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Abstract

We consider a bivariate process X; = (X}, X?), which is observed on a finite time interval
[0, 77, at discrete times 0, A,,, 2A,,, - --. Assuming that its two components X' and X? have jumps
on [0, T], we derive tests to decide whether they have at least one jump occurring at the same time
(“common jumps”) or not (“disjoint jumps”). There are two different tests, for the two possible
null hypotheses (common jumps or disjoint jumps). Those tests have a prescribed asymptotic level,
as the mesh A,, goes to 0. We show on some simulations that these tests perform reasonably well
even in the finite sample case, and we also put them in use for some exchange rates data.

Keywords: Common jumps, tests, discrete sampling, high frequency data.

1 Introduction

It seems more and more apparent, as high-frequency data become available at a large
scale, that many processes observed at discrete times like stock prices or exchange rates
do have jumps. Now, finding models for discontinuous (continuous-time) processes which
are compatible with data is a hard task, especially if one wants tractable models; and this
is even more difficult if one wants to model several processes at once.

Among models for multidimensional processes with correlated components, the easiest
ones to tackle are those for which the various components do not jump together. Indeed,
[18] assumes that jumps in individual stocks do not arrive together and can be diversified
away when stocks are aggregated in a portfolio. But are such models for asset prices
compatible with financial data? The empirical studies of [2] and [8], using high-frequency
data, provide strong evidence for presence of jumps even on aggregate stock market level,
which suggests that individual stocks contain systematic jump component. It is clear that
if we want to formally study the systematic and idiosyncratic jumps in individual asset
prices we need formal tests for deciding whether the jumps in the different assets arrive

*Institut de Mathématiques de Jussieu, 175 rue du Chevaleret 75 013 Paris, France (CNRS — UMR
7586, and Université Pierre et Marie Curie-P6); e-mail: jean.jacod@upmec.fr

TDepartment of Finance, Kellogg School of Management, Northwestern University, Evanston, IL 60208-
2001; e-mail: v-todorov@kellogg.northwestern.edu



together or not. Recently, [7] analyze the relationship between the jumps in individual
stocks and a portfolio of these stocks and similarly conclude for the need of formal tests
about the possible common arrival of jumps in individual series. The main goal of this
paper is to develop such tests in a general framework.

More specifically, we consider a d-dimensional process X = (X! -.. X d) which
evolves according to a model which we want to be as general as possible: we will take
an [t6 semimartingale, which essentially amounts to say that it is driven by a Wiener pro-
cess and a Poisson random measure (this allows in particular for “infinite activity” of the
jumps). This semimartingale is observed at regularly spaced times iA,,, where i = 0,1, - - -.
We provide here some testing procedure, based on the observation of the X;a,’s up to
some given terminal time 7" (that is, for ¢ = 0,1,---,[T/A,]) to test the “null” hypothesis
that two components, say for example X! and X2, have no common jumps (meaning that
they never jump together) on the time interval [0, 7], and also the null hypothesis that
they do have common jumps.

An important feature of this paper is that we want these tests to be as independent of
the underlying model as it it is possible. A second — obvious — feature is that the problem
is asymptotic, that is the time lag A, is “small” and in fact we study the asymptotic
properties of the tests as A, — 0, the horizon T being kept fixed. A third important
feature is that we test for common jumps or no, for the path of ¢t — X; on [0,7T]: some
models allow for a positive probability of common jumps and simultaneously a positive
probability for no common jump, and our tests try to give an answer for the observed
path, and of course not the model itself.

It might be useful to consider the case where the horizon T' = T,, also depends on n.
There are two extreme cases: one is when T, converges to a limit 7" > 0, and all what
follows applies word for word in this case, although practically speaking this situation
really amounts to considering T;, = T as being constant. The other interesting case is
when T,, — oo. Then what follows does not apply: we need much stronger assumptions
on X, like ergodicity conditions, to derive any kind of results. On the other hand, the
techniques are somewhat simpler and rather different, and we would be in a classical
hypotheses testing situation, instead of having “conditional” tests, as explained below.
We do not consider this situation at all in this paper.

The tests exhibited here are based upon statistics involving suitable sums of functions
of the increments of the process X between successive observations. We will use these
increments at two different scales, exactly as in [1], whose methods are somehow gener-
alized here. The way the tests are conducted is however different and in a sense more
complicated than in that paper. Tests for deciding whether a given path has jumps or
not on the interval [0, 7] have been already developed (see [1], [4], [14], [16], [17], [19]; [3]
and [5] discuss some multivariate extensions of the test in [4]). Therefore, here we focus
on the problem of testing whether there is at least one common jump time for the two
components, or none, supposing that there are jumps.

The paper is organized as follows. Sections 2 and 3 describe our setup and the test
statistics we use. We provide a Central Limit Theorem, or what plays the role of it for our
proposed statistics, in Section 4, and use them to construct the actual tests in Section 5.



We report the results of some Monte Carlo simulations in Section 6, and in Section 7
we put our tests in use on actual data, namely the exchange rates between two pairs of
currencies. Proofs are in Section 8.

2 Setting and assumptions

Our problem in this paper is to determine whether any two components of a multi-
dimensional process do jump at the same times. It thus amounts to solving this problem
separately for each pair of components. In other words, this is a truly 2-dimensional prob-
lem, and it is not a restriction to suppose that the underlying process X is 2-dimensional,
with components denoted by X' and X?.

As already mentioned, we do not want to make any specific model assumption on
X, such as assuming some parametric family of models. We do need, however, a mild
structural assumption which is satisfied in all continuous-time models with stochastic
volatility used in finance, at least as long as one wants to rule out arbitrage opportunities.

Our structural assumption is that X is an It6 semimartingale on some filtered space
(Q, F, (Ft)t>0,P), which means that it can be written as

X, = X0+/bds+/tade —i—//HO(SSZ)( — v)(ds, dz)

//masz (ds, dz). (2.1)

where W and p are a 2-dimensional standard Wiener process and a Poisson random mea-
sure on [0, 00) x E, with (E, £) an auxiliary measurable space, on the space (2, F, (F¢)i>0, P)
and the predictable compensator (or intensity measure) of p is v(ds,dz) = ds ® A(dz) for
some given finite or o-finite measure A on (E,£). Above, b is a 2-dimensional adapted
process, o is a 2 X 2-dimensional adapted process, and ¢ is a 2-dimensional predictable
function on  x Ry x E. Moreover & is a continuous truncation function on R?, that is a
function from R? into itself with compact support and x(x) = 2 on a neighborhood of 0,
and £'(z) = x — k(x).

Of course b, o and ¢ should be such that the integrals in (2.1) make sense (see for
example [11] for a precise definition of the last two integrals). However we need a bit more
than just the minimal integrability assumptions, and the precise hypotheses are stated in
Assumption (H) below. Before this statement, we need some further notation. We write

AX,=X,— X, , 7=inf(t: AX}AX? #0) (2.2)
for the jumps of the X process and the infimum 7 of the joint jumps times of the two

components. Set also I = {(w, t,z) : 6'(w,t,2)6%(w, t,z) # 0} and, for i = 1, 2:

(2.3)

5'i(w) _ f(,t-gZ 00 11:)(w, t,z) A(dz) if the integral makes sense
t 400 otherwise

Assumption (H): (a) The paths t — by (w) are locally bounded.



(b) The paths t — o(w) are all right-continuous with left limits.

(c) We have ||§(w, t,x)|| < Ty(w)vy(x) identically, where T is an adapted locally bounded
process and v is a (non-random) nonnegative function satisfying [,(v(x)?> A1) A(dz) < oo.

(d) The paths t — 0} (w) for i = 1,2 are locally bounded on the interval [0, 7(w)).

(e) We have ftt—” llos||ds > 0 a.s. for all t,r > 0.
The non-degeneracy condition (e) says that almost surely the continuous martingale
part of X has no interval of constancy. It could be weakened, and in any case this condition
is satisfied in all applications we have in mind. Apart from this non-degeneracy condition,
which rules out “pure jump models” like the Variance Gamma or the NIG processes
sometimes used in the financial literature, Assumption (H) accommodates virtually all
models for stochastic volatility, including those with jumps, and allows for any kind of
correlation or dependency between the volatility and the asset price processes.

Remark 2.1 Condition (d) is implied by the others when [(vy(z) A 1) A(dz) < oo, which
essentially amounts to saying that (and implies that) the jumps of X are summable, i.e.
Yos<t IAX|| < oo a.s. (note that the summability of jumps in this sense implies at
least that the processes 6" are locally bounded). Otherwise it may appear as a strong
assumption because we can have ;! (w) = §{?(w) = oo for “most” (w,t). However, if A; =
5 [ 1x(s,2) u(ds,dx) then A, < 1 by construction, and by definition of the predictable

compensator we also have E(fOT ds [ 1x(s,x) A(dm)) =E(A;) < 1. Hence [ |67|ds < oo

a.s. Therefore |§}'(w)| < oo for P(dw) ® dt-almost all (w,t) such that ¢ < 7(w). Hence (d)
is indeed a rather weak technical assumption, similar to saying that b, is locally bounded
instead of the “minimal” assumption saying that fg ||bs]| ds < o0 a.s.

Comments on Assumption (H): The key hypothesis is that X is an Itd6 semimartingale,
otherwise everything falls apart. The non-degeneracy assumption (e) could perhaps be
weakened to be fOT losllds > 0 a.s. for the final time 7' only, but without at least this
weakened assumption some of the forthcoming results are wrong. The conditions (a), (b),
and also (d), as seen in the previous remark, are rather weak, but they play an essential
role in the proofs, and (b) also plays a crucial role in some of the statements. Finally (c),
which is not so weak, is also crucial for most proofs.

3 The test statistics

3.1 Preliminaries

Recall that our process X is observed over a given time interval [0, 7], at times iA,, for all
i=0,1,---,[T/A,]. We cannot of course do any better than if the process were observed
“continuously” over [0, T, that is we can at the best decide in which of the following three

sets Q(Tj) (for “joint jumps”) or ngl ) (for “disjoint jumps”) or ng) (for ” continuous” ) below



the particular “observed” outcome w lies:

ng) = {w: on [0,T] the process AX!AX?2 is not identically 0}

ngl) = {w: on [0,7T] the processes AX! and AX? are not

3.1
identically 0, but the process AXIAX? is} (3:1)

ng) = {w: on [0,7T] at least one of X! and X? is continuous}.

That is, even under a “complete” observation of the path we cannot decide whether the
actual model allows for joint jumps or not, but only that the observed path has this
property. Of course if we decide that the observed path has joint jumps then the model
should allow for this, but in the other case the model can still allow for joint jumps.

These three sets are disjoint and form a partition of 2; however we may very well have
POY) >0,  PEOY) >0,  POY) >0, (3.2)

at least in the case of finite activity jumps, e.g. when A is a finite measure. When both
components have infinite activity we have IP’(Q(TC)) = 0, but the first two probabilities in
(3.2) may still be both positive.

A comprehensive testing procedure should encompass all three kinds of outcomes.
However, using the procedure established in [1] (or other methods), we can in principle

decide whether we are in Qg,(f) or not. Here, we assume that this preliminary testing has

been performed. If the conclusion is that we are in Q(TC) then of course the procedure is
ended. Otherwise, we have to decide between ng ) and ngl ). this is the aim of this paper.

In a first case, we set the null hypothesis to be “joint jumps”, that is that we are in Qg ),
We will take a critical (rejection) region CT(L] ) at stage n, to be defined later, which should
depend only on the observations X;a,. Exactly as in [1], we do a kind of “conditional”

test. Note that although X, hence Qgﬂ) as well, depend on the triple of coefficients (b, o, )
belonging to the set H of all coefficients satisfying Assumption (H), the observations X;a,,
and thus C’,(Lj ) do not depend on (b, 0, ) explicitly (the probability of CT(Lj ) does depend on
this triple, though).

Then, with obvious notation, we take the following as our definition of the asymptotic
size, for a given triple of coefficients:

a9 = sup <limsup ]P’(C,(lj) |A): AeF, AC Q(T])) (3.3)

Here IP’(C’,(lj ) | A) is the usual conditional probability with respect to the set A, with the

convention that it vanishes if P(A) = 0. If P(Qg)) = 0 then a¥) = 0, which is a natural
convention since in this case we want to reject the assumption whatever the outcome w

)

is. Note that a(?) features some kind of "uniformity” over all subsets A C Qgg .

As for the asymptotic power, we define it as

BY) = inf (nmmf P(CY | A): AeF, Ac ng”). (3.4)
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Again, this is a number. The asymptotic level and powers are defined here in a different
way than in [1], where the level and the power were respectively aéj ) = lim sup,, IF’(CT(lj ) |
09y < aV) and 8 = liminf, P(CY | Q) > BU). The results would be unchanged if
we had taken a((]j ) and ﬁ(()j ) as our definition.

In the second case we set the null hypothesis to be “disjoint jumps”, that is that we
are in ngl ). We take a critical region C,gd) at stage n, again to be defined later, and the

asymptotic size and power for the triple of coefficients (b, o,d) in H are

o = sup (msup, PO | 4): AcF, Ac o),

. (3.5)
8@ = inf (nm inf, P(CY |A): AeF, Ac Q§2>).
3.2 Construction of the critical regions
We first need some notation. For any Borel function f on R? we write
[t/An]
A'X = Xin, — Xi—)a, V(f,Ap)e = Z fIATX). (3.6)
i=1

Below, we also use V(f, kA,); for k an integer bigger than 1, meaning that we replace the
stepsize A, by kA,. That is, we have

[t/kAn]
V(£EAD) = D F(Xika, — Xi-nyka,)- (3.7)
i=1

Note that V(f, Ap)¢, and also V(f, kA,) for all £ > 2, can be computed on the basis of
the observations.

Three functions will be of particular interest:
fl@) = (ma2)?, @) = (@), g = (2)" (3.8)

The critical regions 07(13' ) and Cfld) will be based upon the following two test statistics:

o) — VU kAn)T @ _ V(f, An)r . (3.9)

"o V(f7 AH)T ’ " \/V<917An)T V(927AR)T

Here, k is an integer not less than 2 (typically k = 2 or k = 3), which is fixed throughout.

Note that CIJ%j ) depends on k, and both <I>£lj ) and @%d) depend on T

The asymptotic behavior of these two statistics is crucial, and in order to give a
description of it we need the notion of stable convergence in law, for which we refer for
example to [11]. We also need some (cumbersome) further notation to describe the limits.

Recall that (H) is assumed. We denote by (5;)4>1 a sequence of stopping times which
exhausts the “jumps” of the Poisson measure u: this means that for each w we have



Sp(w) # Sy(w) if p # ¢, and that p(w,{t} x E) = 1 if and only if t = Sy(w) for some
q. There are many ways of constructing those stopping times, but it turns out that what
follows does not depend on the specific description of them. Next, we consider an auxiliary
space (€, F',P’) which supports a number of variables and processes:

e four sequences (Uy), (U}), (U,), (U;) of 2-dimensional N (0, I3) variables;
e a sequence (kq) of uniform variables on [0, 1];

e a sequence (Lg) of uniform variables on the finite set {0,1,---,k — 1}, where k > 2
is some fixed integer;

and all these variables are mutually independent. Then we put
Q=QxQ, F=FeF, P=PoP. (3.10)

We extend the variables X, bt, ... defined on © and Uy, fip,,... defined on Q' to the product
{2 in the obvious way, without changing the notation. We write E for the expectation w.r.t.
P. Finally, we let () be the smallest (right-continuous) filtration of F containing the
filtration (F;) and such that U, U}, k, and L,, are Fg, -measurable for all n. Obviously,
p_is still a Poisson measure with compensator v, and W is still a Wiener process on
(Q, F, (Ft)t>0,P). Finally we define the 2-dimensional variables

Ry = \/Rq 05, Ug+ /1 —kq 05,Uy
R, =\/L, 05, Us+\E—1-Lg 05,0, (3.11)

Let us next define some auxiliary processes, to be used sometimes in the forthcoming
”laws of large numbers”, and sometimes later in the associated CLTs. As a rule, processes
without ”tilde” are defined on the original space (), and those with "tilde” are on the
extension (2. Below, we write ¢; = o0} (the diffusion matrix of X). Then we set

{ B = Y (AXDX(AXD?E G = [yl +2(ch?)?) ds, (3.12)

Bél = ngt(AXsl)Zl? BP = ngt(AX3)4?
Fro= 3% (XD + ) + (AX2 (L + ),
Fl = 25, ((AXDAAXZ) L + el (3.13)
HAXHHAXZ(E + ¢2) + 2AAXIAXZP (2 + 1)),
Dy = X s, (AXE 22 + (AXE RL)?)

~ 1 pi2y2 2 P2 (3.14)
D} = Y s, <0 (XY, RI2)? + (AXE RYV?).



G =23 s, (( AXS PAXE RZ+ (AX3)PAXE R,
G =25 < ( V(B _ + B (R2)’ (3.15)
+H(AXE, >4<cs + c§},><R;>2).

The following theorem gives us the asymptotic behavior of our two test statistics, on
the union ng) U ngl ). As said before, we supposedly know that we are not in ng), so the
behavior of the statistics on this set is of no importance for us. Recall that (H) is assumed
throughout.

Theorem 3.1 a) We have

Br/«/BAB2 > 0 on QY
g &, ) Br/yBrBi 7 (3.16)

0 on ngl).

b) We have

o0 1 on QY (3.17)

n
and <1>,(3) converges stably in law, in restriction to the set Q(d), to a variable which is a.s.
different from 1 and given by N
~ DI, + kC
A (3.18)
Dr +Cr

The last claim means that E(h(@g))Ylgg)) — E(h(%)YlQ;i)) for all bounded F-

measurable variables Y and all bounded continuous functions ~ on R. This is the definition
of the stable convergence in law, in restriction to a subset of Q (see [11] for more details
on the stable convergence in law).

Of course, if any one of the two sets ng) or ngl) has a vanishing probability, the
corresponding statement above is empty.
As a consequence, we are led to take critical regions of the form o) = {|<I>$f ) 1] > en}

or C,(Ld) = {@gld) > ¢, } for suitable - and possibly random - sequences &,. However, to
determine the level of such tests we need to go a bit further and give a central limit theorem
associated with the convergences established in Theorem 3.1, at least in restriction to ng)
for <I>£Lj) and to ngl) for <I>,(1d).

4 Central limit theorems

We have a genuine CLT for <I>$Lj ), on ng). We do not really have it for <I>7(1d) on ngl ), but
it is replaced by the stable convergence in law towards a positive random variable, similar
to the convergence in (3.18).

The basic theorem, about non-standardized statistics, goes as follows.



i ()
Theorem 4.1 a) In restriction to the set Q§Z> the sequence % converges stably in law

to the variable ¥ = C~¥T/BT which, conditionally on F, is centered with variance
E(W? | F) = (k—1)Fp/(Br)?, (4.1)

and is even Gaussian conditionally on F if the processes X and o have no common jumps.

(d) )

b) In restriction to the set Q.  the sequences Ain@%d converges stably in law to the

positive variable ® = (Dp + Cr)/ B B2 which, conditionally on F, satisfies
E(® | F) = (Pr+Cr)/\/BEB. (4.2)

4.1 Some consistent estimators
To evaluate the level of tests based on the statistic <I>§Lj ) or <I>$«Ld) we need consistent esti-
mators for the asymptotic mean or variance obtained in Theorem 4.1. That is, we need

to estimate F. and Br, resp. Fr, Cr, B’T1 and B&g, on the set ng), resp. Qﬁ}i).

For Brp, B% and Bé? a simple extension of [9], which is also used for the first part of
(3.16) (see Subsection 8.3), gives us that

V(f,An)r =, By, Vg1, An)T £, B}, Vg2, An)r £, Bf. (4.3)

For Cr we can use multipower variations or truncated powers. This gives rise to two
alternative estimators:

R o [T/8a)-3
B o= TS (AT AR XA, XA X
=1

1
AKX+ XHAL (X + XDALH (X + XDAL (X + X2)
1
AT = XBAL (X! = XHAL (X! - X2)AL(X! - X2)

1 n n n n
—Z|A¢(X1+X2) i+1(X1+X2) i+2(X1_X2) i+3(X1_X2)|)7 (4.4)

A
AF = D FATX)1arx|<aasy (45)
"=

where, for the second one, we choose a > 0 and w € (0, %) arbitrarily.

For Fr and FJ things are more complicated, and we do as in [1]: take any sequence
kn, of integers satisfying
ky, — 00, koA, — 0, (4.6)

and then let I, (i) = {i —kp,i —k,+1,---,i—1} if i > k,, and I, 1 (1) = {i + 2,7 +
3,-++,i+ kp + 1} define two local windows in time of length k,A,, just before and just



after time iA,,. Then we set for ¢ > 1 + k,, and m,[ equal to 1 or 2:

{ an, )" = gk Yjer, ) AFXTATX! Lanx<ang)

(4.7)
cln, P = 5mn Ljer s AJXTATX! Ljjanx|<ang)-

Those are ”estimates” of the diffusion matrix ¢; on the left and on the right of time iA,,,
respectively. With this in mind, and with I,,(i) = I, — (i) U I,, 4 (), the desired estimators
are

[t/An]—kn—1

" 1
o= D (A"X (A7 X2)2
2in B i=l+kn  jEIL(i)

HAPX?)? (AT XY )1{||A?X||>aA;7, AT X[ <aAF ) (4.8)

o [t/2n]kn1

o = X YooY (arxharx?)?
nen i=1+4+ky EIn()

2
(AFXTATX? + ALXPATX) Lapxisany. [apxicang)y  (49)

The following theorem establishes the behavior of these estimators:

Theorem 4.2 Let > 0 and w € (0,1/2).

a) We have
an P am P
noBoop, AAR S o, (4.10)
LI s R AN (4.11)
b) Moreover we have:
Aln L, 07 on the set ngl), (4.12)
. 1 ~m . .
the sequence of variables (A—n F7 19551))7121 is tight. (4.13)

Remark 4.3 One could prove that, in restriction to the set Q( ) , the sequence of variables
An F}” converges stably in law to the variable Gﬁf defined by (3.15), but this fact is not

used for our tests. O

The above is not quite enough for deriving tests of given asymptotic size (these quan-
tities give rise to tests with a size smaller, and often quite significantly smaller, than the
prescribed level), except in case (a) of Theorem 4.1 when X and o do not jump together.
We need in fact a sort of ”estimate” for the distribution of the variables éT and l~?T de-
fined on the extended space, and conditionally on F. For this we first denote by &(n, +);
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an arbitrary (measurable) square-root of the matrix ¢(n,+); in (4.7), and we define the
2-dimensional variables

R(n)z = \//?z E(n, _)iUi + V1 —K; 3(71, —i—)zUlI
R'(n); = VL; 6(n,—)iU; + Vk—1— L; 6(n, +):U;

(the variables (k;, L;,U;, U/ ,UZ-,U; are the ones defined before (3.10)). Finally, on the
extended space we define the following processes:

(4.14)

[t/An]_kn_l
Dy = > ((Arx' R+ (A7X2 RN gapxisassy,  (415)
1=14+kn
[t/An]—kn—1
ar=2 Y A?XlA?X2<A?X1 R'(n)? + AT X2 R’<n>})1{HA?X,,>am. (4.16)
i=14knp,

Theorem 4.4 Assume that we have a sequence Z,, of positive variables going in probability
to some variable Z > 0, on the space (2, F,P). Then

PG| > Zn | F) —— P(|Gr| > Z | F), (4.17)

P(D% > Z, | F) —— P(Dr > Z | F). (4.18)

4.2 CLT for the standardized statistics

Combining Theorems 4.1 and 4.2, and in view of the properties of the stable convergence
in law, we immediately get the following (at this stage this needs no proof):

Theorem 4.5 a) With
An (k - 1)?]@1
V(f7 An)T ’
() _ ()

the variables (P 1)/‘7710) converge stably in law, in restriction to the set Qp’, to a
variable which, conditionally on F, is centered with variance 1, and is even N (0,1) if the
processes X and o have no common jumps.

PO =

(4.19)

b) With
\/ (glv A )T V(92> ) \/ (gb An)T V(927 )

the variables @&d)/f/éd) and @gld)/ffé(d) converge stably in law, in restriction to the set Qg_,ij),

to a positive variable which, conditionally on F, has expectation 1.

Another consequence of Theorems 4.1 and 4.4 is the following, which will be important
for some of the tests later.

11



Theorem 4.6 Let Z, and Z be as in Theorem 4.4, and A € F.
a) If A C ng), we have

) _ _ _
P(Am{"p” %f’ An)r Zn}) — P(AN{|Gr| > 2}). (4.21)

b) If A C Qgﬂi), and with either A\n = A\’% or A\n = A\’{f, we have

(d)
[P(Aﬂ{q)n \/V(gl,An)T V(QQyAn)

A, = > 2ot ﬁn}) — P(AN{Dr > Z}). (4.22)

5 Testing for common jumps

We now use the preceding results to construct actual tests, either for the null hypothesis
that there are jumps but no common jumps for the two components of X, or for the null
hypothesis that there are common jumps.

5.1 When there are common jumps under the null hypothesis

In a first case, we set the null hypothesis to be “common jumps”, that is we are in ng).

)

For this we use the test statistics <I>£Lj
critical region of the form

and in view of (3.17) and (3.18) we associate the

O = {10 ~ 1] > e} (1)
for some sequence c%j ) > 0, possibly even a random sequence, but in that case depending
only on the observations X;a,,.

As usual, we fix a level a € (0,1), and wish to find ¢ so that (5.1) asymptotically
achieves this level, that is for which a9 < o and of course al¥) = « if possible.

If we know that X and ¢ do not jump together, then (a) of Theorem 4.5 allows to
achieve al¥) = @, and for this we need the a-absolute quantile of A(0,1), that is the
number z, such that P(|U| > z,) = « for a N'(0,1) variable U. Otherwise we may rely on
Bienaymé-Tchebycheff inequality to construct a test for which o) < a. Or, we can make
use of (a) of Theorem 4.6, in the following way.

Recall that at stage n we know the variables given by (4.7). Then we can use a
Monte-Carlo procedure to simulate NV, copies of the variables R(n); of (4.14) (that is,
we simulate N,, copies of the variables (xi, Ui, U{)1<i<T/a,], and use (4.14) and the same
observed variables o(n+); always to compute the R(n);’s). Plugging these in (4.16), and
again with the same observed increments A”X, we thus obtain N,, copies (@(])% 1<
j < N,) of the variable @% Then we take the order statistics for the absolute values
|én1| > |@n2| > > |@nNn| for this family, and we set

Z9 (@) = |G jannl; (5.2)
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that is the a-absolute quantile of the empirical distribution of the family (@( Ji1<j5<
N,). With this notation we construct three slightly different tests:

Theorem 5.1 a) Assume that the two processes X and o do not jump together. If we set

cf{) - Za?n(j), (5.3)

where XA/n(j) is given by (4.19), then the asymptotic level of the critical region defined by
(5.1) for testing the null hypothesis “common jumps” satisfies

o) < q (5.4)

and if further P(ng)) > 0 we have oY) = a, and even

Aco¥ PAa) >0 = PCY|A)—a (5.5)
b) If we set 4 o
) = Vi Ve, (5.6)

where f@fj) is given by (4.19), then the asymptotic level of the critical region defined by
(5.1) for testing the null hypothesis “common jumps” satisfies (5.4).

¢) Take a sequence N,, — oo, define Z,gj)(a) by (5.2), and set

. . A,
) = zgﬁ(a)V(}Z)T. (5.7)

Then the asymptotic level of the critical region defined by (5.1) for testing the null hypoth-
esis “common jumps” satisfies (5.4). If further P(Qg)) > 0 we have o9 = a, and even

(5.5).

Clearly (a) is preferable if it can be used, and otherwise (c) is preferable. The choice of
the sequence N, going to infinity is, asymptotically, arbitrary; but in practice n is given
and NV, should be big enough to have a good approximation of the "true” a-quantile of
the F-conditional distribution of @% this of course depends on «, and taking for example
N, = 1000/c seems to be a reasonable choice (if & = 0.05, this means N,, = 20000;
this looks as a big number, but the simulation of our N,, = 20000 copies take only a few
seconds when the number of observations [T//A,] is about 1000).

In the previous theorem there is no statement about the power of the test, for a good
reason. Indeed, using Remark 4.3, we can show that for any A C ngl ) with P(A) > 0, and

if such a set exists, then IP’(CT(Lj ) | A) converge to a limit which is smaller than 1. However,
a simple modification of the previous tests allows to obtain the same results under the null
hypothesis, and a power equal to 1 under the alternative. It goes as follows.

Theorem 5.2 Let o/ >0 and @' € (0,1). Then if we replace (5.3) and (5.6) respectively
by

~

D) = 20 (VD A (AT)),  resp. ) = (VD A (’AF)). (5.8)

no n

4
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Then the claims (a) and (b) of Theorem 5.1 hold, and furthermore in these cases the
asymptotic power s ﬁ(j) =1.

Note that, in situations in which the continuous component is the dominant part of
X, <I>£zj ) is expected to be very “close” to k, while VAJ ) is expected to be “sufficiently”

small (if there were no jumps in both series the sequence (%ﬁ}”) _, converges to 0).
n n_

As a result, we expect (and this is later confirmed in the Monte Carlo) that the tests for
common jumps, when the critical values are determined using Theorem 5.1, still have good
power against alternatives in ngl ), Therefore, for practical purposes the critical regions of

Theorem 5.1 are probably sufficient.

5.2 When there are no common jumps under the null hypothesis

In a second case, we set the null hypothesis to be “no common jumps”, that is we are in
ngl). We take the critical region to be
oW — {(I)Szd) > C%d)} (5.9)

n

for some sequence cgld) > 0.

(d)

Here we have two ways for choosing ¢, ’: we can use (b) of Theorem 4.5 and the Markov
inequality, or we can use (b) of Theorem 4.6 and proceed as in the previous subsection:
we simulate IV, copies of ﬁi’ﬁ, giving rise to the order statistics f)n,l > lA)mg >0 > ﬁn N,
of this family, and we set

Z(a) = Dy ja/n,). (5.10)
Theorem 5.3 a) If we set R
D = V,/a, (5.11)

where 17” s either XA/TEd) or Vé(d), as given by (4.20), then the asymptotic level and power
of the critical region defined by (5.9) for testing the null hypothesis “no common jumps”
satisfy

o <a, pD=1 (5.12)

b) Take a sequence N, — oo, define Zy(Ld)(oz) by (5.10), and put either A, = A\Z} or
A, = A, Then if
~ A
@ = (ZD(a) + Ay) n
Cn n « n
VV (g1, An)r Vigs, At

the asymptotic level and power of the critical region defined by (5.9) for testing the null

hypothesis “no common jumps” satisfy (5.12). If further P(ngl)) > 0 we have a'¥ = o,
and even

: (5.13)

Acol PA)y>0 = PCW|A) > a (5.14)
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Again, here (b) seems preferable to (a), and the simulation results given below strongly
suggest that one should use (b).

Remark 5.4 The test statistics above are insensitive to the scales used to measure X! and
X?2: if we multiply each component X? by a constant \;, the test statistics are unchanged.
However, this is not true of the standardized versions, because of the truncation aAY
which we use for the modulus |A’X|| of the increments. This presupposes that both
components X' and X? have increments with roughly the same order of magnitude. If
this is not true, we should either first multiply the first component X', say, by a suitable
constant, in such a way that the averages of |A?X!| and of |A?X?| (or the averages after
deleting, say, the 10% biggest increments) are close one to the other; or, we can use two
different levels of truncation, that is replace the set {|A?X| < A"} by {|ArX?Y] <
AT JATX?] < as AT,

Remark 5.5 In fact, the choice of the truncation level « A%, in order to put our tests in
use, is a difficult one: asymptotically this choice does not matter, but in practice it does
matter a lot. The idea is that oA} should be bigger, but not too much, than "most” of
the increments when there is no jump, or no big jump: those increments being of order of
magnitude || AW with (i — 1)A,, <t <iA,. A good choice, supported by empirical
evidence coming from simulation, seems to be w = .48 or w = .49, and « being of about
3 or 4 times the "average” value of ||o¢||. The latter is unknown, but usually one has a
good idea of its order of magnitude.

6 Simulation results

In this section we check the performance of our tests on simulated data. In the simulation
study we work with the following simple model

dth = thdlthl—|—Oé1/Xt1_$1,u1(dt,dl‘1)—|—Oé3/th_l‘3;L3(dt,dl'3)
R R

dXtQ = XEUQCZWE-l-ag/XE_.’L‘g,ug(dt,dl‘z)—}-ag/X?_:Egug(dt,dajg),
R R

where cor(W', W?2) = p; the Poisson measures ji1, po and u3 are independent with com-

e €l b 11U shs .
pensators v;(dt, dx;) = \; (mze[g?;l’__l}];““hl])dtdmi for 0 < l; < h; and ¢ = 1,2, 3. The initial
values are X& = Xg = 1. We did not make simulations with infinite activity jumps, but we
consider different values of the jump intensities \;, the highest being 25: this is “almost”

like infinite activity.

In the Monte Carlo study the observation length is one day, i.e. T = 1 day, consistent
with the literature on testing for jumps in individual financial series. We simulate from
the above-given process for a total of 5000 days. Since we are interested in the behavior
of the tests on the sets Qg,f) and ngl ), in the simulation we discard days on which there
is no common and/or disjoint jump in the two series. On each day we consider sampling
n = 100, n = 1600 or n = 25600 times, corresponding approximately to sampling every 5
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minutes, 30 seconds or 1 second for a trading day of 6.5 hours or equivalently to sampling
every 15 minutes, 1 minute or 3 seconds for a trading day of 24 hours. In each simulation
we compute the raw statistics <I>7(1j ) and @%d) as well as their standardized versions defined
as:

() (d)
po) P =L @) Pn
n R IO,

where we use the notation (4.19) and (4.20). oY) is computed with k& = 2. For the
calculation of V¥ and VY we use a local window k, = 1/+/A, and truncation level of
QA% =0.03 x A%49,

In Table 1 we report the parameter values for all cases considered. In all simulation
scenarios 07 = 03 = 8 x 107 and therefore we do not report these values in the Table.
In all considered cases the variance of the common and disjoint jumps is 2 x 10~°. This
leads to proportion of the jumps in the individual series total variation that is similar to
one estimated from real financial data (see e.g. [8]). Note that, scenarios with higher on
average number of (common or disjoint) jumps automatically imply that the jumps are
of smaller size. The different parameter settings differ in the average number of jumps
(respectively their size), whether jumps arrive together or not, and in the correlation

between the continuous components of the price.

Table 1: Parameter Setting for the Monte Carlo

Case Parameters

poar Al ag Ay la he ag A3 I3 hs

I 0.0 0.00 0.00 0.011 0.050.7484
II-j 0.0 0.00 0.00 0.01 5 0.05 0.3187
III-j 0.0 0.00 0.00 0.01 25 0.05 0.1238

I'm 050011 0.050.7484 0.011 0.050.7484 0.011 0.050.7484
IIm 0.50.015 0.0503187 0.015 0.050.3187 0.01 5 0.050.3187
II1- 0.5 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238

I.d0 0.00.011 0.050.7484 0.011 0.050.7484
II-d0 0.00.01 5 0.050.3187 0.01 5 0.05 0.3187
I11- 0.0 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238
do

I-d1 1.00.011 0.050.7484 0.01 1 0.05 0.7484
II-d1 1.00.01 5 0.050.3187 0.01 5 0.05 0.3187
II1- 1.0 0.01 25 0.05 0.1238 0.01 25 0.05 0.1238
d1
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Figure 1: Kernel density estimate of ‘I>$«Ld) from the Monte carlo. The dashed line cor-

responds to sampling frequency of n = 100, the dotted line to sampling frequency of
n = 1600 and the solid line to sampling frequency of n = 25600.
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Figure 2: Kernel density estimate of <I>7(7,j ) from the Monte Carlo. The dashed line cor-
responds to sampling frequency of n = 100, the dotted line to sampling frequency of

n = 1600 and the solid line to sampling frequency of n = 25600.
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Figure 3: Size and power of the test for disjoint jumps with the critical values computed
using Theorem 5.3, part(a). The x-axis shows the nominal level of the corresponding test,
while the y-axis shows the percentage of rejection in the Monte Carlo. The dashed line
corresponds to sampling frequency of n = 100, the dotted line to sampling frequency of
n = 1600 and the solid line to sampling frequency of n = 25600.
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Figure 4: Size and power of the test for common jumps with critical values computed
using Theorem 5.1, part(a). The x-axis shows the nominal level of the corresponding test,
while the y-axis shows the percentage of rejection in the Monte Carlo. The dashed line
corresponds to sampling frequency of n = 100, the dotted line to sampling frequency of
n = 1600 and the solid line to sampling frequency of n = 25600.
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Figure 5: Size and power of the test for disjoint jumps with critical values computed via
the simulation approach in Theorem 5.3, part (b). The x-axis shows the nominal level of
the corresponding test, while the y-axis shows the percentage of rejection in the Monte
Carlo. The dashed line corresponds to sampling frequency of n = 100, the dotted line to
sampling frequency of n = 1600 and the solid line to sampling frequency of n = 25600.
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On Figures 1 and 2 we plot the Monte Carlo distributions of the raw statistics <I>q(@d)

and <I>$Lj ) under the different scenarios. On Figures 3 and 4 we plot the rejection curves
associated with the standardized tests T,(Ld) and TT(Lj ), i.e. the rejection rates of the tests
for disjoint resp. common jumps when the critical values of the tests are determined
using Theorem 5.3, part(a) resp. Theorem 5.1, part(a). Finally, on Figure 5, we plot the
rejection curves of the test for disjoint jumps when the critical values are computed using
the simulation approach of Theorem 5.3, part(b). We calculated also the rejection rates
for the test for common jumps when the critical values are determined using Theorem 5.1,
part(c). These rates are very similar to the ones reported on Figure 4 and therefore we do
not report them here. We summarize our findings from the Monte Carlo study as follows.

e Testing the null of common jumps. Under the null hypothesis <I>,(1j ) is concen-
trated around 1, with more dispersion from this value (and slight upward bias) for
less frequent sampling and settings with higher number of (smaller) jumps. Un-
der the alternative hypothesis of disjoint jumps, <I>7(f ) is concentrated around 2 as
expected from the result in Theorem 3.1, part (b). Comparing the case of zero cor-
relation between the Brownian motions with that of perfect correlation we see that
<I>7(1] ) is more concentrated around 2 for the case of perfect correlation. Turning to
the testing of the null of common jumps, we see that quj ) has the right size in all
scenarios when the sampling frequency is n = 25600. On the other hand, for the
case of higher number of smaller jumps, i.e. Case III-j and Case III-m, and sam-
pling frequency n = 100, the test over-rejects quite significantly. It is interesting
to note that for n = 100, the rejection curves under Case III-j, Case III-m, Case
I1I-d0 and Case III-d1 (the dashed lines in the plots on the last row of Figure 4)
look similar. This is clearly a finite sample problem (the solid lines, corresponding
to sampling frequency n = 25600, in the plots on the last row of Figure 4 behave as
expected). The reason is that for relatively low sampling frequency (e.g. n = 100),
the small jumps are hard to disentangle from the Brownian moves. Finally, the last
two columns of Figure 4 reveal that T,gj ) has very good power against all considered
alternatives. This suggests that for practical purposes, there is no need to truncate
ATE] ) in the construction of the critical region, as in Theorem 5.2 (which was done to

guarantee asymptotic power of the test for common jumps of 1).

e Testing the null of disjoint jumps. Under the null hypothesis, consistently with
the asymptotic results, <I>$Zd) is concentrated around zero, see Figure 1, columns 3 and
4. Upward bias appears when the sampling frequency is low (n = 100), the number
of jumps is higher (with smaller size) and the correlation between the Brownian
motions in the prices is perfect. Under the alternatives Case I-j, Case II-j and Case
I11-j, <I>7(1d) takes values close to its asymptotic limit of 1. Under the alternatives Case
I-m, Case II-m and Case III-m, @%d) does not have a fixed non-random limit because
we have both common and disjoint jumps on the simulated trajectories. This is most
clearly illustrated by the solid lines in the first and second plot of the second column
of Figure 1. Note that the limiting value of <I>£Ld) is a.s. different from 0 when we
have both common and disjoint jumps. However, in a particular realization with
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relatively big disjoint jumps and small common jumps, the limiting value of <I>£Ld) can

get close to 0. Turning to the standardized test Téd), we see that using the Markov
inequality in Theorem 5.3, part (a) leads to a significant underestimation of the
size of the test. This holds true for all considered simulation scenarios. Therefore,
it is recommendable to use the simulation approach in Theorem 5.3, part (b) to
determine the critical region of the test. As seen from Figure 5, when this is done we
do not have size distortions anymore. The only exception is Case III-d1, where even
for n = 25600 we have significant over-rejection. On the other hand the first two
columns of Figure 5 show that the test has very good power against the “common
jumps” alternatives considered in the Monte Carlo. The only exception is for the
lowest sampling frequency in Case I1I-j and III-m.

7 Empirical application

In the empirical part we use high-frequency data from the foreign exchange spot markets
for two exchange rates DM /$ and ¥/$. The data covers the period December 1986 through
June 1999 for a total of 3045 trading days. In each of the days we sample every 5 minutes
in the 24-hours trading day and thus in each of the trading days we have 288 return
observations. The DM/$ exchange rate data set has been used quite extensively in recent
empirical studies for testing for presence of jumps (see e.g. [2]). Here we take this analysis
one step further and test if the jumps in the two studied exchange rate series arrive
together.

First, we make several general comments on the empirical application of our tests. As
mentioned in Section 3.1, on a first step we need to remove the days in the sample (day
is the time interval over which we apply our testing) on which at least one of the series
does not exhibit jumps. This can be done with one of the many existing tests for presence
of jumps in individual series. Once we select the days on which both series jump we can
perform our tests. We can apply them separately. For example, if we want to test the null
of common jumps we can use only our test statistic for common jumps <I>7(1j ), Alternatively,
we can construct a rejection region for the common jump hypothesis by intersecting the
rejection region of the test for common jumps ((5.1)) with the complement of the rejection
region of the test for disjoint jumps ((5.9)). This is particularly attractive given the good
power of both of our tests, i.e. we can reduce the size with very little loss of power (as
compared with the case when the testing is performed using only the critical region in
(5.1)). The same comments apply for the test for disjoint jumps. The particular choice of
the critical values in constructing the rejection regions in the testing will depend on our
tolerance towards Type I and Type II error.

We start the empirical analysis with identifying the days in the sample on which both
series exhibit jumps. To be consistent with previous studies on the same data set (see [2])
we use the test based on the difference in logarithms of the realized variance and bi-power
variation. The significance level of the test we chose is 1%. For this significance level we
found 288 days with jumps in the DM/$ exchange rate series and 291 days with jumps
in the ¥/$ exchange rate series. Out of these days there are 40 days in which the tests
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indicate that both series contain jumps. In Table 2 we list these days, together with the
raw statistics <I>£Ld) and <1>,(£' ) and their p-values (which, following the conclusions from the
Monte Carlo study, are computed using Theorem 5.3, part(b) and Theorem 5.1, part(c)
respectively). <I>7(1j ) is computed with k& = 2. For the testing (i.e. calculation of the p-

values) we set T' =1 (i.e. one day is our unit of measurement) and we used windows of

/2 — 16 and truncation level of aAY = 3.0 %(T)A%‘lg applied to each

size k, = A,
individual series and the estimator fl’{f of Cp. BV(T) in the truncation level above is the
bi-power variation of the corresponding individual series and is a measure of fOT c¥ds for
j =1,2. We use it here to determine the magnitude of ¢}’. Other alternative measures of
f(;f c?ds can also be used and to reduce the effect of measurement error we can even use

the whole sample period (and not just the day) to determine the level of czj .

Based on level of significance of 1% we can separate the days in Table 2 in the following
four categories.

e Category 1. The first category is of days in which the two tests find that there
is common arrival of jumps. The total number of cojumping days is 22, which is
significant, and the p-values associated with testing the null of disjoint jumps are
very low (in most cases virtually 0) on these days.

e Category 2. The second category consists of days on which both tests indicate no
common arrival of jumps. The number of these days is 5, which is small. However,
note that we already found quite a significant number of days on which one of the
series jumps while the other one does not. Importantly, the days in this category
illustrate the possibility that in spite of the fact that both series exhibit jumps during
the day, they do so during different parts of the day. Note that if we were making our
decision solely on the basis of individual tests for jumps, we would have misclassified
the days in this category as days with common arrival of jumps (i.e. Category 1).
Thus days in Category 2 underline the importance of the tests developed here.

e Category 3. The third category consists of days on which the null of both tests
cannot be rejected - there are 6 days in this category. The possible explanations for
such an outcome are at least two. First, it can be the case that on these days we have
both common jumps and disjoint jumps with the magnitude of the common jumps
far smaller as compared with the disjoint ones. The second possible explanation is
that we have common jumps with very weak dependence. In both possible scenarios
the value of <I>7(1j ) is fairly close to 1, but for the above-mentioned reasons the value
of <I>$Ld) is close to zero. In general we will need more high-frequency observations for
the TT(Ld) test to gain power against such scenarios. Alternatively we can perform the
tests on different parts of the day.

e Category 4. The last category consists of days on which both tests reject their null
hypothesis. The number of these days is 7. We notice that in these days the value

of the @,(fl) statistics is above 0.5, i.e. it is relatively high, but the value of the <I>q(1j )
test is fairly close to 2.
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Table 2: Empirical Results for Common Jumps

Date

09/11/1987
12/03/1987
12/10/1987
01/05,/1988
01/15/1988
02/12/1988
05/17/1988
08/09,/1988
09/14,/1988
10/13/1988
10/26/1988
11/04,/1988
05/17/1989
08/17/1989
09/27/1989
10/06/1989
10/17/1989
07/24/1991
08/02/1991
12/16,/1991
01/10/1992
06/24,/1992
08,/24,/1992
06/04,/1993
09/16/1993
04/12/1994
06/17/1994
11/21/1994
03/17/1995
05/11,/1995
11/13/1995
05/30,/1996
06/27/1996
07/30,/1997
03/30,/1998
08/13/1998
10/05/1998
01,/28/1999
03/01,/1999
03/26/1999

38

0.9938
0.6580
0.9933
0.5809
0.0040
0.9993
0.9658
0.5575
0.9984
0.9719
0.9731
0.9909
0.9860
0.9789
0.8255
0.9628
0.9732
0.8204
0.9753
0.2766
0.8595
0.9521
0.3306
0.9188
0.1866
0.2834
0.7766
0.1306
0.2787
0.6061
0.6948
0.5180
0.1544
0.1671
0.1203
0.1566
0.4035
0.1330
0.0498
0.2648

o)

1.0915
1.9831
1.1446
1.6876
1.6528
0.4100
1.0155
1.8825
0.7709
0.8011
1.3649
1.0527
0.6435
2.1938
1.1780
1.0647
1.4634
3.2959
1.2296
1.9990
0.6799
1.0435
2.0512
1.1350
1.2855
1.8069
2.6949
1.6013
2.7284
1.3020
2.2415
1.5381
0.7377
2.0925
2.4733
2.5072
1.4315
1.1790
1.9657
1.7011

p-value
o!d
0.0000
0.0000
0.0000
0.0006
0.3663
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0050
0.0000
0.0000
0.0018
0.0000
0.0222
0.0343
0.0000
0.3907
0.0267
0.0002
0.0000
0.0000
0.0010
0.7727
0.7621
0.2194
0.0164
0.0367
0.1661
0.0006
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Finally, if we use the less conservative significance level for determining the presence
of jumps in the individual series of 5%, we find 113 days in which both series exhibit
jumps. Further, if we use 5% significance level for testing for common and disjoint jumps
we find that 55 of these days are in Category 1, 10 in Category 2, 11 in Category 3 and
37 in Category 4. Thus, overall our empirical study shows that the exchange series have
a nontrivial number of days with common arrival of jumps as well as days where jumps
arrive at different times.

8 Proofs

8.1 Preliminaries

We begin by showing that the processes D, D", G and G’ of (3.14) and (3.15) are actually
well defined and finite-valued, and by stating some of their basic properties.

First, the process D is well-defined and increasing, but it might a priori take the value
+o00. However, by taking the F-conditional expectation and using the properties of the
variables (kq, Uy, Ug) we get

E(D; | F)= Y E((AXE,)*(R;)” + (AXE,)*(R3)?)
q:5q<t

3 Z (AXSq (8- + &)+ (AXE ) (c5,— +cg, )) = F, (8.1)
qu<t

see (3.13). Then we deduce in particular that D is finite-valued, and the same argument
shows that D” and G’ are finite-valued as well. For G things are a bit more difficult, and
we state the result in the form of a lemma (below, a process Uy, taking its values in the
set of 2 X 2 nonnegative symmetric matrices, is said to be increasing for the strong order
in this set if U; — Us is a nonnegative matrix for all s <¢).

Lemma 8.1 Let ¢ and ¢ be two real-valued functions on R? with ¢(x) = O(||z||) and
P(x) = O(|[z]) as z — 0.

a) The process
Z P(AX)V(AX)(cs— + ¢s) (8:2)

s<t

takes its values in the set of 2 X 2 monnegative symmetric matrices, and it is increasing
for the strong order in this set when ¥ = ¢.

b) The formulas (fori=1,2)

> $(AXs) R, ZM(¢)= > ¢(AXs,)RI (8.3)

q: Sq<t q: Sq<t

define two R?-valued processes Z(¢) and Z'(¢), and conditionally on F the 8-dimensional
process (Z (), Z'(¢), Z(V), Z'()) is a square-integrable martingale with independent in-
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crements, zero mean and covariance given by

E(Z() 2/ (W) | F) = § Clo0)!
(027 () | F) = 0 6.4
(00 27(W) | F) = 55 Clo0)7 -

Moreover, if X and ¢ have no common jumps, the process
(Z(9), Z'(p), Z(Y), Z'(¥)) is a Gaussian martingale, conditionally on F.

(Z/Z

E
]E(Z/Z

Proof. This is proved exactly as Lemma 5.10 of [9]. The increasingness of C(¢, ¢) for the
strong order comes from the fact that ¢; and cs_ are nonnegative symmetric matrices. O

Then with the notation (8.3) we obviously have G = ZV(f]) + Z2(f3), where f| and

14 and the two first partial derivatives of the function f, and further with the notation
(3.13), o

E(G)? | F) = (k—-1)F. (8.5)

Now, we state a strengthened version of Assumption (H):

Assumption (SH): We have Assumption (H), and ||bi|| + ||o¢]] + Tt < K and also
v(x) < K for some constant K. Then, up to multiplying v by a constant, we can even
assume that ||0(w,t,z)|| < v(x).

If any of our limiting results holds under (SH), a localization procedure allows to get
it under (H) only. This procedure, described in details in [9], is omitted here. But in all
the remainder of the paper we assume that (SH) holds.

We end up with some more notation. If i is a function on R? we have defined V (h, A,);
in (3.6), and when we want to emphasize the dependency on the process X we write it
V(X;h,A,):. We also use the following notation, whenever the right side below makes
sense:

V(X5h) = V(h) == Y h(AX,). (8.6)

s<t

Next, we choose the functions ¢ on R, and 1, on R?, for a > 0, as follows:
Y is decreasing, O, 191 < <1, Ya(x) = ¥(||z]/a). (8.7)

Finally, we set

Y =supy(z), A-={z:7(z)<e}, T'(e) =/ 71(2)? Mdz). (8.8)
zeE e

8.2 Estimates

We derive some estimates for X, which follow from (SH) and will be used often in the
sequel. Below, K and K, are constants, changing from line to line, with K, depending on
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p. If € € (0,0], the process

X))y = Xt—/o /{Z:'y(z)x} d(s, z)p(ds, dz) (8.9)

can be written as

X(e) = Xo—i—/o b(e)sds+/0 USdWS+/0 A d(s,2)(n —v)(ds,dz),

where b(e); = by + [(8(¢,2)1a.(2) — k0 d(t, 2)) A(dz) is bounded by K/e for some K. We
have X () = Xo + X'(¢) + X" (¢), where

t
X'(e), = b ds+/ades, X"(e / 5(s,2) (- v)(ds,dz).  (8.10)
0 Ae

Note that X ('yo) = X, so we will also use the notation

X'=X'(v), X"=X"(y), implying X = Xo+ X'+ X". (8.11)

First, ||b(¢)|| < K/e and the Davis-Burkholder-Gundy inequality yield for all s,¢ > 0
and p > 1:

E(1X/(€)ort — X'@Wl? | 7)< Ky (#2 4 1), (8.12)
B X' (€)ore = X'()s = 0s(Ware = Wo) [P | F,) (3.13)

<t (B4 r(([ 7 tou = o) 7))

Next, if p > 2 the Davis-Burkholder-Gundy inequality and ||d(, z)H < 7( ) yield that
E(IX" ()1t — X"l | Fo) < K E(ZE?) where Z()y = J2 [y, (=) ?u(ds, dz) s
subordinator. Then a well known result about Lévy processes (see for example the proof
of Lemma 5.1 of [12], with H; = 1 and a; = t), plus the obvious properties I'(¢) < K
and [, 7(2)PA(dz) < KT'(e), give us E(Z(¢)}’®) < KtI"(¢) when t € [0,1]. Then, using
Holder inequality when p < 2, we get for s > 0, t € [0,1] and p > 0:

E(IX"(e)s+e — X" (e)sI” | Fo) < Kp(I'(e) 8) P72, (8.14)

Finally, using (45) of [1] and arguing componentwise, we obtain the existence of a an
increasing function I on Ry with I(¢) — 0 as ¢ — 0, such that for all n > 0 and
6 € (0,1], and all s >0 and t € [0,1] and € > 0:

t
E(|X"(e)s4t — X"(e)s]* A® | Fo) < Kt(” 9+

(9)) (8.15)

Lemma 8.2 Let m,l > 2 and let j, k be two indices with values 1 or 2. Then for all
€ (0,70] we have

. AL/A
E(APXY()" |ATX )| Foopa,) € KVTE) AL(1+25-). (8.16)
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If further the processes X' and X? have no common jump, then

E(ATX" ()™ [ATX"2 ()] | Fumna,) < EVIT(e) AL (8.17)
Proof. a) When m > 2, the estimate (8.16) is a simple consequence of (8.12), (8.14) and
the Holder inequality. When m = 2, an application of 1t6’s formula to (8.10) shows that

. iAp
AP () [APXE = M(e)n + / h(n, e)eds (8.18)
(i-1)A,
where E(M () | Fi-1)a,) = 0 and, with the notation Uy = X" (e); — X (¢)(;_1)a, and
Vt = X”k(é“)t — X”k(E)(i—l)An for ¢ > (Z — 1)An,
hine)s = 2U; [Vl be)l + Vil
HOP [ (Vee 8552 = [Ver = UV} 18(5,2)) M)
Ae

(above, {v}" = |v|"sign(v) for any v € R). The integrand above is smaller than K (1 +

[Vs_|i=2)~(2)2. Then, since ¢; is bounded and |b(¢)!| < K /e, we deduce from (8.12), (8.14),
Holder inequality and IV(¢) < K that

s1/4
E(h(n,)g-va,ssl | Foa,) € Ksv/T'E) (1+ )

when s < 1, and (8.16) follows.

b) For t > (i — 1)A, we write U, = X" (e); — X" (e)-1)a, and V; = X"(e), —
X" (g)i-1)a,- 1t0’s formula yields that [ATX"!(e)[™ |ATX"(e)|' equals the right side
of (8.18), where M (), still has a vanishing conditional expectation, and h(n,¢e)s has the
form h(n,e)s = [, cnc(s,2)A(dz), where

ne(s,2) = |Us— +06'(s,2)" Ve +6%(s,2)| = [Us " Vs |
—m{Us Y YV, |16 (s, 2) — YU [™{V,_}716%(s, 2)

Now, if X! and X2 never jump together, the product §'6% vanishes P(dw) ® ds ®@ A(dz)
almost everywhere. Hence oy, . is almost everywhere equal to

0he(5,2) = Vel (U 40", 2)™ = U ™ = m{U,- 11615, 2))

U [ (Ve + 0%(s, ) = Ve | = UV }710%(s, 2)).
It is obvious that |, (s, )| is smaller than
E(|X"(£)s= = X"(e) g-nyanll® + 1X"(€)s— = X"(€)-na, 1™ 2)7(2)%

Therefore (8.17) is a simple consequence of (8.14) and I"(¢) < K. O
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8.3 Proof of Theorem 3.1-(a)

Observe that Bél > 0 and Bég > 0 on the set Q(Tj) U ng), whereas By > 0 on Q(Tj) and

Br =0on ngl ). So (3.16) is a trivial consequence of (4.3), which in turn comes from the
following lemma:

Lemma 8.3 If h is a continuous function on R? such that h(z) = o(||z||?) as * — 0, we

have V (h, Ay,): N V(h)¢ for each t > 0. We even have the convergence in probability
(for the Skorokhod topology) of the processes V (h, Ay) towards V (h).

Proof. Since V' (h) has no fixed times of discontinuity, the last claim implies the first one.
When h vanishes around the origin the result is proved exactly as in step 2 of Theorem
2.2 of [9]: the dimension of X plays no role here.

Next we turn to the general case. If ¢ > 0 we have V(h(1 — .),A,) 2, V(h(1 —

1e)) (for the Skorokhod topology) from what precedes, whereas V(h(1 — 1)) obviously
converges locally uniformly in time (for each w) to V(h); as € — 0 by our assumptions on
h, hence it is enough to prove that

lim  lim sup POY " [V(hoe, An)e| >m) = 0 ¥y >0, VT > 0. (8.19)
= n s<T

We have |h(z)| < 0(z1) + 6(x2), where 0 is a continuous function on R with 6(y) = o(y?)
asy — 0. Tt is enough to prove (8.19) with V (hab., A,); substituted with VO (9., A,,)y =

Zy:/f"] O(ATXI)p(|ATXI|/e), for 5 = 1,2. That is, we only need to prove (8.19) in the
1-dimensional case, and this is a consequence of (3.4) in [9]. O

8.4 Proof of Theorem 4.1-(a)

We start with a general result, of independent interest.

Theorem 8.4 Let ¢ be a C? function on R? satisfying $(0) = ¢}(0) = 0 and ¢ () =
o([|]]) as x — 0, where ¢} and ¢;; are the first and second order partial derivatives. The
2-dimensional processes
1
VA,

converge stably in law, on the product D(Ry,R) x D(R4,R) of the Skorokhod spaces, to
the process with components

(V@A) = V() anyyan VA = V(O)apman)  (820)

(2(60) + 22(eh), 2)(6h) + Z2(6h) + 2" (3h) + Z7(6h) ) (8.21)

We have the (stable) convergence in law of the processes in (8.20), as elements of the
product functional space D(Ry,R)?, but usually not as elements of the space D(R,R?)
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with the (2-dimensional) Skorokhod topology, because a jump of X entails a jump for
both components above but, “with a probability close to j/k”, the times at which these
two components jump differ by an amount jA,, for j =1,---,k — 1.

Proof. The proof is essentially the same as for Theorem 2.12(i) of [9]. Fix € € (0, 7], and
let S, = S;(¢) be the successive jump times of the Poisson process 1([0,t] x Ag), so that
Xe =X+, S1<t AXg ( notation (8.9)). Next, we introduce some sets in which
for this proof we could take k, = k, but which are also needed later with k,, as in (4.6):
namely, €, (t,¢) denotes the set of all w such that each interval [0,¢] N (iA,, (i + kn)Ay]
contains at most one S¢, and the intervals (0, k,Ay] and [t — (k, + 1)Ap, ¢] contains no
Sy, and finally [|A7 X (¢)|| < 2¢ for all i < ¢/A,,. Then

Qn(t,e) — Q as n— o0, Vt,e>0. (8.22)

We define the following variables on each set {(ik +j)A, < S; < (ik+j+1)A,} (with
0<j<k)as

e R_(n,q) = X(€)(ikrj)a, — X(&)ika,,
e Ry(n,q) = X(&)(it1)ka, — X (&) (ihtjt1)An
o Ry = A} ;1 X(e), Ry'=R_(n,q) + Ry(n,q), R{"=Ry+ R

Exactly as in [1], we have ( g denoting the stable convergence in law):
CANESS TN B AT (8.23)
For any process Y, set W(Y;6,A,): = V(Y;0,An)t — V(Y;0)a,1t/a,)- On the set
0,(T, ) we have for all t <T and for ¥’ =1 and ¥’ = k:
W(X;0,KA)e = W(X(€); 6, K'Ap)e + YO (KA, (8.24)
where
YO = 4 sp<anpyan (¢(AXs, + BY) - 6(AXs) — 6(Ry))
YO (kA =3, St <kAn[t/kAn] (éf’(AXS; + Ry") — o(AXg) — qb(Rf]’”)) :
Since ¢ is C?, we have
YE(AL) =Y, S <Anlt/Ay] (Z?:l $(AXg + RI) Ry — ¢(Rg>>

~ - (8.25)
YO kAR = . s <hani/ban (Ef:l i (AXs, + Ry") Ry™ — ¢(szm))

where ﬁg and é;’" are between 0 and Ry and between 0 and AR;™ respectively. Moreover
l¢(2)]l = o(||z|?), hence by (8.23)

2

\/1ATL(Y(E)(A”)’Y(E)<’“A > L—(s (ZZE)Z &) ,; (@) + 2/ E)Z((m))
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(for the product topology of D(R,R) xD(R,,R)), where Z(®)(¢) and Z"(?)(¢) are defined
by (8.3), but with the sum taken only over the Sj(¢). As ¢ — 0, the right side above goes
locally uniformly in time to the right side of (8.21). Hence in view of (8.24) and (8.22) it
remains to prove that

lim limsup P( sup
e—0

sup P(sup— [W(X()s0 K Al > 1) = 0 (8.26)

forall > 0and T > 0 and for ¥ =1 and k' = k.

Now, with the notation (8.7), we set ¢-(x) = ¢(x) H?Zl ¥(|z;]/2ke). Then ¢, is a C?
function which coincides with ¢ when ||z|| < 2ke and vanishes for |z|| > /2 x 4ke. Hence
for each T, on a set of probability going to 1 as n — oo we have W (X (g); ¢, k'Ay): =
W (X (e); pe, k' Ap)s for all t < T. Therefore it is enough to prove (8.26) with ¢. instead
of ¢. But this is exactly the last step in the proof of Theorem 2-11-(i) of [9] (in which
the dimension of X plays no role; this is where the hypothesis ¢;;(z) = o(]|z[|) is used).
Hence we are done. a

Lemma 8.5 For any real-valued continuous function ¢ on R? such that ¢(x) = O(||z||?)
as x — 0, we have

1 P
E lp(AXs)| — 0. (8.27)
VAn n[T/kAR)<s<T

Proof. Denote by U, the left side of (8.27). (SH) yields |¢(d(s, 2))| < Kv(2)? for some
constant K (recall that here ¢ is bounded), hence

K r 2 /
E(U,) < E ( /k ds / (2) A(dz)> < K'kv/A,

VAR An[T/kAR]

for another constant K’, and the result follows. O

Proof of Theorem 4.1-(a). We apply Theorem 8.4 with ¢ = f. Since X has no fixed
time of discontinuity, and by the previous lemma, we deduce

1 L—(s =~
G = \/A—(V(f, RAr = V(£ A0r) =2 G,
We also have @) — 1 = VA, G» 2/V(f, An)r, hence (P o) — 1)y/A,, converges stably in
law, in restriction to the set Q(J) = {Br > 0}, to Gp/Br by Lemma 8.3. The end of the
claim follows from Lemma 8.1 and from (8.5). o

8.5 Proof of Theorems 3.1-(b) and 4.1-(b)

(3.17) follows from Lemma 8.3. For (3.18) and (b) of Theorem 4.1 we will use the following
theorem:
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Theorem 8.6 Let h be a d-dimensional C? function on R?, its first component being f,
and all the others being either vanishing on a neighborhood of 0 or equal to x — x{”xé
for some m,1 > 2 with m +1 > 5. Assume also that (with h} and h}; being the R?-valued

partial derivatives)
z = (21,0) or z = (0,22) = h(z) = h)(z) = hiy(x) = hiy(z) =0 (8.28)

Then the 2d-dimensional processes

1

(i V(b B 5

A V(h, mn)t) (8.29)

t€[0,T]
converge stably in law, in restriction to the union Qg,fl)UQg,?) and on the product D([0, T], R%) x
D([0,T),RY), to the process (D(h); + C(h)s, D"(h)¢ + kC(h)t)iejo,r), where

{ D(h) = 530, <M (AXs,)(RY)? + hy(AXs, ) (R2)?)

™I 1 " 111\2 " 1127\ 2 (8'30)
D"(h)e = 5> 4 s,<t(M1(AXs,)(Rg")™ + hgy(AXs, ) (Rg7)7)

and where C'(h) is the process whose first component is C, as given by (3.12) and all others
are 0.

Any component of the form a7z}, satisfies (8.28), so this condition is a condition on
the components which vanish on a neighborhood of 0.

Proof. 1) As said before, we assume (SH). But another localization allows to do more: let
7o = Inf(t : ||6}]| > ¢) (the process ¢’ is defined in (2.3)). By (d) of (H) we have lim, 7, > 7,

and of course 7 > T on the set Q(Td 'y ng) , S0 it is enough to prove the result in restriction

to each set (ngl) U ng)) N {r, > T}. Now, let X(@ be the process defined by (2.1), with
the coefficients

B = (b — D lpery, 0 =or, 69t 2) = 8(t, 2)15. (1, 2).

These coefficients satisfy (SH). Moreover, we obviously have X; = Xt(Q) for all t < T on

the set (Q(T]))C N {r, > T}, hence the process (8.29) and also D(h);, D" (h); and C(h);
for t < T are the same on that set, whether computed on the basis of X or on the basis
of X@. This means that for proving our result we can substitute X with X (@ which
satisfies (SH) and whose two components have no common jumps by construction.

In other words, we can and will assume in the rest of the proof that X satisfies (SH)
and that X' and X? have no common jumps. We will then prove that in fact the stable

convergence in law holds everywhere (not only on (Qg))c), and for the time interval R .
We use the same notation than in the proof of Theorem 8.4.

2) Pick € € (0,70, and take S; = S;(¢). Exactly as for (8.24), on the set 2, (T, <) and
for t <T and k' =1 or k' = k, we have

VX R KAL) = VIX(E) K AR+ Y (hy K A, (8.31)
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where

YO A = L4 s<nnyan (MAXs + B2) — h(Rp))
VO h k) = X syennniipmnn (HAXs, + BY™) = h(B)).

By a Taylor expansion and the properties h(AX 5{1) = h(AX S{I) = 0, those are respectively
equal to:

2
1 ~ . )
> (5 20 HAXs, + ) RYRGY —h(RD)).
¢ S<Ant/A,] Cig=1

2
1 B A A
@ Sy<kAn[t/kA] T ij=1

/m

where RZL, resp. ]A%Eq

(8.23) yields

, is between 0 and Ry, resp. Rg™. Since we also have hi,(AXg ) =0,

(A,Il?(s)(h,An),Afll?(a)(h, k:An)) Eig)) (5(6)(]1)75//(6)(}1))

(for the product topology of D(Ry,R%) x D(Ry,R%)), where D) (h) and D" (h) are
defined by (8.30), but with the sum taken over the Si(¢) only. As e — 0, we have
D©(h); — D(h)¢ and D" (h); — D"(h); locally uniformly in ¢. Hence in view of (8.31)
and (8.22) it remains to prove that, for all n > 0 and ¥’ = 1 and ¥’ = &,

lim *Tim sup P(sup ‘Ai V(X (e); hy K Ay)y — k’C(h)tH > n) ~ 0 (8.32)

n t<T

3) Obviously, it suffices to show (8.32) for each component or, equivalently, we can
assume that h is 1-dimensional. If h(z) = 0 when |z|| < p, then since X (¢) has jumps
smaller than & we see that if ¢ < p/2, V(X (g); h, k' A,,): vanishes for all ¢ € [0,7] on the
set Qn (T, ¢€), see (8.22). Therefore in this case (8.32) is obvious, and it remains to study
the case where h(z) = z'zb for m,1 > 2.

4) Recall that X () = X'(e) + X" (¢), see (8.10). The process X'(¢) is a continuous Itd
semimartingale with bounded coefficients and cadlag volatility. Since h is homogeneous
of degree r = m + [ it is known (see Theorem 2.4-(i) of [9] for example; this theorem
is for a 1-dimensional process, but the multidimensional extension is straightforward, see
e.g. [13]) that for each fixed ¢ > 0, the processes AT V(X'(g); h, k' A;,) converge in
probability, locally uniformly in time, to a limit which is ¥'C' when r = 4 (that is, when h is
the function f) and which needs not be specified when r > 5. Then A1 V/(X'(g); h, kK'A,,)
converges to k'C(h), in probability, locally uniformly in time, and in order to obtain (8.32)
it is clearly enough to show that

1
lim limsup IP( sup —
e—0 n t<T Bn

V(X(e): by k' An)e — V(X'(2), b, k’An)t‘ > n) —0.  (8.33)
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5) We prove (8.33) for k' = 1, the proof for ¥’ = k being similar. For all u > 0,
v,w >0 and p,q > 1 we have vPwd < uvPt9 4+ wPt9y=P/9 hence since h(z) = (x1)™(z2)"
we see that for all u > 0 there is a constant A, (depending also on m,[) such that, for all
z,y € R?,

|A(z +y) — h(x)] < ulh(@)] + Au(lan [yl + [y ™ ] + [y ™ 5]
It follows that
V(X (e);hy An) = V(X (e); by An)| < uV(X'(e); k], An) + Ay U™ (o), (8.34)
where U™(e); = ZWA ™(e) and
(Me) = |APX"H (o)™ |ATX" () + AT X" (o)™ [AT X (o)

HAFX (o)™ AT X" (e)]"

First, (8.16) and (8.17) yield E(¢"(e)) < K+\/T'(e) A2(1 + AY*/emVl). Therefore,
since I'(¢) — 0 as € — 0, we obtain

o I . _
;E% hmnsup E(A—n U (€)T> = 0,
Second, as seen above, Z,, := A 'V (X'(¢); |h|, An)r — C(R)7 RN 0, hence

lim limsup P(l V(X'(e);|h|, Ap)T > ﬂ)
u—0 n An

2
. . n n
< — — = 0.
< 11}3%) hmnsup (P(|Zn| > 4u) +P(C(h)r > 4u)) 0
These two results, put together with (8.34), allow to deduce (8.33). O

Proof of Theorem 3.1-(b). First, the variable ® defined by (3.18) on ngl) and, say, 1
(d) .
1t

elsewhere, takes its values in (0, 00), and conditionally on F and in restriction to €2,
has a density (recall (3.11) and (3.14)), so ® # 1 a.s. on ngl). Second, the convergence
W) £-() & (d) .

—" @ in restriction to {1’ is obvious from Theorem 8.6. O

Proof of Theorem 4.1-(b). By Lemma 8.3 applied to h = g; and h = g9, and by

Theorem 8.6, it is obvious that <I>,(1d)/An 0 G- (Dr +Cr)/ B B2, in restriction
to ngl). Finally (4.2) follows from (8.1). O

8.6 Proof of (4.10)

The first part of (4.10) is nothing else than a multidimensional version of (26) in [1],
applied with ¢ = 4 and r = 1, and we leave the (simple) computations to the reader. As
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to the second part, it is almost trivial. Indeed, setting f, = fv, (notation (8.7)), for any

p > 0 we have R
AnA,(ATL)T S V(fpa An)T

as soon as A < p. Now, Lemma 8.3 yields that V(f,, A,)r converges in probability to
V' (f,)r, which in turn goes to 0 as p — 0, hence the result.

8.7 Proof of (4.11)

Both claims in (4.11) amount to prove the following property: introduce the functions
g(x) = xtxly where u + v > 2, and g(x) = x,,x; where m,l are two indices taking the
values 1 or 2; We complete this notation with g,(z) = g(2)1{|jz|>aa=} and gn, = gy
and gil,p = gn — 9n,p for p >0, and g, (z) = ?(x)l{HmHSaAﬁ}' Then we need to prove that

R 1 t/An]—kn—1
HY = o ) o(ATX) D gu(A7X)
T =14k, JEI (i)
= Hy = Y g(AX)(E + M) (8.35)

s<t

The proof is basically the same as for (27) of [1], and goes through several steps.

Step 1) This step is devoted to showing some estimates. Recall (8.11). First, |gn ,(2)| <

J#][“** and |g}, ,(x)| < [|z]|“*” with u+v > 2, and [g,,(z)| < [|2]|?, hence (8.12) and (8.14)
yield
E((19n.pl + 190, + G.DAIX)] | Fiopya, ) < KA. (8.36)
Second, when p < 1/2, we have
lgnp(@+ | < K ([2l*A7% + (ly]* A p)) -
Using this with = A?X’ and y = A?X", plus (8.12) and (8.15) with n = p and 6 = /p,
we obtain

E(Ignp (A1) | Finya, ) < Ananlp), lim Tim an(p) =0, (8.37)

p—0 n—oo

provided we take a,(p) = K(AL27 +p+ % +1"(p)).

Next, we set 07 = o(;_1)a, AJW. It is easily checked that for all w > 0 there is a
constant A, such that for z,y, z € R?,
l]* + [ly]l*

A2@
If we apply this with = 07 and y = A?X’ — 67 and z = ATX", plus (8.13) and (8.15)
with n = 62 = AT, we obtain with a/, = AZNI72) F”(A;fm):

E([9,(A7X) =g | F—na,) < KAgw + KylAnay, + K,Y[,  (8.38)

i )
Yit= E(/( los = o—1)a,[°ds | fU—l)An)'

J—1)A,

[Ga(@ +y+2) ~5@)| < wllz]? + Au( gl + (1217 A 22)).
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Step 2) For each p > 0 we set

1 [t/An]—kn—1
At = O mmplA1X) Y 3.(87%),
N S 0)
, [t/An]—kn—1
Hpl' = —— X 00,810 Y (7.(87%) - 307)
T =1k jEIn(i)
] [t/An]—kn—1
Hp) = —— 2. 9h,(A1X) Z
T =14k, eln(
H(p)r = > (99)(AXs,) (&l + &), ﬁ( ) H—H(p).
q: Sq<t

We have H" = H(p)"+ H (p)™ +H(p)", hence for (8.35) it is enough to prove the following
four properties:

P

p—0 = H(p)y — 0, (8.39)
lim Timsup B(|H(p)7]) = 0, (8.40)
lim limsup E(|H(p)}"]) = 0, (8.41)

€(0,1), n—>o0 = H(p) —— H(p). (8.42)

Note that the property (8.39) readily follows from Lebesgue Theorem.

Step 3) Here we prove (8.40) and (8.41). First, by successive conditioning we deduce from
(8.36) and (8.37) that

j#i = E(lgn,(ArX)5,(A7X)]) < KAZa(p).

Since lim,_o lim, an(p) = 0 we readily deduce (8.40). Second, again by successive
conditioning, we deduce from (8.36) and (8.38) that, for all w > 0,

j#i = E(lgn (ATX)(5.(A)X) ~ 5(5))])
< KAMw+ KyAay, + Ko AE(Y]).
This readily yields
t
E(|H(p)}"]) < Ktan(p) + Ktw + Kyta, + KwE(/ |05 = TAnls/An] H2ds).
0
Observe that [|0s—0a s/, is bounded (uniformly in (w, s, 7), and goes to 0 for P(dw)®ds

almost all (w,s) as n — oo because o, is right continuous with left limits. Then by
Lebesgue convergence theorem and a), — 0 we get

limsup E(|H(p)"|) < Ktlim an(p) + Ktw,
n n
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and since w > 0 is arbitrary and lim, .o lim, a,(p) =0 we deduce (8.41).

Step 4) It remains to prove (8.42). Fix p € (0,1) and ¢ > 0, and recall the jump times
Sy = Sy(p/2) and the set Q, (T, p/2) of the proof of Theorem 8.4. On Q,(t,p/2) there is
no Sy in (0, k, Ay, nor in (t — (k, + 1)Ap,t] and there is at most one S; in an interval
((i—=1)An,iA] with A, <t, and if ((i—1)Ap,iA,] contains no Sj we have (A7 X) = 1.
Hence on Q,(t, p/2),

— . 1 .

@ knAn<S)<t—(kn+1)An JEIn(i(n,q))

where i(n,q) = inf(i : iA, > S;). Observe also

Hp)= Y (91— ) (AXs)) (5 + ).
q: Sy<t
The sum over ¢ with S} <t is finite, and obviously ng(A?(n q)X) — (9(1 —9¥,))(AXs;))

pointwise. Hence for (8.42), and since 2, (¢, p/2) — Q as n — oo, we need only to prove
that

1 —epy P 1 ey P
- S 96 s T D 90 o oes. (843)

T el (i(n.0) "Gl 1 (i(n.0)
This is proved in (71) of [1] when X is 1-dimensional, and the 2-dimensional extension is
straightforward.

At this point, the proof of (4.11) is finished. However, we will now derive a consequence
of (8.43), to be used later:

Lemma 8.7 In the previous setting, and in particular with p > 0 fized, for any ¢ > 1 we
have . .
E(n, _)i(n,q) — Cs—, E(n, +)i(n,q) — Csr- (8.44)

Proof. In view of (8.43), this is a simple consequence of the following:
1 P

Ulngt) = — > 3Ax) -6 S0 (345)
T jeln 1 (i(n,9))

We have a problem here: we cannot apply (8.38) without care, because the integer i(n, ) is
random, as it is a function of Sg. We set ¢(n, g, +) = sup(|los—os; || : s € [Sp, Sy +knAn])
and ¢(n,q,—) = sup(||los — 05{1_”2 28 €[Sy — knln, Sy)), which are bounded and converge
to 0 pointwise as n — oo, and Y} < Ay((n,q,+) when j € I, +(i(n,q)).

For U(n,q,+), (8.45) is easy. Indeed, if 2 < j < k,, + 1 we deduce from (8.38) and
from the property {i(n,q) =7} € F11)a, that
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= ZE |gn A X) ( r+])‘1{z(nq) r})

r>1
= ZE ’gn ’/‘+jX) (677}+j>"f7’+1) )l{z(n q)= r})
r>1
< An Z E((Kw + Kwa% + KwC(nv q, +))1{1(n,q):r})
r>1

= An(Kw+ Kyal, + K,E(C(n,q,+))).

This holds for all w > 0, and E({(n,q,+)) — 0, we have (8.45).

For U(n,q,—) things are more difficult. We replace the Poisson measure p by its
restriction 77 to Ry x A,/5, which is again Poisson, and we define X by (2.1), with p
substituted with 7z, and we associate ((n,q,—) and U(n,q, —) as above. We consider the
filtration 7y = F; \/ o(u([0,s] x A) : s > 0,A € E,AN A, = 0). Then, due to the
independence properties of the jumps of the Poisson measure p and of W and u, X is

again an It6 semimartingale relative to the filtration (F;), and thus all estimates for X,
relative to the filtration (F3), also hold for X, relative to the filtration (F).

Now, the random variable i(n, q) becomes Fy-measurable, so we can argue as in (8.46)
for the process X, using in particular (8.38) with .7-'(] 1A, €ven when j is negative,
between —k,, and —1, provided we add the indicator function of the set {i(n,p—1)+k, <
i(n,p)}. Hence we deduce as before that E(U(n,q,—)) — 0. It remains to observe that
on the set Q,(t,p/2) we have U(n,q,—) = U(n,q,—) as soon as S, < t, and (8.45) for
U(n,q,—) is deduced from (8.22) and from the above. O

8.8 Proof of Theorem 4.2-(b)

For (b) Theorem 4.2, and exactly as in the proof of Theorem 8.6, we can assume (SH)
and also that X! and X? do not jump together, and under this additional assumption we
prove following two convergences on 2:

ar o, (8.47)

1 =~
the sequence of variables <A— Ft’”> . is tight. (8.48)

We begin with (8.48), which is easy. Indeed, it suffices to prove that E(E’") < KtA,
for some constant K. In view of (4.9), this amounts to proving that

E(AX™M*APXHY?(ATXN?) < KAS (8.49)

if (m,1) equals (1,2) or (2,1) and i # j. Since X! and X? have no common jumps, (8.12)
and (8.17) applied with ¢ = v yield that

E((ATX™NATX? | Faona,) < KAL E((A7X)? | Fiona,) < KAy,

and by successive integration we get (8.49).
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The proof of (8.47) necessitates several steps:

Step 1) Observe that f of course, but also f, = f1, for any p > 0, satisfies (8.28). Then
by Theorem 8.6 the pairs (Ain V(f,An), A%, V(f - fp,An)) converge stably in law to
(D(f) + C,D(f — f»)), for the Skorokhod topology on D(R,RR?) (since we assume that
ng) = () for all T'). Taking the difference of the two components, we deduce that for any
p>0,

ALV(f,J,An) 9 ps) +C (8.50)

Step 2) Now we prove that for any A > 1 and t > 0,

1

t
Knv(fAm7An)t £ /Opas(fA)dS, (8.51)

where for any 2 X 2 matrix o we have set py(fa) = E(fa(cU)), where U is an N (0, I5)
variable (hence p,,(fa) = po,(w)(fa) is a process).

Recalling (8.11), and by Theorem 2.4-(i) of [9] (see [13] for the multidimensional ver-
sion),

1 P t
A VO LA = [ pa(fa)ds
hence it is enough to prove that
1 P
Gn = K V(XafA\/TaAn)t_V(X/afAmaAn)t‘ — 0. (852)

It is obvious that |f,(z +y) — fu(z)| < Kn3(|ly|| An) for all z,y € R% 1 > 0. Then if
we use (8.15) for € = vy we see that

t/A]
1 n n n
EGn) < 5 2 E(Ifaya, (A1X + ATX") = f,5. (A7)
=1
t/A]
< KAVA, Y \/E(||AyX/f|y2A(A2An))
=1
<

KtA3 <A‘2A7 + 1“”(9))

for all 6 € (0,1]. Taking 0 = 6,, = AV so I'"(6,) — 0, we deduce E(G,) — 0, hence
(8.52).

Step 3) Observe that for all A > 1 and p > 0 we have

1 ~ 1
In V(fA\/AinaAn)T < A/(An)T < Kn V(fpyAn)T7
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as soon as 2A/A,, < aA? < p, that is for all n large enough. We also obviously have (for
each w):

" T
D)r —p O, / po.(fa)ds —ae Cr.
0

At this stage, (8.47) readily follows from (8.50) and (8.51). Hence we are finished.

8.9 Proof of Theorem 4.4

Both (4.17) and (4.18) amount to proving

Vi = P(HP| > 2, | F) — V = P(H|>Z| F), (8.53)

for Z,, and Z as in the statement of the theorem, and with

[t/An] 2 2
= > N GAIX)F(Rn)), Hi= Y > ¢(AXs,)d (Ry),
=1 j=1 q:S¢<t j=1

for the following choices of the R%-valued g,, ¢, R A(n)l and }?iq: we refer to case 1 or 2, if
we want to prove (4.18) or (4.17); then we take gn(z) = g(z)1{|z|>aaz} and

~

o for case 1: ¢/(z) = :c?, ¢ (z) = 37;2;_]-7 R(n); =
o for case 2: ¢/(v) = IE?$37]', ¢ (x) = 35, ﬁ(n)l = R(n);, Eq = Ry

Step 1) In a first step we truncate the functions g, at some level p > 0, and the proof is
somewhat similar to the proof of (4.11), whose notation is generally used, like a,(p) or
Qu(t,p/2), and S;, and i(n,q) when p is fixed. We define a number of processes:

[t/An] 2
= Y D (@) (ATX) ¢ (R(n);),  H(p)"=H"—H(p)",

i=1 j=1

2

Hp)p = > > (9 (1 =) (AXs,) ¢ (R(n)ing)s H(p)™ = H" — H(p)".

q: Si<tj=1

2

= > (P -v))(AXs,) ¢ (Ry),  H(p) =H—H(p).

q:54<t j=1

We obviously have for all p,e > 0:

P(H(p)P| > Zn+¢ | F) = P(H(p){"| > €| F) < Vi
~ < P(H(p)P| > Zu — < | F) + B(H(p){"| > ¢ | F)
P(IH(p)i| > Z+e | F) =P(H(p)i| > | F) <V

< P(H(phl > Z — | F) + P(H(p)}| > ¢ | F)

(8.54)
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Step 2) Observe that |(gn1,)(z+y)| < K(||z||™2A,% + (||lyl|> Ap?)) for m =2 or m = 3,
according to Case 1 or 2, and when p < 1/2. Then we deduce exactly as for (8.37) that
E(H(p)}"]) < an(p), and thus

hII(l) limsup E(|H(p)/|) = 0. (8.55)
p— n

Next, we consider the set B of all p > 0 such that outside a P-null set we have ||AX(w)|| ¢
B for all s > 0. This set B has an at most countable complement. Suppose that p is fixed
in B. On the set Q,(t, p/2), we have

2
H(p)p = > D @A =) (AL, 5 X) ¢ (E()igng)-

q: S(/]SAn[t/An] Jj=1
We have (g, (1 — Up)) (A, X)) — (9(1 — ¥p))(AXs;) as. for each g (because p € B).

Recalling (8.22), we deduce that H(p)? — H(p)? 2, Dasn— . Combining this with
(8.55), we obtain

lim  limsup P(|H(p)/"| >n) = 0, Vn>0. (8.56)
p—0, pEB n

Step 3) The variable H(p); has the same form than H(p)}, except that ﬁ(n)i(n,q) is sub-
stituted with R, the variable equal to R; on the set {S; = S;}. There is no connection be-
tween R(n)i(n,q) and R’q. However, there is a strong connection between their F-conditional
laws, hence between the F-conditional laws (' (w, dy) of |H(p)i'| and (,(w, dy) of [H(p)¢|.

More precisely, let o and ¢’ be two 2 x 2 matrices with squares ¢ = oo* and ¢ = o'0’*.

The variable QS(N/m oUi ++1— K1 J’U{) in case 1 or qﬁ(\/Ll oUy+vV/1—-k—Li o Ul)
in case 2 has a law 6.~ which depends only on (¢, ¢’) and is continuous in (¢, ¢’) (for the
weak convergence). Moreover since U; and U are independent standard 2-dimensional
Gaussian variables, the following property is immediate: if we have a sequence (®,) of
independent variables, each ®, being distributed according to 6., , and if (z(g)) is a

sequence of non-random vectors taking values in R?, then

0>1,a>0 = P(’iix(q)@g):a) — 0. (8.57)

q=17=1

With this in mind, we see that (;(w,.) is in fact the law of

)

> Z (1= 9p))(AXg (w)) ©F

q: Si(w)<t j=1

where the @, are independent variables conditionally on F, with the laws 65, _), () (@)E i) (@)
Of course ¢, is the same, with €(n, —)i(n,q) and ¢(n, +);(n,q) substituted with cg;— and cg;.
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Then in view of (8.44) and of the continuity of 6. in (c,¢’) and of (8.57), we readily

deduce that for any F-measurable variables Z, oz 0,
C((Znyo0)) — Co((Z,00)). (8.58)
Step 4) At this stage, we deduce from (8.54) that
Va=VI < |G((Za+2,50) = (2 +2,00))]

G(Zn = 2,50)) = (2 — 2,)
+6(1Z — 2,2+ =) + BH ()| > | F)+ B(H (o)) > < | F).

+

Then in view of (8.58), and since {|H (p); — Z| < e} C {|Hy — Z| < 2} U{|H(p)}| > ¢},
we obtain

limsup E(|V, —V|) < P(H - Z| < 2¢)

n

+2P(|H(p);| > &) + limsup P(|H (p){"| > ¢).

This holds for all p > 0 and & > 0. But the F-conditional law of |Hy| is either the Dirac
mass g or it has a density, whereas Z > 0 by hypothesis, hence P(|Hy — Z| < 2¢) — 0 as

e — 0. Moreover H(p); £, 0as p — 0, hence by (8.56) we obtain lim sup,, E(|V,,—V|) =0,
which implies (8.53).

8.10 Proof of Theorem 4.6

Let us prove (4.22). Set

1
\I/n = I q)%d) \/V(glaAn)TV(g%An)T'

By Theorems 4.1 and 4.2 and by (4.3), the variables ¥,, — A, converge stably in law,

in restriction to Qgﬁi ), to ZNJT, for the two possible choices of A,, whereas on Qg) the

F-conditional law of l~)T admits a density. Therefore,
P(AN{T, > Z, + Ap}) — P(AN{Dr > Z}),

which is (4.22). The proof of (4.21) is similar.

8.11 Proof of Theorem 5.1
Set Uy, = (0 — 1)/V, and let A € F.
Proof of (b). We use (5.6), so we have

P(CY NA) = P({|Un] = 1/va}n A).
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Theorem 4.5-(a) yields that U,, converges stably in law, in restriction to Qg), to a variable
U with E(U? | F) = 1, hence if A C Q)

limsup P(CY) N A) < P{|U| >1/Va}nA) < aP(A),

n

where the last inequality follows from Bienaymé-Tchebycheff applied to the conditional
law of U knowing F. This clearly yields o) < a.

Proof of (a). Now we use (5.3), so we have
P(CP NA) = P({|Un| > za} N A).

for each A € F. If X and o do not jump together, Theorem 4.5-(a) yields that U,
converges stably in law, in restriction to ng), to a variable which is N'(0, 1) conditionally
on F. Then if A C Qgﬂ) we have

P(CY NA) — PH{|U| > za} NA) = aP(A).
This yields (5.5), hence (5.4) as well.

Proof of (c). 1) By (5.7) we have

P(CP N A) = ]P’(Aﬂ{’q)g) _%f’ Anr Z9 () }).

Hence in view of (4.21), the property (5.5) and thus (5.4) as well will follow if we prove
that

Z,(lj)(a) =z, Z(a) in restriction to Q(Tj),
where Z(«) is a positive and F-measurable variable, (8.59)

with P(|Gr| > Z(a) | F) = a in restriction to Qg).

By (3.11) and (3.15) and also (e) of Assumption (H), we see that the law of |G|, con-
ditional on F and in restriction to Q(Tj) , has no atom (and indeed has a positive density
on R, ), so Z(«) satisfying P(|Gp| > Z(a) | F) = a is uniquely defined and positive a.s.
on QE,Z ), By (4.16) it is also obvious that the law of yc?;z\, conditional on F, has no atom
except possibly {0}: hence if 0 < < 1, the variable Z,(y) = sup(a : Iﬁ(|@%| >al|F)>7)
satisfies ﬁ’(|@%] > 7! (v) | F) < =, with equality as soon as Z/, () > 0. Then (4.17) applied
with Z,, = Z =y yields

ve(0,1) = Z.(7) —— Z(v) on the set Q. (8.60)

2) Consider an i.i.d. sequence of positive variables Y; with a purely non-atomic law, and
denote by Z the unique (decreasing) function such that P(Y; > Z(x)) = z for all z € (0, 1).
We set Uy, (z) = N%I Zfi"l Liy;>2}, and call Vi, («) the [alNy,]-th variable, after they have
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been rearranged in decreasing order, for some o € (0,1). Assume that N, > 4/a(1 — «a)
and take € € (4/Ny, (1l — «)). If V() > Z(a — €) we have

UaZ(a—2) > Up(Vla)) = 20 2

_ 2 > _
N, N, = ¢

)

N ™

that is U,(Z(a —€)) — (o — €) > €/2. In a similar way, if V(o) < Z(a + &) we have
Un(Z(a+¢€)) — (o +¢) < —e. Since the variables U, (Z(z)) have mean x and variance
smaller than 1/4N,, it follows from the Bienaymé-Tchebycheff inequality that

(8.61)

3) Now, recall from (5.2) that A )(a) is the [aV,]-th absolute order statistics for
N,, independent draws of G(A,,)r, conditionally on F. Then (8.61) with the choice ¢ =

1/N,1/4, together with (8.60), imply that

B(29)(a) ¢ [Z(a — N4 =0, Z(a+ N7 4] | F) 5 0
for all n > 0, on the set QE,Z), and (8.59) follows.

8.12 Proof of Theorem 5.2

1) The first thing is that the new cutoffs give us the same level than the old ones. But,
on the set Q(Tj), we know that Vn(] )/ v A, converges in probability to a finite limit, hence
) — (77G) N4 () (4)
P({Vn - (Vn /\(Ck An )}mQT ) - IP)(QT )7

and the result is thus obvious.

2) The second thing we have to prove is BU) = 1. This amounts to proving that
IP’(C’y(Lj) OQFE,‘?)) — P(Qgpd)), or equivalently that P({|U,| > n}ﬁﬁgfl)) — P(Qgﬁi)) for any fixed
n > 0, where here U,, = (<I>$Lj) - 1)/(‘771(]') A (/AT")). Since 37 — 1 converges stably in
law to an almost surely non-vanishing limit by Theorem 3.1-(b), on ngl ), the result will
be implied by the property that (‘715] A (o/AT")) — 0, which is obvious.

8.13 Proof of Theorem 5.3

The proof is the same as for Theorem 5.1, with a few changes. In case (a), that is of
(5.11), we set U,, = <I>,(1d)/Vn, S0

P(CWNA) = P{|Un| > 1/a}n A).
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Theorem 4.5-(b) yields that U,, converges stably in law, in restriction to Qgﬂi ), to a variable

U > 0 with E(U | F) = 1, hence if A ¢ Q4

limsup P(CY NA) < PH|U| > 1/a}nA) < oP(A),
(use again the Markov inequality), and thus ald < q. The property (4 = 1 amounts to
having P({U,, > n} N Q(T])) — IP)(Q(T])) for any fixed n > 0. By Theorem 3.1-(a) we have
o' L, Br/y/BEB2 >0 on ng), and also ¥, —— 0 on this set by (4.3), so Uy, AR
on ng) and the result readily follows.

Finally in case (b) of (5.13), the proof is exactly the same as for case (c) of Theorem
5.1.
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