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Abstract

This paper derives the asymptotic behavior of realized power variation of pure-jump It
semimartingales as the sampling frequency within a fixed interval increases to infinity. We
prove convergence in probability and an associated central limit theorem for the realized power
variation as a function of its power. We apply the limit theorems to propose an efficient adaptive
estimator for the activity of discretely-sampled It6 semimartingale over a fixed interval.

Keywords: Activity index, Blumenthal-Getoor index, Central Limit Theorem, I[t6 semimartin-
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1 Introduction

Realized power variation of a discretely sampled process can be defined as the sum of the
absolute values of the increments of the process raised to a given power. The leading case is
when the power is 2, which corresponds to the realized variance that is widely used in finance.
It is well known that under very weak conditions, see e.g. Jacod and Shiryaev (2003), the
realized variance converges to the quadratic variation of the process as the sampling frequency
increases. Other powers than 2 have also been used as a way to measure variation of the process
over a given interval in time as well as for estimation in parametric or semiparametric settings.
Recently, Ait-Sahalia and Jacod (2009b) have used the realized power variation as a way to test
for presence of jumps on a given path and Jacod and Todorov (2009) have used it to test for
common arrival of jumps in a multivariate context.

The limiting behavior of the realized power variation has been studied in the continuous
semimartingale case by Barndorff-Nielsen and Shephard (2003) and Barndorff-Nielsen et al.
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(2005). Some of these results are extended by Barndorff-Nielsen et al. (2006) to situations when
jumps are present but only when they have no asymptotic effect on the behavior of the realized
power variation. Jacod (2008) contains a comprehensive study of the limiting behavior of the
realized power variation when the observed process is a continuous semimartingale plus possible
jumps. This work includes also cases when jumps affect the limit of the realized power variation.

Common feature of the above cited papers is that the observed process always contains
a continuous martingale. At the same time there are different applications, e.g. for model-
ing internet traffic (Todorov and Tauchen (2010)) or volume of trades (Andrews et al. (2009))
and asset volatility (Todorov and Tauchen (2008)), where pure-jump semimartingales, i.e. semi-
martingales without a continuous martingale and nontrivial quadratic variation, seem to be more
appropriate. Parametric models of pure-jump type for financial prices and/or volatility have
been proposed in Barndorff-Nielsen and Shephard (2001), Carr et al. (2003) and Kliippelberg
et al. (2004) among others. The main goal of this paper is to derive the limit behavior of the
realized power variation of pure-jump semimartingales.

Some work has already been done in this direction. When the power exceeds the (generalized)
Blumenthar-Getoor index of the jump process, it follows from Lepingle (1976) and Jacod (2008)
that the (unscaled) realized power variation converges almost surely to the sum of jumps raised
to the corresponding power, which in general is not predictable (Jacod and Shiryaev (2003),
Definition 1.2.1) although the exact rate of this convergence is not known.

The limiting behavior of the realized power variation when the power is less than the
Blumenthal-Getoor index is not known in general (apart from the fact that it explodes). Here
we concentrate precisely on this case. We make an assumption of locally stable behavior of the
Lévy measure of the jump process. That is we assume that the Lévy measure behaves like that
of a stable process around zero, while its behavior for the “big” jumps is left unrestricted. This
assumption allows us to derive the asymptotic behavior of the realized power variation in this
case. Unlike the case when the power exceeds the Blumenthal-Getoor index, here the realized
power variation needs to be scaled down by a factor determined by the Blumenthal-Getoor in-
dex and its limit is an integral of a predictable process. The latter is a direct measure for the
stochastic volatility of the discretely-observed process, which is of key interest for financial ap-
plications. Thus the realized power variation for powers less than the Blumenthal-Getoor index
contains information for the value of this index as well as the underlying stochastic volatility,
and hence the importance of the limit results for this range of powers that are derived here.
Finally, in earlier work Woerner (2003a,b, 2007) has studied some limit theorems for realized
power variations for pure-jump processes, but the results apply in somewhat limiting situations
regarding time-dependence and presence of a drift term (i.e. an absolutely continuous process),
both of which are very important characteristics of financial data.

A distinctive feature of this paper is that the convergence results for the realized power
variation are derived on the space of functions of the power equipped with the uniform topol-
ogy. In contrast, all previous work have characterized the limiting behavior for a fixed power.
The uniform convergence is important when one needs to use an infinite number of powers in
estimation or the power of the realized power variation needs first to be estimated itself from
the data. Such a case is illustrated in an application of the limit theorems derived in the paper.

Our application is for the estimation of the activity level of a discretely observed process. The
latter is the smallest power for which the realized power variation does not explode (formally
the infimum). In the case of a pure-jump process the activity level is just the Blumenthal-
Getoor index of the jumps and when a continuous martingale is present it takes its highest
value of 2. Apart from the importance of the Blumenthal-Getoor index in itself, the activity
level provides information on the type of the underlying process (e.g. whether it contains a
continuous martingale or not). The latter determines the appropriate scaling factor of the
realized power variation in estimating integrated volatility measures.

We use the realized power variation computed over two different frequencies to estimate the



activity level. The choice of the power is critical as it affects both efficiency and robustness. We
develop an adaptive estimation strategy using our limit results. In a first step we construct an
initial consistent estimator of the activity and then, based on the first step estimator, we choose
the optimal power to estimate the activity on the second step.

The paper is organized as follows. Section 2 presents the theoretical setup. Section 3 derives
convergence in probability and associated central limit theorems for the appropriately scaled
realized power variation. Section 4 applies the limit results of Section 3 to propose an efficient
adaptive estimator of the activity of a discretely sampled process. Section 5 contains a short
Monte Carlo study of the behavior of the estimator. Proofs are given in Section 6.

2 Theoretical Setup

The theoretical setup of the paper is as follows. We will assume that we have discrete obser-
vations of some one-dimensional process, which we will always denote with X. The process
will be defined on some filtered probability space (2, F,P) with F denoting the filtration. We
will restrict attention to the class of Itd6 semimartingales, i.e. semimartingales with absolutely
continuous characteristics, see e.g. Jacod and Shiryaev (2003).

Throughout we will fix the time interval to be [0, T] and we will suppose that we observe the
process X at the equidistant times 0, A, ..., [T/A,]A,, where A,, > 0. The asymptotic results
in this paper will be of fill-in type, i.e. we will be interested in the case when A,, | 0 for a fixed
T>0.

The activity of the jumps in X is measured by the so-called (generalized) Blumenthal-Getoor
index. All of our limiting results for the realized power variation will depend in an essential way
on it. The index is defined as

inf<r>0: Z IAX,|" <00 p, (2.1)
0<s<T

where AX, := X, — X,_. The index was originally defined in Blumenthal and Getoor (1961)
only for pure-jump Lévy processes. The definition in (2.1) extends it to an arbitrary jump
semimartingale and was proposed in Ait-Sahalia and Jacod (2009a). We recall the following well-
known facts: (1) the index takes its values in [0,2], (2) it depends on the particular realization
of the process on the given interval, (3) the value of 1 for the index separates finite from infinite
variation jump processes.

Finally, we define the main object of our study - the realized power variation. It is constructed
from the discrete observations of the process as

1/A0]
Vilp, X,A,) = > JAPX]P, p>0, t>0, (2.2)
=1

where A7 X := X;a, — X(i-1)a,, - Our main focus will be the behavior of Vi(p, X, A,) when X
is pure-jump semimartingale and we will restrict further attention to the case when the power
is below the Blumenthal-Getoor index and the drift term has no asymptotic effect.

3 Limit Theorems for Power Variation

We start with deriving the asymptotic limit of the appropriately scaled realized power variation
and then proceed with a central limit theorem associated with it. To ease exposition we first
present the results in the Lévy case and then generalize to the case when X is a semimartingales
with time-varying characteristics. For completeness we state corresponding results in the case
when X is a continuous martingale (plus jumps) as well.



3.1 Convergence in Probability Results

The convergence in probability results have been already derived in Barndorff-Nielsen and Shep-
hard (2003), Barndorff-Nielsen et al. (2005), Jacod (2008), Woerner (2003b,a) and Todorov and
Tauchen (2010) among others with various degrees of generality. We briefly summarize them
here as a starting point of our analysis. We first introduce some notation that will be used
throughout. We set u,(08) := E(|Z|P), where Z is a random variable with a standard stable
distribution with index 3 if 3 < 2 (i.e. with characteristic function E (exp(iuZ)) = exp(—|u|?)),
and with standard normal distribution if 8§ = 2 (i.e. normal with mean 0 and variance 1).
Further p, (8) = E|ZM 1|20 4 Z2)|P2 | where Z(1) and Z(2) are two independent random
variables whose distribution is standard stable with index 3 if § < 2 and is standard normal if

B = 2. Finally we denote IT4 g :=2A [ (1;?:?)) dz for 3 € (0,2) and A > 0.
Throughout x(x) will denote a continuous truncation function, i.e., a continuous function
with bounded support such that k(x) = x around the origin, and «'(z) := z — k().

3.1.1 The Lévy Case
Theorem 1 (a) Suppose X is given by

dXt = mcdt + O'th —|—/

(2)fi(dt, d) + / W (2)pldt, de), (3.1)
R

R

where m, and o # 0 are constants and Wy is a standard Brownian motion; i is a homogenous
Poisson measure with compensator F(dx)dt. Denote with 3 the Blumenthal-Getoor index of
the jumps in X. Then, if 3’ < 2 and for a fixzed T > 0, we have

ALPRVR(X, p, Ay) —— TlofPuy(2), (3.2)

locally uniformly in p € (0,2).
(b) Suppose X is given by

dX; = mgdt +/

[ttt do) + / W ()l dt, der) (3.3)

R

where my is some constant; u is a Poisson measure with compensator v(x)dx where

v(z) = vi(z) + 1a(z), (3.4)
with 4 B
vi(x) = TP and |va(x)| < PIES when |z| < zo, (3.5)

for some A >0, B>0 and xo > 0; § € (0,2) and ' < 3. Assume that mq— [ k(x)v(x)de =0
if 6 < 1. Then for a fired T > 0, we have

_ P
ALPOVR(Xp, An) — TIH Sy (8), (3.6)
locally uniformly in p € (0,3).

Remark 3.1. The crucial assumption in the pure-jump case is the decomposition of the Lévy
measure in (3.4). This assumption implies that locally the process behaves like the stable, i.e.
the very small jumps of the process are as if from a stable process. This assumption allows to
scale the realized power variation using the Blumenthal-Getoor index 5. We note that vo(x)
is not necessarily a Lévy measure (since it can be negative) and thus (3.5) does not allow to



represent X (in distribution) as a sum of two independent jump processes, the first being the
stable and the second with Blumenthal-Getoor index of 3’. O

Remark 3.2. If jumps are of finite-variation, in part (b) of the theorem we restrict X to be equal
to the sum of the jumps on the interval. The reason for this is that if a drift term is present (or
equivalently a compensator for the small jumps), then it “dominates” the jumps and determines
the behavior of the realized power variation, see for example Jacod (2008). O

Remark 3.3. When p > 3 in the pure-jump case the limit of the realized power variation is just
the some of the p-th absolute power of the jumps, and this result does not follow from a law of
large numbers but rather by proving that an approximation error for this sum vanishes almost
surely. Thus the behavior of the realized power variation for p < 8 and p > § is fundamentally
different. The case p = S is the dividing one. In this case the realized power variation (unscaled)
converges neither to a constant nor to the sum of the absolute values of the jumps raised to the
power 8 (which is infinite). It can be shown that after subtracting the “big” increments, i.e.
keeping only those for which |A?X| < K AP , for an arbitrary constant K > 0, the realized
power variation converges to a non-random constant.

We note that the behavior of the realized power variation for p > ( in the pure-jump case is very
different from the case when X does not contain jumps. In the latter case for all powers (p § 2)
the limit of the realized power variation is determined by law of large numbers and hence we
always need to scale the realized power variation in order to converge to a non-degenerate limit,
see e.g., Barndorff-Nielsen et al. (2005). O

3.1.2 Extension to General Semimartingales

Now we extend Theorem 1 to the case when o and v (and the drift terms m. and my) in (3.1)
and (3.3) are stochastic. Nothing fundamentally changes, apart from the fact that the limits
are now random (depending on the particular realization of the process X). In the case of
continuous martingale plus jumps, we can substitute (3.1) with the following

dXt = mctdt + O'1tth + /

m(é(t,x))ﬂ(dt,dx)+/K'(5(s,x))u(dt,dx), (3.7)
R

R

where m,; is locally bounded and oy is a process with cadlag paths; in addition |o1;| > 0 and
|o1t—| > 0 for every ¢t > 0 almost surely; u is a homogenous Poisson measure with compensator
F(dx)dt and §(t, ) is a predictable function satisfying

o(t
the process t — sup 16, 2)|

= ()

/(|7(a:)|5/ A 1)F(dz) < oo for some non-random function ()
R

is locally bounded with

(3.8)

and some constant 3’ € [0, 2].

Additionally we assume that oq; is an Itd semimartingale satisfying equations similar to (3.7)-
(3.8) (with arbitrary driving Brownian motion and Poisson measure (and jump size function)
satisfying a condition as (3.8) with 3’ = 2) with locally bounded coefficients. We note that the
generalized Blumenthal-Getoor index of the jumps of X in (3.7) is bounded by the non-random
g

In the pure-jump case more care is needed in introducing time-variation. Essentially we
should keep the behavior around 0 of the jump compensator intact. Therefore the generalization
of (3.3) that we consider is given by

dXt:mdtdt—k/om_ff(x)ﬁ(dt,dx)—i—/agt_fﬁ’(x)u(dt,dx), (3.9)
R R

5



where mg; and o9; are processes with cadlag paths; p is a jump measure with compensator
v(x)dxdt where v(x) is given by (3.4). We note that under this specification, the generalized
Blumenthal-Getoor index of X in (3.9) equals 3 on every path, where 3 is the constant appearing
in (3.5). Further we assume |og| > 0 and |og;—| > 0 for every ¢ > 0 almost surely and impose
the following dynamics for the process oy,

dO'Qt = thdt + 52tth + /
R2

k(0(t, x))p(dt, dx) —|—/ &' (6(t, x))p(dt, dx), (3.10)
jad - fad
where W is a Brownian motion; 4 is a homogenous Poisson measure on R? with compensator
v(dx)dt for v denoting some o-finite measure on R?, satisfying pu(dt, A x R) = p(dt, A) for any
A € B(Ry) with Rg := R\ {0}; §(¢,x) is an R-valued predictable function satisfying

ot
the process t — sup 19, %)]
x  (x)

is locally bounded with

/ (|y(x)[PF€ A 1)p(x)dx < oo for some non-random function (3.11)
R2

on R? y(x), where f is the constant in (3.5), and for Ve > 0.

Additionally we assume that mg; and oo, are It6 semimartingales satisfying equations similar to
(3.7)-(3.8) (with arbitrary driving Brownian motion and Poisson measure) with locally bounded
coeflicients. This specification for oy, is fairly general and it importantly allows for dependence
between the driving jump measure in (3.9) and o9, which is important for financial applications,
see e.g. the COGARCH model of Kliippelberg et al. (2004).

The restrictions on ¢1; and gg; in (3.7) and (3.10) are stronger than needed for the conver-
gence in probability results in the next theorem, but they will be used for deriving the central
limit results in the next subsection. These assumptions are nevertheless weak and therefore we
impose them throughout. For example, the It6 semimartingale restrictions on o1; and o9; and
their coefficients, together with conditions (3.8) and (3.11), will be automatically satisfied if X
solves

dX; = f(Xy-)dLy, (3.12)

for some twice continuously differentiable function f(-) with at most linear growth and L being
the Lévy process in (3.1) or (3.3), see e.g., Remark 2.1 in Jacod (2008). The next theorem states
the general result on convergence in probability of realized power variation.

Theorem 2 (a) Suppose X is given by (3.7) and (3.8) is satisfied with 3' < 2. Then for a
firted T > 0 we have

T
ALPRYL(X p Ay) — p1p(2) / |o14|Pds, (3.13)
0

locally uniformly in p € (0,2).

(b) Suppose X is given by (3.9)-(8.10) and (3.5) holds with 3" < . Further assume mgs —
09s— Jg K(x)v(x)dx is identically zero on [0,T] on the observed path if 3 < 1. Then for a fized
T > 0 we have

T
ALV (X pB0) Lo T y(3) [ loaaPds, (3.14)
0
locally uniformly in p € (0,3).

Remark 3.4. As seen from the above theorem, in both cases the (scaled) realized power varia-

tion estimates an integrated volatility measure fOT |ois|Pds for i = 1,2, which is important for
measuring volatility in financial applications. What is different in the two cases is the scaling
factor that is used. The latter depends on the activity of X that we formally define later in
Section 4 and then estimate using the limit theorems of the current section. O



3.2 CLT Results

Since in our application we make use of the realized power variation over two frequencies, A,, and
2A,,, we derive a CLT for the vector (Vr(X,p,2A,,), Vr(X,p, Ay)) . In the next and subsequent
theorems £ — s will stand for convergence stable in law, see e.g. Jacod and Shiryaev (2003) for
a definition for filtered probability spaces.

3.2.1 The Lévy Case

As for the convergence in probability we start with the Lévy case. The result is given in the
following theorem.

Theorem 3 (a) Suppose X is given by the process in (3.1) with Blumenthal-Getoor index 3’ <
1. Then, for a fited T > 0 and any 0 < p; < pp < 1 such that Qf—ﬁ, < p; < pp <1, we have

AI*P/QV (X 2A ) _ 2p/2—1T|0_|p (2) B
—1/2 n T (A D, n Lp L—s
- ( APV (X, p, ) = Tl 1y (2) — Yarl) (315)

where the convergence takes place in C(R?, [p;, pn]) - the space of R%-valued continuous functions
on [p1, pn] equipped with the uniform topology; Vo 1(p) is a continuous centered Gaussian process,
independent from the filtration on which X is defined, with the following variance-covariance
Cov (Va1 (p), Y2,1(q)) for some p,q € [pi, ph]

T|U\2p ( 2(p+q)/2_1(,up+q(2) — 1p(2)p1q(2))  pgp(2) — 2p/2ﬂp(2),“q(2) )
Ipq(2) — 2q/2ﬂp(2)l‘q (2) Pp+q(2) = 11p(2) g (2)

(b) Suppose X is given by the process in (3.3) and (3.5) holds with ' < 3/2. Then, for a
fized T > 0 and any 0 < p; < pp, < 1 such that either (i) (% V 2(57%,)) <p <pp<p/2

when 3 > /2 or (ii) mg =0, v and k symmetric and 2(5758,) < p < pp < B/2, we have

1-p/B _ op/B—1p7P/B ]

e N i B TP R
Ay, VT(vaa An) *THA,ﬁl‘p(ﬂ)

where the convergence takes place in C(R?, [py, pp]) - the space of R%-valued continuous functions

on [p1, pr) equipped with the uniform topology; ¥z 1 (p) is a continuous centered Gaussian process,

independent from the filtration on which X is defined, with the following variance-covariance

Cov (Vg 1(p),¥s,r(q)) for some p,q € [pi, pr)

Iy < 2D/ (1 q(B) = 1BVt (B))  a.p(B) — 27 1 (B)11q (B) ) .
o tp,q(B) — Qq/ﬂﬂp(ﬁ)uq(ﬁ) tptq(B) — pp(B) kg (B)

Remark 3.5. The result in part (a) for a fized p has been already shown, see e.g. Barndorfl-
Nielsen et al. (2005) and references therein. In the pure-jump case (3.3), the result in (3.16) for
a fized p has been derived by Woerner (2003a) but only in the case when there is no drift (i.e.,
only under condition (ii) in part (b) of Theorem 3) and a slightly more restrictive condition
on the residual measure v5. The general treatment here is important for financial applications,
as the presence of risk premium means theoretically that the dynamics of traded assets should
contain a drift term. Allowing for a drift term is also important for applications to processes
exhibiting strong mean reversion like asset volatilities and trading volumes, see e.g., Andrews
et al. (2009). O

Remark 3.6. Theorem 3 shows that the convergence of the scaled and centered power variation
is uniform over p. This result has not been shown before. The uniformity is important for



example in adaptive estimation where the power of the realized power variation to be used
needs to be estimated from the data. This is illustrated in our application in Section 4. O

Remark 3.7. Comparing Theorem 3 with Theorem 1 we see that both in part (a) and (b) we
have imposed the stricter restrictions

2-p BB )
pe v B/2,
(0 s
(with 8 = 2 for part (a)) and 3’ < §/2. The lower bound for p is determined from the presence
of a “less active” component in X. The restriction p > ( i 2B 7y comes from the presence of a drift

term. We note that it is more restrictive the lower the 3 is. In fact when 8 < v/2, the presence
of a drift term will slow down the rate of convergence of the scaled power variation and therefore
the limiting result in (3.16) will not hold. In contrast for high values of g3, p > ( i 1) is very
weak and in the limiting case when 3 = 2 (part (a) of the theorem) it is never binding. We can
interpret the restrictions p > 2(57%,) and 8’ < (/2 similarly. They come from the presence in
X of a less active jump component with Blumenthal-Getoor index 3'.

Also, the restriction p < §/2, which in particular implies that the function |z|? is subadditive,
is crucial for bounding the effect of the “residual” jump components in X. O

Remark 3.8. We can also derive a central limit theorem when p € (5/2,8) (and when there
are no “residual” jump components). In this case pure-continuous and pure-jump martingales
differ. While in the former case the rate of convergence continuous to be v/A,,, in the latter the
rate slows down. The precise result is:

Suppose X is symmetric stable plus a drift, i.e. the process in (3.3) with va(x) =0 and further
ma— [ k(z)vi(x)de = 0 when § < 1. Set a = mq+ [p(x — k()1 (x)de when 8> 1 and a =0
when B < 1. Then for a fizred p € (5/2V %1{5>ma¢0},ﬁ) we have

AL/PY (AL (X, p, A) =TI Sy (3)) 5 S, (3.17)

where Sy is pure-jump Lévy process with Lévy density 1{$>0}2%x1+17/3/1’ and zero drift with respect
to the “truncation” function k(x) = x. This is an asymmetric stable process with index 3/p €
(1,2).

As seen from (3.17), as we increase p the rate of convergence of the realized power variation
slows down from /A, to 1. Therefore this range of powers is less attractive for estimation
purposes. This will be further discussed in Section 4. O

3.2.2 Extension to General Semimartingales

We proceed with the analogue of Theorem 3 in the more general setup of Section 3.1.2. We state
the case when § > v/2 only, since as seen from Theorem 3 and Remark 3.8, the case 8 < /2
needs an assumption of zero drift and this limits its usefulness for financial applications, where
the drift arises from the presence of risk premium.

Theorem 4 (a) Suppose X is given by (3.7) cmd (5.8) is satisfied with 3' < 1. Then, for a
fired T'> 0 and any 0 < p; < pp, < 1 such that 5= ﬁ, < p < pp <1, we have

_ AYPPVL(X p 24, —2P/2 1 o|rd —s
Anl/Z N pT/g P ) tip(2) fo |01 |Pds £=s o1 (p), (3.18)
n V (X pa f |Uls‘ ds

where the convergence takes place in C(R?, [p;, pp]) - the space of R?-valued continuous functions
on [pi, pn] equipped with the uniform topology; Vo 7(p) is a continuous centered Gaussian process,



independent from the filtration on which X is defined, with the following variance-covariance
Cov(V2,1(p), ¥2,r(q)) for some p,q € [pi, pr]

| o ds (20000 ) 2 s -2 )
0 ° Ip,q(2) — 2q/2up(2)uq(2) tiprq(2) = pp(2)114(2) .

(b) Suppose X is given by (3.9)-(3.11) with 3 > /2 and (3.5) holds with 3' < 3/2. Then,
for a fited T > 0 and any 0 < p; < pp, < 1 such that

(%V%v%) < p <pp < B/2, we have

0
AnPVE(Xp, An) = T By (B) [ |02 Pds

n

ALPPYL(X p2A,,) — 2p/B1TTP P T ogs|Pd L
A_1/2< s Auptto(0) Jo |o2elPds ) g Usr(p),  (3.19)

where the convergence takes place in C(R2, [py, pn]) - the space of R?-valued continuous functions
on [p1, pr) equipped with the uniform topology; ¥z (p) is a continuous centered Gaussian process,
independent from the filtration on which X is defined, with the following variance-covariance

Cov(¥s,r(p),¥Ys,1(q)) for some p,q € [pi, ph]

n/? /T |oa |2pds < 2(p+q)/ﬁ71(ﬂp+q(ﬂ) — bp(B)ug(B))  Hgp(B) — QP/BNp(ﬁ)Nq(ﬂ) )
A0 0 ° p,a(B) — Qq/ﬁﬂp(ﬁ)/‘q(ﬁ) tp+q(B) — kp(B)11q(B) .

Part (a) of the theorem has been derived in Barndorff-Nielsen et al. (2005), while part (b) is a
new result. We note that compared with the Lévy case in part (b) of the theorem we have a
slightly stronger restriction for p, i.e. p cannot be arbitrary small when [ is close to 2. This
is of no practical concern as the very low powers are not very attractive because of the high
associated asymptotic variance. This is further discussed in Section 4.

4 Application: Adaptive Estimation of Activity

We proceed with an application of our limit results. We first define our object of interest, the
activity level of the discretely-observed process, and show how the realized power variation can
be used for its inference. Following that we develop an adaptive strategy for its estimation.

4.1 Definitions

We define the activity level of an Ito semimartingale X as the smallest power for which the
realized power variation does not explode, i.e.

Bx,r=inf {r > 0:plimy _oV(r,X,An)r < o0} . (4.1)

Bx 1 takes values in [0, 2] and is defined pathwise. It is determined by the most active component
in X and the order of the different components forming the It6 semimartingale from least to
most active is: finite activity jumps, jumps of finite variation, drift (absolutely continuous
process), infinite variation jumps, continuous martingale. When the dominating component of
X is its jump part (and only then), Sx r coincides with the generalized Blumenthal-Getoor
index. Thus, for X in (3.7), Bx,r = 2, and for X in (3.9)-(3.10), Bx,r = 6. We note that Sx
determines uniquely the appropriate scale for the realized power variation in the estimation of
the integrated volatility measures of the process, see Theorems 1-2.

When the process is observed discretely, Bx r is unknown and our goal is to derive an
estimator for it. Since the scaling of the realized power variation depends on the activity level,



we can identify the latter by taking a ratio of the realized power variation over two scales.
Therefore our estimation will be based on the following function of the power

In (2)p
In (2) +1In [VT(X’pv 2An)] —In [VT(vav An)] ’

bX,T(p) = p > 0. (4.2)

A two-scale approach for related problems has been previously used also in Zhang et al. (2005),
Ait-Sahalia and Jacod (2009a), Todorov and Tauchen (2010).

4.2 Limit Behavior of bx r(p)

For ease of exposition here we restrict attention to the Lévy case. The extension to the general
semimartingales in (3.7) and (3.9)-(3.10) follows from an easy application of Theorem 4. In
what follows, for any p and ¢ both in (0, 3/2) we denote

ﬂ4
S In? (2)papp(B) e (B)

Ky a(5) <3up+q(6) T i (Buald)

(4.3)
_ 21—P/ﬁﬂp’q(ﬁ) _ 21—q/6uq’p(5))_

Corollary 1 (a) Suppose X is given by (3.1). Then for a fired T > 0 and any 0 < p; <pp <1
we have

“Al (bx.r(p) —2) £¢ Zs(p), uniformly on [pi, prl, (4.4)

where Zs(p) is a centered Gaussian process on [py,pp] with Cov(Za(p), Z2(q)) = Kpqe(2) for
some p,q € [p1,pr] and independent from the filtration on which X is defined, provided 3’ < 1
and Zf—/ﬁ, <p <pn <1, where §' is the Blumenthal-Getoor index of X.

(b) Suppose X is given by (3.3). Then for a fited T > 0 and any 0 < p; < pp, < 1 we have

Va- bxr) = 8) 55 Z), wniformly on [, ] (4.5

where Zg(p) is a centered Gaussian process on [py, pn] with Cov(Z3(p), Za(q)) = Kpq(8) for
some p,q € [pi,pr] and independent from the filtration on which X is defined, provided (5.5)

holds with 8 < (3/2 and either (i) (2(26;7[’1) v 2(5756,0 <p < pn < B/2 when 3 > /2 or (i)
mg =0, v symmetric and 2(57%,) <p <pn<p/2.

As seen from the corollary, by 1 (p) will estimate the activity level only for powers that are below
the activity level, which of course is unknown. Corollary 1 shows further that the power is also
crucial for the rate at which the activity level is estimated. The range of values of p for which
bx 1(p) is v/Ap-consistent for Bx r defined in (4.1) depends on the activity of the most active
part of the process, but also on the activity of the less active parts, i.e. 3’ in part (a) and 5’V 1
in part (b). For example, when the observed process is a continuous martingale plus jumps
(part (a) of the corollary), then the activity of the jumps needs to be sufficiently low in order
to estimate Bx 7 at a rate V/A,,. Similar observation holds for the pure-jump case as well. The
activity of the less active components of X is unknown but we want an estimator of 8x 7 that
is robust, in the sense that it has v/A,, rate of convergence for most values of . Based on the
corollary, this means that we need to use values of p that are “sufficiently” close to half of the
activity level Bx /2.

The presence of a less active component in the observed process aside, the power at which
bx,r(p) is evaluated is also important for the rate of convergence and the asymptotic variance

10



of the estimation of the overall activity index. There is a difference between case (a) and case
(b) in this regard. When the activity level of X is 2 (and there are no jumps), bx r(p) will be
/A, -consistent for any power. In contrast, in the pure-jump case, this will be true only for
powers less than (3/2. Using powers p € (3/2, 3) slows down the rate of convergence from /A,
to 1, as pointed out in Remark 3.8. In Figure 1 we plotted the asymptotic standard deviation
of bx r(p) for different values of the activity index Bx r. For activity less than 2 the asymptotic
variance has a pronounced U-shape pattern, and as a result it is minimized somewhere within
the admissible range (for \/A,-rate of convergence), but the minimizing power depends on [3.
On the other hand, when 8x 7 = 2, i.e. when continuous martingale is present, the asymptotic
variance is minimized for p = 1 (p = Bx /2 is admissible if Sx r = 2), although /K, ,(2)
changes very little around 1. These observations are further confirmed from Figure 2, which
plots the power at which the asymptotic variance is minimized as a function of the activity level.
Remark 4.1. We note that in Corollary 1 (and in fact throughout the paper) we kept T fixed.
What happens if T goes to infinity? In this case the result in Corollary 1 will remain valid
without any assumption on the relative speed of T' T co and A,, | 0 but only in the case when
X is symmetric stable. In all other cases captured by the specification in (3.3) we will need to
impose a restriction on the relative speed with which T increases. This happens because the
error in estimating Bx r depends on A,, and cannot vanish by just increasing the time span 7'
|

4.3 Two-Step Estimation of Activity

We turn now to the explicit construction of an estimator of the activity level guided by the
results of Corollary 1. Our goal here is to derive a point estimator of the activity level which has

VEpp(0.50) VEKpp(1.00) VEpp(1.25)
1.5 3.6
1.4 2.8
3.4
1.3 26
1.2 3.2
11 2.4
3
1 2.2
0.9 2.8
0.8 2
2.6
0.05 0.1 0.15 0.2 01 02 03 04 0.2 0.4 0.6
P p p
VEpp(1.50) VEKpp(1.75) VEpp(2.00)
4.8 6.5 8.5
4.6 8
4.4 6 7.5
4.2 5.5 7
4 6.5
3.8 5 6
5.5
3.6 45
3.4 5
0.2 0.4 0.6 02 04 06 08 02 04 06 08
P p p

Figure 1: Asymptotic Standard Deviation of bx r(p) for different values of p and the activity level
Bx 1 defined in (4.1). K, () is defined in (4.3).
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good robustness and efficiency properties. As we noted in the previous subsection, the powers
used in the construction of an estimator for the activity level are crucial for its consistency,
rate of convergence and asymptotic efficiency. Importantly, whether to use a given power in the
estimation depends on the value of Bx 7 which is unknown and is itself being estimated.

This suggests implementing an adaptive (two-stage) estimation procedure, where on a first
stage we construct an initial consistent estimator of the activity. Any estimator with arbitrary
rate of convergence on this first stage can be used - the only requirement is that it is consistent.
Then, on a second stage, we can use the first-stage estimator to select the power(s) at which
bx,r(p) is evaluated. This can be done because the convergence in (4.4) and (4.5) is uniform in
p. We give the generic construction of the two-stage estimator in the Lévy case in the following
theorem.

Theorem 5 Fiz some T > 0 and suppose X is given either by (3.1) or (3.3) with activity level
Bx.r defined in (4.1). Let ,@?T be an arbitrary consistent estimator of Bx r constructed from
X0, XA, o0y XA, [T/A,)5 €., we have E{:T £, Bx.r as Ay, — 0. Suppose the functions fi(z)
and fn(z) are continuously differentiable in z in a neighborhood of Bx v and we have identically
0 < fi(z) < fn(z). Set

1 = h(Bxr) and 75 = fa(Bxr),

7= [P and 7= f(BLp)-

Finally denote

B p = [ b w(u)bx 4 (u)du, (4.6)

T1
where w(+) is some weighting function, which is either continuous on |17, 75| or Dirac mass at

some point in [11,75] and such that f:z w(u)du = 1. Then we have
1

[T /-~ s TS [T
A ( §7T — 5X7T> £75 ex \//* /* Koo (Bx m)w(w)w(v)dudv, (4.7)

where € is standard normal defined on an extension of the original probability space provided:

optimal power
o ° o o ° o o
[ 2 & S 2 s 2

: 2 . T ;

o

01r

05 1 15 2
activity level

Figure 2: Minimizing power p of the asymptotic variance K, ,(8x ) as a function of the activity
level Bx 1 defined in (4.1).
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(a) if X is given by (3.1), then T3 < Bx,1/2 and the Blumenthal-Getoor index of the jumps
in X, 8, is such that 5 B' < 71 (which implies ' < 1),

(b) if X is given by (3.3), then 75 < 3/2 and either (i) B > /2 and 75 > ( (2 Bl) 2(5815,)

or (i) mqg =0, v and Kk symmetric and 7 > 2(57?/5,), where ' is a constant satisfying

(8.5).

The two-step estimator can be viewed as a weighted average of bx r(p) over an adaptively
selected region of powers. This range is determined on the basis of an initial consistent estimator
of the activity. The averaging of the powers on the second stage might be beneficial since the
correlation between the centered bx r(p) evaluated over different powers is not perfect. We would
expect that the biggest benefit from averaging different powers in the estimation will come from
using powers that are sufficiently apart. However, as we saw from Figure 1, significantly different
powers would imply that at least one of them is associated with too high asymptotic variance
and this could offset the benefit from the averaging. Therefore, in practice on the second stage
one can just evaluate bx r(p) at a single power. This case is stated in the next corollary.

Corollary 2 Let Bf(gT be an arbitrary consistent estimator of Bx r constructed from Xo, XA, , ...

XA, [T/As B-e. we have B{:T £, Bx.r as A, — 0. Set

B =bx (@) with 7= f(53), (4.8)

where f(-) is some continuous function and further we set 7 := f(Bx,r). Then we have for a

fixed T
T > —5
VAS (ﬂ?,T - 5X,T) 25 e x K. - (Bx 1), (4.9)

for € being standard normal, provided Bx v > 21* and for 3’ as in Theorem 5 we have
(a) if X is given by (3.1), then ' < 124_%**,
(b) if X is given by (3.3), then ' < +2¢*

addition we also have f > /2 and 7" < (

and if mgq # 0 and/or v is not symmetric then in

1)

A natural choice for the function f(-), i.e., the power that is used on the second stage, will be the
one that minimizes the asymptotic variance K, ,(3). This is further discussed in the numerical
implementation in the next section. Alternatively, one can sacrifice some of the efficiency in
exchange for robustness to a wider range of 5 by picking power closer to Sx /2. We finish
this section with stating the equivalent of Corollary 2 in the case when X is a semimartingale
with time-varying characteristics. The theorem gives also feasible estimates of the asymptotic
variance of the two-step estimator.

Theorem 6 Suppose Bf(ST and Ets are given by (4.8) for some ﬁmed T > 0.

(a) If X is given by (3.7) and (3.8) is satisfied with ' < 1+T*’ then we have

! (Ber—2) 52 ex /K Vf" Sl : (4.10)

VA fo lo1s| 7" ds

where € is standard normal and is defined on an extension of the original probabzlzty space.
(b) If X is given by (3.9)-(3.11) with B > V2 and (3.5) holds with 3' < 22— and 7* €

R
( 2 ﬁ)\/ﬁ 1,ﬁ/2) then we have

2(8
1 /- fo |023|QT ds
VA, ( Xor ) € K (#.11)

0 ‘0-23
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where € is standard normal and is defined on an extension of the original probability space.
(c) A consistent estimator for the asymptotic variance of both (4.10) and (4.11) is given by

2 Dts ~
Mot o \OX2) Vi (X0, 2 (B 1), An)
NZf(ng,T)(ﬂgg,T) VX, (B 1) An)

Dts )

—1
A Ky )1 (Big ) PX.7 (4.12)

Remark 4.2. Although the choice of the first-step estimator does not affect the first-order
asymptotic properties of the two-stage estimator, in practice it can matter a lot. One possible
choice for a first-step estimator of the activity is

Bxr =i 7 (n(Vi (e X, An)) — In(Vi(a, X, 240)) (4.13)

where V/.(a, X, A,,) = Zg/lA"] Lyjanx|>ava,y and a > 0 is an arbitrary constant. It is easy

to show that under the assumptions of Theorem 4, ,ng is a consistent estimator for Sx r.
Another alternative first step estimator is bx r(p) evaluated at some small power. The latter
will be a consistent estimator only if we know apriori that the true value of Bx 7 is higher than
some positive number. O

5 Numerical Implementation

In this section we test on simulated data the limit results of Section 3. We do this by investigating
the finite sample performance of the activity estimator of Section 4. In our Monte Carlo study
we work with the following model for X

Xy =0 Wi+ 09 Z AX,, (51)

0<s<t
where the jumps of X are with either of the following two compensators

e—)\\x|

———dxds or A dfp—i,1dxds. .
A‘ |5+1d d Acdyg ydzd (5.2)
T

The first compensator is that of a tempered stable (Carr et al. (2002), Rosinski (2007)) whose
Blumenthal-Getoor index is the parameter § and the second compensator is of a compound
Poisson (which has of course a Blumenthal-Getoor index of 0). Note that for the tempered
stable process the value of 3’ in (3.5) is equal to 3 — 1V 0. Therefore, the assumption 8’ < (/2
in Theorems 3 and 4 will always be satisfied.

In Table 1 we listed the four different cases we consider in the Monte Carlo. The first two
correspond to pure-jump processes with two different values of the level of activity. The last two
cases correspond to a setting where a Brownian motion is present and therefore overall activity
of X is 2. In Case D the jumps in addition to the Brownian motion have 20% share in the total
variation of X on a given interval, which is consistent with empirical findings for financial price
data.

If we think of a unit of time being a day, then in our Monte Carlo on each “day” we sample
M = 390 times. This corresponds to approximately every minute for 6.5 hours trading day
and every 5 minutes for 24 hours trading day. The activity estimation is performed over 22
days, i.e. we set T' = 22. This corresponds to 1 calendar month of financial data. This Monte
Carlo setup is representative of a typical financial application that we have in mind. We do not
report results for other choices of T and M although we experimented with. Quite intuitively,
an increase T' led to a reduction in the variance of the estimators, while an increase in M led

14



Table 1: Parameter Setting for the Monte Carlo

Case o7 o35 Jump Specification

0.0 1.0 tempered stable with A =1, 3= 1.50and A = 0.25
0.0 1.0 tempered stable with A =1, =1.75and A = 0.25
0.8 0.0 none

0.8 1.0 rare-jump with A, = 0.3333, r = 0.7746

Caw»

to the elimination of any existing biases. Finally, we consider 10,000 number of Monte Carlo
replications.

Following our discussion in Section 4.3 we calculate over each simulation the following two-
step estimator 35 . On a first stage we evaluate the function bx 7(p) at p = 0.1. This yields
an initial consistent, albeit far from efficient, estimator for the activity, provided of course the
activity is above 0.1. Then, given our first step estimator of the activity, we compute the power
at which Kp’p(ﬂff’T) is minimized (recall the definition of K ;(8) in (4.3)). Our two-stage
estimator is simply the value of by r(p) at this optimal power.

In the Monte Carlo we compare the performance of our estimator with an ad-hoc one where
we simply evaluate bx 7 (p) at the fired “low” power p = 0.1. In Figure 3 we plot the histograms
of the two estimators B\E?T and bx 7(0.1). As we can see from this figure, the adaptive estimation

of the activity clearly outperforms the ad-hoc one based on a fixed power. In all cases @;T
is much more concentrated around the true value. This is further confirmed from Table 2,
which reports summary statistics for the two estimators. The interquartile range for the ad-hoc
estimator is from 30% to 60% wider than that of the adaptive estimator. Similar conclusion
holds also for the mean absolute deviation reported in the last column of the table. Thus, we
can conclude that choosing an “optimal” power can lead to non-trivial improvements in the
estimation of the activity, which is consistent with our theoretical findings in Section 4.2.

We next investigate how well we can apply the feasible CLT for the two-step activity esti-
mator. For each estimated 3%, we calculate standard errors using (4.12). Table 3 provides
summary statistics for how well these estimated asymptotic standard errors track the exact
finite-sample standard error of the two-step estimator 53?,T~ Since X is simulated from a Lévy

process, the latter is computed as the standard error of @?T over the Monte Carlo replications.

6 Proofs

The proof of Theorems 1 and 2 follows from results in Todorov and Tauchen (2010) and therefore
is omitted here. For the rest of the results, we first proof the ones for the Lévy case, and then
proceed with those involving semimartingales with time-varying characteristics. In what follows
we use E? | and P}, as a shorthand for E (-|F(;_1)a, ) and P (-|F;_1)a, ) respectively. In the
proofs K will denote a positive constant that does not depend on the sampling frequency and
might change from line to line.

6.1 Proof of Theorem 3

The proof of the theorem consists of showing (1) finite-dimensional convergence (i.e. identifying
the limit) and (2) tightness of the sequence. In the proof we will show part (b) only. Part (a)
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can be established in exactly the same way. We will assume that A in (3.5) is that of a standard
stable process and therefore I14 3 = 1. The result for an arbitrary A then will follow trivially
by rescaling (and centering). In what follows L will stand for a standard symmetric -stable
process, defined on some probability space which is possibly different from the original one.

Step 1 (Finite Dimensional Convergence). We start with establishing the final-dimensional
convergence. It will follow from Lemma 1 below in which we denote with e the Hadamard
product of two matrixes (i.e. the element-by-element product). The stated lemma is slightly
stronger than what we need for two reasons. First, it contains locally uniform convergence
in ¢t and in the theorem we work with a fixed T'. Second, in the lemma we will show the
finite-dimensional convergence for a process X defined in the following way

X, :/Ot mdsds+AtAJS_ﬂ(z)ﬁ(ds,dx)+/Ot/Ras_/£’(as)u(ds,dx), (6.1)

where p is the Poisson measure of Theorem 3; for arbitrary cadlag processes os and g with
K1 < |og < K and 0 < |55| < K for some K > 0 and a Brownian motion W, & is
defined via s = o(—1)a, + 0@-1)a, (Ws = Wii_nya,) for s € [(i = 1)A,,iA,) and further
Mas = Mg, i—1)a, for s € [(i —1)An,iA,). Obviously X; includes the Lévy case of Theorem 3,
and the generalization will be needed later for the proof of Theorem 4.

o bxr(0.1)
15 ‘ ‘ ‘ ‘ 20 :
< 10 <
s 9 10
8 s 8 /\
0 . . : . 0 ‘ . .
1.4 15 1.6 1.7 1.4 15 1.6 1.7
10— ‘ ‘ ‘ ‘ 10
m om
5 3 s
@ @
o (8]
ol— : : : 0— : : : ‘
15 16 17 18 19 15 16 17 18 19
10 10
(@) Q
3 5 ¢ 5
[0} [}
) ) /\
0 ‘ : ‘ : 0 : ‘ ‘
1.8 2 2.2 2.4 1.8 2 2.2 2.4
10 ‘ ‘ ‘ ‘ 10
o ()
3 5 2 5
@ @
) ) /\
0 0 :

1.8 2 2.2 2.4 1.8 2 2.2 2.4

Figure 3: Histograms of BE?T and bx 7(0.1) from the Monte Carlo.

16



Table 2: Comparison between two-step and one-step estimator

Estimator

ts
X, T

bx,7(0.1)

KT
bx,7(0.1)

KT
bx,7(0.1)

ts
X, T

bx,7(0.1)

[ median 1IQR

1.50
1.50

1.75
1.75

2.00
2.00

2.00
2.00

Case A

1.5237 0.0495
1.4985 0.0632
Case B

1.7075 0.0590
1.6785 0.0814
Case C

2.0001 0.0719
2.0005 0.1176
Case D

1.9632 0.0664
1.9865 0.1164

Summary Statistics

MAD

0.0247
0.0316

0.0294
0.0407

0.0359
0.0588

0.0332
0.0573

Note: IQR is the inter-quartile range and MAD is the mean absolute deviation.

Lemma 1 Let p = (p1,...,px)" for some integer k, pip = (fip,, s fip, )" and 1y is k x 1 vector
of ones. Then, if X is given by (6.1) and under the conditions of Theorem 3(b) (in particular
all elements of p are in [py, pn]), we have the following convergence locally uniformly in t

1
VA,

Vt(vavAn): Aikig/ﬁ

‘/t(EaXal’A ) (‘/t(ple LA )

AV TR o Vi(p, X, 24,) —

L4 %(27)(7 An) -

1
AR p/B

Vi(p, X, A,) 55 Z(p),

A}Lkig/ﬁ o 2P/B~1k o 1p(B3)

/8
S/ An] (f(z 1)A o] ds>2

Mg(ﬁ) Z t/An] (f(mj)A

Vi(pr, X, 180))'

and the R?*-valued process E(p): is defined on an extension of the original probability space,
is continuous, and conditionally on the o-field F of the original probability space is centered

L=1,2,

Gaussian with variance-covariance matriz process given by Cy defined via

fo |os P13 ds2Pi/OFP3/07 (py oy (B) —
Ct(i,j) = fo |O ‘P: AAECh kds (:u/lh ktpji— k(ﬁ) -

Proof: We start with some notation. We set C' = C; when t = 1 and &, = 1 for Vs € [0,1]. We

e [ [ oo

further denote

lu’Pi(/@)y’Pj (/8))’ fOT’ i = 17 "7k; .7 = 17 ceey Uy
uplfk(ﬁ)up]—k(/@)) ) fOT 1= k + 17 B} 2k? .7 = k + 17 seey
Jy losl?=+73ds (1., (8) = 2t (B)pag, (B))  for i = k+1,.0,2k; 5 = 1,

fi(ds, d) //

wu(ds, dx),

2%k,



Table 3: Precision of Standard Error Estimation for the Two-Step Estimator

\/Aln\/ar(ﬂgfj) Summary Statistics for Ase( %)

median IQR MAD
Case A

3.3341 3.2774 0.2005 0.1005
Case B

4.0320 3.8366 0.2638 0.1320
Case C

4.9588 4.6678 0.2609 0.0590
Case D

4.6626 4.7929 0.4596 0.2298

Note: Var( ?T) is the exact variance of the two-step estimator, computed from the 10,000 Monte

Carlo replications of the estimator. fse( E;?T)) is the estimated asymptotic standard error using

(4.12). MAD is computed around the exact standard error of the estimator 4/ Aln\/ar( E?T)

and

X,(1) = X, — ZAX81{|AXS\<\EV|T}’

s<t

(6.5)
Yi(r) =Y, — ZAYsl{\AY3|<T}7 7> 0.
s<t
First, we have
Aiil/zipl/,a“/%(mev An) - W(me(T)aAn” uﬁ)) Oa 1= 1; 7k (6 6)

ALY BV, (ps, X 20,) — Vi(pi, X(7),20,)] “55 0, i=1,..,k,

using the algebraic inequality ||a 4+ b? — |a|?| < |b|P for p < 1 and the fact that p; < §/2
for i = 1,...,k. Therefore we are left with showing (6.2) with V;(p, X, A,) and Vi(p, X,2A,,)
substituted with V;(p, X (1), A,) and V;(p, X (7), 2A,,) respectively. N

For arbitrary power p we set N

o) = A7 (AE”/BIAE‘“X(T)I” +ALPP|AG X ()P

1 iA, p/B
— 2p1p(3) A/( a CARE >,
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() = AL <AW|A3¢_1X<T> L ALX ()P

: /B
»/B Lo ’
n J(i—1)A,

It is convenient also to write further {(p)? = £(p)2i—1 + &(p)2; with

. /B
_ 1 JAT(, B p
£(p); = AL | ALPPIATX (1) — 11, () ( /< lade) ’

An JG-1a,

forj=1,2,...,2 %in} . Using Theorem 1X.7.19 in Jacod and Shiryaev (2003) it suffices to show

the following for all ¢ > 0 and arbitrary element p from the vector p

[t/(2An)] b
Z E3_2(C(p))|] — 0, (6.7)
[t/(2An)]
Z (E%_z[C(pq)ZC(pr)Z] - ]E%_z(C(pq)Zg)ESi_z(C(pr)Z)) (6.8)
i=1 .

— Cilg+ (2= 9k, 7+ (2 Dk),
where s,l =1,2 and ¢q,7 =1, ..., k,

[t/(2An)] N
Z EZ o |C(p)?)*T — 0, for some 0 < ¢ < /p—2, (6.9)
[t/(2An)] »
Z E3;o[C(p)7 (A3, M + A3 M)] — 0, (6.10)

for M being an arbitrary bounded local martingale defined on the original probability space.

We start with (6.7). We prove it for the first element of {(p)? and arbitrary element p of the
vector p, the proof for the second element of ((p)? is similar. Because of the assumption on the
Lévy measure in (3.4) we can write

i—1)A,

; /B
n B n 1 ZAn . p
B (1A7Y/2ARX () - 1y (0) (An / |as|ﬁds> ZAW

fori=1,2, ...,2[2£"] and where

iA, P 1 iAn p/B
A;LI =L Ar_tl/ﬁ/ Esdes _:up(ﬁ) (A/ |056d8> )
(i-1)A, n J(i—1)Ap
iAn P iA, P
A= (800 [ earcvan | —ags [T gan |,
(i—-1)An, (i-1H)A,
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p
Ay = B |AVPARX ()P — Ef,

)

iAn
A;l/ﬁ/ Go_dLg + a; AP
(i-1)A,

with

a; =mgq (i—1)A, An

, B (6.11)
- / K () (z)dx + 2/ k(z)ve(x)dx / o sds,
|z|>T z:v2(x)<0,|z|<T (i—1)A,

where recall that L is a standard stable process which is defined on an extension of the original
probability space and is independent of it. We have a; = 0 for 8 < /2, because of our
assumption of the symmetry of v(x) and mg,;—1)a, = 0 for this case. Also, by the assumptions
of the theorem, 5’ < 3/2 < 1 and therefore the integral with respect to v in the definition of a;
is well defined. Then, using the algebraic inequality |z +y|P < |z|P + |y|P for p < 1 and arbitrary

x and y, it is easy to show that for Aj; we have

":An ~
/ To_dLM
(i_l)An

Ay ~
/ 7o_dL®)
(i=1)An

p
+ KA

p
Al < KAPPED,

":An ~
/ Go_dL?
(i_ 1)An

p

+KALP/PED

b

where K is some constant and

LW is a pure-jump Lévy process with Lévy density of
—202(2) 1 {2205 (2) <0, ]| <r}» zero drift and zero truncation function;

L® isa pure-jump Lévy process with Lévy density of

V2(x)1{x:t/2(m)>0,|x|<'r} - V?(x)l{m:zzz(a:)<0,|a:|<'r}7 (612)
zero drift and zero truncation function;

L® isa pure-jump Lévy process with Lévy density of

v1(2)1§|z>7}, zero drift and zero truncation function;

The three processes are well-defined because 3’ < 1 and are defined on an extension of the
original probability space and independent from the original filtration. Then, using the fact that
G,_ is independent from the processes L) for i = 1,2,3, E[7,|P < oo for s € [(i — 1)A,,iA,,)
and any positive p, the Holder’s inequality, and the basic one |}, [a;||? < >, |a;|P for p < 1
and arbitrary a;, we easily have

|AL| < KAP/AM=p/6=0 (6.13)

for any ¢ > 0. Taking into account the restriction on p and 3', we have p/3' A1 —p/G—1>1/2
for some ¢ > 0. In a similar way we can show |Al| < KAY*™ for some ¢ > 0 where

p
A?W) .

Further, since f(ZﬁTIL)A Ts_dLg 4 Ly, , for b, = f(iﬁ’l‘m |75|%ds, and using the self-similarity

1A,
A;l/f’/ To_dLy + a; AP
(

A =B} (IAHWA?X(T)IPA?W -
i—1)A,

property of a strictly stable process we have A}; = 0. We have similarly A7} = 0, where

iAn 1 iAn p//@
?1 = ?71 ‘A;l/ﬂ/ Os_dLg A?W — ,up(ﬁ) <A/ g—s|ﬁd8> A?W ,
(i-DA, nJi-1a,
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because W is independent from L. Next, to prove (6.7), we need only show that |A%| < KA
for some ¢ > 0. We show this only for the case 5 > /2, since for 3 < /2 it is trivially satisfied.
For the proof we make use of the following general inequality for arbitrary real numbers z and
yand p <1

||z +y[? — |2[” — pla|P~ sign{a}yl g0, 1y/<|al /2|
e » (6.14)
< K= Yeoy T 10 Lgei=0 U i>1e1/2)

for some ¢ > 0 and a positive constant K. The inequality follows by looking at the difference
|z + y|P — |z|” on two sets: |y| < |x|/2 and |y| > |z|/2. On the former we apply a second-order
Taylor series approximation and further use |y|/|z| < 1/2 on this set (therefore (6.14) holds with
K =2P=27'p(1 — p)). On the set |y| > |z|/2 we use the subadditivity of the function |z|P. We
can substitute in the above inequality x with A, 1/8 Ly, ,, and y with a; Ay, /8, Then, by first
conditioning on the filtration generated by &, and then using the fact that L has symmetric
distribution, we get

Ei 4 (\Agl/ﬁLbi,nl”flsign{Lbi,n}aiﬁﬁwl{wbm\#0,\Lbi,”|22\ai\}> =0. (6.15)
Next we have for some pg, p; > 0 (note that we have universal bounds on o5 and &)
iA, —Dp1
E? , / |7s|Pods < KE! [ (TyANA,) P < KAPY (6.16)
(i—1)A,
where T}, is the hitting time of the Brownian motion (Ws - W(i—l)An)s>(i71)A of the level b for
b= —0@-1a,/(2K) # 0 for some positive K, whose negative powers (of Ty) are finite. Then
for ¢ such that 0 < ¢ < p— 2(2‘%_51) (recall the assumption on p for 8 > v/2) we have
o p+1—e
En aidn 1 < EM A-UB|TTT A1y /B
S e Rl B | L B
xE (|L1"71) (6.17)
< KA,

with some ¢/ > 0 and a positive constant K. This follows from the self-similarity of the strictly
stable process, the fact that E|L;|'~* < oo since ¢ € (0,1), see e.g. Sato (1999), and the preceding

inequality (6.16). Similarly, for some ¢ € (O, p— 2(26;?1)) using the Chebycheff’s inequality we
have

Eiilaids PPl L,, j<2lagy < KE (|Li|71) RO
o 6.18

A (6.13)
with some ' > 0. Combining (6.13)-(6.18) and using that stable distribution has a density with
respect to Lebesgue measure, see e.g., Remark 14.18 in Sato (1999), we prove |A%| < KA
for some ¢ > 0 and thus (6.7) follows. Similarly we have |A%| < K AY*F for some ¢ > 0 where
p

Al = Ey_1< AW

[7ANS
A;l/f’/ To_dLy + a; AP
(i-1H)A,

1A,
— A,;l/ﬂ/ Ts_dL
(i_l)An

p
A?W),
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Before proceeding with (6.8) we derive a result that we make use of later for the proof of
Theorem 4. First, for two random variables X; and X5 and some ¢ > 0 we have

Then we can apply this inequality twice, use the fact that f[fm] |x|f8/+“l1/2 (z)dz < oo for any
o’ > 0, the fact that |[AX(7)| < 7]s—|; the fact that the stable distribution has finite moments
for powers that are negative but higher than —1; the bound in (6.16); and finally the Chebycheff’s

inequality to get
iA, o
/ Ts_dLY)
('L—l)An

P, ( 2 PIATX ()| < e) ZIP (
P <|al AFYB L ATV, | < 46) (6.20)
AZZ/B —P/ﬁ—al>

> 0.5A,1/5e>

< K <e“ + Al-1/Be
< 5 -

for any a € (0,1), p < ' and o/ > 0 and where K is some positive constant that does not
depend on €. Similarly for two random variables X; and X5 and p > 0 and € > 0 we can derive

E (X1 + X P1x,4x0020) < K[G_pp(lXﬂ > ke)

E (IX11 71 %1 1> (1-k)e}) } )

for any k € (0,1) and where the constant K depends on & only. Using this inequality then it is
easy to derive the following bound

1 o AO— A’}L B'/B—c
]E?—l (|A:L /IBA?X(T)|7p1{A;1/ﬁ\A?X(T)|Ze}) S K 6( A + W 5 (621)

for any p,a’ > 0 and where the constant K does not depend on e.
We continue with (6.8). First using Lemma 1(b) in Todorov and Tauchen (2010), since for
each element p of the vector p we have 2p < 3, we have (recall the notation in (6.4)-(6.5))

EP[AYVOATY (r)[PrtPr —EE L |AYPATY (7) |p“E” AT PALY ()P
—> C(k+Q7k+T)a

1

2Egz 2| A, 1/ ﬂAzz 1Y(T)+A71/ﬁAn'Y(T)|pq+pr

Egz ol AL VPAL Y () + AL VP ALY () P
x B, o|ALYOAL Y (1) + AP ALY ()P
— Clg,7),
RS, oA VAAL Y (r) + ATVSALY (r) e ATVOAL Y ()P
— B o AVPAL Y () + AL VALY (7) PUET 1|A YOARY (1)
LR Clg, k+r),
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where ¢,7 = 1,....,k and for the first limit i = 1,2,...,2[&] while for the last two i =

1,2,..., [2 A ] Next, by Riemann integrability, we have

(t/An

]
An Z |Uz 1A,

Therefore to show (6.3) we need only to prove that for arbitrary p <

v I /|as| ds, p>0. (6.22)

By 18, AX (0P = |18, oo a, Y (1| < KA, (6.23)

for some ¢ > 0. But this follows by using Burkholder-Davis-Gundy inequality (if 8 > 1) and the
elementary one (D, |a;|)? < >, |a;|P for arbitrary reals a; and some p < 1, together with the
definition of the process 7.

Turning to (6.9), we show it only for the first component of {(p)?, the proof for the second
one being exactly the same. Using again Lemma 1(b) in Todorov and Tauchen (2010) we have

E" , <A;(2+L)P/ﬁ‘Azly(,r”(?ﬂ)p) PR (‘L1|(2+L)p) ’ (6.24)

fori=1,2,...,2 ﬁ and 0 < ¢ < B/p — 2. Then (6.9) follows by combining this result with
(6.22)-(6.23). We are left with proving (6.10). It suffices to show

2[t/(2A)]
sty E (A;”“IA?X(T)IPA?M

| it p/B
— 11p(B) (A /( o |as|ﬁds> A?M) 0.

First, if M is a discontinuous martingale, then using (6.7)-(6.9), we have that Z?ﬁ{m"” Elp)?
is C-tight, i.e. it is tight and any limit is continuous. At the same time 22[t/ (240 A”M trivially
converges to a discontinuous limit. Therefore the pair (Z?[:t{ @Al e(p ) ,ZZ[_t/(QA A'M) is

tight, see Jacod and Shiryaev (2003), Theorem VI3.33(b). But then the left hand side of (6.25)
converges to the predictable version of the quadratic covariation of the limits of ng{ (2An)] E(p)?

(6.25)

and Z?E{ (24w AP M, which is zero since continuous and discontinuous martingales are orthog-
onal, see Jacod and Shiryaev (2003), Proposition 1.4.15.

Second if M is a continuous martingale orthogonal to the Brownian motion W; used in
defining 7, we can proceed similar to Barndorff-Nielsen et al. (2005) and argue as follows. If
we set Ny = E (JAP X (7)|P|F;) for t > (i —1)Ap,, then (Ni)>(i—1)a, is a martingale. It remains
also martingale, conditionally on F(;_1)a,,, for the filtration generated by the Poisson measure p
and the Brownian motion (Wy —W(;_1)a, )t>(i—1)a, since A} X is uniquely determined by these
processes. Therefore by a martingale representation theorem (see Jacod and Shiryaev (2003),

I11.4.34)
t t
Nt = Ng-1)a, +/ /5/(3a$>ﬁ(d5’d$> +/ nsdWs,
(i-1)A, JR (i—-1)A,
when ¢ > (i — 1)A,, for an appropriate predictable function §’(s,z) and process n;. Therefore

Ny is a sum of pure-discontinuous martingale, which hence is orthogonal to M; — M _1)a,
(see Jacod and Shiryaev (2003), 1.4.11), and a continuous martingale which is also orthogonal
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to My — M(;_1)a, because of our assumption on M. This implies that for M a continuous
martingale orthogonal to the Brownian motion we have

1 A, /B
EP | [ APP|ATX (7T)|P — mp(B) | — / CAREE A M
An Ji-va,

= E_1 (AP NAPM) =0,
and this shows (6.25) in this case.

The only case that remains to be covered is when M = W. For this case we can use the
bounds derived above for A;1, A;2 and A;3 and from here (6.25) follows easily in this case. O

Step 2 (Tightness). We are left with establishing tightness, which follows from the next lemma.

Lemma 2 Assume that X is given by (6.1) and that the conditions of Theorem 3 hold. Then
for a fired T > 0 we have that the sequence

1 ~
7VT p; Xa An)7
V&, 'T®
for VT(E, X,A,) defined in (6.2), is tight on the space of continuous functions C(R?,[p;, pn])
equipped with the uniform topology, where p; and py, satisfy the conditions of part (b) of Theo-
rem 3.

Proof: We will prove only that the sequence

Vr(p, X, A,) = AP0V, X, A,)

[T/A] (1 it p/B
— A2y () Z <A/( |Usﬁd3>

= i—1)A,

is tight in the space of R-valued functions on [p;, pp] and the arguments generalize to the tightness
of \/%VT(E, X,A,). For arbitrary p; < p < ¢ < p;, we can write

‘?T(Q7X7 An) - ?T(pv Xa An)

4

<Y A (pa),
i=1

where

AT (p,q) = ASVALYP (Vir(g, X, Ay) — Vir(g, X (7), An))

_ A};P/ﬁ (VT(p, X, An) - VT(p7X(T)7An)) "

and for i = 2,3,4, A?(p,q) £ ﬁ?(p, q) with

[T/An]

iAp
> HAnl/f’/ Gs_dL,
(

i=1 i—1)An

q 1 A a/B
B(p.q) = AL ~ al9) (A/ "S'ﬁds)
n Ji-1)An

p 1 i, p/B
+1pl8) (A / |os|‘*ds> J|
n Ji-1)an

Ay
A8 / Gs_dLs
(i-1)An
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[T/An] iAn q
> [A;”"/ FodLs + aid; V7| —
(i—1)Ap,

=1

q

iAp
AYP / Gs_dLs
(i-1)A,

iAp
A;l/f’/ Gs_dLs ]
(i-1)An

where a; is defined in (6.11) in the proof of Lemma 1 and A%(p,q) is a residual term whose

moments involve the processes E<1>, L® and L® of (6.12). It can be shown using the continuity
of the power function and the restriction on vs(x) that

P

+

)

A, P
—‘An”"/ Fo_dLs + a; AP
(i-na

AnlO P,9€[p1,pn]

limsup E ( sup A7 (p, q)) =0. (6.26)
For A7(p,q) we can first apply the inequality ||a + b|? — |a|P| < |bJ? for p < 1, and then use the
continuity of the power function for positive powers to show that

sup  Al(p,q) £ 0. (6.27)
P,q€[p1,pn]

For A (p, q) we easily have for p,q € [pi, ph)

E(3(p.0) < Kp—a) (6.29)

and Theorem 12.3 in Billingsley (1968) implies tightness. Turning to g”(p7 q), it is identically
0 for g < \f 2 due to our assumptions. So we look at the case § > V2. We can decompose
A3 (p,q) as A3(p,q) < A%y (p,q) + ABy(p, q) with

{ A (p,q) = A | [ei(a) — ei(p)] Liepy

Ay (p,q) = AN z&i/f” lei(q) — ci(P)] Licere

|} and

[YANS
—|AZYA / 7o dL,
(i-1)A,

where C}' = {

1)A Os— (i— 1)A Os—

p p

ci(p) =

Ay
A;l/ﬁ/ Fs_dLs +a; AP
(i-1)A,

For ggl (p, q) we can write

~ 2
(T/A,] (6.29)
+ KA, Z Ei —ci(p)] 1yeny)
For the first expectation on the left-hand side of (6.29) we have similar to (6.28)

E (feila) — @) 1ery ) < K(p - 0)*. (6.30)

For the second expectation on the right-hand side of (6.29), we apply the following inequality,
similar to (6.14). For every = and y and p, ¢ € [p;; pr] we have

[z +y" = [z” — |z +y[" + |=[*

— (plzP~" - Q|w|q_1)sign{$}y1{z|¢o,2y|<|x}’1{|z|¢o,2|y|<x}

Iyt 4 yPr )
< Klp—q [ Lgjz|0}5
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for some 0 < ¢ < 1. A
Substituting in the above inequality x with A;l/ﬁ fé:{m 7s_dLs and y with aiAle/ﬁ and
using the fact that (p|z|P~! — q\x|q_1)sign{x}1{|$|¢0’2|y|g|w‘} is odd in z, we get

n 2 (-
E (E, ([ei(q) — ci(p)] Liery)) <K(p—q)2(lAn|2(““ Y1=1/8)

+ |An|2<ph,+u><11/ﬁ>>’

for some ¢ < p; — 2(2’%?1) For KQQ (p, q) we have for sufficiently small A,

[T/An]
sup A (p,q) < KAY? S al' AP Plcnyey.
P,q€[p1,pn] P i

Then using the definition of the set (C7*)¢ and the calculation in (6.18) we can conclude

lim sup E sup  AL(p.q) | =0. (6.31)
An 0 P-a€[p1,pn]

Combining the above results we get the tightness of ‘7T(q,X ,A,) on the space of continuous
functions of p in the interval [p;, pp]. O

6.2 Proof of Remark 3.8

In what follows we denote
X = A (1A PATX P T i (B))

It is no restriction of course to assume that the constant A in (3.5) corresponds to that of
a standard stable and we proceed in the proofs with that assumption. In view of Theorem
XVIIL.2.2 in Feller (1971) we need to prove the following

1 n pA
AHE(XZ- Lijyni<1y) — —275_1)5, (6.32)
1 n n — ﬁ A
A, [E((Xl )21{\x?\§K}) — (E(XZ 1{\X?\SK}))2] — 2K? B/ng7 (6.33)
1 ﬁ/pA 1

where K > 0 is an arbitrary positive constant.

We recall that X is symmetric stable process plus a drift, i.e. X; 4 L; + at, where L,
denotes symmetric stable process with Lévy density equal to v1(x) in (3.5) and a = mg+ [ (z —
k(z))vi(x)dz when 8 > 1 and a = 0 when § < 1. Using the self-similarity of the symmetric
stable we have A;l/ﬁA?X 4 L+ aAifl/ﬁ.

First we state several basic facts about the stable distribution that we make use of in the
proof. We recall that for the tail of the symmetric stable we have (see e.g. Zolotarev (1986))
P(Ly > z) ~P(Ly < —z) ~ 4245 as o T +oo where for two functions f(-) and g(-), f(A,) ~

B
g(Ay) means lima,, o ; gﬁ"; =1. Therefore the tail probability of the stable distribution varies

regularly at infinity and we can use this fact and Theorems 8.1.2 and 8.1.4 in Bingham et al.
(1987) to write for p € (6/2, )
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E (|L1 |p1{L1>m}) ~E (|L1|p1{L1<7m}) ~ xp_ﬁﬂg, (6-35)
A
E (12112, 120y) ~ 2‘”%%%5’ (6.36)

as « T co. We continue with the proof of (6.32)-(6.34). We start with showing (6.32). First we
have

1
T E(G) = AR (|Ly + ad PP — L)

+ Ag/ﬁflE (|L1|p _ Hﬁﬁﬂp(ﬂ)) (6.37)
— 0.

We note that the second term on the right-hand side of (6.37) is identically zero, while the
convergence of the first term can be split into two cases. First, when p < 1 the result follows
from the bound for the term A%, in (6.17)-(6.18) in the proof of Theorem 3 provided p > 1/5.
When p > 1 the convergence follows from a trivial application of Taylor expansion.

Second using the rate of decay of the tail probability of the stable distribution we have

AP (|ILy + a L0 Ty (B)] > A7) = 0.

Third using Taylor expansion around L; and the fact that we evaluate L; on a set growing to
infinity at the rate A, /8 we have

/B-1 1-1/8)p _
AR (‘Ll ol |L1‘p) Ui voal 2pomts o)) >a777) 7 O

Thus to prove (6.32) we need to show
A

— 22— —

—1
ATTEILY | yan o |56} T 2

But this follows from (6.35) with
1/p
z = ((Hi,ﬁum) +4,7/%) iaAwﬁ) ,

and hence we are done. We turn now to (6.33). It is easy to show that

Aip/ﬁ—lE (|L1 + (J,A}l—l/5|2p — |L1|2p)1{||L1+aA3fl/B|Pin Bup(5)|SKA;p/B}

— 0.
Therefore, (6.33) will follow if we can show
2p/B—1 2p 2-8/p_ B é
An E|L1| 1{‘|L1+CLA711_1/ﬁlp_Hi,51“’P(B)|SKA;p/ﬁ} - 2K 2p _ ﬁ B (638>

To show (6.38) we can apply (6.36) with

1/
T = <(Hﬁ7ﬁ,up(ﬁ) + KA;p/ﬁ) " aAill/ﬂ) .

Finally (6.34) follows trivially from the expression for the tail probability of a stable stated
earlier.

O
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6.3 Proof of Corollary 1

Again, as in the proof of Theorem 3 we will show only part (b), the proof of part (a) being
identical. Since the process X has no fixed time of discontinuity the result of Lemma 1 implies
that the convergence in (6.2) holds for an arbitrary fized T' > 0. Then, there is a set €, on
which 2V (X, p, 2A,,) # Vr(X,p, A,,) for p € [pr, pr] and from Theorem 2 (under the conditions
of this theorem) Q,, — Q. On Q,, bx r(p) is a continuous transformation of Vy(X,p,2A,,) and
Vr(X,p,A,) and thus Lemma 1 implies the finite-dimensional convergence of the sequences on
the left-hand sides of (4.4) and (4.5). Similarly, since tightness is preserved under continuous
transformations, using Lemma 2 we have that the left-hand sides of (4.4) and (4.5) are tight.
Hence the result of Theorem 1 follows. O

6.4 Proof of Theorem 5

We first show the result for the case when w(u) is continuous on [75, 75]. Set
71(2) = fi(z) and 7(z) = fr(z).

Since 71(z) is continuous in a neighborhood of Sx r and 7 (Gx 1) > 25—’@ as well as 72(Bx.1) <
Bx /2 when X is given by (3.1), then there are z, < Ox 1 < z* such that for all z € (2, z*)
= 7(2) > 267/5, and m(z) < Bx,r/2. Similarly if X is given by (3.3), then Sxr = 0 and
due to the assumptions of the theorem, there exist z, < 8 < z* such that for z € (z.,2*) =
T1(2) > (2(2/6;7[31) \Y 2(57%,0 and To(2) < 3/2 when 8 > /2 and 2 € (2, 2%) = 71(2) > 2(57%,)
and 72(z) < 3/2 when 8 < V/2.

Denote with A the subset of (z., z*) for which 71 (z) and 75(z) are continuously differentiable.
From the assumptions of Theorem 5 the set A contains a neighborhood of 8x 7. Then, using
Taylor expansion on the set By, := {w : B?T € ANQ,} where Q, is the set defined in the proof
of Corollary 1 above, we can write

X

A;1/2 (ﬁ?,T _ /GX,T) = 1Bn/ ’ w(u){A;1/2(bx7t(u) — ﬂXvT)}d’lL

o
1

+15,8,207(Bx 1) (@?T - ﬁX,T) (6.39)

+ 1B$LA7_11/2 <3§,T - 6X,T) ,
where By p is between B?T and Bx r and

Or(2) = w(T2(2))V.72(2) (bx,7(72(2)) — Bx,T)
—w(m1(2))V.71(2)(bx,7(11(2)) — Bx,T)-

The last term on the right-hand-side of (6.39) is asymptotically negligible because @C{ST is
consistent for Bx . We now show that the second term in (6.39) is asymptotically negligible.

First note that since B{:T N Bx T we also have BX,T N Bx . Then to establish the
asymptotic negligibility it suffices to show that

P (An1/2 /jQ [(bx,r(u) — Bx,r)w(u)| du > e) 10, forel +oo, (6.40)
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where 71 := 71 (Bx r) and T2 := 72(8x 7). For any € > 0 we have

T1

P (A;l/Q /T2 |(bX’T(’LL) — ,BX’T)’U}(U” du > 6)

T2
<PBxr€A)+P <1{ﬁX,T€A}/T ‘A;lm(bx,T(u) — ﬂX’T)w(u)‘ du > e) ,
1
The first probability in the second line of (6.40) is converging to 0 as A, | 0, while the second
one converges to zero as € T +0o. This is because when EX,T € A, 71 > p; and To < pp, where
pr < pp, are some constants that satisfy the conditions of Theorem 3 and as a consequence of

this theorem A;l/z(bxyt(u) — Bx.,r) converges uniformly in u for u € [p;, pp).

We are left with the first term in (6.39). Using the uniform convergence result of Theorem 3,
the fact that the integration over a bounded interval is continuous for the uniform metric on
the space of continuous functions (in fact for this even finite dimensional convergence suffices)
we have

[ wtwar Hexat - pxatde £ [z o

*
1

where
B 1 (\11(2) _ 217u/ﬁ\1,(1) ) it 3 <2
Zg(u) = § M TG (8) gr(®) pr(u)) ifB<2,

2 _ 1 .
I Tl o) (‘IféfT(u) —2! “/Q‘I’é;)p(u)) if 8 =2,

and \I/gl)T and \I/l(é?)T are the first and second elements respectively of the limiting Gaussian
process of part (a) and (b) of Theorem 3. The proof of Theorem 5 for the case of continuous
w(u) then easily follows. The proof in the case of w(u) being Dirac mass at some point follows
from the proof of Corollary 2 given below. (|

6.5 Proof of Corollary 2

Denote with A the set of values of z for which f(z) € (p;,pr) for some 0 < p; < pp < Bx,7/2
satisfying the conditions of Theorem 3 in the different cases for x . Finally, set B, := {w :

@;&T € ANQ,,}. We know that this set contains neighborhood of 8x r because of the continuity
of f(-) and the fact that p* € (p;, pr). Then we can write

A2 (BE?T - ﬂX,T) = 15,8, 2(bx 0 (r) = Bx.1) + 1B A (BE?T B BX’T)

+ 18,8, 200 (F (L) (F(BLr) = 1(Bx.1))

where f(@c(sT) is between f(af(sT) and f(Bx 1) and

()~ Bxr V(=) = B
Or(2) = 0V () + 0P (2), O () = txrE) =Bxr  Uxr xor
z Bx,rz

- bgf,T(Z) VZ[A}L—Z/ﬁx,TVT(Z, X,A)] Vz[(QAn)lf,Z//@x,TVT(Z7 X,2A,)]
A,l.L_Z/ﬂX’TVT(Z7 X,Ay) (QAn)l—z/ﬂx,TVT(Z, X,2A,)
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The result of Corollary 2 then will follow if we can show that A, /?07(f(3%,)) is bounded in
probability on the set B,,. But this holds true because we can prove exactly as in Theorem 3
that

[T/An]
AL A, > AR ARX P In | ALY AR X1 ap x50y — TE(| L[ In| Ly )
i=1
converges uniformly in p (under the same conditions for the power as in that theorem). [l

6.6 Proof of Theorem 4

We do not show here part (a). The finite-dimensional convergence for this case (without jumps
in X) has been already shown in Barndorfl-Nielsen et al. (2005) (extending their result to
the case with jumps satisfying the conditions of Theorem 4, part(a) follows trivially using the
subadditivity of |z|? for p < 1). The tightness can be shown in exactly the same way as part
(b) (i.e., in the decomposition in equation (8.2) in Barndorff-Nielsen et al. (2005) we can apply
the same techniques as in the proof of our Lemma 2).
Proof of part(b): We will establish only the finite-dimensional convergence, the proof the
tightness is done exactly as in Lemma 2. Also we will prove the finite dimensional convergence for
a fixed p and the second element of the vector on the left-hand side in (3.19). The generalization
will follow immediately.

As in the previous proofs we assume that A in (3.5) corresponds to that of a standard stable.
Upon using a localization argument as in Jacod (2008) we can and will assume the following
stronger assumption on the various processes in (3.9)-(3.10):

We have |mag| + |be| + |oai] + |o2e| ™2 + |o2¢] < K and |§(t,x)| < v(x) < K for some positive
constant K which bounds also the coefficients in the Ito semimartingale representations of the
processes My and Tot; fR Lig|> kv (7)dr = 0.

We can make the following decomposition

T 5
A;1/2 <A71Lp/5VT(X’p, Ap) — Hp(ﬁ)/ |U2spds> = ZAi,
0 i=1
[T/An] 1 iAn p/g
A = A2 AJVBAPXP — (B */ 72| ds ’
a3 (] G L

(T/An] 1 [ida p/B
Ay = /ip(ﬂ)A}/Q Z iz, QA2 = <A/ U2sﬁd$> = loz,i-na, "
i=1 "

(i-1)A,
(T/An] 1 1A,
1/2 —
Az = Mp(ﬁ)An/ 21 ai3, Q3 = 7An (—1)A, (|027(i—1)An|p - |02s|p) ds,

T
As= A720,(8) / ([asl? — |oas]?)ds,

(T/A;]
A5 = A2 N (1A PATX — 1A AK),
i=1

where for i = 1,..., [T/A,] and s € [(i — 1)A,,,iA,)

T2s = Oa3-1)a, T02i-1)a, (Ws = Wi_1)a,),
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Ys :X(ifl)An +/ (i—1)A du+/ /O’gu KJ du d$)
(i-1)An (i—1)A
/ /Ugu K (z)p(du,dx), s € [(i—1)A,,iA,).
(i-1)An

We start with A;. We can apply directly Lemma 1 to show that A; converges stably to the
limit on the right-hand side of (3.19) (recall our stronger assumption on the process oz stated at
the beginning of the proof). We continue with the term As which we now show is asymptotically
negligible. First we denote the set

By = {w : sup |02,(i—1)An — Tas| > O~50'2,(i—1)A"} .
€l(i—1)An,iAy]

Then, using the exponential inequality for continuous martingales with bounded variation, see
e.g. Revuz and Yor (1999), it is easy to derive

P 1 1(p,,yah] < Ke X/ EP 15, (al)® < Ke /4,

Using second-order Taylor expansion and the fact that &as is bounded from below on the set
(Bin), we get

. 2
1 ZAn
B (1gs,,eyai)| < KEY (1{(Bi,n)e}A/ |[72s1% = loa,(i-1)a, 1| dS)
n J(i—-1)A,

1 [7ANS
+KE} | | — / (523 — 52,(¢71)A”)2 ds
An Ji-1)a,

< KAy,

where we made also use of the following inequality

iAn
E 4 (1{(Bi,n)ﬂ}/ (025 — 02,(1'—1)A,,L)d8> |
(i—1)A,
A,
E? l{Bi,n}/ (Tas — 02,(i—1)a,, )ds
(i—1)A,

Finally, a first-order Taylor expansion together with the fact that Ta4 is bounded from below
on the set (B; )¢ gives

< Ke K/An,

1Ay

Ei . (]‘{(Bi,n)c}alQ) < KE", (1{(Bi,n)C}A\/.

2
na Hﬁzs\ﬂ - |J2,(1',—1)An|ﬁ| dS)
11— n

< KAn-

Combining the above two inequalities we get

A1/2 ZET/lAn] E? s u-C.p. 0,
A SIATER (a,5) 22 0.

This implies the asymptotic negligibility of As. We continue with A3. We can use the standard
inequality |a + b|P < |al? + |b|P for 0 < p < 1 as well as Holder’s inequality to get

|E?—11{Bi,n}a?3| < Ke_K/A", EY 11¢B, n}( ) < Ke~ K/An
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Similar inequalities as for a;o on the set (B; ,,)¢ give
n n n n 2
|Ei711{(37~,,n)“}ai3| < KA, Eifl (1{(37"7")4&1—3) < KA,.

These two inequalities establish the asymptotic negligibility of As. We continue with A4. First,
for some € > 0 denote the set B}, := {w : sup,ci_1)a,,ia,] 1025 — O2s| > €}. Then we can
decompose A, into

Ay = pp(B)(Cr + Ca + C3),

T/An]

1/2 Z / 025 025 7525)d$7
i=1
[T/An] Ay
Co :p( 1/2 Z 1(Bn )L/ ‘o—;s|p_2(028 _EQS)Qd‘Sv
(i-1)An,
(T/Ax] iAg
=AY Z 132‘,5/ (|72 [ — |o2s|P — (025 — Tas)g(02s)) ds,
i=1 (i—=1)An

where o3, is a number between oo, and T2 and g(z) = p sign{z}|z|P~!. Note that for e
sufficiently small C5 is well defined because of the boundedness from below of |oa4].

Using Burkholder-Davis-Gundy inequality, Holder’s inequality, the assumption of 1t6 semi-
martingale for the process & (due to which the leading term in o9, —2 is f(ifl)An Jrz 6(0(u, x)) fi(u, x)),
and the integrability condition for the dominating function of the jumps in o2, v(x), in (3.11),
we have for s € [(i — 1)A,,iA,)

{ E?71|0'25 *E2s|p < I(|S - (Z - I)An|p/ﬁ7€> for p < ﬁa Ve > 07

EP | |ogs — Fos? < K|s — (i — 1)A,|, forp> 3, (6.41)

for some constant K that does not depend on A,. We will show that the three terms C1,
Cy and C3 are asymptotically negligible. For C; and Cs we make use of the fact that a

sufficient condition for asymptotic negligibility of Zg/lA"] " where & is .#;a, -measurable,

is YA jen B0, see Theorem VIIL2.27 of Jacod and Shiryaev (2003) (or the
first part of Lemma 4.1 in Jacod (2007)). Note that for Cy we use the fact that o}, is
bounded by a constant on the set (B}',)¢. For C3 we can first make use of Doob’s inequal-
ity to show that P(w € B}'.) < KA, for some constant K that depends on e. Then, since

(f(ZA’l‘ (lo2s|? — [Tas|P — (025 — T2s)g (023))ds) < KAF! for some k > 2 and constant

K > 0, using Holder’s inequality we have that Cj5 is also asymptotically negligible. This proves
the asymptotic negligibility of the term Ay.

We are left with proving asymptotic negligibility of As. We start with some preliminary
results that we will make use of. We have for 0 <p <A1
P

E} , < KAJPEele, (6.42)

Ay
Anl/ﬁ/( s (Mas — ma,i—1)a, )ds
i—1 n

where we made use of Holder’s inequality and the fact that mg, is an It6 semimartingale with
bounded coefficients and therefore E|mqas — mq —1)a,| < Kls — (i — DA,|Y? for s € [(i —
1)A,,iA,,). Similarly for p < 8 and arbitrary € > 0

iAn
E" |AZY/8 / / (095— — Tas_ k() i(ds, dx)
i—1)A R
zA P
" 6.43
+A4A, 1/6/ /(0237 — Tos— )k (z)pu(ds, dx) (6.43)
(i—1)A,
< KAP/A=<,
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where we made use of Holder’s inequality, the Burkholder-Davis-Gundy inequality (recall 5 > 1)
and (6.41).
Further, for some deterministic sequence ¢, | 0 denote

5P = {w: AJYPATX| > e, NATYPATX — ATX| < 0.5¢,}.

Then we can apply the result in (6.20) to get for any «, o’ € (0,1)

— AL-B'/5—a
PPy (A;WlA?m < en) <K |ep+ ATV (6.44)
€n

Similarly using the same arguments as above and (6.21), we get for €, | 0, some « > 0, and any
o' >0

1 5d opnomar AT
E?—l (‘A:L /ﬁA?X|70‘1{\A;1/[1A?Y|>6n}) S K 651 —)NO—a + W . (645)
Finally, using (6.42) and (6.43), we get for any o > 0
_ Alfo/
Py (AEWIA?X - ATX[ > 0-5en) < K="5—. (6.46)

€n

We are now ready to prove the asymptotic negligibility of A;. We can make the following
decomposition using a Taylor expansion on the set S}’

ATVOATXIP — [ATVIATRP = g(A7PATX") (ATVIATX — ATVOAIX) 15,
+ (JATVEATXP — |ATVAATRIP) Tspe,
where A?X* is between A?X and A?X and recall g(z) = p sign{x}|z|P~'. Then using the
definition of the set S}* we have |A;1/5A?X*| > 0.5|A;1/5A?Y\. Therefore, using the definition

of the function g(+), it clearly suffices to show

T = AT—Ll/QEZLI (|A;1/5A?Y|p—l ‘AT—Ll/ﬁA:LX _ A;l/ﬁAZLY‘ 15?) < KAg/7 (647)

T2 = A:LI/Q

E" {(|A;1/BA?X|” - |A;1/5Af7|p) 1(5?)c}‘ < KAY, (6.48)

for some o’ > 0. Setting €, = A% for some x > 0, we can use the Holder inequality to bound T}

B8—1

-1 525 B 1
Ty < A2 (E?_l NSNS 1s;> (CERSELNS SN (AR
(6.49)
Then using the bounds in (6.42), (6.43) and (6.45) we get

Ty < KAYA-1/2-o (Aﬁ(f’—lﬂﬁl)w + Aff‘ﬁ'/m%l—x(l—m—xﬁ’”rf) . (650)

for some o’ > 0. Similarly for T, we can use Holder inequality to get

~1/2 ~1/p VNG AN -5

Ty < A2 (B |80 P8 — 18X ) (P st) TF (65
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Then using the bounds in (6.42), (6.43), (6.44) and (6.46) we get

Ty <K AP/B=1/2-0' (Ag—p/mw + AU-UB/B)

(6.52)
+ AU-8/B)A-/D)-(-p/DF's Agllp/muw))’

for some o/ > 0. Finally, we can make use of the restrictions on p and 3’ to pick z > % for
which (6.47) and (6.48) will be fulfilled.

6.7 Proof of Theorem 6

The proof follows directly from the fact that under the conditions of the theorem: (1) the
functions p,(3) and g, ,(B) are continuous both in § and p; (2) 8% r is consistent for 3; (3)
Vr(X,p, A,,) converges uniformly in p (after scaling appropriately). O
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