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Abstract

In this paper, we develop moment-based tests for parametric discrete distributions. We characterize the
class of moments for which the expectation is equal to zero under the null hypothesis. Moment-based test
techniques are attractive as they provide easy-to-implement test statistics. Moreover, we can handle both the
serial correlation and the parameter estimation uncertainty using traditional approaches that have been used
in the GMM literature. There are various potential applications but we pay particularly attention to discrete
counting processes, discrete choice models and the backtests of VaR models. We also assess the finite sample

size properties of our tests through a Monte Carlo exercise.
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1 Introduction

Distributional tests have been extensively studied in the literature since Pearson’s seminal paper of 1900 which
introduced the well-known chi-squared goodness of fit test. This formally includes tests based on the cumu-
lative distribution function (Kolmogorov, 1933, Smirnov, 1939), the characteristic function (Epps and Pulley,
1983, Koutrouvelis and Kellermeier, 1981) and on particular moments of the data (the Jarque-Bera test for
normality in a regression context). The literature has focused mainly on serial correlation after the introduc-
tion of the generalized method of moments (see Hansen, 1982) and the development of financial econometrics
which provides many empirical applications (see, for example, Bontemps and Meddahi (2005), Chen (2007b),
Duan (2004), Dufour and al. (2003), Fiorentini and al. (2004), among many others).

Moment-based techniques can be very powerful in estimating parameters but can also be used for diagnos-
tic purposes like the test for over-identifying restrictions derived in the GMM literature (Hansen, 1982). The
goal of this paper is to use moment-based tests for testing discrete distributions. Particular examples of interest
are discrete choice models, Value-at-Risk models and discrete counting processes.

There are several advantages to using moment-based tests. The first one is universality. Many tests have
been developed for testing either the Normal or the Uniform distributions. One of the strategy is to first
transform the variable of interest into a variable which follows one of these two distributions using (at least
in a first step) the Probability Integral Transform (PIT) of Rosenblatt (1952). It is worth noting that it also
transforms a serially correlated series into a i.i.d. one. It has been used for example in the context of density
forecasts by Diebold, Gunther and Tay (1998) (see also Diebold, Hahn and Tay (1999) in the multivariate case,
Bai (2003), Bai and Chen (2008) and Kalliovirta (2006)). This solution does not work in the case of discrete
data or, at least, is not very efficient as there are different ways to define a continuous c.d.f. in this case.
Moments are however well defined in many contexts. They are suitable for any type of parametric distribution,
univariate or multivariate, discrete or continuous and can deal with independent or serially correlated data.

Moment estimation techniques have also been a big success as they can estimate some parameters involved
in a subpart of an economic model without estimating the whole model. We can transpose this to our testing
purpose. There are some cases (as with the VaR models) where we do not want to focus on the entire distribu-
tion but on one specific part. Moment techniques do not need to consider the entire distribution but can test a
particular feature of the data (the variance, the tail, the kurtosis, etc.). It has therefore the appealing property
of being flexible. This flexibility can help us to derive a moment-based test to any question under concern but
also can help us to have some gain in statistical power. In fact, our goal is not to develop an omnibus test.
We are sometimes more concerned with detecting departure in some given direction and omnibus tests, in this

context, are not very powerful. As for the moment-based tests, we can choose the particular moments which



will be able to detect more precisely the departure from the null.

Testing procedure concerns observable or estimated variables. Many often, there are parameters involved
in a model for which we do not want to test particular values. We can for example postulate in a structural
economic model that a given counting process is a Poisson process and tests this hypothesis whatever the true
rate. But we would also like to test that the Value-at-Risk model of a financial institution performs well. In
this case, the VaR is not observed but estimated through a model for the financial returns. The accuracy of the
test will also depend on the precision of the estimator. This parameter estimation uncertainty has to be taken
into account when one goes from a world with all parameters known to a world where some parameters of
interest are estimated. If one does not take it into account, it can deteriorate the size and power properties of
the test (see, for example, Escanciano-Olmo (2007) in a VaR framework). On some occasions the distortion is
not very important and one could ignore it, on others it it not.

A lot of past articles have solved this problem in very specific cases. The Jarque-Bera test for normality
(1980) treats the problem for residuals in homoskedastic regressions (but is not adapted to observed variables).
More recently, Bai (2003) used a Kolmogorov-Smirnov type approach with the combination of the Khmal-
adze transformation (1981) to deal with the parameter estimation uncertainty. Duan (2004) first transforms
the variable into a normal one before treating the parameter estimation uncertainty by using special linear
combinations of the moments tested. Both solutions used the c.d.f. and are therefore not implementable for
discrete cases. The framework of M-tests developed by Newey (1985) and Tauchen (1985) allows us to treat
this problem in a relatively simple way.

In this paper we focus on tests for discrete parametric distributions. We treat alternatively conditional and
marginal distributions. We derive a general class of moment conditions which are satisfied under the null
hypothesis. We pick particular moments in this class and derive a test statistic which is asymptotically chi-
squared distributed. There are various guidelines for the choice of the moments in this class: one could be
tractability where we simply count the number of occurrences of some given cells, one could be optimality
where we use a moment which is optimal against a given alternative, one could be ease of interpretation where
we want to give some meaning about the reasons of a potential rejection. At the end, whatever the choice of
the moment, we work with a computationally tractable and easy to implement statistic.

Simplicity is one of our major concerns. We do not want to use simulation techniques for calculating the
critical values or to estimate the distribution nonparametrically and compare this estimate with the parametric
one (which provides generally non standard distributions in presence of parameter estimation uncertainty, see,
for example, Delgado and Stute, 2008). Our tests are standard and the asymptotic critical values could be used
even for (relatively) small sample size.

We treat the problem of the parameter estimation uncertainty by focusing on moments which are robust to



this problem. It is very rare to work in a case where there is no estimation. Either the variables are coming
from a first step estimation or we have parameters involved. In most of the cases, we are indifferent to the true
value of these parameters. There are various way to deal with that problem. In the classic treatment, one can
compute the covariance between the moment of interest and the local deviation around the true value of the
estimated parameter (see, for example, Newey, 1985). Recent approaches have dealt with finding procedures
which could get rid of this additional term in a more general way. Duan (2004) used special combinations,
Chen (2007a) used another transformation in a general regressional context, Bontemps and Meddahi (2007)
used a moment which is modified by a projection as in Woolridge (1990) who, however, used a different one.
We follow this approach in this paper. One potential risk is to loose a large part of the power properties of the
moment used for the test. It appears that this technique is as efficient as it could be in the MLE framework.

We allow for the presence of serial correlation of unknown form assuming that the Central Limit Theorem
still applies. Under some regularity conditions, a given moment can be used indifferently in a i.i.d. context or
in a time series context. What matters at the end is the estimation of the variance matrix. A lot of past works on
GMM have focused on the estimation of this matrix with the presence of serial correlation (Newey and West,
1987 and Andrews, 1991, among others). This gave rise to the heteroskedastic and autocorrelation consistent
estimator of the variance matrix, which was developed for estimating purpose but which can be used for our
testing procedure. When one ignores the form of the time dependency, the HAC framework allows researchers
to use moment-based tests by computing the variance in a non-parametric way. Particular cases could be
counting processes where the variance matrix is difficult to compute.

A Monte Carlo simulation experiment is run in different contexts and shows that the empirical perfor-
mances of the tests are quite good, even in small samples.

Section 2 develops the general framework and some examples that are treated in the simulation experiment.
Section 3 constructs the class of moments which could be used for the testing purpose. It characterizes all
potential choices with respect to some predefined criteria. Section 4 develops some classical examples under
the light of this approach. Particular examples are discrete choice models, Poisson counting processes and
VaR models. Section 5 is devoted to Monte Carlo simulations about the testing procedure on small sample

sizes (100 to 1000). Section 7 presents some empirical application on financial data. Section 8 concludes the

paper.



2 General results

2.1 The Setup

Let Y be a univariate discrete random variable whose support S is discrete and countable. We denote by X
the vector of explanatory variables (including potentially lagged values of Y;). The number of coordinates of
X is equal to p. We denote by P the true conditional distribution of Y| X = .

The support S could be indexed by some subset of Z, I possibly Z itself:

S= U a,.
i€ICZ

Let ! = inf{i, ¢ € I} and r = sup{4, ¢ € I} the infimum and supremum of the support S. [ and r can be
finite or infinite!.

Let Py, be a parametric family of conditional distributions indexed by # € © C R®. We will denote
by Ejy the expectation with respect to this conditional distribution, by Ex the expectation with respect to the
distribution of X and by Ej the expectation with respect to the true joined distribution of (Y, X'). The notations
for the variances are defined similarly. T denotes the transpose operator.

The conditional probability of observing a; as outcome is
pi(z,0) = pla;, z,0) = Py ,(Y = ;| X = z).

For a given moment m(y, x, 6), its conditional expectation (assuming it is finite) is equal to:

EGm(yv z, 9) = sz(xa G)m(aia xz, 0)
=l

Our goal is to test a parametric distributional assumption on the conditional distribution of Y| X:

3° €O CR*: P(P)=Pp,)=1 (D)

In the paper, we will focus on the case where © = {6y}, where we postulate the value of 6y, and on the case
© = R?®. A typical example of the former is Example 3 below whereas Example 1 and 2 are examples of
the latter. We first exhibit examples which are of particular interest in applied econometrics. They will be

discussed in Section 4.
Example 1 Discrete choice models

Discrete choices models describe choices made among a given set of alternatives. They have played an

important role in many subfields; participation to the labor force, urban transport mode choice, analysis of

I'The points of the support S are not necessarily equidistant.



demand for differentiated product are particular examples among many others. A few tests have been proposed
in the literature. Skeels and Vella (1999) for the probit model, Butler and Chatterjee (1997) for bivariate
ordered probit and Mora and Moro-Egido (2008) for ordered probit have also developed moment-based tests.
For a discrete choice model:

pi(x,0) = ®(a;41 — fr) — ®(a; — Px), @)

where ag, a1, .., ax 41 are some threshold values (with the convention ag = —o0, ax 41 = 00), K the number

of choices faced by the decision maker and 6 = (ay, ..., ak, ).

Example 2 Counting processes

One of the leading model in i.i.d. count data is the Poisson model (see for example Cameron and Trivedi,
1998):
(¢ 2)

pilw,0) = P(Y =il X = ;0) = ™"+ E0

We do not generally postulate any particular value for § which is therefore estimated in the data. It is worth
noting that this model could be easily extended to a serially correlated model. The particular case of INAR(1)

model will be considered in Section 4.2.

Example 3 Value-at-Risk (VaR)

Value-at-Risk (VaR) are derived by financial institutions as a measure for risk exposition. As they are often
internally developed, it is crucial to check the accuracy of the model used. Basically, the data are often
composed only by a two-dimensional vector (return, VaR) which is observed across time.

Let r; be the daily log-return of some given portfolio, equity, etc. and VaR; the one day-ahead VaR
forecast for a given level of risk o (value known by the econometrician, generally 5% or 1%). Most of the

leading tests are based on the sequence of hits I; where
It = 1{7“,5 S VCLRt}.

Under perfect accuracy Iy is i.i.d Binomial distributed with parameter cv. Kupiec (1995) has considered
a test based on the first-order moment of I;, Christoffersen (1998) has considered a LR test in a Markov

framework for testing both the conditional and unconditional distribution.



2.2 Test statistics

Consider a sample of T' observations, independent or serially correlated, (y1, 1), ..., (Y7, x7). We assume in
a first step that the variables are observed and that we know the true value for the parameter 6, i.e. 6. The case
where there is a first step estimation involved in the testing procedure is treated in the following subsection on
parameter estimation uncertainty.

Let m be a k-dimensional moment whose expectation under the null is equal to 0. We will focus in Section

3 on the moments we can use. Under Hy:
Eom(y,z,0°) = 0.

Throughout the paper, we assume that the matrix 3 defined by

T +oo
_ 1 0N oy T 0
r= TEIEOO Varo[—ﬁ ;:1 m(ye, ©,0")] = h:goo Eo[m(ye, x¢,0°)m " (Ys—n, Te—n,0")], 3)

is finite and positive definite. Under some regularity conditions (see for example White, 1984), we know that

Lz
ﬁZm(yt,mt,eo) — N(0,%)
=1

which leads to the test statistic of interest &,,:
T

T T
1 1
m=|— m(yy, x4, 0° > — m(ye, x4, 0°) |, 4
6o = (G Do) 57 (5 Sttt @
which is asymptotically chi-squared distributed with & degrees of freedom?. For the feasibility of the test

procedure, one needs the matrix X or one consistent estimator. One candidate 3 could be the HAC estimator

a la Newey-West (1987):

M T—ljl
S= 3" w(i,M) T > mlysxe, 0O)mT (g, 2ery51,6°) |
j=—M t=1

for some appropriate choices of the weight functions w(j, M) and of the number of lags M (see for example
Andrews, 1991). The HAC estimator is known to provide good estimators when the persistence of the process
is not too high.

In the context of cross-sectional observations, we have
¥ = Var[m(y, z)] = Eo[m(y, z,0°)m" (y, z,6°)], (5)
and
. 1 &
Z = T ; ’I’)’L(yt7 T, HO)mT(yt, T, 90)

It is worth noting that one key of good small sample size properties is an accurate estimate of the matrix

3.

2The k components of m are assumed to be free.




2.3 The parameter estimation uncertainty problem

In most of the applications, the testing framework involves some parameters which have to be estimated. A
given parametric distribution is generally known up to some finite dimensional parameters and it happens that
the variable of interest could be the result of a first step estimation (like the residuals in a regression). In
Example 1, we pay attention to the assumption that Y| X is Poisson distributed regardless of the true value
for 6. In VaR models (Example 3), the hit sequence is derived from the comparison between the raw returns
and the VaR forecasts. This VaR forecast is generally computed through a model for the tail or for the entire
conditional distribution of the returns. This model often involves some parameters which need to be estimated
from the data.

It is well known that the test statistics have generally different asymptotic distributions when a consistent
estimator is plugged in place of the true value. The Box-Pierce Test is a famous example. When one wants
to test that €; is a White-Noise process one can compute the empirical autocorrelations 7, for different lags

h = 1...K. Under the null,

K
Eop =T it ~x*(K).
h=1

However when ¢; is estimated, like in an ARM A(p, ¢) model, the same statistic is still asymptotically chi-
squared distributed but the degrees of freedom are now K — p — q instead of K.

Let first assume for simplicity that the variable of interest is observable, that the parameters which are
estimated are the parameters of the distribution of interest and that the moment is derivable with respect to this
parameter §. We denote by m(y, x, §) such a moment.

A standard Taylor expansion around the true value of the parameter §° provides the asymptotic difference
between the process based on the (unknown) true value VT % 23:1 m(ye, Ty, 90) and the process based on

the estimated parameter, 6, VT Zthl m(ye, x4, 0):

1 ¢ ; 1 & . ) A
Vg ;m@wt,@) = VT ;m@t,xt,o) + Eo [£<y,x70>}9_90 VT(6— 6% +o(1)  (6)

=Q

It can be shown (see for example Newey, 1985) that the variance of the left part of Equation (6), when 6 is

the MLE, is the variance of

ml(y,:c, o) = m(ya CL‘,Q) — Eo [m(/ya $76)S;—(ya l‘)] [Vb [Se(y’x)]il} 89(y7x) (N

at 6 = 0° (s9(y, x) is the conditional score function). As Eg [m*(y,z,0)s, (y,z)] = 0, we have the



following variance equality:

Voml(y, z,0) = Vom™ (y,z,0) + Vo (Eo [m(y. 2,0)s4 (y, )] [Vo [89(@/,3:)]_1} Se(y,fv)> )
= Vom* (y,,0) + Eo [m(y, x.6)s5 (v,2)] [Voso(y, )] " Eo [m(y.,0)s§ (v,2)]

Using the previous equality, we deduce that (VmJ-)f1 >> (Vm)fl. Plugging 0 in the place of 6% in
(4) provides therefore a lower random variable than the expected chi-squared one. Ignoring the parameter
estimation uncertainty yields underrejection of the null hypothesis. The bias depends on the ratio between
these two variance matrices and so, looking at (8), on the covariance between m and sg.

The problem of parameter estimation uncertainty is usually fixed by computing the covariance between
the first two terms of the right hand side of Equation (6); Newey (1985), Skeels and Vella (1999), Mora and
Moro-Egido (2008) are some particular examples.

Another approach followed by Bontemps and Meddahi (2007) and others (see below) consists in deriving
moment conditions for which the expectation of the derivative with respect to the parameter (the matrix Q)
defined in (6)) is equal to zero. We follow here the same approach.

In this case, we can plug the root-T consistent estimator of the true parameter in (4) without any change in
the asymptotic expansion as it can be checked in Equation (6). The test statistic used when one knows the true
value of the parameter could therefore be used with the estimated one without any additional precaution.

Using some adaptation of the generalized Information Matrix equality (see Tauchen, 1985, or Newey and
McFadden, 1994, page 2163), we can reexpress ) in Equation (6) as —Egm(yt, 2+, 0)s¢(ys, x+). Finding a
moment such that ) = 0 is equivalent to find a moment orthogonal to the score function®. Such moments
are not so easy to find. A particular case in our framework is the family of Charlier polynomials which are
specific moments for testing the Poisson model. The score function is indeed proportional to the first Charlier
polynomial. So any higher order polynomial is orthogonal to the score function.

When a given m is not orthogonal, we can still construct another moment by projecting this original
moment m onto the space spanned by the score function. A robust moment can be written in the following

form:
mJ_(:% T, 0) = m(y7 T, 0) — Ey [m(y7 €, G)SJ(ZJ, J))} [V()Sa(y, x)}_l Sg(y, .Z‘) )

A few remarks can be made about this strategy. First we do not oblige the square root consistent estimator
of 6° to be estimated in the same step though we do not forbid this case. In particular, the J-test for overiden-
tifying restrictions (see Hansen, 1982) is implicitly involved in this framework (like in Butler and Chatterjee,

1997).

31s it obvious while looking at Equation (8) because, in this case, Vm = Vm?t.



Second, the estimator is not necessary the MLE. However, in this particular case, the test statistic con-
structed from (4) with m* is exactly the same than the original one constructed from m after correcting for
the parameter estimation uncertainty*.

Last, there are many other strategies to make a statistic robust to the parameter estimation uncertainty.
Other particular approaches are among others Wooldridge (1990), Duan (2003), Chen (2007). They all share
the explicit objective to work with one or several moments such that the matrix () defined in Equation (6) is
equal to zero. One potential drawback of these approaches is to destroy some power by projecting too much”.
This is not the case, at least, for ours as we have just noticed that in the case of the MLE, all the information

that could be used is still in the test statistic.

2.4 Non differentiable moments

The results exposed above is valid under some conditions of smoothness for m. There are cases of particular
interest for which this assumption is no longer valid. In a VaR framework (see Section 4.4), we focus uniquely
on the left tail of the distribution of the returns. The moment is based on estimating the frequency of the data

under a given quantile (generally 1 or 5%) and to compare it with the theoretical one:

m(y) = 1y €] — 00,4¢a(0)]} — a.

The cell under concern therefore depends on the parameter through the estimation of this quantile and
the resulting moment is non differentiable with respect to 6. Another example is derived from the Pearson
chi-squared type test. We want to test the whole distribution of a continuous random variable and we divide
the set of potential outcomes into equally probable cells. The moments of interest are no longer differentiable.

We treat here the case of a moment defined by:

m(yax79) = 1{y € [l(m,@)m(x,@)}} _p($79)7

where [, u, p are smooth functions of the parameter 6. In the Taylor expansion (6), () is no longer the expecta-
tion of the derivative of the moment as the moment itself is not differentiable. However we can prove (see the

appendix) that:

0 0
—F(u(xy, 6);0) — 20

Q= E <8u(mt,9)ay

0 0
50 l(mt,e)a—yF(l(xt,G)ﬂ) — 80]9(95,:79))0_90

(10)
=—F, (m(y, x, 9)30(97 l‘)) )

T
.. Lo . A 1 A
4The empirical mean of the score function is exactly zero at the ML estimator & which means that — E m(y,z,0) =
t=1

T
1 ~
T g mt (y, x, ). The variance of each term is V'm-" as explained previously.
t=1

10



where F'(.,6) is the conditional c.d.f of Y'|X = z. The generalized Information Matrix equality is still
valid. The parameter estimation uncertainty could still be treated by computing the asymptotic expansion of

the right part of (6) with the help of Equation (10) or with the projection method detailed above.

3 Choice of the moments

One appealing property of moment-based tests is the possibility of choosing the appropriate moment. There
are many potential guidelines for choosing the moment of interests. We can be interested in tractability and
ease of implementation in some cases, in power against specific alternatives in others. This section describes

how to derive the moments which will be used to test our discrete distributions.

3.1 Ad-hoc choices

Ad-hoc choices of moments are always possible. For well-known distributions, one generally knows the first
moments (mean, variance, skewness and kurtosis) as functions of the parameters. For discrete distributions,
one can also simply count the number of realizations of a particular value and compare the expected number
of counts with the actual ones.

Let take the example of the Poisson distribution and imagine that we want to test that Y is marginally
Poisson distributed with parameter \yg. We know that, in this case, the mean and the variance are equal to .
This gives us the opportunity to test Hy from the first and second moments together or separately. We could

alternatively use the sequence of moments:

mi(y, o) = L{Y =i} — pi(No)

for different 7. This is the basis of the well-known Pearson chi-squared test.

3.2 Orthogonal polynomials and Ord’s family of discrete distributions

There are specific distribution families for which we can easily construct a sequence of moments for which
the expectation is equal to zero. null expectation. The Ord’s family is a well-known extension of the famous
Pearson’s family to the case of discrete distributions. This family includes, as particular examples, the Poisson,
the Binomial, the Pascal (or negative binomial) and the hypergeometric distributions. For the clarity of the
exposition, we will omit the dependence in X but this can be adapted to the conditional case quite easily.

A discrete distribution with p.d.f. py5 belongs to the Ord’s family if the ratio pz”;;py equals the ratio of

Spy denotes P(Y = y).

11



two polynomials A(.) and B(.), where A(.) is affine and B(.) is quadratic.

Apy _ Dy+1 =Py _ A(y) ap + a1y

Dy Dy B(y) by + b1y + bay?’

where A is the forward difference operator: Ap, = py11 — py.

Y

Particular moments for which the expectation is equal to zero under the null are coming from the associated
orthonormal polynomial family @;, j € N. They are defined using an analogue of the Rodrigues’ formula on

finite difference (see Weber and Erdelyi, 1952 or Szego, 1967):

Qi(y) = AjpiN Py By)B(y — 1) By —j +1)].

where )\; is a constant which ensures that the variance of ); is equal to 1.

These orthonormal polynomials are particular moments which can be used for our testing procedure. They
are not necessarily neither the best in term of power nor robust to the parameter estimation uncertainty problem
(except for some special cases). However, one advantage is that the variance is known, equal to one. The
knowledge of the variance increases the small sample size properties of the test (see for example Mora and
Moro-Egido, 2008). In a i.i.d context with known parameters, these moments are asymptotically independent

with unit variance. It follows that the test statistics based on @; are asymptotically x?(1) and independent.

3

T 2
& = ( 1TZQj(yt>) ~ ()
t=1

<

&~ X2(r)
=1

[7a2%
Il

=

3.2.1 Examples of Ord’s distributions
We provide here particular examples of discrete distributions which are empirically interesting. The definition

of the orthonormal polynomial family is provided in Table 1 in the appendix.

The Poisson distribution When Y ~ Po(u), the probability distribution function of Y is:

Y
Yl

The orthonormal family associated to the Poisson distribution is the family of Charlier polynomials C’;‘ (y).

by =€ "

They are defined in the appendix. As

op I N/

12



it is therefore straightforward to prove that Charlier polynomials of degree greater or equal to 2 are robust to

the parameter estimation uncertainty when one estimates the parameter ..

The Pascal distribution The Pascal distribution is also known as the negative binomial distribution. It
extends the Poisson distribution to some cases where the variance could be greater than the mean of the
distribution (the overdispersion that Poisson counting processes fail to fit). The negative binomial distribution

is also known as a Poisson-Gamma mixture.

Py = (uiz?)y <ui5)6f(g)(1g(zi)1)

When § — —+o00, the Pascal distribution tends to the Poisson distribution. The orthonormal polynomials

When Y ~ Pa(u,d),

associated to this distribution are the Meixner polynomials M ](“ ’6)(y, 1,0). The recursion relationship is
defined in the appendix.

When § = 1, the Pascal distribution is the geometric distribution (o = ﬁ). This distribution is of interest
in discrete duration data. For example, Christoffersen and Pelletier (2004) prove that, in a VaR framework,
the duration between two consecutive hits is geometrically distributed. They however use the continuous

approximation (i.e. the exponential distribution). Candelon and al. (2008) test the discrete distribution.

The binomial distribution The probability distribution function of the Binomial distribution is:

py= () p’(1—p)N

where p < 1
In this case, the orthogonal polynomials K J(N’p ) (y) are the Krawtchouk polynomials. They will be used

for testing probit and logit models.

3.3 A general class of moments

The two previous subsections expose some particular moments which can be used for testing purpose. We
derive here a general rule for constructing any moment for which the expectation under the null is equal to
Zero.

For a function f defined on .S x RP x ©, we define three operators: A the forward difference operator, V
the backward difference operator and . ; the forward operator.

Viel:

6We recall that we omit here the conditioning variable X for simplicity. The same result holds for z = AT X when the parameter of

the Poisson distribution depends on some explanatory variables.

13



Af(aivxae) = f(ai+17x>9) - f(aiax79)v
Vf(ai,z,0) = flai,z,0) — f(ai-1,2,0),

f+1(ai7x79) = f(ai+lam70)7

with some conventions when the upper bound is finite (f(a,+1,x,6) = K a given normalization constant) or
when the lower bound is finite (f(a;—1,x,0) = K').

When a, are equidistant and belongs to Z, A and V are the standard backward and forward difference
operators.

Let 1) a test function defined on S x R? x ©, and such that the expectation under Py ., is finite.

Assumption LB (Lower Bound) If [ is finite, ¢(a;, z,0) = 0 Vx,0 € RP x ©.

Proposition 1 Under Assumption LB:

Ap(y,z,0)
p(y,x,0)

Let m(y, x,0) be a moment for which the conditional expectation is equal to 0. Then let ¢(y, x,0) defined

on S by:

E9 Aw(y7:ﬂ>9)+ d)-i-l(y?xag) =0 (12)

y—1

Zm (ag,x,0)pr(z,0) fory > aq
py k l 13)

P(ar, x,0) = 0 iflis finite.

U(y,z,0)

Then, v satisfies LB and

Ap(y,zx,0)
A ) ) 0 ) ) 0 = i ) 0
U(y,z,0) + 20.2.0) Y1y, @,0) = m(y, z,0)
The proof is given in the appendix. One can observe that assumption LB vanishes when | = —oo.

The first part of the proposition shows how we can construct a moment such that its conditional expectation
is equal to 0. One could argue that focusing on this class could restrict the range of the tests derived from these
moment conditions. The second part of the proposition shows that this is however not the case and that there
is a one-to-one relationship between m and 1. We therefore do not loose anything by focusing on moment of

the form (12).
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Remark 1 One can notice that a second moment condition could be derived for some test function 1E(y7 z, 0).

This moment conditions is:

7 pr(l‘,e) 7 _
EG[Aw(yvxae) + py(m79) 1/J(y»$v 9)} =0 (14)

under the assumption that 7/;((%4-17 x,0) = 0 when r is finite. However, Equation (14) is simply Equation

(12) with @Z(y, x,0) = %w(y, x,0) fory > a;. We will therefore only use Equation (12).

In the sequel, we will speak in term of moments. We know now how we can generate any moment for
testing a given discrete distribution. As mentioned before, one of the appealing properties of our moment-
based tests is that we can adapt our testing procedure. Some particular choices of m (or ) will be guided by

tractability, other choices by optimality.

3.4 Optimal moments

An omnibus test has power against any alternative. However it is sometimes preferable to use admissible tests
in order to have more power against specific alternatives. One advantage of the moment-based tests is that we
can choose one or several moments to have power against one or several alternatives.

Let assume that we want to test in a i.i.d. context:
Hy30° € © CR®: P (P} =Pp,) =1
against:
Hy: I €ACR: P(P)=Qn,) =1,
where Q) , N Py, = 0.
Focusing on the cases where moments are square-integrable with respect to the null and the alternative

assumptions, and assuming that the variance matrix in (4) is estimated under the null hypothesis (theoretically

or by simulations) but not in the sample, we can expand the test-statistics &, :

1 & ’
F 3 )|
. t=1
b =T ,
TZmQ(yhxtvgo)
t=1

which is equivalent when the expectation under the alternative is different from zero to (£, denotes the

expectation under H,):
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[Eym(ys, 21,0°)]°
E0m2 (il/t» T, 00)

Em~T (15)

when 7' goes to infinity.
The optimal moment which maximizes the approximate slope of &, is:

_ dPp,
~ dPyo,

mopt (y7 1’)

when 0Y and \° are known (see Bontemps and Meddahi, 2008). When 6 has to be estimated, the optimal
moment in a MLE context is the optimal one under full knowledge of the parameters projected, like previously,
on the orthogonal of the score function. What matters in this paper is that we are able to derive a moment which

have optimal properties when one wants to distinguish the null from a well specified parametric family.

3.5 The conditional case

We have detailed different guidelines for choosing moments such that the conditional expectation is equal to
zero. However, in the case where there are some explanatory variables X involved, the tests used will be based
on an unconditional moment. The true distribution of the explanatory variable is in most of the cases beyond
the scope of the econometrician (though it can have some impact on the power properties of the tests). The
unconditional moment will be therefore constructed as the product of some instrument (any function of X)

with the conditional moment under concern. If Egm(y, z, ) = 0, then:
Eoh(x)m(y,z,0) = 0.

There are many choices possible for h (1, z, cos(kx), sin(kz), 1{z < A}, etc.). We will use particular

choices in our Monte Carlo section.

4 Examples
In this section we come back to our leading examples which were presented in Section 2. and are motivations

for our test procedures.

4.1 Discrete choice models

Discrete choice models have been widely used in applied economics. Though there exists now techniques to
estimate nonparametrically or semiparametrically discrete models (Manski, 1975, Horowitz, 1992, Matzkin,

1992), parametric models are still often used in applied subfields. Moro and Mora-Egido (2008) compare the
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performances of some nonparametric tests (based on the comparison between the parametric and nonparamet-
ric estimators) and some parametric ones. It appears that moment-based tests can still be competitive w.r.t.
nonparametric ones even for big sample size and few conditioning variables. In this subsection, we first focus
on the univariate probit model before considering the ordered ones. We also assume that the data are i.i.d. It
is therefore straightforward to consider the dependent case. When we work with dependent variables, there is

nothing different but another estimator of the variance matrix in Equation (4).

4.1.1 Binary models

In this case, ¥ have two possible outcomes standardized to 0 and 1. The conditional probability p,(x, #) is

equal to

pi(x,0) =PY =1|X ==x,0) = F(mTﬂ; v), po(z,0) =1— F(mTﬁ; v),

where F is a c.d.f7 with parameter v (possibly a vector)and #T = (37, v ). F can be the standard normal
distribution in the case of the probit model, the logistic distribution for the logit model (v does not appear in
these two cases) or any other parametric distribution. We denote by p,. the conditional probability of observing

Y =1, F(x" ;) for notational convenience.

Lemma 2 [n a binary choice model, any moment for which the conditional expectation w.r.t. the true distrib-

ution is equal to zero can be written as:
m(y,z,0) = h(z) K1 (y), (16)
where K1 is the first Krawtchouk polynomial® (see Szegd, 1967).

From Proposition 1 we know how to construct any moment for which conditional expectation w.r.t the true
distribution is equal to zero. The proof in the appendix uses the fact that this moment only depends on two
functions m(0, z, 8) and m(1, z, ).

Assume, from now, for avoiding too many notations that v the parameters of the c.d.f. F' are known or
does not exist like in the probit or logit case’ (hence # = 3). The conditional score function sz of a discrete
choice model is trivially known to have conditional expectation equal to zero:

.
satina) = o2 (12 L),

7We denote by f(z) the derivative of F'(z;v) w.r.t z.

gKf(y) = \/ﬁ (P - y).

9There is no specific difficulty associated to this parameter.
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-
and h(z) = —x% in this case. The conditional moment test for testing omitted variable w is also
Pz (1—Pax

expressed like (16) with
T
G
yZ (]- - pm)
(see Skeels and Vella, 1999, for other moment-based tests). One can also stretch the fact that this first

h(z) =

Krawtchouk polynomial is also known (up to some scale parameter) as the generalized residual (see Gourier-
oux et al., 1987).

The moment defined above are generally not robust to the parameter estimation uncertainty because 3 is
generally estimated. The correction needed is here linked to the choice of h(z) as any moment which will
be used for the test only differentiate with another one through this weight function. Following the strategy
exposed in Section 2.3,

L i =
m=(y,x) = h(z)K7* (y)
is robust to the estimation uncertainty. The expression for h' is:

f@'B)

L(x) = h(z) — S ) e
(@) = hie) = (Vosalys ) o,

where A\, = Ex <h(x)fo(wTﬁ)> Moreover the variance of the score function could be simplified,

V Pm(l_Pm)
using the fact that Vo K7 (y) = 1:

T = ﬁ))

Vo) = B (a1

We can now derive the test-statistics &, to test our distributional assumption:

T A T
&:T(}Zwtmf@ ‘%) ( ZhL i, e (yo) ~ X’ (dim h)
t=1

which is asymptotically chi-squared distributed with dim h degrees of freedom. The variance matrix V},

can be simplified using the conditional expectation of Y under the null:

Vi = Vo (m*(y, ,0)) (17)
= Vo (m(y,=,0)) = MV, N, (18)
= Ex (M(@)h" (2)) = AV A, (19)

There are various ways to estimate the previous variance matrix. One can compute the empirical variance

T
1 N2
of m™ in the sample using T Z (mJ‘ (yt, ¢, 0)) or using the empirical counterpart of the expression (19).
t=1
Though they are asymptotically equivalent, it appears that the small sample size properties dramatically de-

pends on the way the variance is estimated. The sensitivity of tests to alternative expressions of the variance
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matrix was first underlined by Orme (1990) in the context of the Information Matrix test applied to discrete
choice models (see also Skeels and Vella, 1999). Mora and Moro-Egido (2008), in a similar context, shows

that (19) performs better.

4.1.2 Ordered discrete choice models

We just focus here on the ordered models with three outputs (y= 0, 1 or 2) to prove the adaptability of our
procedure to any case. Some helpful computations are exposed in the appendix. The ordered models have also
been considered in Butler and Chatterjee (1997) as well as in Mora and Moro-Egido (2008). The first authors
used a J-test in a GMM framework where as the last ones used Pearson’ tests a la Andrews (1988). All the
results derived in this subsection can be generalized to more than three outcomes. The ordered discrete choice
model assumes that there is a latent variable Y*, a threshold value p and a p-dimensional parameter 3 such

that:

Y*=X"8+1,

with U distributed according to a distribution with c.d.f. F'. F' could depend on some extra parameter, v. Y the
observed outcome is O if the latent variable is negative, equal to 1 if it stands between 0 and ;o and otherwise

equal to 2. Using the previous notations, we have:
po(,0) = F(~a ' Biv), pr(x,0) = F(u—x' Biv) — F(—a' Biv), andpa(x,0) =1~ F(u—x' Biv),

where 6 summarizes in a single notation y, 5 and v.
Using the result of Proposition 1, any potential moment which could be used for testing purpose could be

expressed from two test functions v (x) and 12 (z) (which can also depend on 6):

_ - pi(z,0) — po(z, ) ) = pi(z,0) z
m((),m,@)—l/}l( )+ po(ﬂ?,e) 1/}1( ) po(x,e)d)l( )a
m(1,7,6) = bo(x) — i () + DD =IOy P2@O) (@),

pl(‘r79) pl(x70)

m(vav 0) = —1/12(33),

which can be summarized in a single expression:

(p2.6) = =) WL (B0 0) — ) ) oty — 2 + D L= =2
= Mol ~ Eoy®) + M)y — Euy).
(20)
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In the binary choice model, any moment was proportional to the first Krawtchouk polynomial up to the
choice of a weight function. In a model with K outcomes, any moment is the linear combination of the first
K — 1 moments. We can base our choice either on 1 (x) and 5 (x) or on A\ (z) and A\y(z). The appendix
provides the one-to-one relationships between 11 (z), ¥2(x) and A (z), A2 (z).

Let denote by f(z) the p.d.f of U (%F(m; v)) and f,(x) the partial derivative of F with respect to v (

P F(w;v).
The component of the score function which corresponds to the derivative w.r.t. 3 is derived from ¢ (z) =
—xﬂg%m and ¥y (z) = —:(;f(p’;?if;)ﬁ). The expression of the other components are given in the appendix.

We can define similarly a moment which is robust to the parameter estimation uncertainty using the same
argument than for the probit model. The score function and the moment are both functions of 32 — Eyy? and
y — Fpy. We can express the covariance between two moments as functions of x and first four conditional
moments of Y. The appendix provides all the technical details to construct the robust moment m " defined in

Equation (9).

4.2 The Poisson INAR(1) process

The general integer valued autoregressive process (INAR) was introduced by Al-Osh and Alzaid (1987) to
model correlated time series with integer values. It is the extension of the AR process to count data. The

INAR (1) process is defined as

Yt = QoY1+ €, (21

where (¢;) is a sequence of i.i.d. non-negative and integer valued random variables and o is the thinning
operator. « o y is defined as iul with u; ~ B(1 — @), i.i.d. . The probability that u, is equal to 1 is «
whereas the probability that u: Tsl equalto 0is 1 — a, a € [0, 1].

Equation (21) constructs y; from the sum of two components: the survivorship component of y,_; (where
« is the probability of surviving) and the arrival component €;. This model trivially nests the i.i.d case with
a=0.

Different marginal distributions of y; can be generated, and it depends on the distributional assumption
made for (¢;) (see Al-Osh and Alzaid, 1987, McKenzie, 1986, for more details). When e; ~ Po(u), we have
the Poisson INAR(1) process. It is the analog of the AR(1) process with gaussian innovations. In this case, the
marginal distribution of y; is also a Poisson distribution with parameter %~ (see McKenzie, 1988).

As mentioned previously, the Charlier polynomials can be used as particular moments for testing Pois-

son distributions. However, due to the serial correlation among y; the test statistics are a priori no longer
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independent. However, in the special case of the INAR(1) process with Poisson innovation, we can prove that:

Proposition 3 [fy; ~ IN AR(1) with parameter o and Po(p) innovation process:

T .
1 e 1 T4 1+
Cov (\/T thl G5 (), Vi E Cy (Z/t)) =1 Ok

where &y, is the Kronecker symbol.

The proof is given in the appendix. It comes from the fact that if y; is Poisson INAR(1) then Z; =
K
le’“ (yi) is also AR(1). The test statistics based on the Charlier polynomials are still asymptotically indepen-

dent in this case.

. 1 T %(y
with & = == Cp " (u)-
It is worth noting that except in the i.i.d. case, the Charlier polynomials are no longer robust to the parame-
ter estimation uncertainty. We can construct moment robust in this case using the results derived in Freeland

and McCabe (2004) who characterized the conditional score function.

4.3 Pearson chi-squared test

Let us first assume that y1, ..., y, are i.i.d. (we change our notations from yy, ..., yr to y1, ..., Yy to stress the
independence) and that there are no explanatory variables. Let C, ...C'x, K cells such that S = i:HKC,». Let
p;(0) be the theoretical probability of belonging to cell i. We assume that all p;’s are strictly positive (which
avoids to consider empty cells). We assume in a first step that the definition of the cells itself does not depend
on the parameter.

Let us first consider the case of § known equal to °. We will use p? for p;(0°) and g; for the empirical

frequency of cell ¢:

1
.:,E 1L g
qi n {yJECz}

j=1

The Pearson chi-squared test is a moment-based test using the K-1 moments:
mi(y,0) = H{y € Ci} — pi(0)

for i = 1..K — 1 (the last moment being 1 minus the sum of the first ' — 1 moments).
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The variance matrix of this K-1 dimensional moment is standard but derived in the appendix. Plugging
everything in (4), we recover the expression of the well-known Pearson chi-squared test statistic:

K

. p0)2
p=n ZW ~ XK —1). (22)
j=1 J

When 6° is unknown but estimated by a square root n consistent estimator 6, we could make these moments

robust by projecting them onto the orthogonal of the space spanned by the score function. Let 6; denote the

ith-component of § and 59 = 717 >, s(ys, 0) be the averaged score function at the estimator.

Proposition 4

E=n Kz_:l (qj — Dy *)\59)2 N (g — Px Jr/\(Ki 1))\§0)2

f Dj Pr

~ XK -1-5), (23)

j=

where the exact expression is omitted here but given in the appendix (A is a non linear function of the p;’s
and the partial derivatives of the p;’s).

This proposition shows how the Pearson chi-squared test can be modified when 6 is estimated. The rank
reduction comes from the fact that s constraints are added reducing the degrees of freedom (the sum of each
partial derivative of the log probability with respect to each component of 6 is equal to zero).

One particular case is the MLE. In this case, 5¢ is therefore equal to zero and the expression of £ in (23)

simplifies to
K

f=n (> (45 _.pj)2
i=1 P
This is the usual Pearson chi-squared statistic. This particular result can be found in MaCurdy and Ryu (2003).
When 1, ..., y, are no longer i.i.d, Proposition 4 is no longer valid. However, we can base our test proce-
dure on the robust moments m;r (y) = 1yec, —pj — A5 and estimate the variance matrix with a HAC procedure
a la Newey-West (1987).
When the cells depend on 6, the result of Section 2.4 shows that @ is still equal to the opposite of the

covariance between the moment and the score function. One particular example concerns the backtest of VaR

models which is considered in the next section.

4.4 Backtesting Value-at-Risk models

The Basel Committee on Banking Supervision proposed in 1996 the use of Value-at-risk models as one possi-
bility for risk management. There is a debate on what is a good measure of risk and whether VaR is adequate
(see for example Artzner and al., 1999). However this is the one which is the most commonly used by financial

institutions.
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Let r; be the return at date ¢ for a given portfolio. The Value-at-Risk VaR!, is the opposite'® of the

percentage of loss that the portfolio return!! will exceed with probability 1 — a%:

P (’I"t < —VaRta) =a. 24)

The practitioners compute one period ahead VaR forecasts using numerous models which are often kept un-
known from the econometrician. The goal of backtesting techniques is to check the accuracy of the model used
by a given institution, observing in most of the cases only the VaR forecasts and the returns. Let —VaRf‘Hlt
be the one period ahead forecast for the o VaR made at time ¢ for time ¢ 4 1.

Let I; be the indicator of bad extreme event:
1 ifr, < —-VaR$,
I = t tlt—1 (25)
0 otherwise

Under Hy, i.e. the VaR model is the true model, I, is i.i.d Bernoulli distributed with parameter c.

T
Let mp = T Z I; — o. Under Hy and without parameter estimation uncertainty, the test statistic is'?:
t=1
mi 2
=T ~ x2(1). 26
fuc ol —a) x“(1) (26)

&uc is the Kupiec test which, in this case, is equivalent to the unconditional test of Christoffersen (1998).
There is no other possibility for testing the marginal distribution of I;. One can only improve the power
of the test by testing the independence. Christoffersen (1998) augments his test by doing a LR test in a first
order Markov chain framework. Basically, it tests the independence between I; and ;1. We can therefore

add some additional moments and test that

Elg(zi-1)(I; — a)] =0,

for any regular function g, and any random variable z;_; which belongs to the information set at time ¢ — 1.
In the Monte Carlo experiment, we will use cos(r;_y) and cos(2r;_j,) for h = 1 to 4.

Parameter estimation uncertainty has rarely been taken into account in this literature. An exception is
a recent contribution from Escanciano and Olmo (2007). They showed in a particular simulation setting
the potential bias that could arise. It should be fairly noticed that one can correct for the uncertainty only

when one knows the underlying model that have been used for estimating the Value-at-Risk. In many cases,

1053 VaR is positive.
“Theoretically, the VaR is the value of the loss itself and should be referred to the amount invested initially. However, without loss of

generality, we can speak in term of returns.
2Vmr = a(l — a).
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this is not true and the econometrician only knows the values predicted one day before and the raw returns.
Without further information, it seems vain to take the estimation uncertainty into account. We know that if the
moment-based test is rejected when one ignores the parameter estimation uncertainty, it will be rejected when
it is considered (ignoring the parameter estimation uncertainty leads to a conservative test).

Using Equations (10) and (9), one can construct a moment robust to the parameter estimation uncertainty
when we know the model.

Assume, here, that the model for the returns is a GARCH(1,1) with normal innovations'?:

re = /07 (0)er, 07 (0) = w + iy + Boi_y,

with &; ~ N(0,1) and 67 = (w,v,3)". Than, we can prove that the test statistic £7¢ in (26) should be

replaced by:
mi

550 = TW?

where VL = a(1—a)— (222D ) [81324(9)} E, [alnao’g(O) algg;(m] -1 E, [%‘T@] r’ bis the padf.
of the standard normal distribution and ¢, its a-quantile.

The difference with (26) comes from the expression of the variance in the denominator which is smaller
than the one without parameter estimation uncertainty. It is worth noting that the distortion is not to high when
« tends to zero as in this case ¢, ¢ (g, ) also tends to zero.

We can adapt the framework to the moments g(z_1)(l; — «). Escanciano and Olmo (2007) have proved

that there was no distortion when g(z;—1) = I;—, —a, h > 1.

5 Monte-Carlo simulations

In this section, we provide Monte Carlo simulations to assess the finite sample properties of our test procedures.
We consider alternatively the three examples exposed in the motivation of the paper. All the simulations are

based on 10 000 replications of the samples.

5.1 The binary probit model

We consider here the binary probit model. In the simple parametric model, the underlined latent variable is
assumed to be linear in the observables and the independent additive error term is assumed to have a normal

distribution. Any departure from these hypothesis leads to biased estimators if one uses the ML estimator.

13The construction is similar for a GARCH-Student process.
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Following the notations of Section 4, the null hypothesis is:
Hy: P(Y =1|X) = ¢(2'B),

for some 3 € R? where ¢ is the p.d.f. of the standard normal variable.
Any moment of interest can be indexed by the instrument function i(z) because, as explained previously,

we can write

y— 0(z"p) ) ' 27

m(y,x) = h(x)
VeETR)(1 - e(=T5))
Like in Mora and Moro-Egido (2008), the model tested is a probit model with one explanatory variable X

which is normally distributed:
Y =1{f + X +U > 0},U ~N(0,1).

BT = (B1,32) = (0,1) is estimated using MLE. For the power properties, we use three directions of devia-

tions, coming from the simulation exercise of Mora and Moro-Egido (2008):

e For the distribution of the error term we consider the logistic distribution and the Student distributions

with 5, 10 and 20 degrees of freedom as alternatives.

e We consider some non linearities of the latent variable with respect to the observable X by adding
¢(X? —1) to the regular expression of the latent variable for ¢ = 0.2, 0.4, 0.6 (denoted O — 0.2, O — 0.4
and O — 0.6 in the Table).

e We consider heteroskedasticity of the error term. The variance of U given X = x is equal to exp(dX? —
d?/2), ford = 0.2,0.4,0.6 (denoted H — 0.2, H — 0.4 and H — 0.6 in the Table). The unconditional

distribution of U is still a standard normal distribution.

For the size properties as well as for the power properties, we use several choices for the instruments: h(z) =

1,2, 2%, cos(x), cos(2z) are ad-hoc choices', h(z) = /®(2TB)(1 — ®(z73)) yields to the classical mo-

ment 1{Y = 1} — ®(273) (denoted Std in the Table), h(z) = (2% — 1) 7 T‘Zgiﬁ}b( — s the instru-
x - x

ment proposed by Skeels and Vella (1999) for omitted variable (here 22 — 1, noted Omitted in the Table),

h(z) = (2T B)x? 750 T(g()fle <)1>( T is the instrument proposed by Skeels and Vella for testing heteroskedas-

ticity (noted Hetero in the Table), hopt(x) = \/@(i‘;(;))(_:‘;f(”f).%))

approximated slope for distinguishing Fj the c.d.f. of U under the null and F}, the c.d.f. under the alternative

is the instrument which gives the highest

14The cos and sin are the first members of the family exp(ikz), k € N. We could have considered all the family to construct a real

specification test.
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(labeled ”Optilog” and ”Opti-t5” for power against the logistic and the Student(5) distributions). The row la-
beled ”All” consists in the joined test with h(x) being sin(kx) and cos(kx) for k = 1 to 4. Table 2 displays the
rejection frequencies for a 5%-level test for the sample sizes n = 500 and n = 1000 (there is not very much
power for n = 100). All variances are computing using the formula (19) except for the second column ”Size*”
for which every projection involved in thee construction is estimated in the data. Like in Orme (1990), Skeels
and Vella (1999) and Mora and Moro-Egido (2008) the over-rejection rate is quite severe for many instruments
in this case even for n = 1000.

The simple moment ’Std” which compares the conditional probability of ¥ = 1 in the sample with the
theoretical performs well. It comes from the fact that all departure tested here leads to biased estimators for
(. The test ”Omitted” is also very powerful. This test has been derived by Skeels and Vella to detect omitted
variables. This test, however, performs better than the one derived for detecting the heteroskedasticity of the
error term. In a different experiment, Skeels and Vella found relatively low power for the test "Hetero”. The
gaussian test seems to detect departure from normality quite efficiently as well as the optimal tests. These
optimal tests (in the sense of the approximated slope) are quite close to the more powerful tests. The test ”All”

is quite powerful (though never the first) in many directions.

5.2 Poisson counting process

In this subsection, we focus on testing the Poisson distribution. We focus on testing a marginal distribution in
aii.d. context. In this case, the score function is proportional to the first Charlier polynomial. The Charlier
polynomials of higher degrees are therefore robust to the problem of the parameter estimation uncertainty. We
will use these moments to test our distributional assumption.

We consider K=7 cells defined by {Y = 0} {Y = 1}.{Y = 2} {Y = 3}.{Y = 4}.{Y = 5}.{Y > 6}.
Like before, p; = pj(é) is the theoretical probability of Y € C; estimated at 6 and g; the empirical one. We
compare our tests with two well-known tests derived from the Cressie-Read divergence family. The Cressie-

Read statistic with parameter o, C R, is a pseudo-distance measure between the theoretical and the empirical

27’L K Gi o
CRO = ——"—_N ¢ () —-1),
a<a+1>;q (<p) >

and is asymptotically x2(K — 2) distributed under the null that Y is Poisson distributed (one degree less

distributions:

because of the estimation of the parameter of the Poisson distribution). When o = 1 the Cressie-Read statistic
is the Pearson chi-squared statistic. When « tends to O this is the empirical log-likelihood ratio.
Four sample sizes are considered: 100, 200, 500 and 1000. We first study the size properties of our tests:

we start by simulating i.i.d. samples of Poisson distributions with parameter ° = 2 (mean and variance are
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equal to %)

In Table 3, we assume that 6 is known or estimated. We provide the rejection frequencies at a 5% level
test. Two sets of moments are considered: the individual moments based on a single Charlier polynomial C’,‘ZO
and the joint moments based on the first Charlier polynomials: Cgi 5 is the joined moment combining C§ * and
c?’, ¢t , is the joined moment combining C§ to C¢°. We also display the results for the two Cressie-Read
statistics.

The finite sample properties of these tests are clearly good for all polynomials. The rejection rates are very
close to 5% even for very small sample sizes (100 observations). When € is estimated (we use the MLE), the
size performance differences between knowing € or estimating it are very low but exist in very small sample
sizes. Even in the “worst” cases, the results are quite good. The CR statistics have also good sample size
properties.

In Table 4 we study the power properties by simulating several alternatives. We focus on two distributions
with two parameters and which have the Poisson as limit distribution: a binomial distribution and a negative bi-
nomial distribution. They all have the same expectation #°. The parameter is estimated by a QMLE procedure
using the Poisson model (é is therefore the mean of the data).

We simulate a binomial B(k, %) for three values of k£ (10, 15 and 20). We know that, when k tends
to infinity, the Binomial distribution tends to the Poisson distribution. We do the same thing for the Pascal
distribution with parameters (2, ¢) for three values of §: 10, 15, 20. As ¢ increases, the Pascal distribution also
gets closer to the Poisson distribution. We present the same tests than in the previous Table.

We first observe that the power of the tests decreases when k and § increase. For the small samples
(n = 100) it is more and more difficult to detect departure from the null as we go closer to the Poisson
distribution. The performances are very good for the other sample sizes and for most of the moments used,

more especially for the second Charlier polynomial which detects the over-dispersion in the data.

5.3 Backtesting VaR model

We consider in this Monte Carlo experiment the backtests of VaR models, defined in Section 4.4. The returns

of a fictive portfolio are assumed to follow a GARCH (1,1) model with normal innovations:

Tt = O—t2(9)‘€t7 U?(@) =w+ ’7”271 + 6016271’

with e, ~ N(0,1),w = 0.2,y =0.1and 8 = 0.9.

5The theoretical probabilities of belonging to cell Cy to C are respectively equal to 13.5%, 27.1%, 27.1%, 18.0%, 9.0%, 3.6%,
1.2%.
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We simulate T = 1500 observations which corresponds approximately to six years of trading days. From
t = 500 to 1495 and every 5 observations, we estimate a GARCH(1,1)-Normal model on the last 500 obser-
vations. We use these estimations to compute the 1-day ahead forecasts of the 1% and 5% VaR for the five
following days (before reestimating the model, etc.).

We finally have 1000 daily VaR forecasts (for each value of o)) which have been estimated at day -1 (the
VaR is estimated out of sample like in the real life). We construct the hit sequence by comparing the raw
returns and the VaR forecasts. We consider four sample sizes by focusing on the first year than on the first two
years, etc. (sample sizes from 250 to 1000).

For the size properties, we consider as a benchmark the artificial case where the parameters are assumed
known by the econometrician, than we use the MLE to estimate them (we therefore ran 200 estimations for
the four years).

For the power properties, we consider 3 different series. The first two VaR series are constructed from a
GARCH (1,1) with standardized Student innovations, where the degrees of freedom are set to 5 and 9. We
assume in this case that we estimate blindly a GARCH(1,1) with normal innovations. The estimator is therefore
the QMLE. We expect the VaR forecasts to be lower than the accurate ones, especially for a = 0.01%°.

All these simulations are drawn 5000 times. In Tables 5 through 7 we report the rejection frequencies
at a 5% level test for several moments and tests. C,,. is the unconditional version of the LR test derived in
Christoffersen (1998), £, is the unconditional moment-based test. Both are asymptotically equivalent. C.
is the conditional test of Christoffersen (1998) which tests the independence between I; and I;_;. "Markov”
sums the two Christoffersen’ tests, C',. and C.. We also use lagged values of returns to test the independence
between I; and the past information. We use cos(kr;_) for k = 1 and 2, h = 1, .., 4. We do not consider the
parameter estimation uncertainty. As mentioned above, the econometrician rarely observes the model used by
the practitioner and consequently, can not correct for this uncertainty. Moreover, the distortion vanishes when
a becomes smaller. We expect a small distortion for o = 1%.

We do not use the tests based on the duration between two consecutive hits. In some cases, the test could
not be run and it would have biased the comparisons to drop these particular samples (more specially when
a = 1% for 250 and 500 observations). More importantly, for the feasibility of the test procedure, we choose
to display the rejection rates using the asymptotic critical values. Our goal is to provide tests for which the
asymptotic approximation works quite well. We do not want to use simulation techniques to compute the
critical values. The number of durations observed is very small even for a sample size equal to 1000. It would

have been unfair to display the raw rejection frequencies using the asymptotic critical values.

16The 1% and 5% quantile are respectively equal to -2.326 and -1.645 for the standard normal distribution, -2.508 and -1.610 for the

standardized Student with 8 degrees of freedom and -2.606 and -1.560 for the standardized Student with 5 degrees of freedom.
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Table 5 displays the size properties. When 6 is known, each test but the one based on the independence
between cos(r;_1) and I; has an accurate size. The conditional test C is also upward biased which is com-
patible with the last result. This bias increases with the sample size. Though asymptotically equivalent, C',.
and &, behaves differently for small sample and the latter performs better. When 6 is estimated, the rejection
frequencies are quite similar. The distortion due to the estimation of the parameters (at least for this GARCH
(1,1) model) is negligible.

Table 6 presents the results when the innovations are standardized Student. As expected, the power comes
from the unconditional tests as, at least for « = 1%, the quantiles of the normal and of the standardized
Student are quite different. We have obviously more power for v = 5. Like before, &, performs better than
Clue- When a = 5%, the tests do not have very much power because of the proximity of the two quantiles.

The results for VaR computed from the Historical Simulation are presented in Table 7. The power comes
from the correlation among the hits. The corresponding tests have more power when o = 5% because we have
more observations to detect this correlation. It is worth noting that the instruments cos 2r;_j do not have any

power and so, are not considered in the empirical application.

6 Empirical Application

We consider in this section the backtests of VaR models on some US index. We use the S&P 500 daily
index for the period 2003-2007. The first two years only help to provide past data for estimating the different
competing models. Figure 1 displays the price and estimated volatility for the period 2005-2007 (we only
use the first 750 trading days). The activity is quite homogeneous in the first two years while the volatility
increases dramatically during the last year. We therefore expect to have more hits corresponding to the last
250 observations.

Like in the Monte Carlo experiment, we estimate each competing VaR model on a weekly basis using the
last 500 observations. We then forecast the 1% and 5% daily VaR for the following week using these estimates.

We consider 5 competing models for the VaR:
e a GARCH(1,1)-Normal model with constant mean,
e a GARCH(1,1)-Student model with constant mean

e a GARCH(1,1) model with constant mean estimated by QMLE where the quantile of the innovation

process is estimated with the Cornish-Fisher approximation,

e the Historical Simulation VaR model (HS) using the past 500 observations,
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o the Filtered Historical Simulation VaR model (FHS). For this model, we estimate the quantile of the

distribution of the innovations using the past 500 observations.

Figure 2 displays the 1% VaR forecasts for each model. As expected, the model HS provides VaR forecasts
which do not vary too much.

Figure 3 displays the volatility path with respect to the hit sequences. There is a hit for each ”jump” in
the volatility path. Surprisingly the Cornish Fisher approximation seems to fit better than the other models
especially for the last period. Table 8 presents the time index for the hits. We have respectively 20, 17, 9, 15
and 16 hits for all the models. Under Hy, the average number should be 7. Most of the hits occur in the last
year when the volatility increases.

Table 9 presents the test-statistics for testing the accuracy of the 1% VaR model. The tests are defined
in the Monte Carlo Section. We also present their corresponding p-value in parentheses. For the first year,
no model can be rejected. With two years of observations, the GARCH-Normal is rejected. As usual, the
rejection comes from the unconditional test. We know that a GARCH-Normal does not fit the left part of the
tail of the innovations of the process (the degrees of freedom for the Student distribution are around 10). When
we includes the last year, all the models but the Cornish-Fisher are rejected. We have indeed more than 7 hits
(though we should expect 2.5) for these 4 models.

Table 10 presents the same results for the 5% VaR forecasts. Only HS is rejected or close to rejection due

to the failure in fitting the dynamic of the process (HS gives too flat VaR forecasts).

7 Conclusion

We introduce in this paper moment-based tests for parametric discrete distributions. Our goal is to present
techniques that are easy to implement but without loosing power to detect departure from the null hypothesis.
As already mentioned, moment techniques are quite easy to adapt to the time series case and to take into
account the parameter estimation uncertainty.

Our tests have good size and good power properties even for small samples. This power is due to the fact
that we consider particular moments instead of many moments together. There are many examples where we
do not want to have omnibus tests but power against specific alternatives. We show while focusing on several
different examples, that the construction of the tests do not require any sophisticated technique and that we can
adapt the testing framework to many cases.

It should make these tests attractive for applied econometricians for which the scope is the application and
who want to avoid too many technicalities. Distributional assumptions are necessary in applied econometrics to

compute forecasts, to make results tractable in structural economic models, to estimate quantities in small data
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set. However, one should (if possible) test the assumptions made to emphasize the results derived. Otherwise,
one can not avoid the risk to have biased estimations due to misspecification.

One direction for future research is the extension to the multivariate case. There are many potential ap-
plications. Moreover, in a recent contribution, Bontemps and Meddahi (2008) have characterized optimal
moments for testing a given null against a given alternative. Another direction for future research is therefore
to combine this optimal approach to the many moment case. As a matter of fact, when one considers all the
class of moments characterized in the paper, one has many strategies to join them in a single test. One could

characterize the one which gives optimal power in some given directions.
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Appendix

Parameter estimation uncertainty for non-smooth moments.

We focus here on a special case when we the moment-based test is related to a cell for which the bounds are
functions of the parameter §. One example treated in this paper is the backtest of VaR models (Example 3);
another is the Pearson chi-squared test where the cells are defined by empirical quantiles. We assume here that
(yt, 2¢), t =1,...,T are i.i.d..

The moment of interest is defined as:

m(y,z,0) = 1{{y € [i(z,0), u(z,0)]} — p(z,0),

where [, u, p are continuously differentiable with respect to § locally around #°. The difference between the
moment taken at the estimated parameter 6 and the true value 6° can be decomposed in the following manner:

»’:’tT :m(ytaxtaé) - m(ytvmtaao)

=1y € [, 0), ulwe, O]} — Uy € [, 0°), ulwe, 60°)]} = (p(w,0) = pl21,6%))

= (1{y: < ul:,0)} — Yys < ulw, 0°))1{ys > U(w,0°)}

:Wtqjl
+ (L{ye > U4, 0)} — L{ye > Uz, 0°) )1 {ye < ule,0°)}
w7,
+ (Mye > Uz, 0)} — L{ye > Uz, 0°) ) (1w < ulze, 0)} — 1y, < ulwy, 0°)})

—_wT
=W, 5

— (p(wt,0) — p(z,0°))

—wT
=W, 4

Let us first focus on the first term Wt:’rl. This term depends on the sample size through the estimated
parameter 6. We denote by F(.;6°) the conditional c.d.f. of Y. We can compute the conditional expectation

and variance of W/

EoW = F(u(xy,0);0°) — F(u(z,6°);6°) (28)
_ 8“8(;”;9) %l; (u(e0)50%)| (0 8) 06 —0") (29)

VoW = BW)? = (F(u(w, 0); 6°) — Plu(a, 6°); 90))2 (30)
= F(u(xy,0);0°) + F(u(z,,0°);6°) — 2F (min(u(mt, 0), w1, 0°)); 0°) 31)

~ (Flutare,0):6°) ~ Fluler, 0°):6%)) ()

= o(0 —6°) (33)
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A standard Taylor expansion for the empirical mean of ng is:

T
1 1
T > W = EW/ + —= /oW Z + o (34)
t=1

: )
VT T
where Z is a standard normal variable.
T
1
Incorporating (29) and (33) into (34), gives the expansion of the empirical process \/TT Z ng around
t=1

60:

T
1 1
‘/TT S W =VTEWE +JVoWEZ +0(—=)
t=1

VT 35)
ou(z,0) OF 0 0
=F — ; 76— 1).
X< 6 oy (u(x,o),a)gzeo VT (0 —6°) +o(1)
We can similarly consider the other terms to prove that:
1 & A
\FTf D =QVT(0—6°) +o(1), (36)
t=1

where

0 0 0

0 0
Q= FEx (%u(xt,e)ayF(u(xt,G);@) - %l(xtﬁ)a—yF(l(xt,G);@) - %p(xt’9)>(,_(,o )

We will now derive the generalized Information Matrix equality in this particular case. From:

u(xe,0)
ﬂ‘ F(y: 0)dy = plx,0),

(z¢,0)
we can differentiate this equality with respect to 6. The bounds depend on 6 contrary to the usual case. The

equality follows immediately.

Proof of Proposition 1.

Ep[A¢(y,x,0)] = Y Av(as, x,0)p;(w,0) (37)
i=l

We first prove the proposition in the case where [ and r are finite. Reordering the second term of the last
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expression yields to:

E[AY(y, x,0)] Zw (@it1, 2, 0)pi(x,0) Zw (ai,x,0)pi(z, 0) (38)
r—1
= Z¢(ai+1,$79)pi($,9) = Y Plair1,z,0)pia (@, 0) + Kp(x,0) (39)

i=l i=l—1
r—1
- Z ¢(ai+1a xZ, 0) (pi(xa 0) - pi+1(x7 0)) - ¢(Cll, x, t)pl(x7 9) + Kpr(% 0) (40)

i=l

= Z Y(ait1,2,0) (pi(z,0) — pit1(x,6)) under LB. (41)
i=l

_ Ap(y, z,0)

=—FEp <¢+1(ya$7 9) p(y,l', 9) ) (42)

When r is infinite, we know that each term of Equation (39) converges due to the assumption of finite

expectation of ¢(y, x, #) with respect to P?. Thus, Equation (39) becomes

—+oo

E[Aw(yvx 0 Zz/) Ai41,2, e)pz(m 9 Z 'd) Aj41,7, e)pz—i-l(x 9) (4’3)

i=l i=l—1
which gives the same result.
When [ is infinite, the second term of Equation (40) vanishes due to the finite conditional expectation of v:

Y(a;,z,0)p;(x,0) — 0. This Equation becomes

r—1 r—1
EAy)] = > (a1, 2, 0pi(x,0) — > ¥(air1,2,0)pip1(z,0) + Kpp(z,0)  (44)
Yy=—00 Yy=—00
when r is finite and
Z Gy +1)p Z Gy + Dpyia (45)
Yy=—00 Yy=—00

when 7 is infinite. In both cases, we can write;

B8 2,0)] = B (wia(r,0) D))

p(y,x,0)

Proof of Lemma 2

Any function f(y, z) defined on the support S = {0, 1} x RP can be expressed as:

fly,z) = f(0,2)(1 —y) + f(1,2)y
= f(0,z) + p. (f(1,2) — f(0,2)) + (f(1,2) — f(0,2)) (y — px)

38



Any real valued function on S is a linear combination of the first Krawtchouk polynomials K}* (i.e. the
constant 1) and K7~. If the conditional expectation of f(y,x) is equal to zero, the component associated to
the constant f(0,z) + p. (f(1,2) — f(0,2)) = 0 is equal to zero and

F2) = (F12) = £0,2)) (y = p2) = (Vi1 = p2) (/(1,2) = (0,2) ) KT ().

Moment robust to parameter the estimation uncertainty in a binary model:

Following the subsection on the parameter estimation uncertainty, we know that a robust moment could be

constructed by projecting the original one onto the orthogonal space spanned by the score function:

m*(y,2,0) = m(y,z,0) — [Eo(m(y,z,0)s] (y,2))] [Voss(y. )] sp(y, ).

Using the law of iterated expectation, we can simplify the two matrices involved in the previous equality:

Z'T
Eo (m(y, 2)s} (4,2)) = Ex Es (h(@ﬂf(mffff <y>2>

px(l _px)
_ 2T f(IT/B)
mo <h( : P (1 —m))

as EgKP* (y)? = 1.

Similarly,

2
Voss(y,x,8) = ExVs | az ' <W> K77 (y)?

paz(l _pw)
_ . f2($Tﬁ)
= b ( (1 pz)pm)

We now plug the last two terms into the expression of m":

mJ_(yv €T, 0) =h* (x)KfT (y)a

L0y — o) T_f="B) T\, L)
where h—(z) = h(z) — Ex (h(a:)x pz(1p1)> [EX (mx (1*pm)pw):| mm.

Ordered models

We focus here on the ordered probit model with three outcomes, 0, 1 and 2. The conditional expectation of Yk
is equal to py (, 0) + 2Fpo (2, §). Any moment for which the expectation under the null is equal to zero can be

expressed as a linear combination of two polynomials:
m(y, ,0) = M (2)(y — Eoy) + ha(2)(y” — Eoy®).

The score function with respect to the parameter 3 can be expressed using this form:

so(y, @) = 7% ("~ Fots) (f(ITB) (Po(:lcﬁ) " Pl(iﬂ)) ~fu=a'h) (Pl(iﬁ) i P2(;>9)>)
3 4

= Eo(v)) (f(_mTﬂ) (2290(:57 0) - pi(z, 9)) ~flu=ah) (Pl(iaa) " p2(iv 9)>)
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There is a one-to-one relationship between the test functions 11 (x), ¥2(x) and A1 (x), A2 (2):

) (g e POEORE O (e O, 0)
a(e) = ~nfa) (ot 0) + 22EIEED ) — ) (o 0) 4 2220 0) )

Va(@) = = () (p1 (2, 0) + 2po(w, 0)) = Ao () (p1 (w,0) + dpo(, 0))
M () =~ () (2 " W) +a(a) (1 ; W)

2po(x,0) 2 pi(x,0)
pi(z,0) L p2(z,0)
A = 14— ) - Z )
o(0) = 01(o) (14 220 — (o) (5 + 220
The score component sg(y, ) can be build from the test functions ¢4 (x) = —:cflgj(fgf ) and Po(x) =
_ e’ B
p2(z,0) -~

We can express similarly the other components of the score function. For the component w.r.t. the threshold

value p, ¥ (z) = 0 and ¢o(z) = M; for the component w.r.t. the parameter v of the c.d.f. of the error

p2(x,0)
T (T
term, 1 (z) = % and ¢ (z) = %x,e)ﬁ)'

In order to compute a moment robust to the parameter estimation uncertainty, one has to compute first

the covariance between two moment restrictions, m(y, z,0) = A (x)(y — Epy) + X2(z)(y?> — Epy?) and
n(y, z,0) = va(z)(y*> — Eoy?) + v1(2)(y — Epy):

Covg(m(y,x,0),n(y,x,0)) =Ex [p2(2) A2 () (Egy* — (Egy®))] + Ex [v1(z)M1(2)(Eoy® — (Eoy)?)]
+ Ex [(ni(z)Xa(z) 4+ v2(2) M (2)) (Boy® — (Eoy®)(Eoy))] -

We can use these results with (9) to achieve the construction.

Proof of Proposition 3

Let first consider the generating function of the orthonormalized Charlier polynomials C%,(y), m € N:

+oo m
w w\Y
> Ca) = (1-2)
Jmlam a
m=0
Here the marginal distribution of y; is a Poisson with parameter £ .

Using the previous expression with y = ¥, and assuming that the sum can commute with tE1’ one obtains:

w™ w w\ Yt
=" (1 _ E) . (46)

We know (see, for example, Freeland and McCabe, 2004) that the conditional probability p(y:|y:—1) of y:

+oo
Z t‘—ElCm (yt)

m=0

conditional on y;_1 is:

min(ye,ys—1)

e
p(Yye|ys—1) = Cy (1 —a)¥ 17—,
(yelye—1) ;:0: @ ( ) (ye — s)!

*uluytfs

We use this expression to compute the following conditional expectation
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oomln(k Yt — 1 _ _ k

w(l — «) < e Hyk—s w(l — a)

. 2 : § S S _ Yt—1—S5 — I
1<1 ) = Cua@t=0) (k—s)! (1 7 >

Yt—1 400 _ k—s k
e M w(l — )
— S S _ Yt—1—5 — 7
Z cht—l (]‘ a) (k _ S)' <1 L >

Yt—1 s
1—
=305, at(1 -y re v (1 _wl-a) O‘))
s=0 l K
_ e—w(l—a) (1 o CMU(]. — a))l/tl
o

+00 ye—1
u m 1—
E Gl (y) — e = ¢ (1 _owll=a) a))
m=0 = m)! (L)m

and so, making each term of w"* equal, we get:

ECp” () = 0" O ().

_n
Cm ® (y¢) is therefore an AR(1) process with parameter a™. The expression of the covariance follows

immediately.

Pearson chi-squared test

Under standard mathematics, it is easy to prove that:

T ml(yi»eo)
1=
mr—1(yi, 0°)
where
P —-pY)  —pipy ... —p9p%_4
s | Pipd P P3P
| Pk o P (=D |
and:
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1 1 1 1
—_ _l’_ —_ —_ —_
Pl Pk P P
1 1 1
—_ —_ _|_ —_
e P Pk
1 1,1
| e e T

Following (4), the test statistic based on my,...,mx 1 is the well-known Pearson chi-square statistic. Let
T

¢ = Z 1{y; € C;} than:

i=1
K-1
_ (¢ =99 2
E=ATx"tA=n ﬁﬂLTZ(ql‘—p?)(qg'—p?)
=1 P TPk Pk 555
(qj—p?)2 1 (& 0
=n — T —p)?+2) (4 (9; = pj)
i#K J K j:l 1<j
47
012 K—-1 K—-1 2 ( )
(¢ — pj) 1 0
=n 0 + q; — p;
irx Vi Pr \ = j=1
K 012
(¢; —pj)
=n Z 0
PRI ¢

Proof of Proposition 4

We first compute the covariance between one component of the moment and the score function:

OJln 0
Eo (ma(3.0)sa(s)) = B (LY € Cu — (o) (Lt ) = 2.
Moreover:
K K
Olnp, GlnpC 5pc
[Bo (sa(w)sg W)];; = D_pe(0)=55=(0) = (0)-
c=1 4 c=1 J
9p1 Op1
001 Tt 00
Let K = P = [pl...pK_l]T,D = diag(p1, ..., Px—1), S = [s0,(y), --., So. (y)]T,
OpK—1 OpK—1
001 Tt 00

M = [mi(y,0), ..omp1(y,0)] and MT = M — K [Eg(S5T)] " S.
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We know that VM = D — PPT = X. Using the previous results, it appears that:

0
P () D! : p T
BSSH = KT O o) o0 ()
001 00
25 (0) ] u
0 ... 0fpy “®
[ 9 o i
a6, () 26, (0)
=K'D'K 4+ —
PK
G0 | | FEO
And:
3 (0)
=-K'[1,..,1]=-K'2 (49)
3= (0)

as the sum of the derivative of the p;’s with respect to 6 is equal to zero.
Thus:

1
Ey(SST)=K'D'K+ —K'J3TK
P

(50
=K' (D-PP") 'K
We can therefore compute the asymptotic variance of the robust moments M .
VMT =VM — Eo(MS")[Eo(SST) ' Eo(SMT)
(5D

~D-PPT-K[KT (D —PPT)’lK}_lKT.

It follows immediately by the central limit theorem that
- XT: ((D-PPT)"#MT(y,0)) — N(O,1d—UUTU)UT)
\/ﬁ prt (3] 7L—>+OO )

where U = ((D - PPT)*%KT).
It is easy to prove that the rank of the variance matrix is equal to K — 1 —7k(U) = K — 1 —rk(K ") =

K —1—sassoonas s < K — 1 (if not, the system of moments is degenerated). The eigenvectors are

L 28 () — ;1 % (0)

pi 001 T px 00,
e;=(D— PPT)2 :
op; o
v a0, (0) = 5, 0 ()

43



Let M]T = %ZiTzl m;r(yl,é)
MJT = qJ' 7pj — )\§

where g; = £ 7 1{y; =a;}.5= 157 s(y;,0) A= K [KT(D - PPT)"'K] .
We know from Rao (1973, p.188) that (see also MaCurdy and Ryu, 2003)

T 2
1 _1 2
= <\/ﬁ ;ﬂ: ((D—PPT) 2MT(yi,9))> ~ XK —1-s).

Moreover, £ could be simplified:

E=n

2 (52)

Z pj Pr \ = /

J#K j=1

K-1 <\2 <\2
—n (¢; —pj — As) I (g5 — K + (K —1)As)

pj PK

o+ (0) %(9)

U= : : , PT =[p1...px_1] and D = diag(p1,p2, .-, Prc—1)-
AP _1 (] Opx—1 /)
5o (0) )

Backtesting VaR models

We consider here a GARCH(1,1) model with normal innovations.
_ 2 200y _ 2 2
re =/ 0i(0)er,00(0) = w+ri_y + Boi_q,

The score function is

sofry) = 22l0) ((0:”(9))2 - 1) .

The two expectations under concern are equal to

Olnoy(6) Olnoy(0)
VOSQ(T't) = 2E0 |: 89 89T
and D1noy(6)
no
Eof1{re < ~Val, 1)o7 () = ~aa6(00) o | 22t
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The unconditional robust moment is:

m=*(r,0) = 1{r, < —VaRj,_1} —a—

0®(qa) . [01noy(6) dlnoy(0) dlnoy(0)]
- 2q EO[ 807 }EO[ 80 807 } so(re)-

The test-statistic is modified through the variance term:

Vomt (e, 0) = Vo (1{Tt < -VaR§,_ 1}) A (%Q;(%)Eb {31153;(9)] By {31%25(9) 3115;;(9)]1 se(ﬁ))

(1 o) @9 {8111075(0)} B [61110,5(9) 61110,5(9)} T [almt(m] T

2 067 00 067 097

The last matrices can be estimated in the sample using the following classical results:

811’10}(9) o 1 1
ow 202(9) 1-3
Olno (0 b1
oy 202 Zﬂ ik

Olnoy (0 —
0B 202 Z s
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Figure 1: Prices and estimated volatility- S&P 500, 2005-2007
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Table 2

Size and Power of the tests for probit models

h(z)  Size Size* T(5) T(10) T(0) Logis. H-02 H-04 H-06 0-02 004 006

n = 500
1 49 71 129 80 5.4 5.6 187 540 835 663 999 100.0
x 34 205 145 175 4.5 5.1 6.4 151 263 412 98.0 100.0
x? 42 68 117 176 4.9 5.6 148 450 735 585 99.7 100.0

cos(x) 5.0 7.1 13.1 8.2 5.6 53 199 568 849 668 999 1000
cos(2x) 54 6.1 7.2 55 52 5.1 176 478 738 528 81.7 995
Omitted 5.0 69 105 73 5.8 5.6 22.1 63.7 90.6 71.0 100.0 100.0
Hetero 40 138 185 9.0 5.6 52 7.8 19.8  39.1 385 959 1000
Optilog 4.1 11.0 169 85 5.0 5.0 6.1 12.2 189 485 994 100.0
Opti-t5 38 105 156 78 4.8 5.0 59 11.7 182 475 993 100.0
Std 54 6.8 8.5 6.4 5.7 55 22.1 64.1 913  68.1 99.9  100.0
Gaussian 52 208 19.1 102 6.5 5.7 173 516 830 656 999 1000

All 58 951 176 104 7.5 6.4 122 33.6 62.1 51.6  99.5 100.0
n = 1000
1 43 59 16.0 10.0 6.4 54 337 844  99.1 954 100.0 100.0
T 27 160 222 10.1 6.4 52 8.3 223 416 619 999 100.0
z? 3.7 57 16.1 9.0 6.1 54 27.1 75.8  97.1 91.8 100.0 100.0

cos(x) 4.4 6.0 162 10.0 6.6 5.1 35.5 85.7  99.1 95.8 100.0 100.0
cos(2x) 4.7 5.1 7.3 5.6 5.7 55 30.1 747 923 85.0 983 100.0
Omitted 4.5 6.1 11.6 8.0 6.1 53 396 89.6 997 974 100.0 100.0
Hetero 36 107 279 117 7.7 54 10.1 292  59.0 576 99.8 100.0
Optilog 3.7 92 266 112 7.3 54 7.8 163 289 713 100.0 100.0
Opti-t5 34 90 25.0 10.8 6.9 54 7.4 15.8 279 703 100.0 100.0

Std 4.7 59 8.1 6.6 5.7 5.2 39.3 89.6 99.8 97.6 100.0 100.0
Gaussian 4.2 15.0 268 124 8.1 55 302 81.8 988 956 100.0 100.0
All 48 964 237 121 8.5 6.4 177 573 915 85.1 100.0 100.0
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Table 1

Ord’s family and orthonormal polynomials.

Name Py A B Q1

Recursive relationship

Poisson e "’fl, —(y—p+1) y+1 “—\;ﬁy

Qi+1(y) = %Qy( y) =/ 75 Qi-1(v)
y 5 .
I3 5 T'(y+9) pé—dy
Pascal (u+6) <u+6> oty @t -+ y+l s
w(2j+6)+6(i—y) j(0+5—1)
@i1(y) = V1 +8) (5+9) (]+1)Q3( v) - V (]+1)(5+])QJ 1(v)

Geometric (1-a)a —a(y+1) y+1 1—014:3,1;
1—a)(2j+1)+« j
Qi+1(y) = ( )(W]J; ﬁl Q]( ) — j]ﬁQj—l(y)
Binomial () pr(1—pNy —(y— Np +4) qy+1)

) o (N +
Qj+1( ) W ( ) (j-‘rl) N ])Q] 1( )

p”;;py = %. Q); is the orthogonal normalized polynomial of degree j.

Table 3

Size of the tests

6° known 6° estimated by MLE

n 100 200 500 1000 n 100 200 500 1000

Ch 53 48 52 50

Cs 51 47 52 5.1 Cs 47 48 50 5.1
Cs 46 48 50 52 Cs 41 46 49 51
Cy 27 34 37 43 Cy 25 31 36 42
Co_3 53 54 52 53 Co_z 48 50 5.1 52
Co_y 51 52 55 54 Co_y 45 49 53 54
CR' 51 53 52 51 CR' 48 49 50 49
CR® 30 46 53 5.1 CR® 31 45 52 50

Note: The data are i.i.d. from a Po(2) distribution. The results are based on 10 000 replications.
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Table 4

Power of the tests

Binomial distribution B(k, Z)

k=10 k=15 k=20
n 100 200 500 1000 n 100 200 500 1000 n 100 200 500 1000
Cs 262 552 942 100 Co 12.1 246 59.1 89.2 Co 80 149 352 639
Cs 0.9 12 22 4.3 Cs 14 1.6 1.7 2.1 Cs 20 20 21 2.1
Cy 06 08 14 2.6 Cy 0.8 0.9 1.1 1.5 Cy 12 13 1.4 1.6
Co_3 1377 356 858 99.7 Co_3 62 132 415 789 Co_z3 45 79 219 486
Co_y 8.6 260 775 99.1 Co_y 39 89 313 693 Co_y 31 55 157 379
CR' 103 242 706 97.7 CR' 26 73 278 617 CR' 28 61 157 336
CR® 34 181 739 983 CR® 27 9.5 352 67.1 CR° 25 70 201 384
Pascal distribution Pa(2.9)
6=10 0=15 0=20
n 100 200 500 1000 n 100 200 500 1000 n 100 200 500 1000
Co 287 472 822 979 Co 17.1 267 525 80.0 Co 123 179 347 58.1
Cs 12.8 155 192 228 Cs 94 109 13.1 144 Cs 8.0 89 104 113
Cy 89 125 181 234 Cy 62 83 115 142 Cy 5.1 6.6 0.1 10.8
Co_g 27.1 434 770 964 Co_g 168 249 471 73.6 Co_g 127 174 308 513
Co_y 246 396 729 949 Co_y 153 226 429 69.0 Co_y 11.8 16.0 282 46.8
CR' 168 270 56.7 876 CR' 99 149 296 543 CR' 76 108 18.6 33.1
CR® 115 220 520 856 CR®> 70 119 258 507 CR® 57 87 160 30.1
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Table 5

Backtesting VaR model. Size properties with a GARCH(1,1)-Normal process

6 assumed known

a=0.01 a=0.05
T 250 500 750 1000 T 250 500 750 1000
Cuc 102 7.6 42 6.5 Cuc 7.1 56 62 4.5
C. 41 48 89 8.5 C. 36 69 109 122
Suc 57 53 73 48 Euc 51 48 54 47
cos(rs—1) 58 79 131 145 cos(ri—1) 86 11.5 147 19.8
cos(ri—2) 53 56 59 6.6 cos(ri—2) 57 64 6.6 68
cos(ri—3) 47 56 57 55 cos(ri—3) 42 41 41 55
cos(T¢—4) 62 63 6.7 6.4 cos(ri—q) 57 59 63 5.7
cos(2ri—1) 74 63 67 6.7 cos(2ri—1) 5.1 45 47 57
cos(2r_s) 58 45 56 52 cos(2r_s) 40 43 43 5.1
cos(2ri—3) 50 57 59 58 cos(2ri—3) 65 59 60 438
cos(2ri—q) 52 54 49 6.0 cos(2ri—4) 5.0 5.1 5.9 5.6
Markov 1.8 40 62 6.7 Markov 57 70 89 9.5
0 estimated with the last 500 obs.
a=0.01 a =0.05
T 250 500 750 1000 T 250 500 750 1000
Cuc 10.1 7.8 4.7 6.4 Cuc 72 48 45 4.1
C. 40 48 8.0 8.4 C. 43 77 126 153
Eue 70 59 89 56 Euc 54 55 38 43
cos(ri—1) 64 7.8 114 135 cos(ri—1) 74 92 12.8 154
cos(ri—e) 6.7 6.7 6.1 6.8 cos(ri—2) 65 67 62 59
cos(ri_3) 59 66 62 73 cos(ri_3) 47 50 49 42
cos(ri—q4) 66 72 75 17 cos(ri—q4) 62 65 64 56
cos(2r;—1) 80 7.8 89 8.3 cos(2ri—1) 57 56 64 6.1
cos(2ri_s) 60 49 45 44 cos(2ri_s) 43 39 42 45
cos(2ry—3) 53 64 59 7.1 cos(2r,_3) 63 67 58 43
cos(2r;—4) 56 59 59 62 cos(2ri_4) 37 48 56 5.6
Markov 25 44 64 8.8 Markov 63 66 90 8.8
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Table 6

Backtesting VaR model. Power properties with a GARCH(1,1) process with Student () innovations

v=2_8
a=0.01 a = 0.05

T 250 500 750 1000 T 250 500 750 1000

Chuc 102 235 25.0 35.6 Chuc 6.6 46 3.6 2.8

C. 56 5.7 79 100 C. 50 87 112 144

Eue 184 232 356 355 Euc 45 39 23 26
cos(rs—1) 81 89 101 94 cos(ri—1) 64 74 109 136
cos(re_s) 147 165 213 240 cos(re_s) 48 48 48 45
cos(ri—3) 147 163 21.8 225 cos(re—z) 57 39 49 40
cos(ri—g) 124 159 18.6 21.7 cos(ri—g) 4.0 45 33 40
cos(2ri—1) 10.1 9.7 99 108 cos(2ri—1) 42 50 55 46
cos(2ri—2) 99 100 82 9.1 cos(2ri_2) 46 37 34 34
cos(2r;—3) 104 11.1 9.6 93 cos(2ri—3) 3.6 4.6 4.1 3.6
cos(2ri—4) 9.0 98 8.0 9.4 cos(2ri_4) 34 39 44 3.9
Markov 6.5 136 216 282 Markov 6.1 67 82 8.9

v=2>5
a=0.01 a = 0.05

T 250 500 750 1000 T 250 500 750 1000

Cuc 13.6 322 372 505 Cuc 88 84 83 9.6

C. 53 58 92 111 C. 42 70 102 124

Eue 239 322 502 505 Eue 52 58 5.1 7.9
cos(rs—y) 11.8 129 151 15.1 cos(rs—1) 7.6 9.8 132 17.1
cos(ri—2) 169 242 312 36.2 cos(ri—2) 54 56 55 5.0
cos(re_3) 192 241 290 340 cos(re_3) 55 60 46 52
cos(ri—q) 165 241 300 348 cos(ri—q) 47 47 54 54
cos(2r;—1) 11.5 11.5 10.1 106 cos(2r;—1) 37 31 29 3.4
cos(2ri—2) 9.9 10.1 9.5 109 cos(2ri—2) 24 37 35 32
cos(2r,_3) 9.8 108 98 117 cos(2ri_3) 29 31 34 29
cos(2ri—4) 99 92 93 95 cos(2r;—4) 33 30 26 3.0
Markov 82 197 31.0 409 Markov 75 84 11.1 129
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Table 7

Backtesting VaR model. Power properties with Historical Simulation

a=0.01 a=0.05

T 250 500 750 1000 T 250 500 750 1000

Chuc 174 80 2.7 2.8 Chuc 150 94 48 1.4

C. 56 89 126 146 C. 5.8 131 173 235

Euc 8.7 5.6 5.2 2.3 Eue 12.1 9.7 3.9 1.6
cos(re_y) 9.0 114 188 229 cos(re_1) 127 211 276 334
cos(re—2) 79 125 156 189 cos(ri—2) 109 17.6 20.8 27.7
cos(ri—3z) 6.5 104 152 153 cos(r—3) 10.6 142 194 223
cos(r_s) 63 72 100 124 cos(ri_s) 103 118 150 183
cos(2r;—1) 64 54 6.1 5.3 cos(2ri—1) 5.1 5.5 5.2 5.4
cos(2ri—2) 58 62 57 60 cos(2ri_o) 44 49 52 52
cos(2ri_3) 69 T4 17 68 cos(2ri_3) 63 62 55 49
cos(2ri—4) 64 63 62 57 cos(2ri—4) 48 55 51 54
Markov 48 6.6 8.1 11.2 Markov 15.0 13.1 134 163

Table 8

Index of Hit sequences for the 1% VaR Forecasts, S&P 500

G-N 34 71 191 202 264 345 353 357 479 540 550

591 610 642 644 650 654 - 704 713 717
G-St - 71 191 202 264 345 353 357 479 540 @ -
- 610 642 644 650 654 - 704 713 717
CF - 71 191 - 264 345 353 357 479 540 -
- - - - - - - 704 - -
FHS - 71 191 - 264 345 0 357 479 540 550
- 610 642 644 650 - - 704 713 717
HS - 71 - - 264 345 353 357 - 540 550

- 610 642 644 650 654 667 704 T13 717
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Table 9

Backtesting 1% Var models, S&P 500

GARCH(1,1)-Normal

GARCH(1,1)-Student

T 250 500 750 T 250 500 750
Cuc 0.77 (0.38) 2.61(0.11) 14.44 (0.00) Cuc 0.09 (0.76 ) 1.54(0.21) 8.94(0.00)
C. 0.13(0.72) 0.33(0.57) 1.10(0.29) Ce 0.07 (0.79) 0.26 (0.61) 0.79 (0.37)
Suc 0.91(0.34) 3.23(0.07) 21.04(0.00) Euc 0.10(0.75) 1.82(0.18) 12.15(0.00)

cos(ri—1) 0.91(0.34) 3.23(0.07) 21.04(0.00) cos(ri—1) 0.10(0.75) 1.82(0.18) 12.15(0.00)

cos(rs—2) 0.91(0.34) 3.23(0.07) 21.04(0.00) cos(rs—2) 0.10(0.75) 1.82(0.18) 12.15(0.00)

cos(rs—3) 0.91(0.34) 3.23(0.07) 21.04(0.00) cos(rs—3) 0.10(0.75) 1.82(0.18) 12.15(0.00)

cos(ri—g) 0.91(0.34) 3.23(0.07) 21.04(0.00) cos(ri—4) 0.10(0.75) 1.82(0.18) 12.15(0.00)

Markov ~ 0.90 (0.64) 2.94(0.23) 15.54(0.00) Markov  0.17(0.92) 1.80(0.41) 9.73(0.01)
Filtered HS Historical Simulation

T 250 500 750 T 250 500 750
Cuc 0.11(0.74) 0.19(0.66) 5.87(0.02) Chuc 1.18(0.28) 0.00(1.00) 7.34(0.01)

Ce 0.03(0.86) 0.15(0.70) 0.61(0.43) Ce 0.01 (0.93) 0.10(0.75) 0.70(0.40)
Euc 0.10(0.75) 0.20(0.65) 7.58(0.01) Euc 0.91(0.34) 0.00(1.00) 9.73 (0.00)

cos(r¢—1) 0.10(0.75) 0.20(0.65) 7.58 (0.01) cos(r;—1) 0.91(0.34) 0.00(1.00) 9.73 (0.00)
cos(ri—2) 0.10(0.75) 0.20(0.65) 7.58 (0.01) cos(ri—2) 0.91(0.34) 0.00(1.00) 9.73 (0.00)
cos(ry—3) 0.10(0.75) 0.20(0.65) 7.58(0.01) cos(ri—3) 0.91(0.34) 0.00(1.00) 9.73(0.00)
cos(ri—4) 0.10(0.75) 0.20(0.65) 7.57 (0.01) cos(ri—4) 0.91(0.34) 0.00(1.00) 9.73 (0.00)
Markov ~ 0.14 (0.93) 0.34(0.85) 6.48(0.04) Markov ~ 1.18 (0.55) 0.10(0.95) 8.04 (0.02)
Cornish-Fisher Approximation

T 250 500 750
Chuc 0.11(0.74) 0.72(0.40) 0.28 (0.59)

C. 0.03(0.86) 0.20(0.66) 0.22(0.64)

Euc 0.10(0.75) 0.81(0.37) 0.30(0.58)

cos(ri—1) 0.10(0.75) 0.81(0.37) 0.30(0.58)
cos(ri—2) 0.10(0.75) 0.81(0.37) 0.30(0.58)
cos(ri—3) 0.10(0.75) 0.81(0.37) 0.30(0.58)
cos(ri—4) 0.10(0.75) 0.81(0.37) 0.30(0.58)
Markov  0.14(0.93) 0.92(0.63) 0.50(0.78)
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Table 10

Backtesting 5% Var models, S&P 500

GARCH(1,1)-Normal

GARCH(1,1)-Student

T 250 500 750 T 250 500 750
Cuc 1.14(0.29) 0.71(0.40) 0.33(0.56) Cuc 1.14(0.29) 0.71(0.40) 0.55(0.46)
C. 0.60 (0.44) 0.03(0.86) 0.02(0.89) Ce 0.60 (0.44) 0.03(0.86) 0.05(0.83)
Suc 1.03(0.31) 0.67(0.41) 0.34(0.56) Eue 1.03(0.31) 0.67(0.41) 0.57(0.45)

cos(ri—1) 1.03(0.31) 0.67(0.41) 0.34(0.56) cos(rs—1) 1.03(0.31) 0.67(0.41) 0.57(0.45)

cos(rs—2) 1.03(0.31) 0.67(0.41) 0.34(0.56) cos(ri—2) 1.03(0.31) 0.67(0.41) 0.57(0.45)

cos(rs—3) 1.03(0.31) 0.67(0.41) 0.34(0.56) cos(ri—3) 1.03(0.31) 0.67(0.41) 0.57(0.45)

cos(ri—g) 1.03(0.31) 0.67(0.41) 0.34(0.56) cos(ri—4) 1.03(0.31) 0.67(041) 0.57(0.45)

Markov  1.74(0.42) 0.74(0.69) 0.35(0.84) Markov ~ 1.74 (0.42) 0.74(0.69) 0.59 (0.74)
Filtered HS Historical Simulation

T 250 500 750 T 250 500 750
Cuc 1.14(0.29) 1.65(0.20) 0.06 (0.80) Chuc 4.37(0.04) 3.02(0.08) 2.85(0.09)
C. 0.60 (0.44) 0.14(0.71) 0.00 (0.99) Ce 0.30(0.59) 5.79(0.02) 1.18(0.28)
Euc 1.03(0.31) 1.52(0.22) 0.06(0.80) Euc 3.56 (0.06) 2.69(0.10) 3.09(0.08)

cos(rs—1) 1.03(0.31) 1.52(0.22) 0.06 (0.80) cos(ri—1) 3.56(0.06) 2.69(0.10) 3.09 (0.08)
cos(ri—2) 1.03(0.31) 1.52(0.22) 0.06 (0.80) cos(ri—2) 3.56(0.06) 2.69(0.10) 3.09 (0.08)
cos(ri—3) 1.03(0.31) 1.52(0.22) 0.06 (0.80) cos(ri—3) 3.56(0.06) 2.69 (0.10) 3.09 (0.08)
cos(ri—q) 1.03(0.31) 1.52(0.22) 0.06 (0.80) cos(ri—g) 3.56(0.06) 2.69(0.10) 3.09 (0.08)
Markov  1.74(0.42) 1.78(0.41) 0.06 (0.97) Markov ~ 4.66 (0.10) 8.81(0.01) 4.04(0.13)
Cornish-Fisher Approximation

T 250 500 750
Chuc 1.14(0.29) 1.65(0.20) 0.06 (0.80)

C. 0.60 (0.44) 0.14(0.71) 0.00 (0.99)

Euc 1.03(0.31) 1.52(0.22) 0.06(0.80)
cos(ri—1) 1.03(0.31) 1.52(0.22) 0.06 (0.80)
cos(ri—2) 1.03(0.31) 1.52(0.22) 0.06 (0.80)
cos(r;—3) 1.03(0.31) 1.52(0.22) 0.06 (0.80)
cos(ri—q) 1.03(0.31) 1.52(0.22) 0.06 (0.80)

Markov  1.74(042) 1.78(0.41) 0.06 (0.97)
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