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Abstract

We propose a new and flexible non-parametric framework for estimating the jump tails of
1t6 semimartingale processes. The approach is based on a relatively simple-to-implement
set of estimating equations associated with the compensator for the jump measure, or its
“intensity”, that only utilizes the weak assumption of regular variation in the jump tails,
along with in-fill asymptotic arguments for directly estimating the “large” jumps. The
procedure assumes that the “large” sized jumps are identically distributed, but otherwise
allows for very general dynamic dependencies in jump occurrences, and importantly does
not restrict the behavior of the “small” jumps, nor the continuous part of the process and
the temporal variation in the stochastic volatility. On implementing the new estimation
procedure with actual high-frequency data for the S&P 500 aggregate market portfolio, we
find strong evidence for richer and more complex dynamic dependencies in the jump tails
than hitherto entertained in the literature.
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1 Introduction

The recent financial crises has spurred a renewed interest in the estimation of tail events. We
add to the currently available tools for assessing tail behavior in financial markets by devel-
oping a new and flexible non-parametric framework for the estimation of the jump tails of 1t
semimartingales. These processes, which are ubiquitous in continuous-time economic modeling
and modern asset pricing finance in particular, portray the dynamic evolution in the form of a
drift term and a combination of continuous and dis-continuous martingale increments driven by
separate stochastic volatility and jump compensators, respectively. While both of the martingale
components can account for non-Gaussian behavior, the tails associated with the jumps manifest
themselves very differently from a formal statistical perspective.! Exploiting these differences,
we develop a new robust methodology for estimating the jump tails. The approach is based on a
relatively simple-to-implement set of estimating equations associated with the compensator for
the jump measure, or its intensity, that only utilize the weak assumption of regular variation
in the jump tails, along with in-fill asymptotic arguments for directly estimating the “large”
jumps from the data. The procedure assumes that the “large” sized jumps are identically dis-
tributed, but otherwise allows for very general dynamic dependencies in jump occurrences, and
importantly puts no restrictions on the behavior of the “small” jumps. Nor does it restrict
the dynamic dependencies in the continuous part of the process and the form of the stochastic
volatility.

The existing empirical evidence pertaining to the behavior of jump tails in asset prices comes
almost exclusively from tightly parameterized jump-diffusion models. In particular, following
Merton (1976), most empirical studies to date have relied on relatively simple and tractable
finite activity jump processes, with normally distributed jump sizes coupled with a constant
jump intensity, or a jump intensity process that is affine in the diffusive stochastic variance.
Although such a formulation is very convenient from an analytical perspective, anticipating our
empirical findings, the data clearly suggests the existence of more complex dependencies and
typically larger jump tails that are formally outside this framework.

To illustrate this point, and the inability of the standard modeling framework to adequately
describe the data, Figure 1 shows the unconditional empirical jump tails estimated directly from

a sample of one-minute high-frequency futures data for the S&P 500 aggregate market portfolio

!The two types of risks are also very different from an economic perspective. Stochastic volatility in effect
induces temporal variation in the investment opportunity set and a corresponding hedging component; see, e.g.,
Merton (1973). This additional risk may be spanned by an asset with payoff dependent on the stochastic volatility,
e.g., an option. By contrast, the presence of jumps require a different derivative instrument for each possible jump
size to completely span the corresponding risk. Along these lines, the seemingly high prices for close-to-expiration
out-of-the-money puts observed in many options markets may also be seen as indirect evidence that investors
demand a separate risk premium for jump tail events; see, e.g., Broadie et al. (2009).



Figure 1: Empirical and Normal Jump Tails
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Note: The dotted lines in the two separate panels report the left and right empirical jump tail intensities based
on one-minute S&P 500 futures prices from 1990 to 2008. The dashed lines give the corresponding best fit by
a Merton type model with normally distributed jump sizes. The results are reported on a double logarithmic

scale.

spanning the period from January 1990 to December 2008.2 In addition to the raw empirical
jump intensities, we also include in the figure the jump tails implied by a model with normally
distributed jump sizes estimated with the same high-frequency prices.®> As the figure clearly
shows, this now standard approach to jump modeling tends to overestimate the “medium-sized”
jumps, while severely underestimating the likelihood of “large” jumps.

This points to a more fundamental problem with a fully parametric estimation of the jump
tails. Parametric models generally link the behavior of the “small” and “large” jumps in a highly
model-specific fashion. Statistically, however, the “small” and “large” jumps are fundamentally
different, and the requisite techniques for studying the relevant aspects of the jump compensator,
or the Lévy measure, reflect those differences. The behavior of the Lévy measure around 0
primarily captures the pathwise properties of the jump process; e.g., finite or infinite activity,
finite or infinite variation. These features can only be reliably estimated using high-frequency
data and corresponding in-fill asymptotic arguments. On the other hand, the properties of the

jump tails and the behavior of the Lévy measure at infinity cannot be reliably estimated from

2This same data also underlies our empirical illustration in Section 6, and we provide a more detailed description
of the data there.

3The parameter estimates are based on a simple method-of-moments type procedure. When the jump intensity
is constant this estimation strategy corresponds directly to maximum likelihood, and it may be formalized more
generally along the lines of the theoretical analysis in Todorov (2009).



a single realization over a fixed short time-interval, but instead must be inferred using standard
asymptotic arguments and the notion of an increasing sample over longer calendar time spans.
Our estimation of the jump tails purposely avoids any link between “small” and “large” jumps by
utilizing fill-in asymptotic arguments to directly isolate the “large” jumps, while at the same time
relying on standard asymptotic arguments for reliably estimating the population characteristics.

By focusing directly on the jumps, our procedure works both for the case where the jump
intensity is constant, i.e., pure Lévy type jumps, but importantly also in the practically more
relevant case with time-varying jump tail intensities. Intuitively, while the jumps may cluster in
time, the relative importance of differently sized jumps remains the same, leaving the ratios of
the tail jump intensities constant across jump sizes. By contrast, if one were to base the inference
on the price increments over fized time-intervals, any clustering of the jumps would invariably
impact the size of the tails and would have to be somehow accounted for in the estimation.*

The basic ideas behind the new estimation approach developed in the paper may be summa-
rized in terms of the following steps: (i) estimate the local volatility of the continuous part of the
process based on fill-in asymptotic arguments; (ii) using this estimate for the diffusive volatility
define a dynamically varying threshold to directly estimate the “large” jumps from the actually
observed discrete-time high-frequency price increments; (iii) apply essentially model-free extreme
value theory type approximations for the jump intensities to infer empirically relevant extremal
features, and the behavior of the jump tails in particular; (iv) based on conventional long-span
asymptotic arguments define a simple-to-implement method of moments type estimator involv-
ing the observed and theoretically implied jump tail intensities to learn more generally about
the dynamic tail dependencies and extreme quantiles of the empirical distribution. Steps (i)
and (ii) have direct precedents in the recent literature on non-parametric jump robust volatility
estimation from high-frequency data, introduced by Mancini (2001) and Barndorff-Nielsen and
Shephard (2004, 2006).5 Steps (iii) and (iv), however, and the corresponding non-parametric
approximations, are to the best of our knowledge, new.%

The importance of using high-frequency data for effectively estimating the “large” jumps,
and the power-law decay for the intensities, is clearly illustrated by Figure 2, which compares
the empirical jump tails for the S&P 500 market portfolio estimated with one- and ten-minutes

returns, respectively. While the estimates coincide for the larger jump sizes, as they should,

4Another advantage of working directly with the jumps is that our estimator does not depend upon the form
of the stochastic volatility, and in particular is robust to the presence of jumps in the volatility, as explored
parametrically by Barndorff-Nielsen and Shephard (2001) and more recently using non-parametric procedures by,
e.g., Jacod and Todorov (2010) and Todorov and Tauchen (2010).

Shimizu (2006) and Shimizu and Yoshida (2006) have also previously relied on similar methods in the para-
metric estimation of jump-diffusion models.

SThey imply, among other things, that the jump tail intensities should obey a power-law for sufficiently large
jump sizes. Formally, this result builds on the so-called peaks-over-threshold method together with the assumption
of regular variation in the tails, as originally developed by Smith (1987) in the context of i.i.d. random variables.



Figure 2: Empirical Jump Tails and Sampling Frequency
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Note: The two separate panels report the left and right empirical jump tail intensities based on one-minute
(dotted line) and ten-minutes (dashed line) S&P 500 futures prices from 1990 to 2008. The results are reported

on a double logarithmic scale.

our ability to meaningfully extract the more moderate-sized jumps obviously becomes more
limited at the ten-minute frequency. Intuitively, the coarser the sampling frequency, the more
the continuous variation will obscure the jumps, and the greater cutoff values will need to be
used in the jump-tail inference, in turn resulting in a loss of jump-observations and efficiency of
the estimation.”

Figures 1 and 2 both corroborate the empirical validity of the assumed power-law decay un-
derlying our asymptotic approximations. Importantly, however, our estimates of the jump tails
go beyond the simple case of jumps with independent increments, i.e., Lévy type jumps, by ex-
plicitly incorporating dynamic dependencies in the jump tail intensities. Specifically, utilizing the
assumption of regular variation in the tails, we show how appropriately rescaled and transformed
versions of the tails of the jump compensators should be approximately equal to the cumulative
distribution function of a Generalized Pareto distribution, even for dynamically dependent jump
tails. Going one step further, we show how this in turn implies that appropriately transformed -
by the scores from a Generalized Pareto distribution - “large” jumps when integrated over time
become approximate martingales, thus setting the stage for the construction of a moment type

estimator for the jump tail parameters through the judicious choice of instruments.

7Of course, the use of coarser daily frequency returns, as commonly done in the estimation of parametric
jump-diffusion models, would even further exaggerate these same effects and handicap the detection of jumps.

8Even though our procedure is distinctly non-parametric in nature, it has the appealing feature that it corre-
sponds directly to parametric maximum likelihood when the tail decay obeys an exact power-law.



In practice, of course, our use of discretely sampled high-frequency data for inferring the
“large” jumps invariably introduces a discretization error, the size of which is directly related to
the mesh of the observation grid. In the last step of our theoretical analysis we provide formal
conditions under which this error has no first-order asymptotic effect on the estimation. We
further investigate the accuracy of these asymptotic based approximations through a series of
Monte Carlo simulations, confirming the applicability of the feasible version of the new jump tail
estimation procedure.

On actually implementing the estimators with the same high-frequency S&P 500 data un-
derlying the average jump tail intensities depicted in the figures discussed above, we find strong
evidence for temporal variation in the jump intensities and much richer and more complex dy-
namic dependencies in the resulting jump tails than hitherto entertained in the literature. As
such, our new econometric modeling framework developed in the paper has the potential of allow-
ing for jump tail forecasting, and in turn can be used to provide a deeper economic understanding
of the tail events of the types observed during the recent financial crises.

The rest of the paper is organized as follows. Section 2 introduces the basic notation and
key assumptions. Section 3 describes the main idea behind the new estimation method and
the relevant asymptotic results when continuous price records are available. Section 4 extends
the analysis to the practically relevant situation of discretely sampled prices. The practical
applicability of the new estimator is confirmed through a series of Monte Carlo simulations
presented in Section 5. Section 6 discusses the empirical estimation results for the S&P 500
market index, and our findings related to the rich dynamic dependencies inherent in the jump

tails of that portfolio. Section 7 concludes. All proofs are deferred to Section 8.

2 Setup and Assumptions

To set up the notation, let p; := In (P;) denote the logarithmic price of a financial asset. We
will assume that the log-price follows an It6 semimartingale defined on some filtered probability

space, i.e.,

dpt = Oétdt + O'tth + /

[ wwita, dz) + / W () p(dt, dz), 2.1)

R

where a; and o, are both locally bounded processes; W, denotes a Brownian motion; x is a one-
dimensional measure on [0, 00) x R that counts the number of jumps of given size x over a given
time-interval; the compensator of the jump measure is denoted by v;(x)dzdt, where ji(dt, dx) :=
p(dt,dz) — vy(x)dxdt refers to the corresponding compensated measure; k() is a continuous

function with bounded support equal to z around the origin, with &/(z) = x — k(x).? We will

9The two separate integrals on the right-hand-side of equation (2.1) reflect the different statistical properties
of “small” and “large” jumps. In general, “small” jumps may be of infinite variation and the corresponding



also assume throughout that v4(dzx) is absolutely continuous with respect to Lebesgue measure,
i.e., vi(dr) = v(x)dz. The main contribution of the paper is to provide a new, essentially model-
free, robust framework for the estimation of the tail behavior of v (z), leaving other aspects of
the data generating process in equation (2.1), including the drift term «; and the stochastic
volatility oy, as well as the activity level of the jumps, unspecified and free to instantly vary.
We do assume, however, that conditionally on past information the “large” sized jumps are
identically distributed.

Finance theory, under mild regularity conditions, implies that all asset prices should be semi-
martingales. Formally, the only additional assumption imposed by the representation in equation
(2.1) is that the characteristics of the semimartingale, i.e., the drift term, the quadratic variation
of the diffusion, and the compensator for the jump measure, are all absolutely continuous in
time processes. This assumption is satisfied by virtually all of the processes hitherto used in the
asset pricing literature. It does, however, rule out certain processes where the Brownian motion
is time-changed by a separate discontinuous process.'’

As noted in the introduction, the existing evidence concerning the empirical features of v(x)
for large values of the jump sizes x come almost exclusively from tightly parameterized jump-
diffusion models. In particular, following Merton (1976), most empirical studies to date have
relied on relatively simple and tractable compound Poisson jump processes with normally dis-
tributed jump sizes. Under this specification the Lévy measure in equation (2.1) may be expressed
as v (x) = e @ m?*/27%)(27152)=1/2 where ), denotes some predictable stochastic process in-
tended to capture the time-varying probability of jump arrivals, typically postulated to be a
linear function of the stochastic volatility o2 . While such a formulation is very convenient
from an analytical perspective, Figure 1 above clearly shows that such a specification doesn’t
necessarily fit the tails very well.

As also noted in the introduction, another problem with fully parametric approaches to
estimating the jump tails, is that they generally link the behavior of the “small” and the “large”
jumps in a highly model-specific fashion. Statistically, however, the “small” and the “large”
jumps are very different. The behavior of the Lévy measure around 0, and the corresponding
first integral on the right-hand-side of equation (2.1), captures mainly the pathwise properties of
the jump process; e.g., finite or infinite activity, finite or infinite variation. By contrast, the last

term in equation (2.1) and the jump tails only depend on the “large” jumps. Indeed, our basic

integration is defined in a stochastic sense with respect to the martingale measure . This directly mirrors the
integral that naturally arise for the diffusive increments with respect to the Brownian motion, which is similarly
an infinite variation process. By contrast, there is only a finite number of “large” jumps over a given finite
time-interval, and the second integration is consequently defined in the usual Riemann—Stieltjes sense.

10Tn practice, a host of market microstructure frictions also prevent us from directly observing the efficient
price. As discussed in more detail below, our empirical strategy for dealing with this is to rely an appropriately
chosen discrete sampling frequency, so that the effect of the measurement error in the actually observed price
process vis-a-vis the one defined by equation (2.1) is negligible.



minimal assumptions related to v4(z), as stated in Al and A2 immediately below, only concern

the behavior of the “large” jumps, and put no restrictions on the jump activity per se.
Assumption Al. The jump compensator vi(x) satisfies,

() = (¢ Loy + ¢r La<oy)¥(2), (2.2)

where ¢ are nonegative-valued stochastic processes with cadlag paths, and v(x) is a positive

measure on R with [o(|z|> A L)v(z)de < oo.

Assumption Al factors the dependence in the jump compensator on time (t) and jump size
(x) into two separate functions. This implies that differently sized jumps will have the same
dynamic properties. Intuitively, in the case of finite activity jumps, the assumption implies that
we allow for a different time change for the positive and negative jumps, but otherwise leave the
distribution the same. Most parametric jump specifications used to date, e.g., time-changed Lévy
processes, trivially satisfy this assumption. Still, the assumption is slightly stronger than what
we actually need, and it would be possible to relax A1l to hold only for sufficiently large values
of |z|. However, to avoid the unnecessary additional complications that arise in this situation,
we will maintain A1 in its current form.

Our interest center on the tail behavior of the Lévy density v(z), which in turn determines
the tail behavior of the jumps in the price process. Our next assumption concerns the variation
in the tails of v(x), and is directly motivated by the apparent power tail decay seen in Figure 1
discussed in the Introduction. To facilitate our analysis and the notation, define the functions
Y(z) ;= ell — 1, and

) e W(x) x>0, () 0 x>0,
w()'_{o z <0 w()'_{w(x)xgo.

These functions allow us to switch from jumps in the log-price to jumps in levels. Also, de-

% % for y € (0,00). Then for every measur-

able set A in (0, 00), f(O,oo) 1{x€A}1/$(x)dx = fR+ Lier_1eayv(z)dz and f(o,oo) Lizeayvy (v)dr =
le—z_1earv(x)dx. Moreover, denote the tails of the measures by 7o (x) = [T v (u)du, for
R_ } P x Y

note vy (y) = and v, (y) =

some x > 0. The function ¢ (x) maps the positive and negative jumps to (0, 00), with the Lévy
densities for the transformed jumps given by the Vj measures. Assumption A2 imposes regular

variation for the tails of the latter.

Assumption A2.

(a) ﬁi(m) are reqularly varying at infinity functions, i.e., ﬁi(x) = g—o" L*(z), where a* > 0,

and L*(x) are slowly varying at infinity.!!

1A function L(z) is said to be slowly varying at infinity if lim LL((tf))
Tr—00 -

=1 for every t > 0.

7



(b) L*(x) satisfy the condition L*(tx)/L*(z) = 1+ O(t%(z)) as © 1 oo for t > 0, where

7E(z) >0, 75(z) = 0 as x 1 0o, and 7E(x) are nonincreasing.

Assumption A2 is key to our analysis and several comments are in order. First, the close to
linear behavior of the empirical jump tail estimates for the “large” jumps depicted in Figure 1
is directly in line with A2(a). Second, A2(a) rules out Lévy measures with light tails, i.e.,
Merton-type jumps, whose tails belong in the maximum domain of attraction of the Gumbel
distribution; see e.g., Embrechts et al. (2001).!? Third, the decay of the tail measures i:f(:c)
is directly linked to the fat-tailedness of the transformed jumps ¥(Ap;). In particular, the
integrability of f:ﬂ Jg [(x)[Pu(ds, dz) depends on whether p 2 a*. A2(a) therefore implies
that all powers of the jumps in the logarithmic price exist. Alternatively, one could assume that
A2(a) holds for 7% (z) instead of ﬁi(az), where 7t (z) = [ v(u)du and () = [ v(u)du
for x > 0. Or equivalently, that the continuously-compounded returns In (pf—t_), instead of the

%, should be modeled with Lévy densities with power decay in their tails.

3

“discrete” returns
We think the former is less appealing from an economic perspective.t

The second part A2(b) of the assumption is taken directly from Smith (1987); see also Goldie
and Smith (1987). It essentially limits the deviation of the tail measures ﬁi(w) from the power
law. We will use this assumption in determining the rate of convergence and establishing asymp-
totic normality of the estimates for the jump-tail probabilities.

Our next assumption imposes minimal stationarity and integrability conditions on (. This
assumption is needed to ensure that the standard long-span asymptotics works in conjunction

with the other assumptions for consistently inferring the jump tails.

Assumption A3. ©F are stationary processes satisfying 0 < E |oif|'™¢ < K, for some K > 0
and € > 0.

Our final assumption restricts ¢ to be an Itd semimartingale. It also imposes some weak
additional integrability conditions on the stochastic processes that appear in the definition of the
price process in equation (2.1). We need this assumption in the empirically realistic situation

when the price is only observed at discrete points in time.

Assumption A4.

12 Although the new estimation method could be adopted to cover this case as well, parts of the proof would
require slightly different techniques. Since this case arguably isn’t empirically relevant, we will not consider it
here.

13 Assuming a heavy-tailed distribution for the continuously-compounded returns would imply an infinite con-
ditional variance for the price level, which in turn can result in infinite option prices, and as conjectured by
Merton (1976) might also result in infinite equilibrium interest rates. In practice, of course, it is impossible to

differentiate whether assumption A2(a) holds for ﬁi(x) or 7F(x), as the difference between In (;:—i) and %

is numerically very small for the jump sizes that we actually observe.



(a) ¢ are Ito semimartingales satisfying,

t t t t
o =p5 + / o du + / o dw, + / o"dB, + / / k(6% (u—, x)) i’ (du, dx)
0 0 0 0 R2

+ /Ot /]1@2 ﬂ/(éi(U—,x)),u’(du, dx), (2.3)

. . . / / 1
where By is a Brownian motion orthogonal to Wy, the processes of , of and oif |, and the

functions 6% in their first arqgument, all have cadlag paths, and ji' is a Poisson measure on
R? with independent marginals, the first of which counts the price jumps, with compensator

vi(z1)dzy @ V' (x9)dxs, for V'(+) a valid Lévy density.

(b) For every p > 0 and every t > 0,

t t p
E ‘/ (as|+a§+|a§’|+(a;t’)2+(a;t”)2)ds+/ / (6% (s, %)) (ds, dx)| < Ky (24)
0 0 JR2

where K, > 0.

Assumption A4(a) is very weak. It is easily satisfied for virtually all parametric jump specifi-
cations used in the literature to date, including the most commonly applied affine jump-diffusions.
The assumption also allows for so-called self-exciting jump processes in which ¢ depend directly
on the jump measure p, as in, e.g., Todorov (2010).

This completes our discussion of the basic setup and assumptions underlying the new jump
tail estimation procedures. We begin in the next section with a discussion of the infeasible case
in which continuously recorded prices are available for the estimation. This obviously facilitates
the estimation, as it allows us to perfectly separate the continuous from the discontinuous price
moves. We subsequently extend the analysis in Section 4 to the empirically realistic case when

prices are only observed at discrete points in time.

3 Estimation of Jump Tails: Continuous Price Records

The basic idea behind our estimation scheme builds on the three assumptions in A1-A3 and the
relevant extreme value theory type approximations for appropriately transformed versions of the
jump tails. The common approach for assessing tail behavior in extreme value theory relies on
discretely sampled prices, or returns, and a corresponding estimate of the tail index; see, e.g.,
Embrechts et al. (2001) and the references therein. Importantly, however, we are after the tail

behavior of the jump measure p itself, as opposed to that of the discrete returns.!4

14Under fairly general conditions, the tail of discrete increments from a Lévy process is proportional to the tail
of its Lévy measure; see e.g., Rosinski and Samorodnitsky (1993), Theorem 2.1. Intuitively, since the continuous
part of any Lévy increment is normal, its contribution becomes negligible “deep” in the tail.



In general, there is not a direct link between the tails of the discrete returns and the Lévy
measure of the price process. For one, time-varying volatility in the continuous part of the price
process, as determined by oy, invariably impacts the tails of the discrete returns.'® Secondly,
temporal dependencies in the jump intensity itself, i.e., the dependence of v;(x) on t, also affects
the tails. While, it would be possible to circumvent the first problem in the continuous-record
case by looking only at the jump increments, any time-variation in the jump intensity would still
blur the link between the tails of the latter and the tails of v(z) in the decomposition in Al.

Instead, we base our inference directly on the jumps, or in the case of discretely observed
prices estimates thereof, and a set of moment conditions for the jump intensity v;(x) derived
from assumptions Al and A2. Using the fact that the random jump measure p differs from
its compensator by a martingale, we translate the moment conditions for v4(x) to a set of mo-
ment conditions for y that involve the estimated in-sample jumps. To conserve space, we focus
our discussion on the estimation of the right tail only; the estimation of the left tail proceeds
completely analogous.

We begin by approximating the distribution of 1 — :%Ei; for y > x > 0, using A1l and A2. We

then rely on the scores from this approximating distribution to define a set of feasible estimating

equations based on the observed “large” jumps. This idea originates in the so-called peaks-
over-thresholds method for estimating the tails, and the tail decay, of 7.i.d. random variables,

originally developed by Smith (1987). Specifically, it follows from assumption A2 that

vh(u+ ) u\ —at u\—o" (LT(x + u)
¥
T — (1 —> <1 —> — 1), 3.1
vy, () ( T U < L*(z) > (8-1)
where u > 0, and > 0. Since L*(-) is a slowly varying at infinity function, the second term

becomes negligible for large x. Thus,

Di(u + ) appr

V()

1- Gluo®,67) =1 (1+&ru/o?) S eh 20,07 >0, (32)

where G(u; 0%, ") denotes the cdf of a Generalized Pareto distribution with parameters o™ = &

and T = a%r, and the tail decay parameter ot is determined by A2(a). Let the scores associated

with the log-likelihood function of the generalized Pareto distribution be denoted by,

-1
ofwot e =£ - (1+&) (1+£2) .

., (3.3)
w6 = dplog (1+52) & (1+ &)+ & (1+&) (1+22)

where i = 1, 2 refer to the derivatives with respect to ot and ", respectively.

15 As shown by Leadbetter and Rootzen (1988), the extremes of two sequences of discrete returns with the same
marginal law, one with and the other without any temporal dependencies, is generally different.

10



The idea is then to pick a “large” threshold o7, and fit the scores to the jumps above this
threshold. Doing so results in the following set of moment conditions involving the realized

“large” jumps,

o7 ((x) — or, 00, 69)1 ds,d
(0 QT M+ Z( fR(b w l' or, ) ) {¢+(x)>QT}/1’( S, l’) 7 (34)

1
T =1 . fR¢2 (Y(x _QTa9(1)79(2))1{¢+(3¢)>9T}M(d8,d1})

where 6 denotes the 2 X 1 vector of unknown parameters, and M, equals the number of positive

in-sample jumps which, upon transformation by #(-), exceed the threshold oz, that is,'6

-1 et41
M7 = Z/t 41{w+<m>>gT}u(d8,dw)- (3.5)
t=1

In theory, of course, pr will have to grow to infinity with the sample size T'. Denote the true

parameter values implicitly defined by the moment conditions 6% = (0}“,5*)/, where o} = =

increases with the sample size 7. We then have the following theorem.!”

Theorem 1 For the process p; defined in (2.1), assume that A1-AS3 hold. Let the sequence of

truncation levels satisfy
or — oo, Tv) . (or) — 00, and Tﬂ$(QT)T+(QT) =0, asT — o, (3.6)

where 77 (+) is defined in AQ(b) Then, for T'— oo, with probability approaching one gr(6, or) =0
has a solution QT <0T,§+> , which satisfies

(5ot £, w1 o+ (@)
VMT( Fog ) CE 2—<a++1><a++2>( (@Y 2<a+>2>’(3'7)

where Z denotes a standard bivariate normal distribution.

The scaling factor for the difference between the estimated and true parameters that control
the tails is given by the random number My . Of course, My /(T7; (or)) 5 E(y), and Tv, (or)
is non-random. However, since v, *(or) converges to 0, the rate of convergence is in general slower
than the standard /T rate. In particular, it follows from the conditions for the truncation level
n (3.6), that the larger the deviations of the tail from the power-law decay, i.e., the slower the

rate at which 77 (z) goes to zero as = 1 0o, the slower the rate of convergence of the estimator.

160 provides an estimate for Tﬁg(gT)]E(gozr).

17 Alternatively, we could have used the score based on the approximation ﬂru(im . (1 + %)71/5+ , €T £0,
obtained by substituting the true value of o™ = —% in equation (3.2). This would involve only a single parameter,
and it could be seen as an analogue of Hill (1975)’s estimator in the jump tail setting. However, such an
estimator would not be scale free, and the analysis in Smith (1987) also suggests that it would be less robust than
the estimator advocated in Theorem 1.
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Intuitively, the further are the tails from the eventual power-law decay, the larger the required
truncation level, which in turn slows down the rate of convergence as fewer observations are
employed in the estimation.

To further appreciate this result, suppose that 7+ (x) = |z|~* for some k > 0. In this situation,
the required rate condition in (3.6) stipulates that o7 = O <Tm>, so that for k& — oo, i.e.,
L*(z) in A2 converging to unity and diminishing deviations from the power-law, it is possible to
get arbitrarily close to the standard parametric v/T rate of convergence for optimally chosen or.

In practice, of course, we do not know a-priori the form of the slowly-varying function L™ (z)
that dictates the optimal choice of the truncation level, and we are faced with a tradeoff in
terms of robustness versus efficiency in the estimation. A low value of p7 would entail the use of
more observations, i.e., more jumps, and hence a more efficient estimator. On the other hand,
by choosing or too small, we run the risk of larger deviations from the eventual power-law tail
decay and non-robustness of the estimation. We will explore these tradeoffs more fully in the
Monte Carlo simulations reported in Section 5 below.

Importantly, the estimating equations in (3.4) correctly identify the tail behavior of v(z),
even in the presence of time-varying jump intensities. Intuitively, temporal dependence in the
jump intensity does not affect the distribution of the “large” jumps, and as such the presence
of more jumps in certain periods does not systematically bias the estimator. By contrast, any
estimator based on the jump increments over fixed intervals of time, e.g., days, would invariably
be affected by jump clustering and a failure to properly account for that effect would result in
biased tail index estimates.

Even though Theorem 1 allows for jump clustering, it doesn’t fully exploit the dynamic
structure of the jump tails implied by assumptions A1-A2. Going one step further, it follows
from the proofs in the Appendix that for ¢,s > 0,!8

t+s
B ([ ] 6 - er 00 0®)utau. )
bs 41
=E; (/ /¢+ _ QT’ (1)’9( N du dl’ > /¢+ - or, (1)79(2))V($)det </ @Idu)
t

t+s

/ oF (W (x) — or, 00, 02 (x)daE, </ gpjdu) ~ 0,
t

where we have used the shorthand notation E;(-) = E(-|F;). In particular, for any instrument
x; adapted to F;,

t+1
(xt / ' [ 6 — er.60, 00 <ds,dx>)wo.

This in turn suggests the following extension of Theorem 1.

18Recall that the counting jump measure y is not a martingale, but that its compensation version, fi(ds,dr) =
wu(ds, dx) — v (x)dxdt, is.
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Theorem 2 For the process p; defined in (2.1), assume that A1-A3 hold. Let the sequence of
truncation levels satisfy the growth condition (3.6) of Theorem 1. Define the vector of moment

conditions

T—1 ( t+1 f[[g ¢+ ¢ :p — or, 9(1)’ 9(2))1{w+(z)>gT},u(dS, d$) ) (3 8)
1 ) :
" f]R ¢2 ¢ :L' — 9or, 0(1)a 6(2))1{¢+(x)>QT}:u(d57 dm)

where x; 1s a ¢ x 1 Fy-adapted stationary vector process that satisfy E||x;||*T¢ < oo for some e > 0,

such that a law of large numbers holds for = tT X :H ¢ids and 1 S xx) j;tﬂ wrds with

(Xt ft > # 0 asT — oo. Further, let WT denote a sequence of symmetric positive semi-
definite 2q X 2q matrices, such that WT RN W, where W is a 2q X 2q positive definite matm:v De-
note ¢9T = argmingee, gr(0, o)’ WTgT(0 or), where ©4 = {9 ozlG @ < 00 < @ 9 =1 2}
for some constants 0 < oy < 1 < «y,. Then, for T — oo, «9T exists with probability approaching

one, and

5t /st
M ( 024"5 §+1> 5 VE@HEz, =Wy (@WVWI) (WWID) ™, (3.9)

where Z is a standard bivariate normal distribution,

t+1 t+1
N=E <Xt/ gpjds) ®Y, V=E (thg/ gojds) ® 3, (3.10)
t t

and ¥ is defined in (3.7).

The use of additional instruments in the estimation of the tail parameters afforded by The-
orem 2 provides a general and convenient framework for testing the dynamic structure of the
jumps. In the semiparametric example discussed in the next subsection we will provide a practi-
cally attractive choice for the instrument vector process x;. A consistent estimate of the variance-
covariance matrix for the resulting parameter estimates is readily obtained by replacing each of

the relevant matrices in the expression for = in equation (3.9) with

HT = th/ / wu(ds, dx) @ ET, VT = thxt/ / p(ds,dx) ® ZT,
>QT Yt (z) >QT

and S defined from ¥ in equation (3.7) with a* estimated by 1/¢*.

Thus far our focus has centered on recovering the tail properties of v(x). In most practical
applications, however, one would be interested in the tails of 14(x). Building on the decomposition
for v,(z) in assumption Al into its time-varying components ¢, it follows that for the “large”

jumps, the difference

//gf)s—x (ds, dz) //qss—g; Tdsv(z)de,
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must be a martingale for any function ¢(s,z) with cadlag paths, and ¢(s,z) = 0 for z < K,
where K > 0 denotes some constant. In parallel to the discussion above, this therefore allows
for the construction of a set of unconditional estimating equations through the appropriate
choice of instrument(s) x;. In general, of course, the resulting moments will depend on the
exact specification of the ¢ processes. To illustrate, we next consider the special case in which
the time-varying part of the right jump intensity is assumed to be an affine function of the
spot variance, i.e., ¢ = ki + k{o?. This same basic assumption also underlies our empirical

illustration in Section 6 below.

3.1 Affine Jump Intensities

The assumption that the temporal dependencies in the jump intensities are affine in the spot
volatility nests virtually all parametric jump-diffusion models hitherto considered in the liter-
ature, including the affine jump-diffusion class of models popularized by Duffie et al. (2000).
Importantly, however, by making no parametric assumptions about the volatility process itself,
the semi-parametric setup adopted here is much more flexible, allowing for the possibility of
so-called self-exciting jumps and models in which o; depends on the jump measure .

The maintained assumption of continuous price records underlying all of the results in this
section and our ability to perfectly identify the “large” jumps, similarly allows us to perfectly
infer the integrated variation ftt—l o2ds. In practice, as discussed further below, with discretely
observed prices, estimates of the integrated variation will invariably involve some estimation
error. Nonetheless, this naturally suggests using that measure to help identify the dependence

of ¢ on o2. The following corollary extends the results above to cover this situation.

Corollary 1 For the process p; defined in (2.1), assume that A1-A3 hold, and that o = ki +

ki of. Denote 0 = (07,6, kg7 (or), k{7 (or)), and define the vector of moment conditions,

1
1 T-1 :Jr fR 9251’_(1#(1’) — or, 9(1), ‘9(2))1{w+(m)>gT}N(d37 dx)
gr(0, or) = M th @ fnlg o3 (¥(x) — or, 0, 9(2))1{¢+(x)>QT};f(ds, dr) |, (3.11)
t=1 t+ i
fw+(x)>gT N(dsa dx) — 6B — g ft U?ds

t

!/
with x; = (1 ftil afds) . Assume that the growth condition for or in (3.6) is satisfied and that

a law of large numbers holds for 7>, [, 02ds [, o2ds and 3, ( [,_ o2ds) [/ oZds,

as T — oo, with E|oy|®T¢ < oo for some € > 0. Finally, let /WT denote a sequence of symmetric
positive semi-definite 6 X 6 matrices, such that W\T 5 W, where W is a 6 X 6 positive definite

matriz, and denote Or = argmingee: gr(8, or) Wrgr(0, or).
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(a) Then for T — oo, the estimator §T exists with probability approaching one, and
oy jof —1

— E - &t P e
+ +\=1/2

/Vw(QT)
kl V¢( T)/qu(QT) - k;r

-1

- Nl e e N e~
where Z is a standard multivariate normal, = = (H’WH) <H’WVWH> (H’WH) with

II O4x2 v 0
ﬁ = 0 1 EO’? , ‘7 = ( 0 E ( ft+1 ZX2+ k+ 2)d ) ) )
XX S
2X2 ]Ecrtz E (ftt ) st t+1 gds) 2x2 t X 0 105
and 11 and V' defined in (3.10).

(b) Further, let zp = nor for some constant n > 1, and denote

E+ —1/€*r
k;+ (2 )—k+yw(gT) (1+8—+(zT—gT)> , =01 (3.12)
T
Then, for T — oo,
M (kOET)/ 7y (er) = kg ) A (@E@’)I/QZ (3.13)
"\ BT (o) 7 (o) — K ’

where

o ( kfatn " " —1) kg ()P (log(n) —1+1/m) n~*" 0 ) (3.14)
kot T = 1) k()P Qog(n) —1+1/m) 0 gt )

and Z refers to the standard normal vector from part (a).

The last two moment conditions effectively serve to disentangle the constant and time-varying
parts, i.e., ky 7, (or) and k7 (or), respectively. They may be interpreted as linear projections
of the counts of “large” jumps on a constant and the integrated variation over the previous
period. As such, these two moment conditions only require that the affine structure holds for the
“large” jumps. Part (b) of the corollary shows how the estimation framework may be extended
to meaningfully characterize the behavior of the jump-tails at levels for which we (invariably)
have few in-sample observations. These, of course, are also the levels of interest in many risk
management situations involving extreme value-at-risk type quantities. We further illustrate this
important new dimension of our result in the empirical application discussion in Section 6 below.

Our formal analysis up until now has been based on the assumption of continuously recorded
prices. We next discuss how this empirically unrealistic assumption may be relaxed and the

results extended to the case when prices are only observed at discrete points in time.
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4 Estimation of Jump Tails: Discretely Sampled Prices

The results in the previous section relied on our ability to directly identify the jumps in a
continuously observed realization of the underlying process. The theoretical notion of continuous
price records is, of course, practically infeasible. Instead, we will now assume that over each
unit time-interval [¢,¢ 4 1], the price process p; is “only” observed at the discrete points in
time t,t + A,,...,t + nAl,, for some A, > 0. We will refer to n = [1/A,] as the number of
high-frequency price observation over the “day.” To facilitate the exposition, we will use the
shorthand notation A?’tp = Pi4in, — Pe4(i-1)A, to refer to the corresponding price increments.

In order to adapt the same basic estimation strategies to the case of high-frequency data, we
will assume that the length of the sampling interval goes to zero, i.e., A, — 0.9 This will allow
us at least in some limiting sense to estimate the “large” jumps, and in turn for the construction
of feasible estimates of the same integrals with respect to the jump measures and corresponding
moment conditions analyzed above, say gr(f, or). These high-frequency based estimates will,
of course, contain discretization errors, but we will show that under appropriate conditions, the
errors shrink to zero and do not affect the estimates.

In particular, our estimates for the integrals ;H fw+(:r)>g o (Y(x) — o7, 0V, 0P u(ds, dx),

T
i = 1,2, may simply be expressed as,?

Z¢+ (A™p) — 0r, 00, 0D)1 (T (A™p) > o) i =1,2

These expressions rely on the fact that for the estimation of the tails we only need to evaluate
the score functions ¢; for values of |z| outside a neighborhood of zero. More formally, using
the modulus of continuity of cadlag functions, all, but the high-frequency intervals containing
the “large” jumps, can be made arbitrary small uniformly over a given fixed time-interval, and
those increments therefore won’t matter in the estimation of the integrals with respect to the
jump measure. This argument, of course, is only pathwise, and in our analysis the time span T’
will also increase as A,, goes to zero. This requires somewhat different arguments in the formal
proof, but the intuition remains the same.?!

Altogether this implies that the feasible estimation with discretely sampled high-frequency
prices will be subject to three distinct types of errors, namely: (i) the sampling error associated

with the empirical processes employed in the moment vector, controlled by the span of the data

9The assumption of equally spaced observations is not critical, but the assumption that the largest mesh size
goes to zero, or A,, — 0 in the case of equidistant observations, is.

20In actually implementing the estimating equations below, we further normalize the truncation level by an
estimate of the local continuous variation.

21 An additional complication arises from the fact that our integrands with respect to p are discontinuous at
the point x for which ¥*(z) = o7, and this point of discontinuity changes with the time span. At the point of
discontinuity, however, v¢(z) is absolutely continuous, at least asymptotically for increasing values of |z|.
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T; (ii) approximation error for the jump tail, controlled by the truncation size or; and (iii)
discretization error from “filtering” the jumps from the high-frequency data, controlled by the
length of the high-frequency interval A,,, or equivalently the number of high-frequency observa-
tions per unit time-interval n. The following theorem provides rate conditions for the relative
speeds with which T, or and n increase that are sufficient to ensure that the feasible estimation

remains asymptotically equivalent to the infeasible procedures discussed in the previous section.

Theorem 3 For the process p; defined in (2.1) sampled at times 0, Ay, ...;nlp, ..., b+, . T+
nl,, ..., assume that A1-A4 hold, and that v(x) is nondecreasing for x sufficiently large. If in

. 1 .
the moment vector gr(6, or) defined in (3.8), [ Jot@ysor @ (U(2) — or, 0 0 u(ds, dx) is
replaced by Y77, gb;“(w(A?’tp) — o, M, 0@)1 (@W(A?’tp) > or) fori=1,2andt=0,..,T—1,
then the conclusions of of Theorem 2 continue to hold, provided the growth conditions for or in

(5.6) are satisfied, and

\/T7,(er)Ak=< | 1 \/ _}r/A_" —0, asT T oo and A, {0, (4.1)
Vi (or)

where € > 0 is arbitrary small.

The conditions in Theorem 3 guarantees that the feasible estimator has the same asymptotic
normal distribution as the infeasible estimator defined in Theorem 2. Meanwhile, consistency
of the feasible estimator only requires the much weaker rate condition ﬁ%:) — 0. In the

P T

“parametric limiting case,” where p7 does not change with 7', this condition is trivially satisfied

for A, | 0. Hence, in this situation, we only need 7' 1 co and A,, | 0 to ensure consistency of
the tail estimation.

The more general results in Theorem 3 effectively balances off two types of discretization
errors. The first arises from the diffusive component and the presence of “small” jumps, both
of which add “noise” to the estimating equations. The second type of discretization error stems
from misclassifying “large” jumps. On the one hand, the possibility of having several “medium”
sized jumps within a single high-frequency time interval, each of which are below the truncation
level but when aggregated over the interval exceeds it, could falsely result in the identification of a
“large” jump. On the other hand, a “large” jump above the truncation level might get “canceled”
by the presence of one or more “medium” sized jumps of the opposite sign within the same high-
frequency interval. The effect of the first of these two types of discretization errors is naturally
controlled by the choice of the truncation level. For simplicity, consider a setting in which we
have either “small” jumps below A%, for some o > 0, or “large” jumps above the truncation

level o7.** The relatively weak rate condition T7 (or)A, ¢ — 0 then suffices to control the first

22Note, this implicitly assumes that the underlying jump process changes with 7" and A,,. This is akin to the
arguments used in the local-to-unity analysis of unit-roots in the time series literature.
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discretization error. This therefore suggests that for a sufficiently large truncation or, this error
is likely to have only minor effects, as confirmed by our Monte Carlo simulation study discussed
below. By contrast, the second type of discretization error cannot simply be eliminated by the
choice of a high truncation level. Intuitively, this also means that our approach is likely to work
less well for jump processes which can have more than one nontrivially sized jump within a single
high-frequency time-interval.?3

To help further understand the rate condition in (4.1) behind the asymptotic equivalence
result, it is instructive to consider the situation in which 7 (z) = |x|7* for some k > 0. In that
case Theorem 2 dictates the optimal truncation level to be o7 = Tﬁ“, which translates into
the rate condition T%:;gk) AlT¢ — 0. Recall that & — oo implies ever diminishing deviations
from the power-decay law for the jump tails, in turn allowing for the use of lower truncation
levels. That is, k — oo may be interpreted as the “parametric limit case” of our estimation, with
the corresponding rate condition implied by the theorem equal to TAX*¢ — 0. That condition is
also essentially equivalent to the well-known condition for the estimation of diffusion processes
with discretely sampled data; see e.g., Prakasa Rao (1988). Conversely, when the tail decay
doesn’t perfectly adhere to a power law, i.e., for finite k, we need to resort to higher truncation
levels and larger sized jumps, in turn affecting the rate condition in (4.1).

The result in Theorem 3 is general and pertains to any discretely sampled It6 semimartingale

process. We next discuss how to make the estimation for the special case of affine jump intensities,

previously analyzed in Section 3.1 for the continuous record case, practically feasible.

4.1 Affine Jump Intensities

Given the feasible estimates for the integrals with respect to the jump measures discussed above,
the primary obstacle in implementing the estimator in Corollary 1 stems from the need to quantify
the integrated variation fttH o2ds. We will base our estimates for this quantity on the so-called

Truncated Variation (TV) measure originally proposed by Mancini (2001),24:%5

n - n, 2 1
TV =3 (A7) Lyapiyicangyy @ > 0@ € (0’ 5) ' 42)

J=1

23Further along these lines, let A denote the average intensity of “medium” to “large” sized jumps. Then, the
probability of having two or more such jumps within a single high-frequency time-interval is bounded by A\2A2,

so that the relative rate condition associated with this discretization error is more appropriately expressed as

2 \/TA175
A——— = 0.

/7 (er)

24For additional results along these lines, see also Jacod (2008) and Mancini (2009). The key idea of using
truncation and high-frequency data to separate the jumps from the diffusion component has also previously
been used by Shimizu and Yoshida (2006) and Shimizu (2010) in the construction of contrast functions for the
estimation of certain Markov jump-diffusion processes.

25 Alternatively, we could have used the bipower variation estimator developed by Barndorff-Nielsen and Shep-
hard (2004, 2006).
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As the formula shows, the truncated variation is simply constructed by summing the “continuous”
squared price increments obtained by purging the price process of jumps, i.e., all of the price
increments above the threshold aAY. Asymptotically, of course, A,, — 0 so that the threshold
A= | 0.%6

In order to formally state our feasible analogue to Corollary 1 based on the TV estimator we
need some minor additional regularity type conditions related to the “vibrancy” of the jumps.
These are stated in terms of the generalized version of the Blumenthal-Getoor index recently
proposed by Ait-Sahalia and Jacod (2009),

5::inf{p:/OT/R(|:B|”/\1)M(ds,d:E)<oo} c 10,2 (4.3)

The index depends directly on the sample path of the jump process over [0,7], with more
“vibrant” trajectories resulting in higher values close to 2, as would be implied by a Brownian
motion. Importantly, however, the actual value of 3 is determined solely by the “small” jumps.
Moreover, it follows that under assumption Al 8 = inf {p: [ (|z[" A 1)v(z)dz < oo}, so that

the index is deterministic.

Corollary 2 For the process p; defined in (2.1) sampled at times 0, A, ...,nl,, ..t t+Ay, o T+
nlp, ..., assume that A1-A4 hold, with v(x) nondecreasing for x sufficiently large. If in the mo-
ment vector gr(0, or) defined in (3.11), fttH fw(m»w oF (U(z) —or, 01,0 u(ds, dx) is replaced
by > iy (ﬁf(iﬁ(A;”p) — o7, 0 91 (@D*(A?’%) >or) fori =12 and t = 0,...,T — 1, and
j;il o2ds is replaced by TV™ defined in (4.2) fort =1,...,T, then the conclusions of Corollary 1
continue to hold true, provided condition (3.6) of Theorem 1 and condition (4.1) of Theorem 3

are satisfied, and in addition

\/TE:Z(QT)A}L—GA%(Q_@W_I)AO —0, asT T oo and A, |0, (4.4)

where € > 0 denotes an arbitrary small constant.

In contrast to the general rate condition given by equation (4.1) in Theorem 3, the condition
in (4.4) does depend on the behavior of the “small” jumps, as manifest by the presence of the
Blumenthal-Getoor index 3. This additional requirement arises from the need to control the size
of the discretization error in estimating the integrated variation. Intuitively, the more active the
jumps, the more difficult it is to separate the continuous and the jump components of the price

process, and in turn the more difficult it is to estimate the integrated variation.

26To be consistent, in our numerical implementations of the integrated jump measures, we similarly truncated
the price increments from below by aA7. As previously noted, we also normalize by an estimate of the local
continuous variation. This obviously doesn’t change anything asymptotically, as all of the estimators are based
on the “large” jumps, and A7 | 0.
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In the numerical implementations reported on below, we systematically fix the tuning param-
eter w to be very close to its upper bound of % Hence, for values of the Blumenthal-Getoor index
less than 1, i.e., jumps of finite variation, the condition in (4.4) will automatically be satisfied
by (4.1).

The feasible results in Theorem 3 and Corollary 2 are, of course, still based on asymptotic
approximations. To gauge the accuracy of these approximations and the practical applicability
of the new jump tail estimation procedures, we next present the results from a series of Monte

Carlo simulations.

5 Monte Carlo Simulations

The Monte Carlo simulation is designed to mimic the actual data analyzed in the next section.
To facilitate interpretation of the results, all of the model parameters are calibrated so that the
unit time interval corresponds to a “day.”

Guided by the empirical findings reported in the extensive stochastic volatility literature,
we will assume that the continuous spot volatility process is determined by a two-factor affine

diffusion model, i.e., 0? = Vit + Vo, where

Vi, = 0.0128(0.4068 — Vi 1)dt + 0.0954/V} 1 dBy 4,

(5.1)
AV = 0.6930(0.4068 — Vi, )dt + 0.7023+/Va,dBa,,

and By and By, denote independent Brownian motions; see, e.g., Chernov et al. (2003) and
the many references therein. The specific parameter values in equation (5.1) imply that the first

7

volatility factor is highly persistent with a half-life of “two-and-a-half months,” while the second
factor is quickly mean-reverting with a half-life of just one “day.” The unconditional means are
identical and the contributions of the two volatility factors to the overall unconditional variation
of the process are the same.

The Lévy measure v4(x) for the jumps in the log-price process satisfies assumption Al with

©of = kif + kifo?, and Lévy density,

clal el
I/(I) - {CO (6"’”‘ _ 1)50""1 ta (e|z| . 1)514-1 1{|$‘20-4}' (52)

This density represents a mixture of two measures with tail decay parameters Sy and 31, respec-
tively. In all of the simulations 5y < (1, so that the tail decay of the simulated price jumps is
always determined by f.

We experimented with several different jump parameter configurations, the details of which
are given in Table 1. The values of 5y were chosen to cover the range of values for the tail decay

for financial returns typically reported in the literature; see e.g., Embrechts et al. (2001) and the
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Table 1: Jump Parameters

Case Parameters

Bo Co B @] ke =ky Kk =k
T1 2.0 0.0077 6.0 1.4746 x 10~* 0.5 0.6146
T2 3.0 0.0046 9.0 1.4156 x 10~° 0.5 0.6146
T3 4.0 0.0025 12.0 1.2080 x 107° 0.5 0.6146

Note: The table reports the values of the jump parameters used in the Monte Carlo simulations. All of the values

are reported in units of daily continuously-compounded percentage returns.

references therein. The value for ; is set to be three times that of fy. It essentially controls the
behavior of the residual functions L* in A2(b). The two scale parameters ¢y and ¢; were chosen
to satisfy the following two criteria. First, we restrict the “daily” 7(|x| > 0.4) = 0.06, where the
jump size z is measured in percentages. This value approximately matches our estimate for the
actual financial data reported in the next section. Second, we fix the proportion of Z(x > 0.4) due
to the second measure in (5.2) to be 20%. The values of ki and ki were chosen to ensure that
the time-varying and the time-homogenous part of the jump measures are equally important, i.e.,
k¥ = kiE(0?).?" Lastly, the sampling frequency n = 400 and time span of the data 7' = 5,000,
corresponding to roughly 20 years of one-minute intraday prices over a 6.5 hours trading day;,
were both chosen to match the data used in the actual empirical estimation.

Our estimates of the truncated variation in (4.2) were based on w = 0.49 and « equal to
4 x /BV; A RV,, where BV, denotes the bipower variation of Barndorff-Nielsen and Shephard
(2004, 2006) and RV; refers to the realized variation, both calculated over that particular “day.”?®
To gauge the sensitivity of the estimation results to the choice of truncation level, we report the
results for three different values of g7, corresponding to jump tails equal to 0.025, 0.015, and
0.010, respectively. In parallel to the theoretical analysis, we focus on the right tail only.

To facilitate interpretation of the results, we consider three distinct aspects of the new es-
timation procedure, namely its ability to accurately assess the tail decay, differentiate between
the constant and time-varying parts of the tails, and the extreme tail behavior. For each of the
relevant statistics, we report in Table 2 the median values and the corresponding interquartile
range (IQR) obtained across a total of 1,000 simulations.

The true tail decay for all of the three models is determined by the value of F;. Our non-

27 Altogether the parameters imply that the contribution of jumps to the total quadratic variation of the price is
around 5 — 15%. This is directly in line with the recent non-parametric empirical evidence reported in Barndorff-
Nielsen and Shephard (2004, 2006), Huang and Tauchen (2005), and Andersen et al. (2007), among others.

28Theoretically any fixed value of a will work. However, we follow the recent literature on jump estimation,
e.g., Jacod and Todorov (2010), and adaptively set « as a multiple of an estimate of the current “daily” volatility;
see also Shimizu (2010) for results on data-driven threshold selection in the estimation of Lévy jump measures
from discretely observed data.

21



Table 2: Monte Carlo Simulation Results

Case True Value Truncation Level
ﬁg(gT) =0.025 ZJZ(QT) = 0.015 7$<QT> = 0.010
Median IQR Median IQR Median IQR
Tail Index 1/&+
T1 2.0 2.096 [1.762 2.593] 1.972 [1.592 2.579 2.133  [1.586 3.041]
T2 3.0 3.711 [2.911 5.215] 2.929 |

]
2.208 4.328)  3.126 [2.191 5.192]
T3 4.0 6.440 [4.419 13.13]  4.296 [3.093 7.559]  4.421 [2.845 10.06]

Constant Jump Intensity kg7 (or)/7; (o)

T1 0.5 0.516 [0.3100.713] 0479 [0.1920.735]  0.500 [0.195 0.797]
T2 0.5 0.540 [0.3430.728]  0.511 [0.258 0.764]  0.497 [0.173 0.792]
T3 0.5 0.516 [0.332 0.710] 0.510 [0.226 0.778] 0.465 [0.113 0.765]
Time-Varying Jump Intensity k7 (or)/7} (or)
T1 0.6146 0.575 [0.339 0.807] 0.681 [0.346 1.011] 0.626 [0.259 1.025]
T2 0.6146 0.504 [0.282 0.746] 0.683 [0.354 0.988] 0.691 [0.336 1.089]
T3 0.6146 0.502 [0.272 0.746] 0.713 [0.375 1.079] 0.800 [0.394 1.251]
Tail Precision 7,(2.0)/7;(2.0)
T1 1.0 0.938 [0.682 1.203] 0.962 [0.701 1.217] 0.953 [0.685 1.220]
T2 1.0 0.709 [0.363 1.190] 0.904 [0.464 1.462] 0.887 [0.420 1.469]
T3 1.0 0.403 [0.070 0.996] 0.753 [0.185 1.684] 0.716  [0.140 1.944]

Note: The table reports the median tail estimates and corresponding interquartile range (IQR) across a total
of 1,000 replications for each of the three models defined in Table 1 obtained by using the estimating equations

defined in Section 4.

parametric estimate for the tail decay is given by the inverse of §+. The results reported in the
first panel of the table show that the new estimation procedure generally permits fairly accurate
estimation of the tail decay. The choice of truncation level does matter, however. On the one
hand, choosing a low truncation level, results in the use of more observations, and hence every-
thing else equal, reduces the sampling error. On the other hand, choosing too low a truncation
level increases the deviation from the eventual power-law decay and the error associated with the
presence of the slowly varying function L™ (x) in assumption A2. Too low a truncation level also
renders the impact of the discretization error, and the ability to separate jumps from continuous
moves, relatively more important. - -

Turning to the next two panels, we report the estimates for kg7, (or) and k{7 (or), re-

spectively, relative to the true value Zj(@T)- These ratios in effect summarize the estimation
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procedure’s ability to disentangle the time-varying from the time-homogenous parts of the jump
tails. The results indicate the same tradeoff in terms of the choice of truncation level: the use
of lower truncation levels reduces sampling error, but at the same time increases the impact of
the discretization error. Comparing the resulting slight biases observed across the three sets of
results generally point to the middle truncation level of 0.015 as the preferred choice.

A distinct advantage of the new estimation procedure is that it allows us to meaningfully
extrapolate the behavior of the jump tails to “extreme” levels for which inference based on
historical sample averages is bound to be unreliable. To illustrate this important point, the third
panel in the table reports the estimates for the jump tail intensities for jump sizes in excess of 2%,
a very “large” value with typical daily financial returns. To allow for a direct comparison across
the different models, we report the estimates relative to their true values; i.e., 552\0) /7(2.0).
Further, corroborating the accuracy of the underlying approximations, most of the estimated
ratios are indeed quite close to unity. Of course, the same bias-variance type tradeoff as before
pertains to the choice of truncation level, again pointing to the middle value as the most reliable.

All-in-all, the simulation results clearly indicate that the new estimation procedure works
well, and that it gives rise to reasonably accurate estimates of the jump tail features of interest
in practical applications. To further illustrate the applicability, we turn next to an empirical

application involving actual high-frequency data for the S&P 500 aggregate market portfolio.

6 S&P 500 Jump Tails

Our estimates for the aggregate market jump tails are based on high-frequency intraday data
for the S&P 500 futures contract spanning the period from January 1, 1990 to December 31,
2008. The theory underlying the new estimator builds on the idea of increasingly finer sampled
observations over fixed time intervals, or A,, — 0. In practice, of course, market microstructure
frictions prevent us from sampling too finely, while at the same time maintaining the basic 1t6
semimartingale assumption in equation (2.1); see, e.g., the discussion in Andersen et al. (2001),
Zhang et al. (2005), and Barndorff-Nielsen et al. (2008). In lieu of this tradeoff, we choose to
sample the prices at a one-minute frequency, resulting in a total of 400 observations per day for
each of the 4,750 trading days in the sample.??

Turning to the results, Table 3 reports the parameter estimates based on the assumption of
affine in o2 time-varying jump intensities, without otherwise restricting the volatility dynamics,

following the practical implementation strategy in Corollary 2.3° The validity of the underlying

29For simplicity, we have ignored the overnight returns in all of the calculations reported on below. The resulting
one-minute returns are approximately serially uncorrelated, with first and second order autocorrelation coefficients
equal to —0.0016 and 0.0015, respectively. We also experimented with the use of coarser five- and ten-minutes
sampling, resulting in very similar, albeit somewhat less precise, estimates for the tail decay parameters to the
ones for the one-minute returns discussed below; see also Figure 2 in the Introduction.

30Guided by the simulation results in the previous section, we set the truncation level at 7, (o7) = 0.03, or
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Table 3: S&P Jump Tail Estimates

Parameter  Estimate St.error Parameter  Estimate St.error
Left Tail Right Tail

& 0.2664 0.1153 &t 0.2059  0.1301

or 0.2566  0.0536 o 0.2435  0.0487

ko Uy (or) —0.0004  0.0057 ko 7y (or) 0.0023  0.0052

ki vy(or) 0.0161  0.0065 ki vy (or) 0.0129  0.0057

J-test 4.1606 J-test 1.8256

Note: The table reports the estimates for the jump tail parameters based on one-minute S&P 500 futures prices
from January 1, 1990 to December 31, 2008. The estimates solve the moment conditions in Corollary 1 and the
practical implementation thereof in Corollary 2. The truncation level is set at pr = 0.5124, corresponding to

ﬁi(gT) = 0.015 for each of the tails. The J-test involves two over-identifying restrictions.

modeling assumptions is corroborated by the J-tests for the two over-identifying moment restric-
tions reported in the last row of the table. Consistent with the idea of a power law decay, the
estimates for £€* are both statistically different from zero. Interestingly, the pairwise estimates
for the left and right tail parameters are generally fairly close, implying that the tails are approx-
imately symmetric. Importantly, the results also point to the existence of strong dynamic tail
dependencies. Indeed, it appears that the tail jump intensities are almost exclusively determined
by the time-varying parts of 1.

In order to more clearly illustrate these dynamic dependencies, we plot in Figure 3 the
actual in-sample “large” jump realizations, together with the estimated jump tail intensities,
ie., ﬂti(av).?’1 It is evident that the “large” jumps tend to cluster in time, with most of the
realizations during the early 1990-91 part of the sample, the 1999-2002 time period associated
with the Russian default, LTCM debacle, and the burst of the “tech bubble,” as well as the recent
2008 financial crises. These tendencies for the jumps to cluster in time is also directly manifest
in the estimated jump intensities depicted in the two lower panels in the figure. Reported on
a relative logarithmic scale, the estimates imply large variations in the jump intensities, with
tenfold changes within a few years not at all uncommon.

Rather than focussing on the jump intensities, from a risk management perspective it is often

approximately 0.015 for each of the tails, corresponding to or = 0.5124 in percentage terms. Similarly, we
set o equal to 4 x BV, A RV, and w = 0.49 in our calculation of TV*, with the “large” jumps based on
Y~ (or) A aAZ. In addition, we adjust for the well-known diurnal pattern in volatility, by scaling o with an
estimate of the time-of-day continuous variation as in Bollerslev and Todorov (2010).

31The estimate for the spot variance used in the calculation of the jump intensities depicted in the figure is based
on the summation of the previous 200 truncated from above by aA¥ squared one-minute returns, as formally
justified by Jacod and Todorov (2010).
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Figure 3: Tail Jump Events
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Note: The two top panels show the daily realized “large” jumps in the one-minute S&P 500 futures prices from
January 1, 1990 to December 31, 2008, based on a truncation level of gr = 0.5124, or Ty (gr) = 0.03. The two

bottom panels show the estimated logarithmic time-varying jump tail intensities ﬁfﬁ (x).

Figure 4: Jump Quantiles
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Note: The figure shows the one-minute S&P 500 futures returns from January 1, 1990 to December 31, 2008,
together with the estimated jump sizes corresponding to a jump intensity of one positive, respectively negative,
jump every two calendar years, as formally defined by the “jump quantiles” qffa.
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more informative to consider the likely size of a jump. In particular, keeping the jump intensity

constant, the intrinsic time-dependence in the jump sizes may be formally revealed through,

x

Qo =sup{z <0:7; (z) <a}, 7, (z)= / v (2)dz,
oo (6.3)
q;fa =inf{z > 0: 7 (z) < a}, v (x) = / v (2)dz,

which define the time-varying jump sizes corresponding to a time ¢ jump intensity of a > 0
for negative and positive jumps exceeding those values. The qffa may also be interpreted as
the inverse of the maps x — 7i (), and we will refer to them correspondingly as the “jump
quantiles.” Such quantities would generally be very difficult to accurately estimate empirically.
However, the key approximation in (3.2), together with the assumption of affine jump intensities
underlying our jump tail estimation, permits us to readily evaluate the jump quantiles in a
non-parametric fashion. Specifically, for the right tail we have the following approximation,
_— _— gt
G = ] kST:Z(QT) + k‘f%(w)@? @

= - ]. ~
4o or + o €+

, (6.4)

where o7 denotes a consistent estimator for the spot volatility, as discussed above. The left tail
estimator g, may, of course, be defined analogously.*?

Figure 4 shows the resulting estimated jump sizes corresponding to one positive, respectively
negative, jump larger, respectively smaller, than that value every two calendar year, i.e., one
jump of that absolute size per calendar year. The estimates again reveal surprisingly close to
symmetric tail behavior, albeit slightly larger variations in the negative jump quantiles due to the
slightly larger estimated value for k; 7y (or). The figure also shows that the size of the “large”
jumps vary quite dramatically over time, with jumps in excess of one percent highly unlikely for
most of the sample, while such jumps are fairly common during the recent financial crises.

To further highlight these important dependencies, we plot in Figure 5 the estimated left
jump quantiles for 2005, a relatively quiet year, together with the quantiles for 2008. In addition
to the two-year quantiles shown in the previous figure, we also include the extreme jump sizes
corresponding to a negative jump every twenty years, i.e., once in the sample. These latter
extreme quantiles would be impossible to meaningfully estimate by extrapolating from standard
parametric procedures and coarser frequency, e.g., daily data. Looking at the figure, 2005 was
obviously an “easy” year from a risk management perspective. The two and twenty year jump
quantiles are both approximately constant, and hover around less than negative one and two
percent, respectively. In sharp contrast, the jump quantiles for 2008 vary quite dramatically
throughout the year, reaching their peak in October in the aftermath of the Lehman bankruptcy
and the government TARP bailout program, gradually stabilizing towards the end of the year.

32To formally justify these estimators for qfa we need ar o or.
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Figure 5: Left Tail Jump Quantiles
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Note: The figure shows the negative one-minute S&P 500 futures returns for 2005 (top panel) and 2008 (bottom
panel), together with the estimated left tail “jump quantiles” corresponding to a jump intensity of one negative
jump every two calendar years and one negative jump every twentieth calendar years, respectively, as formally
defined by qtjfa.

7 Conclusion

The availability of high-frequency intraday asset prices has spurred a large and rapidly grow-
ing literature. This paper further expands on our ability to extract useful information about
important economic phenomena from this new rich source of data through the development of
a flexible non-parametric estimation procedure for the jump tails. The method allows for very
general dynamic dependencies in the tails and imposes essentially no restrictions on the contin-
uous part of the price process. The basic idea is based on the assumption of regular variation
in the jump tails, and how that assumption translates into certain functionals of the “large”
jumps being approximate martingales. We confirm the reliability of the new estimation proce-
dure through a series of Monte Carlo simulation experiments, and illustrate its applicability with
actual high-frequency data for the S&P 500 market portfolio.

Looking ahead, the new estimation framework should be of use in many situations of practical
import. In particular, the most important and difficult to manage financial market risks are
invariably associated with tail events. Hence, the ability to more accurately measure and possibly
forecast the jump tails, holds the promise of improved risk management techniques better geared
toward controlling large risks, leaving aside the smaller approximately “continuous” price moves.
By enhancing our understanding of the type of economic “news” that induce large price moves,

or tail events, empirical implementations of the new estimation procedure could also help shed
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new light on the fundamental linkages between asset markets and the real economy.

The lack of investor confidence and fear of tail events are often singled out as one of the main
culprits behind the massive losses in market values in the advent of the Fall 2008 financial crises,
and the idea that rare disasters may help explain apparent mis-pricing has spurred a rapidly
growing recent literature. The arguments put forth in that literature often hinge on probabilities
of severe events that exceed those materialized in sample, or probabilities calibrated to reflect a
much broader set of assets and/or countries; e.g., Barro (2006) and Gabaix (2010). Instead, as
discussed in Bollerslev and Todorov (2010), the new econometric procedures developed here hold
the promise of reliably estimating the likely occurrence of tail events based on actually observed
high-frequency data, without having to resort to “peso” type explanations or the use of otherwise

tightly parameterized “structural” models.

8 Proofs

8.1 Proofs of Theorem 1

Follows from the proof of Theorem 2 below. U

8.2 Proof of Theorem 2

In what follows we will denote with z; the set of jumps x in the time-interval [t, ¢ + 1] such that
¥t (z) > or (note, this is always a finite number), together with the vector x;. For notational
convenience, denote for § = (o, &),
t+1

Je o7 (@ (x) = 01, 0N, 0D) L+ ()5 oy 1e(ds, dz) )

g(eazta QT) = ( !
L 6 () — 07, 00,01k ) gy pi(ds, d)

ij ij 89@
G(ea 2ty QT) = (G( 9) (97 2t QT))i:l 77777 2q, j=1,2" G( ])(07 2ty QT) = W(97 2t QT)?
and define G(0, or) = ML; Zz:ll G(0, z, or). Further, set
Hy(0 — (H*(9 (0 S
z( 7Zt7QT) - < i ( 7Zt7gT))k,l:1,27 i ( 7Zt7QT) - W( 7Zt7QT)‘

We begin by showing some preliminary results, which we will make use of later in the proof.

First, by a change of variable it follows that for any function ¢(u),

/R U+ (2) = o)t ey (@) = / " Sy (or + w)du (8.1)

. 7 (u+or)\
= Vw(QT)/O ¢(u) (1_%TTQ)> du.
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Next, using assumption A2 for the slowly varying function L™ (z), integration by parts, and the
results of Goldie and Smith (1987) for slowly varying functions with residuals (see also Smith
(1987), Proposition 3.1), we have for some 5 > 0 and r > 0,

[e'e) u —r P+(U+QT) /
— — ¢7 U =K T a+ T+ [6) 7—+ .
/O <1 + BQT> (1 7 (o) > d (B, a™) + K77 (Bor) + o(r™ (Ber)), (8.2)

where K denotes some constant, and the function k is continuous in its first argument with

k(1,r,a™) = aiir. Similarly, for 8 > 0 and an integer s,
o0 s Th(u+ 0 /
[ (s ) (1) =) + Kt o) + ol G 59
0 or v, (or)

where K denotes some constant (generally different from the constant in the previous equation),
and the function x is continuous in its first argument with 5(1, s,a™) = (—a™)7*I'(s+1). Finally,

[ (1 * u) " <1 * u> (l - W)du B (oﬁn + K (or) +o(r* (or)), (84)

oT oT v, (or)

where again K denotes some constant.

The proof proceeds in two steps by first showing consistency and then asymptotic normality.
Part 1. Consistency. First, from the definition of the random measure ;o and since TE:Z(QT) —
00, it follows that

M p
— 5 E(ph). 8.5
TVi(QT) ( t) ( )

Then, using (8.2)-(8.3) and by a standard law of large numbers, for any fixed £ € (0,00) and
S € (0,00) with o = £or /3, we have

1 ~T-1_ [t 1 P i E(xe J/ T ol ds)
M_;g Zt:l Xt J, fl/)+(96)>QT 1+§(1/)+(x)_gT)/glu(d87dx> — K (57 17Q ) Et(cpj) )

— P ~ E(x¢ tt+1 Tds
T SIS g 08+ £ ) = o) fouds, do) B (51,00 L)

(8.6)

Moreover, since log(1+xz) and 1/(14z) are monotone in z, the above convergence can be trivially
extended to uniform over the sets ¢ € [0, K¢] and 8 € (Kjp, oo for any K¢ > 0, Kz > 0.

Next, let 6 = (07! 1) @ 6, and define hp(8) = g7(6, or) for 6 € OL. It follows that gT =
(o, 1)’0(/9} forgT = argmingeélhT(g)’W\ThT(g), where O = {5 a/at < o) < ap/at i =1, 2}.
Then, from (8.6) we have supg_g; ||hr(8) — ()| 0, where

1 4 o 1 6 +
h@):E<Xt M etas) = (1) (f 1)

X ~
* 1~ (6> + 1 1 I +
]E(Spt) —(5(2))2/1(5(—1),1,05 > —% (1"‘%) (1—1‘1(%,1,05 >>
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Thus, h(f) = 0, for § = (; " 1)'e#%. Further, the derivative of h(f) with respect to the parameter
0, when evaluated at the true value is nonsingular. Therefore, h(g) = 0 is solved uniquely by
g = (0;' 1)" @0 in a local neighborhood, and this is consequently also the unique minimizer of
h(g)’ Wh(g) This completes the proof of consistency as argmin is a continuous transformation
on the space of continuous functions equipped with the uniform topology.

Part 2. Asymptotic Normality.
!/
Let 6 = 6% + 1, where T = \/TT:ZC(QT)E(@;“)r 3 ( or _ 1)E(‘p+)> , for some r € R%
t

at 1w (or)E(e]) Tv ) (or

Then, by a second-order Taylor expansion,
V Migr(0, 0r) = \/ M gr (07, o) + ) Mf G (07, or)F + Rr(r),
r/j_-vll (ga 2ty QT)r

/_T - B _. 9

I'/ng(e, 2ty QT)r

~
L
3

f'/-Iql (57 Zt, QT)f.

RT(I‘) = 7

DN | —
o-
HM
l\DI»—t

,_.

f'/]J2q (57 2ty QT)f'

where 6 denotes some value between § and 6%, and H (0, 2, or) are rescaled versions of H;(0, z;, or)

defined from the above equality (extended to arbitrary ). The proof proceeds in several steps.

Step 1. We will prove \/— Zt ) g(GT, 24, OT) A FdZ where d is a matrix of constants
such that dd’ = V for V defined in (3.10) and Z is the standard normal random vector of the

theorem. To facilitate the proof, we decompose the moment vector into the two components,

tH f¢+ z)>or o7 (Y(x) — or, 0V, 0P)fi(ds, dz) )

0, z, = X ®
91(0, 2, or) t ( t+1 fw* oo o3 (V(x) — o, 0N, 0)ji(ds, dx)

o + N )
920, 2, 01) = x4 ® ( - fw+ z)>or cbi(%ﬁ(x) or,0 1 ,0 2 yv(ds, dz) )
fw »>or P2 (V(2) — o1, oW, 02 (ds, dx)

so that by definition 9(9%, 2z, 0r) = 91(0%, 21, 0r) * 92(0%, 21, or).
We start by proving \/— Zt 1 gQ(GT, 2t, 0T) Lo Using the fact that for the true parameter

value, 6%, the ratio % = or, together with the definition of the score functions ¢ and ¢3 in

(3.3), and the results in (8.1)-(8.4), the two elements of ¢'® (6%, z;, or) may be expressed as
t+1
Coi(er) (r*(er) + ol (er))) [ lds,
t

for some constant C' which differ for each of the two elements. Since y/T7}(or)7+(0r) — 0
and assumption A3 implies that the process o] is stationary and integrable, it follows that

\/ﬁ ST E92(6%, 20, 07) ] % 0. Combining this result with (8.5), we have

S

-1

P
92(9%7% or) — 0.
1

1
My

t
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We are left with showing that \/_ Zt 91009, 2, 07) A mdz. In lieu of (8.5), this

convergence will follow from a Central Limit Theorem for a triangular array; see, e.g., Jacod and
Shiryaev (2003), Theorem VIII.2.29. Thus, it suffices to prove that

-1 P
% t=1 Etgl(e’%azt:QT) - O’

_ P
ﬁ:gl(QT) 3211 Et [gl (0%7 2ty QT>g1 (9(7)"7 Zt, AQT)/] — dd,7 (87)
- i a P .
Ty Lt Billot (08, 2, on)[ P = 0, for some a > 0 and i = 1,2,

The first condition in (8.7) is trivially satisfied, as {g1(0%, z;, o) }i=1.2... is a martingale difference

guue

sequence. To show the second convergence in (8.7), note that for 7, j =1, ..., 2q,

E, (g@(e%, 2 01)9t” (68 2 QT>)

t+1 t+1
(fz/21 D/21 [/ / i(ds, dz) / / x)fu(ds, dx)
w+(z)>gT Pt (@ >9T

A [ e s | [ d]
Yt (z)>er t

where [x] denotes the least integer higher or equal to x, (;(x) and (3(z) are one of the functions
that appear as integrands of i in the definition of ¢;(6, z;, o), and the second equality follows

from It6 ’s lemma. Now, using the results in (8.1)-(8.4), we can may

Lo GGl =T or) (K + 7 (o) + 0fr* o)

where the constant K is the corresponding element of ¥ in (3.7). Also, by assumption A3 the

process ¢; is stationary and integrable and by the additional assumptions of the theorem we get

1 T-1 t+1 b t+1
T thxQEt (/ gpjds) — E (xtxl’t/ c,pjds) :
t=1 t t

To prove the third part of (8.7), let @ < 2 such that E|p; |'™ < oo. The existence of a is
guaranteed by assumption A3. Using the Burkholder-Davis-Gundy inequality,

t+1 t+1 I+a/2
[/ / p(ds, dz) 1 </ / Yu(ds, dx)) )
P (z) >QT Pt (x >QT

where ((x) is one of the integrands of 1 in g1(0, z;, or). Further,

t+1 I+a/2 t+1
/ / Yu(ds, dx) < KE, / / Va(ds, dx)
YT (z >QT YT (z >QT
1+a/2 t+1 1+o¢/2
+K / C(x)v(z)dx E; (/ cp;fds) ,
Yt (z)>or t
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for some constant K > 0. For the first term on the right hand side above, applying again the
Burkholder-Davis-Gundy inequality, then the inequality (>, |a;|)? < >, |a;|? for 0 < p <1, and
the fact that o < 2, together with the definition of the jump compensator, we have

t+1 t+1 i+1
/ / Vilds,dr)| <K / / @) v (a)de E, ( / s@+d8>
7/’+(77)>@T Y (x)>eor t

The third result of (8.7) now follows directly.

Step 2. We next show / M/ Gr(0%, or)r R ﬁ
defined in (3.10). We denote with G1(0, z;, or) the 2¢ x 2 matrix with the following elements for
1=1,...,2q,

14+a/2
Ey

[Ir locally uniformly in r where II is

t+1 o6} ~ .
G2 ) E L i yser 5005 (W(@) — or,0W, 0@ i(ds, dzx), j =1,
t +

t+1 6¢i ~ .
J5 e ysor 50 (@) = 01, 00,0 fi(ds, dx), j =2,

where ¢, = 1 for ¢ odd and ¢, = 2 for ¢ even. As in the previous step, it is possible to show

Gglj) (07 Zty QT) =T

\/;_ ST (6%, 21, 07) % bZ, where b is some vector of constants and Z is a standard normal

S — e N )
T (or)E (o7 ) 107, 2, or)

Next, define the G5(0, z;, or) matrix such that GQ(Q 2, 07)r = G(0, 2, 07)T — Gl(ﬁ,zt, or)r

1 .
_IE(«J?)H' Using the
results in (8.1)-(8.5) it is possible to show that the above matrix sequence is equal to

< th/ ga*ds) —Y + K7) +0,(1),

vector. Therefore \/—Zt ) Gl(HT,zt,QT) i 0, for G1(9T,zt,QT)

P
for every r. We are then left with showing \/_T G (0%, 21, 00) —

where Kr is a 2 x 2 matrix with ||[Kr|| = C7%(o7) + o(77(or)) for C' some constant. Since
\/T7;(er)T*(or) — 0, using the assumption in the theorem for * t ! Z) ftH

follows that it converges in probability. But II is of full column rank by our assumptlon
E (Xt G ord > # 0, thus proving the claim of this step.

Step 3. We show that supyee. || ST H;(6, 2, or)|| is bounded in probability for i = 1, ..., 2q.
Since § € O, it is easy to see that each element of 3/ H;(6, 2, or) is bounded by
t+1
Sl [ /. ~ or)ulds, o),
Tl/w or) =1 YH(z >QT

for some positive valued function ¢(z) that does not depend on 6 and further [ o+ (@) >or o(Y(z) —
or)v(z)dz < O7(or) for C' > 0 a constant. This then implies the result of the step.

Combining steps 1-3, we have Or is /T ﬁ;Z(gT)—consistent (for the first parameter the ratio of
the estimate to the limit) and for = 6% + 71, /M, g7 (0, or) converges uniformly in r (restricted
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such that corresponding 0 € ©%) to \/E( dZ + ( Hr The result in (3.9) then readily follows
o;

(see e.g., Theorem 5.56 of van der Vaart (1999)) O

8.3 Proofs of Corollary 1

(a) Part 1. Consistency. Define 0=(o"1 1/7, (or) 1/7}(or)) @6 and hr(0) from g7 (6, or)
as in the proof of Theorem 2. Then, using the proof of Theorem 2, as well as the assumption for
¢; in Corollary 1, we have sup;_g I|hr(8) — h(6)|] =0, where the first four elements of h(f)

are the same as in that theorem, and the last two elements are given by

E{Xt®[(¢9 — k) + (00 — k) [ fds”
ko + K E(07) '

(8.8)

From here the consistency follows by the same reasoning as in the proof of Theorem 2.
Part 2. Asymptotic Normality. The proof essentially goes through the same steps as the

proof of asymptotic normality in Theorem 2, and we only point the differences. Define § = 69+,
/

< _ ot + or 1 kg ki
where now T = \/T”w(QT)E(% Jr e (Q*T%(QT)E(«JD 5, (er)E(p]) TE(]) TIE(so,?))  for some

r € R% Step 1 of the proof then follows directly from the corresponding step of the proof of
Theorem 2 upon recognizing that under the assumption of Corollary 1, f;“ /, V@) >or w(ds, dzr) —
ki — ki [T 0%ds is a martingale increment. For step 2, we note that Gp(6, or);; = 0 for
i=1,..,4 andj = 3,4, as well as for i = 5,6 and j = 1,2, and further G7(0, or)i=s6, j=34 =

(M+ Zt | Xt M+ Zt | Xt ftH 2ds> . From here step 2 of the proof follows by analogy to the
proof of Theorem 2 and a Law of Large numbers. Finally, for step 3 we note that Hy (6, z;, or)i; =
Ofor k=1,...,4,i=3,4,and j = 3,4, as well as for k = 5,6 and all 7, 7 = 1,...,6, so that this

step follows directly from the corresponding step in the proof of Theorem 2.

—a

. k) (er)n Lt
(b) By assumption A2(b), /M (%(—ZT) - k:;“) =/ M} <L+((anT — 1) =/ M}IO(t"(o7))
for i = 0, 1. Using condition (3.6) and the result in (8.5), it follows that this term is asymptotically
— +ot+ —at
negligible. We are therefore left with the difference /M (k;r vy, (2r) /7 (21) — %),

v, (21)

for which we may use part (a) and a delta method. O

8.4 Proofs of Theorem 3 and Corollary 2

We start by establishing several preliminary lemmas. In what follows we will use the short-hand
notation E? for E (:|F;a, ), and P? for P (:|F;a, ). For notational convenience, we will also use C'
to denote a positive constant (independent from 7" and A,,), where its value might change from

line to line.

33



Lemma 1 Suppose we observe the process p; at the discrete times 0, A, 20, ..., [T/A,]A,, and
assume that A1 and A4 hold. Then for some a > 0 and w € (0, %), we have

[T'/An] T
VN
TT E (AD)* L{jarpi<anzy — / olds | = 0, asT 100, A, L0, (8.9)
i=1 0

where Ap = pia, — Dii—1)a,., and Ny — oo denotes some deterministic sequence of T' with the
property that \/NTAg_ﬁ)WM/Z_6 — 0 for e > 0 arbitrary small.

Proof: By definition we have
iAp 1Ay
((A?p)z L{arp|<anz} — / st) => al, af ( AP Z)? / des) ,
(i-1)An o (i—1)An
D= —(AT2) Lganpsongy @ = (ATY)? Ljapi<ang), 0 = 2A7ZA}Y,
a; = QA”ZA"Y al = —2A?ZA?Y1{|A;LP|>&A;7}, al = QA?ZA?Yl{\A?MSQA}?}:

t t
Zy = / o, dW, +/ agds, oy = ay — gy / k(z)dsv(dx),
0 0 R

iAn iAn .
ZZ’L :/ (O' — O-(Z 1A )dW +/ dsd87 Z;n = O-(i—l)AnA?VV:
(i—1)An

Y, = / / f(ds, dr) + / / p(ds, dr) +1{5<1}/ / x)dsvs(dz),
Y, = / / x)dsvg(dz) + 1{5<1}/ / x)dsvs(dz), Y, =Y, - Y,

We need an alternative representation of the jumps, which we define on an extension (if needed)
of the original probability space. In this representation jumps are defined from a homogenous

Poisson measure via thinning, i.e.,

t
Jo Jor Jor (@) (L{z<o, w<e a, ) + 1150, u<el 1)An_}) f(ds, du, dx)
1 t .
YW =0 4+ f) o Jor (@) (Lpey, wesrvmn ) T asoucgt o Pulds, du,dr), if f>1,

t .
fO f]R+ fR x(l{x<0, ”<90(7¢—1)An—} + 1{:Jc>0, u<<p;;_l)An_})H(d37 dua dl‘), if 6 < 17

( t ~
fO IJR+ fR /{("L‘) (1{ac<07 u<g,_} 1{ac<0 u<p; 1>An7}> M(d87 du, dl’)

05 S L) (oo, et ) = ason we s, ) B0t )

—i—fot Je+ Je F' (@) (]-{a:<0, wepr 3~ Laco, < 1)An7}> w(ds, du, dz),

I3 e S W @) (Tamo, wety = Lo wegr, o) s, dusd), i > 1,
f(f fuw fo (1{x<0, u<pl } T 1{m<0, u<<p(_i_1)An_}) H(ds, du, dx)

o S S (Lmo, weot s = Laso uept o 3) i(ds,dusda), i B <1,
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where p denotes a Poisson measure with compensator ds ® du ® v(x)dx. The rest of the proof
consists in showing the asymptotic negligibility of the scaled sums of the terms af, g=1..7,
and their respective subcomponents. We will use convergence in L; or Ly norm for proving this.

We begin with the term a;. Application of It6 ’s lemma yields the decomposition a} = a} +aj},

iAn Ay
al =2 / Zragds, ab =2 / ZLosdWs, 7Y = Zs = Zi1ya,-
(i—1)A, (i-1)Ap

(3

We have for ¢ > 1
Elal|? < CA3/2,

Also, for ¢ > 2 using Doob’s inequality and the Cauchy-Schwartz inequality,

iAp iAp

q/2
(Z"0,)? ds) < CAY*! / E|Z"0,|%ds < CAL.
(

E' ,a; =0, El|a;j]? < CE (/
( i—1)A,

i—1)A,

Using Holder’s inequality for any 1 < ¢ < p/2,

Elaf|” < (EIA7ZP)™” (P (|ATp| 2 aAT))' P < CAGFA-20mA=8a7c e >,
We proceed with a and the following decomposition, |a3| < |a| + |a?| + |a3|, for

—. n 2 ~ n 2 ~ n 2

a@; = (ATY) Lyapyi<isaazys @ = (AFY) 1 zns0050az @G = (ATY)" Lzm 5005005}
Then, for any € > 0 and ¢ > /2,

Ela}|? < CARIPI=E|ATY [P < CAQe =i,
For a} and p > 2q V 3, we can write

Ela}|? < CE <’A?Y’2q1{|2?\20.25aAg}>

~ 1-2q/p 29 (1 Y\(p—
<CEAY P (P (127> 025087 )) T <O Hamm)e-2),

Further we can bound E|a?|? < C (E|a3(1)|? + E|a3(2)|?) for

a3(1) = (AY W) 1, i3(2) = (ATY) 1,

a; ( )—( i ) {1Z7>0.250A%} a; ( )—< i ) {1Zr|>0.250A7}

where ZZ” is defined on the probability space of }/;(1), and Y;(Q) is the same process on the original

probability space, and for simplicity we have kept the same notation. Then, for 1 < ¢ < p/2,
~ n n n 1+(l_w)( —2)
Ela;(1)| <E (EH’Ai YW|ME;, (1{|Zf|zo.25aAg}>) <CA, T
Using Holder’s inequality, it follows that for every x > 1,
1=/ 240-H (G-

Ela3(2)]” < (E|Ary @)/ (]P’ (|Z;L| > o.z&m:)) < OAZ"
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Next, note that E? ;af =0, and 2 < ¢ < p,

1—q/

Ela}|" < C (E\A?Z|P)q/p (Blapp ) " < caper,

The a] term may be decomposed as a? = a? + a7,

i =

A

d? = An(c+¢é_1mn_ + C’fgp&_l)An_)A?Z,
iAn,
a; = A7 /(i_mn((ﬁ(wi — @i nan ) FCT(05 = ¢i1ya,_))ds,
where C* and C~ are some constants. Thus for ¢ > 2,
Er > =0, Elad|?<CA%?
Application of Holder’s inequality for ¢ > 1 and arbitrary small € > 0 implies that
E|a?|? < C A3/ Ha/2M ¢

We turn now to a%, which may be bounded by |al| < |a%?| + |a$®| + |a¢|] where

6b __
P =

QZA?A?Yl{m;leo.mAg}, al =27 ATY'1

6a __ oin AN .
a;* =27; AiY1{|Z¢"|>O.25aAﬁ}7 a i

{1Z1>0.250AF }*

For a% and p > qV 3, we can apply Holder’s inequality twice together with the fact that moments

of all powers of the normal distribution exist, to conclude that for some small € > 0,

a n P i n P l_q/p
Elaf*|? < C EIA}Y )" (E (|o-va, 5 AIW I 1205000051 ) )

1-q/p

Itq/2 €)1 1te
< CAZ (E <|0'(1'71)An|(1+ = 1{\Z{l|>0.25aAﬁ})>
1-q/p
q 2 ~ €
<ot (B (Jowpa " 075Pr, (127 > 025007 ) ))

(%7,&,) (p—a)

< AL AT
Next for a® we have E|a{’|? < C (E|af*(1)|? + E|a{*(2)|? + E|a$®(3)|7), where

aﬁb(l) = 2ZA7LHA?Y(1)1{|A?Y“>|>0.250¢AE}7
G?b@) = 2ZnA?Y(1)1{|Agy(2>|>o.25aAg}7 aﬁb(3) = 2Z?A?Y(2)1{|A;Y|>o.5aAg}-

3 2

Now, E? ,af®(1) = 0 and for some arbitrary small ¢ > 0,
E‘a?b(lﬂq <CE (E?fﬂquE?fl{’A?Y(l)|q1{|Agy(1>|>o.25aA;lv}}> < CAiJrq/Q*((ﬁ*q)vo)w*E-
For p > q Vv B and any € > 0,
1—q/p 4+24(1-2)(3—pw)—e

A a/p
Ela*(2)" < C (EIZrary OP) " (B (Lyapyersomensy)) < CAZ
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By Holder’s inequality for any ¢ > 0 and ¢q < p,

Ela?(3)" <  (B|Zp)"" (Blary @/e-0) 7" < ot G
Next, note that Ela%|? < C (E|af(1)|? + E|a*(2)|?), where

af*(1) = QZ?A?Y(I)1{|Z;L|>o.25aAg}a ai*(2) = QZ?A?Y(Q)1{\2;L|>0.25QA5}~

It follows that for ¢ < p,

c n 0 n n I+ INH(5—w)(p—0)
Elaf“(D)]" < CE (B (1271 2750250051 ) B |ATY D)) :

<CAL P :
For a¢(2), we can proceed the same way as for a%*(3) to show that for any € > 0 and ¢ < p,
6 ~ Q/p 9 _ l—q/p %+%(l/\u)q76
Ela2)| < € (B|Z7)" (BlALY @/ e-0) 70 < caz T e
Using the integrability conditions on ay and o, and Holder’s inequality, we have
Elaj|? < CE (‘A?ZA?}/'ql{\A?YlgaAf}) < AY2HIHa=B)wV0=c o ),
O

Lemma 2 Suppose we observe the process p; at the discrete times 0, A, ...,n0,, ..., t,t+A,, ..., t+
ni\,, .... Assume that A1-A4 hold, and let either X; = ttﬂ ods, or X, = [T fw(x»gT oF (P(x)—

t

or, 0, 0@\ u(ds, dz), fori=1,2 and 6 € ©L. Then for some a > 0 and w € (0 1),

)

T-1
N t
VTT > X, (Tvgzl—/ agds) L0, asTtoo, A, L0, (8.10)
=1 t—1

provided that \/NTAgLQ_ﬂ)WM/Q_e — 0, for the deterministic sequence Ny 1 oo as T 1 oo and

€ > 0 arbitrary small.

Proof: We make the identical decomposition of the difference
2 t—1+iA,
n,t— 2
((Az‘ P) Lgart-tpicang) ~ / A ‘7st>
t—14+(i—1)An

as in Lemma 1. We denote the corresponding components in this decomposition for the high-
frequency interval [t+(i—1)A,, t+iA,] by a‘;i, with each of the components denoted analogously.

Then, using Holder’s inequality for some a > 1,

| T , T2 1/a ;| T2
— S XL <[ —) |X, —— ) |L/eD
rh s () (e

1-1/a
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where Ly = Y1, a{ﬂ., or the identical sum over their subcomponents. For the terms involving
al;, at;, a7, and af(1), we can use a = 2, and show convergence to zero of 4= 37 |L,|%. The
latter follows from the bounds on the second moments of a;,, af;, i ; and af(1) derived in the
previous Lemma, and the fact that these terms form martingale difference sequences.

For the rest of the terms we can set set a arbitrarily large. ﬁ ZtT;ll | X¢|* will be bounded in
Ly boy t/l(w 1i)mtegrability assumptions on the processes o, and ¢F in A4. Asymptotic negligibility

q
of M ST L, |9/ e follows from the basic inequality (Zfil |ai|> < NSV ag)? for

any q > 1, and the bounds derived in the previous Lemma for a sufficiently large. U

Lemma 3 Suppose we observe the process p; at the discrete times 0, Ay, 2A,, ..., [T/A,]. Let
or > 1 be a deterministic sequence as a function of the time span T, such that o T 00 asT T oo.

Also, let fr(x) denote a function in x (changing with T ) with the properties:
(a) fr(x) =0 for z <log(er),

(b) |fr(x)| < C(x —log(er)) and |f7(x)] < C for x = log(er),

and fr(x) denotes the right derivative for x = log(or). Then under assumption A1, with v(z)

nondecreasing for x sufficiently large, and assumption A4, we have

(T/An]

1 P
N Z fT An ZfT(ApS) - Oa GSTTOO, Anlfoa (811)

pWT s<T

for Np = Tvt(log(or)) and v (z) = [ av(x)dz, provided that for e > 0 arbitrary small
VA, )

NrAl={1\/ ——+— ] =0, asT Too, A, 0. 8.12

R (1 gt foo S 1

Proof: For the constant K > 0, denote

pt(K):/ a ds+/ ooV, +/ /lw fi(ds, dz) + / /M u(ds, dr).

The proof goes through several steps.
Step 1. We start by showing that for any s <t and K — o0,

IP’(sup ¢, + sup go,sz) <CK™ Vq>0.

s<u<t s<u<t

Using the assumed dynamics for ¢, we may write ¢F —pF = [ o do+ N o dW,+ [ o' dB,+
[ Joo B0 (v—, %))/ (ds, dx) + [ [oo &' (6% (v—, %))/ (ds, dx). The result then follows by using
the basic inequality || < |¢T|+|pE—pE|, the Burkholder-Davis-Gundy inequality, Chebychev’s

inequality, and finally the integrability assumption on the process @i
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Step 2. We next show that for some constants Ky, K; > 0 and a < 1/8,

iAn
P (/ / p(ds,dz) > Kl) < CAU—eB=9lK] e > 0,
(i-1)An J]z|2KoAY

We start by introducing the following sets that we will rely on later in the proof,
R, ={x:|z| > KoAS}, S, ={x: |z| < KA}, T, = {x : KoAY < |z| < Ko}

Using the representation of the jumps with the homogenous measure p introduced in Lemma 1,

iAn
v (/ / p(ds, dz) > K1>
zAn
=P <[ /R+ /UUERn {x<0, u<p, }+ ]-{x>0 u<¢ }) (dS du dl’) > K1>
=¥ (/ / / Liyenzaqplds, du, dx) > K1)
(i-1)An, JRY JzeR,

+P sup @, A +P sup pf > A,
s€[(i—1)An il ] s€[(i—1)An,iAp]

where € > 0 is arbitrary small. For the second probability We can apply the result of Step 1.
For the first probability, we can use the fact that f N fo fx cr, I p(ds, du, dx) has a Poisson

distribution with intensity A7 [,\- s, oo 7(2)dz. Therefore,

iAp Ay© [ K1)
P / / / u(ds, du, dx) > K, | <CAl-9lKl (/ V(x)dx>
(i-1)An JO T€R, |z|>KoA2

SCAS—,B&—?&) | K1 ’

where we made use of the fact that [, (|z|?* A 1)v(z)da < oo for ¢ arbitrary small.
Step 3. We will prove

iAn
P (’/ / k(x)f(ds, dx) + / / p(ds, dz)
(i—1)A, J|z|<Ko (i—1)An |x\<K0

for € > 0 sufficiently small. Again, relying on the representation of the jumps by the homogenous

> Kl) < CA%KI/KOJ*E,

Poisson measure p on an extended space with the extra dimension used for thinning, we have

for A,, sufficiently small (k'(z) is zero for |z| in some neighborhood of 0) and 0 < o < 1/,

<'/ / flds, dw) + / [ R@ulds.dn)| = Kl)
(i-1)A |m|<K0 (i—1)An I:r\<Ko
( (i—-1)A, JRF JzeT, ( ) {2<0, u<p; } {z>0, u<p] } ( )
Ay
+/ / / R/(x) {x<0 u<lp, }+ 1{m>0 u<Lp }) (dS du d.T)
(i_l)An R+ x€T),

iAp
P / // #@) (Laco, wepry + Lamo, ucpr y ) Blds, du, da 21_,);(),
<’ (i-1)An JRT JzeS, <> {w<0, u<p, -} {#>0, u<el } i ) ( ) K
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for any p € (0,1). For the second probability successive applications of the Burkholder-Davis-
Gundy inequality and/or the elementary inequality | . |a;||P < >, ]a;|? for some 0 < p < 1,
together with the fact that [, .. |s(z)|%v(z)dz < CAY™™ for ¢ > B and ¢ > 0 arbitrary
small, imply that for any ¢ > 3,

iAp
P / / / k() (1 2<0. uco— 3 T Lizso uecot )[Nj,(d,s’du’dx)
(‘ (i-1)A, JRY Jzes, {2<0, u<p,_} {>0, u<pt } ) &

< CAn/ k()| (z)dx + CAITA=Bo)z=s < OAl=Fa=s ¢~ ()
|x|<KQAO‘

> (1 ) )

and some z € [0,1). For the first probability, following Step 3 we can split the integral with

respect to the compensated measure into two parts, to conclude for A,, small,

iAn
: / // 5(2) (Ueao, ueer ) + Lo, uept ) f(ds.du da
(‘ (i-1)An JRT J2€eT, (@) {w<0, u<e, ) {2>0, u<yp,_} i )

iAn,
+/ / / K’(I) 2<0, u + 120w ) p(ds, du, dx) prﬁ)
(i—1)A, JRT JzeT, {<O <¢._} {z>0, <<p 1}
iy,
(T I )Mds,du,dm
(‘ (i—-1)A, JRT JzeT, {2<0, u<p,_} {z>0, u<pt } | £ )
iy,
> pi, — Ay 1{ﬁ>1}/ (o5 +<pi)ds)
(i_l)An

[YANS e
- P(/ / / |z|p(ds, du, dx) > pK; — CAi_a(B‘lﬁ)lwzl}—e)
i-nanJo Jeer, T
FP( s er AP s el Al
sE[(i—1)An,iln] Y S

1—a(B—1+¢)14g>1}1—¢
" pK, — CA,
<CP / / / w(ds, du, dx) > 1=C
(i-1)A mERn KO

< CA (1—ap— |_PK1/K0

where ¢ > 0 is arbitrary small7 and we made use of the result of Steps 1 and 2. The final part
of the proof for this step then follows by applying the above two inequalities with p sufficiently
close to 1, and « close to 0.

Step 4. Using the integrability assumptions on the processes «; and oy, we have

iAy, iAn
P (‘/ ozsds+/ o, dW
(i—1)An (i—1)An

Step 5. Combining the results of Steps 1-5, it follows that for any |K;/Ky| > g,

> K1) < CAL, Vg>0.

P (|A"p(Ko)| > K1) < CAZT, Ve > 0.

Step 6. For § € (0,1) with § > 1/orp, let K > 0 satisfy K < |log(d)|/3 Alog(dor). Then,

(T/Aq]
E( Y [fr(A)— Y fr(Apy)|Lay | < CTALS, Ve >0,
i=1 (i—1)An<s<iA,
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where A; = {w : f(iﬁ)An f‘x|>K w(ds, dx) > 2}. To prove this result, we first use the fact that

q

fr(Aip) < C|A}pl, E S fr(Ap)l | < CATT(logler)), ¢ > 1.

(i—1)An<s<iA,

The result of this step then follows readily from Holder’s inequality and the result of Step 2.
Step 7. For the same choices of § and K used in Step 6, denote the set B; = {w : |A'p(K)| > |log(d)]|}.
Then as in Step 6, using the result of Step 5, we get

(T/An]
E Z fr(Alp) — Z Jr(Aps) 1{,4197 By | S CTA,.
i=1 (i—1)Ap <s<ilp,

Step 8. Let C; = {w :3s € [(1 — 1)A,,1A,] : Aps > log(or)} and D; = {w : A'p > log(or)}. We

will show that for some arbitrary small € > 0

(T/An]
E{ > [frArp)— > fr(Ap)|lgas, me e py | < CAYP“T(7* (log(er)))' .
i=1 (i—1)Ap<s<ilAn

On the set AN BfNCFN D;, there is exactly one jump of size above K in absolute value, and its
size must be in the interval [log(dor),log(or)] (recall 6 > 1/pr). Therefore, using the fact that
|fr(x) = fr(log(er))| < Clz —log(er)| for = > log(er) and fr(log(er)) < C', we have

fr(Alp) — Z fr(Aps)| 1iae, e, ce, Dy
(i—1)Ap<s<iAn
o (8.13)
< C|AYp(K))| /( i /R Lizenog(ser) Jog(eryp14(ds, d) '

+ C/(,:;A /Rl (JA?p(K)| > log(or) — , x € [log(dor),log(or)]) pu(ds, dx).

Note that in the last integral, the integrand is not adapted, but this does not matter as the integral
with respect to p is defined in the usual Riemann-Stieltjes sense. Now, using the representation

of the jumps with respect to u, we have for the first term on the right-hand side of (8.13),

iAp
E <|A?p(K)’ / / 1{:06[log(égT),log(gT)]},U/(dSv dl’)) < Al + A2 + A3 + CAqu (8'14)
(i-1)A, JR

iAn iAp iAp
A =E (’ / asds + / osdW / / 1{xeuog<6gT>,log<gT)1}M(d5>dl’)) »
(i—1)An (i—1)An (i-1)An JR

iAp
AQ_E(‘/ / / R (1“” u<p,. +1x u<oT )ﬁdS,du,dx
(i—1)A, JRF J|z|<K ( ) {2<0, u<p,_} {2>0, u<pl } _( )

iAp A€
y / / / u(ds, du, dx)) ,
(i-1)An Jo z€(log(Sor),log(er)]
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An©
/ / / x)|pu(ds, du, dx) / / / p(ds, du,dx) |,
(i-1)An \m|<K 0 z€(log(Sor),log(er)]

for some arbitrary small € > 0 and arbitrary big ¢ > 0. Then for A; we can use Holder’s inequal-
ity. For A, we condition first on the filtration generated by u(R*,R*,z € [log(dor),log(or)])
and then apply Burkholder-Davis-Gundy inequality and Holder’s inequality. For Az we use
the independence of the filtration generated by u(R*, R,z € [log(dor),log(or)]) from that of
p(RT, R, x| < K) (note that K < log(dor)). Altogether we get for p > 0 arbitrary small,

iAn
E (lAznp(K”/( | / 1{:1:6[log(égT),log(QT)]},u'(dsa dx)) < CA%/Q—P§+(10g(5QT))1—p, (8.15)
i-1)A, JR
Now, for the second term on the right hand-side of (8.13)

/ - [ 10229(5)] = 1og(er) ~ 2. @ € llog(der).log(er)) n(ds. o
i-1)An JR

iAp 1
< C|ATp(K)| / / 1 (x € [log(dor), log(or)]) u(ds, d),
i—1)A, JR | log(or

)=l
for arbitrary small p > 0. From here we can proceed exactly as in (8.15) upon using the following
bound for any 1 < o < 1/(1 — p),

E( / A)A | Tt =5 o € los(éer).oa(en) u(as. dx))a
1

<ca, |
z€[log(dor),log(or)] | log(QT) - x|o¢(1—p)
1 a
+ CAY (/ — U(x)dx) ,
z€(log(dor),log(or)] | log(QT) - .CE" ?
< CA, 7" (log(dor)),

where for the first inequality we made use of the Burkholder-Davis-Gundy inequality, and for

v(x)dx

the second the restriction that o < 1/(1 — p) together with the fact that v(z) is non-increasing
in the tails.

Step 9. In this step we show for some arbitrary small € > 0

[T/AnR]
E( > |frAip)— > fr(Ap)|Lpa, 52, pey | < CAYPT(7 (log o)™,
i=1 (i—1)An<s<iAn,

On the set Af N Bf N C; N Dy, there is exactly one jump of size above K in absolute value and
its size must be in the interval [log(or),log(or) — log(d)]. Then, using the fact that |fr(z)| < C
for x € [log(or),log(or) — log(d)] (C' depends on d), we have

Fr(Afp) = > fr(Aps)| Lgas, B2, ¢, Doy

(i—1)Ap<s<iAj,

<C/ ba / (|ATP(K)| > = —log(or), = € [log(or),log(or) — log(d)]) u(ds, dx).
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From here the result follows exactly as in Step 8.

Step 10. In the final step we show for arbitrary small ¢ > 0

(T/An]
E Z fr(Aip) — Z Fr(Ap)| Lae, e, ¢, by | < CTAY (7+(10g(QT)))176,
=1 (i—1)Ap<s<iAn

On the set AN Bf N C; N D;, we have only one jump of p above log(or). Therefore, since the
function fr is differentiable for values of the argument exceeding log(or), a first-order Taylor

expansion together with the boundedness of the first derivative of f yields

fr(Alp) — Z fr(Aps)| Liae, e, ¢, iy < ClATp(log(or)|1ias, Be, i, Dy-

(i—1)An<s<iA,

To continue further we introduce the following two sets,

Ry ={x:|z| > log(or)} and Sy ={x:|z|<log(or)}.

Using the alternative representation of the jumps with respect to p, we have

]E (
i,

< CE (s, sy, cv oo Alplogten) [ [ [ p(as,dudo
(i—-1)An Ju<pl JazeRy

iAp
<cE(|atptogten) [ [ [ utds.dudo)
(—-1)A, Ju<AL JzERy

+ CE (|ap(log(er) 1

fr(&fp)— > fr(Aps)

(i—1)Ap<s<iA,

Leae, Be, ¢, Dl})

{suPsei(i—1)An,iAn] ijAﬁe]) )

Furthermore,

iAn
E <|A?p(log(QT)|/ / / w(ds,du, dx)> < By + B,
(i-1)An Ju<ary® JeeRy

where
iAn iAp
/ osdWs / / / wu(ds, du, dx)} ,
(i—-1)An (G-1)A, Ju<AL JzERp

iAn
/(A A /]RJr /ES z (1{ar:<07 u<ep, } + 1{a:>07 u<g0:7}) B(ds’ du, d.%)
1— n Xcor

1Ay
X / / / p(ds, du, dx)] .
(i—1D)A, Ju<Ayp ¢ JzeRy

By Holder’s inequality and the integrability conditions for some arbitrary small ¢ > 0,

1An
B =CE[</ (lovs| + 0 + 5 )ds +
(i—1)An

BngE[

By < CA¥?=< (7 (log(or))) .
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For the term Bs, we can condition on the filtration generated by the measure pu(R*, RY x € Ry),
denoted with .Z*, and use the fact that the Poisson measure creates independent filtration on
disjoint sets, see e.g., Sato (1999), to get by an application of the Burkholder-Davis-Gundy
inequality, that

iAp iAn
By <Cu[\| [ Bt + e Fi, v Fnaas [ [ tds,au, o)
(i-1)An " (i-1)A, Ju<Ay€ JoeRy

<CALY22T (log(er)) + Bs,

where

Ay
B3:CIE< E(/ (oF + 5)d (/ / / w(ds dud:z:) ’ff*A V Zi—na )
(i—1)An (i—1)An Ju<Ay xERT

X —c .
1{SUPse[(i71)An,mn] Yi>AL })

It then follows by the Cauchy-Schwartz inequality that for any ¢ > 0,

iAn 'LAn
B3 < CAY? |E / (pF + @5)d / / / w(ds, du dx) < CAY2,
(i—-1)An, (i—1)Ap Ju<Ay, :EGRT

Step 11. Combining the results of Steps 6-10, we get (8.11) provided condition (8.12) holds. O

Lemma 4 Suppose we observe the process p; at the discrete times 0, A, ...,nA,, ..., t, t+A,, ... t+
nl,, ..., and assume that assumptions A1, with v(x) nondecreasing for x sufficiently large, and

A/ hold. Then, for or and the function fr defined in Lemma 3, and provided (8.12) holds,

t+1

T—-1 n
\/j\,—T >, (Z Fr(AFp) =) fT(Aps)> TV, 50, asT?t oo, A, L0 (8.16)
t=1 \i=1 s—t

Proof: We can proceed exactly as in the proof of Lemma 2, using the result in Lemma 3. We only

need that E|TV™,|? < oo for arbitrary ¢ > 0. But, this follows from the fact that by successive
conditioning and application of Holder’s inequality, E (|Ax’t_1p|‘“...|A;:t_1p|q’v) < CAF=< for k
an integer, € > 0 arbitrary small, distinct ¢; for j = 1,...,k, and ¢; > 2 for j =1, ..., k. O
Proofs of Theorem 3 and Corollary 2. The proofs will follow from the proof of Theorem 1
and Corollary 1 if we can show

R P
sup \/ M ||gr(9, or) — gr(9, or)|| = 0,
0col.

where gr(0, or) is defined by substituting fttH fw+(w)>gT oF (Y(x) — o7, 01, 0P u(ds, dr) in place
of Z?:l ¢j_(¢(A?’tp)_QT7 0(1)7 9(2))1 (¢+(A?’tp) > QT) in gT<07 QT) for i = 17 2andt = 07 e T_]-7
and in the case of Corollary 1, j;il o2ds is also replaced by TV;" for t = 1,...,T. But, this result
follows directly from Lemmas 2 and 4, as the conditions on the function fr are satisfied by the

score functions ¢; when evaluated at the large jumps on the set 6 € ©F.. O
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