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ABSTRACT

The formation of firms is explained due to the existence of some
commodities which have the three properties:

-- cannot be transferred,

-- cannot be produced, and

-- cannot be marketed.

These properties give rise to the formation of Labour-Managed economies
for which we define an equilibrium. Under that definition no cealition has
the incentive to withdraw and form a new firm operating in the market with
the existing prices (for the marketed goods).

We investigate the existence and optimality of equilibrium allocations
in two cases:

(i) when workers may belong to more than one firm (i.e., "moonlighting"

is not excluded), and

(ii) when every individual may work in one and only one firm.

We consider also the Replica Economy, and prove the equivalence of

the core and equilibria allocations.



I. Introduction

In this paper the formation of firms is explained due to the
existence of some commodities (like initiative, skill, imagination, connec-
tions etc.), which have the three properties:

(1) cannot be transferred (i.e., individually specific),

(2) cannot be produced (but, rather, serve as inputs), and

(3) cannot be marketed, (i.e., the firm does not face a price per

unit in which it can acquire these commodities).

Clearly, types of labour (or more generally, "time") share the
first two properties. The third property is the main assumption on labour
in Labour-Managed economies [4, 7, 9, 10];i.e., labour has no price ('wage")
but rather receives a share in the value added., (A detailed description
of labour-managed economies, which concentrates on this very issue is
given in [4]). As Ward [10] notes:

"In Illyria a single class of inputs, labour, is singled out

for special treatment. The distinctive features of Illyrian
behaviour stem entirely from this fact."
We shall therefore refer to commodities with the above three properties as
types of labour. However, the model presented here is valid for any
economy with commodities (possibly other than labour) that have properties
(1) - (3). For example, the shares in Arrow-Debreu economy are
actually "types of labour." (Section III).

A labour-managed economy is an economy where production is carried
out in firms organized by workers who get together and form collectives
or partnerships. These firms hire non-labour inputs, including capital,

and sell outputs under the assumed objective of maximizing the welfare of
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the members. Since labour is not marketed, when a group of people
(coalition) forms a firm, it faces a technology set which uses only the
amount (and types) of labour its members have. It is only natural,
therefore, to use the production coalition economy (defined by Hildenbrand
[61). Under that approach, each group of workers S faces a given
technology set, Y(S). The correspondence Y(-+ ) assigning a production
set to every coalition describes fully the production possibilities of
the economy.

In a forthcoming paper by J. Dreze and the author, an analogy between
local public goods and labour-managed economies has been established. Thus
the definition we use here for an equilibrium is closely related to that of
a structural equilibrium in [ 5 ]. 1In particular, since workers can
choose the firm(s) they want to work in, we require that in equilibrium
no mobility will occur. There is no incentive for any coalition S to
withdraw from the existing firm structure, produce by itself vy(S),
distribute the derived value added (evaluated at the prevailing prices for
the marketed goods) in such a way that each of its members is made better off.

Two types of equilibrium are considered: When individuals are
allowed to belong to more than one firm (i.e., when "moonlighting" is

allowed) we call the derived partition a firm structure. When individuals

are allowed to work in one and only one firm, the derived structure is

called a coalition structure. In Section IV we prove, under standard

assumptions, the existence of an equilibrium with a firm structure. 1In
Section VII we prove, using the (necessary) additional "balancedness assump-
tion on the technology sets', that an equilibrium with a coalition

structure exists.
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Section V focuses on optimality properties of equilibria with
firm structures. It is proved that for every labour-managed economy
there exists an equilibrium allocation which is Pareto optimum. However,
it is shown that there are economies whose equilibrium allocation is not
Pareto optimum. Moreover, equilibrium allocations may even be non-
optimal relative to the existing firm structure! Recalling that individuals
are allowed to work in more than one firm (hence, no indivisibility
exists), these results are rather surprising. It follows that there
are equilibrium allocations that cannot be supported by efficiency prices
for labour.

The above results are in contrast to Meade's claim that both labour-
management and entrepreneurial management

"will lead to the same Pareto optimal equilibrium situations

in the long run, provided that there is perfect mobility of
factors and that there is perfect competition'" [7, p. 404}.

Using Dreze's formulation, the purpose of [4] is to establish Meade's claim
with a maximum of generality and rigor, and indeed Dreze accomplishes his
goal. The difference between our results and those in {4, 7, 9] stems,
obviously, from the different definitions of equilibrium used in the
above models. Naturally, I view the definition of equilibrium in this
paper as intuitively appealing.

In Section VI we show that the source of nonoptimality is due to the
inappropriateness of the'core' for coalition production economies. It
fails to allow a group of people, S, to form and produce in "sub-firms"
and share among themselves the total output thus derived. To enable such

actions we define the concept of the super-additive technology, which may



A
be of interest also in contexts different from the one presented here.
Using this concept, we prove in Section IX that the core of the replica
economy shrinks to the set of equilibrium allocations.

In Section VIII, the optimality of equilibrium allocations with
coalition structures (rather than firm structures) is investigated. We
show that in contrast to the results of Section V, there may exist no
equilibrium allocation which is Pareto optimum. On the other hand,
again in contrast to the case of firm structures, every equilibrium
allocation is Pareto optimum relative to its equilibrium coalition
structure.

The model, definitions and assumptions are presented in Section II.



II. The Model
There are m individuals, g marketed goods and £ types of labour.

By definition labour is individually specific hence the commodity space is

Rg+mz' Let aERg+m£ , denote:

a, = (al,...,ag)

)

a. = (

L ag+1,...ag+m£

a3 = Corii1yger ..., ety
M = {1,...,m} denotes the set of individuals each endowed with WlE Rg+m£

), i=1,...,m

and a utility function defined over his consumption set X' . Since labour
cannot be transferred, xléxl implies xi 3 =0 for all j 4 1
bl
Similarly, since i does not endow j's 1labour, 'wi 3 =0 Vj+1i
bl
Using the coalition production approach, each group of individuals, S ,
. g+my, . .
ScM, faces a production set Y(8)CR . Again, since labour cannot be
transferred nor is it marketed, y£Y(S) implies that Ve is produced by

using only the labour members of S own, i.e., y€Y(S) implies =0

YL,i

y <0

Viés. Moreover, since labour cannot be produced,
Y(S) can be derived from a more primitive technology ;(S)CRg+Z.

Indeed, since types of labour are defined solely by their productive char-
acteristics, technologically there can be no distinction between the same
type of labour provided by different individuals. Thus, ;5;(8) states that
;c can be produced by S wusing the amount of labour ;LéRz(regardless
which individuals contribute it). g(S) represents the potential production
possibilities available to S if and when forms. However, as labour cannot
be hired, we have to add the restriction that whenever individual ieM

contributes (ex-post) some labour to S , he must belong to that coalition.

We therefore "extend" the technology Y(S) to Y(S) in the following way:



v(s) = {yer®™ |y . =0 vjes, y,<0 and

’yL)J

(v.» Z (y; )ET(S)
c ies L?l
Remark 1: We could also impose the restriction:

i 1
-wlt

L L)for some xlexl, iés ,

yEY(S) = y; =2 2 (=
ies

i.e., the maximum amount of labour required does not exceed the maximum
amount of labour S can afford to contribute to production. However, in
equilibrium this condition holds, eliminating the need for the above

3 . .
restriction.

Definition 1: A firm structure is a nonempty collection {Sk} of subsets

of M, such that Si=\:Sj Yitj

Note that individuals may work in (belong to) more than one firm, (i.e.,
"moonlighting" is not excluded). If individuals are restricted to work in
one and only one firm, the firm structure forms a partition of M , and

we refer to such firm structures as coalition structures. Formally,

Definition 2: A coalftion structure is a firm structure F such that for

all S, , S;€F , S;N8; = ¢, 1F]

We shall first investigate the existence of an equilibrium and its opti-

mality properties when a firm structure is formed and then, in Sections VII, VIII
we investigate the more restricted case of coalition structures.

Denote the price simplex for the marketed goods by A, 1i.e.,

A= {PéRf ‘ ZPi =1},

Definition 3: A structural competitive equilibrium (s.c.e.) consists of

. i_ 1 . ,
a price system pEA , consumption bundles xléx , 1EM , a firm structure F,
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production plans y(S)€Y(S), SEF, and a value added distribution {tis}

i€M, SE€F, such that:

(1) = x = Zw + 3y(S) ,
ieM ieM  SEF

(ii) There is no:
=i i

SO cM x"  EX, 1E So s y(So) gq{So) such that

—i i —i i_
Zpx <p 2w +*py (S), Ex - I v, = y.(8)
i€S i€S iES i€S

o 0 o o
and ul(gl)?ﬁ ul(xl) Y igso 5

(iii) For all ieM , p x' < P woo+ %ot
c = c _, is
SeF s

ies

(iv) For all SgF, 3 tis's P yc(S) ,
ies

(v) For all SeF, py () <Py (S), ¥ (7,(5) .y (§)EV(S)

Conditions (i), (iii) and (iv) need no comments. Condition (v) is
the equivalent of profit maximization. It states that in each firm S€F
the value added, given the labour vector yL(S), is maximized. (Since
labour has no price, without the constraint on yL(S) a firm may desire
to use an infinite amount of labour, being a free input). Condition (ii)
assures that no mobility will occur. There is no incentive for any coalition
So to produce by itself y(So), distribute the value added pyc(So) in
such a way that every member of So can purchase (in the market) a vector

;2 whereby his utility is increased.



Assumptions;

For each ieM,
(a.1) X' is a closed convex subset of R%: 4 and
i i i
x EX implies . = 0 YijFi
€ P XL, 3 NER

i, . . . i
(a.2) u is a continuous quasi-concave function on X ,

~

(a.3) w;exl and 3 x € ' with xz << wz 5

. s s . . . i
(a.4) There is no satiation in consumption in X  ;

i.e., for any x € X' and for any neighborhood U of x in

~ ~

Xl, there exists an x € U, X, =% such that u (x) > u (%) .

For every ScM ,

(b.1) Y(S) is a closed convex subset of Rg+m)e and y£Y(S) implies
V1 &40, L, T 0vids |,

(b.2) 0eY(S) ,
and for Y = ZY(S)

SM
(c.1) Y 1is closed ,
(c.2) Yn{-Y}cf0l , and
(c.3) vYRE™

Theorem 1: Under assumptions (a) - (c) there exists a structural competi-

tive equilibrium.
We shall prove the theorem after the next section which may give some more

insight and motivation to our model.



ITII. The Arrow-Debreu Economy

A good example of a non-marketed goods economy is provided by the
standard A - D economy, where there are m individuals each endowed with
~i g . . Sin g . s .

w € R+ . The consumption set is X C R+ , over which the utility function

u" is defined. There are J firms with the technology sets v) c g8 s

j=1,..., J. Each firm j 1is owned by the individuals who hold its shares.

The shares eij’ j=1,..., J individual i € M holds are a-priori given and
are not marketed,i.e., ¢ =J. For all j, 2 6,, =1, withg,, >0 for all
. . ij ij <
ieM
ieM.

A competitive equilibrium consists of a price vector p € A , consump-

~

tion bundles x € Xl, i € M, and production plans yq € YJ, j=1,...,7J

such that
(@) pxl §pwl + g eijpyJ, and ul(xl) >-ul(xl) implies
j:
~a ~ J ~
ts + 73 0, pyl
PX > pw . JPY , i =1,...,m,
j=l
)] pyJ = Max pYJ, j=1,..., J, and
~s ~ J ~.
¥ Ix = zw + 2yl
ieM LeM j=1

The natural way to embed this economy in our model is by defining the

following:
i_ i i ghmg i _Ti i _ S
w (wc 5 WL) € R y WS W, W i (Gil,..., eiJ) and WL,j 0,¥j+i ,
i _ _gtmJ ~i _
X~ = {x€R + l x, € X, X = 0}

ul(xl) = ul(xz) (i.e., the utility is independent of the non-marketed goods.)
. J ~ ~ ~ . ~
v3 = fyer®a™ Iy =ty y. €Y, 3 (D
. b
ieM .

j'S"l’ Ogtgl}-
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[ (2 (yL i)' denotes the total amount of labour (shares) of type
ieMm 3
(firm) j which serves as an input in y ]. Let Y = {yly = = yJ, yJGYJ}.
j=1

Then, the coalition production technology is given by:

i

YS) ={ye¥ |y, >- 2 w ]

i€s
While in a "capitalistic economy" a firm is associated with a technology
set, in a labour-managed economy a firm is identified with its workers (in
A-D model, with its shareholders). Hence, the same production planes pro-
duced in both economies in the same technological way may give rise to dif-~

ferent firm structures. Here, the set of workers in firm j (defined by the

{ieM| o,. >0} . Define:

Sy .
technolo set Y is: S,
gy ) i 13

F={S,...8;} and F = {8 €F| s, * oy > i%3 3,
i.e., F is the firm structure derived from the collection F .
For S¢F, yJ £ YJ, j=1..., J, denote:
38) = [5ls, =51 and y(5) = z

3(S)

S
Z ym = 2 y(S)
j=1 SEF

Clearly,

When the J firms "form" in the A-D model, the firm structure F is
realized in the associated labour-managed economy.
The following theorem proves that the A-D economy thus embedded is a

special case of our model.
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Theorem 2: Under assumptions (a) - (c¢), (P’{xl}ieM, {yJ} J) is a
. - =1
competitive equilibrium if and only if (P’{Xl}igM, F, {y(S)}SeF, {tiS})

is a structural competitive equilibrium with:

. i i i
For all ié&M: X, =X, X = 0,
For all SEF: yc(S) = y(8) , for j&j(S) (YL,i(S))j = - eij and

(y7,1(8)); =0 3 &3 (S) .
For all 1igM, SeF: t, = 3 85 py>
JE3(S)

Proof: Let (p, {Xl}iéM, {yJ}jil) be a competitive equilibrium, and let

i . i _ i
({x }iEM, {y(S)}SéF, {tis}) be defined as ahove. Clearly, iéMéL ié; L 2y (8)

(=0), and by (y) = xz= % wz+ IEROP Hence, (i) is fulfilled.
ieM ieM SEF

It is easily verified that for all TcM Y(T) = 3v(§i}) , and for all
ieT
J ~
ieM, Y _({i}) = =3¢
c - .
j=1

13 Yj (In fact, we could use this formulation to

represent the production coalition technology sets.) By (B), for all
J ~
vy (T €Y (T) , TM, py (T) <« 2 Z 8., pyJ , which establishes (v)
c c c Tier 3=l ij

(iii) and (iv) follow immediately from (2) and the definition of t

is
e N P ~p i ~i i
Suppose u (x’ > u (x”) (hence, u (xc) > u (xc)), Viée 5, C M .
—1i i J ~j
By (o), pxc > pw_ + 2 eij pyJ, and using the previous inequality we get
371

T px-> Zpw +py (S)Vy(S)eEY (S), thus (ii) is also fulfilled.
1€S C iéS C (o4 (8] C (8] C (8]
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i .
Let (p,fx 1i€M {y(S)}SGF, {tis}) be a s.c.e. for the associated
labour-managed economy. From xi€X1 we have xi = 0, ¥ieM. As yegY(S)

implies y = 3 yJ P yJGYJ, we can associate with {y(S)} the vectors
jei(s) SEF

{yJ}J , ylex! . Define for ieM, x" = x_ and for j =1,..,7, yl=y]

j=1

Since WICM, Y (T) = 2 P ), (v) implies (B) and (ii), (iii) with
i€T  j=1

™M &

J

assumption (a.4) imply that Ztis > ZeijpyJ .  (Note that ié S = tiS =

SeF j=1
Summing (iv) over all SgF yields:

~ ~j
spy (S) = % pyl> % 3 t,. =3 3 t,. > 3 .
seF © j=1 SeF ies °  iem seF % iem j=1 M

~

eijpyJ . The first part of (o) is implied
1

D g

hence, for all ieM It.g T

SEF

h

by (iii) and the second is derived by (ii).

Q.E.D.

0.)
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iV. Existence of Equilibrium Firm Structures:

We shall now prove theorem 1 by converting our labour-managed economy
to a standard A-D model in which (in contrast to the previous section) all
commodities, labour included, are marketed, and thus have prices. Consider
an A-D economy with m individuals and with 2m-1 firms with the technology
sets Y(S), SM. Each firm Y(S) is owned through a share system {eis? where
8is > 0 for all igM, eis =0 for i ¢ S , and .Zgis =1. (i.e., only members
of the coalition S can own shares in the fiii Y(S)). The consumption sets,
initial endowments and preferences are identical to those in the original
(labour managed) economy. Under assumption (a)-(c) [3] there exists a price

g+mJ

vector g€R; , consumption bundles x' € x*, i € M, and production plans
y(8)eY(S), M, such that:
(@ qx <qv + Zo,_ qy(S) , and u'(x") > u'(x") implies
Sy 18

qx >qw + 3. @) , i=1,...,m,
S

(B) qy(S) = Max qY¥(S) VYSM , and

@)  Ixt = w4+ Iy(s)
ieM  igM  scM

~

By (B) and (c.3), q3> 0, and by (a) and (a.4), q, > 0. Denote q =.ﬂaﬂﬁ_
C

Without loss of generality q = q .
Define: p =gq_ , F = {ScM|y(S)%0} , and

tis ~ 83 WG - qp 5y ;(5), €M, s .

1l
o

Note that for idS Big = 0 and vy, i(S) = 0 , hence tig
2
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Since x° € x* , from (y) we have:

i i
L, =w, .+ 3 . (S and b o
X4 T V1,4 serL’l( ) y (@)
i i i e
9%, + qL,i XL,i S'qéwc + qL,i w L,i + SéFeis gy(S) . Thus (iii) holds.
By the definition of Y(S) and {8} > )
3ty =ay() - Zq. . v, .(8) =4qy(S) - q; y.(S) = py_(S)
ies is ies L,i 'L,1i L 7L c

Therefore, (iv) holds. Clearly (y) coincides with (i) and (B) implies (v).
It is left to be shown that (ii) holds as well.
Let § M, = ext with u (x) > u'(x) ¥ i€S, » y(S)e¥(s ) with

yL(SO) = -Z Ei(so) - 3 Wi(So) . By (@), (B) and the definitions of F

1€SO igSO
and {g;.3 Saxt > .qul + 3 o1 W(S) > Zaqw + qy(S,), thus
igS,  igSo  ieS_ ScM 1€8

—i i
Zpx, > Zpw_ + py, (S))
ies ieS

In other words, we have proved

Theorem 3: Every competitive equilibrium for the associated A-D economy is
an equilibrium for the original labour-managed economy.
Corollary 1: Theorem 1.

Note that by theorem 3, assumptions (a)-(c) can be relaxed (see, for example,

[81).
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V. Optimality of Equilibrium Firm Structures

Having proved existence, the question of optimality of a s.c.e. natur-

ally arises.

Definition 4: (a) Let F be a firm structure. An F -~ attainable allocation

is a vector ({xl}iEM ,{y(s)}SEF) such that

D xi € Xi for all i gM,
(2) y(S)eY(S) for all SEF , and

(3) in = Zwi + Zy(S) .
ieM  ieM  SeF

(b) Let F be a firm structure. A [strong] Pareto optimum

relative to F is an F-attainable allocation ({xl}ieM,, {Y(Sy%éy) for

. . . . —i -
which there exists no other F -attainable allocation ({x }iEM, {y(S)}SEF)

.. .. s . s . i .
such that u (X)) >u (x) V¥ ieM. [u(x)>u(x")VigM and u" (%) > u" (x")
for at least one igM] .

(¢) An attainable allocation is an F-attainable allocation

for some firm structure F .

(d) A [strong] Pareto optimum is an attainable allocation

i
ol . . inable .
({x }iéM, {y‘s)}ng) for which there exists no other attainable allocation
—i - . i —i i i . i—-i i, i
(§x }igM {y(S)}SéF) such that u (x") > v (x7) vigd [u" (x7) > u (x7)
VieM and u'(x") > u'(x") for some igi]
Clearly, every strong Pareto optimum is Pareto optimum, but the converse is

not necessarily true. (By assuming ''resource relatedness" of individuals,
or monotonicity of preference, the two definitions coincide.)

An immediate corollary of theorem 3 is:
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Corollary 2: For every labour-managed economy (which satisfies assumptions
(a)-(c)) there exists a s.c.e. whose allocation is a strong Pareto optimum.
Proof: Under assumptions (a)-(c), every competitive allocation in A-D economy
is a strong Pareto optimum. By Theorem 3 the conclusion follows.

The proof of Theorem 2 together with Theorems 1 and 3 suggest that:

- Every s.c.e. allocation is a (strong?) Pareto optimum.

- Every s.c.e. allocation can be sustained by a system of personalized
prices for labour which serve as efficiency prices for these commodi-
ties.,

The following example, however, disproves the above two conjectures.

Example 1: There are three individuals, each endowed with one type of non-
marketed commodity. The utility of each individual depends solely upon the
amount of the (one) marketed good he consumes, (xi), and is monotonic increas-
ing in this good. To simplify notation we shall not make labour individually
specific and consider the commodity space R4. (It is trivial to extend the
dimension from4 to 1+ 3 x 3 =10 .)

Let w1 = (0,1,0,0), w2 = (0,0,2,0), w3 = (0,0,0,1), and let the

technology sets, for producing the marketed good, be given by:

Y({1,2}) = {Y€R4‘Y1 < 2 Min [-yz’-y3,1],y4 = 01,

7({2,3]) = fyeR |y; < Min L-y; -y, 11, 3, = 0},

Y(11,2,3))= {yeR'| y; < 2.6 Min [-y, -73 -y,,113,

2
Y(S) = {01 otherwise .

Define: =x ‘= x> = (1.2,0,0,0), x° = (0.2,0,0,0)

i . A X
Clearly, ({x }ieM is a structural competitive allocation, for

F=1{1,2,3}, p =1, toy = xi, i ¢ M. [In particular, there is no coalition

S c M, such that y ¢ Y(S) with y_ > sz .1/Hence, (ii) is fulfilled.]
ies
*/ Throughout the paper this formulation is short for: there is no y € Y(S)
i i i i i .
such that Y. 2 Y x_ and v < Z x - 2 L xt € X' viegs.

ies °© ie$s i€s
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However, by forming the firm structure % = ({1,21, {2,3}), there exists
;@ Z y(S) with ;c = 3> 2,6, and therefore {xl}i=1 is not Pareto optimum.
SEF

(Obviously, not a strong Pareto optimum.)

Suppose (pz, P3» p4) are efficiency prices for labour which sustain

i 3
(2o g
y ({1,2})
y ({2,3})

(2.6, -1, -2, -1) €¥(M) = p, + 2p; + p, < 2.6 .

), (p1 = 1) . Then:

0= p, + Py 2 2

Contradiction, Hence, there are no efficiency personalized prices for labour

)

i 3
which sustain the s.c.e. allocation ({xl] ,{y(S)]SgF
it 'se

In fact, we shall now show that it is possible for a s.c.e. allocation

not to be even Pareto optimum relative to the equilibrium firm structure!

Example 2: Consider the economy of Example 1, the initial endowments being:

W' = (0,1,0,0), w* (0,0,1,0), w> = (0,0,0,1), and with the following

technology sets:

I

4
7({1,2}) = {yeR |¥; < - @y, *+ ¥3)» y, =01}
Y(§2,3)

4
Y(f1,3}) = fyeR |y; < - @y, +¥)), y3 =01,

]

4 .
{yeR ‘yl < - (2}’3 + YA): Y9 = 01,

Y(S) = 0 otherwise.

Define: F = [{1,2}, {2,3}, {1,311,
i 7 .

Xl = (Z: 0,0,0), i = 1,2,3

7 3 1
y ({1)2.}) = (Z: - Z: - Z: 0 ,

y ({2)3}) = (%: 0, - %: - Z) s

y ({1)3-}) =

!
~~
ESYEN]

A')

1
Eadia

a
(@)

AY)

B~
g

V SeF, t;o =g 1=1,2,3.



-18-

+ - = 3.5 > 3,

i
Pl

Since for all ScM, Max yc(S) < 24+ 1= 3, and x; + xi =

i, 3 . .
it is clear that (1,{x }i=1 F,{y(S) {tis}) is a s.c.e. Neverthe-
2

'SeF,
less, the

F - attainable allocation ({Ei},{§(3)}séF), given by:
X =(,0,0,0),i=1, 2, 3,

y (51, 21) = (2,-1, 0, 0),

y ({2, 31
y ({1, 31

i3 . . .
proves that ({x }i=1, {y(S)lseF) is not Pareto optimum relative to F .

(2, 0, -1, 0), and

(2) 0; 0: '1) 2
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VI. The Super-Additive Technology

Examples 1 and 2 above indicate that the concept of the core (or con-
dition (ii) in Def. 3) is not appropriate for coalition production economies.
It fails to allow a group of people, S, to form and produce in "sub-firms"
{Sj} SjCS j=1,...,J, and share among themselves the total output thus derived.

Condition (ii) requires only that no S , by acting on its own as one firm,

can benefit by deviating from the equilibrium firm structure. This, as we

shall see, is the source of nonoptimality of some equilibrium allocations.

i

Definition 5: {{x™} {y(Sj)}S gz) is an attainable program for S
) .

€S
(realized via z) if x € X~ V ieS , 5,8, y(sj)gY(sj) ¥S ;€2 and

X xi = 3 wi -z yL(S.)
igs ies 5,€2 J

~ &

Definition 6: The super-additive technology of coalition S, Y“(S) is given

by:

~y

Y© (s) = {s,éZY(Sj)‘ E| {Xl}igs = ({Xl}igs, {y(sj)}sjéz) is an attainable
5€

program for S }.

oy

That is, Y (S) allows S to produce in sub-firms, provided the total amount

of labour involved is affordable by S . By remark 1, however, we could
replace Y (S) by: Y (S) = 1zY(S.). If condition (ii) is replaced by:
S.CS
J

(ii*) There isno S c M %L Xi i *
o s X £ ie SO: Y(So) € (So)

—i i —i i
such that ,prc < 'ZPWC + Pyc(So), .ZXL - 'ZWL
1;80 1580 1§So 1€So

= y.,(5.) and
vE) >uEY Y ic S,
it follows that every s.c.e.* (s.c.e with (ii*) replacing (ii)) is Pareto

optimum. To realize that, replace So by M,in (ii¥%).
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It may well be argued that every coalition S does in fact face the
technology Y*(S) since it can always decide to produce in sub-firms and

then distribute the output. In that case the coalition structure {M} always

forms since Y“(M)ZD 2 Y(S) 4y and the interesting question is which sub-
ScM
firms form. .

The following Theorem shows that replacing (ii) by (ii*) enables us
to concentrate only on equilibrium allocations without considering the dis-
tribution of the value-added involved.

Theorem 4: Let pEA be a price vector, Xi € Xi, i € M, consumption bundles,
F a firm structure and y(S)eY(S), S€F, production plans, such that (i)
and (ii*) hold. Assuming nonsatiation (a.4) there exists a value added

i .
distribution {tis} ieM, SeF, such that (p,{x }iéM’ F, {y(S)}SeF, {tis}) is

ale

as.c.e. (hence é.c.e.).
Proof: Since p € A, p > 0, we have by (1)

M p 2x,=p Zw +p Iy (S)
1M i SeF

Choose {tis} such that:
i i . .
= - = » F .
(2) séF tiS PX PV, > tiS 0 1¢S ieM, Se
ies
We shall first show that (iv) of Definition 3 is fulfilled. Suppose not,

~

i.e., 4 S € F such that

3 _Z,\tis > pyc(S)
i€S

By (1), (2) and (3):

_ i i B .
s py (8) = I (px_ -pw_ )=2 s t, = I St, > I .Z t.S + pX(S)
sef € iem © " ieM seF ‘%  seF ies'® sif ies
S#3

Hence, {E}# F . Therefore, there exists §%F, such that
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@) Py (8) > It

ies %
Define: F = [SEF\ R pyc(S)] ,
ieS
= et
F = [SeF|' 2 tig < pyc(S)]

ieS
We proved that F =% P implies F + @. To complete the proof we need the
following definitions:

Definitjon 4: We shall say that i 1is connected to j if there are

individuals io’ il,...,ik and coalitions So"""sk’ Sk+1, with

i =1, i such that

o k=JJ
(it-l,it) e St, St eEF, t=1,..., k,ioésoéF, ik e Sk+1 e F .

Definition 5: A coalition G is connected to a coalition H, if there

exist i€ G, jeH such that i 1is connected to j

Definition 6! {Sl"'sk,sk+1} {io,...,ik} is called a2 minimal connection

for H and G 1if it connects H and G , and there is no other connection

of G and H with less than k+1 coalitions.
Since F 1is a finite collection of coalitions, each has a finite number
of members, it follows that minimal connections exist.
For each i ¢ M define:
K, = [j eM ‘ j 1is conmnected to 1i ]
[Note that iekK, VieM]
Denote:
K=K, K= UK
ies igs
Sef SEF

By (3) X+ 0and by (4) K0 .
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Distinguish between the two cases:
I. KNK=20.

In this case we shall show that K violates (ii*). Let ¢ = [SéF\ S CIE]

G £ since E ¢ G. Moreover, S £ G implies 5 n K #, hence, for all

iesSeG {(SeFliegsinF=20.

By definition of F ; for 2all S ¢ G, 2t, < pyC(S).

ies is —
Since S g G, we get:
(5) Iz Py (8)> z Z b= 3 % k.= I_(px, - pw)
SeG SeG igS - i€k SEG iex

~

By the local nonsatiation, there exists, for all i € E, x' with xi = xi
u (x) > ut(x") and by (5) I (pxé - pwt) < 3 py.(S). By (i),

. (o4

igK SeG

~

in - ZWi = ZyL(S) gY“(K)’ hence, K violates (ii*). Contradiction.

ik igk  Se6

~

to

t = t, e ,t =0,...,k,
1,_St ltst
. = t, +€, t=0,...,k,
TS 1Sen
fis = tiS otherwise.
(Due to the minimality of the connection, t is well defined.)
Since it € St N St+1, t=0,...,k, 2 tis = 2 tiS for all i€ M.

SeF SEF
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Thus, by (2)

PR i
(6) ng tig = PX, -~ Pv, , 1eM.

Moreover, for all S g F, S # Sy S # Sk+1

~

(7) 3 t..= I t,
ieS 15 ies 18

Choose ¢ =Min [( 3 t. . -py (8 )), (Py (S, 1) -2 t.o I
igs, © i€s, k1

~

is , in view of (7),

replacing tiS

~

the number of coalitions in either F or F reduces. Repeating this process

~

for tig (since, by (6), (2) holds), after a finite number of steps either

X n % = @ which is case I or else F or F is empty. If % is empty, (iv)
is satisfied, If F is empty, by (1), % is empty. Hence, in any case we
proved that (i) and (ii*) imply (iii) and (iv).
Since obviously (ii*) implies (ii), to complete the proof of the theorem we
have to show that (v) holds as well. Suppose not, i.e.,

q (;C(So); YL(SO)) with py (8)) < pgc(So), S,EF. Then M violates

X ~ * .
(ii*), since y = Z ¥(S) +y (So)@Y (M) . By (a.4) there exists
S8

i
L

_' 3 J— 3 . _-0 - ) —'i
xl € Xl, p:3 =-Xi s with ul(il) > ul(xl) i ¢ M, and by choosing x close

enough to xl, by (1): - -
- ~
2 px, < Zp“i + Py, - -
ieM ieM . 5
' Q.E.D.

[This Theorem is essential for the proof of the equivalence of core

and s.c.e.* allocations when the replica economy is considered. (Section IX)].

Although every s.c.e.* allocation is Pareto optimum, there may exist no

labour-prices that support it. For example, consider the following economy:
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1 , . . ,
M= 11,21 w = (0,1,0), w = (0,0,1); ub (x') =% = =}, iem ;

Y(L2Y) = {yeR|y, < - v, - ¥4b, Y({L]) = 0, ieM .

It can be easily verified that xl = £,0,0), X = (1%,0,0) [y=(2,-1,-1)]

is a s.c.e.* allocation. However, the only competitive allocation supported
by labour prices is x. = % = (1,0,0) [p; = p, = Py, ¥ = (2,-1, D)}.

As will be proved in Section IX, when replicating the economy such examples

do not exist.
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VII. Existence of Equilibrium Coalition Structures

Theorem 1 proves the existence of a firm structure which brings about
structural competitive equilibrium., In particular, individuals may exist
who participate in more than one firm. Though as shown above, in the stand-

ard A-D economy this type of structure is formed, the question that naturally

arises is whether for every economy that fulfills assumptions (2)-(c) there exists

a structural competitive equilibrium, the firm structure of which is a

coalition structure. The following example will shed some light upon this

problem.

Example 3: Consider the economy of example 2 with the following technology

sets:
Y ({1i,71) = fyer'|y = £ (1, -e* -ed) 0 <t <11(el denotes the i-th unit
vector in R7) ‘
Y 6) = {0} otherwise.

In essence, this is the ''game of pairs', where every two individuals

1" n
can produce one unit of % if they work full time,or any convex combination

of this production and the {0} vector.
*/

i3 . ‘s .
If {x }i=1 is a structural competitive allocation, we must have —

i = 1% which is realized by forming the firm structure
i=1
F= ({12}, {2,3}, {1,3}), and  y(8) = @&, -i(e' + J)) for a1l fi,7} ¢ .

IIMUJ

No coalition structure can give rise to such an allocation since for any

coalition structure = B, y ¢ % Y(8) implies y; £ 1, hence 3 xi 1.

SeB ieM

Most models will include this type of economy as a special case, since,

in particular, the utilities here do not depend upon the non-marketed goods.

* /Since by (ii) xi + xi >1V i, j



—26-

It therefore follows that if we want to get a positive result as to the

formation of coalition structures rather than firm structures, we shall
have to impose rather strong restrictions either on the utilities of the
. i, 1 i, 1
individuals (e.g., if i works for more than one firm, u (X7) < u'(w )
. i,
for all attainable x 's),or on the technology sets.

Example 3 indicates that if ad-hoc restrictions on the preference order-
ing are not made, a necessary condition for an equilibrium coalition structure
to exist (in general) is that the technology sets be balanced in the follow-
ing way:

Define Y =1} ZYkY(Sk) where fS,] is a balanced collection with
k

ot

{Yk} as its weightsl/ and the union is taken over all balanced collec-

tions. Then, ~ ~ ~
(d) For any v € Y there exists a coalition structure B(y} such that
y= 2z,y().
SeB(y)

To see that (d) is a necessary assumption, note that in the special case
of one marketable commodity (hence p = 1) and with ui(xi) = xi ¥i € M (e.g. ,
Examples 1-3), condition (ii)requires that an equilibrium allocation be in
the core of the economy. Since, by the definition of the utility functions
the market game is a game with side-payments, balancedness of the technology
sets is a necessary condition. We shall now show that it is also a suffi-
cient condition for an economy to have a s.c.e. whose firm structure is also
a coalition structure. To prove this claim we make use of Bohm's result
[ 1]. It will also become clear why an analogous proof to that given for

Theorem 1 cannot be used in this case.

*/

—" A set of coalitions {Sk};il is called balanced, if there exist ''weights"

{Yk};=1 such that for all k, y, > 0 and for all i &M,
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Theorem 5: Under assumptions (a)-(d) there exists an equilibrium coalition
structure.

Proof: We replace the set |J 2 Y(S)(where F is a firm structure) in [<1], by
~ ~ F SEF
the set Y. Clearly,Y is convex. Since in the proof of the theorem Bohm

makes use only of the balancedness condition, his proof carries over to our

case. Therefore, there exist prices q € Rgimz, consumption bundles x € Xl,

~

i ¢ M, a production plan y € Y, and (tl,..,tm) € R™ such that:

(1) sx" = 3w +y
iegM ieM
i

(2) TFor all ieM: qx%g qw -+ tl, and ul(;l) >»ul(xl) implies

q;i >-qwl + e
i
(3 i§§ > qy(S) ¥ SM

(4) qy = =t
ieM

G)qﬂ%)=meﬂ%)j=Ln,L

where B = {B1 BJ} is the coalition structure such that
“es

~ J -
y = 2 y(Bj). (Such a B exists by (d)).
! .
Combining (3) and (4) we get: py(B,) = st* 3 =1,...,J. By (a.4) and
1 tes,

2, . * 0. Define:
q - . . .
_ c 1 ( i i\ .
= E =t - w. - X i B, .
RIS Sl )L es -

By (1), (3), (4) and (5) it is left to be shown that (ii) holds, in order

to conclude that (p,{xl}i M,B,{y(S)}SéB,{tij}), is a s.c.e.

€
Suppose that for some ScM ul(§l) >-ul(xl) VYi€és , y(S) &Y(S) and
~-i i
y.(8) = 2 -z . By (2) and (3)
L ie:L ie;t
Zq x> qul + szt > qul + qy{(S), hence
igs ies ies ies

Zp;z > prz + pyc(S)
ies ies
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VIII. Optimality of Equilibrium Coalition Structure

In contrast to Corollary 2 there are economies (which fulfill assump-
tions (a)-(d)) for which every equilibrium allocation associated with an
equilibrium coalition structure is not Pareto optimum.

Example 4: Consider the economy of Example 1 with ; replacing Y(M). For
our three-person economy, the relevant balanced collections are: ({ILZ},
{3}),‘({2,3}, 1, ({1,2,3}), ({1,2}, {2,3}) with the weights (1,1), (1,1),
(1), &,4), respectively. Hence Y = conv [Y({1,2]Ur({2,3])1 Y({1,2,3]] .
1if ({xi}i=l,y) is Pareto optimum, in =y =3, However, for any

ieM

coalition structure B, Max ZyC(S) < 2.6
SeB

Example 4 implies that we could not prove Theorem 5 in an analogous
way to the proof of Theorem 1. However, every equilibrium allocation associ-
ated with a coalition structure is Pareto optimum relative to that structure.
This is in contrast with the case of firm structures (Example 2)

Theorem 6: Let B be an equilibrium coalition structure with ({x11i€M
—— b

{y(s)ngB) the equilibrium allocation. Then, this allocation is Pareto
optimum relative to B
Proof: Suppose not, i.e., there exists a B-attainable allocation

(=) y with ul (x1) > ul(xl) ¥ ieM. Since ps0, spx. =

iem, 17D gep tem ©

i - i
spw_ + Ipy (S), and as (p, {x 1, B, {y(}..» {t. }) is a s.c.e., by
ieM c SeB c ieM Se¢B is

(ii): for all SeB: Zﬁgi > pri + p;c(S) . Summing over all SEB we
igS igS

get a contradiction.

Q.E.D.
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- IX. The Replica Economy

In section VI we noted that not every s.c.e.¥®, (i.e., s.c.e. with

(ii*) replacing (ii) in Def. 3), can be supported by personalied efficiency

prices for labour. We now show that this is in contrast with the situation

in the replica economy.

Let Mi denote the r-fold replica of M, Mr consists of mr indi-

viduals which will be indexed by the pair (i,t), i=1l,..,m, t=1,.., r.

For all igM , each (i,t), t=l,.., r is of type i 1in the sense that

X(l)t) - Xl, u(l)t) - u:.l-’ W(l)t) = W:L) and for all SC.M) iES, Y(S) -

Y(S/{ily.{i,t}). [Note that we do not make labour a named commodity, otherwise

the commodity space will tend to infinity, (g + rmp + ® as r 4+ ). Lemma 1

below enables us to use this formulation.] By the definition of the super-

additive technology, and using assumption (b.2) the following properties hold:

e

ol

1 Yr 2Y (ME) = r-Y1 = r'Y (M

L]

(2 2) s implies Y (8) cY_
3) For any coalition S with ki(S) members of type i,ki(S)E:I

for all i €M,

Min [k, (S) | i €M Y, CY (8
The goal of this section is to prove the existence of efficiency prices

(for the marketed goods as well as for labour) that support any s.c.e.* allo-

cation which belongs to the replica economy Er for all r =1,2,...,

(Theorem 7 below). To this end we consider the super-additive core of the

market game (M&,V“) generated by Er’ where for all ScME :

v(s) = [{ul’t}(i,t)eMr € R | ¥(i,0) ¢s, u" =0
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1,

i,t(xi,t Li,t i

¥(i,t)e 8 u tgu' ) , % € X

st = st 4 p(s), v(S)err(s)]
(1,£)€S  (i,t)es

We shall denote by Ci the core allocations of this game and by
(a') assumptions (a) with (a.2) replaced by:

R S . . . i
(a.2") u” is a continuous strictly concave function on X

ot
w

Lemma l: Under assumptions (a')-(c), an allocation in Cr’ r > 2 assigns

the same consumption bundle to all consumers of the same type.
Proof: Standard.

By Lemma 1 we can denote a core allocation for the sequence economies E

by the vector x = (xl,..., xFﬁgR(g+£nDn’(rather than x = {;1:t}€R(g+ﬂ&)HE) .

L

w
Lemma 2: Under assumptions (a')-(c), for every x = (xl,..,xn5 € nC%
r=1

there exists a price system nggiﬁm,¢ %+ 0 such that for all Er :
1) rZx = rTIw +y ,yer M),
ieM ieM

(2) ox" <ow and U (x) > U (x") implies oX > qw
r _ R )
(3) oy = 0> ey (S) VSCMr

Proof: This is a direct application of the Theorem in [2].

al

Theorem 7: Under assumptions (a2')-(c), every s.c.e. allocation for
= . . . gtmf
Er’ r =1,2,.., can be supported by an efficiency price system €R L

o ¥ 0. (i.e., (), (2) and (3) of Lemma 2 hold.)

— %
Proof: Let {xl’t} be a s.c.e. allocation for Er and let pzA be the

equilibrium price system. Define the game (M.r V;): For SciM.r s S#Mr :
2
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* _ i,t mr i eyks. uirt =
VP(S) [{u .]t(i’t)éMr €R + \ v (1:t)¢SJ s
. (it it e i
V(iyt)és ul’t < ul’ (Xl’ ) Xl’ € X",
poxt = et 4 oy (9)
S’PXC SPV'Z: PYe ’
L A S RO OLAO R
L L L ’
8 S
and
* M = V* M v
v (M) =V QL)
Denote the core allocations of this game by Cr(V;) . By Theorem 4

(;l,t) e Cr (v‘n"

* *
P Y. Clearly for all SCM% VP (8) DV (S) and since

s

* I . * * —i,t ~ =
VP(ME) =V (Mr) it follows that Cr(VP) C:Cr . Hence {x 771 ¢ Cr r=1,2,...,

and Lemma 2 concludes the proof.

Q.E.D.

In fact, following the pattern of the proof of Theorem 5, and using
© %
Lemma 2, every xgncr is a s.c.e.* allocation for every Ef: r=1,2,...
r=1

Hence, C; shrinks to the set of s.c.e.* allocations for every Ef: r=1,2,..,

as r+® (i.e., the analog of the "equivalence theorem'" holds).
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