to hold the undiversified portfoli o consi sting only
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of asset B inthefirst period,
(a; Gg) = B.
Without loss of generaity, assume
SAB < SjiR
Since pup < u,
Us(B)=Vi(B) <0
obtains amost surely infinitetime. Hence, at ¢ + 1, (a;a) = A ischosen, since
Up(A4) = 545Vi (B) > 5,4,Vi (B) = Uy (4) > Vi (B) = U (B).
Aslongas A ischosen, the cumulative utility of the portfolios consisting only of B and only of
Aisgiven by:
Ui (B) = Vi(B)+sapV: (4)
U (A) = sipVilB),
sincethe similarity between A and Ais0. Hence,
U, (A) > U, (B)
at each such ¢ and especialy, in the first period ¢’ such that
Up (A) < Uy (B)or
Us (A) < Us (A)
holds. Clearly, ¢’ isamost surely finite, since
Ui (A) = U, (B) = (sap —1) (Vi (B) = Vi (4))
Ui(4) = Ui () = (sam —545) Ve (B) + Vi (4)
and V; (A) has negative expected increments 14 — u < 0. Hence, in period ¢’ act A is chosen.
Aslong astheinvestor holds portfolios A, the cumulative utilities of the three portfolios sati sfy:
Ui(B) = Vi(B)+sanVe (A) + 535V (A)
Ui(A) = sipVi(B)+Vi(4)
Ur(A) = sapVi(B) + Vi (4)
Note that aslong as V; (A) > 0 holds, act A is chosen, snce Vi (B) <0and Ve (A) < Ohold.
Once, however V; (A) < 0 obtains,

SAB—FSABZl
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implies that
sapVi (4) + 535V (A) <max {v; (4) ;5 ()}
To see this, assume without loss of generality, V; (A) > Vi (A) and note that
(36 +5.15) Vi (4) + 545 | Vi (4) = Vi (4)
<V (A) +54p [Vp (A) —V; (A)] <V (A)
holds since both V; (A) and Vy (A) are negative.

If portfolio Aor portfolio A is the first one chosen, then the term V4 (A) = 0 and the above

argument applies as well.

Hence, at period ¢” when the next switch occurs, the investor chooses again A. Applying this
argument inductively and noting that in each period of time, V; (a;a) > 0 can hold for at most
one portfolio at a time implies that B is never chosen again after period . Hence, its limit

frequency isamost surely 0.

In contrast, A and A must be chosen for an infinite number of periods each by an argument
analogous to that in the proof of proposition 2. Moreover, since the similarity between these
two assetsis 0 and since the finite 1V (A) does not influence the limit behavior, it foll ows that
the frequencies with which A and A are chosen are al so determined anal ogously to the proof of

proposition 2 and are given by

Suppose how that

saB +sip <1
holds. Assume that portfolio Bis chosen only for afinite number of times. Denote the |last
period in which B is chosen by #. Asin the first case it can be shown that A and A must be
choseninfinitel y often aimost surely and that the difference of their cumulative utilitiesisalmost
surely bounded above and below. Now consider the diff erence between the cumul ative utilities
of B and A:

U (A) =0 (B) = [Vi(A) ~Vi(B)] (1~ s5) ~ Ve (A) 54 =
= [Vi(A4) = Ve ()] 545~ Vi (B) (1 - s.5)



Whereas [Vt (A) -V (A)] has the same limit properties as U; <A> — U; (A) and istherefore
bounded above and below,
4 (4) o) - =
almost surely since A is chosen infinitely often and the expected i ncrements of V; (A) are neg-
ative, p; — u < 0. Combined with
saB + 845 < 1,
thisimplies that
U, (A) —U,(B) — —0
amost surely. In the same way, it can be shown that
U(A) —U; (B) — —o0
But then on almost each path, it would be possible to find a period ¢, such that
U (A) < Ui(B)
U, (A) < U,(B)
and still act B is not chosen. This obvioudy contradicts the case-based decision rule. Hence,

act B must be chosen infinitely often on amost al paths.

Assuming that act A ischosen for only afinite number of times with ¢ being the last period in
which Ais chosen, whereas the other two portfolios are chosen infinitely often, would imply
Ui (A) = Ui (B) = Vo (A) = Vi(B)] (1= sip) ~ Vi (4) 545 =
= [Vi(B) = Ve(A))sap + Vi () (1= 5.p)

—Vi(B) (1 —si5+ san)
hence

U, (A) _U,(B) — o0,
which isin contradiction with the case-based decision rule. The same argument applies to the

casewhen act A ischosen for afinitenumber of times, whereasacts B and A are chosen infinitely

often.
Now suppose that two acts are chosen for a finite number of periods each. Obvioudy, these
cannot be acts B and A, since then
Ui (A) — —o0,
whereas U, (A) remai ns finite, implying a contradicti on to the case-based decision rule. In the
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same way, it cannot bethe acts B and A. Hence, suppose that A and A are chosen for afinite
number of times each. Then
Ui (4) = Ue(B) = [Vi (4) = Vi (B)] (1~ s45) Vi) a5
and since V, (A) and V; (A) are finite, whereas V' ( B) has negative expected increments, it
foll ows that
U, (A) —U,(B) — oo

and still act B is aways chosen after some period ¢, which again contradicts the case-based
decision rule. Hence, each of the three acts must be chosen for an infinite number of times on

almost each path.

Now write the differences between the cumulative utilities as:
e (44) = Vi) Vi (4) + Vi(B) (sam — sp)
o (BiA) = (1=s3p) [Vi(B) = Vi ()] + 545V (4)
e (4B) = (1-sap)[Vi(A4) = Vi(B)] +5 45V (4).
Aslong as Aischosen,
& (A;A) < a—u(dy)
et (BiA) < (1—sp)[a—u(8y)
hold. If the investor switches from A to A, ¢, <A; A) behaves asarandom walk on the half line
with negative expected increments, as long as Ais chosen. Hence, the expected time sinceits
return to 0 isamost surely finiteand uniformly bounded above for initia values on the interval
[0; @ —u (84)]. Inthe sameway, if the investor switches from Ato B, «; (B; A) behaves asa
random walk on the half line with negative expected increments, aslong as B ischosen. Hence,
the expected time since its return to 0 isamost surely finite and uniformly bounded above for
initial values onthe interval
[0; (1 = s4p) [0 —u(@y)]].
Anal ogous arguments apply for the other two portfolios B and A. Hence, the argument of the
proof of proposition 2 can be used to show that the differences ¢, are bounded above and below
amost surely. It followsthat

lim G (4) =1 (5)
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tlggo U, (B) =1
lim Uy <<1) =1
t—o0 Ut <A>

holds on amost each path.

Because of |C; (a;a)| — oo on amost al paths, it follows that
ZTECt (a;a) [uT (CL; &) - I_L]

lim " = fga — U
=00 Ct (a;a)] ’
holds with probability 1 for all non-diversified portfolios. Hence, (5) can be rewritten as
lim Ci(A) (pa—1u) + 54C (B) (pp — ) 1
%55 Cy (A) (4 — @) + o (B) (g — ) + 351 (A) (3 — 0)
1, Oy (A) (i = 1) + 35C1 (B) (g — ) 1
1m - —
% 5450y (A) (4 — 1) + 1 (B) (g — ) + 33501 (A) (3 — 0)
i &t (A) (g — @) + 545C (B) (g — @) 1

%5 15Cu(B) (g — @) + G, (A) (15— 1)

Snce;ﬂ(b—l) = lim,_,., EC%L—L) by definition, it follows that
m(A) (pg —u) + sapm (B) (pp — ) _
54T (A) (g — 1) + 7 (B) (g — ) + 5,457 (A) (4 — 1)
7 (A) (14— @) + 5457 (B) (11— 0) .
sap7 (A) (1 — 1) + 7 (B) (g — ) + 557 (A) (03— 1)
7 (A) (s — ) + sapm (B) (s — 1) _ |

$357 (B) (g — 1) + 7 (A) (13— )

Simplifying and solving for Z&1, :((13 and :((;‘)) one obtains the rel ationships stated in the

proposition.l
Proof of proposition 4

At
Ui(a) = Vi (a) <O.
Hence, u; > X;(a). Moreover, (1) implies u, > X; (a) foral ¢ > ¢. Therefore, V;(a) < 0 as

longasa, #aforalt> T >t.
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Att
Ui (a) = Vi(a)s (a;a) <0,
and since s (a; a) is strictly decreasing,

arg max Ui (a) € {0;1}.

Assumewithout lossof generality that a;,.; = 0. Aslongasa, = Oischosenfordlt > 7 > t+1

Up(a) = s (a;a) Vi (@) + s (a; 0) V; (0)
holds. If V; (0) > 0, a = 0 ischosen:
Up(a) = s(a;a) Vi (a) + s (a;0) V; (0) U (0).
If V4 (0) < 0 obtains, the function
Ui(a) = s (a;a) Vi (@) + 5 (a; 0) V (0)
becomes convex (sincenow V;(a) < 0 and V; (0) < 0 hold and s is concave). Therefore,

arg max Uy (a) € {0;1}.

a€0;1]
Suppose that a = 1 ischosen at sometimet + 1. Aslongasa, # afordlt > 7>,
Us(a) = s (a;a) Vi (@) + s (a;0) Vi (0) + s (a; 1) Vi (1) .
Vi (0) < 0,isimplied by the usage of the case-based decision rule at ¢’ + 1. Applying the same

argument as above, V; (0) < 0 aslong as a = 0 isnot chosen again.

Therefore, aslongasV; (1) > 0, a1 = 1. Assoonas V; (1) < 0 obtains, the cumul ative utility
function becomes convex and dbtains it maximum at 0 or 1. Hence,
P{w € Sy |a; € {0;1} foreacht > ¢ +1}.

Suppose that « = 0 and @ = 1 are chosen infinitely often. Then clam 7.8 of Gilboa and
Schmeid er (2001, p. 172-173) shows that for aimost each w € S5,

tILIEo (g —Xy) =0
and

Jim X, ()~ p =0
for each a chosen infinitely often. Therefore, if X7 (a) < max {u; 1, }, thenthereisaperiod T’
(depending on the path w) such that for all but a sparse set of periods after T’

@, — max {pg; 1 }] < ¢

for any initially chosen ¢ onw € S. According to claim 7.9 in Gilboa and Schmeidler (2001, p.
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173), acts 0 and 1 are indeed chosen in an infinite number of periods. Therefore, X; (0) — u,
and X; (1) — p,. Clams 7.4-7.7 in Gilboaand Schmeidler (2001, p. 166-170) then show that
on pathsw such that
i (1 = %) =0,
s (arg ;2[%;}1(]“‘1) =1
amost surely obtains.
If, however, X7 (a) > max{p,; 11}, thenu, — X7 (a). Hence, there is aperiod 7' (depending
on the path w) such that
[ur — Xi(a)| < ¢
foreacht > T onw € S5\ S except on asparse set of periods for an arbitrary chosen ¢. Again,
claim 7.9 of Gilboa and Schmeidler (2001, p. 173) assuresthat each the acts 0 and 1 are chosen

an infinite number of times in the limit. But since now

tlifgo uy = Xg(a) > max {415 p1y }
7(0) > 0and 7 (1) > 0 obtain. 7 (0) and 7 (1) satisfy
m(0) i —Xi(a)
m(1)  po—Xi(a)
as shown in Gilboa and Pazgal (2001).1

Proof of proposition 6

Since a; = 0 and the aspiration level israised by A in some periods,
Uz (0) = V£(0) <0
for somefinite¢ > 0. Since s (0;a) > 0 only fora € (0; 1), it follows that
Ur(a) =0 > Uz(d') fordla > % andd’ < %
Therefore, az,1 = < ischosen by assumption 2. Note that
U, (0)=V,(0) <0

foral ¢t > ¢, suchthata, # 0fordl ¢ < 7 < ¢ by the argument in the proof of proposition 4.

1
U,g7 <0
2

2
Us(a) =0 > U; (a) forallazjanda/< T

Since
obtainsfor afinitet > ¢,

Hencea;,, = 2, etc.
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Once each of the acts {O, . l 1 has been chosen at least once,

o - £
() ()

fora € [&7;4], since s (a;a’) > 0 only fora’ = ¥ and o’ = &% out of {0;4;2..51;1}.

.

o~

According to the argument stated in the proof of proposition 4 either V; (¥) > 0 can hold only

foronek € {0;...l}. If
k
4(i) >0

o () 1 ()} o

then U, (a) is convex, because s (a; -) is concave. Hence,
k k—1
arg max U, (a)€ T

aE[ l]

then at41 = At = Tk If

Hence,
1 k
argarél[%;xl} Ui (a) € {0;7; -7 1} for every t.
Therefore, the

1 2 1
lim @, = max Ho @ €055~ i1

t—o00 l l
amost surely, see claims 7.4 — 7.7 in Gilboa and Schmeidler (2001, p. 166-170). Hence, only

-1
z

=a a
o = are g

issatisficing in thelimit and 7 (a*) = 1 almost surely obtainson S, asshown in claim 7.8 and
7.9in Gilboaand Schmeidler (2001, p. 172-174).1

Proof of proposition 7

Obvioudly, Uy (a) < 0 obtainsfor afinitet foral a € {a;...a;}. At ¢:
l

s (a;ai) Vi (ai) .
=1

7

Then, since U; (a) is convex,

(argmaxUt( a); a) > 0
a€(0;1]

s (arg max U (a) ;a/) > 0
a€l0;1]
implies a = «’, asin the proof of proposition 6. Hence,
atr1 € (051N {a;a; + 105 — 15051}, .
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Anaogoudy, a ', suchthat ay | # a;, a, = a, foralt < 7 <t' +1,
ar+1 € [0;1] N {as a; + ;a5 — L arpr; aepr +laa — 1051}, .
Applying this argument inductively, gives the result of the proposition.ll

Proof of Proposition 8

The aspiration level of the investors of type 1 has been chosen low enough, so as to guarantee
that they never switch away from their initial choice. Hence, only the behavior of the investors
with high aspiration level hasto be considered. Nate that

w2+ (1= a)r) = (B (1 —ag) (1 41))
isthe utility realization of portfolio ag, given that the dividend of the risky asset is 0 (the lowest

possible) and till all young investors choose ag. Sincefor al 6, € [¢; 4],

W<u(l+d+(1—ag)r) <u(l+6+(1—ag)r)
holds by the strict monatonicity of « (), type 2 observes a cumulative utility of an act a given
by:

Ui (a) = s((po;ao); (Prst; argr)) -

e ((2)m+anu-a)-e].

If a?* = a2*, thenp; = po and therefore U? (ag) > U? (a) for al a # ag. Therefore if every
young investor chooses ag, a2* is indeed the optimal choice of type 2. Hence, in equilibrium

p1 = po obtains for each 61 € [4;6].

By induction, the same result holds for each period of time ¢, hence (ag; ag; po) iS a Stationary

state of the economy.ll
Proof of Proposition 9 (continued from the main text):

To show that

. _ 1—01+20a 1
Din = 12 L 02910,0—{—5(1—91)

obtai ns ailmost surely in finite time, first compute the difference between two subsequent mem-

bers of the sequence pj,.:

*kfl 1-46 1)
pfk —p,’fk_l = Et*(—l) |fﬂ - (1 + 7“) + (7’ - *tk ) Gtk—1:| . (6)
Pyr—1 —B1a0 Dir—1

Note that

Py — Dys—1 >0
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holdsfor any &, since

5 e +0
w—(1+7r)+ (r— *tk )atzm =w— (I —ap1)(1+7) - (M)
ptkfl ptkfl

and
w—(1—am)(l+r)— (*p*—) >w—(1—ay)(l+r)—1—06s>0
where the first inequality obtains from
O < S<r
and the second foll ows from the assumption that
u(w) = u? :u((l—ao)(1+r)+1—l—5)
and the fact that 5y < & and the fact that ag—1 > ap. Hence, the term in square bracketsin (6)

is bounded away from 0.

At the sametime,

—1 1 - 0
Py — 91(10

holds and therefore the difference pji. — pji . isbounded away from 0 for every k, since
P —ppe—1 > (1 —01) [w— (1 —ag) (1+7)—1—6y] > 0.
Therefore, the definition of Cauchy for divergent sequencesimpliesthat py, canbecomearbitrary
largein finite time, especialy
% 1— 91 + 2010,0
pt" 2 2
will hold after n — 1 steps, wheren isfinite. B

Proof of Proposition 10

It has been shown above that for u (1 + & + (1 — ag) r) < u? theinvestors of type 2 keep their
initial portfolio ap for afinite number of periods. Afterwards, these investors switch ether to
a?* = 0, implying that the price p; = 61a0, orto a?* = 1, implying p; = 1 — 01 (1 — ao). Call
the period ¢™ derived in the proof of proposition 9¢ (w). It remains to show that after the first

time, in which a?* = 0 or a?* = 1 obtains, acycle emerges.

Consider first the case of a?* = 0 and p; = 0,a,. Since thelast (and only) case observed now
by type 2 is (f1a0; 0;u (1 + 7)) and sSince u (1 + r) < @, it followsthat the optimal act at p;1
isaj,, = 1. Butif a7,; = 1, the price becomes p;, ; = 1 — 61 (1 — ao) and since the similarity
function is strictly decreasing in the Euclidean distance between problem-act pairs, it is easily
seen that a7, = 1 isindeed the optimal choice.

45



Alternatively, if a?* = 1 andp; = 1-60, (1 — ay) holdand thedividend redlizationat time (t + 1)
isd,, < 6, thentheinvestorsof type2 observeautility realization of at most (1 +ﬁf_70)) <
u?. They are, therefore, unsatisfied with a = 1 even at the highest price that might obtain in
period (¢ + 1). From the fact that the similarity function is strictly decreasing in the Euclid-
ean distance, it follows that the investors of type 2 choose @}, = 0. The equilibrium price is

computed asp;,, = 61a¢ and itiseasily verified that at p;,, a7, = 0 isindeed optimal.

If at time (¢ + 1) at which theinvestors of type 2 hold therisky asset, its dividend redlization is
higher than 6, then the utility they obtain exceeds @2 as long as the price remains unchanged at
pf:1—91(1—a0).

But in this case the investors of type 2 are satisfied with e = 1 and
U? =1
arg max U, (a)
holds, since the similarity function obtains its maximum if the problem-act pairs are identical.
Therefore a;, = 1 and 7%, = 1 — 61 (1 — ap) obtains in an equilibrium.
The argument above shows that the evol ution of prices and portfolio choices follows a Markov

process with atransition matrix:

P=([pt=1-0,(1~—ao) q 1—gq
p? = 81(10 1 0
The frequencies 7, and m; can now be computed as the invariant probability distribution of this

(2)-(x)?
M Q)

qmn = (2 — ) .
It follows that the invariant probabilities sati sfy:

Pra=1-0,(1—ag) | P}, = b1ag )

Markov process, i.e.:

which smplifiesto

.
Th = 2 g
1—gq

mo= —.
2—q

These probabilities are obviously strictly positive for ¢ € (0; 1) and therefore the Markov chain
described by P is positive recurrent. Since any positive recurrent chain on a countable space
is also positive Harris recurrent, see Meyn and Tweedie (1996, p. 208), it follows that the Law

of Large Numbers appliesfor thischain. Hence, let ¢, denote the indicator function for state k.
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Hence,
o 1, ifp?zl—el(l—ao)
th (t) o { 0, |fp;€k == 01@0
According to theorem 17.1.7 in Meyn and Tweedie (1996, p. 425),

t

.1
tll»rgo_t th (t) = /Lh (t) dm = m,

=0
amost surely for any initial distribution. Since 2 3" _ 15 (t) describes the mean time up to

period ¢ that the economy spends in state A, it follows that the frequency of state h equals 7y,
amost surely in the limit. Analogous arguments show that the frequency of state [ equals m; on
amost each path w.l

Proof of Proposition 11

It follows from the proof of proposition 10 that the investors of type 2 hold a only for afinite
number of periods. Afterwards, the economy cycles between the states  and [. Moreover, the
investors of type 2 switchto afil = 0, if the last period price satisfies p; = p; andthe dividend
islower than &, causing the price to fall to Py = i Conversely, given that the last period price
of Aislow (p; = pi, a?* = 0), theinvestors of type2 are not satisfied with u (1 + ) and switch

to a7t, = 1, causing the price to rise to py,.

It remains only to consider periods ¢, such that ¢ = py, a2* = 1 and 6,,, > 6 hold. Since
u (1 + ﬁ) < u?, it follows that the cumulative utility of « = 1 is negative at (¢t + 1) for the
investors of type 2 and, thus, the optimal act at any price p, < pj, isa?* = 0. But for a?* = 0,
the price p, = p; < p, must hold and, therefore, a?* = 0 and p} = p, obtain as equilibrium at

timet.

To summarize, the investors of type 2 choose a?* = 1 in each period ¢, such that a?*;, = 0 and
they choosea?* = 0 ineach period t, suchthat a?* | = 1. Therefore, the result of the proposition

obtains.
Proof of Proposition 9 (continued from the main text):

To show that

1—0; 420 1
pt > 1;- 140 :81a0+§(1—91)

indeed obtainsin finite time, first compute the difference between two subsequent members of
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the sequence pj; :

o (1—0 Y1 — O1a
Ak:—l :;pz‘k_p:k71 :M w_(l—i‘?’)—i-T’M
Py — Bhao 1—-6;
Note that
p:k_p:k—l >0
holdsfor any &, since
Y . —0a
w—(1+r)_|_r_ptk11 01 0:w_(1+r—ra:k—1)>w—(1+7"—’l“a0)>0’
— V1

where the first inequality follows from af,_, > a, and the second from the assumption that
u(w) =ua>>u(l+7—ra).
If it could be shown, that this difference is bounded away from 0 for any &, then using the

definition of Cauchy for divergent sequences, it can be shown that py, can become arbitrary

largein finite time™.

To do o differentiate A;,_; with respect to p7, _, to obtain:
OAy_ o 0 1—46
*klzfr‘*ptkl _ la()( 1)2 w_(1+r)+r
s P —bhao  (pr, — bia0)

Aj_1 obtains an optimum at a point, in which % =0, 0or
k—1

T (p;kk71>2 — 26’1a07“pfk71 — ‘91&0 (1 — 6’1)@ + «91&0 (1 — 91) (1 —|—T‘) — 6’% (a0)2 =0

p:k—l — 010,
1-06;

It isnot necessary to sol vethisequation. Denote by p the bigger of thetwo rootsof this equation,
provided that it exists. A, obtainsitsloca minimum at p, whereasthe global minimum either
coincides with the local one or is obtained at pg, the initial value of p. Note, that if pg > p, then
the difference A is increasing for al p > po and thereforeits minimumisin py and is positive,
as shown above, since
w— (14+7r—rap) >0.
If py < p, then the minimum iseither at p or at py and it isin both cases positive, since
w—(1+7r—ra®* ) >w— (1 +r—rag) >0

holds, where a** (p) is determined according to:

p =01a0+ (1 —6;) a* (p)

and a** (p) > ao, SINcE P > pp.

Since the minimal difference between two succeeding members of the sequence is positive, and

1| thank Dmitri Vinogradov for suggesting this method of proof.
12°If no solution exists, then A,_; isincreasing for all p,x andits minimumisobtained at po.
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therefore the difference is bounded away from 0, the sequence will reach each predetermined

valuein finitetime, especialy
% 1 — 01 —|— 281@0
Pny1 Z 9

will hold after n steps, where n isfinite. B

Proof of Propasition 10

It has been shown above, that for u (1 + (1 —ag) r) < u* the investors of type 2 keep their
initial portfolio ag for afinite number of periods. Afterwards these investors switch ether to
a?* = 0, implying that the price p; = 6,a,, orto a?* = 1,which leadstop; = 1 — 6, (1 — ay).

Consider first the case of a?* = 0 and p; = 0,a,. Since the last (and only) case observed now
is (f1a0;0;u (1+ 7)) andsinceu (1 +r) < a, it follows, that the optimal act, given p;,, is
az,, = 1. Butif a?,; = 1, theprice becomes p;,, = 1 — 6, (1 — ao) and since the similarity
function is strictly decreasing in the Euclidean distance between problem-act pairs, it is easily

seen, that a7}, = 1 is indeed the optimal choice.

On the other hand, if a?* = 1and p; =1 — 61 (1 — ap) hold and the dividend redization is low,
then theinvestors of type 2 observe autility realization of at most u (1) < @?. They aretherefore
unsatisfied with a = 1, even at the highest price that might obtain in period (¢ + 1). From the
fact that the amilarity functionis strictly decreasing in the Euclidean distance, it follows that
the investors of type 2 choose a?t; = 0. The equilibrium price is computed asp;, ; = 64, and

it is easily verified, that given p},, a7, = 0 isindeed optimal.

If at time (¢ + 1) at which the investors of type 2 hold the risky asset, its dividend realization
is high, then the utility they redize is u (1 + 1_491(1_;%)) > 2, aslong as the price remains
unchanged at (¢ + 1). Butin this case the investors of type 2 are satisfied with « = 1 and

U? =1
arg afgﬁ% i1 (@)
holds, since the similarity function obtains its maximum if the problem-act pairs are identical.

Therefore a7t ; = 1 and pf*; = 1 — 61 (1 — ao) obtains in an equilibrium.

The argument above shows, that the evolution of prices and portfolio choices follows a Markov

process with atransition matrix:

Pia=1—01(1—ao0) | piy =biao
P=||lpi=1-01(1—ao) q 1—g
p; = biag 1 0
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The invariant probability distribution of the statesp, = 1 — 0, (1 — ay); a}, = ag; a3 = 1 and
p = 0hag; af = ay; a? = 0isnow easily computed from:

(mp;m) P = (mp;m)

which implies
B 1
Th — 2_—q
_ l=g
T = 2—_q

These probabilities are obviously strictly positive for ¢ € (0; 1) and therefore the Markov chain
described by P is positive recurrent. Since any positive recurrent chain on a countable space is
also positive Harris recurrent, see Meyn and Tweedie (1996, p. 208), it follows that the Law of

Large Numbers applies for this chain. Hence, let «;, denote the indicator function for state h:
1, if thestate of the economy ish
tn (1) = { 0, if the state of the economy is }
According to theorem 17.1.7 in Meyn and Tweedie (1996, p. 425),

1
tlirgO;ZLh(t):/Lh (t) dm = my,

7=0
holds aimost surely for any initial distribution over the states h and [. Since { S _otn (t) de-

scribes the mean time up to period ¢ that the economy spends in state h, it follows that the
frequency of state h equals 7, almost surely in thelimit. Anal ogous arguments show that the
frequency of state ! equals m; on amost each path.ll

Proof of Proposition 11

It follows fromthe proof of proposition 10, that type two will only hold ag for afinite number of
periods and afterwards the economy will cycle along the states ~ and [. Moreover the investors
of type 2 will switchto a, = 0, if thelast period price p; = p;, and the dividend is 0, making
the price p;,, = p;. Conversely, given that the last period price of A islow (p; = p;, a?* = 0),
the investors of type 2 are not satisfied with « (1 + r) and switch to a7 ; = 1, causing the price
toriseto 1. It remainsonly to consider periods ¢, such that p; ; = ps, a?*, = 1and &; = 6 hold.
Since u (1 + ﬁ) < u?, it follows, that the cumul ative utility of « = 1 isnegative in ¢ for the
investors of type 2, and so the optimal act, given any price p; < p, isa? = 0. But for a?* = 0,
the pricep; = p1 < pr, must hold, and therefore a?* = 0 and p; = p, obtain as equilibrium at

timet.
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To summarize, the investors of type 2 choose a?* = 1 in each period ¢, such that a?*;, = 0 and
they choose a?* = 0 ineach period¢, such that a?*, = 1. Therefore the result of the proposition

obtains.l

Proof of proposition 12

1. If @* < Eulag), then the cumulative utility of ao for the investors of type 2 is given by:
t

Uf (a0) = Z [0 (a0) — 62} ,

T=1

as long asthey had ay. Since

E [v; (ag)] = Bulag | po] > @
Ut (ap) behaves as arandom walk on Rt with positive expected i ncrement. According to
theorem 9.5.1 in Main and Tweedie (1996, p. 228) such random walks are transient, hence

the expected time until their first return to 0 isinfinite.

2. If @? € (Bulag;u (1 + 7)), then the process

~ U? (ag), ifU?(ag) >0
Ut2 (ao) — O't ( 0) elset ( 0)
describes the cumul ative utility of a, for theinvestors of type 2 as long as it is positive.

U2 (ao) isarandom walk on R*, but with negative expected increments, since now
E [vs (a0)] = Eu[ao | po] < @°.

Since for such random walks all compact sets are regular, see proposition 11.4.1 in Meyn
and Tweedie (1996, p. 278), it follows that

U7 (a0) = 0
obtainsin finite time with probability 1. Therefore, since the distribution @ is continuous,
it follows that

U7 (ag) < 0
obtainsalmost surely in finite time.
Once the cumul ative utility of ay has become negative, apply the proof of proposition 10 to
show that the investors of type 2 will choose either a = 0 or a = 1 infinitetime. Note that
this result can be applied, since the portfoliosa?, t* < ", constructed in this proof*

have a cumulative utility of 0 and therefore do not inf luence the evaluation of any of the

13 n the case of long memory, however, the time periods t* will not denote the subsequent periodsin which
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acts available, whereas the cumulative utility of the last chosen diversified portfolio a? is
negative. Once a = 1 or a = 0 hasbeen chosen for the first time, its cumulative utility
behaves as arandom walk with positive expected increments, since
@ <u(l4+7)<Bull|1l-6;(1—ap).
Therefore, it remains positive infinitely long in expectations. Hence, the expected time
during which theinvestors of type 2 hold a = 1 or a = 0 isinfinity.
Note further that the cumulative utility of any portfolio a is given by:
Ui (a) = s((pi;a); (1 =01 (1 —ag);1))) Vi (1) + s ((pe;a) ; (61005 0))) V2 (0)
+s ((pa); ((pii a) ) Ve (az)
where the notation from the proof of proposition 2 is used. Now, if exactly one of
the numbers V; (1), V; (0) and V; (aZ) is positive, the act 1, 0 or a2 will be chosen,
respectively. The rule of cumulative utility maximization precludesthe case that two of
these numbers are positive at some ¢**. But if all of them are negative, then U; (a) becomes
a convex function in a, since the similarity function is concave in the Euclidean distance
and since the distance only changes with respect to a for agiven price p,. Therefore, a
corner solution obtains in each period of time. Hence, either a = 1 or a = 0 are chosen.
On dl paths, on which the cumulative utility of a = 1 never falls below the cumulative
utility of a = 0, thefrequency of a = 1 is1. If, however, the investors of type 2 switch to
a =0 at sometime T, then
u(l+7r) > a°
impliesthat the cumulative utility « = 0 exceeds the cumulative utility of a = 1 for each
t > T. Hence, a = 0 is chosen in each period afterwards. On these paths, the limit

frequency of a = 0 is, therefore, equal to 1.

the dividend realization islower than &, but those periods in which 6, < 6 and
Up_1 () +u(T+ 65+ (1 —ag) (14 7)) —u® <0,
whereas U, _; () > 0holds. The portfolio a2* (and hence theprice p},) are then chosenin such away that

+ Oy
Utkl(ao)+u<£tkpo_ +<1—ao><1+r>>—a2=o

Hence, Uy (a) = 0 for each a € [0; 1] and therefore the choices till time t* do not inf luence the
evaluation of the available portfolios.

14 Indeed, as long astheredized cumulative utility of some act « is positive, it is chosen again and again.
The act o isabandoned when its cumulative utility becomes negative But from thistime on, V; («) remains
unchanged and negative, until act « is chosen again. However, for this to be the case, it must be that the
decision maker has become dissatisfied with all other acts, hence that V; (o) < 0 haldsfor al o’ € [0;1].
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3.

Ifu? € (u(1+7);FBull|1—0;(1—ag)]), then theinvestors of type 2 switchtoa = 1
or to a = 0 infinitetime, as shown in part 2 of this proof. If a = 1 has been chosen, then
its cumulative utility behaves like arandom walk with positive expected increments and
therefore a = 1 isheld infinitely long in expectation. If & = 0 has been chosen, then it will
be only held for afinite time, sinceits return is cons dered unsatisf actory. Moreover, since
the similarity function is concave, once the cumulative utilities of a = 0, a;» and hence
also of a = 1 have become negative, the optimal act will be a corner solution, as shownin
part 2 of this proof. Therefore, a corner solution oltains and a = 1 will be chosen in finite
time and then held forever in expectation.

Even, if theinvestors of type 2 should switch to a = 0 a some time, the cumulative utility
of thisportfolio would become lower than the cumulative utility of a = 1 in finitetime. But
since the events that the cumul ative utility of a = 1 becomes negative have a probability
lower than 1 and are independent, the probability of the event that the cumul ative utility of
a = 1 falsbelow 0 infinitely oftenis0. Hence, inthelimit, type2 indeed holdsa = 1 with
frequency 1.

Now, let u? > Eu[l]1— 6 (1 — ag)]. Inthis case theinvestors of type 2 again switch
to one of the corner acts in finite time. However, in this case neither a = 0, nor a = 1
are considered satisfactory in expectations. Therefore, their cumulative utilities behave as
random wal ks with negative expected increments. Hence, they become lower than any
given number (especially, than the cumulative utility of the alternative act) in finite time
with probability 1. Notethat if, say a = 0 ischosen, then the negative increments of its
cumulative utility inf luence negatively the cumulative utility of act « = 1, aslong as
s((p=1-01(1—-ag);a=1);(p=bhag;a =0)) € (0;1)
holds. However, the cumul ative utility of the unchosen act decreases more dowly than the
cumulative utility of the act actually chosen and, therefore, the cumul ative utility of a = 0
eventually becomes lower than those of « = 1 and vice versafor the casein whicha = 1
ischosen. Moreover, at thistime the cumulative utilities of these acts will be negative.
Once however, all threeactsa;», a = 1 and a = 0 have negative cumulative utilities, the
concavity of the similarity function implies that a corner solution is chosen in each period

of time. Hence, the investors of type 2 switch infinitely often betweena = 1and a = 0.
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Denote by ¢, the following process:

Ey = €p € ﬂQ—U fra0+ 2 ; 00
1—(91(1—(10) ’

(€t71+u l—l—m)—fﬂ, ife;or >0ande—q1 +u 1+ﬁ(21—70) —ﬁQZO]
coru(ThEEs) — @, ife > 0ande g +u
8t—1+U<1+T)—ﬂ2, if e, <O.

The process (1 — s') e, describesthe evolution of the difference between the cumulative utilities

gy = — 6,
t 1+ 1—61(1—ao)

of ¢ and b for the investors of type 2 after period t”, where
s'=s((p=1-01(1—ap);a=1);(p=biag;a=0)),
To see this, note that
ee=V7 (1) - V7(0)
and
U7 (1) = UZ(0) = V2 (1) + V2 (0) = V2 (0) + sV (1) = (1 — &) &
It is obvious that ¢, is a Markov chain, since §, is identically and independently distributed
according to Q. Moreover, ¢, evolveson

b |2 O1a0 + 9 _
V= {u u(1—91(1—a0))’+oo)’

since the greatest amount by which the cumulative utility of B can exceed thecumulative utility

of Aisu? — u (%) whereas the cumulative utility of A can become very large, if
6 > ¢ occurs for along period of time. Theidea of the proof consists in showing that ¢; isa
stationary process with an invariant probability distribution 7, as defined in the statement of the
proposition. Sincefor positive e, the investors of type 2 choose asset A, whereasfor negative
et, they choose B, the frequency with which A and B are chosen in the limit coincide with

7 [0; +00)

9 O1a0 + 0 '
W[u _u(1—91(1—a0)>70)’

Denote by G the interval [0; 4? — u (1 + r)]. The following Lemmashows that the set G isa

and

respectively.

small set, i.e. that there exists ameasure v on the set

b2 f1a0 + 0 .
‘1"[“ “(1—91<1—a0>)’+°°>
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such that

PX(e;F) > v (F)
forany set F € ¥ and any € € G, where P¥ (¢; F) denotes the probability to reach a set F
sartingfrome in K steps, see Meyn and Tweedie (1996, p. 111).

Lemmal4 Theset G = [0;u% — u (1 +r)]issmall.

Proof of lemma 14:

The assumption about the probability distribution of 6 and the continuity of the utility function
u (-) impliesthat the net utility realizations

6t 73
1 —
u<+1_91<1_a0)) ¢
of A (aslongasits cumulative utility remainspositive) are distributed according to a probability

U

distribution @', such that Q' has an absolutely continuous part with respect to the Lesbegue
measure on the real numbers. Moreover, there is a number (', such that the density of % ¢’ is
bounded away from 0 on an interval (—(’; ¢’) for some ¢’ satisfying 4? — u (1 +7) > ¢’ > 0,
i.e:

g(@)=¢>0
foral o € (—¢';¢") and for some ¢'.
Dividethe set G into K sets, G;...G with length less than $. Fix ane € G; and suppose that
F C G;. Now, foreach0 < ¢ < §2— there is a positive probability P+ that

€41 € (&H‘% — & e +£2)
and a positive probability P that

¢ ¢
€141 € (5t_§§5t_5+§

Moreover, because of the assumpti ons made on the probability distribution @, these probabilities

are bounded away from O:

v

P+ ¢'¢
P > ¢'¢
Now choose¢ suchthat £ (K — 1) < % holds. It follows that after (K — 1) steps the processe;
will be at adistance of at most (’ away from the set G -, of which F' is a subset with probability
of at least
CLI
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Therefore, at step K, there is a positive probability of at least:
PeursF) =Ple(F-cox) = [ g(@di> g (F).
Hence, the probability that set F' C G, is reached aftel:_l(st+sft{e|53 starting at somee,is at least
PX (e F) 2 [¢'€]" 7 @™ (F) = v (F),
wherev isabsol utely continuouswith respect tothe Lebesguemeasureon theinterval [0; w (1 4 7)].

The probability that aset F which isnot asubset of any G; isreached in K stepsfulfills

Ky F E:PKﬁu ¢5K1¢§jlﬂ = [p'e]" " ut (),

where UK | F, = F and E C Gy, i.e. Fjisapartition of F into sets each of whichisa (possibly
empty) subset of some G;. Since each set outside G is reached with a non-negative probabil ity
starting from G, it follows that the set G isasmall set and the measure v (F) is defined as

v(F) = [¢g" " gu"(F), FCG

v(F) = 0,ése
Moreover, according to proposition 5.5.3 in Meyn and Tweedie (1996, p. 127), since each small
setisapetite set, G isapetite set.ll

The next Lemmademonstratesthat the Markov chaindefined by ¢, is¢-irreducible. p-irreducibility
is an anal ogue to the concept of irreducibility of Markov chains on countable sets, defined for
Markov chains on general sets. It defines a measure ¢, which assigns astrictly positive value
only to subsets of the set ¥’ which arereached with strictly positive probability from every initial
point £,, see Meyn and Tweedie (1996, p. 91).

Lemma 15 Let ¢ be defined as the Lebesgue measure on the set [0; 4% —u (1 + )] and be 0
elsawhere. Then the Markov chain ¢ is -irreducible.

Proof of lemma 15:

Obvioudly, ¢ assignsapositive probability only to subsetsof theinterval GG. The statement of the
lemmais therefore true if it can be shown that each of the subsets of this interval is reached with
positive probability from any initial point. Sinceit hasbeen shown that starting fromany pointin
theinterval G any subset of GG isreached with positive probability, it remains to demonstrate that
darting outside the interval [0; @2 — u (1 + r)], asubset of thisinterval isreached with positive
probability. Consider two cases: if ¢, < 0, then ¢, grows by 4?2 — w (1 + r) in each period,
until e,,, > 0 obtains for thefirst time. But at time (¢ + k) &, € [0; 4% — u (1 + )], hence
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theinterval G is reached with probability 1, starting from anegativee,. If ¢, > 42 — u (1 + 1)
holds, then thereis apositive probability that the next {Qﬂ steps are negative with realizations
between (—%; ——”2-4> with e,y < @? — u (1 +7), (hence, n < 1) and, therefore, the subset
[0; e:m] of G isreached with strictly positive probability in finite time from any initially chosen

et Therefore, the Markov chainis p-irreducible.

Since ¢ isfinite, it follows according to proposition 4.2.2 in Meyn and Tweedie (1996, p. 92)
that there exists a probability measure ¢ on ¥/, which assigns a probability of 0 to a subset F'
of ¥’ if and only if
v |e| iPn(e;F) >0] =0.

1 is absolutely continuous with reqoegt:%o ¢, hence if ¢ (F) > 0, then (F') > 0 holds as
well. Denote by B (V') the Borel o-algebraon ¥’. Let B+ (') denote the subset 5 (¥'), whose
elements are assigned a strictly positive probability according to ¢:

BY (V) ={F € B(¥) | ¢(F) > 0}.
Note that the petite set G satisfiesG € B+ (¥').1

Part (i7) of theorem 10.4.10 in Meyn and Tweedie (1996, p. 254) combines the notion of petite
set and irreducibility of a Markov chain with the notion of positive recurrence, which assures

the existence of an invariant probability distribution 7

Proposition 16 Suppose that a Markov chain is -irreducible. Let 7 denotethe first hitting
time of the set G. The chainis positive recurrent, if for some petiteset G € B* (¥’)

sup E, [1g] < 0.
eeG

Proof of proposition 16:
See Meyn and Tweedie (1996, p. 254).1

It has already been shown that the chain defined by ¢, is ¢ -irreducible and that G is a petite
set with ¢ (G) > 0 (since ¢ (G) > 0). It remains, therefore, to show that the expected hitting
time of the set G, starting from G, is bounded from above. To demongtrate this note that the
process ;, constrained to its positive part, isarandomwalk on a half linewith negative expected
increment. Proposition 11.4.1 in Meyn and Tweedie (1996, p. 278) demonstratesthat for sucha
random walk all compact setsareregular. A regular set '’ has the property that

sup E, [Tp| < 00
eel’
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foral F' € BT ('), see Meynand Tweedie (1996, p. 263). Since G € Bt (¥'), it follows that

sup E¢ [7¢] < o0
eeG

holds for the process ¢, reduced to arandom walk on the half line. Moreover, since all compact
sets are regul ar, it foll ows that
sup E, [7¢] < o0

eeF
holds for al compact sets F' C [0; +00).

Now, consider the unconstrai ned process ¢;. There are two possibilities: either £, remains non-
negative forever and in this case it behaves like arandom walk on the half line and, therefore,
G isregular, or e, eventually becomes negative. If ¢, < 0 a some ¢, then the expected timein
which ¢ reaches G is at most

=2 —bhantd
u u <l—91(1—a0)>

w?—u(l+r)
whichisfinite. Therefore, the expected time that the process needs to reach the set G starting

from set GG is bounded from above. But then the condition of proposition 16 is satisfied and

the Markov chain defined by ¢; is positive recurrent. Hence, there exists an invariant proba
bility measure 7 for the process ¢,, see Theorem 10.0.1in Meyn and Tweedie (1996, p. 238).
Moreover, since

sup E, [17g] < o0

ecy’

holds, it followsthat the processdescribed by ¢, isapositive Harrischain, see Meyn and Tweedie
(1996, p. 207) for adefinition of aHarris chain.

It now remains to show that 7;, and 7; as defined in the statement of the proposition are positive

and sati sfy
mh s (cpi ) —u(l ) @
mo w -+ (—u (1) +a2)
Notethat according to the Strong Law of Large Numbers, the cumulative utility of a = 1 if itis

chosen for an infinite number of times by the investors of type 2 satisfies:

fim U7 (1) = —eo,
since the mean utility of a islower than the aspiration level @?. Analogousdly, if bischosen for
an infinite number of periods,

i, U (0) = e

obtains, sinceu (1+r) < u? by assumption. The case-based decision rule implies that on
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amost each path of dividend realizations both portfolios will be held infinitely often by the
investors of type 2.

Now consider the difference U? (1) — U2 (0) = (1 — s’) &. It can be shown that ¢; remains

bounded above on amost each path of dividend reaizations. At timesat which a = 1 ischosen

u( 91a0+§ )—I_L2
1—91(1—&0) ’

since thiswould contradict choosing the act with the highest cumulative utility in each period.

g; never falls below

Suppose, therefore that there is a sequence of periods ¢/, t”..., such that €., /... grows to
infinity. In other words, suppose that for each N > 0 thereisa k such that ;. > N for dll
n > k. Since U, (1) has negative expected increments, it follows (as shown above) that a = 0
is chosen infinitely many times on amost each path of dividend realizations. But each time that
a = 0 is chosen, the difference ¢, fals below 0. If ,» > N, the time needed to return to the

originisat least
N
_ 0ran+4b !
U —u <1—91 (1—a0)>
which grows to infinity, as ¢,» becomes very large. However, since the positive part of ¢; isa

random walk on the half line, it follows from proposition 11.4.1in Meyn and Tweedie (1996, p.
278) that the set GG isregular for this process and, therefore, it isreached in finite expected time
from each point in G. M oreover, the expected stopping timeis uniformly bounded above by a
number
N = sup E. [rg] < oo.
The Law of Large Numbers then implieseteh%t for each x > 0 on amost each path of dividend
realizations, thereis aperiod K such that
i1 TG <N+x
n

for al n > K. On the other hand, the assumption that ;= — oo impliesthat there isatime K’
such that 7¢, > N + kforall i > K'. It istherefore always possible to choose . |arge enough,

50 that

2= TG > N + &,
n
acontradiction. Hence, aimost each sequencee,, /... (Where ¢/, t”... denote periods at which

A ischosen) isbounded above and bel ow.
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Analogoudly, at timesat which a = 0 is chosen, ¢, increases in each period of time by an amount
a® —u(l+7).
However, ¢, cannot exceed @® — u (1 + r), since thiswould again be in contradiction with the

case-based decision rule. Hence, ¢, isbounded on amost all paths of dividend realizations.

But then it fol lows that , )

Jim Py = lim 7
holds with probability 1 in the limit. For a given set [u (f’;‘%) — u 0), the invariant
probability 7; describes the mean time that the Markov chain defined by ¢, spends in this set

between its visits to another set, (0; +oc|, see theorem 10.4.9 in Meyn and Tweedie (1996, p.

=1 ()

253). Notethat a = 1 ischoseninperiodsinwhiche, > 0 holds, whereasb ischosen in periods

inwhiche; < 0 holds. Now define afunction ¢;, : ¥ — {0; 1} with

1,if z€[0;400
Lh(:):):{ i € [0; +00)

: Q1a0+8 —9. .
0,if ze€ [u(ﬁ‘%)—uz,()) }

It is clear that v, € L1 (V'; B(¥');7), hence that ¢, has a finite expectation with respect to
won ¥, Moreover, it has been shown above that the process described by ¢ is positive Harris
recurrent. Therefore, theorem 17.1.7 in Meyn and Tweedie (1996, p. 425) impliesthat

t
o1
tlggo_t ; w (e7) = / Ly dm

holds amost surely for any initial probability distribution. Note that % St (e,) represents
the mean timethat the system spendsin state 4. By the definition of ¢}, (¢, ) it, therefore, follows
that

t

1
hm / th (57') =Th

t—o0

T=1
amost surely. Hence, the frequency with which theinvestorsof type 2 choose a = 1 inthelimit

equals 5, on amost all paths of dividend realizations. It follows that
G D] 7

lim = =

e |C )] m
holds with probability 1 aswell. Substituting thisinto (7) implies:
U2 (1) Ce (1)] <ZTect(a) |Z§(ZL)| - ﬂ3> + 8 1C(0)] (u (14 7) — @)

lim —5=" = lim =
t—oo UZ (0) =% 100 (0) | (u(l +7) — @3) + 8 |Cy (1) (ZTEQ(&)M a3>

ICe(a)l

2 by oo (3 e, ) T — ) + 8 (u (1 +7) — )

(w(l +7) - @) + T lim, o, (ETEQ(@) el a3>
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amost surely. It follows that the mean utility of « = 1, as observed by the investors of type

3 converges with probability 1 to a number 7, with
S ur (a)
iy = lim —_—,
R s Teczt(a) 1C, (a)]

Hence,
—92
w*—u(l+r
T T _u(lir) g
™ us —
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