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ABSTRACT

Shafer, W. and Sonnenschein, H. -- Equilibrium with Externalities,

Commodity Taxation, and Lump Sum Transfers

In this paper we investigate sufficient conditions for the
existence of competitive equilibrium in economies with a taxing
authority and externalities. The theorem extends a result of
Sontheimer. It verifies the consistency of competitive behavior
in economies with taxation and externalities.

The model is sufficiently general to include the possibility
of public goods, commodity taxation, income taxation, government demand,

or any subset of these.






1. INTRODUCTION

In this paper we investigate sufficient conditions for the existence of
competitive equiliBrium in economies with a taxing authority and externalities.
The theorem extends a result cf Sontheimer [13] (and is related to issues
explored in Diamond-Mirrlees [5], Shoven [12] apd Mantel [8]). It verifies the
consistency of competitive behavior in economies with taxation and external-
ities. 2/ Thus the result adas meaning to the normative theorems which relate
taxation, externalities, and competitive behavior.

The model that we explore extends the standard frawmework for studying
exte;nalities and taxation. It is sufficiently general to include the possi-
bility of public goods, commodity taxation, income taxation, government demand,
or any subset of these. Preferences and the technology of firms depend on
the state of the eccnomy. Individuals hold wealth in the form of initial en-
dowments of éommodi;y and ownership shares in firms. The government both
taxes and subsidizes the purchase of commodities. We allow for the possibility
that economic agents face different prices for commodities. The extent to
which these prices differ from the tax free prices defines the tax (or subsidy)
on each commoﬁitf iﬁposed on each agent. Furthermore, taxes are allowed to
vary with alldcations and tax free prices. Finally, tha government redistributes
the net revenue (possibly negative) associated with its actions to consumers.

The now classical literature on externalities and corrective taxation
serves nicely fo provide motivation for the analysis. 1In that framework it

Sy :

is useful te dichotomize the function of government. First, the government

effects the competitive mediation of the externalities by altering the value of

2/ ' ' .
~ For economies with externalities alone the existence of equilibrium was

established by McKenzie [10], and mors recently by Arrow and Hahn [2].
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actions. Its purpcse is to make visible real costs and benafits which exist
economy as a whole but are not visible to the agents who cause them. In this
function tﬁe government helps to bring about the efficient allocation of
resources. Seccnd, any government which taxes is intimately involved in the
redistribution of incéme. This is because taxation effects commodity prices
(including factor prices), and also because the proceeds of taxaticn must be
distributed. Thus, an esseﬁfial problém for a gbvernment engzaged in corrective
taxation is to detérmine which allocation, each asscciated with a different
distribution of indome, it wishes.to choose, The particular schedule it
chocses must necessarily depend on its preferences over distribufions of
income as well as the exact specification of the externality. However, itbis
well known that with externalities, the design of a tax system consistent with
the Pareto efficient allocation of resources requires preéise knowledge of the
technologies (including externalities) and preferences of all agents. .Here we
do not assume thap governments have exact knowledge of the "data' of the eccnory.
Even without exact knowledge they can (and do) purposefully effect the alloca-
tion of'resou;ces through the use of corrective taxation. The ambition level
of a government may be better expressed as ''to make some social costs and bene-
fits visible in markets and to regulate the distribution of income rather than
. * B
“to achieve Pareto optimality". Trom this perspective a government will combine
its conception of the true preferences and technolougy of society with some know-
ledge of ﬁrices and the distribution of income to obtain a schédule of taxes and
plan for the distribution of tax revenue. The main purpose of this paper is to
investigate conditions under which competitive behavior is consistent with the
presence of a government which behaves in this way. More precisely we provide
conditions for the existence of competitive equilibrium for economies with very
general externalities and with governments that impose taxes (not necessarily

optimal taxesd which depend on beth the allocation of commodities and commodity

T
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prices.

Before entering into the substance of the argument a few words concerning
technique may be in order. This is especially true since the methods we employ
have not (to our knowledge) previously been applied to the problem at hand. In cur
mind they provide scme of the raison d'etre of the paper. It is felt that the
most natural technique for proving the existence of eqyilibriﬁm with éxternal-
ities and commodity taxatién is the wvery beautiful theorem of G. Debreu [3] on
equilibrium inva generalized game. Unfortunately this theorem dces not directly
apply because of the possible emptinéés of the budget correspondence (when it
is defined in the natural way). To overcome this probleﬁ we have replaced the
original economy with a new economy which has the properfy that an equilibrium
of the new economy is an equilibrium of the old economy. For the new economy
the natural budgetAcorrespondencg is always nonempty; however, preferences are
no longer orders. -An-extension of the Debreu theorem to the case of nonordersd
preferences . [11] is_used to pro?e the existence of equilibvrium for the new
economy. Our extension of the Debreu theorem was motivated by recent results
due to Mas-Colell [9] and Gale - Mas-Colell [6] on the existence of competitive

equilibrium without ordered preferences.



1 *10399A 2A13e3duuou e snid
d w103y syl yo st “® xe3 O13FTo°ds e 3o .  °sed _?dy3 1oy pue ‘xTajeu (euodelp
B sT vV 92asysn dy wiog 9yl Jo sT 0 xp3l WOIO[BA pPE UB JO 9SBO 94yl 104 —

/€

[ £
‘"X <&-4 X X :°/, oouspucdsaaiod uorzonpoid B sey wfrr-fz7 = [ wxry yoey

1 LI 1 T
Tz(dLx)"dh sT "X D “z  10393A uoT3dwnsuod B JO 350D
, T ... 1
a3 pue ‘(dLx) A + Tm{d‘Lx)"d s1 (dL°%) =23B3IS UT YljEam s, 3usbe
343 SngI/E:SpuapIAIp 3130ad opnyoul osIe 03 paunsse ST £31o0ITdmIs
- ¢ reon b
TRUOTIBIOU I0F yoIuym ‘(ea1iedou A1qlissod) (df4‘x)°" 7 ALpisqns uns dung
(1e1BOS) B saaled21 pue ‘°o3B3S IBYI 3B IBADad 03 UYSIm pInom A3rIoyine
Xel dY3 SIPISqns pue sa3xXe] L3Tpoumicd Y3l Surpnioul se psjsadisjur 2q
c ¢ T N
01 ‘(df4‘x)"® zo30ea 90Tad syl se2oey T 3us8e ‘U X X X X 2 (d°4°x)
T .1 ) T T - . 1 1
23838 B 2y ({(dLAx¢'R)'n < (dLx‘z) n:TX D 2z = (dLx)TaU X
1
‘(d4£x) se3els B I0F IEYI Yons ¥ « U X X XX X 73 PN e s3sIxd
‘ : T
?12y2 JT uorzounI A3171In B Lq 9[qeaussaadoa sT “g) (X Jo 1030°9A

I T 4
jusuodwod Yar 3Yya) °‘x o3 sasgzaad T Juele yoIym ‘X 3 2z II® 3O

39¢ 8yl °q o3 poassadisiuyr sT Ix U (d‘A‘x)?a ‘U X 2 XY 3 (d94x)

231B3IS B 2V .WH <= U X A XXt Ig aouapuddsazloo aouala;azd,

B pue ;a 2 o 10309A JUBWAMOPUS TBIITUT Ue SBY U’ * " ‘7 =T 2aWnNsuod ydej
.m:....(zt-[=£‘ U"U)\AXX: A
u‘-ootzl-[=-'t H‘_Oxxxxz 'ﬁ
U“';‘Z’I =1 U0 X AXX: 1¢

' Aq paqIaosap A31aoyjne ¥el B pur ‘SI0309A éd;ld Jo {0}_\ ;H = U 395 ¥

£

- I= f .
* ( gg L= 3) 38 5 "X 233s uoraonpoad v ‘wfr-rfzf1 = [ waty yoes l1og
i .
i I=1 Coo .
('Y =3 7& o 'X 39t uoradunsuco B ‘Uf*t*fz¢7 =1 lswnsued yIed 20J
a

:jugew ST ([A ty ‘Eﬁ ‘?ﬁ ‘[A ‘?g * ‘Ix) = ¥ ALwouoos ue £g 1 UoI3IuTI=(

‘W3309Y3 8yl JO SUOTITPUOD 2Y3J SSNOSIP puB ‘wWaI09y3 urew

a3yl 93w3s ‘Awouocs uUe JO. UWOTITUIIAP Y3 jussaad [ITM am BOTIONIS STY] ul



-5-

At a state (x,y,p) € X x Y x (0, the set YiGoy) s

composed of all feasible production vectors for firm j. At this state,
the firm faces the price vector Wj(x,y,p), which includes commodity
taxes and subsidies and the corporation profit tax; so the firm's net
profit at a production zj € ?j(x,y) is Wj(x,y,p)zj.

Definition 2  An equilibrium for § 1is a peint (x“,yn,p“) EX XY XQ

‘such that:
E 1) CP_;_(XA:YA;P“)X; = CPi(X“;Y";P")wi +,ui(x’\,y",p ) 1= ].,2.,...,1‘1,
E 2 2% x, = Z yf + 2 w, and * 2Xf ) %— Sw,) =0

{71 ; 3 ; L p(il Jy_] iwl) ’

* X % a . .
E 3) z, € Pi(x »Y SP ) Xi implies

%

w{(x ,y‘,p ) (Zi - mi) > Mi(x JY:P" y, 1 =1,2,...,n, and

e te
s

E4) 'y, maximizes ¥,(x L z, over z €Y. *’ *
yJ J 2R j i yJ(X 2y )

Theorem. Every economy & which satisfies the following conditioms (a).b),

c), d), e), and f)) has an equilibrium.

For each agent i.= 1,2,...,n

al) X, is closed and convex,

a 2) P, has open graph in RF ¥ X X Y x 1, and
1

a 3) Pi(X:Y}P) is convex‘and X, € Bdry{Pi(x,y,p) N Xi}for each (x,y.p)cXx Yy & .

For each firm j = 1,2,...,m

b 1) Yj is closed and convex,
b 2) Y. 1is a coantinuous correspondence, and

b 3) %.(x,y) 1is a closed convex set containing 0 for each (x,y) € X X Y.
]
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c) The attaineble set A = {((x;y) € X x Y : Vs G‘yj(x,y) for all j and

Z L £ Z yj + 2 wi} is nonempty and bounded.
i j i

d) The maps Qir Hyo and Yj are continuous.

For each {1 =1,2,...,n and each (x,y,p} € X x Y X,

i

e 1) there exists a z; € pri(A) such that
pzy < pwy Fpy (9,P) - {0, (Gy,9) ) (g - wg) .
(The symbol Pr denotes projection on the ith coordinate.)
e 2) Let B be an £ X 4 orthonormal matrix representing a rotation of Rz

wi(x,y,pD P

iich sends T—=——— to T
which sends “wi(x’y’p)” ° il

(B represents the direction and size of

the price distortion caused by the commodity taxes.) Let T : RE -+ R£ be

this rotation with the origin translated to X5 i.e., T(z) = B(z~xi) + X,

Then we reguire:

e 2.1) T(Pi(x,y,p)) n Xi # @, and e 2.2) if cpi(x,y»;p)xi = @i(x,y’p‘)wi +;J,i(':~:,y.

and Pi(x,y,p) contains voints z, E_Xi for which @i(x,y,p)zi = @i(x,y,p)xi,

then at least one such zi must satisfy T(Zi) € Xi'
f) For each (x,y,p) € X x Y X b for which \yj(x,y,p)yj = Yj(x;y,p)zj holds

for each Zj E‘yj(x,y) Npr.(A, 3=1,2,...,m, and
J

@i(x,y,p) (xi - wi) = gi(x,y,p) i=1,2,...,n, we must have

Tuxy.p) = o (x,y,P) - p) (X, - w,) + Zopy..
DM RS i i . i
i 1 J
Conditions a) through d) are either self—explanatofy or standard
" assumptions; condition £) simply requires that the tax authority balance
tax revenues with expenditures. It states that the aggregate lump sum
transfers 2 ui(x;y,p), which a2lso include after tax profits by assumption,
i . .
must be equal to aggregate commodity tax revenues from consumers.

3 (¢i(x,y,p) - p) (xi - wi), plus the sum of tax revenues from firms and after

e

)
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tax profits, which is Z py,. When this holds, and wi(x,y,p) (xi - mi) =us
hclds for each i, then we will get p(Z X, = Ly, - z wi) = 0, which
. . J .
i j i

is Walras'

Law.

The condition e 1) 1is analagous to the minimum wealth requirement
which is used to guarantee the continuity of budget correspondences. Since
{x x, - = i iv t - = - (@.&x,y;p) -p) (¥, -w.).
¢ (,yp) (% - w) =p, is equivalent to p(x; - wy) = uy Cpl( »¥58) -p) (3 m0))
the term (@, (%,y,p) -P) (xi - wi) measurec the change of income due to the
i A .
price change from p to ¢i(x,y,p)u Condition e 1) thus requires the existence

of affordable consumption vectors when the loss in income due to the conmodity

taxes is considered as a lump sum tax.

Our reason for using e 1) as a minimum wealth requirement rather than,

for example, the more direct requirement that
(*)- there exists z € Xi such that wi(x,y,p) (z - mi)< pi(x,y,p)

is that this latter requirement may rule out reasonable taxation mechanisms.
Note that if condition * 1is sétisfied, then the budget corréspondence defined
by C.(x,y,p) = {z, € X,:@,(x,y,p)'(Z. -w,) = u.(x,y,p)} will be nonempty

i i i1 i i i
valued and continuous. We will give an example of why (%) is too strong after
discussing condition e 2). This condition places bounds on the size of the
price distortions caused by the commodity taxation. The first part {e 2.1

requires that if the preferred set Pi(x,y,p) is "twisted" about X
(Di(x’ y}p)

in the same direction and angle as the move from -———————, to
o, (x,5,p)II
P . .
T then this twist cannot be so large as to completely move P, (x,y,p)
1 &

out of the consumption set. We remark that this will be satisfied whenever
X; € intXi, since x; € Bdry {Pi(x,y,p)(1X11 Thus the problem arises only at boundary

>
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points of Xi' The condition will also be satisfied at any poin X for
which Pi(x,y,p) n Xi contains all =z € Rz for which z = X, and 2z % X0
since the rotaticn is never more than 90°. Thus e 2.1) 1is not viewad as
unreasonably strong. The second éart of 2 2) requires that the twist should
never be so large as to move out of 'Xi all consumptions preferred to X
which cost no more than X, . This condition will also be satisfied at any
X, € intXi;however it is a strong restriction on the boundary. A condition
which guarantees e 2.1) 1is that Xi = Ri and BdryXi is an indifference
4/ . . - ' .
curve.— Sontheimer [13] has counterex.mples to show that the.theorem is
false with all the assumptions except e 2.l1). Sonfheimer's model,.which
is our model without externalities, with éi depéhding oﬁly on p, and
with by a constant plus (@i - p)(xi - wi),- uses conditions different
- -from e 2 ) .to overcome this problem. However, neither his conditions nor
our'’s are more generzl.

We now give examples of why (*) above may be too strong for éome tax
mechanisms. In éur first example it is éhown that kge?ing the budget corres-
pondence 'Ci ~nonempty is a significant problem. In our second examﬁle we
show that even if Ci can be made nonempty:valugd (*) may fail and Ci may

in fact not be continucus.

Example 1 Consider an exchange economy with two goods Xy and Xy, and denote
the prices of these commodities by Pq and P, respectively. Suppose

there is a single consumer with consumption set Ri and initial endowment
w = (2,2). Let the prices faced by the consumer be ¢ (p) = (3p1/5, 7p2/5);

thus, good 2 1is taxed to finance a subsidy on good 1. Condition £) requires

that the lump sum transfer (x,p) satisfy u(x,p) = (p(p) -p)(x - @) whenever

4/ . '
—'We observe that if there is no twist; e.g., if all commodities are taxed at

the same rate, then e 2 ) -is satisfied.



(x,p} satisfies m(p)g = (p)y + ulx,p).

If we define p by u(x,p) = (o(p) - p){x - @) for all (x,p), which is the
most natural way, then the budget set will be empty for some choices of (x,p).
The reader may verify that if P =P, = 1 and x= (12,1), then

w(p)-w +u(x,p) =4 - 22/5< 0 so no point %' € Ri is affordable. This
problem arises because u must be defined and continuous even at (x,p) at

which x 1is not affordable.

It is natural to ask whether a proof technique exists which requires
only that the Ci's be nonempty at (x,p) at which X is éffordable for each
i. Even if this can be done, the next example indicates that (*) is too strong.
The budget correspondence can easily fail to be continuous éven wheﬁ restricted
to x. which are affordable. Example.Z provides an illustration of this
phenomenon. It can be embedded in a two agént model in which each consumer is
returned the tax he pays and which has its only equilibrium at a point at which

the budget correspondence is not continuous.

Example 2 Consider a consumer in a one person pure exchange economy.with two
goods. 1In Figure i, the agent's initial endowmént vector is m,- and his con-
sumption set X 1is the set of all points lying on or above the curve consisting
of the straight line segment [a,xl] and the curve starting at Xy and passing
through A. The tax mechanism consists of subsidizing good 2 by a tax on good 1,
and we mﬁst have p(x,p) = (o(p) - P))(x - w) at any x for which o(p)x = n(p)ut.
{condition f); The latter statement is equivalent to requiring that p(x - w) =0

=2

whenever o(p) x = w(p)w +u. In Figure 1, the lines labeled pi,i = 1,2, are the
hyperplanes {i: piz = piw3, and the lines labeled ©; i =1, 2, are the
hyperplahes {z: w(pi)z = :p(p,l)x.l = @(Pi)w + M(Xi’pi)}' Consistent with our .

assumptions about the taxes, ¢ is always steeper than P,



| poogy
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As drawn, the minimum. wealth condition 15 fails to be satisfied at each
(pi’xi)' Such a situation arises simply because the tax mechanism may prevent
w from being an affordabie consumption, so that at points x on the
boundary of X the budget set C(x,p) may contain only boundary points. As
this example is drawn, the conStraint: corre;pondence C actually fails to
be lower-hemi-continuous at (p2’x2)' Conside{ a sequence (pn,xn) such
that pn-a By X" € [xl,xz) and pn(xn-w)==0. Then the hypérplanes deterﬁined

by cp(pn) wi}l be less steep than P9 and will never contain Xy Therefore,

one'pannot extract a sequence of points from the C(pn,xn) which converges
to ace€ C(pz,Xz)-

In this example, however,‘ e 1) 1is satisfied, and e'é) will be satisfied
if, for example, we take P to be‘Qefined by P(x) ={z € int X : prl(z)>?r1(x)_
(for a different specification of P, e 2) ‘may failﬁ. The minimum wealth
condition * may frequently fail simply because, with com¢odity taxes,
the initial endowment w may not be affordable (even when the proceeds of
the tax are rétufned by lump sump sum tranéfer!). Figure 1 makes it apparent

that our theorem will include cases when the budget correspondence is not

continuous.

pre:h
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-III. PROOF OF THE THEOREM
Cur main tool for proving existence of equilibrium will be the fcllowing

extension of a theorem of G. Debreu on the existence cf equilibrium in a

generalized N-person game [3].

satisfy

‘Lemma 1  (Shafer and Sonnenschein [11]) Let I = (Xi, Pi;lﬁ,)i
. , .
a) each Xi is a nonempty compact convex subset of R X = T
B) each P, 1is a preference correspondence: _Pii X > Xi- such that,
Bl) P, has open graph in X X X,,
B2) ' for each x £°X, Xy is not in the convex hull bf”.Pi(k), and
y) each /7, is a {constraint) correspondencé: /75} X —>> Xi suéh that
vyl) 7, 1is a continuous correspondence,
v2) for each x é X; AVi(x) is nonempfy, compacf,and convéx.
“Thén there exists an eﬁuiiibrium for T, 4i.e.; theré exists an x € i
such that, for each i,
. S
61) x; € 7.(x)

52) Pi(;<) N ﬁi(i) =p.

First we prove a special case of the theorem.

Lemma 2 If & satisfies the conditions of the theorem and in addition

@i(x;y,p) p for each i =1,2,...,n and each (¥,y,p) € X X Y X Q, then
8 has an equilibrium.

Proof of Lemma 2 We convert & into an n +m+ 1 person game. By the

standard technique of intersecting each Xi and Yj with a sufficently large
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compact set (see Debreu [ 41), we may assume each Xi and Y is compact,
3 .
Also, in place of the local nonsatiation assumption that x; £ Bdry{Pi(x,y.p)fX,3.

Pl

1

we may assume that X5 € BdryPi(x,y,p) holds whenever (x,y) € A. (A 1is the

set of attainable stafes.)
Let A=fp€Qn: = P, = 1}.2/The first n agents are described as follows.
i

Agent 1 has choice set Xi’ constraint cerrespondence Ci : X XY xaA->> Xi

defined by

1A

C,(xy:p) = {z; € %;: pzy S puy + i (%570 35

&

>

and preference correspondence Pi defined by Pi(x,y,p) = Pi(x,y,p) n Xi.

The agents j =1,2,...,m are described as follows. Agent j has choice
set Yj’ constraint correspondence ‘yj, and preference correspondence

PyX X Y X A ->>Y, defined by
ll".xy, )‘= z, €EY,: ¥.(x z, > ¥.(x, b
(%,¥,p {.J € Yyt v (5y,p) 2, 300ysP)y

The last agent, the "market player'", has choice set A, ccnstraint corres-
pondence 7:X XY XA ->3>A defined by 7(x,y,p) = A, and preference correspon-

dence P:X X Y x A ->> A defined by

P = . - - ¢ - -
P(x,y,p) = {q €4 : q(Zx,. Zy; - Zo)) > p(Ex; - 2y, w,)} -
i j i i i i

Aside from tﬂe continuicty df the Ci’ it is‘evidént that I' satisfies
the conditions of Lemma 1. The fact that e 1) is simply the usuzl minimum
wealth requireﬁent in this case guarantees the continuity of the Ci functions
(Debreu [ 41].)

+ L <% : co ’ :
Let (x ,yx,p ) be an equilibrium of T. We will show that it is an

?
-

equilibrium of &. We have p’:x; = pa, +ui(x“,‘y"’,p“) i=1,2,....n.

%
and each yj is a profit meximizing vector. Thus by condition f),

5/ . ' .

=" In this model excess demand is not necessarily homogeneous of degree zero
in prices: thus, the equilibrium price set may depend on the normalization
which is chosen. For example, this will be the case for specific taxes.



% v 2 % % * % * e %
Zp (%, -w) = ui{x,y,p Yy =p = yj, so p» (2 X - Ty, - T wy=0
. i . . .
i i : i j J i

This latter conditionm, together with the fact that p maximizes the value

of excess demand (by equilibrium for the market player), implies that

* %

z X, = vy, - 2 W, = 0, so that (x ,y ) €.A. Then local nonsatiation
i 3 034

* % * * k% .

implies p X; TP w; + ui(x ¥ 5P ), so that E 1) and E 3) are satisfied,

* % &
and -with f) we now get E 2). Thus (x ,v,p ) 1s an equilibrium for 4&.

Before proving the main theorem, we establish a technical lemma which allows
us to chonse the rotations described in e 2) continuously as functions of

p and v, -
zZ

Lerma 3 There exists a continuous map B : O x QO+ R such that for each

(p,q@) €0 xQ, B(p,q) 1is an ¢ X £ orthonormal matrix with positive determi-

T

r g - ¢
nant. such  that B(p,q) fqli i

Proof of Lemma 3 For k = 2,3,...,4, let yk € Rﬂ be the vector with

st 1 - . .
(k-1) coordinate 1, whose Lk'th coordinate is -1, and which has all cther
coordinates 0. Let si™l = {q € 2 . I =1}. Then it is easy t rif
. L q ', lig 1}. Then it i y to verify
£ A ot «6'1 : 2 24 . . . .
that for any q € S the set {qg,77,...y"} 1is linearly independent. Wz

+ J
. .
now apply an orthogonalization process to the sequence q.,y ,...,yx to obtain

an equivalent orthcnormzl sequence q, az(q),...,a (q@). This process, as
described in Gantmacher ([7 ], pp. 256-258, especially formulas 35-37), vields

the ai(q) as continuous functions of q. Define A(q) to be the matrix

th

whose first row is gq and whose i row is ai(o) for 1> 1. Then A(q)

'y

is an orthonormal matrix which varies continuously with g, has positive

determinant, and satisfies el A(q) = q, where e = (1,0,...,0)¢€ RE. Let

P

B(p,q) = A'(p)A(q), and extend B to ) x Q0 in the obvious way.
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~

Proof of the Theorem. vye convert & to an economy ¢ satisfying the

conditions of Lemma 2. Choose B as in Lemma 3, and for each 1i=1,2,...,n

. . ) _
define T,: X x Y » Q'x X, + R by Ti(x,y,p,zi) = B(p,wi(x;y,P))(zi-Xi) +x. .

~

Define preference cofrespondences Pi: X XY XQ ->>'Rg by

Pi(x)}’)P) = Ti(X)Y)pJPi(xJY)p))-
Condition a 2), the continuity of T,, and the fact Ti(X>Y:P>')
is bijective means Pi will have open graph in X x Y x é X Rz. The linearity
of Ti(x,y,p,-) implies Pi(x,y,p) is convex, and the fact that Ti(x,y,p,.)

is bijective : and condition e 2.1) yield

X, € Bdry{Pi(x,y,p) C-Xk],

Let m:Xx Yx:d - h be such that ¢i(x,y,p) p for all (x,y,p), and

~

pet X X Y x Q4R be defined by
W GoysP) = (67p) - (o (%, -P) (%) - w,) -

Then the economy.
& = (Xi,wi,Pi;Yj,‘yj,mi,pi,vj) satisfieé the conditions of Lemma 2, so

%

%* *
it has an equilibrium (x ,y ,p ). We now verify that this is an equilibrium

for &. Clearly only El1 and E3 need to bte verified.

% % % ~ * % %
We have p X, TPt ui(x ;¥ 5P ) so

. % % A * k% * %
P (Xi = wi) = ]J'l(x Y _)P ) = ((Pi(x) Yy, p ) % )(Xi - wi)’ and thus
- * * * * 0% *

@i(x »Y 5P )(Xi - wi) = Mi(x )Y P ). Therefore E 1) is satisfied, Choose

Lo A

x S * % % x % %
z € Pi(x ’yk:P )y N Xi' It must be shown that @i(x 3V 4P )(zi - mi) > ui(x Y P Y.

o

A
ui(x .Y sp ). Then by e 2.2) there must

ate -,

)p )(zi. - wi)

liA

Suppose that wi(xnyy

3 x % * % * ry * ¥
be a z' € P;(x,y ,p ) such that ¢ (x ,y ,p)(z' - w;) =p,(x,y,p) ard

o ale ot
iy U

* % £ k3 3% o
. L] AN . "o - . v 1 = 1 - -~
Ti(x ;Y :p s2') € - Write =z Ti(x ,Y 5P s2") G(z xi) + Xy [ Xi,
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%* * % %
where G 1is the matrix B(p , 9, ,(x ,y ,p ). By construction,

CPi(X Y 5P ) P*
and since G 1is orthonormal = G.

[EFECUF AN ST IS

wfa
Iy ;

Go, X,y 50 ) _ P
o, Gy o0 e

A o o

R * k% ' * % % 0% ' %* ok
Thus @i(x ,Y sp Jz' = @i(x',y >P )xi is equivalent to p Gz' = p Gxi is

* % X * %k
equivalent to p [G(z' - xi) + xi] = p X5 which in turn is equivalent to

afs  ul )

* % ~ * % 0% ’
pz'=Ep X, - But since z" ¢ Pi(x ,Y 5 3 N Xi’ this contradicis the optimality

o

of x;- Thus E3 1is satisfied and the proof is completed.



I¥. NOIES

We conclude with two notes. The first of ;hese explains an efficient
method for proving the existence of equilibrium under the assumption of
continuity of consumers' budget correspondences. It provides an alternative
method for achieving the result of Mantel [Sj and Shoven [12]. The second
note shows how to interpret the model to include the provision of public goods

and services.

1., Assume that preferences can be represented by continuous utility
functions and thatAconsumers( budget correspondences are continuous and non-
empty valued. The latter assumptions are strong and as we have pointed out,
they are not inmliéd in our framewofk by the conditién that initial endowments
lie interior to constmption sets even if the commodity ﬁaxes each person pays
are returned as a lump sum transfer. In this case, one can immediately assoc-
iate with each economy a generalized n person game which satisfies the condi-
tions of the Debred Lemma [3], and such that an equilibrium of the generalized
gamé is a competitive equilibrium for the economy. (If in fact preferences arc
not representable by utility functions, then the lemma communicated in
{111 can be applied.) The substantial point which most distinguishes our
result from the treatments of taxation equilibrium provided by Mantei [8] and
Shoven [12] and_makeé it more of a descendant of the work of Sontheimer [13],
is that Qe do not require (or obtain} continuity of the bddget correspondence.
Furthermore, the natural budget correspondences of our model are frequently
empty (see example 2). The.conditions e 1), e 2), and "the twist" (see
the Theorem) are all directed to proving equilibrium in the absence of contin-

tous budget correspondences.
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2. To interpret the model to include the provision of public goods and
services by the govermment requires some minor adjustment. Corresponding to
each (x,y) € X X Y we may suppose that the government has an idea cf what
public goods it would like to provide at that state. Let G(x,y) € - Hi be
the set of input vectors which can produce the desired goods and services.

If the map G: X x ¥ ->> -Rﬁ is continuous, convex and nonempty valued, and
if there exists a u € Rg such that u E.G(i,y)r fo£ all (x,y), then we
can treat the government as if it.is é firm which has prbduction cbfrespondence
ynﬁl XxY ssib= Yo given by‘ym+1 (x,y) = G(x,y)- ful. The goﬁernﬁent
wili, fof each (x,y,p) maximize Pi subject tb z‘e}ym+i(x,y) ﬁhich'is
eqﬁivalent to finding that g € G(x,y) with lowest: coét. In this way the
government can.be considefed.BehaViorally to act as ; firm. The definition
of the set of atfainable sets should then read: |

A={xy)eXxY| x; € Xy, §= 1,2,...,n,

| | y; € %5009 3= L2, mil

n U mtl
and‘.izlxi in:i Y5 = i w; u}

ahd condition f) ~of the theorem should read:

2 s (07,0) = 3oy Gy, - B)(x, mw,) + 1Y, *pu.

i i _ j=1 J .

With‘public goods introduced in this way, each Pi(x,y,p) nx;, can be
interpreted as the set of commodity vectors preferred to X by consumer i,
given the public goods quantities the government wants to produce at state
(x,y). Similarly, each ‘yj(x,y) is the set of feasible productions of firm j
at state (x,y) and at the corresponding public gonds provision ﬁhé govern-

ment would provide at state (x,y).
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