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Abstract

This paper presents a simple framework that allows us to survey and relate some
different strands of the game theory literature. We describe a “canonical” way of
adding incomplete information to a complete information game. This framework
allows us to give a simple “complete theory” interpretation (Kreps 1990) of standard
normal form refinements such as perfection. and to relate refinements both to the
“higher order beliefs literature™ (Rubinstein 1989: Monderer and Samet 1989: Morris.,
Rob and Shin 1995: Kajii and Morris 1995) and the “payoff uncertainty approach”
(Fudenberg, Kreps and Levine 1988: Dekel and Fudenberg 1990).

1 Introduction

Consider a Nash equilibrium of a complete information game. How robust is that equilib-
rium? The classical refinements literature (building on Selten 1965, 1973) asks whether
that equilibriumn may still be plaved when plavers “tremble” in their choice of actions.
Specificallv, does there exist a sequence of full support trembles that justifies the equilib-
rium playv? The normal form refinements literature considers robustuness to more compli-
cated action trembles (Myerson 1978) and also robustness to small changes in the game's
pavoffs (Kohlberg and Mertens 1986). Kreps [1990] and others have argued that the
classical refinements literature is flawed because there is no explanation for the trembles.
Rather. we should build “complete” theories in which the trembles are endogenously ex-
plained: this at least allows us to have an unambiguous interpretation of the refinement.
This viewpoint is embodied in two papers. Fudenberg, Kreps and Levine 19881 and Dekel
and Fudenberg 11990]. that critique existing refinements.

The higher order beliefs” literature has considered a related question. In analyvzing
a complete information game. we implicitly assume that pavoffs are common knowledge.
Which Nash equilibria are robust to a lack of common knowledge? Specifically. which
cquilibria have the property that they remain equilibria whenever the common knowledge
assumption is weakened a little? Rubinstein {1989] demonstrates that even strict Nash

*Parts of this paper were first presented in an invited tatk by the second author at the 1996 Stony
Brook International Conference on Game Theory. It includes material from Kajii and Morris 11995! that
will not be included in the published version.



equilibria (which survive all the usual refinements) may not be robust to an (intuitively)
small lack of common knowledge. Monderer and Samet [1989] introduce a notion of
approximate common knowledge that is sufficient to make strict equilibria robust. Kajii
and Morris [1993] ask which Nash equilibria of a complete information game may be
cquilibrium play of every incomplete information game where pavoffs are almost always
given by the original complete information game. Many complete information games have
no robust equilibria in this sense. This includes games with a unique Nash equilibrium
that is strict. But if a game has a unique correlated equilibrium. it is a robust Nash
equilibrium: and a many plaver many action generalization of risk dominance is also
sufficient for robustness.

This paper describes a simple framework for relating together all the above results.
Qur “canonical elaboration” approach, which builds on Fudenberg. Kreps and Levine
1988, works as follows. Fix a complete information game. A canonical elaboration of
that complete information game is an incomplete information game with the same playvers
and action sets for ecach plaver. Each tivpe of cach plaver is either a “standard” type.
whose pavoffs are exactly as in the complete information game. or a “comumitted” type.
who has a dominant strategy to plav one of the actions of the original game. Importantly.
we allow for a large (possibly infinite) number of standard tyvpes: although they do not
differ in payoffs. they will typically have different beliefs and higher order beliefs about
others™ payoffs. To see this, consider the following example. There are two actions. a and
a’. Player 1 has two possible standard types, t; and #{, and two possible committed types.
a and a’. Plaver 2 has only one possible standard tvpe t», and two possible committed
tvpes. a and a’. Nature chooses a tvpe profile with assigned probability as shown in the
table helow.

plaver 1's tvpe\plaver 2's type to a | o
t 1-2-1010
t) G 10
a 0 00
a’ 0 0]60

In any case, player 1 is standard with probability 1: thus his payvoffs are given by the
complete information game. But the two types have different beliefs: if he is of type ;.
he is sure that his opponent is standard. But if he is of type ¢]. he will think that plaver
2 may be committed to play action a with (conditional) probability 1/2. This in turn
implies that type t; of plaver 1 is sure that player 2 attaches probability % to player 1
attaching probability % to plaver 2 being committed to action a. Thus even though type
t, is sure that plaver 2 is not committed to action a. that possibility is relevant to his
higher order (specifically, second order) beliefs.

An incomplete information game elaboration of the complete information game is then
parameterized completely by a probability distribution over type profiles. We are con-
cerned with sequences of canonical elaborations where. in the limit. types are standard
with probability one. For instance. we obtain such a sequence by letting £ go to zero in the
example above. We will look at Bavesian-Nash equilibria of the incomplete information
game elaboration: hence we will be assuming that players are alwayvs rational and there
arc no exogenous trembles. A probability distribution over actions (or action distribution)
is a limit equilibrium action distribution {for some given complete information game and
canonical elaboration sequence) if it represents the limit of the action distributions gen-
erated by cquilibria of the elaboration sequence. Because each plaver has many standard
types. correlation is possible in the limit of the elaborations. Thus any limit equilibrium
action distribution is a correlated equilibrium of the original complete information game.



In this framework. we can formalize the generic question we want to ask as follows:

Fiz a complete information game. Which action distributions are limit equi-
librium action distributions of some (all) canonical elaboration sequences sat-
isfying some property in higher order beliefs?

We can understand each of the above literatures by varying the restrictions we put on
claboration sequences and whether we require robustness to some or all such sequences.

Our results can be summarized in the following table (a more detailed summmary is given
in the conclusion). We write NE for Nash equilibria and CE for correlated equilibria.

Justified by
class of type of Robust to :
. some full
claboration robustness all sequences
support sequence
\o 1. not all strict NE
. . 2. risk dominant NE undominated CE
Restrictions . . .
3. unique CE
Limit
Common strict NE undominated CE
Knowledge
Limit ) . . .
strict NE undominated NE
Independence
Independence strictly perfect NE perfect NE

For the left hand column. we ask which behavior is a limiting equilibrium action distri-
bution for all sequences satisfving progressively stronger properties. Since we are requiring
robustness to all sequences. we thus weaken the refinement as we impose stronger restric-
tions. If we impose no extra restrictions on the elaborations (beyond the requirement that
standard types arc assigned probability one in the limit} then we get the result (in the
spirit of Rubinstein 1989) that even strict equilibria may not be robust: a many person
many action generalization of risk dominance (Harsanyi and Selten 1988) is a sufficient
condition (Kajii and Morris 1995: see also Carlsson and van Damme 1993). A unique
correlated equilibrium is also robust (Kajii and Morris 1993).

Now suppose that we add extra requirements to the elaboration sequence. Limit com-
mon knowledge requires that for all p < 1. the probability that there is common p-belief!
that all tvpes are standard also tends to one. All strict equilibria are robust to limit com-
mon knowledge elaborations (Monderer and Samet 1989). Limit independence requires
that the probability distribution over types is independent in the limit. Interestingly
enough, Limit independence implies limit common knowledge. so strict equilibria are ro-
bust also to limit independent elaborations. Independence requires that all elaborations
are independent (at the limit and before the limit). Robustness to all independent elab-
orations is equivalent to strict perfection in the sense of Okada 19811, Strict perfection
is equivalent to requiring a singleton strategy profile to be stable (Kohlberg and Mertens
1936).

For the right hand column. we ask which behavior is the limiting action equilibrium
action distribution for some sequence which puts full support (away from the limit) on all
committed type profiles and also satisfies the sequence of progressively stronger properties
introduced above. Now as we strengthen the restriction on the sequence we strengthen

LAn event is common p-belief if evervone believes it with probability p. everyone believes with proba-
bility p that everyone believes it with probability p, and so on (Monderer and Samet 1989).



the refinement. If we put no additional restrictions on the elaboration sequence. the
full support requirement implies that no dominated actions are plaved. An argument of
Fudenberg, Kreps and Levine {1988] shows that any undominated correlated equilibrium
{a correlated equilibrium where dominated strategies are assigned probabilitv zero) is the
limit equilibrium action distribution of some full support elaboration sequence. Thus
an action distribution is justified by some full support elaboration if and onlyv if it is an
undominated correlated equilibrium. Adding the limit common knowledge requirement
does not effect this argument. However. requiring limit independence implies that we
must have a Nash equilibrium in the limit: thus an action distribution is justified by
some full support limit independent elaboration if and only if it is an undominated Nash
cquilibrium. Finally, requiring independence along the sequence makes the canonical
elaboration equivalent to the action trembles of Selten [1975]. Thus an action distribution
is justified by some full support independent elaboration if and only if it is perfect.

This paper lays out these arguments in essentially this order. We first introduce our
notion of canonical elaborations (section 2) and review some techniques and Leminas from
the higher beliefs literature that we will exploit (section 3). We survev results concerning
robustness to all elaborations in section 4 and review refinements which are justified by
sone full support elaboration in section 3. Section 6 concludes.

Before we start, let us highlight some limitations of our exercise.

1. The “canonical elaborations” we consider are very simple. In particular. it would
make sense to allow “standard tyvpes” to have a small amount of uncertainty about
their own pavoffs: similarly. it would make sense to allow tvpes with very different
pavoffs who are not necessarilv committed to a particular action. We allow neither.
We consider simple elaborations because they are sufficient to explain the relation
between the literatures we survey: put differently. we believe that the issues raised
by considering more complicated claborations are orthogonal to the main conceptual
issues in these literatures. Nonetheless, we do not want to claim they are in any
sense the “right” elaborations to consider. Papers such as Fudenberg. Kreps and
Levine [1988], Dekel and Fudenberg [1990] and the survey paper of Dekel and Gul

i1997] consider different classes of elaborations and discuss their justifications.

2. In analvzing our canonical elaborations. we assume that players have common prior
beliefs and play according to some (Bavesian) Nash equilibrium. We thus ignore
two sets of issues studied in the literature. First. when and how can assumptions
on knowledge and higher order knowledge justifv equilibrium assumptions (e.g..
Aumann [1987], Brandenburger and Dekel [1987] and Aumann and Brandenburger
[1993])7 Second, which refinements can be justified even before making equilib-
rium/common prior assumptions (e.g., Borgers [1994], Dekel and Fudenberg [1990]
and Gul [1996])7

3. This is a survey. We sketch proofs and cite close but not identical proofs in the
literature. While our interpretation of results mayv differ from the literatures we
survey. almost all the results are out there even if we do not cite them correctly.
We believe that many researchers have thought about “complete theory™ issues in
refinements but we are not sure of the appropriate citations.

4. In many cases, there are large gaps between the necessary and sufficient conditions
we report. In some cases (such as section 4.1) we have tried hard elsewhere to fill
these gaps (without success). In other cases (such as sections 4.2 and 4.3) there may
be existing results or casy arguments that we have missed.



2 Canonical Elaborations

In this section, a simple framework for studying incomplete information elaborations of
complete information games is presented. Our elaborations are a modified version of
the elaborations introduced by Fudenberg. Kreps and Levine (1988). Fix a finite set of
plavers. T = {1..... T}, and their finite action scts. {A;}, 7. Write 4 = A; x . x A,

2.1 Complete Information Game

A complete information game g = {g;},.7, where each g; : A — Jt. Write A; = A(4;) for
the set of mixed strategies for plaver i and A = A; x..x A4;. Writea = (a;....a;) € Afor
a profile of mixed strategies: write a_; for a profile of mixed strategies excluding plaver
i's. The domain of each g; is extended to mixed strategies in the usual way. We record
some standard complete information game concepts that we will be using.

Definition 1 Action a; € A; s dominated (in g) if there erists o} € A; such that
G ((12.(1,1) >gilaj.a_;). foralla_; e A_;.
with strict inequality for at least one a_;.
Definition 2 Action a; € A; is weakly dominant (in g) if
gilaj.a_i)y > gi(dioa_y). foralla, € A anda_; € A_;.
Definition 3 Mized strategy profile a € A is a Nash equilibrium (of g) if
gila;.a ;) >gilal.a_;). foralli € T and o} € A;.

Definition 4 Action distribution p € A(A) s a correlated equilibrium {(of g) if. for all
1 €71 and a;. ad} € Ay,

Z gilag.a_)pu(aga_;) > Z g: (aha ) plas.a ;).

a. €4 a €A,

Definition 5 Action distribution @ € A(A) is a Nash equilibriwm action distribution

tof g) if w is a correlated equilibrium and p{a) = [] p; (a;). where p,; s the marginal
i€z

distribution of u on A;. Equivalently, i is a Nash equilibrium action distribution if pu(a) =

I1 a: (a;) for some Nash equilibrium a.

€7

Definition 6 Action distribution i € A(A) is an undominated correlated equilibrium (of

g) if [1] ji 15 a correlated equilibrium and [2] i (a) =0 if a; s a dominated action.

Definition 7 Action distribution € A(A) s an undominated Nash equilibrium action
distribution (of g) if [1] 1 is a Nash equilibrium action distribution and [2] p(a) =0 if a;
15 a dominated action.

<t



2.2 Incomplete Information Elaborations

In considering elaborations of complete information games. the state space will be fized.
Let T/ be a countably infinite set of standard types of player i. Let A; be commutted types
of plaver i. The set of possible types of playver 7 is the union of these two. T, =T U A,.
The state space now consists of all tvpe profiles. T =T, x .. x T;.

Definition 8 A canonical elaboration consists of a complete m}‘mvnafmn game g and a

probability distribution P € A(T).

A canonical elaboration (g. P) is an incomplete information game under the following
interpretation: P € A (T') gives a probability distribution over types: payoft functions g
give payofls of standard types: and committed type a; of player i has a strictly dominant
strategy to play a;.

Aore formally. let (g. P) be the incomplete information game with type space T.
probability distribution 7 and incomplete information game pavoff functions:

g la). ift, €T
u; (a.t)y = l.ifa; = ¢, € A;
0.iffa; #t; and t; € 4,

Thus (for simplicity) we focus on extreme standard and committed types. excluding:

e Standard types with a small amount of uncertainty about their own pavoffs:
e Non-standard tvpes without strictly dominant actions.

Now a (mixed) strategy for playver ¢ is function o, : I; — A ( 4;). Write ¥, for the set of
mixed strategies of player i, and write 0 = (ay....07) € ¥ = %) x .. x 2. Write 0, (a;18;)
for the probability of action a;. given type t; of player i: write o (ait) = ] o; (a;lt;) and

icl
o_ila—ilt—i) =[] a5 (a;lt;)
]¢l . vy . . . . .
The standard definition of equilibrium in this setting is:

Definition 9 Strategy profile o s an cquilibrium if. for all i € T and o} € ¥,
ZZ“ a.tyog(at) >ZZU a.tyo (a; tyo_(a_it_,) P{t).
teT acd teT ae A

This is equivalent to:

Definition 10 Strategy profile o is an equilibrium if. for alli € T.t; € T; with P(t;) > 0.
and a; € A; with o;(a;{t;) > 0

a; € arg max Z Z a_)y . Oo_jla_;t_;) Plt_; t;).
€ t

PRI <
where P(t_;lt;) is the conditional probability of type profile t_; given t;. ie.. P(t_;t;) =

P(t,.t ;)
E P(t,,t’v,)'

Substituting for the particular form of ;. we have:



Definition 11 Strategy profile o is an equilibrium if. for all i € T and t; € T, with
P(fl) > 0. /1/ a; (ai ‘fl) =1, ift; =a;: and

Z Z gilaja_yo_(a_ijt) Pt _;it;).
<1 ER

to.eT . n

[2] a; € argmax
=

ifty € T and o {a; 't;) > 0.
We are interested in averege behavior in equilibria of the canonical elaborations:

Definition 12 Action distribution p € A(A) is an equilibrium action distribution [EAD/

of (g. P) if there is an equilibrium o of (g. P) with p{(a) = >_ o (a|t) P(t) for all a € A.
teT

2.3 Elaboration Sequences

Definition 13 Sequence {Pk};;l. cach P & AN (A). s an elaboration sequence if P¥ —.
P> pointwise and PX T — 1.

Definition 14 Action distribution p € A(A) is a limiting equilibrium action distribu-
tion [LEAD] of [g. {Pk};ll} if there exrist equiltbrium action distributions {;zk}i;l of
[g. {Pk}kle] with (* — p. If u(a*) = 1. a* is a imit equilibrium of [g. {Pk}::d.

Lemma 1 If ¢ is an LEAD of [g. {Pk};il]. then p is a correlated equilibrium of g.

Proof. (Sketch: Corollary 3.5 of Kajii and Morris 1995 can be used to give a complete
proof). If p* is a EAD of (g. P*) for large k. it can be shown to be an approximate
correlated equilibrium of g. The limit of a convergent sequence is thus a correlated
cquilibrium. W

The generic question that we will be asking in this paper is the following:

Fizx g. Which p € A{(A) are limiting equilibrium action distributions of
[g. {Pk}iil] for some (all) elaboration sequence(s) {Pk}:;l satisfying prop-
erty X7

3 Preliminaries

We introduce some techniques from the higher order beliefs literature that will be ex-
tensively used in later sections. Thus we first introduce the idea of p-evident. or almost
public, events (Monderer and Samet 1989). Then we introduce the p-dominant equilib-
ria (Morris. Rob and Shin 1995). Finally, we relate these together to provide “the basic
Lemma.” on which much of the higher order beliefs literature builds.

3.1 Almost Public Events

An event is almost public if whenever it is true. evervone believes that it is true with high
probability. We will be interested onlv in events that are the products of sets of types of
cach player.

Definition 15 S C T is a simple event if S = x S;. where each 5; C T;.
el



Given shple event S, write S_; = S) x .. x S| x 5,y x .. x §;,. It P(t;) > 0. define

S Ptity)

t_,eS_,

> P(tit_y)
=

P(S¥i‘ti) =

Fix a vector p = (p....ps). each p; € 0. 1.

Definition 16 A simple cvent S is p-evident (under P) if whencver it is true. cach
mdrcrdual 1 believes it with probability at least p;. Formally. S is p-evident if for alli € T
and t; € S; such that P(t;) > 0. P(S_;|t;) > p;.

3.2 p-Dominant Equilibria

An action profile a* is a p-dominant equilibrium (of g} if. for each player i. action af is a
best response whenever he assigns probability at least p; to other plavers following action
profile a™:

Definition 17 Action Profile a® is a p-dominant equilibrium of g if. for alli € I. a; € A;
and A € A(A_;) with A{a™;) > p,.

> Ma)gilaias) = Y Mai)gilaas).

a_;€A_; a.,€A_,

The following are immediate by definition.
e a”is a (1... 1)-dominant equilibrium if and onlv if ¢* is a Nash equilibriun,

o ¢ is a (0....0)-dominant equilibrium if and only if each «] is a weakly dominant
action.

If a* is a p-dominant equilibrium of g. then a* is a p’-dominant for any probability
vector p’ > p. Soif a* is a Nash equilibrium (thus (1. ... 1)-dominant). we will be interested
in the smallest p for which a* is a p-dominant equilibrium.

3.3 Higher Order Beliefs and the Equilibria of Incomplete Infor-
mation Games

Lemma 2 (The Basic Lemma). Let o™ be a p-dominant equilibrium of g. Let S be a
p-evident subset of T* (under P). Then (g. P) has an equilibrium with o; (a7 t;) =1 for
(1” fi S Sl'.

Proof. (Sketch: see Kajit and Morris 1995, Lemma 3.2. for full proof). Consider the
modified game where we require 7, (a}{t;) = 1 for all t; € 5;. Let 0™ be anyv equilibrium
of the modified game. By construction. o* is an equilibrium of the original game. W

For any simple event 5. define

for all i with P* (#;) > 0.
p.k = . :
BYS) = {’ €T )t e s () PE(S_it) = p }
and CPF(S) = 0 [BP*](S).

n>1



Lemma 3 (The p-Belicf Lemma). For any simple cvent S. CPF(S) is p-cvident (under
P* ) and contains all p-cvident events contained in S, ie.. E BP* (E) and E 2 S
= E C CPk(S).

This is a special case of the characterization of common p-belief in Monderer and

Samet [1989].

Corollary 1 Let a” be a p-dominant equilibrium of g. Then (g. P*) has an equilibrium
oowitha (a7t =1 foralli €T ift € CPH(T).

This follows immediately from the p-Belief Lemma (Lemma 3) and the Basic Lemima
(Lemma 2).

4 Robustness to all Elaborations

One way of examining the robustness of equilibria of g is to ask if behavior close to those
equilibria is possible equilibrium behavior in all nearby elaborations. In this section.
we consider this question under progressively stronger restrictions on the elaboration
sequences. Tlhis implies progressively weaker solution concepts. For a given restriction X
on the canonical elaborations. we will sav:

Definition 18 Action distribution jt € A(A) is robust to (type X) elaborations if p is a
LEAD of [g. {Pk}kle] for every (type X) elaboration sequence {Pk}::y

4.1 No Restrictions

Consider first the case with no additional restrictions on the claborations. A variation
of an example due to Rubinstein 11989; shows that it is possible to have a* a strict
- . . - . X L.
Nasht equilibrium of g and an elaboration sequence {P }1\_~1 such that everv limiting
equilibrium action distribution of [g. {Pk}kﬂ} has p(@™) = 0. This implies that not all
strict Nash equilibria arc robust to canonical elaborations.

Example 1 The complete information game g is described by the following matriz.
A B

A7 11 —-2.0 (1)
B10.-210.0

The elaboration sequence P¥ — P> where P™ s given by the rule: P> (t.t,) =
a(l— (1)2” ift; =t =n: = a(l— (1)2”+1 ifty = n =ty —1: = 0 otherwise. where
0 < a < 1/2. This is illustrated in the following table:

Al B 0 1 : k-1 k k+1

A 010 0 0 0

B 010 0 0 : 0 0 0

0 010 a 0 . 0 0 0

1 010 al—a)|all-a)]- 0 0 0
F—1]07]0 0 0 Sl a(l —a)¥-t 0 0

k 010 0 0 Ja(l—a)* 73 [ a(1 —a)?2 0
k+1|0]0 0 0 0 a(l-a) T ad-a)*




P* is identical to P> except that P¥(k —1.k) = P*(k k) = 0 and P"(B.k—1)

a(l —a)?* 3 and P¥(B. k) = a(1 — a)?~2. P¥ is illustrated in the following table:
A| B 0 1 k-1 k k+1 ;
A 010 0 0 0 0 0 i
VB 00 0 0 a(1 —a)?-1 a(l - a)*F 0
0 010 a 0 0 0 0
1 010 [a(l—a)]a(l=a)? 0 0 0
A--11010 0 0 a(l —a)*—2 0 0
k 010 0 0 0 0 0
k+1]0 |0 0 0 0 a(l — )P [ a(l — a)?F+?

e The Electronic Mail Interpretation. Suppose playvers communicate with each other
as follows. Plaver 2 sends a message to plaver 1. which gets lost with probability
a. If the message is lost. communication stops. If plaver 1 receives the message. he
sends a message to player 2. which also gets lost with probabilitv a. The commu-
nication process continues like this. A plaver's type corresponds to the number of
messages he has received. The game (g. P™) corresponds to a situation where play-
ers communicate according to this protocol but payvoffs are always given by matrix
(1), independent of types. The game (g.Pk) corresponds to the situation where
plaver 1, if he receives exactly & messages. has a dominant strategv to play B. All
other types of player 1. and all tvpes of plaver 2. have pavoffs given by matrix (1).

One equilibrium of (g. P> ) has all standard tvpes plaving A (another has all standard
tvpes plaving B). But the essentially? unique equilibrium of (g. P*) has action B playved
by all standard tvpes.
B by assumption.

To sce why. observe that committed tvpe I of plaver 1 plays
Now in any equilibrium, standard types & — 1 and & of player 2

assign probabilities at least %:2 and ﬁ respectively to plaver 1 choosing B. Both these
probabilities are strictly more than % (since a < %) Given the payvoff matrix (1). this

ensures that action B is the unique best response. But now a similar argument ensures
that B must be played by types & — 1 and k — 1 of plaver 1. The argument iterates to
cusure the result. Thus the unique LEAD of [g. {Pk}zll] has ¢ ((B.B)) = 1.

Kajii and Morris [1995! show more:

Proposition 1 [1/ There exist an open set of games for which no p € A{(A) s robust
to elaborations. This includes games with o unique Nash equilibrium that is strict. /2] If
g has a unique correlated equilibrium p=, then p* s robust to elaborations. [3] If a* is a
p-dominant equilibrium (of g). with 3. p; < 1. then a™ is robust to elaborations.’
€T

Proof. [1]is proved by a more complicated version of the above example (see KM example
3.1). [2] follows from the fact that all LEADs are correlated equilibria (Lemma 1). (3! is
proved by combining Corollary 1 with the following Proposition. H

2Throughout the paper an equilibrium is said to be essentially unique if it is unique up to zero
probability types.

3The notion of “robustness to incomplete information” considered in Kajii and Morris [1995} is slightlyv
different to that described here. First, we allowed a richer class of non-standard types. This makes no
difference to this result. Second, we implicitly required robustness to elaboration sequences without
well-defined limits. This makes a small difference, effecting only equilibria which are p-dominant with
Z pi = 1 but not p-dominant with Z p: < 1 (see section 9.3 of Kajii and Morris 1993).
e i€l

10



Proposition 2 If P*[S' — 1 as k — x. then P* [Cp‘k (S)} — 1 for all p with > p; <
i€l
11

In the case of two player two action games with two strict equilibria, the requirement

that a* is a p-dominant equilibrium with > p; < 1 is equivalent to the requirement that
icl

a* is risk dominant in the sense of Harsanyi and Selten 11988, But except for non generic
cases. a two plaver two action game has (1) a unique strict pure strategy equilibrinm:
(2} a unique mixed strategy cquilibrium: or (3) two pure strategy equilibria. in which
case only one is risk dominant. The unique equilibrium in cases (1} and (2) is also a
unique correlated equilibrium. So for such generic games, Proposition 1 gives a complete
characterization of robustness.

Corollary 2 In generic two player two action games. there exists a unique equilibrium
robust to elaborations.

Carlsson and van Damme [1993a) have given a closely related justification for the risk
dominant equilibrium. Suppose that plavers of a two plaver two action game observe a
continuous signal of the pavoffs (represented by a vector in R®) with a small amount of
svmmetric noise. This generates an incomplete information game. They show that as the
noise goes to zero (specifically, the support of the noise), the unique equilibrium of the
incomplete information game has the risk dominant equilibrium plaved evervwhere.

It is useful to understand the difference between the Carlsson and van Damme result
and the robustness question discussed here. There are some inessential differences: Carls-
son and van Damme have a continuum of tvpes and do not have the ex ante probability
of anv particular pavoff vector tending to one in the limit. But the crucial difference is
that while theyv demonstrate an (intuitive and general) class of elaboration sequences for
which only the risk dominant equilibrium is a limit equilibrium. thev do not show the
non-existence of some different class of elaboration sequences for which the risk dominant
equilibrium is not a limit equilibrium. This is the harder part of showing robustness.

Morris [1997] describes another class of games where it is possible to provide a complete
characterization of robustness. A “synumetric binary action co-ordination” (SBAC) game
is a game where players have a choice of two actions: each playver’s payoff depends only
on his own action and the number of his opponents choosing each action: and there
are strategic complementarities. i.c.. an action becomes a better response as more plavers
choose that action. In an N-plaver SBAC. an action is said to be a uniform best response it
it is best response to a conjecture putting uniform probability on the number of opponents
choosing cach action. In a generic SBAC. exactly one action is the uniform best response.
The unique robust equilibrium of a SBAC is the action profile where all playvers choose
the uniform best response.?

4.2 Limit Common Knowledge Elaborations

What restriction on the elaborations is required to ensure the robustness of at least strict
Nash equilibria?  Monderer and Samet 11989 identified one.  Observe that for every

4This result is tight: if Z pi > 1.1t is possible to construct an elaboration sequence {[’k }: : with
el
PrCPR(T)] =0 for all k.
57This result again follows the work of Carlsson and van Damme (sce Carlsson and van Damme [1993b}
and also Kim [1996]) who showed that the uniform best response must be played in the limit equilibrium
of a particular elaboration sequence with uniform noise.

11
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fe with P — p>_ px [Cl'X(T*)] = 1. Thus we might be
interested in the following property:

claboration sequence {Pk}

Definition 19 Flaboration sequence {P"'};C:l satisfies limit common knowledge if P* [Cr’"'

1 for allp < 1.

We will show that a slight generalization of strict equilibrium is a sufficient condition
for robustness to limit common knowledge elaborations.

Definition 20 Pure strategy profile a* is a semi-strict equilibrium of g if. for each i and
a; < A, either g, ((1:‘.0*_1) > g (. a”,) orgi(al.azy) > g lag a_y) for alla_; € A_;.

Proposition 3 If a™ is a semi-strict equilibrium of g, then « is robust to limit common
knowledge elaborations.

The Proposition is an immediate consequence of two results showing [1] that o™ is
semi-strict if and only if it is p-dominant for some p < 1 (Corollary 3 below): and [2]
that if a* is a p-dominant equilibrium for some p < 1. then a* is robust to limit common
knowledge elaborations (Lemma 3 below).

The sufficient condition of Proposition 3 is not necessarv: part 2 of Proposition 1
shows that if a two plaver two action game has a unique. strictly mixed. Nash equilibrium.
then that equilibrium is robust to all (including limit common knowledge) elaborations.
although it certainly does not satisfv the sufficient condition of Proposition 3.

The following Lemma characterizes for which p an action profile is p-dominant. This
Lemma can then be used to give an exact characterization of when an action profile is
p-dominant for some p < 1. Fix game g and Nash equilibrium o*. Write

A;L ={a;, € A; g (a].a_;) < gi(a;.a—;) for some a_; € A_;}.
If A7 is empty. set p; = 0. If A7 is non-empty. then for cach a; € A7 choose f;(a;) €

argmax (g (a;.a_y) — ¢ (a7.a_,)) and set

a e

gilai filad)) — gi(ai - fi(ai))

P AN\ et =g (anan)) + (@l f @) gl ftan) |

o

Lemma 4 For any p € {0. 1]1. a* is a p-dominant equilibrium of g if and only if p; > P,
forallieT.

Proof. (if) Suppose p, > p; for all i € 7. Now by construction of p={p;} ..
Pi (_(]z ((l:('(liz) — G ((lz-a*_z)) e (1 - ])z',) (.{/z ((1:-”72) — Gi (“z«“—l)) >0 (3)

foralla; € A; anda_; € A ;. Soforanyva; € A, and A € A(4_,) with 1 > A{a™;) >
p; > P; . we have:

Yo Maz)(gilal.am) = gifaia )

a_;€A_;

Aa;) (gi (ar.az,) = g (ai.a”y))

2 +(]‘——A<ail)) Z_ <<T/\,(T”(:J-)/T>(.(]z(a:-(141>—!/z((ll\(lvi))

- ¥ _ AMa-i) ( Mazy) (9. (a7 a7y) = gi (@i a”y)) )
a_i#a” (17/\((1*_1)) f(14/\((1*71))(92 ((l:.(l,i) — i ((lz~“71'))

> 0, by (3).



This proves that @™ is p-dominant.
(Only if) If p; > 0, then there exists a; € A, and a_; € A_; such that for all p; < p;,

pi(gi(af.a™,) —gi (@.a™,)) + (1 = pi) (gi (af.a_y) — gi (@;.a_y)) < 0.

But if p; < B;. Py > 0: now consider A € A(A_;) with A (a”;) = p; and AMa_;) =1 p;:

Z Aa_i)(gia;.a_;) —gi (@, a_y)) = { *(1)2 (o <UT'([:I)A‘ g {@-aZ,)) ) } <0

. 2 17])1)(.(11(”;-(171)791 (awafz

so a; is not a hest response to A. Thus a* is not p-dominant for any p with p; < p,. l

We can use Lemma 4 to give an exact characterization of when an action profile is
p-dominant for some p < 1.

Corollary 3 Pure strategy profile a™ is a p-dominant equilibrium of g. for some p < 1.
of and only If it is semi-strict.

Proof. By construction. p < 1 if and only if ¢, (a;.a” ) > ¢, (a,.a” ) for all a; € A].
But this 1s exactly the definition of semi-strict equilibrium. since a; 1s not an element of
A7 exactly if gy (a].a_) > gi(aoa;) foralla_; e A_;. W

Lemma 5 If a* is a p-dominant equilibrium of g, for some p < 1. then «* 1s robust to
limit common knowledge elaborations.

Proof. Follows immediately from Corollary 1. W

The converse is false: see example 2. So limit common knowledge does not fullv
characterize senii-strict equilibria. However. the following result holds: if {Pk}::] 1s an
elaboration sequence that does not satisfv limit common knowledge, then there exists a
complete information game g with a strict equilibrium a™ such that every LEAD u of
[g. {Pk}kle] has @ (a*) = 0. See the Appendix. This result is closely related to the
approximate lower hemicontinuity results of Monderer and Samet [1996] and Kajii and
NMorris [1997].

4.3 Limit Independent Elaborations
Definition 21 Probability distribution P € A(T) s independent of P(t) = J] P (t,).

€7
for some P, € A(T;).

Definition 22 Flaboration sequence {Pk}?;l. with P — P> satisfies limit indepen-

dence if P> is independent.

Lemma 6 If sequence {P}‘}k?1 satisfies limit independence. then it satisfies limit com-
mon knowledge.

Proof. First note that since the state space is countable. P¥ — P> pointwise implies

that convergence is uniform in states. Let {P"' }::1 be an elaboration sequence satisfving

limit independence. Write

Af(e)=dt e T P*(t;) > 0 and
A ! v 1Pk(57i‘7i)*])x(5_isf1”SS. fOI‘ 2111 S,i;T,i

13



Since P*[T*] — 1 and P* converges uniformly. P¥ (A¥(s)) — 1 as ¥ — ~. Fix =

and choose K () such that P™ < ;I Ak (5)) > 1—zforall £ > K (s). Now for all

k> R() and t; € A¥(5) with P*(t;) > 0. ‘Pk AF (Q)\ i)- P~ (A (f)L i) <z
and P> (A% (s)) > 1~ . By independence. P> (Aﬁl (5)} ) = PX (AA (#)). Thus
PR (A% (9)|t ) >1—2: Soforall k > K (=).

b 3 — —92z —2= - L) X . . . .
so by Lemma 3. 1 AR (z) © 212290 (T+) and {P*}kA1 satisfies limit common

ir=ya
kIl()\\'l(‘(l”‘(\ .

Proposition 4 If a® is a semi-strict equilibrium of g, then « is robust to limit indepen-
dent elaborations.

Proof. Follows immediately from Proposition 3 and Lemma 6. i

4.4 Independent Elaborations

Definition 23 FElaboration sequence {Pk}/:l satisfies independence if cach PF s inde-
pendent.

o If {Pk}:zl satisfies independence, then it satisfies limit independence.

Okada [1981] introduced the following definition of strictly perfect equilibria. Fix
£ = {Zi}er each &, 1 Ay — Moy, Let g(2) be the complete information game where
pavofts are given by g. but each plaver 7 is constrained to chose action a; with probability
at least = (a;). Strategy profile o is an equilibrium of g () if and only if a, (a;) = ;(«q,)
holds whenever g;(a;.a. ) < gi(al. a_;) for some o} € 4,

Definition 24 Strategy profilc a € A is a strictly perfect equilibrium (of g) if for every
sequence of functions {3*};;1, with % (a;) — 0 for every i € T and a; € A;. there cxists

-y X . . o . .
a sequence {a"}k_l, each a* an equilibrium of g(Z%). with a® — a.

Definition 25 Action distribution p is a strictly perfect equilibrium action distribution
if jla) = [] aila;) for some strictly perfect equilibrium a.

[I=rA
Proposition 5 Action distribution i € A (A) is robust to independent elaborations if and
only if it s strictly perfect.

Proof. Suppose u is robust to independent elaborations. Fix any {?k}x:]. with 7% — 0.

Consider any independent elaboration sequence {Pk}:: with P* = ] PF and PF(a;) =
i€

Zi(a;). There exists a sequence of equﬂlbrlum stratof"le% {(r }Ail which induce action

distributions p& — g with the property g8 = [T ¥, where p¥ is the distribution on A,
7
induced by rr . Let o May) = Pf‘ (a;) ~ Y. sz (t.)o¥ (a; t;). Note that rrf" (a; t;) >0
1ETT

14



for some ¢; € T* implies that a; is a best response to a* .. Thus a¥ is best response to
a* . in the constrained game g(7*). Since P*(T") — 1 and [] a¥ — j. jris a strictlv
=7
perfect equilibrium action distribution.
Conversely. suppose ;¢ = [] a; is a strictly perfect Nash equilibrium action distrib-
el

. . . . > o~ 8

ution. Consider any independent elaboration sequence {Pk}kﬂ. Let #(a;) = PFa;).
LY X - . o~ > . N 3

Let {n}‘}k:l be any sequence of equilibria of {g (5") }k:l\\'lth a* — a. Let of(a;it?) =

Kia)—PF(a, - ey . .
o o) P*’(t(a)) for all t7 € T7. Clearly o is an equilibrium of (g. P}‘). |

(< ",-

4.5 Tightening Results: Examples

The only tight result in this section was the equivalence of strict perfection and robustness
to all independent elaborations. In all the other results. we have a gap between known
necessary and known sufficient conditions. Here we report three examples highlighting
what tight results might and might not be feasible.

Example 2 Player 1 chooses the row. player 2 chooses the column:

L MR
U 10010} -1.0
D | 0.0]00]0.0

Strategy profile (L. L) is a Nash equilibrium. It is not semi-strict. since g, (U L) =
g1 (D. L) and g1 (L. R) < g1 (D. R). So it is not p-dominant for any p < 1 (bv Corollary
3). Thus it does not satisfy the sufficient condition that we identified for robustness
to all limit common knowledge elaborations. Nonetheless. it is robust not only to all
limit common knowledge elaborations. but to all elaborations. To see why. cousider any

claboration sequence {Pk}?:l. Let ~% = /1 - Py T; T — 0 as b -- x and
TF =ty eIy PPty = 0or ~FPY(T5 t)— PR (M) > PR(Rit)}.
The following strategy profile for standard types gives an equilibrium of the game (g. Pk):

[ & 11ff1€j:1}\
op (Ut1) =1—a7 (D) = OithT*\fk
. 1 1

1—~* fay=L
and rré (ay ty) = ~F it ag = M for all t, € T7.

0. if ay = R

Now t; ¢ TF = ~*P*(T3t)) + P*(M|t)) < PY(R|t)) = ~FP*(T3t) < 1 -

PK(Tyt)) = P*(T5t) < H% Thus for ecach k.

1-(-%)" = PRI

(ot (- [at] ) (=)

15
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Re-arranging gives
(1) (1= (%)) -1
-k

= 1)

— lask — x.

v

P* {ff“ T{‘}

2

Thus if ;% is the EAD corresponding to strategy profile
JF (U L)) > PY T P [fﬁ‘\ :r;} (1--%) —1.

Example 3 Player 1 chooses the row. player 2 chooses the column. and player 3 chooses
the matriv:

I3 R I3 R |
L101.1]101 L1110 =100
R10.1.1]001||R[0.1.0]0700

(L.L.L) is strictly perfect but not robust to limit independent elaborations (and thus
not robust to limit common knowledge elaborations).

o (L.L.L)is strictly perfect: consider anv % — 0. If a* is an equilibrium of g < )
then ab (R) = é(R) and ak (R) =z (R). Thus plaver 1's pavoff to action L is
)

FURY(1 - B (R) + (R ( 5(R)) — 5 (R)ZE (R). As b — . this expression
becomes positive, Smce pla\ er 1 s pay off to R is 0. we have af(R) = Z¥(R) in the

unique equilibrium of g (& ) for k sufficient large. Thus a¥(R) — 0 for all i and
(L.L.L) is strictly perfect.

e (L.L.L) is not robust to limit independent elaborations: consider elaboration se-
quence {Pk}iil. with P* (") = 1 — % and P* (t7.R.R) = =¥ for some t* € T*
and real numbers =% — 0. Every EAD of (g. P*) has ¥ (R.L.L) = 1 — =¥ and

p* (L L. Ly ==% Thus (L.L.L)is not robust to limit independent elaborations.

Example 4 Player 1 chooses the row. player 2 chooses the column. and player 3 chooses
the matriz:

L R L R
L|-1.-1.-1|-1.11 4L |1.-1.1]1.1.-1
R|1.1.—-1 1.-1.1 | k| -1.1.1 | -1.-1.-1

The game has the following “matching pennies™ interpretation. Each player chooses
L or R. Each plaver gets —1 if he matches the choice of the plaver preceding him in the
ovele 1l -2 — 3 — 1.... 1 otherwise.

This game has a unique Nash equilibrium (all randomize 50/50). This equilibrium
satisfies all standard refinements. In particular, it is regular, and thus strictly perfect and
essential (van Damme 1991). But we will show that it is not robust to limit common
knowledge elaborations.

Let T = {t1.th. .. }. Ty = {to.th. .} and T; = {t5...}. Let P¥ satisfv P¥ (t,.t,. L) =
KPRt tety) = % and Pr(t . th.ty) = % — = with PR (#) = 0 for all other t. Thus
(ignoring zero probability tvpes) we have:

16
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)

where ¢* — 0 as k — ~.

The game (g. Pk) has an essentially unique Bayvesian Nash equilibrium. This equi-

librium has of (L|t;) = 1. oF (Ljt})) = 1. o5 (L|ty) = %(1 —=F), ok (Lith) = 0 and
ok (L|t3) = % — %Ek. To see why, first note that we would get a contradiction if type
ti.ts. or t3 of plaver 1.2 and 3 respectively plaved a purc strategv. But if type tp of
plaver 2 plavs a mixed strategy. we must have of (L't;) = % But if tvpe t; of plaver
1 plavs a mixed strategy. he must assess the probability that 3 plavs L to be % Thus
% (‘1)*2—:)}7 (a5 (Lty)) = é soaf (L t3) = %7%51‘”. But of (L t3) < % = ot (L)) =

1 = o5 (Lth) = 0. Finally. if tvpe t5 of 3 plavs a mixed strategy. he nust assess the

= % so a5 (L'ts)

probability that 2 plays L to be % thus ﬁ (o5 (Lity)) +
_ 3 _ 3k

3—

1V\'hat happens as k — o7 Type t; of playver 1 plays L with probability % type t] of
plaver 1 always plays L. type to of playver 2 plavs L with probability 35 tvpe th of playver
2 always playvs R. while type t3 of plaver 3 plays L with probability % Writing p* for
the equilibrium action distribution generated by the strategies above. we have ;% — 4

where (L. L. L) = % (L. L. R) i H(L.R L)= zi H(L. R R)= T)x pW(RL.L)= %
(R L. Ry = i H(RR.L)= % and p(R.R.R) = 57. This is a correlated equilibrium

of gb

5 Justified by Full Support Elaborations

Another way of examining the robustness of equilibria of g is to ask if behavior close to
those cquilibria is possible equilibrium behavior in some elaboration where all committed
types are possible. In this section. we consider this question under the same progressively
sfronger restrictions on the elaboration sequences considered in the previous section. But
now the solution concepts become progressively stronger.

Definition 26 Probability distribution P € A(T') has full support if. for all t; € T with
P(l‘i) > 0, P((l_i‘l‘i) >0 foralla_; € A_;.

Definition 27 Elaboration sequence {Pk}zil has full support if each P* has full support.
For a given property X of canonical claborations. we will sav:

Definition 28 Action distribution o € N(A) is justified by some full support (type X)
elaboration if  is a LEAD of [g. {Pk}z;]] for some full support (type X) elaboration
sequence {Pk}fél.

6If the game g is perturbed, but we hold fixed the elaboration sequence {P"’}:C

_,+ one can verify
that [g. {P"' }k 1] has a unique LEAD equal to the unique Nash equilibrium action distribution of the

. . . - o .
perturbed game g. However. it is presumably possible to choose {])l‘ }k— . (asa function of the perturbed

g! in order to show that the Nash equilibria of the perturbed games are not robust either.



5.1 No Restrictions

We will use the following well known characterization of when an action is dominated.

Lemma 7 Action a, € A; is not dominated (in g if and only if there exists a full support
probability distribution o € N (A_,) such that a; 1s a best response to o. ie. for all
@€ A

Z olay)gila;.ay) > Z ola_i)gial.a ;).

a_,€4_, a_. €4 ,

Proof. See Pearce [1984], appendix B. W

Proposition 6 Action distribution i is justified by some full support elaboration if and
only of it ts an undominated correlated equilibrium.

The following proof is close to the arguments of Fudenberg. Kreps and Levine {1988
Proof. Suppose p is a LEAD of some full support elaboration sequence [g. {Pk}::I].
By Lemma 1, p is a correlated equilibrium of g. If a; is dominated and distribution P* has
full support, then Lemma 7 implies p*(a;) = 0 in any EAD of (g. P*). Thus p(a;) =0
in every LEAD of [g. {Pk};il}.

Now suppose 1 is an undominated correlated equilibrium of g. Let A7 = {a, € A, 1 ji(a,) > 0},
By Lemma 7. for cach a; € A . we can define o; (\la;) € A__ (A_;) such that «a; is
a best response to o;(.a;). Now let N = Y #A7. fix 5 — 0. let f, - A = Tr

€7
be onto and write f(a) = (fi(ay)..... fi{a;)}. Thus for each action a;. we identifv
a unique standard type. fi(a;). Now set P¥(f(a)) = (1 - Nz%) i (a) for all a € A.
P*(filay).a_,) = o, (a’_lv{ai) for all a; € A7 and o', € A_;, and P*(t) = 0 for all
other t. Sequence {Pk}:(;l has full support. Consider the strategv profile where each
standard type f;(a;) chooses action a;. Under this strategy profile. tvpe fi(a;) attaches
probability

1

LN N ,
TN (a) o pla la) - TRV o (a’ ] ay)

to his opponents playing a’ ;. This gives a convex combination of distributions with «; a
best response to both. Thus this strategy profile is an equilibrium of (g. Pk). But if p*
is the action distribution generated by this strategy profile. x* — .

5.2  Limit Common Knowledge Elaborations

Proposition 7 Action distribution yi s justified by some full support limit common knowl-
cdye elaboration if and only if it is an undominated correlated equilibrium.

Proof. Exactly the same argument as that for Proposition 6 works. since the elab-
oration sequences constructed in the proof of that Proposition satisfied limit common
knowledge.

Borgers [1994] showed how one round of deletion of weakly dominated strategies follows
from approximate common knowledge of rationality.



5.3 Limit Independent Elaborations

Proposition 8 Action distribution j s justified by some full support limit independent
elaboration if and only if it is an undominated Nash equilibrium.

Proof. Again, the same argument as that for Proposition 6 works. except that now
independence in the limit ensures that ;¢ is a Nash equilibrium. W

A version of this result appears in Fudenberg, Kreps and Levine [{1988] (they assumed
a unique standard type, which implies limit independence). Dekel and Fudenberg {1990!
clarified the role of limit independent elaborations in deleting (one round of) weakly
dominated strategies.

5.4 Independent Elaborations

Consider the perturbed game g (&) introduced in section 4.4. The following notion is due
to Selten [19653, 1973).

Definition 29 Strategy profile a € A is a perfect equilibrium if there exist a sequence of
functions 7%, each ¥ (a;) — 0 as k — x, and {ak}il, with a® — «. such that each af

is an equilibrium of g (?A)

An equivalent characterization is the following: strategy profile a € A is a perfect
Nash equilibrium if there exists real numbers‘ F — 0 and a* — a.such that af (a;) < =¥
holds whenever g;(a;.a ) < gi{a’ ) for some af € A;.

Deﬁnition 30 Action distribution 1 is a perfect equilibrium action distribution if j1(a) =

I1 aila;) for some perfect equilibrium a.
€L

Proposition 9 Action distribution p is justified by some full support independent elabo-
ration if and only if it is a perfect equilibrium action distribution.

Proof. Suppose j 1s justified by some full support independent elaboration. Then there

exists independent elaboration sequence P¥ = [] P*. a sequence of equilibrium strat-
€7
egv ploﬁles of (g. P" {rr }A . which induce action distributions ;t — u. Clearly

[T iF where ¥ is the dlstrlbutlon on A; induced by of. Let a*(a;) = P! (a;) +
€T
S Pk (t;) ¥ (a;|t;). Clearly af has full support. Also note that o (a; t;) > 0 im-
t.eT;
plies that a; is a best response to (\fz Thus if @, is not a hest response to a}iz. then
af'(ul) <1~ Pf'(Tl*) < 1 - P*(T"). Thus o* is a full support strategy profile which
assignus probability less than 1 — P¥ (T) to actions that are not best responses. Since
P*(T) — 1 and ] a¥ — u. 1 is a perfect equilibrium action distribution. The converse
€7
is straightforward. B
It is well known that all perfect equilibria are undominated Nash equilibria. The
following example shows that, with more than two playvers. they need not be equivalent

(see van Damme 1991, page 29).
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Example 5 Player 1 chooses the row. player 2 chooses the column. and player 3 chooses
the matriz:

L R L R
Li111]101| L}1.10]J0.0.0
R{111|001| R]0.10]1.0.0
(L.L.L) is the unique perfect equilibrium. but (R.L.L) 1s an undominated Nash

equilibrium.

6 Discussion

6.1 Summary

We conclude by sumimarizing the results surveved in the paper in a little more detail.
I cach case. we either report the best sufficient conditions (s¢) and necessary conditions
(nc¢) that we know. or we give an exact characterization (*) where available:

class of type of Robust to Justified by
elaboration \ robustness all sequences some full
support sequence
sc: unique C'E
No sc: p-dom. with S p; <1

€l * undominated CE
ne: strictly perfect NVE i
note: not all strict NVE
.. sc: unique CE
Limit q A .
sc: semi-strict NE " .
Common . . : undominated C'E
Knowledee nc: strictly perfect NE
° note: not all essential NE

sc: unique CF

Restrictions

Limit . . ‘ . .
sc: semi-strict NF * undominated VE
Independence . .
nc: strictly perfect NE
| Independence *: strictly perfect NVE *: perfect NE

What should we conclude from this table? The right hand column indicates which
outcomes might be reasonable equilibrium outcomes for a game g. assuming that there is
some possibility that the analyst’s model g is not quite complete. The left hand column
indicates which equilibrium outcomes of game g are equilibrium outcomes. whatever the
fine details that have been missed from the analvsis.

In each case, what restrictions on the elaborations are relevant? In Kajii and Morris
1995'. we argued that if yvou want to avoid assuming (full or approximate) common
knowledge of pavoffs on the part of the plavers. then no extra restrictions are justified. But
the limit common knowledge case clearly provides an important benclhunark. Fudenberg.
Kreps and Levine {1988 argue for limit independence in analyzing the right hand column
on the grounds that we should allow for the possibility of correlation conditional on the
game not being as expected. The refinements literature has focussed on independent
elaborations for no obvious reason.

6.2 Two More Restrictions

. N . S >
Two more natural restrictions to place on elaboration sequences {Pl‘}kﬂ are:
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Definition 31 Elaboration sequence {Pk}}il has finite support If{f : PR (t) > 0 for some k}
is finite.

Definition 32 Flaboration sequence {Pk}i{:l has a unique standard type l'f{fl eTr:PF(t) >0 for somc /\'}
is a singleton for all i and k.

Fudenberg and Tirole {1991, Theorem 14.5] showed that if {Pk }::1 has finite support.
it satisfies limit common knowledge. It may still fail to satisfy limit independence. If
{Pk}kx:1 has a unique standard type, then it satisfies limit independence. It may fail to
satisfy independence.

Fudenberg and Tirole [1991. Theorem 14.6] show that if an equilibrium is essential
"Wu and Jiang 19621, it is robust to all elaboration sequences with a unique standard
type. For a generic choice of normal form pavoffs. all equilibria are essential. It seems
likely that essential equilibria are robust to limit independent elaborations. but the unigue
standard type result doesn’t show this. Example 4 shows that not all essential equilibria
are robust to limit common knowledge elaborations (or even finite support claborations).
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Appendix

In this appendix. we show that if sequence {Pk};il does not satisfv limit common
knowledge. then we can find a game g with strict Nash equilibrium «* such that a* is not
. " i k>
a LEAD (?f 8 {P }k:l].

NMore formally, we have:

Definition 33 FElaboration sequence {P"‘}}:] satisfics payoff continuity if. for any strict
Nash equilibrium a” of any complete information game g. a* is a limit equilibrium of

& {P*} ]

Proposition 10 {Pk};il satisfies payoff continuity if and only if {Pk}:;l satisfies limit
common knowledge.

Proof. -if" follows from Lemma 5. For “onlv if.” fix @ € A and let Elp'k (a) be the
projection of (P < x (I7 . {(zl})> on I, ic.. CPF < x (T _ {(11})> = x Ef)'k (a).
€7 icT =7
cach Elp‘k (a) £ T;. Now we have
p* {Eﬁ-f (a)‘ n} > p;. for all t; € EP* (a) with P* (t,) > 0. (4)
Since Ejp‘k(a) CTyufa;}forall jel.

e |: X (T*\,{(lj})!z‘l

b > py. for all , € EP* (a) with P* (#,) > 0. (5)
JFE

Write Ff)'k = “4 Llpk {a). Ff);k = x Fjp‘k and N = #.4. By (4).

ag. I

P* | PPk

ti} >1—=N(1=p;) forallt; Fip'k with P* (t;) > 0. (6)
By (3).

RE!

Pk [ x (Tru {aj})H >pi > 1 N(1—p). forall t, € FP* with P*(t,) > 0. (7)

Thus
2 <C"~" < x (T7 o {al})>> = FPR ok (1 (8)
ag =, el

whenever g; = 1 — N (1 — p;) [equivalently, whenever p; = 1 — % (1 —g;)l. Now suppose

that P* does not satisfy limit common knowledge. That is. there exists q<1lande>0
such that P* {Cq'k (T*)] <1 — ¢ for infinitely many k. Then there exists a* € 4. p < 1

and & > 0 such that P* |[CP-k < x (Tru {(17})) < 1 — ¢ for infinitely manv &. Let
el

1 <1 —p; for all i. Now consider the following game:

noifa=a"
(a) 0.ifa; =af and a_; = a=
g; (a) = i -
gi 0.ifa, # a7 and a_; = a™

1.ifa; # a

13
13

Tand a_; # a”,

€T
ph (a*) < 1 —&if 1% is an equilibrium action distribution of (g. P*): so p(a™) <1 — & if
jois a LEAD of [g. {P*}_ ]. W

Action profile a* is never played by tyvpe profiles not in CP* < x (Tru {n;})). Thus



