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Abstract

The elementary volatility parameters of first and second order in
spirit of dual theory of choice under risk or rank dependent expected
utility are average sbsolute deviation and Gini index. Analogous to
classical covariance a corresponding dual dependence parameter will
be introduced and investigated in connection with the copula of a mul-
tivariate distribution. It is argued that the dual volatility and de-
pendence parameters are better suited than the classical parameters
for applications in finance and insurance. From the technical point of
view it might be fascinating for a Choquet integrator to look at cop-
ulas, since for the latter ranking on the margins and comonotonicity
play important roles.

1 Introduction

Predominantly thanks to David Schmeidler’s work [10], the dual or rank
dependent expected utility theory is now well established and applied in
decision under risk and many other fields. Here dual means that not, like in
the classical models, the outcomes of the random variables are transformed,
but their distributions. The present paper applies the dual view to elemen-
tary volatility and dependence parameters. We survey the known first and
second order dual volatility parameters, average absolute deviation and Gini
index, and propose a new rank based dependence parameter.

The most common volatility and dependence parameters, standard de-
viation and correlation coefficient, are of the La-type, i.e. related to the sec-
ond moments. The product of the random variables entering the respective
formulas can hardly be interpreted directly in applications. We propagate
parameters of Li-type where the product is replaced by the min or a more
sophisticated order or lattice relation, which had been investigated by Gra-
bisch (see [5]). Our results apply to the copula of two random variables and
generate a new concordance parameter.



The copula of a random vector is the essence of the common distribution
of its components, obtained by normalizing the margins to become uniformly
distributed. It is invariant under monotone transformations on the margins,
so on the margins only the rank matters. The theory of the copula is well
elaborated for continuous random variables. We propose a generalization or
slight modification, where it is technically convenient to perceive distribu-
tion functions as interval valued functions if they are not continuous, or to
attribute the midpoint of the interval.

In insurance, independence of the different claims had been, for a long
time, a general assumption in the mathematical models. Since in our com-
plex social world the interrelation of different risks increased, there is a new
interest in models coping with dependence of random variables. Similarly
in finance those models gain importance. During the last decade research
on the copula and on concordance and discordance parameters has been in-
tensified. We hope to convince the reader that the dual moments and rank
based dependence parameters are better suited for certain applications than
the classical parameters.

The results of this paper are in the framework of o-additive probability
theory, but methods of non-additive measure and integration come in quite
naturally. First of all the dual view to distort probabilities leads to the
Choquet integral. Next, comonotonicity of random variables plays a central
role in both theories, for the copula and for the Choquet integral. Finally,
to use the techniques of the other area will be fruitful for both. In proba-
bility theory and for the copula increasing distribution functions dominate,
whereas for the Choquet integral decreasing distribution functions are the
natural tool. So we employ both and, for the sake of concise formulations,
perceive them as interval valued functions if they are not continuous.

The authors thank B.S. Riiffer for helpful discussions.

2 Volatility parameters

Let X be a real random variable on a probability space (2,4, P). In this
article Fiy denotes the increasing distribution correspondence’

Fx(z) == |P(X <), P(X < a:)] (1)

and Gx := 1 — F(X) the decreasing one. The usual right continuous in-
creasing distribution function is the upper selection of the distribution cor-
respondence, F'x(z) = P(X < x). Similarly the left continuous increasing

1A correspondence is a set valued function, here all correspondences happen to be
interval valued. A selection h of a correspondence H is a function with h(z) € H(x) for
all z. If the values of H are closed intervals, the upper selection of H is H(z) := \/{u |
u € H(z)}, similarly the lower selection H is defined. We use the lattice operators V
and A to denote max and min or sup and inf, respectively.



distribution function is the lower selection Fy(z) = P(X < z). Let H
denote the inverse correspondence of a correspondence H, i.e. the graph of
H is the graph of H after intechanging the coordinate axes (for the explicit
formulas see e.g. [5] Section 3). Again the pseudo inverse function of a distri-
bution function is a selection of the inverse of the corresponding distribution
correspondence.

Let H be a strongly increasing correspondence from an interval
I C R toR,ie x <z implies y; < yo for all y; € H(z;). Distribution
correspondences and their inverses have this property. The integral of H is
defined as

/H(l‘) dz = /h(x) dzx, h a selection of H . (2)
I I

This definition is unambiguous since H is single-valued except an at most
countable set in I. The latter derives from the fact that on the real axis any
family of disjoint open intervals is finite or countable.

As usual EX := [ XdP = [01 F(p)dp = fol G(p) dp (see (2)) denotes the
expectation of X and M X := F(.5) the median. The median is an interval
in general and (3) is valid for any point in this interval. Average absolute
deviation of X from its median,

7(X) ::/|X—MX]dP: IX — MX]||;, (3)

is the first absolute central moment of X, hence related to the Lebesgue
space L1 = L1(Q, A, P). Similarly, standard deviation o(X) = || X — EX]||2
is related to the Lo-norm and the variance var(X) = o(X)? is the second
central moment of X.

It is well known ([14], [2], [4] Example 8.2) that average absolute devi-
ation 7(X) and Gini index gini(X) are volatility parameters that can be
expressed by means of the Choquet integral w.r.t. a piecewise linear or a
quadratic distortion ; o P of P, ~; : [0,1] — [0, 1], respectively,

7(X) = EX— /Xd(’yl oP), withy(p):=0Vv(2p—1), (4)
gini(X) = EX — /Xd(w oP), with yy(p) := p?, (5)

where Gini(X) := gini(X)/EX is the usual Gini index for an income dis-
tribution X > 0 of a population Q2. One might regard (4) as first and (5) as
second order dual moments. Here dual refers to the functional f XdP of
the two variables X and P, where the piecewise linear or quadratic trans-
forms are applied to the variable X or, dually, to P.

In fact the first absolute central moment coincides with the first dual
moment and there is an Lo-formula for the second dual moment as we will



see in Proposition 4.2. In the proof we need the fact that quantiles behave
a.s. multiplicative for nonnegative comonotonic random variables, which is
of interest for its own.

Proposition 2.1 Suppose X, Y are nonnegative and comonotonic, then
almost everywhere Gxy = GxGy and Fxy = FxFy.

Proof with [3] Proposition 4.1, Corollary 4.6 and the logarithm. O

This result sheds some more light on the analogy between dual moments
and the classical ones. In the dual case comonotinicity plays the role, in-
dependence plays for the classical case. The location parameter median
M X, which is related to 7(X) (see (3)), behaves essentially multiplicative
for comonotonic random variables, whereas expected value E X, related to
variance var(X), behaves multiplicative for independent random variables.

The proof of Proposition 2.1 relies on a.s. comonotonic additivity of the
quantile function ([3] Corollary 4.6). This fact implies comonotonic additiv-
ity of the Choquet integral, hence by (4), (5) also comonotonic additivity
of the dual parameters 7(X) and gini(X). These facts are again analogous
to independence additivity of the classical parameter var(X). Finally we
remark that 7(X) and gini(X) are subadditive since 1 and 2 are convex.

3 Dependence parameters

The most popular dependence parameter of a random 2-vector (Xi, Xs) is
its covariance

COV(Xl,XQ) = /(Xl — EXl)(XQ — EXQ)dP.

It is the inner product of the centralized random variables in the Hilbert
space Lo and

var(X) = | X — EX|3 = cov(X, X). (6)

In (3) we have seen that average absolute deviation 7(X) is the L;-
norm of the centralized random variable. For defining the corresponding
dependence parameter we have to find a substitute for the inner product,
which does not exist in the Banach space L;. For this purpose we have to
replace the product in the definition of covariance with a new operation A
having the property

lz| =z Ax. (7)

The required operation had been introduced by Grabisch and is called bipo-
lar meet in [5],

= Ay if signx = signy
vOY "{ —(al ALyl else.
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We emphasize that for positive x, y the bipolar meet is just the min A
(or meet in lattice terminology). The bipolar meet is commutative and
associative.

Now, in analogy with the covariance which could be called 2-covariance
in our context, we define the 1-covariance

covy (X1, Xo) := /(X1 — MX)) A (Xo — MX,)dP.

Here and in the sequel a dot on an interval denotes its barycenter,

a+b
2

I:=

if I =la,b].
Like in (6) we get, using (7),
(X)) = || X — MX|; = covi(X, X).
Proposition 3.1 Suppose, X1 is symmetrically distributed on R, i.e.
P(X; —MX; < —x1)=P(X, — MX, >xz) forallz €R.
If X1, X5 are independent then covy(Xy, Xs) = 0.

For classical covariance this result holds without the symmetry assumption.
The restricted validity of Proposition 3.1 does not harm us so much since
our main concern is to apply it to copulas, where the assumption holds in
the essential cases.
Proof We may suppose = R?, X;(z1,22) = z; and MX; = 0. By the
independence assumption P = P&X1:X2) ig the product of PX! and P2 so
that we can apply Fubini’s Theorem.

We decompose R? in three parts: A := {z € R? | x5 > |z1|}, B:={x €
R? | 29 < —|z1|} and C := R?\ (AU B). We are done if we show that
the integral of X1 A X5 on each of these parts vanishes. First on A we get
z1 A To = x1 so that

/XlAXQdP = / / x114(21, 20) dPX2 (x9) dPX1 (21)
A —oc0 J0
_ / o / La(er, o) AP (22) dP¥1 (21)
—00 0
_ / ©1P(Xy > |21]) AP (1)
= 0.
For the last equation we needed that PX' is symmetrically distributed

around 0 and that the function 1 P(X2 > |x1]) is an odd function of the
variable x.



On B we get 1 A xy = —x1 and the proof runs like for A. Finally, on C'
we get x1 A x9 = xgsign (x1) and we proceed like for A but change the or-
der of integration. Then the inner integral ffooo sign (z1)1¢(x1, 2)PX1 (1)
vanishes by the symmetry assumption. O

By normalization the Ls- resp. Li-correlations are defined,

COV(Xl, X2)
o(X1)o(Xa)’

COV1(X1, Xg)

p(X1, Xa) = m(X1) AT(X2)

p1(X1, Xo) =
if the denominator does not vanish, i.e. X7 and X, are not constant a.e..
The well known fact —1 < p(X1, X2) < 1 holds for pi, too.

Proposition 3.2 —1 < py (X3, X9) <1 if p1(X1, X2) is well defined.

Proof Using |z Ay| = |z|Aly| one gets | covy (X1, Xo)| < [ (X1 —'MXl)A
(X2 — MXQ)’dP = f ’Xl — MXl‘ A ’XQ — MXQ’dP < f ‘Xl - MXl‘dP VAN
f|X2—MX2|dP:T(X1)/\T(X2). O

Also, like for p we get

p1(X1,X2) = p1(X2, Xq),
pl(XaX):la pl(Xv_X):_17
p1(X1,—X2) = —p1(X1,X2).

4 The uniformisation of a random variable

In the context of the copula it is most convenient to use the barycenter

= S (Fx(e) + Fx(x)). ®)

Fx
of the interval valued distribution correspondence Fy (x) = [Fy(x), F x ()]
of a random variable X. We refer to it as the (midpoint) distribution
function of X. So we avoid the use of interval valued random objects which
would blow up the technicalities.

Crucial for the copula is the (up-)uniformisation (or 'probability in-
tegral transform’ in some literature) of X,

UX ::FXOX.

If we use the decreasing distribution correspondence Gx =1 — Fx of X, we
get the down-uniformisation Vx := Gx o X =1 — Ux of X. Our name
'uniformisation’ anticipates the following well known result (i).

Proposition 4.1 (i) If Fx is a continuous function, then Ux is uni-
formly distributed on [0, 1].



(ii) Let ¢ : X(Q2) — R be an injective and increasing function, i.e. x1 < xa
implies p(z1) < @(x2). Then

Proof (i) Applying [3] Proposition 4.1 with Gx as continuous transforma-

tion function we get Gy (v) = Gayox (v) = Gx o Gx(v) = v for almost all
v. Hence Vx is uniformly distributed and so is Ux.

(ii) Go back to the definition of the uniformisation and use {¢(X) <

O

P(X (W)} = {X < X(w)} and {p(X) < p(X(w))} = {X < X(w)}.

The random variable Ux is not uniformly distributed in general. But in
any case we get

EUx) = 1/2,
var(Ux) = 1/12 if Fix is continuous, 9)
M{Ux) = 1/2 if X is symmetrically distributed,
T(Ux) = 1/4 if M(Ux)=1/2, (10)
ginilUx) = 1/6 if Fx is continuous. (11)

Since the uniformisation of Ux is Uy itself, (11) computes easily with
the following Ls-representation of the Gini index. It is known in case of the
uniform distribution on a finite set [1] or a continuous random variable [§]
(citations from [13]). The last paragraph of the subsequent proof will show
us that defining the uniformisation with the midpoint distribution function
(8) instead of another selection, say F'x, of the distribution correspondence
Fx is essential for the validity of Proposition 4.2 in the general case. So
there is no arbitrariness in defining the uniformisation Ux of X as one
might believe at first sight.

Proposition 4.2 A random variable X and its uniformisation Ux are co-
monotonic and

gini(X) = 2cov(X,Ux) for X >0.

Proof Comonotonicity of X and Ux is plain since Ux is an increasing
transform of X (see e.g. [3] Proposition 4.5).

We first reformulate (5) with the increasing distribution function. Since
(z,p) belongs to the graph of Fx iff (x,1 — p) belongs to the graph of Gx
one gets Gx(p) = Fx (1 — p). For evaluating the Choquet integral we need
the decreasing distribution correspondence G.,op,x = 72 0 Gpx of X w.r.t.
the distorted probability 2 o P. Notice that we write also like above Gx for
Gpx. Since yo(t) = t? is invertible on [0, 1] we get GWORX = G’RX o 72_1.



These formulas together with the substitution ¢t = p? imply
1 1
gini(X) = EX—/ Grpopx(t)dt = EX—/ Gx oy t(t)dt
0 0
1 1
= EX—/ Gx(p)dp® = EX—2/ Gx(p)pdp
0 0
1 1
= EX—2/ Fx(1—p)pdp = EX—2/ Fx(q) (1 —q)dg
0 0
1
= EX -2 (EX —/ FX(q)qdq>
0

1
~ 2 Fx@adg— EX.
0
On the other hand we get
2cov(X,Ux) =2E(XUx) —2EXEUx .

Since EUx = 1/2, it is sufficient to show

1 . 1 .
/ Fxuy (q)dg = B(XUy) = / Fx(q)gdq. (12)
0 0

If Fx is a continuous function we know from Proposition 4.1 Fy, (¢) = q.
Then, by Proposition 2.1, both integrands in (12) coincide a.e. and the proof
is complete.

But also in the general case, in the right hand side integral, we can
replace the factor ¢ with the quantile correspondence FUX (q) of Ux without
changing the value of the integral.

If ¢ is an inner point of the range of Ux in [0, 1], clearly ¢ = Fyr, (¢). If
not, regard the interval [a,b] := Fx(2) C [0, 1] with g € [a, D], i.e. Fx(q) =
xg. It is sufficient to show

b b
/ Fx(t)tdt = / Fx(t)Fy, (t)dt.

This is an easy computation since for all ¢ € [a,b] we get Fx(t) = xo and
Fue(t) = (a +b)/2 so that ["Fx(t)tdt = xo [Ctdt = xo(b? — a2)/2 =
zo(b+a)(b—a)/2 = [Pao(b+a)/2dt = [ Fx(t)Fyy (t)dt. O

5 The copula of a random vector

Let X = (X1, -+ ,X,) € R" be arandom vector. Like in (1) the increasing
distribution correspondence of a random vector is defined as

Fx(z):=[P(X1 <z, , Xp <), P(X1 <21, , X}, <,)], ze€R™



It is well known that the lower and upper selections Fy and Fy coincide
on a dense subset of R” and are continuous there. The distribution PX of
X is uniquely determined by Fx.

Denote with U := (Uy,--- ,Uy,) € [0,1]" the vector of the uniformisations
U; := Uy, of the X;. If the X; are continuously distributed the U; are
uniformly distributed on [0, 1] (Proposition 4.1). This is often supposed in
the literature on the copula.

The copula Cx of the random vector X is the increasing distribution
correspondence of the random vector U,

Cx =Fy.

Cx is just another way to prescribe the distribution PV of U, which might
be called the copula distribution of X. The usual definition of the copula
for continuously distributed X; (see e.g. [9]) is the upper selection Cx = Fyr
of our one. Since our definition differs slightly from the usual one, we reprove
some basic facts about the copula.

The copula distribution PY can also be characterized as the image mea-
sure

PV = (PY)" (13)
of PX under the measurable application
[:R" —[0,1)", D(z):= (Fi(z1), -, Fu(zn)).

As usual F; := F 'x, denotes the midpoint distribution function of X;. Ob-
serve that U =10 X.

The image A := {I'(z) | # € R"} of I is the cartesian product [[;", A;
of sets A; which consist of at most countable many intervals on the wu;-axis.
Hence A is Borel measurable. PU lives on A, i.e. PY(A) = 1. In the other
direction we introduce the application

=:00,1]" = R", ZE(u):= (Fi(ur), -, Fnluy)).

Recall that F} is the inverse correspondence of F; and F;(u;) is the midpoint
of the interval Fj(u;).? Again Z is measurable and its image B := {Z(u) |
u € [0,1]"} is a Borel measurable set. The functions F; and F; are not
surjective, but if we restrict each of both to the image of the other, we get
bijections,

FZ- o Fz(xl) =g for x; € iml;:'i, F o Fz(uz) = u; for u; € imF}.

If X; is essentially bounded below, F;(0) is an unbounded interval | — oo, b]. Then we

set F;(0) := b — 1 in order to remain real valued. Similarly proceed with F;(1).



Hence
Eol'(z) =2z, x€ BCR", FoZ(u)=u, ue ACI0,1]"

and the applications Z|A : A — B and I'|B : B — A are inverse to each
other. Then the measures (PY)= and P¥ coincide on measurable subsets
of B, especially PX(B) = (PY)5(B) = PY(Z~1(B)) = PY(A) = 1, so they
are identical on the Borel o-algebra of R™,

PX = (PY)=, (14)

Hence in addition to (13), we can also recover PX from the copula distri-
bution PY by means of Z or I', which are determined through the marginal
distributions of X alone.

Less abstract this result reads as follows. The distribution of the random
vector X, i.e. the common distribution of X1, -, X,,, can be reconstructed
from its copula by means of the distribution functions F} of its components.

The copula is invariant under increasing transformations on the margins.
This fact follows immediately from Proposition 4.1 (ii).

Proposition 5.1 Suppose ¢; : X;(2) — R are injective and increasing
functions and set o(x) := (p1(x1), -, pn(xn)) € R™ for x € X1(Q) x -+ X
Xn(Q) C R™. Then Cgo(X) =Cx.

The copula of a continuously distributed random vector X is well known
if its components are independent or comonotonic. In the first case PV is the
uniform distribution on [0, 1]”. If the components of X are comonotonic, PY
is the uniform distribution on the main diagonal of [0, 1]™, the corresponding
copula being called ’Fréchet-Hoffding upper copula’. Here is another basic
special case which is not of the continuous type.

Example 5.1 Suppose, Xo is constant and Xy arbitrary with continuous
distribution function. Then Uy = 1/2 and Uy is uniformly distributed. Hence
PU is the uniform distribution on the horizontal line {(uy,.5) | uy € [0,1]} C
[0,1]2. Notice that X1 and Xs are independent and comonotonic simultane-
ously.

6 Dependence parameters for the copula

Denoting again with U; the uniformization FXi o X; of X; we define the
copula 1-correlation of the random 2-vector (Xi, Xo) with X7, Xs not
being constant a.e.

CORl(Xl,XQ) = pl(Ul,Ug) .

10



This definition is the L; analogue to Spearman’s rho
CORQ(Xl, XQ) = p(Ul, UQ) .
Using (10), (9) we get

. 1
CORl(Xl,XQ) = 4COV1(U1,U2) if MUi = 5, 1= 1,2 (15)

COR2(X1,X2) = 12cov(Uy,Us) if Fx is continuous. (16)

CORz is a measure of concordance as defined by Scarsini (cf. [9] The-
orem 5.1.9). Also COR; has most, if not all, properties of a measure of
concordance. Especially, by Proposition 3.1,

Proposition 6.1 Suppose Uy is symmetrically distributed and X1, Xo are
not constant a.e., then

COR;(X1,X2) =0 if Xy, X2 are independent.

The symmetry assumption holds if X7 is continuously distributed. A simi-
larly important result is

Proposition 6.2 Suppose X1, Xo are continuously distributed then for i =
1,2

COR;(X1,X2) =1 if X1, X are comonotonic.
Of course for Spearman’s rho, i.e. i = 2, this result is known already [6].

Proof Since X; and X, are comonotonic, the common distribution P(V1:U2)
of Uy and Uj is the uniform distribution on the diagonal D C [0, 1]. Hence
by the transformation rule for the second equation below and (7) for the

third

covi (U, Us) = / (up — 1/2) A (ug — 1/2) dPUYY2) (4 uy)
D

1
= /0 (ulfl/Q)A(ulfl/Q)dul

1
= / |u1—1/2|du1
0
= 7(th)

Now p1(U1,Usz) = 1 and case @ = 1 is proved. Replacing the bipolar meet
A with the product in the argument above we get covy (Ui, Us) = var(Uy)
and p(Ul,Ug) = 1. O

Again the question arises, if the assumptions in propositions 6.1 and 6.2
can be relaxed. Example 5.1 shows that cov;(X;, X2) = 0 can happen for
comonotonic random variables, but COR; (X1, X2), COR2(X7, X2) are not
defined in this case.
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7 Applications to insurance and finance

Premium functionals using average absolute deviation 7 or, more general,
distorted probabilities can be found in the literature, [2], [11] and [2] Section
8. [12] gives an axiomatization based on Schmeidler’s work [10].

A survey on the use of the copula in insurance and finance is given in
[7]. We regard a simple example to illustrate the usefulness of our new
dependence parameters.

In insurance a claim X > 0 often has high probability of no payments
being due, say P(X = 0) > .5. Then MX =0 and 7(X) = E(X). Regard
a portfolio of two random variables Xy, X of this type. The 1-covariance
is covq (X1, X2) = [ X1 A XodP. High values of covy(Xi, X3) indicate that
both claims in the portfolio assume large values simultaneously with high
probability, unfavorable for the insurance company since this fact excludes
diversification. If one relates "large’ and ’small’ to 7(X1) A 7(X2) = EX;1 A
E X, the same indication is done by 1-correlation p; (X7, X2). The classical
covariance cov and correlation p are not useful here, since the product of the
claim amounts of the insurance contracts has no immediate interpretation,
but the minimum has.

The transformation Ey, transforms a set [zg, oo[ of high claims of X; to
the set [Fx, (o), 1] of high quantiles. So, like above, values of COR; (X7, X2)
close to 1 indicate that both claims in the portfolio have high quantiles
simultaneously with high probability.

In finance, the value at risk given a security level a € [0, 1], e.g. « = 5%
or 1%,

VaR,(X) = Gx(a)

is a popular indicator for high values of a random loss X.?> Could the 1-
covariance covy(Xi, X2) supplement the value at risk VaR, (X1 + X3) of the
portfolio in order to overcome the well known shortcomings of VaR, w.r.t.
diversification?

8 Conclusions and outlook

We have sketched a first approach to dual moments, especially to depen-
dence parameters, and to their application in connection with the copula.
Many details and more complex applications still have to be investigated.
Our dependence parameter covy(Xi, X3) is a hybrid one as it combines or-
der relations and algebraic operations. The generalization from 2-vectors to
n-vectors seems to be promising and feasible since the bipolar meet is com-
mutative and associative. We proposed the 1-covariance, but how should be

3In the literature, often the scale is in terms of gains, not losses, which changes the
sign.
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defined the dual copula 2-covariance corresponding to the Gini index, the
dual second order volatility parameter?

We looked at first and second moments and their dual. What about null
moments? The space Lo(f2, .4, P) of measurable random variables is a metric
space with the Ky Fan metric [[X — Yo and an ordinal analogue of an inner
product can be defined by means of the Fan-Sugeno functionals in [5]. So 0-
covariance covg and copula 0-correlation CORg might be defined. But also
the quantiles VaR, might be perceived as dual null moments. They are the
Choquet integral w.r.t. a distorted probability with {0, 1}-valued distortion
function. But this distortion function is not convex like the distortions
in (4), (5). This fact is the source for the shortcomings of VaR, in the
applications to finance.
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