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1 Portfolio Selection
The mean-variance approach of Markowitz (1952, 1959) is an essential un-

derpinning of modern portfolio theory and asset pricing theory. Rational in-
vestors who care about expected returns and the variance of their portfolio will
hold, subject to any constraints they face, "efficient" portfolios. That is, they
hold portfolios with the highest expected return per unit of risk (either variance
or standard deviation). Important insights from portfolio selection are that in-
vestors rationally diversify (depending on the constraints they face) and that
the volatility of an asset (variance or standard deviation) is not, in general, a
good indicator of its contribution to the risk of a portfolio of many assets.
At the risk of oversimplifying the analysis of Markowitz, consider the case

in which investors have no constraints on short sales.1 Let ω be a vector of
asset positions, with ωi denoting the fraction of the investor’s wealth in asset
i (where i = 1, 2, ...n). Positive values of ωi correspond to long positions and
negative values to short positions. We require that 100% of the investor’s wealth
is allocated to assets, that is, ω0ι = 1, where ι is an n−vector of ones. Letting
μ be the n−vector of expected returns on assets and V be the n× n covariance
matrix of asset returns, the portfolio’s expected return (μp), Variance (σ

2
p), and

standard deviation (σp) are:

μp = ω0μ

σ2p = ω0V ω

σp =
√
ω0V ω

Let A = ι0V −1μ, B = μ0V −1μ,C = ι0V −1ι, and D = BC−A2. The portfolio
weights that minimize variance, for a given expected return, μp, are given by (see
Huang and Litzenberger (1988, section 3.8) or Cochrane (2001, section 5.2)):

ωMV = a+ bμp

where

a =
1

D
[BV −1ι−AV −1μ]

b =
1

D
[CV −1μ−AV −1ι].

Even in this simple case, the solution for minimum-variance portfolio weights
requires the inversion of the covariance matrix, V . In practice, of course, we
do not observe V , but must estimate it. When there are many assets the
solution may be infeasible, due to the computational burden, or unreliable, due

1Markowitz considered many more complicated problems than the one considered here.



to the estimation error in bV . One approach is to make simplifying assumptions
about the structure of V to make the solution easier. One way to impose such
restrictions on the covariance matrix is to assume a factor model as the return
generating process.

2 Basic Definition of a Factor Model
Factor models of security returns decompose the random return on each of

a cross-section of assets into factor-related and asset-specific returns. Letting
r denote the vector of random returns on n assets, and assuming k factors, a
factor decomposition has the form:

r = a+Bf + ε (1)

where B is a n × k-matrix of factor betas, f is a random k−vector of factor
returns, and ε is an n−vector of asset-specific returns. The n−vector of coeffi-
cients a is set so that E[ε] = 0. By defining B as the least squares projection
B = cov(r, f)V −1f , it follows that cov(f, ε) = 0k×n.
The factor decomposition (1) puts no empirical restrictions on returns be-

yond requiring that the means and variances of r and f exist. So in this sense it is
empty of empirical content. To add empirical structure it is commonly assumed
that the asset-specific returns ε are cross-sectionally uncorrelated, E[εε0] = D
where D is a diagonal matrix. This implies that the covariance matrix of returns
can be written as the sum of a matrix of rank k and a diagonal matrix:

V = cov(r, r0) = BVfB
0 +D. (2)

This is called a strict factor model. Without loss of generality one can assume
that Vf = cov(f, f 0) has rank k, since otherwise one of the factors can be
removed (giving a k − 1 factor model) without affecting the fit of the model.
If the vector of factors, f , is a specified set of random variables (e.g., the

returns on a set of market indices), we will call the model a pre-specified, or
macroeconomic, factor model. If the vector of factors, f , is unknown, and must
be estimated, we will call the model a statistical factor model. If the matrix of
factor loadings, B, is known, but f must be estimated, we will call the model a
characteristic factor model (Connor (1995)). There are also applications which
involve hybrid factor models: ones which have some pre-specified factors and/or
loadings and some statistical factors (Stroyny (2005)).
Estimation of the unrestricted covariance matrix of n securities, V , requires

the estimation of n× (n+1)/2 distinct elements. The single index, or diagonal,
model of Sharpe (1963) is a single-factor pre-specified strict factor model. It
assumes that all of the common elements of returns were due to assets’ relations
with the market index. Thus, only (3×n)+1 parameters needed to be estimated:
n elements of B, or "betas" relative to the index, n unique variances, n intercept
terms, and the index variance, σ2f . This approach reduces much of the noise
in the estimate of Σ. In practice, the single index, diagonal model does not
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describe all of the common movements across assets (i.e., the residual matrix
is not diagonal) so there seems to be some additional benefit from using a
multifactor model. With k factors there are still only n× (k+2)+k× (k+1)/2
parameters to estimate (n×k betas, n intercepts or means, n unique variances,
and k × (k + 1)/2 elements of the factor covariance matrix). An alternative
approach is to continue with a smaller set of factors, but place other restrictions
on the covariance matrix of ε. Some early studies in this area are Farrar (1962),
King (1966), Cohen and Pogue (1967), and Elton and Gruber (1973).
A strict factor model aids in computing optimal portfolio weights since

V −1 = D−1 −D−1BVf (Vf + VfB
0D−1BVf )

−1VfB
0D−1

(see Muirhead (1982, p. 580)). The strict factor model only requires the inver-
sion of an n × n diagonal matrix, D, and a k × k matrix, Vf + VfB

0D−1BVf .
Since k is typically very small, relative to the number of assets, n, these inverses
are easy to calculate and are likely to be more stable than the inverse of an
unrestricted n× n covariance matrix. The factor model trades off the potential
bias that the residual covariance matrix may not be diagonal with the added
precision of the model estimates due to the higher numbers of observations per
parameter.

3 Statistical Factor Models
We differentiate between characteristic-based, macroeconomic, and statis-

tical factor models. In a characteristic-based model the factor betas of asset are
tied to observable characteristics of the securities, such as company size or the
book-to-price ratio, or the industry categories to which each security belongs.
In macroeconomic factor models, the factors are linked to the innovations in
observable economic time series such as inflation and unemployment. In a sta-
tistical factor model, neither factors nor betas are tied to any external data
sources and the model is identified from the covariances of asset returns alone.2

The convenient rotation E[ff 0] = I allows us to write the strict factor model
(1) as:

cov(r, r0) = BB0 +D. (3)

Assuming that the cross-section of return is multivariate normal and i.i.d. through
time, the sample covariance matrix ccov(r, r0) has a Wishart distribution. Im-
posing the strict factor model assumption (3) on the true covariance matrix
it is possible to estimate the set of parameters B,D by maximum likelihood.
This maximum likelihood problem requires high-dimensional nonlinear maxi-
mization: there are nK + n parameters to estimate in B,D. There is also an
inequality constraint on the maximization problem: the diagonal elements of D
must be nonnegative, since they represent variances. The solution to the maxi-
mum likelihood problem yields estimates of B and D which correspond to the
systematic and unsystematic risk measures. It is often the case that estimates

2See Connor (1995) and Connor and Korajczyk (2007).
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of the time series of factors, f , are of interest. These are called factor scores
in the statistical literature and can be obtained through cross-sectional GLS
regressions of r on B

bft = ( bB́ bD−1 bB)−1 bB́ bD−1rt.
See Basilevsky (1994) for a review of the various iterative algorithms which
can be used to numerically solve the maximum likelihood factor analysis prob-
lem and estimate the factor scores. See Roll and Ross (1980) for an empirical
application to equity returns data.
The first k eigenvectors of the return covariance matrix scaled by the square

roots of their respective eigenvalues are called the k principal components of the
covariance matrix. A restrictive version of the strict factor model is the scalar
factor model, given by (2) plus the scalar matrix condition D = σ2εI. Under the
assumption of a scalar factor model, the maximum likelihood problem simplifies,
and the principal components are the maximum likelihood estimates of the
factor beta matrix B (the arbitrary choice of rotation is slightly different in
this case). This provides a quick and simple alternative to maximum likelihood
factor analysis, under the restrictive assumption D = σ2εI.
An important (and often troublesome) feature of statistical factor models

is their rotational indeterminacy. Let L denote any nonsingular k × k-matrix
and consider the set of factors f∗ = Lf and factor betas B∗ = L−1B. Note
that f∗, B∗ can be used in place of f,B since only their matrix product affects
returns and the linear "rotation" L disappears from this product. This means
that factors f and associated factor betas B are only defined up to a k×k linear
transformation. In order to empirically identify the factor model one can set
the covariance matrix of the factors equal to an identity matrix, E[ff 0] = Ik,
without loss of generality.

3.1 Approximate Factor Models

The assumption that returns obey a strict factor model is easily rejected. In
practice, for most reasonable values of k there will at least some discernible pos-
itive correlations between the asset—specific returns of at least some assets. An
approximate factor model (originally developed by Chamberlain and Rothschild
(1983)) weakens the strict factor model of exactly zero correlations between all
asset specific returns. Instead it assumes that the there is a large number of
assets n and the proportion of the correlations which are nonnegligibly differ-
ent from zero is close to zero. This condition is formalized as a bound on the
eigenvalues of the asset-specific return covariance matrix:

lim
n→∞

max eigval[cov(ε, ε0)] < c

for some fixed c <∞. Crucially, this condition implies that asset-specific returns
are diversifiable risk in the sense that any well-spread portfolio w will have asset-
specific variance near zero:

lim
n→∞

w0cov(ε, ε0)w = 0 for any w such that lim
n→∞

w0w = 0. (4)

5



Note that an approximate factor model uses a "large n" modeling approach:
the restrictions on the covariance matrix need only hold approximately as the
number of assets n grows large.
Letting V = cov(ε, ε0) which is no longer diagonal, and choosing the rotation

so that cov(f, f 0) = I we can write the covariance matrix of returns as:

cov(r, r0) = BB0 + V.

In addition to (4) it is appropriate to impose the condition that lim
n→∞

minBB0 =

∞. This ensures that each of the k factors represents a pervasive source of risk
in the cross-section of returns.

3.2 Asymptotic Principal Components

The maximum likelihood method of factor model estimation relies on a
strict factor model assumption and a time-series sample which is large relative
to the number of assets in the cross-section. Standard principal components
requires the even stronger condition of a scalar factor model. Neither method is
well-configured for asset returns where the cross-section tends to be very large.
Connor and Korajczyk (1986) develop an alternative method called asymp-
totic principal components, building on the approximate factor model theory of
Chamberlain and Rothschild (1983). Connor and Korajczyk analyze the eigen-
vector decomposition of the T × T cross product matrix of returns rather than
of the n× n covariance matrix of returns. They show that given a large cross-
section, the first k eigenvectors of this cross-product matrix provide consistent
estimates of the k × T matrix of factor returns. Stock and Watson (2002) ex-
tend the theory to allow both large time series and large cross-sectional samples,
time varying factor betas, and provide a quasi-maximum likelihood interpreta-
tion of the technique. Bai (2003) analyzes the large-sample distributions of the
factor returns and factor beta matrix estimates in a generalized version of this
approach.

4 Macroeconomic Factor Models
The rotational indeterminacy in statistical factor models is unsatisfying for

the application of factor models to many research problems. Statistical factor
models do not allow the analyst to assign meaningful labels to the factors and
betas; one can identify the k pervasive risks in the cross-section of returns, but
not what these risks represent in terms of economic and financial theory.
One approach to making the factor decomposition more interpretable is to

rotate the statistical factors so that the rotated factors are maximally corre-
lated with pre-specified macroeconomic factors. If ft is a k-vector of statistical
factors and mt is a k-vector of macroeconomic innovations we can regress the
macroeconomic factors on the statistical factors

mt = Πft + ηt.

6



As long as Π has rank k, the span of the rotated factors, Πft, is the span
of the original statistical factors, ft. However the rotated factors can now be
interpreted as the return factors that are correlated with the specified macro-
economic series. With this rotation the new factors are no longer orthogonal,
in general. This approach is described in Connor and Korajczyk (1991).
Alternatively, one can work with the pre-specified macroeconomic series di-

rectly. Chan, Chen, and Hsieh (1985) and Chen, Roll and Ross (1986) develop
a macroeconomic factor model in which the factor innovations f are observed
directly (using innovations in economic time series) and the factor betas are
estimated via time-series regression of each asset’s return on the time-series of
factors. They begin with the standard description of the current price of each
asset, pit, as the present discounted value of its expected cash flows:

pit =
∞X
s=1

E[cit]

(1 + ρst)
s

where ρst is the discount rate at time t for expected cash flows at time t + s.
Chen, Roll and Ross note that the common factors in returns must be variables
which cause pervasive shocks to expected cash flows E[cit] and/or risk-adjusted
discount rates ρst. They propose inflation, interest rate, and business-cycle re-
lated variates to capture these common factors. Shanken and Weinstein (2006)
find that empirically the model lacks robustness in that small changes in the
included factors or the sample period have large effects on the estimates. Con-
nor (1995) argues that although macroeconomic factors models are theoretically
attractive since they provide a deeper explanation for return comovement than
statistical factor models, their empirical fit is substantially weaker than statisti-
cal and characteristic-based models. Vassalou (2003) argues on the other hand
that the ability of the Fama-French model (see below) to explain the cross-
section of mean returns can be attributed to the fact that Fama-French factors
provide good proxies for macroeconomic factors.

5 Characteristic-based Factor Models
A surprisingly powerful method for factor modeling of security returns is

the characteristic-based factor model. Rosenberg (1974) was the first to suggest
that suitably scaled versions of standard accounting ratios (book-to-price ratio,
market value of equity) could serve as factor betas. Using these predefined
betas, he estimates the factor realizations ft by cross-sectional regression of
time-t asset returns on the pre-defined matrix of betas.
In a series of very influential papers, Fama and French (1992, 1993, 1996)

propose a two-stage method for estimating characteristic-based factor models.
In the first stage they sort assets into portfolios based on book-to-price and
market value characteristics. They use the differences between returns on the
top and bottom fractile portfolios as proxies for the factor returns. They also
include a market factor proxied by the return on a capitalization-weighted mar-
ket index. In the second stage, the factor betas of portfolios and/or assets
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are estimated by time-series regression of asset returns on the derived factors.
Carhart (1997) and Jegadeesh and Titman (1993, 2001) show that the addition
of a momentum factor (proxied by high-twelve-month return minus low twelve-
month-return) adds explanatory power to the Fama-French three-factor model,
both in terms of explaining comovements and mean returns. Ang, Hodrick, Xing
and Zhang (2006 a,b) and Goyal and Santa-Clara (2003) also find evidence for a
own-volatility-related factor, both for explaining return comovements and mean
returns.
One of the most empirically powerful factor decompositions for equity re-

turns is an error-components model using industry affiliations. This involves
setting the factor beta matrix equal to zero/one dummies, with row i contain-
ing a one in the jth column if and only if firm i belongs to industry j. This is
the simplest type of characteristic-based factor model of equity returns.
The first statistical factor is dominant in equity returns, accounting for 80-

90% of the explanatory power in a multi-factor model. The standard specifi-
cation of a error-components model does not isolate the "first" factor since its
influence is spread across the factors. Heston and Rouwenhorst (1994) describe
an alternative specification in which this factor is separated from the k indus-
try factors. They add a constant to the model, so that the expanded set of
factors k + 1 is not directly identified (this lack of identification is sometimes
called the "dummy variable trap," referring to a model that includes a full set of
zero-one dummies plus a constant). Then, Heston and Rouwenhorst, impose an
adding-up restriction on the estimated k+1 factors: the set of industry factors
must sum to zero. This adding-up restriction on the factors restores statisti-
cal identification to the model, requiring constrained least squared in place of
standard least squares estimation. It also provides a useful interpretation of the
estimated factors: the factor associated with the constant term is the "market-
wide" or "first" factor, and the factors associated with the industry dummies
are the extra-market industry factors.
Heston and Rouwenhorst’s adding-up condition is particularly useful in a

multi-country context. It allows one to include an overlapping set of country
and industry dummies without encountering the problem of the dummy variable
trap. Including a constant, an international industry-country factor model must
impose adding-up conditions both on the estimated industry factors and on the
estimated country factors. This type of country-industry specification is useful
for example in measuring the relative contribution of cross-border and national
influences to return comovements, see, for example, Hopkins and Miller (2001).

6 Mutual Fund Separation
Given a set of traded assets and investors with different tastes for risk, it

might be the case that each investor’s portfolio is customized to the preferences
of that investor and is quite different in composition than another investor’s
portfolio. When individual investors’ optimal portfolio choices across all n assets
can be reduced to the choice of combining k < n portfolios, we say that k-fund
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separation holds. With k-fund separation, each investor is indifferent between
choosing from the full set of n assets or from the set of k mutual funds. Tobin
(1958) proves a one-fund separation theorem for investors choosing between cash
and an array of money market instruments.
Separation results can be obtained either for particular specifications of

agents’ utility functions or for certain specifications of return distributions. Cass
and Stiglitz (1970) derive necessary and sufficient conditions on utility functions
to get separation. Given our emphasis of the role of factor models in portfolio
selection and asset pricing, we will focus on the relation between return dis-
tributions and mutual fund separation. Ross (1978b) studies the conditions
on return distributions that lead to mutual fund separation. Let x denote the
payoff vector of a set of n assets next period. Weak k-fund separation holds if
there exist k mutual funds, α1, α2, ..., αk, such that, for any portfolio, θ, and
any monotonically increasing and concave (utility) function, u, there exists a
portfolio α

α = a1α
1 + a2α

2 + ...+ akα
k

with

E{u(αx)} ≥ E{u(θx)}.
Ross (1978b, Theorem 3) shows that necessary and sufficient conditions for weak
k-fund separation are that returns follow a k-factor data generating process, that
expected returns on assets are linearly dependent on their factor exposures,
and that the k mutual funds have no non-factor risk. Thus, k-fund separation
requires a restriction on the vector of mean returns in addition to restrictions
on the covariance matrix of returns. The restriction on expected returns is
inherently an asset pricing question, which we discuss in the next section.

7 Asset Pricing Theory
Mean variance analysis is a cornerstone of Asset Pricing Theory. Let x

denote the payoff vector of a set of n assets next period, p(x) denote the price
of x and X denote the set of all payoffs that an investor can purchase. Assume
that markets are competitive and frictionless, in the sense that there are no
transactions costs, indivisibilities, or short sale constraints. The law of one price
is the condition that two identical payoffs must have the same price. Thus, if
payoff y is the same as a units of payoff x and b units of payoff z, then p(y) =
a×p(x)+b×p(z). Given the assumption of competitive and frictionless markets
and the assumption of the law of one price (linearity of the pricing function)
then there exists a unique payoff x∗ ∈ X for which the price of any payoff x in
X is given by:

p(x) = E(x∗x) (5)
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(see Cochrane (2001, 4.1) for a proof). The random variable x∗ is often referred
to as a discount factor, pricing kernel, or state-price density. There may be
other discount factors that are not in X which also price assets. In fact, any
discount factor, m, with m = x∗ + ν and E(νx) = 0 will also price all payoffs
in X since E(mx) = E(x∗x) + E(νx) = p(x) + 0 = p(x).
Define an arbitrage opportunity as the existence of a payoff, x, that is non-

negative (x ≥ 0) and is positive with positive probability (i.e., Pr(x > 0) > 0),
and which has a non-positive price (p(x) ≤ 0). In a market where agents prefer
more to less, we should not expect arbitrage opportunities to exist. The absence
of arbitrage opportunities implies that the discount factor is strictly positive (see
Ross (1978a) and Cochrane (2001)).
Given a valid traded discount factor, m = x∗, if a riskless asset exists with

rate of return equal to rf and gross payoff Rf = 1 + rf , then p(Rf ) = 1 =
E(mRf ) = E(m)Rf . Therefore,

Rf =
1

E(m)
.

Since E(mx) = E(m)E(x) + cov(m,x), we have that:

p(x) =
E(x)

Rf
+ cov(m,x). (6)

The price of payoff x is its expected value discounted at the riskless rate plus
a risk premium or discount, cov(m,x). Denote the gross (net) return on x as
Rx (rx). Rx =

x
p(x) .and rx =

x
p(x) − 1. By dividing both sides of equation (6)

by p(x) and rearranging, we can express the pricing relation as:

E(rx)− rf = E(Rx)−Rf = −Rf × cov(m, rx). (7)

From equations (6) and (7) we see that the only risk which influences asset
prices (or equivalently expected returns) is the component of asset returns that is
correlated with the discount factor, m. Asset expected returns can be expressed
in terms of their "betas" relative to the discount factor by multiplying and
dividing (7) by var(m) and rearranging to get

E(rx)− rf = E(Rx)−Rf = βx,mλm (8)

where

βx,m =
cov(rx,m)

var(m)

λm =
−var(m)
E(m)

Rearranging (8) we find that
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E(Rx)−Rf = ρx,m
σ(m)

E(m)
σ(Rx)

where ρx,m is the correlation between asset returns and the discount factor.

Since ρx,m is between -1 and 1 we have the following bound on excess returns

|E(Rx)−Rf | ≤
σ(m)

E(m)
σ(Rx)

All assets must lie on, or to the right of, the two rays emanating from Rf as
shown in the cross-hatched area in Figure 1. These rays are called the mean-
variance boundary since they represent the lowest standard deviation possible
for a given level of expected return. The upward-sloping portion of the mean-
variance boundary is often call the efficient frontier since these portfolios have
the highest expected return for a given level of standard deviation. Any portfolio
on the mean-variance boundary is perfectly correlated with the discount factor.
Let R∗ denote a frontier portfolio, R∗ = x∗/p(x). We can write the discount
factor as a linear function of R∗.
So far, we have invoked minimal assumptions to derive (8). In particular, we

have not assumed specific forms of agents’ utility functions, or properties of the
distributions of asset returns other than the existence of second moments. We
have assumed frictionless, competitive markets and the lack of arbitrage oppor-
tunities. While identifying portfolios on the mean-variance boundary, ex post,
is relatively straight-forward, doing so ex ante is not. Much of the asset pricing
literature is devoted to placing enough structure on the economic problem to
derive the identity of m. We will begin by discussing consumption based models
and then factor models of returns.
Assume that agents wish to maximize expected lifetime utility of the follow-

ing sort

Et

∞X
j=0

δju(ct+j) (9)

and that an asset is a claim to a stream of future payments, dt+1, dt+2, ... The

first order conditions of the maximization problem imply that the price of the
asset is given by

pt = Et

∞X
j=1

δj
u0(ct+j)
u0(ct)

dt+j

(see Lucas (1978), Brock (1982), and Cochrane (2001)). This can be re-written
as

pt = Et

∙
δj
u0(ct+j)
u0(ct)

(dt+1 + pt+1)

¸
= (10)

Et [mt+1xt+1] .
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Therefore, the consumption-based discount factor ismt+1 = δj
u0(ct+j)
u0(ct) which

prices the payoff to holding the asset one period, xt+1 = dt+1 + pt+1. Assets
whose payoffs have higher covariance with future marginal utility (i.e., those
that pay well in "bad times" when consumption is low and marginal utility is
high) have higher values or, equivalently, lower expected returns. Dividing both
sides of (10) by pt yields the moment condition

1 = Et

∙
δj
u0(ct+j)
u0(ct)

(dt+1 + pt+1)

pt

¸
= Et

∙
δj
u0(ct+j)
u0(ct)

Rx,t+1

¸
(11)

which implies

Et

∙
δj
u0(ct+j)
u0(ct)

Rx,t+1 − 1
¸
= 0. (12)

The moment condition in (12) can be multiplied by any instrument in the time
t information set, say zt, to get additional moment restrictions

Et

∙µ
δj
u0(ct+j)
u0(ct)

Rx,t+1 − 1
¶
× zt

¸
= 0. (13)

Hansen and Singleton (1982) provide one of the earliest empirical tests of the
restrictions in equation (13) assuming constant relative risk aversion, u(c) = cγ

γ
for γ < 1. When equity and bond returns are included the restrictions implied
by the pricing model are rejected. The low correlation between changes in con-
sumption and stock returns requires very high levels of risk aversion to match
the return on stocks. With expected utility, the high level of risk aversion im-
plies a low level of intertemporal substitution which implies interest rates much
higher that we observe in the data (see Hansen and Singleton (1982), Mehra
and Prescott (1985), Kocherlakota (1996), Cochrane (2005)). The failure of the
early tests of consumption-based asset pricing models might be due to properties
of the consumption data, such as temporal aggregation and measurement error
Breeden, Gibbons, and Litzenberger (1989). Alternatively, the specifications of
the utility function may be inappropriate. Nonseparable utility specifications,
such as habit formation, where utility is defined relative to a reference level
of utility based on past consumption, seem to have some success in explaining
average returns. Epstein and Zin (1989, 1991) derive and test a model in which
utility is not state-separable. Their utility specification separates the level of
risk aversion from the elasticity of substitution, and hence can fit the empirical
regularities of asset returns better than the time- and state-separable specifica-
tions. Incorporating shocks to labor or entrepreneurial income, whether tradable
(see Jagannathan and Wang (1996) and Campbell (1996)) or non-tradable (see
Heaton and Lucas (1996, 1999) and Brav, Constantinides , and Geczy (2002))
help in matching mean returns.
Consumption-based asset pricing provides strong economic intuition about

the determinants of risk premia. However, the challenges of working with con-
sumption data are formidable. An alternative is suggested by the pricing func-
tion, (5), and the linear "beta" relation, (8). The pricing function shows that
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there is a portfolio whose payoff can serve as the discount factor. This port-
folio is on the mean-variance boundary in Figure 1. In fact, any portfolio on
the boundary will work. In terms of the consumption-based discount factor, say
mt+1 = δj

u0(ct+j)
u0(ct) , the portfolio of assets whose payoffs are maximally correlated

with δj
u0(ct+j)
u0(ct) will price all assets. Thus x∗is the projection of δj u0(ct+j)u0(ct) onto

the space of payoffs, X.
The earliest asset pricing literature began by making sufficient assumptions

on preferences and/or the distribution of payoffs to identify x∗. With quadratic
preferences or joint multivariate normality of returns, myopic preferences, and
the lack of other sources of income besides the return on agents’ portfolios, we
obtain one-fund separation. Given that all agents hold the same mutual fund
of risky assets, equilibrium between supply and demand for assets requires that
that portfolio be the value-weighted market portfolio. This yields the Capital
Asset Pricing Model (CAPM) of Sharpe (1964), Lintner (1966), Treynor (1961,
1999), and Mossin (1966). Let rM denote the rate of return on the market
portfolio. The CAPM implies that x∗ = a+ brM and that

E(rx)− rf = E(Rx)−Rf = βx,MλM (14)

where

βx,M =
cov(rx, rM )

var(rM )

λM = E(rM )− rf .

The Arbitrage Pricing Theory (APT) of Ross (1976) assumes that asset
returns follow a factor model, as in equation (1). If the factor model is a
noiseless factor model (i.e., ε ≡ 0 in (1)), then the law of one price implies
that expected returns are linear in assets exposure to the underlying factors.
Equivalently the discount factor is a linear function of the factors:

x∗ = a+ b0f (15)

E(rx)− rf = β0x,fλf

where βx,f = cov(rx, f), a k × 1 vector of covariances of rx with the k factors,
and λf = −Rfcov(ff

0)b = −RfE(x
∗f).3

If the factor model is not noiseless, in the sense that ε is a mean-zero random
vector, then we need sufficient conditions for the k mutual funds α1, α2, ..., αk,
discussed in the section on mutual fund separation, to be well-diversified:

αjε = 0

3 See Cochrane (2001, section 6.3).
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for j = 1, 2, ..., k. Connor (1984) derives an equilibrium version of the APT in
which there are an infinite number of assets. In this economy we get k−fund
separation and multi-factor pricing, as in (15) if the market portfolio is well-
diversified.
With a strict factor model and a finite set of assets, we would, in general,

not be able to construct k well-diversified mutual funds, so the APT pricing
relation, equation (15) will hold as an approximation as derived in Ross (1976).
Alternative multi-factor asset pricing models include the Intertemporal Cap-

ital Asset Pricing Model (ICAPM) of Merton (1973) in which market risk and
the risks associated with shifts in the consumption/investment opportunity set
command risk premia. Empirical implementation of macroeconomic factor mod-
els often are built by postulating a set of variables that are good proxies for such
risks. Example are Chan, Chen, and Hsieh (1985), Chen, Roll, and Ross (1986),
Shanken (1990), Fama and French (1993, 1996), Carhart (1997). More recently
there has been increased interest in estimating models that include factors that
proxy for shocks to liquidity (e.g., Pástor and Stambaugh (2003), Acharya and
Pedersen (2005), Korajczyk and Sadka (2008)). However, these models step
away from the frictionless markets assumption underlying the derivation of the
discount factor.
These empirical implementations of factor models essentially take a stand

on the set of macroeconomic variables that drive a traded discount factor x∗ or
a potentially non-traded discount factor m = x∗ + ν.

8 Summary
The mean-variance analysis of Harry Markowitz provides the basis for port-

folio and asset pricing theory. Within those large literatures, factor models have
played a significant role. In portfolio theory, strict factor models impose struc-
ture on covariance matrices in ways that make portfolio optimization feasible
in situations where unconstrained problems are infeasible or computationally
burdensome.
The role of mean-variance boundary portfolios is central in asset pricing.

With competitive and frictionless markets and the existence of second moments,
the law of one price implies the existence of a traded portfolio whose payoff can
be used to price all assets. The portfolio is on the mean-variance boundary (the
set of portfolios with minimum variance for each level of expected return). This
portfolio payoff will price all assets, including derivative securities, regardless of
the distribution of asset returns or the preferences of investors (again assuming
preferences rule out arbitrage opportunities and the relevant moments exist).
Empirical applications of asset pricing theory, of course, require the iden-

tification of the appropriate discount factor. While consumption-based models
provide a great deal of economic intuition, the extant consumption data often
are poor proxies for the quantities needed to apply the models. Factor models,
whether statistical, macroeconomic, or characteristic-based, provide different
paths to creating sets of portfolios that provide candidate discount factors.
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E(R)

Rf

Slope = σ(m)/E(m)

. R*E(R*)=
[RfE(x*2)]‐1



Figure 1: The cross-hatched area represents the set of attainable expected
return/Standard deviation combinations. The mean-variance boundary can be
obtained by combinations of R* and Rf .
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