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ecuitahility Jdoss not 1iniv that ithe systen he insensit

"

to the acents' desives (i.e., centrally run), nor does it
innly that one acent's actions icust not influence the wel-

farce of the othiers.
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T intraduccinng
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Tz occoncrdc e ll-Hedaag of an dindivicual at sone tina
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in the ature can often he anticinnted accuratelv throuach

nosledre of s ourrent ocomoric status. A orman with half
lion ¢ollaxs in bHluw chin sceoarities now and no laroe
bts will probaily he well-off for the rest c¢f his days,
vl an uneduccted migrant farm lakeorer havino nothing
no i1l likelv continue srith nothing, Yealth usually
enablcs an individual to toke advantage of sncecial onnor-

tunitics such as sudden harcains at the croecery store or

v

in stock market, and it enabless one to econonize

throuch bHulk nurchases urther, a wealthy indivicdual can
conorally acouire vseful information, control factors re-
lating o his fTuture waeolth, and olan his economic activi-
tics well in advanch of thelr excecution. Thus individual
wealth tends to vrescrvae and even cnhance ¢l in a

nroc:ss not unli'in that ascribaed by Talbraith [l] to the

grousthh of giant corporations.



Poverty, on the other hand, brecds noverty. M poor

norson cannct save for the future beocauscs all must ho

snant nor For hiis survival, Ye taltes advantace of fny
harcaing, as is exmenditures eo2ch dav are closely
dilctaotae’ Wy o the reridroeront et e live. Inforration

aboub cconayic onreortuniiiins, 1f it is obscure or

e osoudht ock and nurchased by the
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DOOT; thelr roverty norpetuates itself.

Socialisiic econcrmic svstons deal with the difli-
culty by making it inmrchabzle that an indiyidual's
cate will detoriorste npeyond a2 certain noint, bHut
thore is tho cdancor that sucen svsterms may do little
or an individual of small reans

to rise to the niahor levels ¢f oconoric well-hoina:
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a potential down-and-outer rmav b tranpad

in ths down
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state, and zermitted neither to rise nor co out.

dunistic svstems offey another tvne of relief:
bacause provarty is larcelv cormgmunallv held, indivicuals
tend £o he ryelatively mo hetter nor wvovse off than

others around than.

There exists the nossibkility that a svstem can bhe

¥

Cavised in which the indnstrious will bhe rewarded, and
in which noverty will nct be etermally kindina, nor

wealth automnatically nernetuvated. e snhall term such a

svaoten "emuitahble", and offer a nore nraecise dofinition



in the noxt section. Given a central planner able to

surtount tho coaniderable Iinforration nrocessine Jifei--

caltics, one can envision an ermmitahle systent in which
inwdiviiants are constantly rionitored, carcfully exnosed
to oot

and subhsormontly rovarcéed. OfF interest
ponnt o rr is tho nmossihility that an eauitable,

doecentrali-

oy
.

N
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o aonstructoe

matinn arrcos rach of the infornation nrocessing burden
oL incivicuals, and it mermits them videar lattitude in

Al

HiT2 SN CCULEIONS,
T vy oot 3 g i1 e that a dée Tyelizad
in o wracmatic tories, 1t seens taa Q4 cecentryaetlzaed

egultahle svater vould faature vroorar-s to ocduvaaste and
ernnlor tho movertvy stricken, and to sunniv ontriant sub-

2urrort in o onanrteyr shich ronaras and encouraces

c¥ it. Turther,
aeavy estate and nronertr (as onposed to incore) taxes
Aould serve to Neon individuels from remainine srealthy

without their renzswed effort.

In the present parer cur task is
tinid step tovard mating oquitan»ility a »recisoe concept.

e shall define eruitahility for a simnle absitract dynanic

systen, UV exnlore uhat irnlications coultability has on

the structure of the syston., 1t is our exnlicit purnose to
deternine 1€ there exist ogquitable structures wiailch are

nolt wiolly contralized, anld wihich ‘arn not nercly a
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collection of noa-interacting, sincle-agent sub-

structures.
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. Uzfinitiong and Uotatien

Ve shall analvyze initioally a discrete tire, turo-acent,

four—-ntate systen with rocard to its eguitability, leaving

™
the outline of the m-agent, n -state
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1. T g2t of noessible states of the s

f - .y wr r 2= - .
A= {7 gq,x,}, w1iln tho state of the system at tire

The cgamnts, o ant /o, nave preference orderindas over the
La
states as follows:

and is indifferant bLbeatween . and X

{, to X X, and M,

92 prefors Kl to 23 and is indifferent hatiicen X] cryd
<. te X ¥, and X

At each time n, each acent raltes a binary choicz which

influz2nces thne future states of th

0]

systen., In general, ais
choice «will denend upon the current system state, the time n,
and an erogenous rancos event.

o . th v . -
Thus the 1 acent's choice is renresentoed as

- L N n,.n
le witn probabhility qi(x )



In response to the decisions of the acents at time n, the
syoiarn moves nrobabilisitically to & new state by time n+l.
£~

on nronabilitios are the entries of one of

four sratrices 77,017,607, 0 7 characterizing the system:

I (7,0, ohoose (UI,U]), the transition matris is 1o

svsteri 1s in state

ik and if Ti is snlect~d Wy the avents, thaet the next state

0of the sysitoem will ne .. FHence the elemnents of each colurn

cf 17 sum to 1, and ecach elenent is nonnegative and no

graater than Y. Tha association hatwesn the acents' actions
1 . . -

an?d the 77 ratriv selocted is denicted in Figure 2, while the

S, , 1 . s . . o
significance of the ©7 imatrix entries is suggested in Figure 3.

Tne pnrobavllity that at tire n=0 the svster: 1s in the state

. o) ~ O i e
hi is denctad Dy and P” i3 d=7ined as

Giwen the initial vector ©7, we let P ke the vector of



nrci:abilities «ith vhich the system is in its nrossible

stat=s at tine n., s n,, the 177 corvonent of P, denends

M3 otire passes, the svsien roves fron state to state.
In state o hoth acents are vell-off, «miile in state X

f A iy e - 3 e - i~ e - e - - ~
neither acent is in a astatn hn nrefers. In states

No, ne agont is sabtizfied while the ofther is not. e
)
dafine eculitabhility in terns of the relative frooquencies

Uit waich the acents sre able to dircct the systen to

ine Lo our Acfinition, Roant 7

1
shiould ha atle, 17 the syster is acmuitahle, to force tha
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Ysiom Lo roside in states 10 er Y, (hils nreforred statos)

at least as often as it resides in states Tpoor E,

(i,'s vreferred statos). It shonld he possible to do this

ragardless of Jheather iz malkrince decisions selfishly,
naliciously or lulicrcusly. Jinilarly, 1if the svstor is

ecuitahle, o, should 1.2 able to direct the svztanr o assune

’

nils nrefarrved states ol least es often as it assuies those preferre

b A Spacifically, 7= define caouitabllity of the tro-adent
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. -
scauznces of furcticns (&

4

o " - .
and for any € > 0, any P, arnd eay funciions [(q,

Y

o]
~—

]

M

o
o]
—~
]
14
Q
[y
Il_l
Q
=
]
10
[N
]
[
B
-
[}
ot
)_
?J
rt
-
[®)
%]

mapping X into [9,1], hoth of



for n sufficiently larce:

n-—-1 n-1
1 . . i a 1 m . ©, A
. L ()] s s (™) (ffl,q2)+!)2(ql;f}2)] - e

n—1 n-1

1 f ~ 1 " ~ o ~
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x0T mrn oalled i es T orohatilitr fanctions.

e Tallosine horoy 13 on ohwiouws variation of the

Gefinizicn, and ik wravidas o nore covrmoct set of conditions
Tor eoudvabilies,
is couitable 155 thera exist
(ﬁﬁ\m , i=1,2, such that 4 .
in=o

~
~ O -
ey oanv ¢ > 0O, anv P°, anc anv

~ . iy & . . TIo. .
tunctioas (¢ )ﬂup' i=1,2, navrine X into [3,1], hoth »7 ths
follovine inscuclitios 0l fFor n sufficiently laroe:

oy ~oultability followrs at onae:
Coroliary I. T the svster i3 acuitahle, thon for avw- D7,

N : . £y 1 s r < £«
3le provanility “anctions satisty




T1T. The Mutononous Case

Noavecial caso of f£he tuo-acent four-sitate svstem is

that i Miich £ 7T oare identical to each other. In this,

Lo aanonci.oas case, the svsten evolvas inderendently of
oo vecizions of fhe acgants: it 1s rather like a centrally

as Llonc a5 his cotiens conforn 7ith the dictates of the

. n 0 n-J
In tae antonolinus  casn, Dy does not denend on Dyreeeddy i

e 1 T and Theoren: T otakes the forr:
L

>
o
+
o
;_J
}..4

vy ITI. The aunteoncmous systam is eauitoble 1FF

Tir
n-—+os =0

ience for an autononmnns swsten, the necessary condition of

Corollary I is aslso sufficiant.

Tor nany 1 ratrices which mioght characteri~e an autonorous

Ty
il

svstem, T will annroach a limit as n bhecomes larce, and this
- i ’

.. . . o)
linit will be incdeovendent of ™.
. e . C L . . o . .
Definition: o transition matriy o is T -incdopendent 1€%
I = 1inm X 1
Nn+e =G

exists, and the columns of L arn identical to cach othar,
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An autoncnous systan with a P -indepondent natrix is

callad o P -ipdemeondent autenoirous svstom. ¥

1S

Tenon Lhe tyoicoal column 0f thno nabrix L oassoclated with

uCi & sorotani.
. N e r N N - )
L0 . I, 1 iz P -incd=zpendont, then

noo Uom=o k=0
.. . N . 4 P o
ii) 1i00 27 = 7, indenendent oI .

e

fe ceniizion of Torollary IT £hus hocores:
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Cerollary TiI. I the cutoncmous svstem is P -indenandent,
it is eouizavle 17F 2, = 9

ol . . . . o T 5 .
fo detaorpine 17 i, = % for a civen P7-indzpencent T ratrix
Pé )

onn Ay use Preovnosition I, in which the following variables
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Proposition I. D <D, + N, <N, If T is P =-independent then

D <D and 5, = “i/ﬂ, i=2

o, .
'or autonomous Svshtens, the oroncrby of P-indenendente neither

irlins nor precludes canitability, as is Adcermonstrated in

Lo
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The Constant Stretecayv Case

elaving the resiriction on the previcus section that

i C e . ; : .
the be identical, we imnose the looser restriction that
the stirotengics, by law or special acreement, cannot vary with
tiver. Thus

n,on n .

e )y = oL (%), n=0,1,...,: i=1,2.

3. 1
T ewmression for noin this situation is
n 1T o)
Prlnyia,) = o Tlogia,) P
4 - . L
n=0
wWne
L1 2,2 3.2 4.4
W(ql;r',) = 17K 4 ITET 4 0w 4+ IOH
) 2) 2
AN ;¥ = (1enh)o’
3 2 i 1 2

7= 07 (I-07) ¥o= (I-07) (I-77)

/

s 0 9 SI fi. . O o) 5\

/=11 \ / *21

/ L]

i N ; | ~

o 435 0O 9] | i 0O ('{22 9 0
AL o L2
- - IS e PR T n m 1

| © O 113 G A VO 0O Gny O !

g P !

H - r . , . [}

\\ Q o) O i 4’{! L 0 o) 0 o4/

! \ !
I = 424 identity matrix; qij = (Xj), i=1,2; 1=1,2,3,4.
. . N .
The assumption that tho ol do not denend ecn n  assures that
the relative freauency writh wshich the svatem ccoccunins any

given state annroac

Proposition II

N )
and any ™, th
0ol .
‘ L - |
lim = 7 o, (e
n 31
N CmEs -
exist, (Prcof
Tho vaiunes of tho 1
and on PO.

hoes o linite as n inc
. For anvy functiions a
o linits

v ] = 2
:Q7)r 1= lI?IJI4I
stotcoh in avmendix,)

=

e

e

A_A’
e}

cases

without hound.

+ [0,1], i=1,2,

iniits dewnerd, in cenrncval, both on the qy



-11-
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In many instances n(ql;qz) is P -independent reagardless

17 95 functions are employed. A svstem with

such 17 1is called Po~independent. The followina orovosition

of what specific a

gives conditions necessarv to ensure that a system be P°-35n-

dependent.
Promosition IIT. If H(cl;az) is Po—independent for all
q, : X - |o,1}, i=1,2, then each nj, j=1,2,3,4, is
Po—independent. Moreover, each transition matrix g

1

whose ktn colurin is the kth column of one of the Hj,
k=1,2,3,4, is Po—independent.
If a system is Po~independent, we let 2(ql;02) denote the

typical column vector of

n=o0
and ¢, (gq,;qa.,) the ith component of ¢ (q,:;a,). Theorem T
1 1 Z 1l 2

then becomes:

Corollacy IV. A Po—independent svstem is eguitable for

constant stratecies iff there exist functians &i: *»[0,1],

i=1,2, such that for any q,: X > [o,1], i=1,2,

g3(ql;02) - Lz(él;qz) > 0 » iz(ql;ﬁz) - 23(01702)-

Defining Dz(ql;qz), D3(ql;a2) and D(ql;qz) in terms of n(ql;az)
in a manner analogous to that in Section III, we can modify
Corollary IV to yield a computationally more useful result.
First we establish some properties of D2, D3 and D:

Lemma IT. D(ql;a ) < Dz(ql;az) + D3(ql;q2) < 0 for

all «y: X - [0,1] Furthermore, D, D, and D, are each
+
8-affine 1in the variables Gij' i=1,2; 3j=1,2,3,4.
Defining A = D2 - D3, we modify Corollary IV to give necessarv

and sufficient conditions in terms of a saddle point of the

8-affine function A:

A function of n variables is n-affine if it is affine in each

vt Y A bAoA Al avyA Al AaAnmclant
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Corollary V. A P°-independent svstem is eauitable for
constant strategies iff there exist functions %i:g+[b,l],
i=1,2, such that for anv q,: X - [o,1], i=1,2,

£(8y59,) € 0 < &(ay5d,).
An exanrmple of a Po—independent system which is equitable

for constant stratedgies is:

25 .25 .25 o \ b .25 0 25\
] | / |
I c ¢
Fl —‘:; .25 .5 0 0 | Hz _?,l .25 .5 0 |
' i ! .
i.zs 0 .5 5 0 .25 0 25!
\.25 .25 .25 .5 ‘o .25 .5 .5/
\ :
/0 5 25 0 1 0 o) 25\
f :
/
y [0 5 25 .5 s IO 0 .5 25 |
I = it = !
i.5 0 25 .25 0 5 25 .25 f
\5 o) 25 .25 0 5 25 .25 |
/
State Xl X2 X3 X4
Value of él 1 0 1 0
Value of &2 1 1 0 0
/25 .25 .25 .25\
|

.25 .25 .25 .25
.25 .25 .25 .25

.25 .25 .25 .25}

Do A = 7 A' ‘;‘ = '-)r;.
22((:11 1)) "'3((.x1’ 1:)) i

It is of interest to note that the agents may wish to a-

bandon the use of &, and 4., in this example in favor of the

1 2

strategies 94 and Ty defined thus:

State Xl X2 13 X4
Value of El 0 0 ) 0
Value of a 0 1 0 0
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Using ql, ﬁz, the agents cause

n = = = . n = =
Pri{x = X, or X3} = .5; Pri{x X, or X2} .5
for n 2 1. Using al’ 52, however, results in
Prix" = X, or X 12 .5; Prix" = X. or X.} 2 .5

1 2

for n 2 1, and further,

1im Prix" = X} = 1.

n>«

However, the ;l’ ., leave each vlayer vulnerable to an on-

2
posing constant strateagv for which he would be at a disad-

vantage.
V. The General Case

At present we have but one proposition to assert about
this, the most difficult case to analyze. It is a useful

result, however, because it provides a fairly simnle condi-

tion sufficient to ensure eqguitability. To facilitate the
o . n n
statement of the propesition, we define H(ql;qz) as before:
4 L

n n i i
m{aqy:;q,) = T K

1772

i=1

where the X' are as given in the precedina section. 1In case

q, takes only the values O or 1 as it ranges over X, we de-

(3) except that the

fine the function q to be the same as q

1 =1
value of ql(Xj) is taken as 1 - ql(Xj). For example,
E'l, if x = Xl {l' if x = Xl
L0, if x = X 10, if x = X
if qp(x) = 2 . then ql(3)(x) = 2
1, if x = X 0, if x = X
. 3 | 3
\ i - : : =
\;, if x = X4 K%, if x X4
The notation qz(J) is similarly defined, for j=1,2,3,4. By
f .
n(ql;q2) i

— |

. .t . Co s
is meant the ljtl element of the matrix in brackets.
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Proposition IV. 1If there exist functions «, and az

1

from z into {0,1} satisfving

\(ql;az) 25 = T(al702); 35
o (3 s T (3) A
i (ay iyl 29 = ay) 7Tay)s 3y
Tra La ()T < s o.a (3)y
n(ql,q2 ) 25 < n(al,qz ) 35

for j=1,2,3,4, then the system is eauitable. Further-
mere, ﬁl and 62 are constant strateqgies satisfyina the
conditicns of Thceorem I. (Proof in aprendix.)

The example of the precedinag section satisfies the hypothesis

of P

i

orosition IV, and hence is not onlv eguitable for con-

n
t
o8}
=
T

strategies as asserted there, but eaguitable.
VI. Discussion

The motivation.for studying system equitability comes
from the observation that as the earth becomes more ponulous
and our mutual intecrdenendencies multiply, there aonear to be
increasingly many opportunities for individuals or arouos
to offend others, intentionallv or unintentionally, and to do
sO with immunity. In byagone days offenses tended to be ob-
vious and brutal, examples beina slavery or vigilante law
enforcement. Today's offenses are more subtle: many firms
pollute the air or water, vet do not pay sufficiently for the
priviledge; schools and residential areas practice, bv some
default-type mechanism in many cases, forms of racial or re-
ligious segregation; jpoor ncople are unable to break cut of
their poverty within a reasonable time because the socio-
econonmic system is bhiased acainst them. It seems desirable
to develep a technical vocabulary and some general relation-
ships conrncerning these effects, in homes that therebv recoa-
nition and treatrment of discriminatory situations will be

facilitatad.
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In developing such a vocabulary and theory, one runs
immediately into a stumbling block: the problem of inter-
personal. utility comparisons. Our treatment is founded
on the somewhat heavy-handed assumption that on at least some
coa2rse scale, agents' utilities are comperable: that for
cexample two agents' preference intensities are equal on the
matter of having an estate of g100,000-%200,000 as opposed
to one of g10,000 - §20,000. How these intensities compare
on the matter of hearincg Bach as opposed to Bernstein is a
consideration too fine to be relevant to our model.

There are many theoretical developments which appear
relgvant to the study of systems which possess discri-
minatory features. The cgame theory of von-Neumann and
Morgenstern [5J focuses on static systems involvino two or
more agents, each influencinag the welfare of the other. The
concept of a fair static game, as discussed bv von Neumann and
Morgenstern, can be extended to differential games {(Isaacs
[3]) in an obvious way, but a fair differential came need not
possess the forgiveness of an eauitable system: it may place
at a permanent sévere disadvantaage an agent who errs earlv.
The concept of Pareto-optimality extends also to differential
games (Ho [2]), but a system offering incentive for the use
of Pareto-optimal strategies will, in general, still penalize
permanently any participant who is delinauent in effectina
his best strategy. 1In the multi-aacent dynamic svstem liter-
ature generally, little attention has been given to analvzina

syvstems with regard to the ease with which they mpermit an agent
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to recover from a disadvantaceous state. Much of the liter-
ature to date has been war-came motivated and has focused on
determining strategies for forcing other agents into disad-
vantageous states. An ideal socio-economic svstem would,
on the contrary, feature inexhaustible opportunities for the
recovery cf any agent coming into hard times, provided, -of
course, that he properly exert himself.

Future technical work in the development of a satis-
factory cconcept of equitability must incorporate some measure
of how soon an agent can, bv propverly applying himself, re-
cover from a disadvantaceous state. Eventually, models of
differing economic svstems should be examined with regard
to their equitability, just as they are currently studied
with regard to their informational efficiencv and growth ro-
tential.

Herein we have succested a definition of equitability
‘applicable to a simple, highlv artificial svstem. But we have
shown that systems exist which satisfy the definition, and
that such systéms need not be wholly trivial: acents may
influence the svstem with acts of individual discretion, and

the effects of one agent's acts may be felt by all agents.
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VII. Appendix

Proof sketch for Pronosition II:

Prcposition 4~28, p. 102, and Theorem 6-1, . 130 of

Kemeny, Snell and Knavp [4] lead directlv to our Provosition I.

Proof of Provositicon IV:

Suppese agent Al constantly uses al' while at the mth
instant, A2 employs some arbitrary function:qg, m=0,1,...,n-1.
Then

p? - pg = (O,-l,l,O)Pn-
= (0,-1,1,0) n(d;a) Nyt
Let

n-1
2

n-1

A(ql:o2 ) = (O,—l,l,O)n(ql;a ).

n-1
2 1

. . . . n-1 .
is non-negative, which, since each comnonent of P is non-

We shall show that regardless of a each comovonent of A

' . . n .
negative, will show that p, - pg 2 O independent of the se-
<
i . e} n-1 .
quence of functions Ayreee s used by Az.

The jth component of A is

"-- n-‘l“' ] A n'—l- : A )
iA(é{l,q2 ),j = H(ql,q2 ).3j n(ql,a2 )?2j'

which is affine (jointly) in the variables qg’l(xi), i=1,2,3,4.

Because of the assumptions
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it follows at once that Aj > 0, and that A(S ) = (0,-1,1,0).

1792

n(ql;az) has components consisting only of zeroes. Hence

the condition i1n Theorem I that

n-1

SR LY ~ A >
E D3(ql,G2) D2(Gl,02) 2 >
m=0 -~ —

1

is met for any n and for anv ¢ 2 O.

A similar demonstration shows that the symmetyxic condition

R m N

= ‘ . 5 - P > -

o mio P, (al,qz) Py (ql,02) 2 £
also holds. Hence the system is eguitable.

n
Development of m-agent, m —-state case:

AI. Definition and Notation

Consider a discrete—-time dynamic system which mav reside

in anvy of n™ states X = {Xa}qﬁ_, where 7 1is the set of
m-tuples of integers from the set {1,...,n}. It is postu-
lated that m acents, Al,...,Am, influence the secuence of

states visited by the system. Each acent has a pnreference
ordering on the set Z of states as follows:

A. strictly vprefers X to X_ if a. > B.
j a 8 J J

A. is indifferent between X and X_ if a. = B.
:] a 8 ] ]

where aj, Bj are the jth components of the m—-tuples o and &g,

respectively. The state of the system at time t is denoted xt
At cach time t, each agent, counizant of xt, makes a

decision, and the decisions jointly determine the probabilities

with which the possible states will be visited at time t+1.

Each agent Aj selects a probabilitv function w?:gx{l,...,k}+[o,lj

in accordance with which an action ng{l,...,k} is taken.

The m-tuple y of actions serves to identify a transition

matrix @' in accordance with which the system moves to its

next state. The probabilitv of moving from the given state,
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say a, to some other specific state, say 8, is denoted "E .
a

The probability that at time t=0 the system will be
in the state Xa is denoted pz. The probability that at time

t the system will be in the state X given the values of the

g
pz, ae’, is dénoted pz. Generally, p; deprends on the func-
tions w?,...,wg_l, j=1,2,...,m, and we denote this dependence
as pg(w). In what follows, it is convenient to use pg(wﬁ)

to denote the pZ value resulting when agent j uses particu-
Jar functions $?,...,@§_l but the functions used by the other

agents are unspecified.

An equitable system is defined in a way ensuring that
any agent in the system has the capability, regardless of
the action of other agents, to force the system to reside in
states favorable to him at least as freaquently as in states
favorable to other acents.

Definition: A system is eguitable iff for each agent

Aj there exist functions @;:Xx{l,...,k}+[0,l], ﬁ;(xt,')

a probability function on {1l,...,k}, such that for any

initial probabilities DS, ae:y and any ¢ > O, the fol-

lowing inequalities hold for all t sufficientlv large:

t-1 t-1
1 S
% £ I pi(wA) R ) pa(w-) - e,
S=0 qia.2r J S=0 qsa.2Y J
3 i

r=1,2,...,n; i=1,2,...,m; regardless of the functions
o t-1 .
wx,...,wy ; L# J, used by agents other than Aj.

Denoting by ﬁi the probability of being in state o at
time s when, in an equitable system, the functions (stra-
tegies) @; are emploved, j=1,2,...,m, t=0,1,...,s-1, we ob-

tain the followina necessary condition:
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Proposition AI: If a system is ecguitable, then the

functions $§ are such that for any initial orobabilities

po, ae , and each re{l1l,2,...,n},

j=1,2,...,m; i=1,2,...,m.
ATII. The Autonomous Case

If 1Y, the transition matrix jointly selected by the

m adgents, does not devend on vy, we write II = 17 and say
the system is autonomous: its evolution is not influenced
by the actions of the agents. In an autonomous system, the

conditions of Proposition AI are both necessaryv and suffi-
cient for eguitability.
Definition. An autonomous system is said to be P%-in-

dependent iff

exXists, and the columns of L are identical.
Denoting by % the typicalicolumn of L associated with a
Po—independent autonomous eauitable system, and by la th?é;
ath component of &, we obtain the following necessary anﬂ??
sufficient condition:

Proposition AII. A P°-independent autonomous svstem is

equitable iff there exists a constant c, (depending &n

r) such that

z N L = c, r=1,2,...,m.

AIII. The Constant Strategy Case

b

If by law or mutual agreement the agents' strategies

¢§ do not vary with t, we write ¢j = ¢§ and say the strategies
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are constant. {(The autonomous case may be regarded as a

special constant strateay case.)

Preposition AXIII. For anv constant strategies wj’
j=1,2,...,m, the limits
1 t-1 .
lim . g z D;(¢) exist, j=1,2,...,m;
toreo S=0 Wi .Zr
]

r=1,2, /N
Definition. If for all constant strategies wj,
i=1,2,...,m, lim ps(w) exists for each ae ./ and ecuals

tre

(say) 1 (%), independent of og, the system is said to

o . .
be P -independent for constant strategies.

Proposition AIV. If a system is, for constant strate-
. : o .

gies, bhoth ecguitable and P -indewvendent, then for any

m-tunle Yy of vosgsihle joint actions, the autonomous

nY

system using transition matrix is ecguitable.

Proposition 2V. A system p®-independent for constant
strategies is ecuitable for constant strategies iff
there exist strategics 0. such that for anv arbitrarv

(constant) strategies vy, ,

1
z L (v2) - L L (va) 2 0
wie.2y &3 wra.2y &3
J i
j=1,2,...,m; i=1,2,...,m; r=1,2,...,n.

When constant strategies are emploved, the svstem motion

is governed bv a constant transition matrix T (y) which is

. . ) . Y
an nm~-affine combination of the matrices INI'. The elements

of N () are denoted wa8($). Dencting hy De(w) the co-
factor of wlB(w), where the subscript 1 indicates o={1,1,...,1},

we have the following:
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Propositicn AVI. A system p®-indenendent for constant
strategies is equitable for constant strategies iff
there exist strategies wj sucnh that for anv constant
strategies wi,

D, (*a) - z De(wﬁ) <0,

873

z
3:ej2r :
i=1,2,...,m; j=1,2,...,m; r=1,2,...,n.
AIV. The General Case
The general system is difficult to analyze for ecuita-
hility. However, two provositions of significance are
readily obhtained.
Proposition AVII. An ecuitabhle system is necessarily
equitable for constant strateqies.
Denote by 7N (y) the transition matrix in effect at the in-
stagt t at which the agents choose their strategies

w;,...,w;, and by y) the aeth component of n(y). If

aB(

the system is in state B, the jth agent might consider seek-

ing an apparently near-sighted nolicv @; satisfying

t
I T (ha) A) 2 0, all y,
oc:a.2r o8 pj a:a.>f GB(WJ wl'
J 1~
r=1,2,...,n; i=1,2,...,m.
Proposition AVIIJI. 1If for each state B8 and each time

t such a $§ exists for each agent, then the system is
equitable and the $§ are eauitabhle strategies. B2s N(y)
depends on the w; but not exolicitlv on t, the $§ need
not depend on t.

Exanples of systems satisfving the hvpothesis of Pro-

position AVIII can be constructed with moderate case.
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Svsten states and agent preferences.

- . . . , i
Agent actions deteriaine which 17 will be used.

el
=)

Iz A] chooses U, while A, chooses U _, then I
1 = e

guides the system to its next state.

- . . i - c e
the entries in 17 are transition prohabilities

related as suggested to the states Xj.

Ixamples of autonomous svystems exhibiting that
neither of the properties ”Po~independent" and
"equitability"” implies the other. The four dots
in each sector represent states, numhered as 1in
Figure 3. Lines leaving a dot represent non-zero
transition probabilites. All such probabilities

in the ahove diagrem are 1.



