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-Abstract. We consider the problem of how to regulate a monevoelistic firm
whose costs are unxuewn to the regulator. The regulator's chjective
is to maximize a linear social welfare fumetion of the

consusers’ zurplus and on the firm's profit. In the oprtimal regulatery
policy, prices and subsidies are designed as functioms of the firm's

cost raport $¢o that expecced social welfare is maximized, subject fo the
constraints that the firm has nennegative profit and has neo
incentive to misrepresent its costs. We expliecitly darive the optimal

policy and analyze 1ts properties,
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l. Intraduction

In their classic papers Dupult (1952) and Hotelling (1938} considered
pricing policies for a bridge that had a fixed cost of constirucrion and zero
warginal cost. They demonstratred that the pricing policy that maximizes con-—
gusey weil-heing is to set price equal to marginal cost and to provide El ;ubsidy
te the supplier equal to the fixed cost, sco that a firm would be-willing Lo
supply the bridge. This first-best solution is based on a number of
informational assunptiona. First, the demand function 1s assumed to be Inown
to both the regulator and to the firm, While the assumption of complete in-
formation way be toe streng, the assumption that information about demand is
as available to the regulatcor as it is to the firm dees net seem unmatural.

& second informational assumption is that the repulator has complete infor-

makbion about the cost of the firm or at least has the same information about

vost 2s dees the firm. This assumption is unlikely to be met in reality, since

the firm would be expected to have better information about costs than would
the regulator. As Weitzman {1978) has stated,

"An eszential feature of the repulatory eavironment
I am trying to describe is uncertainty about the
exact specification of each firm's cost fupctiom,
In most cases even the managers and engineers most
clogsely assoclated with preoduction will be uan-

able ro precizely specify beforehand rhe cheapest
way to gemerate various hypothetical output levels.
Berause they are yet removed from the preduction
process, the regulators arve likely to be vaguer
stili about a firm's cost funcrion.” (p. &84}

As this observation suggests, it {s natural to expect that a firm weuld nave

better information ragarding its cests that would a regularor. The purpose



of rhis paper is to develop an optimal regulatory policy for the case in
which the regulator does not know the costs of the firnm.

(ne strategy that a regulator could use in the absence of full in-
formation about costs is to give the firm the title to the total social
surplus and to delegate the pricing decision te the firm. In pursuing its
own interests, which mould then be ro maximize the total social Surﬂlus,

the fira would adopt the sane margianal cost prlcing strategy that the
reguiatur would have lmpoSed if the regulater had known the costs of the firm.
This appreach has beewn proposed by Loeb and Magat (1979) butr leaves the
edquity issue unresolveéd, since the fira receives all the social surplus and
consumers raceive neone., To resolve the equity issue, Loeb and Magar pro-
pose that the right to the aonopeoly franchise be avctlioned among competing

firms as a weans of transferring surplus from producers to consumers. — How-

evar, if thers are no other producers capable of supply11g the
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aruduct efficiently, arn auctlaq wlll nut be Effectlve. Thus, in this
paper we will not assume that an efficient zuction could be conducted.
In the absence ¢f the auction possibility, it is clear that consumers would be
hetter off by allewing the fitm te operate as a monopolist rather than
transferring the total surplus fo the Ffirm, since in that case consumers would at
least recelve some benefit from the firm's outpub. Another approach that
might he considered re transfer surplus from producers to coansuzers would
be to levy a luop—-sum tax against the firm. WwWhen the regulater dees not know
the c¢ost, however, it rums the rigk that if the tax is set too high the fim
aay decline to supply the good.

The approach taken in this paper to resulation under asymmetric
information is based on the work of Myerson (1979) (1981) and iavolves the
design of 2 regulatory policy which recognizes that the Ffirm mav have an incen-

tive to aisreport its cost in order to obtaip a wmore favorable price. An



incentive-compatible repulateory policy in which the firwm has ne ifncentive

to misrepor:s irs cost can, however, be shown to be at least as good as any
nov~incentive-conpatible regulatory policy, so the regulator need only

congider incentive-compatible policies, That is, since the vegulator does not
know the firm's costs, the regulator must set the firm's price and subszidy as

a function of sone cost report from the firm, and the regulatory policy

must satisfy the constraint that the firm should have an incentive to report

the information needed by the regulator. Bec#use of this constraint, the
regulatory pelicy cam be optimal only in a censtrained sense, and a welfare loss

results from the informational asyametry.

The optimal regulatory policy necessarily depends on the repulacor's
prier infeorkation about the firm's coses, If it is optimal for the firm to
produce, the eptimal pricing rule will be shown to depend only om the regu-
later's informatiom about costs., 4s with the firsc-best solutien, the
optimal regularory policy wmder asymmetric information is such thart production
is warranted only if the social bepefit resulting from the optimal pricing
rule is at least as great as the "adjusted” fixed cost, In order to implement
a regulatory poliey, it is necessary to provide the firm with a fair rate of
return, and in Dupuit's and Hotelling's complete-information case with a
constant marginal cost and a fixed cost, a subsidy equal to the fixed cost
iz used to induce the firm to produce. In the regulatory policy considered
here, & subsidy is used both Eo reward the firm sufficiently go thar it will
preduce and to induce the firm to reveal its costs,

In Baction 2 we define the basic model use& to describe the regulater's

problem and in Section 3 we apalyze that problem and derive the opoimal



regulatory policy., In Section 4 the general properiies of this optimal
volicy are discussed. The special cases of known fixed costs and of known

marginal cests are discussed in Sections 3 and 6.

2. Bazic Structuras

To model the problem of regulating a natural monopoly when its
cost structurs 15 not known to the regulator, we could let the monopolistic
firm have costs determined by some functien Cig, #), where gq 1z the quantiry
preduced and B is 2 cost parameter that is unknown to the regulater. To
keep the problem mathematically tractable, however, we shall assume that the

firm's cost function is bilinear in q and B, of the forp

Ci{g,8) = {cD + clﬂ}q + {kn + klﬁ} if g>0, and C(0,8) =0, (1

> B oand &, > 0.

1 -

where Chys cl, kD, kl are known constants satisfying cl

For mathematical simplicity, we assume that the range of possible § is bounded
within some known interval frem &, to 8, C oy < 8,7,

To interpret this cost function, observe that kg + klﬁ Tepresents a
fixed cost incurred to produce any positive output, and ¢q + clﬂ re-
represent the sarginal cest of producing esach unit after the first., For ex-
ample, this formulation is general enoush to Iaclude, as special cases, the

case of unknown marginal costs ({q,3) = k, + 9g) and of unknown fixed cests

0]
(Clq,8) = & + cﬁq}, which #will be discussed in Sections 5 and & respectively.

We assume that the firm kncwsthe true value of its cost parameter €,
sut that 8 is not kaown to the regulater. Furthermore, the regulator is not

assumed to be able to audit the cost actually incurred by the firm, so that

the regulatory poliecy cannot be based on the true cost of the firm.



Thus, if the regulator asks for a cost rveport from the firm, we must anticipate
that the firm would misyeport its cost function whenever this was te its
advantage.

The regulator's problem is to decide how the firm's regulated price
and subsidy ghould be determined, as functioms of some cost report from the firm.,

The following observation is central to the analysis of the regulator's problem:

Proposition. (The revelatien prineiple.) Without any loss of

generality, the regulator may be restricted te regulatory pelicies
which require the firm to report its cost parameter § and which

give the firm ne incentive to lie,

In different contexts this revelation priciple has been discussed
in several other recent papers {see Dasgupta, Hammond, and Maskin (1979),
Gibbard (1973), and Harris and Townsend (1981}, and Myersom (1979)). To
ses why it is true, supgose that the regulacor chose some general regulatory
policy, wot of the form described in the voroposition, For each possible
wvalue of é, leﬁr ¥(8) be the cost réport that the firm would
submit if i¢s true cost parameter were §., That is, ¥(3) maximizes the firm's
expacted profic, when it is confreonted with this regulatoery pelicy and its
true cost parameter is 9. Now consider rhe fellowing new regulatory policy:
ask the firm to report its cost parameter 9; then compute ¥{£); and then en-
force the regulations that would have been eafcorced in the eriginal regulatory
poliey if Y(8} had been reported there. It is easy to see that the firm
never has any incentive to lie to the regulator in the new policy. (Otherwise

it would have had some Incentive te lie to itself in the originally given



poliey.) Thus, the new peolicy is of the form described in the proposition,
and it always gives the same outcomes as the original poliey.

Following the Bayesian approach, we assume that the regulator has some
subjestive prior probabilivy distribution for the unknovm parameter 8, prior
to receiving auy cost reports from the firm. We let £(.) be the density
function for this probability distribution, and we assume that £(0) is a

comtinuous function of 9 wich E(9) » 0 over the interval [%j, Bl] and with F(8}

denoting the cumulative distribution fumection for 6,

The damand.function is assumed to be
kaown by both the firm and the regulator. We let P{-) depote the inverse
demand functien, so that P(q) iz the price at which the consusers
demand the output q,

Ignoring incone effects, the total wvalue V{g) to conSuﬁers of an

cutput quantity 4 is the area under the demand ¢urve, given by

—

q -
v(g) = [ P{addq. (2)
0

The consumers' surplus is then ¥{g) - gqPF{q).

We assume that the regulater has consuder and producer surplus ob-
jeetives, and has three basic regulatory fnstruments available to achieve its
ohiective:

13  the regularor can decide whether to alleow the firm te do business

at all;

2) if the firm iz in business, then its price or quantity of output

may be regulated; and

3} the firm 2ay be given a subsidy or charged a tax.

Wew, using the revelation principle, we may consider oaly vegulateory policies

under which the firm's cost report will reveal its cost parameter 9, so



the regulatory instruments can be chosen as functions of 6. Thus, we
shall describe a regulatory policy by four outcome fumctions (r,p.q.%),
to be interpreted as follows. For any*gin [ED,SL], if the fira reports
that its ¢ost parameter i3 g, then r(a) iz the probabilicy that the
ragulator will pernit the firm teo de business at al.‘L.l Since I{E) iz a

probability, it oust satisfy
0 < (8 < 1. (3)

£ the fira dees go inte business afrer reporting ©, then v(8) will be its
regulated price, and q(@} will be the corresponding quantity of output,

satisfyingz
p(8) = P{q(8)), {43

Finally, 5{63 will be the expected subsidy paid te the firm if it reports
cost parameter g. For example, if the firm would get a subsidy s*fé] if
it were allowed to go into business, but would zet no subsidy if it wers not
allowed to go into business, then the expected subsidy is s{%} = r{g}s (a}.
If s{g] i5 negative, then it reprasents a tax on the fimm,

The firm is azsumed ko be risk neutral. Thus, given a regulatory
poliecy (r,p.q,s), if the firm's cost parameter is 8, and if the firm reports B
honestly, its expected profit w(2) is

m{3) = [p(8)q(8} - {cﬂ + clﬁ)q(ﬁl - ¥y - kle]r(GJ + s(8). (5}

Cal

if the firm were te misrepresent its cost and report 6, when B is iks true
cost parameter, its expecred profir would be

~ ~

76,9 = [p(B)a(B) ~ (ep + ¢,8)a(®) - kg - k;51x(3) + () (6)

Thug, to guacvantee that the firm has no inecentive to misrepresent its cost,

we must have



* o
m{8) = paygimum ¥ (3,9 {72
B
for all@in [BID, Bl].
We agsume that the regulator cammot forge the firm to cperate if it
expects a negative profit. So the regulatory policy oust also satisfy the
individual rationzlity condition

mE >0 {8)

for all & in [Eﬂ,al].

We zay that a rvegulatory policy (r,p,q.s) is feagible if it satisfies
the four econstraints (3), (4), (¥) and (8) for all & in [50,81]. Thus, when
the regulator uses a feasible regulatory peliey, the firm will be willing to
gubmit honest ¢ost reports and to operate whenever pernitted., The regulatnr 5

problem is to f1nd a feasible regulatary pollcy that oaximizes secial welfare,

—. R [P — e = [P - -

which would be $pecifled next.

e i an . e C—— s = - .. EEREEE - -

If the ccnsumers are rlsk-nEutral and have addltlvely separable utllltY

e e e eed - o oam P ey m—A— an o e —

for mane? and the firm 3 product, the net expected pain for the consumers from

a regu%atory pclicy {r,p q,s} would be>

[ 9O - 2@ 1) - s@)EE)e.
a

That is, the consumers' expected gain is the expected consumers’ surplus
from the markerplace minus the fira's expected subsidy, which must be
paid by the consumers through thelr taxes. The regulator's expectation of
the firm's profit (befeore B is known} is

,81

}5 m{SyE(GdS.

G
We assume that the regulator maximizes a weighted sum of the expected

gains to consuzers plus the expected profit for the firm. Specifically,

wa assume trhat there iz some nuwber &, satisfving
0D« o<1,

such that the regulator's objective is to maximize



5 8
ISL (1¥(q(8)) ~ p(3)q(8)1x(8) - s(BIIE(BIES + ufélviﬁ}fiﬁ)de. (9

G 0

3. Perivation of the Optimal Poliev

We firsr state and prove two lemmas which provide a more ugeful
characterization of the regulator's problem than the definicions given in
the preceding section,

Lemma 1. A regulatory policy is feasible if and only if it satisfies

the following conditions for all € in [BD,El]

0 <x(B) <1, (3)
pl8) = P(g(8)), (4}
Bl ~ ~ ~
T(8) = (8 + Ie £{8) (e;a(8) + k,)do, (10)
n(qg > 0, and {11}
r{g) (c q{8) + k) > r{;}(c q{a] + %) for all 5 > B. £12}
1 1 - 1 1 it

Propf. First we show that feasibility {dzfiped by couditians {3}, [&),
7}, (8)) ipplies the conditions in the lesma. Since [3) and (4) are simply
repeated from the definition and {(11) iz implied by (8), we only need te show
(10} and (12},
From (7} for any B and g
R(@) > 1(8,8) = 7(8) + 1(B)(c,a(8) + 1) (3 - &), (13)
using the definitions (5) and (6). Thus

£(8)(e,a(B) + X )(8 - 8) < T(B) - T(E) < T(@)(cal®) *kI(E -9 (14)

whare the second inequalitry follows from the analogue of (13} with the roles

Fal

of 2 and 9 reversed, Then (12) follews from {14), whan 9 > 5.



Since r(ﬂ){clqiaj + kl} iz a nonincreasing function of 8, it must

l]' Thus, if we divide (14} by

{6 - 8) and take the limit as €+ §, we cbtain

be contiauous almost evervwhere in [Eg’ g

Ll ~

TH{E) = -r{B}{cl{B} + li

for almost all 8§, Integraring implies that {10) nmust hold for any feasible
regularory policy.

Comversely, we must show th%t condirions (7) and (8) are implied
by the conditions in the lemma. Condirion {8) follows easily frem {10)

and {11}, since ¢y > 0 and k. > O by assumption. 1o prove (7), c¢bserve that

1
{10} iomplies

T(8,9) = M(O) + r(®)(c,a(®) + k) (8 - 9)

fﬂ e o -~ e Ll
= Tr{Ei}-fe [£{8)(ca(®) + &y} = r{B)(c q{8) + k,)]db.

If 9> 8 then the integrand is nonnegative {since 8 < B by (12}, se

L~ -~ ) .- .
T (8,8) < a{8). If 2 <0 then the integrand is nompositive, but them the
integral is nonnegative (since the direction of integration is backwards},

*A
so that T {§,9) < =(B) still holds, as (J) requires. Q.E.D.

Lemme 2. For any feasible regulatory policy, the social welfare

function (9) is equal o .

= Rz (9 ]r(®E(8)a8 - Q - ays (8}

]
1 T
je (v(a(8)) - (e + cpz (8))a(®) - X,

0

where

Fig)

zG{E} = 8 + (1"a}f{5}'

Proof, Frowm the definicion of (B} in (%), we obtitain
p{8)q(Br(B) + s(8) = w(9) + {{EG + cle}q{S} * kD - klﬁjr{B].

Alse, using (10} from Lemma I,

(13)

(16}

(17)
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8
[} w(eye(e)ran

%

5, 8, o~ - .
= [ r@r(e,a® + xpde 4 e )rECoIa8
g8 8

o
51 ot ~ B -
= [ T r@ite,a® + xS £(oraeae + M5
8 1 g 1
0 0
81
=[P r®)e,q®) +kDFE®IE + (8. (18
g
0

Substituring {17} and {18} into (9) vyields

9
[ (a8 - p(8)a(3)1r(8) - s(9) + an(8))£(6)do
80
Ial
= J (veqd) - (eg + ¢,9)a(8) - ky - ¥, 0]e(¥) - (1 ~ «)u(6))£(8)d8
%
El
= ] 7 va(e)) - (o + e8)q(0) - Xk - K 3Ir(8)£(9)a8
8
a
¥y
- -a [T REY(e q(8) + X )r(8)d8 - (1 - wa(d).
5
0
Formula {153) then follows by straightforward simplificacion. Q.2.D.

Lemma 2 gives a strong sugpestion as to what the optimal policy should
be, Tﬁe integrand iu {15} is maximized for each @by choosing q(8) to maximize
Vi{g(d)) - {cﬂ + £, za{E]}q{ﬁ}j and by letting r{B) equal one or zero depending
en whether the bracketed expression iz posicive or unegative., Then the subsidy can
be choseén so that T satisfies conditiens (10} and (11). But this solution will
net be feasible unless the nonotonicity condition (12} is also satisfied, and

this condition implies that za(B} must be nondecresgsing in 8. Unfortunacely,



“for some densicies £{-}, (156) need not vield a meonotone za{-) funcrion., With
some garefully chosen defiﬁitiOns, therefore, we now construct another func-
tion which is ¢losely related to zm{-}, but which is always monotone non-
decreasing.

Given za{-J as in {(1&), let

_ -1
h ($) = z_(FT1(s)) (19)
for anv ¢ between 0 and L, (Notice that the cumulative distributiom function

F(B) is striectly increasing, so that it is indeed invertible}. Let

& . -
B(0) = | n(e)as. (20
0

Hext, using the notation of Rockafeller (1979, page 36), let
Ha{¢] = Conv Hu{¢)_ (21}

That is, ﬁ;(-} is rthe highest convex function on the imterval i0,1] sacis-
fying ﬁﬁ{¢} j_Ha(¢} for all2£0,1]. Since E& is comvex, it is differen—

tiable aloost everywhers. Then lat

h (¢} = R () (22}

whenever this derivative is5 defined, and extend T {(¢) by right-conrin-
v

ity co all 0 < 3 < 1. Finally, let

za{B) = ha(F{E)}. {23}

The following lemma summarizes the properties of this Eﬁ{-} funetion
that are nseded to derive the optimal poliey,
Lemma 3. There exists a coptinuous functicn{;;[90,51]+IR such rhat
4}

G (By >0 for all 8, Eﬁ(%) iz loeally constant whenever G (8) > 0, and
x - @

g G

0
[ ameoe@as =f 5 a@z, @8 - [ 1 ce)dam (24)
5 8 =0

0 D =Y

l
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for any monotone function A(-}, Furthermere, za{El] ig a nondecreasing Ffune-

tion of &, and if za{E} is a4 nendecreasing function of 9 then Eﬁ{ﬂ} = zu{ﬁ}
for all &,
Proof. The funcrion GUr in the lemz=a is

€o(8) =/ (F(®) - ﬁa(F(eJ}.

G 1is continuous, Since H and ﬁ& are continuous functicns. By coustriuction
o

15 flat {so that ﬁﬁ'==ﬁa is locally constant) whenever

=

- T _}— =
of Hﬂ, H > Hﬁ, and Ha

B, > ﬁﬁ. To derive equation (24), use integration by parts to get

8, 3
Il a8 - 7 (3))£(8)de
a w3 o3
Q
® %
=f Mﬁ)d[Hu(F{G}}-H‘a{F[ﬂ)}] = A(8)dG (8}
9-9, 8=g, @
ra]_
= 6 (8))A08;)-6 (8 A8 ) ~ ‘é=a G_(8)aa(),
0

Then observe that Hu{U} = Hﬁ(ﬂ} and Ha{l) = H&(l}, so0 that GQ(BD} = ﬁgﬁl} = 0,
bacause the convex hull of a continuwous function always egquals the funcoion

at the endpoints of the domain in I%. E&{B} iz nondecreasing because E& is

the nondecreasing derivative of a2 convex function. If za(ﬁ} were nomdecreasing,

and hu = hu and z, = z . Q.E.D.

then Hu would be convex, so thar Ha = H o "

a

We can now state the optimal regulatory policy. Let p®) and q(8)

be defined bv

p(g) = ¢y * clza(e;, {(25)

P(g(8)) = p(8). (26)

let T{9) satrisfy

L if ¥(q(8)) - 9(8)4(8} > &y + k% (8,
(g =

0 if ¥(q(8)) - P(BIQS) < Ky + kyz (8). (27)



~14=

and lex

5(8) = [(e, + cleﬁ{a) + &y + k8 - p(8)q(BY T (8)

1
al - r _ — oy

+ f t(0) (e q(8) + %, )de. (28)
g

The follewing theorem establishes the optimality of this pelicy.
Theorem. The regulatory wvolicy f;,E,E}E) given in (25) =~ {28) is feasible and
paximizes the social welfare function (%) among all feasible regulatory policies.
Proaf. First we check that the regulatery policy is feasible, using
Lemma 1. Conditiens {3) and (4) are obviously satisfied. To check conditions

{10} and (11}, we substituke (28) inte (53) to obtain

n —
mey = [+ £(8) (c,a(8) + k)48, and m(9,) = O.
B

Since E&{B) is neondecreasing, p { 8) is nondecreasing, and so q{9) is nen-

inereasing in B. HNotice that

%E [v{q) - P{adg] = -P'(q)q > 0

since V'(q) = P(q). (Recall {2)}.) Thus, the counsumers’ surplus V{q(8))-p(8)q(B)
is nonincreasing in 8, sinee q(9) is nonincreasing, and so r{f) is also non-
increasing in 2, Thus (12) is satisfied,

Now we show that the regulatory poliey is optimal. Hhen we sub—
stitute eguation (24) inte formula {135), using A{8) = -r(ﬁ}(clq(ﬂ} + kl},

we find that the regulator’s social welfare funetion (9) is eaqual to

&
Iel [V(a(8)) = oy + 17, (80 a®) - ky - k z (331 (B)£(8)dd
]
G
- [T gelr(® (cal®) + kDT - (-)w(s), (29)

S=BO
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for any feasible regularory policy. Since Gufﬁ) > 0 and [—r{B)(clq{E}-kkl}]

iz nondecreasing, the second integral ia {29) must be nonmegative for any
feasible poliey; but this integral equals zero (its optimal value) for the
poliey (T,p,q.5), because Eﬁ(ﬁ}, a(®), and T(8) are lecally constant when~
ever G,(3) > 0. In the third term in (29), (1-)T(8 ) > 0 for any feasible
policy {since @< 1), but this term equéls zerc (again, its oovtiaal wvalua)

at cthe peolicy {;;EZE}E}. Finally, to op#imize the first integral in {29),

we want to cheoese each gf(B) so that
= 17 - -y
0 = v {q@) - ey *+ o7 (8))
and we want te choose each v{f) so that

Lif V@) - (e, + cl‘z‘a(s})q{a} 2 ky F klza(e},
{8 =
0 if V(q(8)) - (¢ + cl;u{ﬁ}}q(ﬁ} <ky o+ klEa(e:-.
But these equations are equivalent to (25)-{27), since V'{q(8)) = P(q(8)),

so (r,p,q,5) maximizes the first integral in {29} among all fgasible policies.

86 (I,p,a,s) maximizes (29), which is equivalent to maximizing (9. Q.E.D.

4. Analysis of the Optimal Solution.

If the regulator had complete information about the firm's costs,
the optimal policy would be to set prigce gqual to marginal cost and to sub-
sidize the firm by an amount equal rto its fixed cost, unless this subsidy
exceeded the consumers’ surplus  in which case the firm would oot produce.

That iz, if 8 were known to the regulater, the complete-information solution

would be

p(3) = ¢ +c,8, q(9) = P loe)) (31)
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r 1 4if ¥(qi{8)) - p(91ql8) > kg F k0
r{8) = . (31)

0 if ¥(gq(B8)) - p(B)qfB) < kg + kle

s(B) = (x4 + klﬁ}r{B} (32}

Of course, this policy is not feasible for the repulator when 8 is unknown,
becauge it does not satisfy the incentive-compatibility constraint (8). The
firm would have positive incentivas te onisrepresent its costs, by reporting costs
higher then the true 5. However, it ig instructive to compare our optimal
policy (25) - {28) to this complete-information solution (20) - {32). The
optimal p{8), q(B) and T(B) are chosen as if the regulator were applying
the complete information selution to z,(8) rather then to 8. Since z,(9)
ia greater then B, this transformation from % re ;u(f:'i) may be viewad as an
accomnedation to the firm's incentive to overstate its costs in the complete
information solution. There iz no obviocus relationship berween the coptimal
subsidy s(8) in (28) and the complate-information subsidy in (32),
because s(8) is determined by the need to prevent the firm from mis-
representing its costs, whereas the subsidy in (32) was only designed to
cover the firm's fixed costs.

_ Another parallel between the optimal regulatoery policy
under unceriainty and the coaplete-information selution is that both (%)
in {25} and p{@) in (30) are determined independently of the demand curve,
That is, in both cases the optimal regulatory srice depends only on the
regulator's informarion about the fira's coscs.

Since the optimal regulated price p(8) is generally strictly higher

than the firn's marginal costs {co + clﬂ}, and since p(9) dees not depend
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on the demand curve, the optimal regulated price p(8) may in some cases be
higher than the uuregulated wonopoly price 9, (8} determined by the usual MR =

MC condition. To see that this can indeed happen, suppose ky = kl = 0 (so

fixed costs are zero) and consider a marginal cost cg + clﬂ and the corresponding
price p(8). Since p(b) is independent of the demand function, a demand functiom
can be chosen that intersects the price axis betweem marginal cost and the
regulated price p(8). Clearly, the monopoly price must be lower than p{9)

in this exaople, since demand is zero at p(%),.

from an ex post point of view, it may seem inefficient and para-
doxical for the regulater to ever force the firn to charge a price higher
than the unrepulared monopoly price., To understand why this may be optimal,
observe that the regulator wants te encourage the firm to admit that it has
low costs, whenever this is true, 3o that a low price can be set to generate
& large consumers' surplus. But to pravent the firs from misrepresenting
its costs when it has low costs, the regulator either must reward the firm
with subsidies for amnmouncing low costs or must somehow punish the firm for
anncuncing high costs., Such punishments way rake the form of forcing the firm
to charge a price above the monopoly price when its costs are high or of
not permitting the firm to produce (r(@)} = Q). From this point of view
supeImonopoly prices may be seen as a less extreme punishment than complete
shut~down, since they still generate some consumers' surplus,

In general, all the regulator's instruments (r,p,q.s) 4are used
together to guide the firm to honestly report its cost parameter while
generating the highest pessible social welfare, The optimal regulatory
price () is a nwondecreasing function of 9, while the quantity preduced g(9)
is noninereasing im . From {27}, the function r{d) is nonincreasing in 8,

- #
with ©(8) = 1 for all @ below the critical value 9 at which
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Vig(2 - B B = ko + g
(¢(2 1)) -~ p(8 3a(b ) = ky+ Kk, zu( 1),
— ¥
and with (&) = 0 (denoting shut-dewn) for all & above 8 , Differemtiating

(28) in the interval where r(8) =1, yields
sT{8) = q 8 « (ley + e 8] - [2(q(8)) + q(8) P’ (8N, (33)

Since q'(8) < 0, and since the second factor in (33) is just wmarginal cost
minus marginal revenue at q(9), s(B8} is decreasing in 9 when the regulated
price p {8) 1s below the monopoly price pH(E}, and 5(%) is increasing in 8
when p(8) }pH{E}' To underscand these results, observe thar the difference
between p{f) aud pH(E) tends to give the firm some incentive to misrepresent
its costs in order to obtain a price closer to the monopoly price. The sub-

aidy S{E} then oust vary with 5 ao as te offset this incentive.

HuWEVer whether the Subsidy is increasing or decreaslng E, the firm s

expected proflt ig always decreasing 1n.5 when r(E} = 1, since by (lﬂ}
ai{Ey = —rlﬁ}[clq{ﬁ) + kl)-

Consequenl:'ly, if the firm has a low cost parameter, it will be allowed to
earn a greater profit thaan if it had a high cost parameter ian order to
provide a reward for reporting its lower costs, ‘The profit W{Bl) of a firm
with the highest pogsible cost is zero, since there iz no need to reward such
a firm.

Let us now see how our optimal solution varies with g, the welght
given in the social welfare functionm to the firm's profits. First we must

astablish the following basic mathematical resulc, a corellary of Lemma 3.

Corollary. TFor amy @ in [B{] ,E]l], ?u_(ﬁ} is a nonincreasing funetion

o
L
=2

Proof. Pick any @ and B such thar Di Ct<8i1. Let 4{8) = ;B{B}-‘z_ﬁfﬁ}
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.
and let A'{0) = max {0,4(8)}. TFrom Lemma 3, we obtain

3
1 +
ja b7(8) (z5(8) ~ 2z, (8))d8
W]
O 4 1 +
= [T AT®neNe + [ ° (6 (8) - 6 (8)d[A ()],
g, 9=8, °

1 +
The integrand ﬂéiﬁ}ﬂ{ﬁl iz gbviously nounegarive for all §. Whenever A (9)
is increasing in 6, ESEE} must be inereasing in & and so GB{B} = 0. Similarly,
whanever ﬁ+(5} is decreasing in ¥, Eﬁ(ﬁ} must be increasing and so Ga(ﬂ} =0,

Thus (6 - G)dAT>0, and so J()(zy - 2 )4820. Bur 27(9)20 and

2

ZB{E) - zm{E} = (~8)F{9)/£(0)<D

for all B>SD, FoTe) &+[9} = 0 for all 9, which implies E&(B}_ﬁ EE(B). Q.E.D.
To get a more intuirive understanding of this result, observe thar,
in the special case when zaiej is increasing in 9, we have 2;(8} = Zu{E}w
Then, ZG(E) =8+ (1 - ) F(A)/E(E) dis seen to be decreasing in a.
The optimal regulated price p(8) = ey * clﬁgiﬂ) is thus a decreasing
function of g, while g(8) is an increasing function of ®. This feature of
the ¢ptimal solution wmay seem counteriniuitive, but it is due co the in-
gentive problem created by the asymmatry of infermation. To interpret the

welfare implication, substitute (1) and (5) intc the social fuactien (9]

to obtain

g
/ 1 [v{a{8) - C(q(2),51)x {8} - (1L - o) 1 (8)]I(E}dE.

by

G

The term (V(q{8}) - C(q{5),8))r(D) iz the gross surplus, and (1 - )7{H) may
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be interpreted as the welfare omission resulting from a weight smaller than one
given to the firm’'s interests, As o approaches ome, the welfare cmission goes
to zero, and the optimal regulated price decréases towards the marginal
cost, which in the limit wmaximizes the gross surplus.

The range of cost parameters for whiech the firm is allowed to
produce increases with @) that is T(B) is a nondecreasing funmction of o,

for any . To see this, recall the definition of 7(8) in (27), and chserve

that
2 @@E» - 2(ENIEY
= -P'(q(8))q(® 9g(8) > O,
3
while %E' {kﬂ + kl E&(E}) < 0. Thus B* is an increasing functionm of
o, where

8% < max (9] T(8) =1},

The profit of the fimm =ay be written as
4

! - -

T(8) = J’n Ce q(8) + x40
S$ince g and B* are both increasiang in @, 7(%) is an increasing function of u,
for any fixed 8. Thus, although rhe congsumers are paying lower prices as &
increases, the firm's total revenue must be increasing in a. For any 2,
gither the firm's subsidy $(6) must be increasging in @, or the price reduc-
tion must be associated with an increase in operating profit p{B)q(0)-C{q(8), B).
The latter conditign happens ouly in those cases when p{B) is higher than the

unregulated asonopoly price py(8), so we should expect that s(8} is usually
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(but not always) inereasing in «.

The net expected gain to consurmers,

Ial V() - POITE)) T(B) - s{(6)1£(3)d8,
1]

is a decreasing function of ¢, bacause the regulator is decreasing the
relative weight given to this term in his objective function as o increases.
To give an overall umeasuye of how the gptimal regulated prices wvary

with ®, we can compute the empected price E;(E}:

8
]_ —
eg + ¢ f:. z, (B)£(8)d8

"0

Ir

Ep{%)

5
1
c. + cl fa zuiﬁ}ffe}dﬁ

o

0

% %
= ¢, + oy Lf T 8f(8)d8 + (1-a) [ ~ F(8)48]
% % -

co * €y (GBS + (1-0)8.),

where EO is the expected value of the cost parameter. {In the above derivarien,
the second equality follows frow Lemma 3 with A(3) =1; the last eguality follows
from integration by parts.} When the firam's interests are given no weight
{u=0%}, the expected price is equal re the highest wossible marginal cost,
Cy + clﬂl. When the fira's interests are given equal weisht wirh the con-
sumer's interests (O=1), the expected price equals expected marginal cost.
Borween these extrenes, the expected price decreazses linearly in .

For the case of %=1, we get zl(B) =8, which is increasing, so by

Lemma 3,
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21(9} = zl(B} = f,
Thus, price is always equal to marginal cost ¢q + clﬁ when g=1, and our
optinal solution coincides with the solution proposed by Leeb and Magat

(19795,

3. The Case of Known Fixed Costs: An Example

To illustrate our optimal solutism, let us consider an exanple
with known fized costs. Let kl = cG = 0 and ¢, = 1, so that £{q,9) = kﬂ+ Bg
and © represents the unknown marginal cest. Suppose that 8 is uniformly

distributed on [ED’EI]’ so £(8) = lf{ﬁluaﬂ}. The optimal price Functionm is then

p(f) = 9 + (I-a)(8 - & ) = (2-a}8 - (1-q)8 for 55:[53,81],

which is increasing du & and has range TED,Bl + {l-ﬂ}{ﬁl—a 1.
o

Let us assume a liaecar demand funciion of the form

q = Phl{P) = a-bp, whereb > 0 and 2 > ZbBl.
Then the quantity q(8) that the firm will sell if its sarginal cost is B
is given by

a(8) = a - b{(2-1)% - (1-wg,l.
This function may be interpreted as an adjusted (inverse) demand Functiom
axpressed as a function of the warginal cost instead of the price.

The demand function and the adjusted desand fumetion are represented In

Figure 1. Let us agsume that the fixed cost kﬂ satisiies

so that the firmm will preoduce for any EE[Eﬂ,El]. The prefit of the firm is

_ ’el'_H o
T{8) = [ 7 a(f}) 43,

g

which is mositive for 5451 and ig represented by the slashed area helow
the adjusted demand functien zad above the horizontal line at 9 in Figure 1.
Thus,the firm's profit frem the optimal regulatory policy is egual to

what the consumers’ surplus would be if demand were shifred to the
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p’em FIGURE 1

= [

-1
Demand fonetiom, q = P T(p)-

Adjusted demand functiom, q = a(9).
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adjusted denand fumetion and if price were set at marginal cost.
That is, from the firm's persvective, the optimal regulatory policy
locks like the policy of Loeb and Magat (1979} (in which the zsubsidy

equals the consumers’ surplus) except that the demand curve has been effectively

shifted by the regulator.

The subsidy s{B8)} pald by consumers to the firm is fro=m {28)
& ~

5 = [lamas - ((BE) - 9IS - k)
g

I

where the last term is the operatiag profit of the firm. If kD ¢, the

subsidy for the example is negative and -s(8) is represented by the cross-

hatched area in Figere 1. The net gain to.éuusumers {v{E{Ej} - Efﬁ}afﬁ) - E{E}}
is thus the upper triangle sbove p(9) plus the tax (-s(9)) levied on the firm.
The welfare loss that results, because of the need to sereen the possible mar-
ginal costs that the fim might have, is the solid triangle renresented by the
difference between the price SIB) and the marginal cosc 9,

Az the weight o accorded the firmm's interests in the social welfare
function is increased, the price ;(E) decreazses and egquals % at ao=1. Tae
adjusted demand function rotates upward as @ iz increasad and coincides wich the
demand funetion for © EEED’EL] when o=1l. The subsidy paid by consumers to
the firm is then

S(8) = jﬁl(a—bajd;,

50 the firm is paid the entire surplus represented by the prices between d and

El vwhen asl. The welfare loss L(8} in our example is
5(6) 4 -
Lig) = J [P (e - a®)] dp
d

1 2
Fo{{1-a3 (8 -9,1)".



—Jh—

Thus, as o is increased, the welfarerlOSs is reduced, but alse the net consucer
surplus 1s reduced because of the greater subsidy paid teo the firm. TFor

cF; the welfare loss is eliminated, and the solution given here 1z essen-
tizlly the solution proposed by Losb and Magat (1979) in which consumers sur-
render all of the surplus corresponding to the possible marginal costs that

the firm might have.

6. The Case of Known Marginal Cost

Consider now the case in which the regulator xnows the parginal
cost but dees notknow the fixed cost. Let e = kﬂ = { amnd kl =1,
so that C{q,%) = & + Cyd and B is the unknown fixed cost. Then

B(@) =cy, and

_ 1 4f V. >z (8)
T(8) = 4] ;m
4] if ?O < zﬁ{ﬂ],
where

| -1
Vo = VRN (eg)) = egP (ey)-

-1 -1
The term v0==v(P {cﬂ])-cDF Uﬁ) i1s the consumer surplus resulting from a
price equal to marginal cost. Since Ea(e} is nondecreasing in 6, there

=
exists an @ such that

1 ife<g

(g =
i, it s >8,
where¢
w — -
8" =7 "y,
The subsidy paid to the firm is
(o +s™ o) = 8° 176<é

s(8) =1
r‘

Lo if 9> 8,



-25-

and the profit of the firm is
= *
e - if 8 <8
T{B)=
®
0 if g > 8,
*
Notice that € is nondecreasing inm o, by the Corollary in Section 4.

This regulatery policy may be interpreted as an awvetiom In ghien
the regulator offers to pay B* to the firm if it will produce and sell irs
output at the narginal cost g The coifer will be accepted if the firm has
a cost parameter at least as low as E* and will otherwise be rejected. A
welfare less can result becauss the fira is not allowed teo produce if it

*
has a cost parameter 2 between 5 and V. even though the consumer surplus

0
gxcesds the fixed cost. The welfare loss resulting in our optizmal policy
1s zero ifiigyﬂ because even in the complete information solution the firm
would not have produced. If6<§i the welfare loss is the difference be-
tween the subsidy (%) and the c&mplEte—information aybsidy £ less the
propertion o of profit included in the welfare function, The Jifference
A3 in the subsidy iz
A5 = (8" -8) = w(9),
witich ig the profit of the firm under the optimal policy, and the welfare loss
is thus {lﬂJ}W(S).. If the cost parameter satisfies Gﬂ<5< vg, so that the firm does
ﬁot praduce under our pelicy while it would under the complete-information

solution, the welfare less is the consumer surplus vD less the subsidy © that

would be paid in the complete information solution. The welfare loss L{8)

is thus * &
{l-2) (8 -8} ijp 829
= - *
L&) =3 ¥y - 8 i€ 8 <<y,
0 if B> ¥

The expected welfare loss is then obtained by taking the expectation of L{8).
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7. General Two-Parameter Uncertainty

In this paper, we have allowed that the regulator may be uncertain aboub
both the marginal cost awd fixed cost of the firm, provided that these Luo
unknowns vary collinearly. (Recall (1).) More generally, ome may iry to
compute optical vegulatory policies for cost funcrioms of the form

cq+k if g > 0

Clgie, k) =

G if 0 = 0
where ¢ and k are randon cost paramerers {kanowa by the firm) having sooe
general probability distribution on fﬂi. Although we have not been able tao
extend the optimal solution explieitly to this general two-parameter case, we
expect that most of the qualitative results discussed here should still be
valid. However, at least two of our mere technical resulis deo not extend fo
the general case. We can show examples ian which rhe optimal cegulatory policy
does involve proper randomization with respect te shutting down the firm, so
that v is strieccly berween O and 1 for some walues of the cost parameters.
Alse, the result rhat the optinal regulated price is independent of the demand
curve does not extend io the general Ewo-paramefer case.

for example, suppose that the two ¢ost parameters {c,k} could be {1,0)
{low costs), or ([,4) (high fixed cost), or (2,0} (hizh margionzl cest), all
with equal probability 1/3. Let demard be Piq} = 7 = 33. For a = 0, the

optimal regulatory policy is

p(1,0) =1, q(i,9y =2, (1,00 =1, s{i,0) =2
pll,8) =1, q{1,4) =2, r(1,8) =,5, s{1,4) =2
p{3,00 = 4, g(3,0) =1, T(3,00) =1, s{3,2) = -1l
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Hatice that, with ligh fixed c¢osts, the regulator must randomize over whether
to let the firm go inte busimess. However, if we Talse the demand curve to

P{q) = 8 - 3q, then the optimal regulatory policy changes to

p(1,0y =1, a{1,0) = 2.33, r(1,0) =1, (1,00 =4
201,4) =1, a(l,4) =2.33, T(l,4) =1, s(1,4) =4
p(3,0) =3, q{(3,0) = L.67, T(3,0) =1, (3,00 =20

Yotice that the regulated price for a Zirm with high marginal cust changes
from 4% to 3 as the demand curve shifrs. With the higher demand, it becomes
more worthwhile to keep the (1,4)-type in business, even though this requires
2 higher subsidy to the (1,0)-type. Then, with a higher subsidy to the (1,0)-
type, it is no loager nscessary to raise the price for the (3,0)-type to
scraen 1t from the {1,0}-type.

Essentizlly ithe two-parameter problem is more cooplicated because there
are incentive constraints in two directions to worry about. TFor example, a
low-cost firm {1,0) oust not be able to gain by reporting high fixed cost (1,4},
and it must also not be able to gaim by reporting high marginal cest (3,0).
Cf these two constraints, both are binding in ocur example with the lower
demand curve, bur oaly the first of the two constraints is bindiag with the
higher demand curve. The grearer difficulty in sclving the general case of
two—parameter cost funetions arises because of this ambiguity as to which of
these direcrional incentive—conpatibility constraints mnay be bindiag in the

regulator’s optinization problen.
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A regulatory pollcy that has 2 positive probability that there will

be no output aay seem unrealistic, but in the optimal regulatory policy

r(8) will equal one unless the consumez surplus is less thaun an

"adjusted" fixed cost,in which case ri(8) =G,

It is easy to show that if the firwm is risk-neutral then randomized pricing
policies cannot be optimal,. On the other hand, if there were uncertainty
about the demand curve, then the regulator wpuld have to choose betwesn
regulating price and Ietting guantity be random, er regulating gquantity

and letting price be random. Weitzman (1974) has studied thig issue

in a similar context. If consumers are homogeneous then nonlinezr

pricing policies like those of Spence (1977) are not relevant.

Bee Schmalensee (1972) for an analysis of the expected consumer
surplus as a measure of welfare,

I vb > ztﬁﬁl) then let 8 = 81. If ?G < za{eﬁ} then let & = ED'

These solutions c¢an be verified by standard Lagrangean techniques.
The key step is to linearize the incentive-compatibility aand
individual-rationality constraincs by writing them in terms of

q% = r+q, s° =8+ pra-T, and r.



