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Efficient Derivative Pricing by the Extended Method of Moments

Abstract

In this paper we introduce the Extended Method of Moments (XMM) estimator. This
estimator accommodates a more general set of moment restrictions than the standard Gen-
eralized Method of Moments (GMM) estimator. More specifically, the XMM differs from
the GMM in that it can handle not only uniform conditional moment restrictions (i.e. valid
for any value of the conditioning variable), but also local conditional moment restrictions
valid for a given fixed value of the conditioning variable. The local conditional moment re-
strictions are of particular relevance in derivative pricing for reconstructing the pricing op-
erator at a given day, by using the information in a cross-section of observed traded deriva-
tive prices and a time series of underlying asset returns. The estimated derivative prices are
consistent for large time series dimension, but fixed number of cross-sectionally observed
derivative prices. The asymptotic properties of the XMM estimator are non-standard, since
the combination of uniform and local conditional moment restrictions induces different

rates of convergence (parametric and nonparametric) for the parameters.
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1 Introduction

The Generalized Method of Moments (GMM) was introduced by Hansen (1982) and Hansen,

Singleton (1982) to estimate a structural parameidentified by Euler conditions:
pit = by [Mt,t+1(9)pi,t+1] , 1=1,...,n, Vi, (1.1)

wherep;,, i = 1,...,n, are the observed prices offinancial assets; denotes the ex-
pectation conditional on the available information at da@gnd}, .. (0) is the stochastic
discount factor. Model (1.1) is semi-parametric. The GMM estimates paramtheter
gardless of the conditional distribution of the state variables. This conditional distribution
however becomes relevant when the Euler conditions (1.1) are used for pricing derivative
assets. Indeed, when the derivative payoff is writterpgn, and its current price is not
observed on the market, the derivative pricing requires the joint estimation of pardmeter
and the conditional distribution of the state variables.

The Extended Method of Moments (XMM) estimator extends the standard GMM to
accommodate a more general set of moment restrictions. The standard GMM is based on
uniform conditional moment restrictions such as (1.1), that are valid for any value of the
conditioning variables. The XMM can handle not only the uniform moment restrictions, but
also local moment restrictions that are valid for a given value of the conditioning variables
only. This leads to a new field of application to derivative pricing, as the XMM can be used
for reconstructing the pricing operator on a given day, by using the information in a cross-
section of observed traded derivative prices and a time series of underlying asset returns.
To illustrate the principle of XMM, let us consider the S&P 500 index and its derivatives.
Suppose an investor at ddtgs interested in estimating the prieg(h, k) of a call option
with time-to-maturity, and moneyness strikie that is currently not (actively) traded on
the market. She has data on a time seri€g dhaily returns of the S&P 500 index, as well
as on a small cross-section of current option price§:;, k;), j = 1,...,n, of n highly
traded derivatives. The XMM approach provides the estimated ptigés k) for different
values of moneyness strikeand time-to-maturity:, that interpolate the observed prices of
highly traded derivatives and satisfy the hypothesis of absence of arbitrage opportunities.

These estimated prices are consistent for a large number of abes a fixed, even small,
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number of observed derivative prices

To highlight the specificity of XMM with respect to GMM, we present in Section 2 an
application to the S&P 500 index and its derivatives. First we show that the trading activity
on the index option market is rather weak and the daily number of reliable derivative prices
is small. Then we explain why the time series observations on the underlying index induce
uniform moment restrictions, whereas the observed cross-sectional derivative prices cor-
respond to the local moment restrictions. The XMM estimator minimizes the discrepancy
of the historical transition density from a kernel density estimator, subject to both types
of moment restrictions. The estimation criterion includes a Kullback-Leibler Information
Criterion associated with the local moment restrictions to ensure the compatibility of the
estimated derivative prices with the absence of arbitrage opportunities. The comparison of
the XMM estimator and the standard calibration estimator for S&P 500 options data shows
clearly that XMM outperforms the traditional approach.

The theoretical properties of the XMM estimator are presented in Section 3 in a gen-
eral framework. We discuss the parameter identification under both uniform and local
moment restrictions and derive the efficiency bound. We prove that the XMM estimator
is consistent for a fixed number of cross-sectional observations associated with the lo-
cal restrictions and a large numb&r(7" — oc) of time series observations associated
with uniform restrictions. Moreover, the XMM estimator is asymptotically normal and
semi-parametrically efficient. Section 4 concludes. The proofs of the theoretical results
are gathered in Appendix A. Proofs of technical Lemmas are given in Appendix B on the

web-site http://www.istituti.usilu.net/gagliarp/proofsXMM.htm.

2 The XMM applied to derivative pricing

2.1 The activity on the index option market

In order to maintain a minimum activity, the Chicago Board Options Exchange (CBOE)
enhances the market of options on the S&P 500 index by periodically issuing new option

contracts [Hull (2005), p. 187]. The admissible times-to-maturity at issuing are 1-month,



2-month, 3-month, 6-month, 9-month, 12-month, etc, up to a maximal time-to-maturity.
For instance, new 12-month options are issued every three months, when the options from
the previous issuing attain the time-to-maturity of 9-month. This induces a cycle in the
times-to-maturity of quoted options [see e.g. Schwartz (1987), Figure 1, and Pan (2002),
Figure 2]. For any admissible time-to-maturity, the options are issued for a limited number
of strikes around the value of the underlying asset at the issuing date.

This strategy restricts the number of options available on the market. Among these,
only a few options are traded on a daily basis. This phenomenon is illustrated in Section
2.6, where we select the call and put options with a daily traded volume of more than 4000
contracts in June 2005. Since each contract corresponds to 100 options, 4000 contracts are
worth between 5 millions USD and 7 millions USD, on average. The daily number of the
highly traded options varies between a minimum of 7 in June 10, 2005 and a maximum of
31in June 16, 2005. The corresponding times-to-maturity and moneyness strikes also vary
in time. For instance in June 10, 2005 the actively traded times-to-maturity are 5, 70 and
135 days, while in June 16, 2005 the actively traded times-to-maturity are 1, 21, 46, 66,
131, 263 and 393 days. In brief, the number of highly traded derivatives on a given day
is rather small. Moreover, the number of options and the moneyness strikes and times-to-

maturity vary from one day to another due to the issuing cycle and the trading activity.

2.2 Calibration based on current derivative prices

The underlying asset features a regular trading activity, and the associated returns can be
observed and are expected to be stationary. In contrast, the prices of a given derivative on
two consecutive dates are not always observable. Therefore the associated returns cannot
be computed. Even if these option returns were available, they would be nonstationary
due to the issuing cycle discussed above. To circumvent the difficulty in modelling the
trading activity and its potential nonstationary effects on prices, the standard methodology
consists in calibrating daily the pricing operatorMore precisely, let us assume that at

datet, the option prices,, (h;, k;), j = 1, ...,n, are observed, and that a parametric model

10r, in calibrating daily the Black-Scholes implied volatility surface.



for the risk-neutral dynamics of the relevant state variables implies a parameterized pricing
formulac,, (h, k; 0) for the option prices at datg. The unknown parametéris usually
estimated daily by minimizing the least-squares critefifgee e.g. Bakshi et al. (1997)]:

0, = argeminz; o (hj, ki) — ¢y (hy, Ky 0)]>. (2.1)

=

This practice has the following drawbacks: First, the estimated paramﬁ%tema gener-
ally erratic over time. Second, the approximated priég:;, k;) = ¢, (hj, k;; 6,,) are
not compatible with the absence of arbitrage opportunities, since the approximated op-
tion pricesc,, (h;, k;) differ from the observed prices, (h;, k;) for highly traded options.
Third, even if the estimates can be shown to be consistent whekarge and the options
characteristics/(;, k;) are well distributed [see e.g.iASahalia and Lo (1998)], in practice

n is small and the estimates are not very accurate.

2.3 Semi-parametric pricing model

In general, the underlying asset is much more actively traded than each of its derivatives.
For instance, the daily traded volume of a portfolio mimicking the S&P 500 index, such
as the SPDR, is about one hundred millions USD. It is possible to improve the above cal-
ibration approach by considering jointly the time series of observations on the underlying
asset and the cross-sectional data on its derivatives. For this purpose the specification can-
not be reduced to the risk-neutral dynamics only, but has to define in a coherent way the
historical and risk-neutral dynamics of the variables of interest. Let us consider a discrete
time model. We denote by the logarithmic return of the underlying asset between dates

t — 1 andt. We assume that the information available to the investors at datgenerated

by the random vectok; of state variables with dimensiaf) including the returm; as the

first component, and thaX, is also observable by the econometrician. The proC&ss

onX CR?is supposed to be strictly stationary and Markov under the historical probability

with transition densityf (z;|z;_1).

2A penalized Least-Squares (LS) criterion [Jackwerth (2000)], a local LS criterion under shape constraints
[Ait-Sahalia, Duarte (2003)], a LS criterion under convolution constraints [Bondarenko (2003)], or an entropy

criterion [Buchen, Kelly (1996), Stutzer (1996), Jackwerth, Rubinstein (1996)], in a nonparametric setting.
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We consider a semi-parametric pricing model defined by the historical dynamics and a
stochastic discount factor (sdf) [Hansen, Richard (1987)]. The historical dynamics of pro-
cess(X;) is left unconstrained. We adopt a parametric specification for thé/sdf, (¢) =
m (X415 0), wheref € RP is an unknown vector of risk premia parameters. This model
implies a semi-parametric specification for the risk-neutral distribution. For instance, the
relative price at time of a European call with moneyness strikand time-to-maturitys

written on the underlying asset is given by:
c(h, k) =E [Mt,t+h(‘9)(exp Ryp — k)t Xt] )

whereM; ;11(0) = m (Xyg1;0) - - - m (Xypp; 0) is the sdf betweenandt + h, andR; ;, =
ry1+- - -1y IS the return of the underlying asset in this period. The option price depends
on both the finite-dimensional sdf parameteand the functional historical parametér

We are interested in estimating the pricing operator at a giventgiateat is, the map-
ping that associates any European call option payQfth, k) = (exp Ry, n — k)" with
its pricec,, (h, k) at timet,, for any time-to-maturity and any moneyness strike The
data consists of a finite numberof derivative prices:, (h;, k;), j = 1,...,n, observed at
datet,, andT serial observations of the state variahlscorresponding to the current and
previous days = to — T + 1,...,ty. The no-arbitrage assumption implies the moment

restrictions for the observed asset prices.

2.4 The moment restrictions

The moment restrictions are twofold. The constraints concerning the observed derivative

prices at, are given by:
Cto(hj7 kj) =F [Mt,t—l-hj (9)(exp Rt,h]' - kj)+‘Xt == xt0j| s j = 1, .o, n. (22)
The constraints concerning the riskfree asset and the underlying asset are:

E[Mt7t+1(¢9)|Xt:(L’]:B(t,t—i—l), VxGX,
E[M;y1(0) exprip| Xy = x] =1, Ve e X,

(2.3)

respectively, wheré3(¢, ¢t + 1) denotes the price at timeof the short-term riskfree bond.

The conditional moment restrictions (2.2) are local, since they hold for a single value of
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the conditioning variable only, namely the valug of the state variable at timg. This

is because we consider only observations of the derivative peigés;, ;) at datet,.
Conversely, the prices of the underlying asset and the riskfree bond are observed for all
trading days. Therefore the conditional moment restrictions (2.3) hold for all values of the
state variables. They are called the uniform moment restrictions. The distinction between
the uniform and local moment restrictions is a consequence of the differences between the
trading activities of the underlying asset and its derivatives. Technically, it is the essential
feature of the XMM that distinguishes this method from its predecessor GMM.

There aren + 2 local moment restrictions at datggiven by:

E[Mt,t-i-hj (9) (exp Rt,h]’ - kj)+ - Cto(hj7 kj)|Xt - xto] =0
E [Mt7t+1(€) — B(to, t() ‘l‘ 1)|Xt = $t0] = 0, (24)
E[Mt,t+1(9> EXPTriy1 — 1|Xt = l'to} =0

7j:17"'7n7

Let us denote the local moment restrictions (2.2) as:
Elg(Y;0)[X = x] = 0, (2.5)

whereY; = (Xiq1,--- , Xi5) IS thed-dimensional vector of relevant future values of the
state variables; is the largest time-to-maturity of interest, = x,,, and the time index is

suppressed. Similarly, the uniform moment restrictions (2.3) are written as:
ElgY;0)| X =2]=0, VexeX. (2.6)
Then, the whole set of local moment restrictions (2.4) corresponds to:
Elga(Y;0)[X = 2o] = 0, (2.7)

whereg, = (¢',¢’)’. Since we are interested in estimating the pricing operator at a given
datet,, the valuer, is considered as a given constant.

We assume that the sdf parametes identified from the two sets of conditional mo-
ment restrictions (2.5) and (2.6). In general, some linear combinatjpnsay, of the
components of are unidentifiable from the uniform moment restrictions (2.6) on the risk-

free asset and the underlying asset, only. The identification of these linear combinations



requires local moment restrictions (2.5) on the cross-sectional derivative prigedrat-
itively, some of these linear combinatiomscorrespond to genuine risk-premia parameters.
This point is illustrated in Section 3.2 on a stochastic volatility model used in the applica-

tion.

2.5 The XMM estimator

The XMM estimator presented in this section is related to the recent literature on the infor-
mation based GMM [e.g., Kitamura, Stutzer (1997), Imbens, Spady, Johnson (1998)]. It
provides estimators of both the sdf paramétand the historical transition densityy|z).
By using the parameterized sdf, the information based estimator of the historical transition
density defines the estimated state price density for pricing derivatives.

The XMM approach involves a consistent nonparametric estimator of the historical
transition densityf (y|x), such as the kernel density estimator:

p 1 A Yy — Y Ty — T d Ty — T
f(ylx)—h—%ZK( hr )K( hr >/;K( hr

t=1

) , (2.8)

whereK (resp.K) is thed-dimensional (respi-dimensional) kernel is the bandwidth
and(x,,y,),t = 1, ..., T, are the historical sample dafaNext, this kernel density estimator
is improved by selecting the conditional pdf that is the closeﬁ( x), and satisfies the

moment restrictions, as defined below.
Definition 1. The XMM estimator(f* (zo), f* Claa) ooy f* (-|xT),§> consists of the
functionsfy, f1, ..., fr defined ony C R?, and the parameter valug that minimize the

objective function:

L& [fele - s [fo(y)]
TZ/ Toleg U7 e Pty | Y

subject to the constraints:

3For expository purpose, the dates previouggtoat which data or{X,Y") are available, have been re-

indexed ag = 1, ..., T and accordingly the asymptoticsThcorrespond to a long history befotg
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The objective function; has two components. The first component involves the chi-
square distance between the dengitgnd the kernel density estimat§¢.|xt) at any sam-
ple pointz,, t = 1,...,7. The second component corresponds to the Kullback-Leibler
information criterion (KLIC) between the densify and the kernel estimatcjf\(.\:co) at
the given valuer,. In addition to the unit mass restrictions for the density functions, the
constraints include the uniform moment restrictions (2.6) written for all sample points, and
the whole set of local moment restrictions (2.7)rgt The combination of two types of
discrepancy measures is motivated by computational and financial reasons. The chi-square
criterion evaluated at the sample points allows for closed form solufip(®), ..., fr (9)
for a givend (see Appendix A.2.1). Therefore, the objective function can be easily concen-
trated with respect to functions, ..., fr, which reduces the dimension of the optimization
problem. The KLIC criterion evaluated at ensures that the minimizef satisfies the
positivity restriction [see e.g. Stutzer (1996) and Kitamura, Stutzer (1997)]. The positivity
of the associated state price density,ajuarantees the absence of arbitrage opportunities
in the estimated derivative prices. The estimatof ofinimizes the concentrated objective

function:

= 2 ST B @) T (9@ B (9(0)) - 108 E (exp (A (6) 92(6)) lo)
= (2.10)

where the Lagrange multipliex () € R™*2 is such that:

E |ga(0)exp (A (6) 92(9)) || =0, (2.11)

for all §, andE (¢(6)|z,) andV (¢(6)|z;) denote the expectation and variance;t¥; 6),
respectively, w.r.t. the kernel estimatf)(ryyxt). The first part of the concentrated objective
function (2.10) is reminiscent from the conditional version of the continuously updated
GMM [Ai, Chen (2003), Antoine, Bonnal, Renault (2007)]. The estimatoy @f|x) is

exp ()\ (é) oy é)
o 00) <

This conditional density is used to estimate the pricing operator atiime

given by:

F*(ylzo) = Fylzo), ye . (2.12)
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Definition 2. The XMM estimator of the derivative prieg(h, k) is:

é150<h7 k) = /Mto7to+h(é) (eXp Rto,h - k)+ f* (y|$0) dy7 (213)

for any time-to-maturitys < h and any moneyness strike The estimator of the pricing

operator density at time, up to time-to-maturitys is M, ,, .1 (0) f* (o).

The constraints (2.9) imply that the estimatgr(h, k) is equal to the observed option
price ¢, (hj, k;) whenh = h; andk = k;, j = 1,...,n. The large sample properties of
estimators) andé,, (h, k) in Definitions 1 and 2 are examined in Section 3. These esti-
mators are consistent and asymptotically normal for large sarfiptdghe time series of
underlying asset returns, but a fixed numberf observed derivative pricesit The linear
combinations of that are identifiable from the uniform moment restrictions (2.6) on the
riskfree asset and the underlying asset only, are estimated at the standard parametric rate
VT. Any other directiony; in the parameter space (see Section 2.4) and the derivative
prices as well are estimated at the r@(éPTdT corresponding to nonparametric estimation
of conditional expectations givel = x,. The estimators of derivative prices are asymp-

totically efficient.*

2.6 Application to S&P 500 options

In this section we compare the XMM estimation and a traditional cross-sectional calibration
approach using the data on the S&P 500 options in June 2005 with daily trading volume

larger than 4000 contracts (see Section 2.1).

i) Cross-sectional calibration
The cross-sectional calibration is based on a parametric stochastic volatility model for

the risk-neutral distributiod). We assume that undérthe S&P 500 return is such that:

1
Te=Tpp — 503 + oe}, (2.14)

4Asymptotically equivalent estimators are obtained by replacing the integral w.r.t. the kernel density

estimator in (2.13) by the discrete sum involved in a kernel regression estimator. These latter estimators

involve a smoothing w.r.tX only, and are used in the application in Section 2.6.



wherer, is the riskfree rate betweer-1 andt, (¢;) is a standard Gaussian white noise and
o2 denotes the volatility. The volatilityo?) is stochastic, independent of shocks) on
returns and follows an Autoregressive Gamma (ARG) process [see&Bauxiand Jasiak
(2006), Darolles, Gougroux and Jasiak (2006)]. This model is a time-discretized Heston
model [Heston (1993)]. The risk-neutral transition distribution of the stochastic volatility

is defined from its conditional Laplace transform:
E° [exp (—uo},) | a_f} = exp [—a*(u)o} — b*(u)], u >0, (2.15)

where£?[ ] denotes the expectation undgra* (u) = p* 7% andb*(u) = 0* log(1+c*u).
Parametep*, p* > 0, is the risk-neutral first-order autocorrelation of volatility process
(02); parametes*, §* > 0, describes its (conditional) risk-neutral over-/under-dispersion;
parameter*, ¢* > 0, is a scale parameter.

The relative option prices are function of the current value of volatitityand of the
three parameter§ = (c*, 0%, p*), that is,c;(h, k) = c(h,k;0,02), say. Functiorc is
computed by Fourier Transform methods as in Carr and Madan (199%he volatility
o? is calibrated daily jointly withd by minimizing the mean square errors as in (2.1). The
calibrated parametee?r't0 and volatility 6,, for the first ten trading days of June 2005 are

displayed in Table 1.

[Insert Table 1 : Calibrated parameters (cross-sectional approach)
for the S&P 500 options in June, 2005]

We also report the Root Mean Squared ErBrg SE;, = {% > [c (hj, kj; 0o, &EO)
1/
—cio(hy, ky)*}

3;*0, p;, andég , the calibrated volatilitys,, and the goodness of fit measure vary in time

*as goodness of fit measure. We observe that the calibrated parameters

and are quite erratic. The variation of the goodness of fit is due to a large extent to the small

and time-varying number of derivative prices used in the calibration.

i) XMM estimation

SEquations (5)-(6) in Carr, Madan (1999) are used to compute the option price as a function of time-to-
maturity & and discounted moneynesXt, ¢ + h)k. The term structure of riskfree bond prices is assumed

exogeneous and is estimated at dgtby cubic spline interpolation of market yields at available maturities.
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In the XMM estimation we consider the bivariate vector of state variables:
Xy = (71, 07), (2.16)

wherer, := r,—ry, is the daily logarithmic return from closing prices of the S&P 500 index
in excess of the riskfree rate, and is an observable volatility factor. More specifically,
o? is the one-scale realized volatility computed from 30-minute S&P 500 returns [e.g.,

Andersen et al. (2003)f. The parameterized sdf is exponential affine:
Myy41(0) = e "t exp (=0 — b207 1 — 0307 — O4Fry1) (2.17)

whered = (0y,60,,03,0,). This specification of the sdf is justified by the fact that the
corresponding semi-parametric model for the risk-neutral distribution nests the parametric
model used for cross-sectional calibration in Section i) above. More precisely, the risk-
neutral stochastic volatility model (2.14)-(2.15) can be derived from an historical stochastic
volatility model of the same type and the exponential affine sdf (2.17) with appropriate
restrictions on parametér(see Appendix A.3).

For each trading day, of June 2005, we estimate by XMM the sdf paramétes
(01,05, 05,0,) and5 option prices, (h, k) at a constant time-to-maturity = 20 days and
moneyness strikels = .96, .98, 1, 1.02, 1.04. The options are puts fdr < 1, and calls for
k > 1. The estimator is defined as in Section 2.5, using the current and pré&vieus)00
daily historical observations on the state variables, and the derivative prices of the actively
traded S&P 500 options &f. We use a product Gaussian kernel and select two bandwidths
for the state variables according to the standard rule of thumb [Silverman (1986)]. The

estimation results for the first ten trading days of June 2005 are displayed in Table 2.

[Insert Table 2 : Estimated sdf parameters and option prices (XMM approach)

for the S&P 500 options in June, 2005]

A direct comparison of the estimated structural parameters given in Tables 1 and 2 is dif-
ficult, since the parameters in Table 1 concern the risk-neutral dynamics whereas those in
Table 2 concern the sdf. For this reason, we focus in Sections iii) and iv) below on a di-

rect comparison of estimated option prices. Nevertheless, the following two remarks are

6A similar one time scale realized volatility measure is the underlying state variable for variance swaps.
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interesting: First, the XMM estimated parameters are much more stable over time than
the calibrated parameters, since they use the same historical information on the underlying
asset. Second, from the computational point of view, the calibration method is rather time
consuming since it requires the inversion of the Fourier Transform for all option prices, at
each evaluation of the criterion function and its partial derivatives w.r.t. the parameters, and
at each step of the optimization algorithm. On the contrary, the full XMM estimation takes

about one minute on a standard computer.

iii) Static comparison of estimated option prices
In Figure 1 we display the estimated relative prices of S&P 500 options on June, 1
and June 2, 2005, as a function of the discounted moneyness/strk&(t, t + h)k and

time-to-maturityh.

[Insert Figure 1 : Estimated call and put price functions for the S&P 500 options
in June, 1, and June, 2, 2005]

The results for June, 1 (resp. June, 2) are displayed in the top (resp. bottom) panels. In
the panels displayed on the right hand side, the solid lines correspond to XMM estimates,
and in the panels on the left hand side to calibrated estimates. Circles correspond to the
observed prices of highly traded options. On June, 1, there are four highly traded times-to-
maturity, which are 12, 57, 77, and 209-day, respectively. For the longest time-to-maturity
h = 209, there is only one actively traded call option (resp., one putifer 57 and two

calls forh = 77). All remaining highly traded options correspond to time-to-maturity 12.
We find that both put and call with identical moneyness strike and time-to-maturity can
be highly traded, which reveals that these prices are not compatible with the no-arbitrage
assumptions. In the literature [see e.gt-Bahalia and Lo (1998)], this problem is solved

by selecting the put if: < 1, and the call, otherwise. After applying this procedure, we
end up with 11 highly traded options in June, 1, and 8 highly traded options for the 3
times-to-maturity in June, 2, 2005. Both calibration and XMM can also be used for pricing
puts and calls that do not correspond to highly traded times-to-maturity and highly traded
moneyness strikes. To show this, Figure 1 includes (dashed lines) the times-to-maturity

120 for June, 1, 2005, and 119 for June, 2, 2005, which are not traded. The calibration

12



method assumes a parametric risk-neutral model, whereas the XMM risk-neutral model is
semiparametric. Any specification error in the fully parametric pricing model is detrimen-
tal for the calibration approach, while the XMM approach is more flexible. An advantage
of XMM is that, by construction, the estimated derivative prices coincide with the mar-
ket prices for highly traded options, while the calibrated prices differ from the observed
prices, and these discrepancies can be large. This is not due to the specific parametric
risk-neutral model that was used. It would also occur if a more complicated parametric
model, or the nonparametric approach proposeditiS&halia and Lo (1998), was used.

By construction, the risk-neutral stochastic volatility model that underlies the calibration
method produces smooth symmetric option pricing functions w.r.t. the log-moneyness [see
Gouriéroux, Jasiak (2001), Chapter 13.1.5], with similar types of curvature when the time-
to-maturity increases. In contrast, the XMM produces skewed option pricing functions,

which means that the method captures the leverage effect and its term structure.

iv) Dynamic comparison of estimated option prices
Let us now consider the dynamics of the option pricing function. In Figure 2 we display
the time series of implied volatilities at a fixed time-to-maturity= 20 and moneyness

strikesk = .96, .98, 1,1.02, 1.04, 1.06 for all trading days in June, 2005.
[Insert Figure 2: Time series of implied volatilities for S&P 500 options in June, 2005]

The XMM implied volatilities are indicated by circles and the calibrated implied volatilities
are marked by squares. The XMM implied volatilities are more stable over time because
of the use of the historical information on the underlying asset. Since most of the highly
traded options have moneyness strikes close to at-the-money, the calibration approach is
rather sensitive to unfrequently observed option prices with extreme strikes.

The sample means of the two time series of implied volatilities in Figure 2 are different.
In particular, fork = .96, .98, 1, the XMM implied volatilities are on average larger than
the calibrated ones, and smaller for= 1.04 andk = 1.06. The reason is that the XMM
approach captures the smirk, i.e. the skewness, in the implied volatility curve, while the

calibrated model can reproduce either a smile, or a flat pattern only. Finally, we observe
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some evidence of the week-end effect in the XMM implied volatilitiesifer .98, 1, 1.02

while this effect is missing in the calibrated implied volatilities.

2.7 Information loss and precautionary risk management

In the above implementation of XMM, we considered a single cross-section of observed
derivative prices only, date-by-date. This procedure is in line with current practice. The
approach can be easily extended by increasing the finite number of cross-sections to, for
instance, the last 10 trading daysyithout a significant effect on the asymptotic properties

of the estimators. An interesting question is whether, instead of the XMM estimator, one
could use a GMM estimator that exploits the observed option prices of all trading days in
the sample. In this subsection we argue that this is possible, but the large sample properties
of such a GMM estimator are unknown. In particular, the convergence rate of the estimator
of the sdf parametef is hard to assess, and it can be difficult to derive the confidence
intervals for option prices.

Let us first focus on the parameteand recall that the standard GMM requires a time-
invariant number of uniform moment restrictions. A time-invariant set of uniform condi-
tions can be formulated as:

B[5(Yi:0)1X,] =0, ¥t, (2.18)

whereg(Y;; 0) = vec (ét(e)) andGy(0) = [gnr.(0)] is a matrix with elementg;, ;. .(0) =
[Mi101(0) (exp Repy — k)" — ci(h, k)] Zp 1., indexed by the time-to-maturity and the
moneyness striké. The activity indicatorZ,, ., for derivative (h, k) at datet is such
that Z,, ., = 1, if this derivative is traded at date and= 0, otherwise. The vector
Zy = vec(Zn,) Of activity indicators is included in the state variables vector The
vector g(Y;; 6) ideally contains the moment restrictions for all the opti¢hsk) that can
be traded somewhen on the market. The time-to-mataérity an integer between and
a maximal time-to-maturityd (e.g.,H = 500, that is,2 years). The number of potential
moneyness strikek is also large. Indeed we hake= K /p;, where the available strikes

K at a given date are about hundred equally-spaced values around the current underlying

"Or the 10 past trading days with the values of the state variable closast to
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asset price,. 8 Bothp, andK are multiple of the price tick. As, moves over time, a large
number of potential moneyness strikeare generated. Even when this number is finite, we
get a very large number of conditional moment restrictions in (2.18) which are weakly in-
formative. Indeed, at any given date, most of these conditional moment restrictions concern
non-traded derivatives and thus amount to trivial equalities.

An additional feature of the estimation problem is the nonstationary behavior of the
activity indicatorsZ;. This nonstationarity is induced by the issuing cycle and the seasoning
effect in times-to-maturity, the dynamics in admissible moneyness strikes, and the trading
activity. Therefore the large sample properties of the GMM estintatsay, derived from
(2.18) are likely nonstandard. The issuing and seasoning effect in times-to-maturity alone is
not expected to significantly impact the rdBtsonvergence of the GMM estimatéysince
a given time-to-maturity can be traded recurrently according to a deterministic cyclical

pattern. However, the rodf—convergence of the estimat®requires a recurrence property
T

for the trading activity such that |In31; Z Znkt = m(h, k) > 0, P-a.s., for a relevant set

of options(h, k). This set of optlons{h k;) has to allow for the identification af. This

recurrence assumption is rather strong. Its theoretical justification requires a structural
T

. - . 1
model of the trading activity. In practice, the frequenc&esE Zn 4 are close to zero
t=1
for most optiong i, k) and it is difficult to test empirically the validity of the recurrence

hypothesis?

The weak informational content of the conditional moment restrictions (2.18) gives
some insight on the convergence rates of the GMM estinfatBven if at least one deriva-
tive price is observed at each date, we cannot always expect to recover the standard para-
metric rate of convergence for all component® oTo see this, let us suppose that a single
derivative price:(h:, k;) is observed at each dateand that a single componenit of ¢ is
unidentifiable from the uniform moment restrictions of the underlying asset and the risk-

free asset. From standard GMM theory it follows that the rate of convergence of the GMM

8The exact number of admissible strikes depends on the time-to-maturity.
9A similar issue arises in the estimation of the term structure of zero-coupon bonds. In this application

however the concern for the recurrence property is less pronounced, since the zero-coupon bonds market is

organized according to a single characteristic, namely time-to-maturity.
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estimator ofy; is VT, if (k;, hy) = (k, h) is time-invariant, which is quite unrealistic. In
contrast in XMM, where the current derivative price only is used, Proposition 1 in Section
3.3 and Corollary 6 in Section 3.5 show that the rate of convergence of the XMM estimator
of n; is the nonparametric ratg/ThZ. Intuitively, the information ony; contained in the
observed derivative price atis a function, say, of moneyness strikg time-to-maturity

h; and stater,. Therefore, the information om; contained in the entire time series of ob-
T

served option prices igz‘(kt, hi, x;). The parametric rate is reached, if this quantity is
of orderT asT — oo. Itﬁlgeneral, intermediate convergence rates between the parametric
rate and the nonparametric offeare expected. The nonparametric convergence rate for
the GMM estimator may occur, for instance, when the structural paramigtea risk pre-
mium for extreme risk. The point is that there is no way to get reliable information about
extreme risks that may lead to an improved convergence rate, since the trading frequencies
of derivatives with very deep in- or out-of-the-money strikes are typically quite low.

Let us now consider the option prices. An estimator of the pricing operatgicah be
obtained by plugging into equations (2.12) and (2.13) the GMM estintatam (2.18).
If the recurrence property is satisfied, and the convergence rate of the GMM estihigtor
larger than the nonparametric ra\;éW , the results of Section 3 can be used to show that
the estimation of is irrelevant for the estimation of the option prices. The estimated option
prices are asymptotically normal and the confidence bands are derived from the results in
Section 3 as if parametémwere known. However, if the recurrence property is not satisfied
and some components étonverge at the nonparametric ra@, then the estimation
of # cannot be neglected even asymptotically. This complicates the derivation of the large
sample distribution and confidence bands of the estimated option prices. In particular,
neglecting the effect of the estimationWwhend has a slow rate of convergence, leads to
spuriously narrow confidence bands for option prices and underestimation of risk.

In conclusion, the advantage of focusing on a finite number of cross-sections of deriva-
tive prices is that the XMM estimator has a known rate of convergence and an explicit
asymptotic (normal) distribution. In particular, the XMM provides prudential confidence

intervals [see Section 3.4 iii)] for option prices, in line with precautionary risk management.

00nce kernel localization is applied at each date.
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3 Theoretical properties of XMM

Let us now examine the theoretical properties of the XMM estimator introduced in Section
2 for derivative pricing. First we discuss the parameter of interest and the moment restric-
tions. Next we derive the identification conditions and explain how they differ from the
standard GMM conditions. Under the identification conditions, we derive the optimal in-
struments and the kernel nonparametric efficiency bound. Finally, we prove the consistency

and kernel nonparametric efficiency of the XMM estimator.

3.1 The parameter of interest

Let us consider a semi-parametric estimation of the conditional moments:
Eo[a(Y;600)| X = o], (3.1)

subject to the uniform and local conditional moment restrictions:

Ey [g(Y,@O)]X = I] = 0, Vz e X, Fy-a.s, (32)
Eo [9(Y;00)|X = 2z0] = 0, (3-3)

whered, is the true parameter value arith|.] denotes the expectation under the true
DGP P,. The unknown parameter val#g is in set® C RP, variables(X,Y’) are in
X xY C R xRY andz, is a given value in¥. The moment functiong and g are
given vector-valued functions gii x ©. Functiona on ) x © has dimensiorL. In the
derivative pricing application in Section 2, vectaY’; §) is the product of sdf\/; ;.1 (0)
and payoff(exp R, ;, — k)" on theL derivatives of interest. Vector functiopsandj define
the uniform moment restrictions on the riskfree asset and underlying asset, and the local
moment restrictions on observed derivative prices [see (2.5) and (2.6)].

The conditional moment of interest (3.1) can be viewed as an additional paraspeter

in B ¢ R” identified by the local conditional moment restrictions:

Thus, all parameters to be estimated are in vegfor (6, ﬁg)/ that satisfies the extended

set of uniform and local moment restrictions (3.2), (3.3), (3.4) [see Back, Brown (1992) for
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a setting with unconditional moment restrictions]. In this interpretatigis the parameter

of interest whiled, is a nuisance parameter.

3.2 Identification

Let us now consider the identification of extended parantteFrom moment restriction
(3.4), it follows thats, is identified iff, is identified. Thus, we can restrict the analysis to
the identification of),.

i) The identification assumption

Assumption 1: The true value of the parametéy is globally identified:

Ey [g(Y, 9)|X = fﬁ] =0, Ve e X, Fy-a.s.
Eo[9(Y;0)[X = o] = 0

,0e0 = =40,

Assumption 2: The true value of the parametéy is locally identified:

E %(Y, 90)|X = I:| a=0,VereX, P-a.s.
95 , 0 €ERP = a=0.
E() %(Y, 90)|X = I0:| a=20

We need to distinguish the linear transformationgpfa’6,, say, wherex € R?, that are
identifiable from the uniform conditional moment restrictions (3.2) alone, from the linear
transformations of), that are identifiable only from both uniform and local conditional
moment restrictions (3.2) and (3.3). The former transformations are called full-information
identifiable, while the latter ones are called full-information unidentifiable. Let us consider

the linear space:

)
T = {a cRP: E, [a—g/(y; 0)|X = | a=0, Vz € X, Po-a.s.} ,

of dimensiondim 7* = s* < p, say. The full-information identified transformations
are o/, with o € (J*)*, while the full-information unidentifiable transformations are
o’y with o € R? \ (J*)". There exist parameterizations of the moment functions such

thatp — s* components of the parameter vector are full-information identifiable,sand
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components are full-information unidentifiable. Indeed, let us consider a linear change of

parameter:
= mo\ _ [ B | (3.5)
7 Ry
where R* = [R;, Ry] is an orthogonalp, p) matrix, R, is a (p,p — s*) matrix whose
columns sparl7*)", and R, is a (p, s*) matrix whose columns spafi*. The matrices
R, and R, depend on the DGP,. The subvectorg: € RP~* andn; € R* are full-

information identifiable, and full-information underidentified, respectively. In particular,

99
oo’
necessary order condition for local identification is that the number of local moment restric-

under Assumption 2 the matrix, (Y;60)|X = x¢| Ry has full column rank. Thus, a
tions is larger than or equal tg, i.e. the dimension of the linear spagé characterizing
the full-information unidentifiable parameters.

The standard GMM considers uniform moment restrictions only, and assumes full-
information identification for the full vectai,. To illustrate the difference with our setting,
let us consider the parametric stochastic volatility model that is compatible with the para-
metric risk-neutral specification of Section 2.6 i) and the semi-parametric model of Section
2.6 ii) [see Appendix A.3.1]. The riskfree rate is set equal to zero for expository purpose.

The historical distribution is such that:
re =0, 4 04, (3.6)

where is a parameteg; ~ I1N(0, 1) and the stochastic volatilitiz?) follows an ARG

process with parameteps andc. The risk-neutral distribution is such that:
re =07 + e}, (3.7)

wheree; ~ IIN(0,1) and(o?) follows an ARG process with parameters 6* andc*.

Finally, the sdf is given by:
Mt,t+1 (0) = exXp (—01 — 920t2+1 — 930'252 — 947't+1) . (38)

The parameters are subject to restrictions that ensure the coherency of the model [see (A.24)
in Appendix A.3.1] and the absence of arbitrage opportunities (see Lemma A.6). The pa-

rameterd, is identifiable when the DG, is compatible with this parametric stochastic
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volatility model and the semi-parametric specification of Section 2.6 ii) is used for iden-
tification (see Appendix A.3.2 for the proof). However, the dimension of the subspace of
vectorsa € R* associated with the full-information identifiable transformatior is

only 3 (i.e., s* = 1). Thus, the uniform moment restrictions (3.2) on the riskfree asset
and the underlying asset are insufficient to identify a unique sdf in the parametric fam-
ily. A full-information unidentifiable transformation; < R is associated with vector

Ry = (—5ﬁ,1,—pm,0>/, where), = 0, +~%/2 — 1/8. Sinceg—% = R,, the

sdf parameter8,, 0, andé; associated with time discounting and stochastic volatility are
identifiable only if the local moment restrictions (3.3) from the observed derivative prices
are also taken into account, while the sdf paramgtessociated with the underlying asset

returns is full-information identifiable.

if) Admissible instrumental variables

It is also useful to discuss a weaker notion of identification, based on a given matrix of
instruments”Z = H(X). The uniform conditional moment restrictions (3.2) imply the un-
conditional moment restrictions, [Z - g(Y;00)] =: Eo [91(X,Y;6)] = 0. Let us denote
the whole set of local conditional moment restrictions@as Ey [g2(Y; 00)| X = 2] =0,

whereg, = (¢, §')’. Thus, parametet; = (9(’), 60) satisfies the moment restrictions:

Ey[g1(X,Y56p)] = 0, (3.9)
Eolg2 (Yi6o) | X = 2] = 0, (3.10)
Eola(Y;60) —Bo | X =x0] = 0. (3.11)

Definition 3. The instrumeng is admissible if the true value of the parametgrs globally
identified by the moment restrictions (3.9)-(3.10) and locally identified by their differential

counterparts.
We introduce the linear change of parameter:

R 0
n = K /12 , (3.12)
2 Ry,0

whereR = [R; z, Roz] is an orthogonalp, p) matrix, andR. is a(p, sz) matrix whose

columns span the null spacg, = Ker E [%(X, Y 60)]. The subvector of parametefs
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is locally identified by the unconditional moment restrictions (3.9), whereas the subvector

of parameters, is identifiable only from both sets of restrictions (3.9) and (3.10).

3.3 Kernel moment estimators

Let Z be a given admissible instrument. Let us introduce a GMM-type estimatéj of
that is obtained by minimizing a quadratic form of sample counterparts of moments (3.9)-
(3.11). The kernel density estimatg?(y|x) in (2.8) is used to estimate the conditional
moments in (3.10) and (3.11):

Blon(Y: k)= [ gn(y:0) Syl = S guluic) K (") IS K ().

t=1

and similarly forEy [a(Y;0) — 5| X = x).

Definition 4. A kernel moment estimatef. — (%,B})l of parameterd; = (65, %) is
defined by:
@\} = argﬁ}in gr (‘9*)/ Qgr (07,
6+=(0',3") coxB
where

gr (0°) = (ﬁﬁ (90 (X,Y50))\/ThEE [ga(Y30) o], /TS Ea (V36) - ﬁ|xo]'> :
EandE [.|zo] denote an historical sample average and a kernel estimator of the condi-

tional moment, respectively, aitlis a positive definite weighting matrix.

The empirical moments igi(6*) have different rates of convergence, that are paramet-
ric and nonparametric. To derive the asymptotic properties of the kernel moment estimator
5}, we prove the weak convergence of a suitable empirical process derived;f@rm
(Lemma A.1 in Appendix A.1.2). The definition of the empirical process is in the spirit of

Stock, Wright (2000), but the choice of weak instruments is differénthe various rates

1The local moment restrictions (3.10) can be approximately writteE@gy, (Y;600) | X = 0] =~
Eo[Zrgs (Y;60)] = 0, whereZy = K (Xh;;o) / [h%fx (z0)] and fx denotes the unconditional pdf of
X. The “instrument”Zr is weak in the sense of Stock, Wright (2000). However, it dependE,and the

rates of convergence of the estimators differ from the rates of convergence in Stock, Wright (2000).
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of convergence i (0*) can be disentangled by using the transformed parameters,)’
andg defined in (3.12) (see Appendix A.1.4).

Proposition 1. Under Assumptions A.1-A.25 in Appendix A.1, the kernel moment estimator

0z is consistent and asymptotically normal:

vT (M7 —Mmo)
e d ’ -1 ’ ’ -1

VT (for =) | ~= N (Boo, (o2do)  Toave (o620 ) ,

VTHE (Br = o)
where (17 o,75)" is the true value of the transformed structural parameter, the bias is
B, = —\/E(J(JQJO)_1 JyQbg, With ¢ := lim Th:?™ € [0,00) andm > 2 the order of
differentiability of the pdffx of X, and matrices/,, V,, and vector, are given in (A.2)
and (A.4) in Appendix A.1, and depend on kerkiel

3.4 Kernel nonparametric efficiency bound

The class of kernel moment estimators helps us define a convenient notion of efficiency
for estimatingsy, = Ey(a|xg) := Ey[a(Y;00)| X = zo|. We first consider a scalar param-
eter 5, and derive the optimal weighting matrix, admissible instruments and bandwidth.
The kernel moment estimator can be asymptotically biased. If we restrict ourselves to
asymptotically unbiased kernel moment estimators for practical purposes, a bias-free ker-
nel nonparametric efficiency bound can be derived for scalar or vector paratphetdle

d
assume that kernd{ is a product kernek'(u) = [ x(u;) of orderm.
=1

i) Efficiency bound with optimal rate of convergence

Let us consider a bandwidth sequenhge= cT’Wid, wherec > 0 is a constant. From
Proposition 1, it follows that estimatgt; achieves the optimal-dimensional nonpara-
metric rate of convergenc® 2=+, and its asymptotic Mean Square Error (MSE) constant
M(Q, Z,c,a) > 0 depends on the weighting matiix instrumentZ, bandwidth constant

¢ and moment function.

Definition 5. The kernel nonparametric efficiency bound(z, a) for estimatings, =
Ey (a|xy) is the smallest possible value 81 (<2, Z, ¢, a) corresponding to the optimal

choice of weighting matrix, admissible instrumerit and bandwidth constant
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Proposition 2. Let Assumptions 1, 2 and A.1-A.26 in Appendix A.1 hold. (i) There exist an
optimal weighting matriX2*(a) and an optimal bandwidth constasit(a). They are given
in (A.9) and (A.10) in Appendix A.1.6. (ii) Any instrument:

7" =Ey (g_ge (Y 6y) ]X) W(X), (3.13)

wherelV (X)) is a positive definite matrix-a.s., is optimal, independent of

It is easily verified that7,- = J* for any instrumentZ* in (3.13). Thus, an admissible
instrument”Z is optimal if and only if the corresponding unconditional moment restrictions
(3.9) identify all full-information identifiable parameters. Since we focus on the estimation
of local conditional momeng,, the set of optimal instruments is larger than the standard
set of instruments for efficient estimation of a structural parantgtetentified by (3.2).
While in the standard framewor’ (X) = V; [g(Y;6,)|X] " is the efficient weighting
matrix for conditionally heteroskedastic moment restrictions [e.g., Chamberlain (1987)],
any choice of a positive definite matrix' (X) is asymptotically equivalent for estimating
(Go. Moreover, the set of optimal instruments is independent of the selected kernel.

The expression of the kernel nonparametric efficiency bound is easily formulated in

terms of the transformed parametéy$, n5)’ defined in (3.5).

Proposition 3. Under Assumptions 1, 2 and A.1-A.26 in Appendix A.1, the kernel non-

parametric efficiency bound(a, ) is given by the lower-right element of the matrix

-1
’ 1 w2 ’ -t
I ————20 + ™ w? b(x0)b(z ) J 3.14
<0an@a0 (b)) (3.1
wherew? = [, K(u)’du, w, = [,v"k(v)dv, ¢* = ¢*(a) is the optimal bandwidth
constant given in (A.9) in Appendix A.1.6,

o [(EGEl) 0 L Vi) Conlgaleo)
0 — ) — y
E(@a

ons xg) -1 Cov(a, ga|zo) V(a|zo)

L_L_(Nﬂﬂm@h@Dﬂm@AWM@>
mlfx(x) \ A™(E(alz)fx () — E(a|z)A™ fx ()

with A™ .= 5% 9™ /dz and all functions evaluated &.

and

b(x) =
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The matrix in (3.14) resembles the GMM efficiency bound for estimating parame-
ters(n;, 3)" from orthogonality conditions based on functi()gé, a— 6)/, with n; known.
Since moment restrictions (3.10)-(3.11) are conditionako#s: x,, the variance of the or-
thogonality conditions is replaced by the asymptotic MSE m%&i%Eﬁc*mw;b(wO)b(mO)'
of the kernel regression estimatoraat (up to a scale factor), and the expectations in the
Jacobian matri¥/; are conditional onX = z,. In particular, the efficiency bound depends
on the likelihood of observing the conditioning variable close:ddy means offx (xg).

The estimation of the full-information identified paramegeis irrelevant for the efficiency

bound of/3 since the estimation of; achieves a faster parametric rate of convergence.

i) Bias-free kernel nonparametric efficiency bound

Asymptotically unbiased estimators require a bandwidth sequence such that
¢ = lim Th2"+ = 0. Whene = 0 in Proposition 1, the asymptotic variance\g 1.4 (BT - 50)
can be written ag?V (Z, 9, a), whereV (Z,Q, a) is independent of the selected keriél
and bandwidthhr.

Definition 6. The bias-free kernel nonparametric efficiency boufid, =) is the small-
est asymptotic varianc¥ (7, (2, a) corresponding to the optimal choice of the weighting

matrix €2 and of the instrument.

Corollary 4. (i) There exists an optimal choice of the weighting mafriand of the instru-
mentsZ. The optimal instruments are given in (3.13) and the optimal weighting matrix in

Appendix A.1.7. (ii) The bias-free kernel non-parametric efficiency b&iingl «) is:

B(x9,a) = 55 {V(a) — Cova, g2)V(g2) "' COMg2, a)
v [E (37) Ry — CoMa, g2)V (g2) ' E (%) Rz] [R;E (%) Vigs)'E (g%) Rz] B

/ a / da. _
R (%) - RE (%) Vig2)'Covgz,a)| }
where all moments are conditional of = =, and evaluated a.

Since the expression @(zy,a) is a quadratic function o, this formula holds for

vector moment functions, as well. When the parametgy itself is full-information iden-
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tifiable, the bias-free kernel nonparametric efficiency bound becomes:

1
B(xo,a) = {V(@|950) — CoV(a, g2|x0)V (ga2lzo) " COV(Q%@%)} . (3.15)
fx (o)
Since the conditional moment of interest is also equalEtti|zy) = FEla(Y;0) —

Cov (a, ga|20) V (g2]0) " 92(Y;60) | 0], the bound (3.15) is simply the variance-covariance
matrix of the residual term in the affine regressiom @n g, performed conditional om,.

A similar interpretation has already been given by Back and Brown (1993) in an uncondi-
tional setting [see also Brown and Newey (1998)], and extended to a conditional framework
by Antoine, Bonnal and Renault (2007). In the general case, the efficiency itjund:)
balances the gain in information from the local conditional moment restrictions and the

efficiency cost due to full-information underidentificationdgf

i) llustration with S&P 500 options

Let us derive the bias-free kernel nonparametric efficiency bounds for derivative prices
estimation when the DGP, is the parametric stochastic volatility model (3.6)-(3.8) with
parameters given by = 0.360, p = 0.960, § = 1.047, ¢ = 3.65 - 1075, 8, = .456 - 1076,
0y = —0.059, 65 = 0.114 andd, = 0.860. The ARG parameters 9, c are set to match the
stationary mean, variance and first-order autocorrelation of the realized volailifythe
S&P 500 index in the period from June, 1, 2001 to Mai, 31, 2005. The risk premia parame-
tersf, andd, for stochastic volatility and underlying asset return, respectively, correspond
to the XMM estimates obtained in Section 2.6 ii) for the S&P 500 options in June, 1, 2005
(see Table 2). Parameterst,, 05 are then fixed by the no-arbitrage restrictions (A.24). At
a current date,, the prices ofr = 11 actively traded call options are observed, with the
same times-to-maturity and moneyness strikes as the S&P 500 put and call options with
daily traded volume larger than 4000 contracts in June, 1, 2005 [see Section 2.6 iii)]. The
current values of the state variables are the return and the realized volatility of the S&P 500
index on June, 1, 2005.

Let us first consider the time-to-maturity= 12 days. The bias-free kernel nonpara-

metric efficiency bound on the call option prices is displayed in Figure 3.

[Insert Figure 3: Bias-free kernel nonparametric efficiency bound, time-to-maturity 12-day]

25



The dashed line represents the theoretical call pficeg k)|x,, ) computed under the DGP
Py, and the dashed lines represedit® confidence interval®’ (a(k) |xt0)i1.96\/%7%8(:pt0, k)12,
as a function of moneynegs The circles indicate the theoretical prices of the observed
derivatives at time-to-maturity 12-day. In order to better visualize the pattern of the kernel
nonparametric efficiency bound as a function of the moneyness s{fm is set ten
times larger than the value implied by the sample size and the bandwidths used in the em-
pirical application.? The width of the confidence interval for derivative priE€a(k)|z,)
depends on moneyness strikeThis width is zero wher corresponds to the moneyness
strikes of the observed calls. The width of the confidence interval is close to zero when the
derivative is deep in-the-money, or deep out-of-the-money. Indeed, for moneyness strikes
approaching zero or infinity, the kernel nonparametric efficiency bound goes to zero, since
the option price has to be equal to the underlying asset price or equal to zero, respectively,
by the no-arbitrage conditiont* Finally, the confidence intervals in Figure 3 are rather
narrow, especially for moneyness strikes: 1. Since the call option price as a function of
k is monotonically decreasing and convex, Thabserved option prices at time-to-maturity
h = 12 are very informative to estimate the prices at other moneyness strikes.

Let us now consider the time-to-maturity= 77 days. The bias-free kernel nonpara-

metric efficiency bound is displayed in Figure 4.
[Insert Figure 4 : Bias-free kernel nonparametric efficiency bound, time-to-maturity 77-day]

The same standardization fQfw?/Th3. as above is used. The width of the confidence
intervals is overall larger than in Figure 3. This is due to the different informational content

of the set of observed option prices with different times-to-maturity of interest.

3.5 Asymptotic normality and efficiency of the XMM estimator

When the optimal instruments and optimal weighting matrix are used, the kernel moment

estimator off3, in Definition 4 is kernel nonparametrically efficient. However, in appli-

12For expository purpose we consider symmetric confidence bands. These bands have to be truncated at
zero to account for the positivity of derivative prices and get asymmetric bands. However, with the correct

standardization, the truncation effect is negligible and arises only for large strikes.
3However, the relative accuracy can be poor in these moneyness regions.
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cation to derivative pricing this estimator does not ensure a positive estimated state price
density. This is a consequence of the quadratic GMM-type nature of the kernel moment
estimators. The positivity of the estimated state price density is achieved by considering
the information based XMM estimator defined in Section 2.5. In the general setting, the

XMM estimator of 3, is:

E*(alzo) = / a(y:0)f* (ylzo)dy,

whered is defined in (2.10)-(2.11) anff (y|z) is defined in (2.12).
The large sample properties of the XMM estimatorggfare given in Proposition 5

below, for a bandwidth sequence that eliminates the asymptotic bias (see Appendix A.2).

Proposition 5. Suppose the bandwidth is such tiat lim Th%->™ = 0. Then the XMM
estimatorE* (alzo) is consistent, converges at ra{éT_th, is asymptotically normal and

bias-free kernel nonparametrically efficient:

VIR B (afa) — Eoaleo)) % N(O, B(zo, ).

w

The XMM estimator of3, is asymptotically equivalent to the best kernel moment esti-
mator of 3, with optimal instruments and weighting matrix. The asymptotic distribution of

the XMM estimator of, is given for the transformed parame(@)rf', ?73/)/ in (3.5).

Corollary 6. Suppose that the bandwidth is such that lim Th4?™ = 0. The XMM
estimatorsy; andn; are asymptotically equivalent to the kernel moment estimators with

optimal weighting matrix and instrumegitas in (3.13) withiV (X) = V; [g(Y;60)| X] .

In particular, the rates of convergence for the full-information identifiable paramieter
and the full-information unidentifiable parametgrare/T and \/W, respectively. The
different rates of convergence of full-information identifiable and full-information unidenti-
fiable parameters are reflected in the empirical results on the S&P 500 option data displayed
in Table 2 in Section 2.6. If the DGP, is the stochastic volatility model (3.6)-(3.8), pa-
rameterd, is full-information identifiable [see Section 3.2 (ii)] and its estimates are very
stable over time, whereas the estimates of the full-information unidentifiable parameters

05, 05 feature a larger time variability. Proposition 5 and Corollary 6 extend the first-order
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asymptotic equivalence between information based and quadratic GMM estimators [see
Kitamura, Tripathi, Ahn (2004), Kitamura (2007)] to a setting including local conditional

moment restrictions and allowing for full-information unidentifiable parameters.

4 Concluding remarks

The literature on joint estimation of historical and risk-neutral parameters is generally based
on either Maximum Likelihood (ML), or GMM, type of methods. A part of this literature
relies on uniform moment restrictions from a time series of spot prices only, and implic-
itly assumes that the risk premia parameters are full-information identified [e.g., Bansal,
Viswanathan (1993), Hansen, Jagannathan (1997), Stock, Wright (2000)]. This hypothesis
is not valid when some risk premia parameters can be identified only from option data. An-
other part of the literature exploits time series of both spot and a few options prices [e.qg.,
Duan (1994), Chernov, Ghysels (2000), Pan (2002), Eraker (2004)]. However the activity
on derivative markets is rather weak, and these approaches typically rely either on artificial
option series which are approximately near-the-money and at short time-to-maturity, or on
ad-hoc assumptions on time-varying options characteristics.

In this paper we introduce a new XMM estimator of derivative prices using jointly a
time series of spot returns and a cross-section of derivative prices. We argue that these
two types of data imply different types of conditional moment restrictions, that are either
uniform, or local. First, the XMM approach allows for consistent estimation of the sdf
parameterg even if they are full-information unidentifiable. Second, the XMM estimator
of the pricing operator at a given date is consistent for a fixed number of cross-sectionally
observed derivative prices. These results are due to both the parametric sdf and the deter-
ministic relationships between derivative prices that hold in a no-arbitrage pricing model
with a finite number of state variables. The application to the S&P 500 options shows that
the new XMM-based calibration approach outperforms the traditional cross-sectional cali-
bration approach while being easy to implement. In particular, the XMM estimated option
prices are compatible with the observed option prices for highly traded derivatives, and are

more stable over time.
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Figure 1: Estimated call and put prices for S&P 500 options at June, 1, and June, 2, 2005.
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In the upper right Panel, the solid lines correspond to estimated relative option prices as a function of dis-
counted moneyness strié&(¢, t + h)k for the highly traded times-to-maturity= 12,57, 77,209 at June, 1,

2005, obtained by XMM. The dashed line corresponds to XMM estimated prices for the non-traded time-to-
maturityh = 120. The price curves correspond to putBift, t+h)k < 1, to calls otherwise. In the upper left

Panel, the solid and dashed lines are the price curves obtained by the parametric pricing model (2.14)-(2.15)
with the calibrated parameters in Table 1 for times-to-maturity 12,57,77,209, andh = 120, respec-

tively. In both Panels, circles correspond to observed S&P 500 option prices with daily trading volume larger
than 4000 contracts. The two lower Panels correspond to June, 2, 2005 with highly traded times-to-maturity
h =11, 31,208, and non-traded time-to-maturity= 119.
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Figure 2: Time series of implied volatilities of S&P 500 options in June, 2005.
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In Panels 1-6, annualized implied volatilities at time-to-matukity= 20 and moneyness strike = .96,
k=.98k=1,k =102 k = 1.04 andk = 1.06, respectively, are displayed for each trading day in
June 2005. Circles are implied volatilities computed from option prices estimated by the XMM approach,
squares are implied volatilities from the cross-sectional calibration approach. The ticks on the horizontal
axis correspond to Mondays.
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Figure 3: Bias-free kernel nonparametric efficiency bound at June, 1, 2005, time-to-
maturity 12.
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The dashed line corresponds to the relative call pAde(k)|x:,) at time-to-maturityh = 12, the solid
lines to pointwise 95% symmetric confidence intendaléa(k)|z, ) + 1.96—2%—B(z,, k)'/2. The value of

\/ThZ,

\/w?/ThZ is set 10 times larger than in the empirical application.

Figure 4. Bias-free kernel nonparametric efficiency bound at June, 1, 2005, time-to-
maturity 77.
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The dashed line corresponds to the relative call pAde(k)|z:,) at time-to-maturityh = 77, the solid
lines to pointwise 95% symmetric confidence intendlgu(k)|z:,) & 1.96—%—B(x;,, k)'/2. The value of
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w?/ThZ is set 10 times larger than in the empirical application.
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Table 1: Calibrated parameters (cross-sectional approach) for the S&P 500 options in June,
2005.

Day Calibrated parameters Goodness of fit
to 5;*0 ,6;‘0 éfo (x 10‘7) O, RMSE,,

1.6.05 | 24.7303 0.47588 9.59115 0.00347 0.00161
2.6.05 | 0.05400 0.99994 94.2208 0.00670 0.00219
3.6.05 | 87.7199 0.99999 0.09906 0.00480 0.00114
6.6.05 | 1.68952 0.99625 6.57284 0.00519 0.00194
7.6.05 | 0.41250 0.99998 41.2201 0.00563 0.00071
8.6.05 | 10.8766 0.81153 12.5623 0.00102 0.00061
9.6.05 | 2.26166 0.99106 6.58317 0.00501 0.00191
10.6.05] 3.15278 0.96637 6.79999 0.00499 0.00032
13.6.05| 0.21085 0.99909 8.84000 0.00555 0.00035
14.6.05| 0.02125 0.99999 101.489 0.00874 0.00267
Calibrated paramet&o, volatility 6,, and goodness of fit measuk&\/ SE,, for the
first ten trading day$, of June 2005. The calibration is performed using a Fourier
Transform approach to compute option prices. At eachtgayhe sample consists
of the derivative prices &t of S&P 500 options with daily volume larger thdf00
contracts.

Table 2: Estimated sdf parameters and option prices (XMM approach) for the S&P 500
options in June, 2005.

Day Sdf parameters Option priceg x107?)
to |0, (x107%) B, s 6y |k=.96 k=98 k=1 k=102 k=104
1.6.05 910 —.059 121 .860 .269 .631 1.356 651 162
2.6.05 897 —.057 .118 .860 215 584 1.342 .686 204
3.6.05 900 —.054 .115 .860 229 539 1.282 637 169
6.6.05 .892 —.056 .118 .860 155 496 1.270 .622 210
7.6.05 .888 —.056 117 .860 218 .550 1.227 .b14 147
8.6.05 .891 —.063 .124 .860 164 531 1.288 .628 .186
9.6.05 .890 —.063 .124 .860 | .223 574 1.280 .607 220
10.6.05 878 —.063 .125 .860 110 495 1.326 701 233
13.6.05 .864 —.063 .124 .860 206 553 1.253 593 193
14.6.05 851 —.063 .125 .860 .250 .H88 1.295 .580 133

Estimated sdf parametérand relative option price&, (h, k) at time-to-maturityh = 20 for the first ten
trading daysty of June 2005. The option prices correspond to putsifer 1, and to calls fork > 1.
The estimation is performed using XMM. At each daythe sample consists of the current and previous
T = 1000 observations on the state variables, and the derivative pricg®aS&P 500 options with daily
volume larger thad000 contracts.
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APPENDIX 1

Asymptotic properties of kernel moment estimators

The asymptotic properties of the estimators are derived from an appropriate empirical process
associated with the empirical moments:

’
’
Y

ar (0°) = (ﬁE 01 (X.Y30)] /T B [ga(V:O)lao] +/THEE [a (v':6) — /3|zo1’) .
The empirical process is:
T
Up(0) =gr (0°) —mr (0°) =T g.7(0), 6€0, (A1)
t=1
where:
mr (0%) = (ﬁE [01(X,Y;0)] ,\/TheE [go(Y;60)|z0] ,\/ThLE [a (V;0) — ﬁ|x0]’> .

Due to the linearity of g7 and m7y w.r.t. (3, the empirical process W is function of parameter 6,
but not of parameter 3. Moreover, the empirical process W depends on instrument Z by means of
function g;. Note also that triangular array g;r (f) is not zero-mean, because of the bias term in
the nonparametric component.

We use the following notation. Symbol = denotes weak convergence in the space of bounded
real functions on ©, equipped with the uniform metric [see e.g. Andrews (1994)]. The Frobenius

A71/2
norm of matrix A is ||A] = [Tr (AA )} . For a multi-index a = (aq,...,aq) € N and vector

r € R4, we set |af := Z?Zl i, 2% = 2 259, and 919 f/0x = 9lol f/9x (7 ...025¢. Symbol
| f|l, denotes the sup-norm || f||., = sup,cx ||f(2)] of a continuous function f defined on set X.
We denote by C™ (X) the space of functions f on X that are continuously differentiable up to
order m € N, [|[D™ || == > 14 12m H8|a|f/8xa}|oo, and A™f = Z?Zl O™ f/0x". Furthermore,
L?(Fy) denotes the Hilbert space of real-valued functions, which are square integrable w.r.t. the
distribution Fy of r.v. Y, and ||| 2, is the corresponding L?-norm. Linear space L? (X), p > 0,
of p-integrable functions w.r.t. Lebesgue measure A on set X is defined similarly. We denote by ¢5

’

the function defined by g5 (y;0) = (gg (;0), aly; 9)/> . Finally, all functions of # are evaluated at
o, when the argument is not explicit, and the expectation E[.] is w.r.t. the DGP P,.

A.1.1 Regularity assumptions

Let us introduce the following set of regularity conditions:

Assumption A.1: The instrument Z is given by Z = H(X), where H is a matriz function defined
on X and is continuous at T = xg.

Assumption A.2: The true value of the parameter 6y € RP is globally identified with instrument
Z, that is,

/

(E[gl(X7Y;0)]/aE[92(Y§0)|X:£L'o]/> 20,066 — 0:00.
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Assumption A.3: The true value of the parameter g is locally identified with instrument Z, that
is, the matriz

E {39} (X,Y-eo)}
E [892 (YV300) | X = 330}

has full column-rank.

Assumption A.4: The parameter sets © C RP and B C RY are compact and the true parameter

05 = (95,56) is in the interior of © x B, where 5, = E[a(Y;00)|X = o).

Assumption A.5: The process {(Xt,7 Yt,) 't e N} on X x)Y C RIxRY s strictly stationary and
geometrically strongly mixing.

Assumption A.6: The function g (.;0) is in L2(Fy), for any 0 € ©, where Fy is the stationary
cdf of Yy. There exists a basis of functions {1; :j € N} in L*(Fy), such that Hz/;j||L2(Fy) =1,

7 €N, and:
=> ¢ (0)v;y), ye,
j=1

for any 6 € ©, where {c;(8):j € N} is a sequence of coefficient vectors. Moreover, there exist
7> 2 and a sequence {\; > 0:j € N}, such that 3272, Aj < oo, and:

Z)\ ( [l 2w, ()| "17" + E{wj (Yt)2|Xt:x0D < o0, lim supz ~lles O)I° =0.

J—o0gco
Assumption A.7: The matrices:
So =V [g1 (X, Yi;00)], o ="V{[g5 (Ys;60)| Xt = x0],
exist and are positive definite.

Assumption A.8: The stationary density fx of X; is in class C™ (X) for some m € N, m > 2,
and is such that || fx||,, < oo and |D™ fx|,, < oo

Assumption A.9: For t; < tg, the stationary density fi, 1, of (X ,Xe,) is such that
SUPy, <4, | ft1,t2llo < 00. Moreover, for t1 < ty < t3 < t4, the stationary density fi, i,.5,t, Of
(X, Xy, Xig, Xt,) s such that:

sSup ||ft1,t2,t37t4||oo < 0.
t1<to<tz<ty

Assumption A.10: For any 0 € ©, the function x — p(z;0) = E[g3(Ys;0)|Xe = ] fx (x) is
in class C™ (X), such that supyeg |[D™¢ (0)|., < 0o and 9%l /dx™ is uniformly continuous on
X x O for any a € N? with |a| = m.
Assumption A.11: For any 0,7 € O, the functions:

Bli(a0)X =11x() . B lg0a0gur) X =] 1x (),

are continuous at x = xg.
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Assumption A.12: The mapping v — E |:Sup9€@ g3 (Vi: 0|1 | X: = 2| fx (z) is bounded. More-

over, there exists § > 2 such that:

E [sup g5 (Ve e)ﬂ <.
(I={C)]

Assumption A.13: For any 0,7 € O :
1E[92(YVe:0)|Xe = [ fx (Ol < 00,

sup || B g5 (Y111 0)95 (Vi 7)1 X, = 1 Ko = | fruaa0)]| < o

t1 <tz

Assumption A.14: The moment function 6 — (E (g1 (Xt,Y,};G)]/ JE g5 (Yy;0) X = xo]’) is
continuous on ©.

Assumption A.15: The weighting matriz S is positive definite.

d
Assumption A.16: The product kernel K (u) = [] r(u;), u € RY, is such that: 1) [, K(u)du =1,
i=1

i) K is bounded, lim | o llul|® K (u) = 0, Jra 1K (w)| du < 00 and w? := [5, K(u)?du < oo,
iti) o v'k(v)dv =0 for any | € N such that | <m, and [ x(v) |[v|™ dv < oo.

Assumption A.17: The bandwidth hr is such that Th%“m — €€ [0,00), as T — o0, and there
exists a < 1/2 — 1/8, where § is defined in Assumption A.12, such that T*h%/logT — oo, as
T — oco.

Assumption A.18: The function x+—— ¢; (z) = E [Q/Jj(Y})2|Xt = z] fx (z) is in class C*(X), for
any j € N, such that sup;cy HDQQDJ-HOO < 00.

Assumption A.19: The following inequalities hold:
sup [|E [|[v; (V)] 1Xe =] fx O], < oo,
JjEN

sup sup ”E [l/fj(ytl)%(ytzﬂth = '7Xt2 = ] ft1,t2 ('a )H < o9,

JEN t1 <ty e

where r is defined in Assumption A.6.
Assumption A.20: For any 6 € ©: FE [Hgl (Xt,Yt;G)||4] <o , E [||g§ (Yt;9)||4] < 0.

Assumption A.21: For any 0 € ©,
sup (| E[lg5(Y ;)1 1195 (Yea: O) 195 (Yess )] 193 (Y3 0) |
t1<t2<t3<ts4
‘ Xt1 = '=Xt2 = '7Xt3 = '7Xt4 = ] ft17t2,t3,t4 ('7 SR )”oo < oo.
Assumption A.22: Function g3 (y;0) is twice continuously differentiable w.r.t. (y,0).

Assumption A.23: There exist 1,79 > 1 and 7 > 2, such that:

891 T:| I: 8g1 'Yl:|
E = (Xt, Y0 <oo , FE|sup|—=F(X,Y;0 < oo,
[HBG e Yiith) 068 00 (X1, ¥3;0)
B [sup | 20 v | <o i = 1
068 89189J b y b = yeeey P
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Assumption A.24: The mapping:

dgs 2
v B |sup | Z2(v;0)| X =2 fx (@),
oco || 00
is bounded. Moreover,
dg3 °
E |sup i?(Yt;ﬁ) < 00,
oco || 00

for & > 2 defined in Assumption A.12.

Assumption A.25: Functions:

) g3

0 — (E S (X0, Yis6) E[gg(m;o)&—xob,
g1 .

9 E |:69,Laej (Xtax/tae):| 9 Zaj - 1)"'7p7

are continuous on ©.

Assumption A.26: The instrument Z* = E (%—‘79 (Y;00) \X) W (X)), where W (X) is a positive
definite matriz Py-a.s., satisfies Assumptions A.6, A.7, A.1/, A.20, A.23 and A.25.

Assumptions A.2 and A.3 imply global and local identification with instrument Z. Assump-
tion A.5 is a mixing condition used to prove the asymptotic normality of the finite-dimensional
distributions of process Ur (see Lemma A.1). Assumption A.6 is needed to prove the stochastic
equicontinuity of process Ur along the lines of Andrews (1991) [see the proof of Lemma A.1 in
Appendix B]. Indeed, the standard results for stochastic equicontinuity [e.g. Hansen (1996)] do not
apply here, since the kernel component in W1 does not allow for uniformly bounded moments of
order larger than two for functions g; (). Assumptions A.7-A.14 and A.20-A-25 are regularity con-
ditions on the smoothness and the existence of moments concerning the pdf fx and the functions g1,
g53- These regularity conditions are used in the proof of Lemma A.1. Under Assumption A.16, the
kernel K is a product kernel of order m. Let us now discuss the bandwidth conditions in Assump-
tion A.17. The condition Th%“m — ¢ € [0,00) is standard in nonparametric regression analysis.
When ¢ > 0, the bandwidth features the optimal d-dimensional rate of convergence, whereas when
¢ = 0 the asymptotic bias is negligible. Condition T‘)‘th/ logT — oo, for @ < 1/2 —1/4, is stronger
than the standard condition Th% — oo; it is used to prove the consistency of the kernel regression
estimator E [g2(Y; )|, uniformly in # € © (see Lemma B.1 in Appendix B). Such a stronger
bandwidth condition is also necessary to ensure negligible second-order terms in the asymptotic
expansion of the kernel moment estimator. Indeed, in the full-information underidentified case,

some linear combinations of parameter 6, are estimated at a nonparametric rate y/Th$, whereas
other linear combinations are estimated at a parametric rate 1. Thus, we need to ensure that

the second-order term with smallest rate of convergence is negligible w.r.t. the first-order term with
largest rate of convergence:

(1/ Th‘})z = o(1/VT) <= T"?h% — .

This condition is satisfied under Assumption A.17. The bandwidth condition in Assumption A.17
can be satisfied when d < 2m (6 — 2) / (6 + 2). In particular, m = 2 is sufficient when d < 4, if 6 > 14.
Assumptions A.19 and A.20 are smoothness and moment conditions concerning the basis functions
¢, introduced in Assumption A.6. Finally, Assumption A.26 is used to establish the asymptotic
results for the kernel moment estimators with optimal instruments (see Sections A.1.6-A.1.7).
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A.1.2 Asymptotic properties of the empirical process

The asymptotic distribution of the empirical process ¥ is given in Lemma A.1 below, which is
proved in Appendix B. The proof uses consistency and asymptotic normality of kernel estimators [e.g.
Bosq (1998)], the Liapunov CLT [Billingsley (1965)], results on kernel M-estimators [Tenreiro (1995)],
weak convergence of empirical processes [Pollard (1990)], and a proof of stochastic equicontinuity
similar to Andrews (1991).

Lemma A.1: Under Assumptions A.1-A.25: Up = b+ U, where U(0), 6 € O, denotes the
zero-mean Gaussian stochastic process on © with covariance function given by:

o) =B [0 ] = (07 o o8 ) e,

with:
oo
So(0,7) = Y Covlgi (X1,Y5:0),01 (Xii, Yioki )], To(0,7) = Covlgs (Vi50), g5 (Yis 7) | Xy = mo] ,
k=—oc0
and continuous function b is given by

\/lim ThdH2m 1 0
b(0) = T

- ml Fx () ( A (0;0) — FEETA™ fx (o) ) ’

€O,

with p(x;0) := E [g5(Y;0)| Xy = 2] fx (@), wy := [ v"k(v)dv. In particular Wp () <, N(v/ebo, Vo)
where

Wm 1 0 o So 0
m!fx<xo>(A%<x0;9>—mwfx<xo>> = (Ve ) 42

by =

matrices Sy, 2o are defined in Assumption A.7, and ¢ := lim Th%”m.

The block diagonal elements of matrix Vj are the standard asymptotic variance-covariance ma-
trices of sample average and kernel regression estimators, respectively. The bias function b (6) is
zero for the unconditional moments, and is equal to the kernel regression bias for the conditional
moments. Lemma A.l implies that unconditional and conditional empirical moment restrictions are
asymptotically independent, and that the convergence is uniform w.r.t. § € ©.

A.1.3 Consistency of the kernel moment estimators

Let us write the criterion in Definition 4 as:

’

Qr (07) = [¥7(0) + mr(07)] Q[Y7(0) +mr(07)], 0" €O xB.

By using the weak convergence of process U (6) from Lemma A.1, and the inequality [see (B.28) in
Appendix BJ:

inf mr(6%) Qme(6*) > CTh, (A.3)
0*€Ox B:||0* =0 || >¢

for a constant C' > 0 and any € > 0 from identification Assumption A.2, the usual arguments to
prove the consistency of an extremum estimator can be adapted to get:
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Lemma A.2: Under Assumptions A.1-A.25, the kernel moment estimator g*T 18 consistent:

|

The following Lemma A.3 is proved in Appendix B by following the approach in the proof of
Lemma Al in Stock, Wright (2000), and provides a lower bound on the rate of convergence.

~%k j2
Or — 605l — 0 , as T — oo.

Lemma A.3: Under Assumptions A.1-A.25: H@; —0;

_o, (1/ Th%) |

The rate of convergence of the components of 51} is in general the nonparametric rate «/Th%,

due to the full-information unidentified directions. However, there may exist linear combinations of
05 which are estimated at a parametric rate v/7.

A.1.4 Asymptotic normality of kernel moment estimators

Let us consider the linear change of parameter from 6 to n = (n,n5)" defined in (3.12), and let us
introduce the matrix:

991 991
E(2) Rz 0 0 E (an;> 0 0
_ dg _ dg
JO = 0 E 80% |370 R27Z 0 = 0 E (377z |$0) 0
0 E(2%|2y) Ry —Idg 0o E ( 2o |xo) —Idy,

(A4)

Under Assumption A.3, matrix Jy has full column-rank. Matrix Jy is the asymptotic matrix of
derivatives of standardized moment conditions. Indeed, let us introduce the invertible (p + L,p + L)

matrix: 1/2
Ry — TRz (ThE) " Raz 0 .
0 0 (Thd)~"? 1d,

Then, R, (9/,ﬂ/) = (\/Tn;, Théns, Tthﬁl) , and we have the following Lemma A.4, proved

in Appendix B using the ULLN and the CLT for mixing processes in Potscher, Prucha (1989), and
Herrndorf (1984), respectively.

Lemma A.4: Let 5; be such that Hg?*T —0;

= 0, <1/ Th%). Then, under Assumptions

/e
A1-A.25: plim S5 (9T) Re = Jo.

The first-order condition for kernel moment estimator 5; is:

Gy [\ e (5%
26" (9T> gz <9T> =0
By a mean-value expansion we can write:

Pr (52 om0 03) + 28 (37) 0 55 (5, (7 - 3) =0,
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where 5; is between g*T and 6, componentwise. By multiplying this first-order condition by the
invertible matrix R, we get:

. R VT (ﬁl T~ 771.0)
7,21 (aT) Qgr (07) + RTagT (9;) oo (5’;) Ry \/T? (Mor = M20) | =0.

o v T (Br - 0)

Jr= S0 G R Te= 92 (i) R

From Lemmas A.3 and A.4, we have:

Let us define:

plim jT = plim jT = Jp.

Thus, fTQjT is non-singular with probability approaching 1, and we can write:

’

’ / o~ ! ~ ~ -1 -~ ~ *
(ﬁ (ﬁl,T - 771,0) 14/ Th% (%,T - 772,0) 1/ Th% (5T - Bo) ) = - (JTQJT) JrQgr (0) -
(A.5)
Since gr (65) = U7 (o) 4N (Veby, Vo) from Lemma A.1, Proposition 1 follows.

A.1.5 Optimal weighting matrix for given instrument and bandwidth

When the bandwidth is such that hp = ¢I'~/2™+4) for some constant ¢ > 0, from Proposition 1 the

asymptotic MSE of (ﬁ (T — 771,0)l ) \/77% (o, — 772,0)l ) \/77‘% (BT - ﬁo)/) is (J(I)QJO>71

’ ’ -1 ’
JeQMeQJo (JOQJO) , where My := Vp + ¢ +boby,. The optimal weighting matrix for given
instrument Z and bandwidth constant c is:

S\ —1
Q= M(;l = (VO + 62m+db0b0> . (A6)

, -1
The corresponding minimal MSE is (JOMglJO) . Since My and Jy are block diagonal w.r.t. 7,

’

and (7];, 6') , the associated asymptotic MSE of the estimator of § is:

-1

’ w2 ’ -1
M(Z =e | J) 4 | =20+ ™ w2,b(x0)b Ji A7
( » Gy CL) € ( 0,Z (Cde (360) otc (IO) (‘TO) 0,Z €, ( )
where e = (LXOSZ,IdL)/, b(z) =2 (An}i((?)g‘)) fXT(£°)Ame( )) and
; E 8g2 |z0) Ra.z 0 E (gf}z |x0) 0
0,7z =: =
Wh}o R2,Z —IdL E(;Z|$O) —IdL

A.1.6 Proof of Propositions 2 and 3

i) Optimal instruments
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Let us first prove that instrument Z* is admissible, that is, satisfies Assumptions A.2 and A.3.

We have, for any vector o € RP:
99
E (Y;00)|X | W(X)E 50 (Y;600)|X )a| =0
g
00

= dE ( (Y;6) |X> W(X)E (gg (Y;60) |X> a=0, Pyras.,

E B‘Zl (X,Y; 90)] =

<:>E<80 (Y 00) |X)a—0 Py-as.. (A.8)

Thus, Assumption A.3 follows from Assumption 2 in the text. Then, Assumption A.2 is also satisfied
if © is taken small enough, which is sufficient for the validity of the asymptotic results. From As-
sumption A.26, the asymptotic properties in Proposition 1 applies for the kernel moment estimators
with instrument Z*.

Let us now prove that instrument Z* is optimal. In the expression of M (Z,c,a) in (A.7), instru-

ment Z affects matrix Jy z only, and the matrix Jy z depends on Z through Jz = Ker E {891 (X,Y;00) /80/} ,

only. In particular, the larger is the null space Jz, the larger is the dimension of vector 7, of struc-
tural parameters that are unidentifiable from the unconditional restrictions and must be estimated
jointly with 3. In other words, if Z and Z are two admissible instruments such that J7 C J3,

then M (Z,c,a) < M (Z c, a). Since J* C Jz for any admissible instrument Z, Z* is an optimal
instrument if J* = Jz+. The latter equality follows from (A.8).

Since J* = Jz+, the ranges of matrix Ry in (3.5) and matrix Rp z- coincide. From (A.7), the
asymptotic MSE for (any) optimal instrument Z* becomes

-1
’ ’ 1 U)2 ’ -1
M(c,a)=¢ [ J5 | = ———20 + ™ w?,b(z0)b(x ) g3 e,
(c.a) <o<cdfx(m0)o @olblao) ) i
where:
E(;’Qf xo) 0

Jy =

E (8 o \mo) —1dy,

ii) Optimal bandwidth
In the rest of this proof we assume L = dim(a) = 1. Then, function M (c,a) is scalar, and the
first-order condition for minimizing M (c,a) w.r.t. ¢ is given by:

OM(c,a) _ -1 B d
T ¢ [(‘]0 R e e (z0)

with 3 := C%#;)ZO + 2w, b(z0) b(z) and e = (0,1) € R®" x R. The solution ¢*(a) is

c*(a) = £Y/Cm+) where € = ¢(a) satisfies the equation:

[
2mw2, fx (o) g [(JS"A €~ Jﬁ)_l Ji'A ()" blxo)b(ao) A(6)™" Jg (JSIA &~ " Ja‘)_l} e’
(A.9)

w2 , 1
——— %0 4 2mc*™ w2 b(20)b(z0) ) g (JO 1J0) } e=0

T A S s (55 A )|

where A (£) := (IO)Z}O +&b(x0)b(0) . The optimal bandwidth sequence is hy = ¢*(a)T 1/ @m+d),
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iii) Optimal weighting matrix
From (A.6) the optimal weighting matrix is:

N1
O*(a) = (Vo n c*2m+dbobo) : (A.10)

where Vj is defined in (A.2) with optimal instrument Z*. This concludes the proof of Proposition 2.

iv) Kernel nonparametric efficiency bound
The kernel nonparametric efficiency bound is M (c*(a), a) and is equal to M(zp, a) in Proposition 3.

A.1.7 Proof of Corollary 4

If the bandwidth is such that ¢ = lim ThzT"H'd = 0, the optimal weighting matrix for given instrument
is Q= \/};1. The proof that Z* = E (% (Y5 60) |X) W (X)) is still an optimal instrument is similar
to the proof of Proposition 2, replacing M (Z,¢,a) with V (Z,a) = #;)e/ (J(’)’ZE(;IJO,Z)_l e,
which is the asymptotic variance of 8. Thus, the bias-free kernel nonparametric efficiency bound

is B (a,z9) = #io)e/ (J()k/Egng) e. Corollary 4 follows from the block inversion formula.

APPENDIX 2

Asymptotic properties of the XMM estimator

A.2.1 Concentration with respect to the functional parameters

We first concentrate the estimation criterion in Definition 1 w.r.t. the functional parameters. Let
us introduce the Lagrange multipliers A, u, A¢, 4y, t = 1,...,T. The Lagrangian function is given by:

i / 7 ym( 70) dy+ [ 10g o)/ Flvian)] fo(w)iy

J(ylzy)

—Q%Zut (/ft (y) dy — 1) — hp (/fo(y)dy— 1)

zi: / 9(y; 0) fe (y) dy — hT)‘/Qva )fo(y)dy

The first-order conditions w.r.t. the functional parameters f;, t =1,...,T, and f; are:

'ﬂ \

)

1 /
A )| = = — Ng(y;0) = 0, t=1,..,T, A1l
1) = Flvlen)] = = 1= Xea(3:0) (A1)
1 1og (folw)/ Flylzo)) = 1= X ga(s0) = 0, (A.12)
which yields:
Fi@) = Fle) +pfle) + Xg(:0) fyle), t=1,...T, (A.13)
hw) = Flwo)exp (N gayi0) +p—1). (A.14)
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The Lagrange multipliers are deduced from the constraints. From (A.13), we get:

/ft (y)dy =1+ p, = —A;/g(y;ﬂ)f(ylxt)d%

and /g(y;ﬂ)ft (y)dy =0
— N=—- { [ st 0)9t6:0) Fisteny — [ atws)Fistanyay [ g(y;e))’f(mzt)dy} [ stwFwleos

t =1,...,T. Similarly, from (A.14) we deduce the value of the Lagrange multiplier u:

/ Joy)dy = 1 <= exp (1 ) = / 200 Fy|20)dy

Thus, from (A.13) and (A.14), w, A\t s, t = 1,...,T can be eliminated to get the concentrated
functional parameters:

few0) = Fllae) = E @O VgO)led) " [9(w:0) = B (9O)ae)] Fyle),  t=1,T,
exp ()\/92(3/; 9))
E [exp (/\/92(9)> |$0}

=)

where E(.|z) and V (.|z) denote the conditional expectation and the conditional variance w.r.t. the
kernel density estimator, respectively. The concentrated Lagrangian becomes:

1

M*ﬂ

£5(0.3) = 0)lz) V (9(6) )" E (9(0)]wr) — b 1og B (exp (X g2(6) ) o) . (A.16)

f:l

Then, the XMM estimator is such that §T is solution of the saddle point problem [see Kitamura,
Stutzer (1997) in an unconditional framework]:

O = argmin L5(6, A (6)).

where
A(0) = arg max L£5(0,)) < E [gg(ﬁ) exp ()\ (9)/ 92(9)> |x0] =0.

Thus, O is defined by the optimization problem (2.10)-(2.11). The conditional density estimator
f*(.|zc0) of f(.|zo) is obtained from (A.15) by replacing 6 by Or, and A by Ay = A (§T> [see (2.12)].

A.2.2 Asymptotic expansions

i) Asymptotic expansion of ET and Lagrange multiplier XT

In order to derive the asymptotic expansion of the estimator §T7 we have to distinguish between
the linear combinations converging at a parametric rate and those converging at a nonparametric
rate. For this purpose, we consider the new parameterization in (3.5). The asymptotic expansion for
the estimators of the transformed parameters ﬁip ﬁ;T and the Lagrange multiplier XT are given
in Lemma A.5 below.
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Lemma A.5: (i) The asymptotic expansions of ) 7 and 7y are given by:
39/ -1 dg
El=|X]|V(gX) FE 71X
(89| ) ) B (o
1

T ’
dg 1
T ; R\ E <3olwt> V(glze) ™ g(yt; 0o),

VT -mia) ~ - (RaE

—1
Rl>

and:

-1

% The (Mo —m30) = -

) ! _ —~
RYE (;;m)wgm) v i / 92(y:00) F(ylzo)dy, (A.17)

89, 1 dgo
/ 2
RyE (80 |$0> V (g2|z0)  E (80' |330> Ry

respectively. (ii) The asymptotic expansion of XT 18:

N~V (galao) ™" (Id — M) / 92.(3; 00) Flylo)dy, (A18)

0
where M is the orthogonal projection matriz on the column space of E (a?|x°> Ry for the inner

product defined by V (ga|zo) " :

0g2 p 99, 1 g2
M=F|—= Ry |ROE | == Vv EF{ = R
<89' Ixo> 2 | Ry (80 |zo (g2]z0) 20 |zo | Ro

—1

89/ -1
B =2 :
Ry (00 |330> V (galo)
(A.19)
The proof of Lemma A.5 in Appendix B is based on the asymptotic expansion of the criterion

(A.16). The term log E (exp ()\192(9)) |:ro) in (A.16), which is induced by the KLIC component,

has a weighting factor h% (see Definition 1). This weighting factor ensures that the contribution of
the discrepancy measure associated with the local restrictions at xy is asymptotically the same as
for a kernel moment estimator with optimal weighting matrix and instruments.

ii) Asymptotic expansion of f*(\mo)
Using fA*(y|x0) = fo(y;/&\T,/):T), from (A.15) we have:

1+ XTg2 (y;§T> .

Pole) = - R (o) Fylwo) ~ [1 +3r (92 (v:0r) — B (gg@m))] F(ylxo)

12

~ f(ylwo) + Arga(y; 00) f (ylo).
Then, from (A.18) we get:

F(ylzo) =~ Flylzo) — F(ylzo)g2(y:00) V (g2lao) ™" (Id — M) / 92(y; 00) f (ylz0)dy. (A.20)

iii) Asymptotic expansion of E*(a|zo)
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We have:

B*(alzo) = / a(y:0r) F* (ylz0) dy

-~

o(uz00) (han)dy + [ 5 (45 00) ulo)dy (B 00) + [ alys0) [7*(lan) = S(ul20)] dy

12

8a sk *
~ FE(alzg) + E <89,|$o> Ry (ﬂz,T - 772,0)

+ / a(y; 60) { Fylwo) = F(ylwo) = F(ylw0)ga(y: 00)'V (g2lw0) ™" (Td = M) / g2y ao>f<y|xo>dy} dy,

where the last asymptotic equivalence comes from (A.20) and the fact that the contribution of
Ni.r — 1 is asymptotically negligible. Then, from (A.17) we get:

dg; (0
RyE (699@) V(g2lw) ' E (ag) Ry

1
~ 0
E*(a|lzg) =~ FE(a|lxg) —F <89a,|330> Ry

/ 6 : - Y
‘RLE (5’9923:()) V (g2|xo) 1/92(y§90)f(y|$0)dy

+ [ alys80) [ Ftgkoo) — Fyko0)]| dy — Cov (@, galo0) V (galan) ™ (2d = M) [ go(u:00) Flgloo)i
We deduce the asymptotic expansion:
E*(alwo) — E(alzo) =~ / a(y; 00)6 f (yle)dy — Cov (a, galwo) V (ga]z0) ™" / 92(y300)8 f (y|wo)dy

- {E (g;|$0) Ry — Cov (a, galzo) V (g2]z0) " E (Zg? |$0) 32}

dg; 1, (0
RLE (aggm) V(aalen) B (L2leo ) Ry

-1 ,
) _ —~
RLE (8902|x0> V (g2]z0) 1/92(y;90)5f(y|330)dya

(A.21)

~ ~

where 6 f(y|zo) := f(y|wo) — f(ylzo)-

A.2.3 Asymptotic distribution of the XMM estimator (Proofs of Propos-
tion 5 and Corollary 6)

Let us derive the asymptotic distribution of the estimator £*(a|zo). In the asymptotic expansion

~

(A.21), the first two terms in the RHS correspond to the residual of the regression of [ a(y;00)d f(y|zo)dy

~

on [ g2(y;00)d f(y|zo)dy. This residual is asymptotically independent of the third term in the RHS.
Thus, from the asymptotic normality of integrals of kernel estimators, we get:

Tht . 4

= [E*(a\xo) - E(apso)} L. N(0, B (0, a)),

where B (g, a) is given in Corollary 4. This proves Proposition 5. Corollary 6 is proved by checking
that the asymptotic expansion for the XMM estimator 7 in Lemma A.5 (i) corresponds to the
asymptotic expansion for the kernel moment estimator in Appendix A.1.4 with ¢ = limTth“m =0,

g’ _
Q=Vy;'and Z = F [a%(Y;OOﬂX} V[g(Y;60)|X]™". The details of the derivation are given in

Appendix B.
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APPENDIX 3

A parametric stochastic volatility model

In this Appendix we describe and analyze a coherent parametric stochastic volatility model for
both the historical and risk-neutral distributions of the state variables. This parametric stochastic
volatility model is compatible with both the risk-neutral parametric specification considered in the
cross-sectional calibration approach [Section 2.6 i)], and the semi-parametric model used in the
XMM approach [Section 2.6 ii)]. The riskfree rate is set equal to zero for expository purpose, but
the results extend to the model with deterministic riskfree rate.

A.3.1 The model

The return of the underlying asset is:
T = ’}/U% + OtE¢, (A22)

where (g;) is a standard Gaussian white noise, o7 denotes the stochastic volatility, and v measures
the magnitude of the risk premium in the expected return. The stochastic volatility (Uf) follows
an Autoregressive Gamma (ARG) process [see Gouriéroux and Jasiak (2006), Darolles, Gouriéroux
and Jasiak (2006)], and is independent of the shocks (g¢) on returns. The transition distribution of
the stochastic volatility is defined through its conditional Laplace transform:

E [exp (—uo?yy) | (ﬁ} = exp [—a(u)o} — b(u)], (A.23)

where a(u) and b(u) = dlog(1l + cu). The positive parameter p is the first-order autocor-

= pl—gcu’
relation of the volatility process (0’?) , parameter §, 6 > 0, describes its (conditional) over-/under-
dispersion, and ¢, ¢ > 0, is a scale parameter. The sdf is given by:

My 111 = exp (—01 — 920'?+1 — 030? — 047‘t+1) ,

where 61, 605,03,0, are parameters. The restrictions implied by the no-arbitrage assumption for the
riskfree asset and the underlying asset are given by:

E (Mt,t+1|xt) = 1, E (Mt,t+l exp Tt+1|xt) = 17 VfEt = (Tt, O'?), .
We have the following Lemma A.6.

Lemma A.6: The sdf is compatible with the no-arbitrage restrictions if, and only if:

- 02 +7°/2-1/8
P14 O+ 2—1/8)

01 =—blog [1+c(024+7%/2—-1/8)], 63= 0, =7+1/2.

Proof: The no-arbitrage restrictions are:

{ Ey (Myg1) =1, — { E, exp
Et (Mt,t+1 exp ’l"t+1) = 1, Et exp

—91 — 920’%_‘_1 — 930? — 04Tt+1] = ].,
701 — 620t2+1 — 93Ut2 — (04 — 1) Tt+1] = 1,

Brexp |—01 — (02 + 01y — %) 02, — 0502] =1
t €Xp 1 2+ 047y 2 | Ott1 30y | = 1,

— (01-1%\ 2 2
Eiexp |—01 — (02 + (04— 1)y — T) i — ‘93‘7:&] =1,
(by integrating r;,1 conditional on ¢? 1)
2 2
04 +a<92—|—94v— %) U%+930?+b(92+94’7— 074) =0,
<~

61+a 02+ (00— 1)7— U] 02 + 0307 +b (02 + (02— 1)y — L5 =,
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where E; denotes expectation conditional on x;. Since the above conditions have to be satisfied for
any admissible value of 02, we get:

0r+b(02+00— %) =0, 01 +b[0+ (0 — 1)y - ©5] =0,
Os+a (024007 = %) =0, Os+alfs+(@-1)7- B30 o0

Since functions a and b are one-to-one, the difference between the two equations in the first line

2 2
(resp. the two equations in the second line) implies 05 4 (64 — 1) v — @ =0+ 04y — %4, that
is, 04 = v+ % The conclusion follows. B

In particular, parameter 65 is unrestricted. In this incomplete market framework with a riskfree
asset and a risky asset, the risk premium for the current stochastic volatility can be fixed arbitrarily,
that is, the dimension of the residual market incompleteness is equal to 1. This residual incomplete-
ness is not a consequence of the specific ARG dynamic assumed for the stochastic volatility, but is
observed whenever the state variables follow an affine process. Indeed, in this setting, the specifica-
tion of a parametric exponential affine sdf does not select a unique pricing kernel [Gouriéroux and
Monfort (2007)].

Under the risk-neutral probability, the underlying asset return still follows an ARG stochastic
volatility model with adjusted risk premium parameter v* = —1/2 and volatility parameters (see
Appendix B on the website):

Cc

p*: p (5*:6, C*: .
1+ c(02 +12/2—1/8)

[1+c(02+9%/2-1/8)]"

(A.24)

A.3.2 Identification

Let us now discuss parameter identification when the DGP Fp is compatible with the parametric
stochastic volatility model described in A.3.1. Let us consider XMM estimation with state variable
X; = (r¢,07) and parametric sdf M;;1(0) = exp (—91 — 920’t2+1 — f30% — 947‘t+1). This is a well-
specified sdf, with true parameter value 0, satisfying the restrictions in Lemma A.6. We first derive
the matrix Ry characterizing full-information underidentification.

i) Computation of matrix R

The null space J* associated with the uniform restrictions is the linear space of vectors o € R* such

that: oM
1 i1 .
E |:( exp ’I"t+1 ) T (90) | l't:| o = 0, th. (A25)

Since 6y satisfies the no-arbitrage restrictions:

1 1
E [Mt,t+1 (90) ( eXp i ) |$t:| = ( 1 )» Vay,

we deduce that any 6 = 6y + ae, where ¢ is small and « satisfies (A.25), is such that:

1 1
E |:Mt,t+1 (9) ( eXP Tyt > |:Ct:| = ( 1 > s Vl‘t,

at first-order in . Therefore, the vectors in J* are the directions df = 6 — 0y of infinitesimal
parameter changes that are compatible with no-arbitrage. From Lemma A.6, the parameters 6
compatible with no-arbitrage are characterized by the nonlinear restrictions:

01=-b(02+~°/2—1/8), O3=—a(02+~°/2—1/8), O,=~+1/2.
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Thus, the tangent set at 8y is spanned by the vector:

6, /dby —db (05 +~%/2 — 1/8) /dbs —drexs
oo | d62/d0> oo, = 1 lompe = 1
— | dos/doy | T —da (0244272 1/8) Jdb> | T T —paraaE |
d94/d92 0 0

where s := 69 +72/2 — 1/8. We deduce that dim(J*) = 1 and matrix R is given by:

’

c 1
Ry=|-6 1,— 0] . A.26
2 ( L+ ek p<1+cA2>2> e

ii) Local identification (Assumption 2)

Let us now verify that Assumption 2 is satisfied when the conditional restrictions include the observed
price of a European call. To simplify, we consider a European call at time-to-maturity 1, and check

that E [()J\é‘% (0o) (expriy1 — k:)Jr | a:t} Ry # 0, Vk > 0, for any given z;. We have from (A.26):

—— (6o) (expries — kz)+ | xt} Ry

= —-FK [Mt,t-H (60) (expreps — k) (1,07, 1,07, 141) Ra | lft}

dc P 2 + + 2
= E | M, — —FE | M, — .
<1 T ey + (1+ c/\2)20t> { t4+1 (0o) (exprips — k)" | xt} { ti+1 (00) (expripr — k)" 0y | ast]

From (A.24), we have:

oc p

+ 02 =p*o? +6"c* = E9 [o2 | |x4],
T+ch  (Iren) t P [l

where @) denotes the risk-neutral distribution, whereas from the Hull-White formula [Hull, White
(1987)]:

E {Mt,tJrl (00) (expripr — k)" | xt} = E9[BS(1,k074) 2],
) |:Mt,t+l (90) (exp Tt+1 — ]{I)Jr O'%+1 | zt] = EQ [O’%_,'_lBS (1,k,0%+1) ‘mt:l 3

where BS(h, k,0?) is the Black-Scholes pricing formula. Thus, we get:

E [aMt,t+1

50 (80) (expriir — k)T | xt} Ry = —Cov? [07,1,BS (1,k,07,1) |4] ,

which is negative since the Black-Scholes price is an increasing function of volatility.
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