SUPPLEMENT TO “REALIZED LAPLACE TRANSFORMS
FOR PURE-JUMP SEMIMARTINGALES”

By VIKTOR TODOROV AND GEORGE TAUCHEN

Northwestern University and Duke University

This supplement contains some technical results and proofs of
theorems in the paper.

As in Section 7 of the paper in what follows we will denote with C' a
constant that does not depend on T and A,, and further it might change
from line to line. We also use the short hand E? ; for E (~|<95(Z-_1) An)-

1. Proof of preliminary results of Section 7.1 in the paper. Here
we derive all the results of Section 7.1 in the paper.

1.1. Representation of X¢. We start with showing that X; can be repre-
sented on an extension of the original probability space as

t
X, = X0+/ ozsds—i—/ /0'3 xfi1(ds, dz)
/ /JS xpo(ds, dx) / /US xus(ds,dx) + Yz,

where 1, pio and pg are homogenous Poisson measures (the three measures
are not mutually independent) with compensators respectively v (dx) =
m%dx, vo(dx) = |V (z)|dx and vs(dz) = 2|v/(z)|1 (v'(z) < 0) dz and a5 =
o — 05— [/ (x)dz.

The above extension of the original probability space can be done in
the following way. First, we consider a very good product extension of the
original probability space by introducing an auxiliary space supporting the
homogenous Poisson measure pg, with compensator dt ® vs(x)dx where
v3(z) = 2|V (2)|1(v/(x) < 0)dx, which is independent from the filtration
of the original one. We then make a (very good) product extension of this
space by using an auxiliary space endowed with a sequence of i.i.d. random
variables (Up),>1 with uniform distribution on [0, 1] with product filtration

(A.1)
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(j':t) being the smallest such that U, is pr-measurable for every p where
(Tp)p>1 is an exhausting sequence for the jump times of p and pg with
corresponding sequence for the jump sizes at the times (7},),>1 denoted by
(Sp)p>1 (note that p and pg are independent Poisson measures hence their
associated Poisson processes almost surely never jump together). On this
extended space we define the random measure p on Ry ® R® [0, 1] via

p(dt, dz, du) = 1g, op€(r,.5,.0,) (dt, dz, du),
P
for €,(a) denoting Dirac delta measure at point a. y is a homogenous Poisson
measure (Definition II.1.20 in Jacod and Shiryaev (2003)) with compensator
dt®(m%ﬁ+|l/(x)|)dw®1{ue[o71}}du (Recall (Up)p>1 are uniformly distributed
independent of each other and of the o-field F, and further v(z) + v3(x) =
|$|1+5 + [/ (x)]). We further have for every A x B in the Borel sigma field
on Ry ®R
(A x B x[0,1]) = u(A x B) + u3(A x B).

Note, p is randomization of the Poisson measure u + pu3 by the uniform
distribution in the terminology of [2], Proposition 10.5. We then define p;
and pg via thinning of p. In particular, for each A x B in the Borel sigma
field on Ry ® R we set

1(A><B):/// Lu<u (2)) (v (2)4va () HA(dS, dx, du),
AJB Jo

,UQ(AXB):/ // 1{u>l/1(@/(lq(x)-l-l/z(x))}ﬁ(ds,dxadu)a
AJB Jjo1]

where vy (z) = m% and vo(x) = |V (x)]. It is easy to see that p; and
pe2 are homogenous Poisson measures with compensators dt ® vy (z)dz and
dt ® vo(x)dr and further pu1(A x B) + p2(A x B) = u(A x B x [0,1]).

Therefore, we can write

(A.2) 7 =21+ 7% — 79

//:U,uldsdx Z //xugdsdm Z //:c,ugdsdx)

and from here the decomposition in (A.1) holds.

In what follows, for simplicity of notation we will assume that the orig-
inal probability space has been already extended in the above way so that
filtration and probability will continue to be denoted with (F;) and P re-
spectively.

where
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1.2. Bounds for 51(2u) We continue with deriving the bounds for 51(3‘) and
its subcomponents. Since

iAp iAp
n </ &S2ds+/ /\5(s,x)y2y(ds,dx)> < oo,
(i—1)An (i—1)An JR

we have EI | ({ -(2)(1)) = 0. Using It6 isometry and square integrability we

iU

further have

2
Ery (620) <080 (0418, 1)

[7ANS s s 2
XE?_l/ / &uqu—i-/ /é(u—,x),&(du,dx) ds
(i—1)A, (i—1)A, (i—1)A, JR -

SCAnTQ(U(ifl)Anf7

[7ANS s s
xE?ﬁl/ / &Zdu—k/ /QQ(u—,x)g(du,dx) ds.
(i—D)an \J(i-1)A, (i—1)A, JR

Therefore, since |Y(x,u)| < C where the positive constant C' depends only
on u, and further using the integrability conditions in assumption B, we
have altogether

u)

(T/Axn] (T/An]

a3 Y EL(20) 0 SE( Y B (20)) <c

i=1 =1

For §§721L)(2), by using Cauchy-Schwarz inequality, [t6 isometry and the inte-
grability conditions of assumption B/, we can write

Ay
EER @) <C VECT (03, 0) = T(06-1)a,—w)? /s — (1~ D)Ands
(i_l)An

< CAE’/Q\I E ( sup (T(o%,u) - T(U(i—l)An—au))2>a

s€[(i—1)An,i1A,]

where the constant C' does not depend on u. To continue further we make
use of the following algebraic inequality

—ulul® _ —ulyl® _
T (,u) — Yy, u)| <Cue™ W[y P= D]z — y| + Cue W7 |y~ z — y|f

(A.4)
+C’u|x—y|ﬂ*1, z,y€ER, u>0, 8>1,

with the constant C independent of u. We can further simplify this in-
equality upon noticing e~ “¥I”u|y|2A=1) 4 e=ulvl®y|y[F~1 < C(u v 1) where
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the positive constant C' again does not depend on u. The bound in (A.4)
then simplifies to

1T (z,u) — Y(y,u)| <Cuv1)(|lz -y’ + |z -y ), z,yeR, u>0, g>1.

Plugging in the above inequality x = o and y = o(;_1)a,— and using
successive conditioning (first on the filtration #(;_1)a, ) together with the
Burkholder-Davis-Gundy inequality and the integrability conditions of as-
sumption B, we get

E sup (Y(oz,u) = Y(oG-1a,—u)? | < CAB/Z=12
SE[(i—1)An,ilg]

Therefore for any finite @ > 0

(T/An]

(4.5) w8l Y E( s d20)) <o

i—1 0<u<u
Finally, first-order Taylor expansion implies

iAnp

n €2 (3)] < CuB, ( /( |

1— n

[lol” = 15)°| ds) ,

and using the integrability conditions in assumption B, we can write for any
finite w > 0

(T/An

]
(A6) a3 E( s g26)1) <C
=1

0<u<u

1.3. Bounds for 52(?;) We finish this section with deriving the bounds for

§Z(?;) and its subcomponents.
Using the basic inequality |sin(z)| < |z|P for any 0 < p < 1, we have

[7ANS
/ / O'S_CC,[LQ(dS, dﬂ?)
(i-1)A, JR

Ay
—1—‘/ /Us,x,ug(ds,dx)
(i_l)An R

Bl (0] < Cu? P Al 198

(A'7) ﬁ/
n |A?Y) 7
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where the constant C' does not depend on u. Further, using the inequality
| > aillP < 30, |aff for any 0 < p < 1, as well as the Burkholder-Davis-
Gundy inequality and Hoélder inequality, we have for j = 2,3

Ay B
IE’ / / os—xpj(ds,dx)
(i-1)A, JR

A A,
o ) e ([T el o s, o)
|| <AL ? (i—1)A, J|z|>AL*?

IB/
<c An/ o/ (@)ldz |+ CA, 2P [V (2)dz < CAn|log A,
|zl <Ay |z|>An

<C

where we also made use of the assumption that [/(z)| < i ﬁ, =
sufficiently small. We can get the same bound for the last term in (A.7)

using assumption A. Therefore, altogether for any finite w > 0

for |z|

[T/ An

(A8)  (Tlog(A,)|AL /)" ZE( s (€20)]) < c.

0<u<m

For 52(2(2), using the boundedness of the function sin(z) and the square
integrability of @,

3-2/8\—1 (T/An]
(a9 B (@) =0 B E (S e (D) <c

i=1

For fl(?;) (4) we first can use assumption B and apply Jensen’s inequality to
get for s € [(i — 1)Ap,iA,)]

Elas — ag_pya,| £ Cv/s — (i — 1)A,.

From here, we can apply the trigonometric identities for cos(z) — cos(y) and
sin(z + y), the basic inequalities |sin(z)| < |z|? and |}, a;|[P <, |a|? for
any 0 < p < 1, and finally use the fact that z — k(z) is 0 around 0 (and
hence [, (Jz — k(x)]* A1) vi(dz) < oo for arbitrary small ¢ > 0), to get

[T/Ax]
(A10)  (TAYVAL S E( sup_[€9)(4 >|) <0 vaso.
i—1 0<u<u

We turn now to 52(?;) (3). The proof proceeds through first splitting

(A.ll) Os = 0(i—1)A, = Ols +09s, SE [(Z - 1)An, lAn],
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O’ls—/ dudqu/ ((} 75’(1 DA, )qu+/ (&;7621_1)An_)d2u
(

i—1)A, (i—1)A,

/u A / u—,x) = §((i = 1)An—, 2))ji(du, dz)

+0(i—1)A"—/ xfiz(ds, dx) — O’(i_l)An_/ xfiz(ds, dx),
(i-1)A, (i-1)A,

O2s :/ 5(1 1A, AWy "'/ G(i-1)a,~Lu
(i-1)A (i-1)A,

/ /5 i —1)A,—, z)i(du, dz),
(i—-1)A -

where the terms involving the process 4, in the above are present when only
the stronger assumption B’ hold. We can further split

(A.IQ) O1s = 015 + O1s,

where

G1s = &Eil)An/ zpe(ds,dx) — 5Ei1)An/ zpz(ds, dz),
(i—1)An (i-1)An

and we note 71, is different from zero only under B’. Then for each of the
terms we can argue as follows. First we can split the range of integration:

1Ap . iAy,
/ Uls—dLs = / / H(l’)a’ls_ﬂl(ds, d:Z?)
(i-1)A, (i—1) A, Jz|<ay/?

(A.13) / / k(x)61s— fi1(ds, dx)
(i~ 1)An o] <Al ?

—|—/ ' / k(z)o1s—fi1(ds, dx).
(i=D)A, Jle[>a5/”

Then for the first integral on the right hand side of the above decomposition
we can use Burkholder-Davis-Gundy inequality and get

i, 1Ay
E / / k()G 15— fin (ds, dz)| < CALB=1/2 / E(63,_)ds
(i—1)A, J|z|<ak/? (i—1)An

< CAY/AHL

where we made use of the definition of v (dx), the fact that for x sufficiently
close to 0 we have k(x) = z, as well as the second part of equation (2.7) of
assumption B.
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For the second integral on the right side of (A.13), we can apply Burkholder-
Davis-Gundy inequality and get

1Ay
E/ / k(x)o15—fi1(ds, dx)
(i-1)An J]z|<ar/?
1/2
< CE / / x)63,_ 1 (ds,dz)
(i—1)A |x|<A1/B
1/2
< CE sup / / x)pi(ds, dx)
s€[(i—1) n,zAn] (i—1)A |:c|<A1/B
< CE{ a(z )An—| (/( oA /|x!u2 (ds,dx) + /( A /|$’M3 (ds d:c))
1/2
ds, dx .
(/—I)A /a:|<A1/B e >> }

Now, for k € N arbitrarily big (but higher than 1), we can apply Holder in-
equality as well as Burkholder-Davis-Gundy successively (a total of k times),

to get

(A.14)
iAn iAn 1/2
E!, @y (ds, da) w2 () (ds, dz)
(i-1)A, JR (i—1)Ap J)z|<AY?
k_
iAp 2351 22k1
<c|E, ( [ |a:|uj<ds,dx>>
(i-1)A, JR
gk—1 27k

- </(: /|x|<A1/B mpia(ds dx))

1

7+2k71
<CA; %, j=2,3.

Therefore, altogether we have

iAnp
E / / k(x)o1s—fi1(ds, dx)
(i—1)An J]z|<Al?

For the third integral on the right side of (A.13), we can decompose it as
integration with respect to p1 and its compensated measure, and then apply
again Burkholder-Davis-Gundy inequality to get

1—

1
(A.15) <caTT weso.
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E

[7ANS
[ s s, d)
(i—1)A, Jz|>A5/"
[7ANS
<C |k(x)|v1(dz)E / lo1s—|ds | < CAL/PHT
|lz[>A5? (i—1)An

To continue further we denote

Eg:/ dLs and Lg‘z/ dLs, s € [(i—1)An,iA).
(i—1)An (i—1)An

We set under assumption B’

(i-1)An (i-1)A, JR

+0(i—1)an—Ls

Yo = 5E¢—1)An—L?a

and under assumption B

S S
yln _/ Gi-1)a, dWy and Y2" _/ /(5((@'—1)An—,x)ﬁ(du,dx).
(i—1)An (i-1)A, JR
Note that Y is a time-homogenous martingale independent from the ran-
dom measure p;. This follows from our assumption on g (in the case of
assumption B’) and the fact that the Brownian motion and a homogenous
Poisson measure generate independent filtration. With this notation using
integration by parts, we have

1A, _
E" | ( sin ((2u)1/ﬁA;1/aU(H)AW L?AJ / ying,
(i—1)A,
~ - N
=E! | sin ((QU)UBA;l/ﬁa(ifl)AnsznAn) ?AnyilA"n _/ L;L_dysln > —0,
(i-1)An

where we made use of the independence of EQ and Y!" and the symmetry
of the distribution of L. Next, under assumption B, we have

Ei'y (sin ((QU)l/ﬁA;I/BU(i—l)An—E?An> /( DA Ysz_ndzs>

iAp

[YANS

5/1'—1 An— . _ ~n ~n ~
= %E?—l (sm ((QU)I/ﬁAnl/ﬁﬂ(i—l)An—LmJ <(Lmn)2 - /( DA Hz(x)ﬂl(dsadﬂf)))

:0’
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where we made use of It6 lemma for sin ((2u)UBA;l/ﬁa(i,l)An,Zmn) as
well as the fact that the function s is symmetric. Finally for the case when
1 and g are not necessarily independent (i.e., the general case of assump-

tion B), we have the following additional bound (which can be derived us-
ing the Burkholder-Davis-Gundy inequality twice and then the inequality

[ 220 lail P < 325 faql? for any p € (0,1])

i, B+t B+t
E / Y2"dL, < CE/ / /(5 u—, z)i(du, dz) ds
(i—1)A, (i—-1)A, |J(E—-1)A, -
B+
Bve' 4
< CE/ / /\5 u—, 2)|PVE p(du, dz) ds
(i—DA, |Ji-1)A,

1+#
S CAn BVB +u

9

for ¢+ > 0 sufficiently small. Thus altogether we have for ¢ arbitrary small
and any finite w > 0

(TA,)'E ( sup
0<u<u

(TA}L/(ﬂvﬁ”m) 'k sup
0<u<u

On the other hand using the boundedness of the sin(z) function It6 isome-
try (note that £(z) has bounded support and therefore [p £?(z )1 (dz) < 00),

and the fact that E (f( “1)An (0s —o@i-1)a )2d3> < CA?L, gives

(T/An]

Z E} 5(3) D < O, under B’,

(A.16) o

Z E 5(3) ’) < C, under B.

[T/
(A.17) (TA3-2/8)~ Z IE( sup \g§§3<3)|2> <C, va>0.
<u<u

Similar transformations yield

[T/ An]
(A.18) (TAZ2/0)70 E< sup \gw( )|> <C, Vua>0.

i=1 0<u<uw

Combining the results in (A.8), (A.9), (A.10), (A.16), (A.17) and (A.18),
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we get

(A.19)
(T/An)

E Z §zu <CT (IlogAn!A}f’B'/ﬁVA,(E*W)), under B’,

T/8) 1
y (2=2/B)N—5—
E Z &u <CT <| log AMA};E By A pve +L> , under B.

O

2. Proof of Theorem 2. We follow the same steps as those for the
proof of Theorem 1. First, we can make a decomposition similar to that of

Vr(X, Ay, B,u) — fOT e_ulatlﬁdt, mainly
5 T 5 [T/AL] L ) 5 T ;
VT(Xa Anaﬂau)*/ €7ulat‘ dt = Z (57724’55_)1” 5 )) / efu“75| ds,
0 =2 ([TAR]-2)An
glu) = A, (COS[UI/BU(FQ)AH7A;1/B(A?L — A (L) - e‘““’(iﬂmn—\ﬂ) 7
€6 = A (cosful P A A (ALY — AL X)) — cos[u P a)a, - ALYVHATL — AL, L)])

Then for E( ) we can further decompose for any ¢ > 0

2
[t/An] [t/An]-1 . ,
Z g}}u) Z Vi +Ane*u|0’0| /2 (COS[’UJI/BJOAZLI/BA?L] _ o~ ulool /2>
=2 =2
o a o _|°
+ A, (cos[ a([t/A] A, —AL /8 ApyagLl—e ot/ an1-2)an - /2)

X cos[ul/ U([t/An]—Z)An—A; A[t/An]—lL]
+ Apsinfu!Poya, ) oa, AL VPAT A L sinful Poya ) oya, - ALVPAT A 11 L,
where
Yiu = Ap (Cos[ul/ﬂa(i&m"—Ale/BA?L] - eiu‘g(idmni‘ﬁﬂ) COS[UUBU(F?)A“Agl/ﬁA?_lL]
N Ane_““’“*lm""ﬁﬂ (cos[ul/ﬁa(iqmnfA;UﬁA?L] _ e—u\U(Fl)An—\Bm)
+ Ay sinfulPo gy, AV PAT L sinfu! ooy, AL VPAT ).
We have

(A.20) EP ) (via) =0, EP(E1) < OAL,
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(A.21)
EP (i) = A2F5((u/2)Plog_aya, ) cos*[ut Pag oy, ~AVPAL L]

—ulors B
+ AZem 08 Fy((u/2) Y |o-pa, -]

1— e*UQﬁilla(i—Q)An—lﬁ . _ n
+ AEL ( 2 sin” [ul/ﬁg(i—Q)An—A" UﬁAi_lL]

+ 2Aie_“|"<i*1>An*|ﬁ/2 cos[ul/ﬁa(i,gmn,A;l/BAZZlL]

{ e— o, —+oina,-17/2  g-ulona,-—ou-2)a,-1°/2
X

2 + 2

— e UoG-nan - B/Q—UIU(izmnlﬁ/Q}_

Using the fact that the process o is cadlag, we finally have

[t/An]—-1
S ER (i) = AZEs (P loioga, - |) + 0p(1)
(A.22) i=2

t
= An/ Fs(u'/P|og|)ds + 0,(1), ¥t > 0.
0

Combining (A.20)-(A.22) and using the same steps as in the proof of Theo-

rem 1 (in particular showing the analogue of the result in (7.16) in the text),
[t/ An] £

'L ,u?
Skorkhod topology when A, — 0, to a fo Fg 1/ﬁ|as|)dﬁfs’ where V[N/t’ is a
Brownian motion defined on extension of the original probability space and
independent of the o- ﬁled F.

Next, —— Z [T/ An] 52 8 asymptotlcally negligible from the proof of The-

we have the stable convergence of F ity as a process in t for the

orem 1. We are left with ——= Z[T/ Al &) We make the decomposition

& = 24: £ (s

—1 ~ ~
E0(1) = —24, sin (u” PALI ALY - AL X+ ATK - A;?_1X>>
7,0 n 2

. (ul/ PALP(APX — A X — APX + AMN{))
X sin 9 ’

€02) = —uPAL Y sin (WP oy a, AVHATD - AL, L))

Ay, " (i—1)A, _
X (/ (Usf - U(i72)An7)dLs - / (Usf - U(iQ)An)dLs> ’
(i—1)A, (i—2)A,,
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— Ay cos(uPAY o oA, (AL — A" | L))

iA, ~ (i-DA, ~
— A, cos ul/ﬁAgl/ﬁ / as_dLs—/ os_dLg ,
(i—1)A, (i—2)A,

€ () = —uMPALTYP (sin(R) — sin(u! AT o gya, (ATL — AL, L))

A, _ (i—-1)A, _
X / (O—sf - U(i—Q)An—)dLs - / (057 - J(i—Z)An—)dLs ’
(iil)An (i*2)A"

where X; = fot &sds—i—fg osdLg and X is between ul/BAEI/BU(i_Q)An_(A?E—
n T -1 T i—1)An

AP L) and PN (B o0 dLo— [0 oy dL,)
Using similar techniques as for the bounds of fz(u) (j) we can show that

[T/AR]
(T|log(Ay)|ALF/8)~1 Z El&?(1)] < C,

. [T/An (T/An]
(TAYEVE +0)-1g Z EP,€2(2)| <C, (TAY A1 N EED @) <,
=2
(T/An] (T/An]
(TAYPATE ST EIENG <0 (1A Y Bl @)l < C.
i=2 =2

Therefore, —— Z[T/ An] A}?;) is asymptotically negligible under the condi-
tions of the Theorem when A,, — 0 and T is fixed. O

3. Proof of Theorem 4. Part (a). Given Theorem 3, we need to
prove that the difference v/T (/:'E(u) = /:'5 (u)) is asymptotically negligible.
We have

L5(u) ~ Es(w)| < 5 )2|1og<2u/A W I(An/(2u)) "5+ (G — )

[T/A
- Z [sin ()7 AT ALX) (2) VAN ALK,

where £* is between 8 and B. Then, using the integrability of the absolute
values of the increments of X and also the fact that 5 > 1, and upon applying
Markov’s inequality, we get
A (T/An]
P22 Y Isin ((m)”%;l/ﬁ A?X) 2u)YEAZVBATX| > log(A,)] | — 0.
i=1

(3) = Ay cos(uPA Y o oA, (ATL — AT L)) + A, cos(u AV (AT X — AT,

X))
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Sinceg—ﬂzop( 1), WehaveP(

’ > af 2) — 0. Taking into account

the assumed rate of convergence of B the result follows.

Part (b). In the case when § uses an initial part of the sample (with fixed
span) that is used in the construction of Vp(X, A, 5,u), we can replace the
latter with the same statistic but using only that part of the sample that is
not used in the calculation of . Since the time span of the sample used in
the calculation of 5 is fixed, this will have no asymptotic effect. Therefore,
it is sufficient to consider only the case when [ uses only information before
the beginning of the sample and we do so in the proof of the theorem.

First, sinceA 23\ A [, it is no limitation to restrict attention on the set
for which |1/ —1/5| < €/2 for some arbitrary small € > 0. Then, using the
proof of Theorem 3 and notation of that proof, we can write for arbitrary
small ¢ > 0

[T/An]

~ 1
\/Tﬁg(u) -7 Z cos ((2u)1/6A;1/60(i_1)An_A?L)
i=1
(\FA (1-8'/B—)N (2~ 2/6)/\1/2>
Similar, using successive conditioning on the set of data used in the estima-
tion of B, we can write

(T/An]
Z cos( 2u) 1/’5A Y8y O(i— )An,A?L)

=1

1
VT VT

’ﬂ

=0, (\/;FAQ—Bf/ﬁ—b—eM(zfz/ﬁ—e)mm) 7

for € defined above. Thus, we need to find the asymptotic limit of

(T/An]

A; Z (cos(2u UBA 1/50( )AR,A?L)—COS ((2u)1/BA V85 Oi—1)a,—AF L))
i=1
_ 1/8—1/8* A, log(2u/Ay,)
(An/(2u)) = g (5-5)
(T/An)

X Z {sin (@u)"7" A7 o 1ya, - AIL) o na, - Qu) P ATIATLY

where we used a first-order Taylor expansion around the true value g and
we further denoted with 8* some value between 3 and 3. The proof consists
of the following steps.
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Step 1. We show
[T/An]
— Z {sm(Qu 1/5A /Ba( 1A, -A7 L) (2u) /8 (i 1)An_A;1/BA?L}
P
— E(Gs(!oy])).

First upon differentiating in u both sides of the identity E(cos((2u)/?L)) =
e~ ", and using the self-similarity of the stable process, we easily have

By (sin (2007270 16, ATL) (2u) /P A7 Po_1ya, ATL)
= G(uPloG_1ya,-)-

From here using the fact that the function Gg(x) is differentiable (in z),
assumption B, the ergodicity of oy combined with a law of large numbers,
we get

[T/A y
T Z (bln ( 2u)1/ﬁAfll/Ba(i_1)An_A?L) (2u)1/5A;1/ﬂa(i_1)A"_A?L)

55 E(Gp(u?|oy))).

The result then follows using Theorem VIII.2.29 of [1] and the fact that for
some 1 < p < 8 we have

E ‘sin ((2u)l/ﬂA;I/ﬁa(i_l)An_A?L) a(i_l)An_Agl/ﬁA?L‘p <C.

Step 2. We have

(A.23)
AL 100 (A,, 120)| LA (1 e
\/%g( /2u)| S {(Sm ((2u)1/ﬁ AZ1/B 0@—1)A"-A?L)
=1

_ sin ((2u)1/%,;1/%(,»_1)%_&%) >a(i_1)An_An1/ﬁA?L}
0.

First, we can write for some 1 <p < 3

sin (207 ALY 01y a, ATL) = sin (2077 0 yya, ATL)|
<2 Jsin (0.5((An/(20)) ™7 = (A /(20) )i ya, - AIL)
< O)(An/(2u)) VI HYE _ap A B AR LY,
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where we have made use of |cos(z)|] < 1 and the property |sin(z)| <
| sin(x)|P~! < |z|P~! since 0 < p — 1 < 1. Then we have

(A.24)

A, | A . .

?n Z { (sin ((2u)1/ﬁ A;l/ﬁ U(i—l)A"—A?L> — sin ((Qu)l/ﬁAfll/ﬁa(i_l)An_A?L) )
i=1

X O’(i_l)An_Agl/BA?L ’

X A (T/An]
< OJ(An/(u))THFHE ATt S Y foGna, AT PATLP.
i=1

The second term above converges in L' norm. Now, using Taylor expansion
we have [(A,/(2u))~ VBB 1] < C| log(An/Qu)|A;€/2|ﬁ* — f]. Then we
can choose p = 8 — ¢ for ¢+ > 0 sufficiently small in (A.24) and taking into
account T'A, — 0 as well as a > 1/(28) we have the result in (A.23)
provided € > 0 is chosen sufficiently small.

Step 3. The result of the theorem follows by taking into account that
A,/ (2u))Y/B-1/8™
(ﬂ**)2
where 8** is between $* and 3, and the fact that B — B = 0p(AY) for some

a > 0.

Part (c). Given the result of Step 1 above, the only thing that remains to
be proved is

(T/An]

A,
T

(An/@u) VAV =14 (5 — ) log(2u/Ay),

(A;l/ﬁA?X sin((2u)YPASVBATX)

— 0(ina,- A, /PATL Siﬂ((QU)l/ﬁa(i_l)An—Aﬁl/ﬂA?L)) 0.

For this we need only use the following algebraic inequality for Vz,y € R
|z sin(z) — ysin(y)| < [z — y[ + |ysin((z — y)/2)],
with = A;l/’BAlﬂX and y = A;l/ﬁa(i,l)An,A?L, Holder inequality, the

fact that E|L|P < oo for p < 3, and the following basic inequalities

i,
A;l/ﬂE‘A?X—/ /as,xul(ds,da:) < CALB,
(i-1)A, JR

A;l/ﬁE < CA%LJFB/?*l/ﬁ*é’

iAnp
/ (05— — o(i—1)a,—)Tii1(ds, dz)
(i-1)An

)

where € > 0 is arbitrary small. O
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3.1. Proof of Theorem 5. We first show that § is consistent estimator of
0y. We have
(A.25)

/R (Eﬁ(u) - Eﬁ(u;ﬁ))Qn(u)du - / (Ls(w) — Ls(u; 0))? k(u)du

Ry

sup .

0

Denote tumax = sup{u : k(u) > 0} which is finite due to the assumption of
the theorem. Then, using Theorem 3, we have uniformly in 6

(A.26) /R (Esw) ~ L£5(u:0)) Ly (R(u) — w(u))du 55 0

Next, using the boundedness of (Eﬁ (u) — Lg(w; 0)) and the property of the

kernel x, we have

~ 2

(Zs(u) = £5(:0)) 1 sy Blw)du < / R(u)du

(A27) Ry U>Umax

<C sup u?TR(u) 0.
U>Umax

This obviously holds uniformly in 8. Combining the results together with
the fact that fR+ (Lg(u) — Ls(u; 0))* k(du) is uniquely minimized at § = 6,

we have that § ——s 0. R
Given the established consistency, with probability approaching 1, 6 solves

/ <Zﬁ(u) — Lg(us 9)) VoLs(u;0)7(u)du = 0.
Ry
Therefore, with probability approaching 1, we have

\/T (é\— 90) = ﬁilE\,

where

H=- /R ) (Zﬂ(u) — Lg(u; 9)) Voo L (u; 0)7(u)du + / Vo Ls(u; 0)VoLs(u; 0)F(u)du,

R

E=VT (E,@(u) — La(u; 90)) VoL s(u; 00)R (u)du,

R+
with 6 being a number between 0 and fo. Then, using exactly the same
decomposition as in (A.25)-(A.27) and Theorem 3, we can show (since 6 is
consistent for fp, with probability approaching we have 1 6 € ©')
P

(A.28) H — Vo Ls(u; 0)VoLs(u;0) k(u)du.
Ry
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Hence we are left with showing

(A.29) E & =12E.

Using Theorem 3, we have

VT (ZB(U) — L (u; 60)> VoLs(u;0p)k(u)du = =V/2F.
Ry

Finally, we can write

VT

/R+ (EB(U) — Ls(u; Ho)) VoL (u; 00)(R(u) — k(w))du

<€ sup w50 ~w@IVT [ (Bt — Latas00) T

U>Umax

The first term on the right hand side of the above is asymptotically negligible
from the assumption of the theorem, while for the second one we can use the
decomposition and the corresponding bounds in Section 1 of this supplement
to show that it converges either in L' or in L? to a constant. O
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