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We propose new nonparametric estimators of the integrated volatil-
ity of an It6 semimartingale observed at discrete times on a fixed
time interval with mesh of the observation grid shrinking to zero.
The proposed estimators achieve the optimal rate and variance of
estimating integrated volatility even in the presence of infinite vari-
ation jumps when the latter are stochastic integrals with respect to
locally “stable” Lévy processes, i.e., processes whose Lévy measure
around zero behaves like that of a stable process. On a first step we
estimate locally volatility from the empirical characteristic function
of the increments of the process over blocks of shrinking length and
then we sum these estimates to form initial estimators of the inte-
grated volatility. The estimators contain bias when jumps of infinite
variation are present and on a second step we estimate and remove
this bias by using integrated volatility estimators formed from the
empirical characteristic function of the high-frequency increments for
different values of its argument. The second step debiased estimators
achieve efficiency and we derive a feasible central limit theorem for
them.

1. Introduction. In this paper we consider the problem of estimating the continuous
part of the quadratic variation (henceforth referred to as integrated volatility) of a discretely-
observed one-dimensional It6 semimartingale over a finite interval with mesh of the observation
grid going to zero in the case when the observed process can contain jumps of infinite variation.
Separating jumps from diffusive volatility is of central interest in finance due to the distinct
role played by diffusive volatility and jumps in financial decision making, which is also reflected
in the distinct risk premium demanded by investors for each of them, see e.g., [(]. Until now
this problem has been well studied when jumps are of finite variation, see e.g., [2], [3], [1 1, 12],
[%]. However, empirical results in [1] suggest that for some financial data sets jumps can be of
infinite variation. This is the case we study in this paper.

In particular, we consider a one-dimensional It6 semimartingale X which is defined on some
probability space (2, F, (F:)i>0,P) and can always be represented as

X = Xo+ Jobsds + fy o5 AW + [y Jo 8(5,2) Liss,21<1y @ — ¢ )(ds, dz)

1.1
(1) + fy Jo 0(s,2) 150,11 2 (ds, dz),

where W is a standard Brownian motion and p a Poisson random measure on Ry x R with
compensator (intensity measure) ¢ (dt,dz) = dt ® dz. This is the Grigelionis representation,
and the specific choice of the Poisson measure p is in no way a restriction (see e.g., Theorem
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2.1.2 in [8]). Here, b and ¢ are progressively measurable processes and 0 is a predictable
function on  x Ry x R, with appropriate integrability assumptions.

The process X is observed at regularly spaced times iA,, for ¢ = 0,1,---, within a finite
time interval [0, 7], and without microstructure noise. Our goal is to estimate, on the basis of
these observations, the so-called integrated volatility, that is

t
(1.2) Cy :/0 csds, where ¢, = o2,

for t = T or more generally for all ¢ € (0,7], with the rate 1/y/A,,, when X contains jumps
of infinite variation.

When jumps are absent, that is when 6 = 0 (so the last two terms in (1.1) disappear), the
best estimator of C; is the realized volatility, or approrimate quadratic variation:

[t/An]
(1.3) Cl'= Y (A'X)*,  where ATX = Xja, — X(-1)A,-
=1

Under very weak assumptions on b and ¢ (namely when [Jb2ds and [; ¢2ds are finite for
all t), we have a Central Limit Theorem (CLT) with rate ﬁ: the processes \/% (Cfr —CY)
converge in the sense of stable convergence in law for processes, to a limit Z which is defined
on an extension of the space, and which conditionally on F is a centered Gaussian martingale
whose conditional law is characterized by its (conditional) variance

(1.4) Vi = E((Z)%| F) = Q/Otcgds,

or equivalently, we have Z; = v/2 fg Cs dWS(l), where W) is a Brownian motion independent
of F. Furthermore when cs(w) = ¢ is a constant, or more generally when c;(w) = ¢(t, X¢(w))
for a smooth enough function ¢ on Ry x R, the estimators CA't" are efficient for any fixed time
t, because in this case we have the LAN or LAMN property and V; above is the inverse of
the F-conditional Fisher information, normalized by A,,. Therefore, in the general case (1.1)
with 6 = 0 we qualify the estimator 6’{‘ as being efficient.

When jumps are present, so far there are essentially two types of results, hinging on a
specification of the so-called degree of jump activity. To keep things simple in this introduction,
and although substantial extensions can be made, we will suppose that for some r € [0, 2],

(1.5) |0(w, t,2)|" A1 < J(z2), where J is a Lebesgue-integrable function on R.

The smaller r above is, the stronger the assumption is, and it is (slightly) stronger than
assuming Y .o, |[AX;|" < oo for all ¢, where AX; = X; — X_ is the size of the jump at time
5. When (1.5) holds with » = 0 the jumps have finite activity; when (1.5) holds with r = 1
the jumps are (locally) summable. In the latter case we can rewrite (1.1) (up to modifying b;)

as

t t t
(1.6) X = Xo —I—/ bs ds+/ os dW +/ /(5(3,z)p(ds,dz).
0 0 0o Jr

The supremum of all r for which (1.5) holds is the degree of jump activity, or Blumenthal-
Getoor index. Then we have two cases:
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1. When r < 1. In this case we have two major types of volatility estimators that enjoy a

feasible CLT. The first is the truncated realized volatility (cf. [11, 12], [3])
[t/An]

(1.7) TCWaP = S (APXP 1garxicny  tn = AT,
i=1

(the last statement means that % < v,/AZ < A for some A € (1,00)). TC(v,)} has

exactly the same limiting properties as C™ does in the continuous case provided (1.5)
holds with some r € [0,1) and w € [ﬁ, 1).

The second type of jump-robust volatility estimators are the multipower variations (cf.
(2], [3], [8]), which we do not explicitly recall here. These estimators also satisfy a CLT

with rate \/% but with a conditional variance bigger than in (1.4) (so they are rate-

An b

efficient but not variance-efficient).
2. When r > 1. In this case the above two types of estimators are still consistent, but when
centered around C} and appropriately scaled, they are only bounded in probability with
no CLT in general and rate of convergence that is much slower than 1/y/A,,. For example,

when r > 1 the sequence W (T'C(vy)} — Cy) is bounded in probability (when r =1

the multipower variations enjoy a CLT with a bias term, see [19]).

On a more general level, we have the following general result from [9]: If we have estima-
tors 6’{" such that, for some sequence w,, — oo of numbers, the variables w,, (CA’{” —CY)
are bounded in probability in n and also when X ranges through all semimartingales
of type (1.1) satisfying (1.5) with a fixed function J and also |b + ¢; < A for some
constant A (so wy, is a kind of “minimax” rate), we necessarily have for some constant

K:
K/\VA, if 0<r<1
(1.8) wy < /10 (A5
K(ZE=) 2 if 1<r <2,

In this paper we exhibit new estimators for Cy which converge with rate \/%, and which

are even variance-efficient in the sense that they satisfy the same CLT as CA’t" does in the
continuous case, when 7 defined in (1.5) above, i.e., the jump activity, is bigger than 1. Of
course, given the result in [9], discussed in point (2) above, this is only possible under some
additional assumption, namely that the “small” jumps behave like those of a stable process,
or of the integral with respect to a stable-like process, with some index 8 € (1,2) (recall
that in this case (1.5) holds for all » > 3, but not for » < ). Hence here we are working
in a kind of semi-parametric setting, with the (unknown) parameter 5. We should point out
that this “semi-parametric” setting is still quite general and covers many jump models used
in empirical applications, particularly those in finance. Similar assumptions about the jumps
have been also made when estimating the Blumenthal-Getoor index of jump activity in [I]
and [16] among others.

The estimation method proposed in the current paper is based on estimating locally the
volatility (diffusion coefficient) from the empirical characteristic function of the increments
of the process over blocks of decreasing length but containing an increasing number of ob-
servations, and then summing the local volatility estimates. The separation of volatility from
jumps in our method is due to the dominant role of the diffusion component of X in (the real
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part of) the characteristic function of the high frequency increments of the process for values
of the argument that are going to infinity at the rate 1/y/A,, or at a slightly slower rate.

When infinite variation jumps are present, the proposed volatility estimators contain a bias
which determines their rate of convergence. The bias scales differently for different values
of the argument of the empirical characteristic function, used in forming our nonparametric
volatility estimators, and we use this property to debias our initial volatility estimators. The
debiased volatility estimators achieve the efficient rate of convergence and some of them reach
the same (efficient) asymptotic variance as in (1.4).

The empirical characteristic function of high-frequency increments has been previously used
in nonparametric estimation of the empirical Laplace transform of volatility in [17] as well
as in [18] for estimation of the empirical Laplace transform of the stochastic scale for pure-
jump semimartingales. There are two major differences between these papers and our study.
First, we are interested in estimating the integrated volatility while the above cited papers
consider estimation of the empirical Laplace transform of the stochastic volatility. Second,
and more importantly, [1 7] consider jump-diffusion setting with jumps of finite variation only
and [18] consider pure-jump semimartingales (i.e., processes with no diffusion). Our main
contribution is rate and variance efficient estimators of integrated volatility in jump-diffusion
setting with jumps of infinite variation. Finally, the empirical characteristic function in low
frequency setting has been used in [13], [10] and [14] for estimating the diffusion coefficient
of a Lévy process, in [7] for nonparametric estimation for a Lévy process which is a sum of
a drift, a symmetric stable process and a compound Poisson process, as well as in [1] and [7]
for estimation of Lévy density and jump activity in affine models.

The paper is organized as follows. In Section 2 we present the setting and state our assump-
tions. In Section 3 we propose our initial estimators of integrated volatility and derive a CLT
for them when a bias due to the infinite variation jumps is removed from the estimators. In
Section 4 we propose a way to estimate this bias and derive a feasible CLT for our debiased
estimators. Section 5 contains a Monte Carlo study. Proofs are given in Section 6.

2. The setting. As mentioned before, the underlying process X is a one-dimensional
It6 semimartingale on the space (2, F, (F1)i>0,P), and observed without noise at the times
iAp 0 i =0,1,.... We restrict the general form (1.1) by assuming that the jumps are a mixture
of (essentially unspecified) jumps with finite variation, plus the jumps of a stochastic integral
with respect to a Lévy process whose small jumps are “stable like”.

We have two versions, the simplest one being as follows:

t t t t
(2.1) Xt:XO—i—/ bsds—i—/ USdWS—l-/ Yo dYs—i—/ /5(s,z)g(ds,dz),
0 0 0 0 JR

with Y a symmetric pure jump Lévy process with Blumenthal-Getoor index § € [0,2) and
the last integral being with finite variation (the precise assumptions are given below). In this
version, the jumps due to Y are “symmetric” in the sense that fg ~vs— dYs and — fg Vs dY
have the same law, as processes. To deal with the non-symmetric case one could use a process
Y which is non-symmetric. However, it is more convenient and also more general to use the
following version:

t t t t
(2.2) Xy =Xo+ / bsds + / osdWs + / (V& dY;F + 4, dY, ) + / / 0(s,z)p(ds,dz),
0 0 0 0 JR
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with Y™ and Y~ two independent Lévy processes with the same index 3 and positive jumps.
We will also require the volatility o; to be an It6 semimartingale, and it can thus be
represented as
(2.3)
or =00+ Jobds+ [y H AW, + [§ HIZ AW, + [§ [z 67(5,2) L{j50(s.2)1<1y @ — @ )(ds, dz)
+ Jo Jw 67 (5, 2) 1j0 (s.2) 513 2 (ds, dz).

Most volatility models used in empirical applications satisfy (2.3), in particular models in the
popular affine class.

As well known, the jumps of o; can, without restriction, be driven by the same Poisson
measure p as X, but we need a second Brownian motion W’': in the case of “pure leverage”
we would have H'” = 0 and W’ is not needed; in the case of “no leverage” we rather have
H? =0, and in the mixed case we need both W and W’.

Note that (2.1) is a special case of (2.2): indeed, if Y is a pure jump symmetric Lévy
process, it can always be written as Y = Y+ — Y~ with Y and Y~ being independent
identically distributed and with positive jumps, so (2.2) with y* = v and v~ = —+ is the
same as (2.1) with . Therefore we only give the assumptions for (2.2). The first assumption is
a structural assumption describing the driving terms W, W’ p,Y*, the second one being a set
of conditions on the coefficients implying in particular the existence of the various stochastic
integrals involved above. Both assumptions involve a number r in [0,1) (the same in both)
and, the smaller r is, the stronger the two assumptions are.

Assumption (A): The processes W and W’ are two independent Brownian motions, inde-
pendent of (p, Y™, Y ™); the measure p is a Poisson random measure on R x R with intensity
q (dt,dz) = dt ®dz; the processes YT are two independent Lévy processes with characteristics
(0,0, F*) and positive jumps (that is, each F'* is supported by (0, 00)). Moreover, there is a
number 3 € [1,2) such that the tail functions F*(x) = F*((z,00)) satisfy

— 1
(2.4) ze (0,1 = \Fi(x) - ;75‘ < g(x),
where g is a decreasing function such that fol 2" g(x) dr < .

Assumption (B): We have a sequence 7, of stopping times increasing to infinity, a sequence
ay, of numbers, and a nonnegative Lebesgue-integrable function J on R, such that the processes
b, H° ,~* are cadlag adapted, the coefficients §,07 are predictable, the processes b7, H'” are
progressively measurable, and
(2.5)

t<tn = |6(t,2)" A1<a,J(2), |69t 2)PA1<ad(z),

t<Tn, V=0, H H vt v = |V <ap,

V=0, H07/7+”7_ = |E(V(t+s)/\7—n — Viar, | ft)| + I['E(|V(t—i-s)/\ﬂrn - ‘/t/\Tn|2 | ‘Ft) < ans.

Note that we do not require the processes Y= to be independent from the measure p,
thus allowing any kind of dependence between the jumps of X and those of ¢. Intuitively,
the number 7 in Assumptions (A) and (B) control the activity of the finite jump variation
component of X as well as the degree of deviation from the stable process of Y+ which drive
the infinite jump variation component of X. Our condition in (2.4) is similar to condition
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ANT1 on the Lévy measure around zero in [5]. Assumptions (A) and (B) are satisfied by many
parametric models for the jump component used in applications as illustrated by the following
example.

Example. Suppose the jump component of X is given by a time-changed Lévy process with
absolute continuous time-change, i.e., Ly, where L, is a pure-jump Lévy process with Lévy
measure F' satisfying (2.4) and time-change T; = fg asds for a; being strictly positive It6
semimartingale. A popular parametric example for F' is that of a tempered stable process
with corresponding Lévy density of the form

AJrefX*'m A= e l=l n N
Wl{x>0} + Wl{x<0}, A Z 0, )\ > 0, ﬂ S (O, 2)

In this case, it is not hard to show (using Theorem 2.1.2 of [8] which links integrals of ran-
dom functions with respect to Poisson measure and random integer-valued measures) that
Assumptions (A) and (B) (regarding the jump part of X) hold with § in Assumption (A)
being the corresponding parameter in the above parametric model when § € [1,2) and further

1 N1
r =B —1+ for t > 0 arbitrary small and ;" = (%) 7 and v, = — (%) /8 (and
non-zero ¢ in (2.2) which depends on Y*). When 3 € (0,1) in the above parametric model,
Assumptions (A) and (B) hold trivially with 7;" = 0. O

We end this section with a few comments:

1. In (2.4) there is an implicit standardization of the processes Y*. One could replace it
by

(2.6) ze(0,1] = ‘F%)_ag‘

5| < 9(@)

for positive constants a+. However, in this case the processes Y'* = Y*/ ali/ s satisfy

(2.4) as stated, and (2.2) holds with Y’* and v+ = a_fc/ﬁ 7* as well. It is more convenient,
in the sequel, and not a restriction, to use the standardized form (2.4).

2. By Assumption (B) and the fact that » < 1, the last integral in (2.2) defines a process
with finite variation which is the sum of its jumps. On the other hand, fot (v,_dY;t +
vs— dY;") has a Blumenthal-Getoor (BG) index 3 > 1 and is of infinite variation (even
when 3 = 1, and unless 4" and v~ identically vanish, of course), although still a
(compensated) “pure jump” process.

3. Concerning the regularity assumptions in (B), the last part of (2.5) could be somewhat
weakened (for instance we could drop it in the case of V' = H?), but at the expense
of a non trivial complication of the proofs. Since these are satisfied in virtually all
models used in practice we decided to impose these assumptions here. Note also that
this last part of (2.5) is satisfied as soon as the processes b, H?,y", v~ are themselves
1t6 semimartingales with locally bounded characteristics.

3. First estimators of C;. In this section we construct our initial estimators of C;. These
estimators are not efficient in general, but they will be used to construct efficient estimators
later on.
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We use the real part of the “local” (in time) empirical characteristic functions of increments,
taken at point wu,/v/A, for some sequence u, > 0 going to 0 slowly enough. Here, “local”
means that the empirical characteristic function is constructed on windows of time length v,
or 2v,, where v, = k,A, and k, > 1 is a suitable sequence of integers going to infinity, to be
specified later. We will in fact use two different versions:

(3.1)
kn—1
Symmetrized version: L(u)} = = 2 cos(u(AYp 114X — A 1o X)/VAR),
kn—1
Non-symmetrized version: L'(u)} = = Z cos(uAY, i X/VAR),

for j > 1 some integer, u > 0 some real and recall AT X = X;a, — X(;_1)a,- L(v)} and L'(u)?}
are not bigger than 1, and the variables

(3.2) A SCORT )

() =2 log (L'(w)} V A,

satisfy 0 < E(u)"f < % and 0 < E’(u)? < loi#, and serve as local estimators of the volatility
(of the average of ¢; over the interval (2jvy,,2(j + 1)v,] or (jvp, (j + 1)v,], to be more precise).
The associated estimators for integrated volatility are thus (recall v, = k,Ay,):

~ n [t/20,] =1 R 1 : 247, \n)) 2
C(u)f = 2v, ;0 (c(u)j — i (sinh(u?e(w)})) ),
(3:3) N /)1 )
Clwp =vn 3. (@) = g (sinh(u2 (w)}/2)%),
]:
where recall sinh(z) = “=¢—. On an intuitive level, C(u)? and C'(u) separate volatility (of

the diffusive part of X) from jumps in X by utilizing the fact that the diffusive component
of X dominates the behavior of the real part of the empirical characteristic function at high-
frequencies for values of the argument that are “sufficiently” away from zero. Indeed, in the
simple case when X; = Xy + bt + cW; + 7Y; for Y; a symmetric B-stable process with unit
scale, we have log R(E(e™A7X/VAn)) — log(cos(ubA}/Q)) _ ule? — |y |ﬂu5A1 A2,

The terms ﬁ (sinh(u?e(u )?))2 — (sinh(u*@ (u)}/ 2)) remove biases of higher asymp-
totic order in ¢(u)} and & (u)? 7s respectlvely, which arise due to the nonlinear transformation

of L(u)} and L'(u)} in forming ¢(u)} and &'(u)}.

We note that for any fixed n, lim, o C’(u)? Z[t/ A"](A?X )? is the realized volatility
(which in presence of jumps does not estimate the integrated volatility). The robustness of our
estimator C” (u)} with respect to jumps in X will result from using u = w,, that is “sufficiently”
far from zero, and the variance-efficiency of the corrected second-step estimators will come
from the fact that u, — 0 (we make this formal in the theorems below).

For stating the asymptotic behavior of the estimators in (3.3), we need some additional
notation. First, for 8 € (0,2) we set

® gsin gy
yP

© 1 —cosy
—5— dy,

34) B>1 = XB)= [T 3

8>0 = x(8) =B (8+1) = [
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(the last integral is convergent for all 5 > 0, but absolutely convergent when § > 1 only).
Next, with the notation {z}? = |z|?sign(z) for any x € R, we associate with the processes
7* the following (when x'(3) appears below we implicitly suppose 3 > 1):

ar=xB)Y 1P+ 19), a =X @Y+ Y,
(3.5) A(u)p = 20720572 [V ag ds,
Al(u)p = % f(f (A}fﬁﬂuﬁas — log (cos(Ai_’@/Quﬁag))) ds.

Under appropriate assumptions on the sequence u, we will see that C (up)r and C’ (un)T
converge to Cr, and there is an associated Central Limit Theorem with the convergence
rate 1/y/A,,. However, in the CLT there is typically a non-negligible bias due to the infinite
variation jumps in X, and to account for this bias we consider the following normalized error
processes

(3.6) Z(u)y = %n (é(u)? —Cy — A(u)?))
| 7 W} = Ji (Cwi - G = Ay,

A(u)? and A’(u)? are easiest to understand in the Lévy case, i.e., when ~;5 are constants.
In this case A’(u)7 is —% times the logarithm of the real part of the characteristic function of
A"L/\/A,, where L = yTLt +~47 L~ and LT and L~ are two independent one-sided stable
processes with Lévy density % L{z>0}, and A(u)? = A’(u)} when v~ = —~*. In this case
of constant 4;", taking the difference A? 1 X — A? X makes the contribution of the stochastic
integrals w.r.t. Y* globally symmetric: the characteristic function of A%y L — AL above
becomes real, and this is why we put A(u)} instead of A’(u)} in the first case of (3.6). Now,
A(u)? has a much simpler form than A’(u)}, regarding its dependence upon u, which makes
its estimation from the data, as conducted in the next section, rather easy. On the other
hand, differencing increments results in a loss of information, since in the definition of C'(u)?
we have twice less summands than in the definition of C’(u)?. (Note that the form (2.1) for
X corresponds to having v~ = —~4™, hence in this case A’(u)} = A(u)?.)

In order to give a simple version of the limits below, we consider an extension (Q, F , (ﬁt)tz(), IF’)
of the original space (Q,F, (Ft)t>0,P), which supports two independent Brownian motions
WO and W@, independent of the o-field F, and on this extension we introduce the two

processes
t . 1 t
(3.7) Zi =2 /0 codW®  Z, = 7 /0 2 dw .

An equivalent characterization of the pair (Z, Z) is as follows: they are defined on an extension
(Q, F, (Ft)t>0,P) of (Q,F, (Fi)e>0,P) and, conditionally on F, they are centered continuous
Gaussian martingales characterized by their (conditional) variances-covariances, as given by

_ t ~ 1 [t _
(3.8) E((Z:)? | F) :2/ cds, E(Z}|F)= 6/ cds, E(Z;Z;|F)=0.
0 0

In view of the de-biasing procedure later on we need a multidimensional version of the CLT,
namely the convergence for all fu,,, where 6 runs through a finite subset © of (0, 00). We are
now ready to state the main results of this section:
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THEOREM 1. Assume (A) and (B) with r < 1, and choose ky, and u,, in such a way that

knv Ay,

4
Up,

(3.9) kn VA, — 0, k:nA}L/Q_a — 00 Ve>0, wu,—0, sup < 0.
n

a) We have the (functional) stable convergence in law

(3.10) (Z(un), (u%(zwun)n - Z(un)n)%@) £ (V27,2v2(62 —1)2)sco).
b) If further 8 > 1, we also have
(3.11) (2" (wa), (u%(z’(eun)n - Z’(un)")%@) 2 (Z,((6> = 1)Z)peo).

This exhibits a kind of degeneracy. Indeed, (3.10) and (3.11) imply the following convergence
(=2 means convergence in probability, uniformly on each compact time interval):

REMARK 2. A possible choice for k, and u, is k, < 1/vA, (log(1/A,))* and u, =<
1/(log(1/A,))*", which satisfies (3.9) as soon as the reals z, 2’ are such that 0 < 2/ < I

4. Efficient Estimators of Ci. In general, the bias terms A(u)} or A'(u)} in (3.6)
determine the second order behavior of the estimators C (u)} and C’ (u)}, thus preventing rate
efficiency. In one important case, though, Theorem 1 implies that C’ (u)}? will be both rate
and variance efficient and C (u)} will be rate efficient but with asymptotic variance somewhat
larger. This is the case when the jumps in X are of finite variation, i.e., when v™ and v~ are
identically 0. Then (3.6) reduces to

Z(u)p = VA (Clu) = Cy),  Z'(w)i = VA (C'(w)] — Cy),

and Theorem 1 implies:

THEOREM 3. Assume (A) and (B) with v* =0 and r < 1, and choose k,, and u, satis-
fying (3.9). Then the processes Z(up)™ and Z'(u,)"™ converge stably in law to /27 and Z,
respecyively.

This means, in particular, that the estimators C’ (up )¢ are asymptotically equivalent to the
truncated realized volatility T'C'(vy, )¢ of (1.7) with v, < A% and w € (ﬁ%), and hence are
rate and variance efficient. Thus, we provide an alternative to the truncated realized volatility
which is important in applications due to the presence of tuning parameters in the construction
of both jump-robust volatility estimators (ours and the truncated realized volatility).

REMARK 4. Whereas the above is a special case of Theorem 1, it is possible (although
far from trivial when one allows the process o to jump, as in (2.3)) to show that when again
7* = 0 and when r = 1, and if we fix u > 0, then the sequence Z’(u)" stably converges in
law to a process Z(u) which has the same description as Z above, except that the conditional
variance is now

(4.1) E(Zw}? | F) =8 | (b eo/2) g,
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(when u,, — 0 we do not know the behavior of Z(u,)™). Hence the estimators C’(u)} are still
rate efficient, but no longer variance efficient. However, the right side of (4.1) goes to 2 fg c2ds
as u — 0: so, upon choosing u small enough, one can approach variance efficiency as close as
one wants to.

Note that, even without variance efficiency, the rate efficiency above plus the fact that the
limit is conditionally unbiased seems to be a new result when r = 1. O

When the term [j (v, dY;" + ~,_ dY;") in (2.2) is present, the estimators C(up)? and
C'(un)? converge to C; at a rate arbitrarily close to 1/ NSl ? which up to a logarithmic
term is in accordance with the minimax rate given in (1.8) (see [9]). However, this does not
give us a feasible limit theorem. In this situation one can find a way of eliminating the bias
term and come up with estimators with rate 1/4/A,, and which are even variance efficient (of
course this is possible under Assumptions (A) and (B) only).

To do this, we fix the time horizon T' > 0 and we set

Al O — Bl — — (Clwz—Cwy)?
(4 2) C(U, OT = C(U)T 6((%)&-2%({1;)}\15(“)?’
. R R / n_ O (w)™)2
C'(u, O = C'(wf — oy O )

 O(Cup—20 (CupA+C ()

The new estimators above are biased-corrected analogues of C (u)} and é’(u):’ﬁ Our esti-
mation of the bias is very intuitive. It utilizes the fact that the only difference (asymptotically)
in C(u)% and C'(u) for different values of u stems from the presence of A(u)? and A’(u)?.
This suggests an easy way to estimate these biases from the differences of C (u)} and C’ ()i
over different values of u. The next theorem derives the asymptotic behavior of C (u, )% and

CA"(u, Q)

THEOREM 5.  Assume (A) and (B) withr < 1 and Cr > 0 a.s. Choose ky, and u,, satisfying
(3.9) and any ¢ > 1.

a) The variables \/LAT (C(tun, )% — Cr) converge stably in law to the variable /2 Zr, which

conditionally on F is centered Gaussian with (conditional) variance 4 fOT c2ds.
b) Assume further that either 1 < 3 < %, or that 8 > % and v+ = —~~ identically. The

variables \/% (CA"(un, Q) —Cr) converge stably in law to the variable Z, which conditionally

on F is centered Gaussian with (conditional) variance 2f0T c2 ds.
In particular, this applies when (2.2) reduces to (2.1), under the only condition 1 < 3 < 2.

The estimator C(up, ¢ )’ applies in all cases of Assumptions (A) and (B) and is rate efficient
but not variance efficient. C’ (un, €)' is both variance and rate efficient and no prior knowledge
of 3 is needed (except that 3 = 1 is excluded) whenever v = —y~ which is the case in many
models. When v # —~~, then we can use CA"(un, ()% only when 8 < 3/2.

Alternatively we could iterate the de-biasing procedure and achieve rate and variance ef-
ficiency even in the asymmetric case v© # —v~. Such an iteration also permits to replace
the fourth term on the right side of (2.2) by a sum of M terms [ (7" dY" +~7 dY""),
with Y+ having Blumenthal-Getoor indices §,, with 1 < By < --- < 1 < 2, and under
appropriate conditions. We leave such extensions for future work.

REMARK 6. When P(C7 > 0) < 1 the result as stated may fail. However, a classical
argument shows that it still holds in restriction to the set {Cr > 0}. O
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5. Monte Carlo study. We test the performance of our new method of estimating
integrated volatility and compare it with that of the truncated realized volatility on simulated
data from the following stochastic volatility model

t t t
(5.1) thXo+/0 Ves dAWs+nY, ct:co+/0 0.03(1.0—c5)d3+0.15/0 VesdWl, m >0,

where W; and W/ are two independent Brownian motions and Y; is a symmetric (-stable
process independent from W; and W/. The volatility ¢; is a square-root diffusion process,
which is widely used to model stochastic volatility in financial applications. The parameters
of the volatility specification are set so that the mean and persistence of volatility is similar
to that in actual financial data. In particular, its mean is 1 in the stationary case. Since the
key advantage of our estimation procedure is its ability to recover integrated volatility in
presence of infinite variation jumps, in the Monte Carlo we experiment with values of the
stability parameter of Y; of 8 = 1.25, = 1.50 and 1.75. We further vary the constant n (in
the interval [0,2]) which controls the relative contribution of ¥; in the total variation of X;.
In the Monte Carlo we fix the time span to 1 day (our unit of time is a day) and we
consider 1/A, = 2,400 and 1/A, = 4,800, which corresponds to sampling at 10 and 5
seconds, respectively, in a 6.5-hour trading day. We set k, = 240 for 1/A,, = 2,400 and we
increase it to k, = 320 when 1/A,, = 4,800, which correspond to 10 and 15, respectively,
blocks per unit of time. Experiments with more blocks per day led to very similar results.
We test in the Monte Carlo the performance of the bias-corrected estimator C'(u, ¢)" defined
in (4.2), whose implementation we now discuss. The choice of the tuning parameter u,, = u
in C'(u, €)™ plays a nontrivial role. From the asymptotic variance in (4.1), it is clear that a
big or small value of u is always with respect to the level of volatility c,s. For this reason, for

: : n _ 1 1
each time interval [¢,t 4 1] we set u for that day to u} = (o1 /A) 7 BV, where
- [t/An]
(5:2) BViag=5 2 AL X|IAX],

i=[(t—1)/An]+2

is the Bipower Variation on the unit interval [t—1,¢) which is a consistent estimator of fttfl csds
that does not require any choice of tuning parameters. Our time-varying uj is analogous to
the selection of a time-varying threshold for the truncated realized volatility that is typically
done (and we implement as well here). The scale factor W is chosen so that u}
converges to zero very slowly as A, — 0.

The bias correction term in C” (u,()} can be split into the product of two terms, as
(C'(Cu)n — C'(u)) x a(gﬁ;i@&%gﬁg/(u)%. The first term is an estimator for A’(u)%,
which is time-varying and the second is an estimator of 5%_1 which depends only on the
parameter 3. To reduce the noise in our estimate of the bias, therefore, we use a horizon
of 132 days (6 months) to estimate the second term, similar to earlier studies on estimation
of the Blumenthal-Getoor index ([1] and [16]), and daily data to estimate the first term (as
the limit of this term is time-varying). Also for the calculation of the second term we use a
smaller value of u as this allows to capture the slope of C’ (u, ()% better. Overall, for a period
of T'= 132 days, our daily estimator is
(5.3)

O g = Oy — 53 (G ey — C N ay) AO), £=1,.T — 1,
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S (CM(03¢up)p oy — C'(03up)R 4 y))

= ~ L > 0.
St (C7(0.3¢2up )Ty 4y = 2C7(0.3Cup)p gy + C7(0-3uf)7e ) A

(54)  S»

The restrictions on the sign above are finite sample restrictions with no asymptotic effect. In
the calculation of the bias correction term we set { = 1.5. Finally, if C’ (up, ¢ )ﬁ_L 1 is negative
we repeat the calculation in (5.3) with 2uy/3 (this again has no asymptotic effect).

For the truncation realized volatility estimator 7T°C'(v,,)", which we compare below to our

49 as typically done in existing work.

estimator, we set v, = 4, /BV[t,l’t]A%

The results from the Monte Carlo are summarized in Figures 1 and 2. Not surprisingly, the
activity of the jump component (controlled by () and its relative share in total return vari-
ation (controlled by n) have clear impact on the ability to separate integrated variance from
the jumps in X. Our volatility estimator C’ (up, ¢ )ﬁ_l,t] performs significantly better than
the truncated variance in presence of infinite variation jumps (recall that both estimators are
consistent regardless of the activity of the jumps). The superior performance of C’(ul, ¢ )ﬁ_m
is largely due to the removal of the bias in the volatility estimation that is due to the infinite
variation jumps. As a result c' (up, ¢ )ﬁ—l,t]v unlike T'C'(vy,)™, is essentially unbiased in all con-
sidered cases. Increasing the sampling frequency improves the performance of both estimators
in all cases. We note however that the reduction of bias and MAD for T'C(v,,)" for the higher
jump activity case (8 = 1.75) is significantly slower and this is unlike our estimator. This is
consistent with the slow rate of convergence of TC'(v,)™ in the case of infinite variation jumps
discussed in the introduction. Overall, we conclude that our estimator provides a nontrivial
improvement over existing methods for the nonparametric estimation of integrated volatility

in presence of infinite variation jumps.
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Fic 1. Median bias and Median Absolute Deviation (MAD) around the true value, ftH—l csds, for sampling
frequency 1/A, = 2,400. + corresponds to a’(u, Q)" and * to TC(vn)™.

6. Proofs.
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frequency 1/A, = 4,800. + corresponds to 6'(u7 Q)" and * to TC(vn)".

6.1. Preliminaries. By a standard localization procedure, we may and will assume that in
(B) we have 7 = oo and J is bounded, and also that X and o are themselves bounded, as
well as the jumps of Y*. Up to modifying b, we can thus rewrite (2.3) as

t t t t

(6.1) o = 09 +/ b ds +/ HZ dWy +/ H? dw! —I—/ / 37(s,2) (p — g )(ds,dz).
0 0 0 0 JR

1t6’s formula gives us

¢ =co+ [L0Cds+ [ HEAW, + [T HICdW! + [} 2 6%(s,2) (p — q )(ds, dz)
bf = 20407 + (HY)? + (H{")* + [ 07 (, 2)* dz
Hf =20y HY, Hj¢=20;H7, 0t z)=201_06%(t,2)+ 0t 2)>

(6.2)

where

and we can thus strengthen and complement (2.5) as follows:

16(t, 2)|" < J(2), 167 (¢, 2)[2 < J(2), 16°(t, 2)|2 < J(2)
| Xo| + [ou] + co + [be| + [bF | + [HE |+ [H |+ |b§| + [HE| + [HE| + |it| + |AYF| < K
V:X,C,O',b,’}/+,’}/_,HU7HC = ’E(W+S_W’Ft)|+E(‘%+S_W|2|ft)§KS

(6.3)

Here K is a constant, and below K and ¢, will denote a constant and a sequence of (non
random) numbers going to 0 as n — oo, all these changing from line to line. They may depend
on the characteristics of X and on the powers for which the forthcoming estimates are stated.
Moreover in the theorem to be proven the arguments u in C(u)? or C'(u)} are u = u,, — 0,
where 6 varies in a fized set © C (0, 00): hence in the sequel we implicitly assume u € (0, 1].
Upon replacing g(z) by g(1) + 1 when = > 1 we get (2.4) for all z € (0,00). We loose the
fact that g is decreasing, but it is still decreasing on (0, 1], hence 2" 1g(z) as well because
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r < 1, and the property fol 2" 1g(z) dr < oo implies 2"g(x) — 0 as z — 0. Summarizing and
recalling 8 > 1, we have

— 1 — K
(6.4) x>0 = ‘Fi(x)_$7| < g(x), Fi(x)gx—ﬁ,

and lim z"g(z) =0.
z—0
Below we unify the proofs of the claims (a) and (b). This is at the expense of somewhat
cumbersome notation, but it saves a lot of space because the proofs are totally similar. To this
end we introduce a number x which takes the value 1 if we deal with the non-symmetrized
version and the value 2 when we consider the symmetrized version. We set

LLuw)j=L(wj,  L2uwj=Lkj  clwj=2c¢Wj  a2u)j=7cu)]

(65) 2 n [#/mn] =1 = n 2 : 24 n 2
C(kr,u)} = Kup ZO (C(k,u)} — g (sinh(ku’c(k, )7 /2))?)
J:

(so C(1,u)? = C'(w)? and C(2,u)? = C(u)?), and also (recall that when x = 1 we suppose
G > 1, so the quantities below are well defined)

. AL u)p = A, AR, 0 = AWy
‘ Z(k,w)f = A= (Clr,w)f = G — Ak, w)}).
Next, recalling the notation (3.5), we set
Ukyu)y = e me/2 Tg,u)p = e ol a
(6.7) U(L,u)? = cos(A}fﬁ/Quﬁaé): U2,u)" =1

Uk, ) = Uk, u)y Uk, w)? Uk, u)).

Since 0 < ¢ < K and 0 < a; < K and |a}| < K, and assuming n large enough to have
Al7PuPlaj] < 3 for all t and u € (0, 1], we see that, for some y € (0,1),

68) x<Ukup<l, x<Ukuwp<l, x<Ukuwy<l, x<Ukuw))<l.
Moreover, It6’s formula yields

Uk, u)y = Uk, u)o + [ by ) ds + Jo a5 aw, + Jo H Y aw;
+ J5 e 0V (s, 2) (p — ¢ )(ds, dz)
U(k,u Ku2 c K2ut c c
bt ( ) =—"5 U(H, U)t bt + 8 U("Za U)t((Ht )2 + (Hé )2)
U5, (o002 1 4 e, 2
where U(k,u) oul ¢ 1U (k,u) Ku? Ic
Ht = -5 U(Ii,u)th, Ht - _TU(N7U)7§H2§
5U(n,u) (t, Z) — U(I{, u)ti (e—'fUQ‘SC(th)/Q — ]_)

Therefore we have for all u € (0, 1]:
(6.10) b O 1 ) < ka2 V(1 2) 2 < KuP (2),

Since [|z|? —|y|® — B{y}P "z —y)| < K|z —y|® for 2,y € R when 1 < 8 < 2, and a similar
estimate for {z}% — {y}7, and since |7;"| < K, the last part of (6.3) implies for s € [0, 1] and
q=>2:

E(atrs — as | Fo)| + [E(af,, — ap | Fo)| < Ks9/2

6.11
o E(larrs — ar|? + |aj, — aj|” | Fy) < Ks'M9072),
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Using |e® —e¥ —e¥(z—y)| < (z—y)? for 2,y < 0 and a similar estimate for the cosine function
when x = 1, we deduce for all v > 0 and ¢ > 2:
(6.12)
[E(U (K, w)ers — Uls,u)e | Fo)| < Ku’s, E(|U(k, w)ers — Uk, ule|? | )| < Ku®ls
BTk, w)iys = U, w)f | Fo)l + (BT (6, 0y — Ul w)f | Fo)| < KA Pulsbl2
BT (5w — U, u)f |+ |0 (s, )y = Ol |? | Fi) < KAR s,

In turn, since xy — zw = (z — 2)(y — w) + z2(y — w) + w(z — 2), this yields
(6.13)
EU(s, w)f s — Uk, w)f | F)| < K (s + Ay Pulsh1?)
(U (k, )y — Uk, )Pl | F) < K s (u?? + AL ya0)
E(JU(r, w)y o — Uk, w)f — (U, w)gs — Uk, w)) U (w,w)f Uk, u)f]9 | Fr) < K s ARy

We end this preliminary subsection with another set of notation, with again x =1, 2.

pl(l)n = — U(z 1)AnA?W, pl(2)? = \/% O(i—-1)A (A W — Az+1W)
1

)= 75 Oua AT s, ATV

p"(2)f = VA (V(i_l)An(A?Y+ AL YT )'*”V(Z 1A (A Yo - AL YT))

pR)E =W+ (W) PE = A ATX, ()7 = A (ARX — A7, X).

kn Ek” ! (COS(UP(’@)?Jrnjknml) —U(x, U),{(Jan)A ) ifw=1

E(r,u);" = kn Zz (COS(Uﬁ(“)ﬁmk wrt) — cos(up(R)Yy ik, pwr)) i w0 =2

(6.14) Mz“*(( W ki, — U WL, if w = 3.
(k)] = m —1 &R, u);"

Q(H’u)n,t = {Supjzo [t/ kvn]—1 |£(K’ ’LL) | < %}
Note that, by virtue of (6.8),
(6.15) &k, u)i" [ < K, JE(ku)]] < K.

Finally, let us mention that below we assume (3.9). This implies the following properties,
which will be used many times below for various values of the reals w; below:

(6.16)

ko2 Als h wwz
n Un_Sn” g i either ws >

or wy < 4(wy + we), w3 > 52,

w.
Un

6.2. The scheme of the proof. We have the sequence u,, and ( € [1,2) with further 5 > 1
when we deal with (b) of Theorem 1, hence when x = 1. Below, 6 always belongs to a finite
set © C (0,00) which, without loss of generality, contains 1. We set

1-8/2 , .
Q(K)nt = Ngeo Lk, Oun)nt, ap = Ai_’g/Q ag, ayt = An a ?f p>1
: : 0 if8=1

fru(x) = (sinh(&uQm/2))2, hu(z, @) = % (uPz —log (cos(u’’))),  hou(z,2) = 2u2a.
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Because ¢, at, a; are bounded, we have the estimates (with f’ and f” the first two derivatives
of f):
fﬁ,u<ct) + |f//i,u(ct)‘ + ‘ rlﬂ/,u(ct)’ < Ku!
(6.17) Wz < K = [uPf (@) + [l ()] < Ku*
Ap < Ku? = |heu(al,am)| < Kub—2AL % < K.

and also

2
(6.18) - logU (K, u)} = ¢t + hyu(al, af), (K, u); —/ by u(al,al) ds.

1) The key step of the proof is as follows. By construction we have L(x,u)? = U(x,u)}, (1+
&(k,u)}). Moreover, we have U(k, fup); > x > 0 by (6.8) and there is a non random 1nteger
ng such that k, > 4/x? for n > ng, implying L(k,0uy)? > 1/v/k, for all j < [t/v,] — 1 such
that 1+ &(k, 0uy,)} > 1. Hence we deduce from (6.18) that

n>ng, we QL) =

6.19 ~ n n n
(6.19) &K, 0un)T = Cojon + M pun (€40, G050,) = gz 108(1+ E(8, Oup)T).

Another key point is as such: on the set €2, + and again for n > ng, we can expand log(1+z)
around 0 and f, around c,;a, to obtain

|6k, Oun) = Crjon = o, (a0, 050,) + wgy

2 &5, 0un)} — gz |60, Oun) 7 |

[ Fru @05, 00n)) — Fou (Crjon) + gge S (Cno JE(, O )|

< KAy 116k, up )2 P2),

where for the last estimate we have used (6.17) and the fact that |A(/<, Oun)j| < K Ju? (by the
first estimate, plus again (6.17) and (6.15)), hence |u2 v u, () + [l g (T )| < Ku4 for all
between ¢(k, fu,)} and ¢y, In turn, this and (6.16) yield on the set Q(#)n¢ and for n > ng
again:

| (200, 0n)2 = oo = P00 (0 0U50) = iy Pt (05, O)1))
B (912Ln) (nkn(zun)Q éGun (Cﬁjvn) - 1)5(’@ gun)?

Qun ("5(’43 eun) ’2 % fn,@un (anvn»‘

Bun)?|? Oun)? 3 1-p/2
SK(IE(Hku;]‘ +|£(K o)l + Bn 2—!3)'

2
nUp Up knun

(6.20)

2) Recalling (6.6) and (6.18), we can write
(6.21) Z(k, Qu,)" = Vil by yiend, where

n,0 1 t
V;tnn - VAL fm)n ([t/kvn]—1) (CS + hn,@un( ?’ s )) ds
vt — —WH%] 1 S (cs — Crjun, + (R (a, a™) —h (al;, ,a; )))ds

t = 0 \/7 F»']Un S KRJUn K,gun sH»s Kreu’n Hj”n’ H,j’Un
J:
[t/kvn]—1

b} 70 e

V;E”H M= ZO \’;UALTL (C(/‘i, HUn)? — Crju, M 0un, (aZjvn’ G/Z-Ljvn) o W fr, ou, (C(K, Gun) ))
]:
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Let us also introduce the following processes:

[t/kvn]—1

I/ I 79 n
an = . o (Ou Q)Zr(nkn(eun 2 f;{e Oun (Crjun) — 1)5("57 eun)?
j:
T7/5,n,0 [t/on] =1 2
Vintt = 2 (Oun )2 (‘5(“ Hun) ? Efn,(?un(cnjvn))
J:
[t/kvn]—1 n|2 n|3 1-8/2
,n,0 " [€(k,0un)T| €(r,0un)7 | Ay, s/
an B j;o \/UAn ( knu%J u? =t knu2 B)

By virtue of (6.20) we then obtain
| Z (5, Quy, )t — V0 —yrend _yrend _yend) < g REMY on Q(k),y, for all s <t.
Therefore, Theorem 1 follows from the next four lemmas, where Z and Z are as in (3.7):
LeEMMA 7. We have P((2(k)nt)¢) — 0.

LeEMMA 8. We have > V”"9:’$0 and 1 anezgo
LEMMA 9. We have u% Rf’n’e LR () and u%vm,nﬁ wer oy

LEMMA 10. The processes (V™1 (u% (VEnd _yrnly) g g) converge stably in law to the
limit (k127 (k3/%(6? — 1)Z)geo), provided § > 1 when = 1.

6.3. Proofs of Lemmas 7-10. We begin with Lemma 8, which is simple to prove:

PROOF OF LEMMA 8. By the boundedness of ¢; and the property A, < Ku2, we deduce

from (6.17) that |[V>™?| < K=, which is o(u?) by (3.9), hence the first clalm. Next, we
1-8/2
have hg gy, (a?, al") — ho.pu, (aw, ay,) = éﬁ:w

(as — ay) and also, as soon as (fuy,)?|a?| < %

(hence for all n large enough),

‘hl Oun (as ) as ) hl,@un (aw’ afw)

B/
7(205) ’ (as —ay — (d, — a] )tan(A —h/2 (GZun)BaﬁJj))’ < KA2-By20-2 0! — a! |2.

Hence (6.3) for V' = c and (6.11) imply that the jth summand ¢} in the definition of y/rnf
satisfies in all cases

BT | Frgon)| < \/fL (U n 1+6/2A1—6/2u5_2) = o(vp u2)

TL

E((CJn)Q | fnjvn) >~ (1 + AQ BUQB 4) = O(U u4)

where the last two estimates follow from (6.16). Then a classical argument yields the second
claim. 0

The other lemmas need quite many preliminary results. Below, to ease notation we simply
write u, instead of Ou,,.
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LEMMA 11. Recalling (6.14), we have for all ¢ > 2:

622 [B(cos(u,p(1)7) ~ cos(unp()1) | Fia,)] <ty
E(| cos(unp(r)i') — cos(unp(r)i)|? | f(i—l a,) < /By b

PRrOOF. 1) We begin the proof with the case = 1. Letting X; = [5 [z 6(s, 2)p(ds, dz), we
have u,p(1)? = S4_, 0(k)?, where

0(1)f = un,o(l)?, 0(2 f(z 1)An — 0—1)a,) AWs + unVAp bji_1)a,
0(3); = 2= [i21)a, (s b(H) n) ds
0(4)f = An (A?X + f(z‘_n1)An (v = ’Y(JZ, DA )dY"' + fz DA, (s — 7(1 HA )dY )

We also write (k)P = S°F _, 6(m)?, so
(6.23) cos(unp(1)?) = cos(0(1)1), cos(unp(1)?) = cos(0(4)1).
2) In this step we prove the following estimates, for any w > 2 and £ > 0:

KueAy "7 if k=1
E(0K)?" | Fi—na,) < § KuyA, if k=2
E(0(4)7| AL ] Fionya,) < upV/Dy dn
E((lunp” (£)} A1) | Fiznya,) < KAy 02,

We classically have E(JATW[* | F;_1)a,) < KAg/Q, whereas E(|ATY £| | Fli-na,) < KA,
by Lemma 2.1.5 of [3] (because Y+ has bounded jumps), yielding Case k = 1. Cases k = 2,3
follow from (6.3).

For Case k = 4 it is enough to prove the result for each of the three summands in the
definition of 0(4)". For the first summand A?X, we observe that |u,A?X /A, | A1 <
K(|A?X /\/A,| A 1). Then we apply Corollary 2.1.9-(c) of [3] with ¢ = 1 and s = A,, and r
as in (A) and (B) and p = 1, to obtain

|unA?7|
VA,

The other two summands are treated analogously, and we consider only one of them, say
all = f(iﬁ?)An (vd - ’y(':._lmn)d}fj. We observe that the jump measure of Y, say p’, is
Poisson with compensator ¢ ’(dt,dz) = dt @ FT(dz), and o = A x (p’ — ¢”)) if we take
§(t,2) = (v — 7?; HA )z 1>(i-1)A,}- The notation (2.1. 35) of [8] for 0 x (p” — ¢ ') becomes

(6.25) E( ATl Fina,) < A5 e,

~ a/h/s 'Y(J;,l)ATJ p 1+

8(p, a)(i—1)Anin, = Cva, vd ’Y(Z na, | ds Jo 2P F*(d2)

5 (n) s =3 iAn + 00 +

0 (p)(z—l)An,zAn = 5( 1)(1 DAn,jA, T An f(z A, |’Ys 'Y(i_l)An’dS f1/|7j77(+1_71mn| z F(dz)

!

S

(p)(i—l)An,iAn = 3(10 1)(1 AR, A, T A fz_l)A Ft (1/|’Y§F —v(t_mn ) ds
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and we observe that, since vt is bounded and F' * is supported by [0, A] for some finite A,
necessarily 0'(p);-1)a,,in, < K0"(D)(i—1)An,ia,- (6.4) yields [ 2P F*(dz) < KazP~—# when
p > 3, hence

5'(10)(i_ 1)An i, S K& (p )(z 1)An,mn <A fz DA |’Ys Tona,l® ds.

TL

Since 1 < 8 < 2 we then use Lemma 2.1.6 of [3] with ¢ =  and r = p € (8,2] and s = A,,.
Since E(|7€§71)An+s - 7&11 An’ﬂ | Fi—na,) < Ks%/% by (6.3), we obtain for p > 3

(6.27) E(('“”A <\/AE_Q ’/\1) Fii-na,) < KAL 0=/

We then apply Holder’s inequality to get

|un04ﬂ T ,
E( VA, /\1 | }—(i—l)An) < KAn/P /A+B/4p.

Under (6.16), both this and (6.25) are smaller than u:+/A,, ¢y, upon choosing p close enough
to 8 above. Hence (6.24) holds for k = 4.

Finally the last estimate in (6.24) is obtained exactly as above, upon taking 'y("l?_l) A, instead
of vt — 7(4;—1)An? so the bounds in (6.26) become KaP~? and K, and the one in (6.27) is

K A,lf(p /% We then apply the latter with p close enough to 3, and the result follows.

3) Since | cos(z+y) —cos(z)| < LAJy|A(|zy|+y?) and | cos(z+y) —cos(z) —ysin(z)| < Ky?,
we deduce from (6.24) and Cauchy-Schwarz inequality that

w>1 = E(]cos(0(4)}) — cos(0(3)7)" | Fimn)a,) < unvBn én

E( cos@3)7) - cos @D | Funs,) +E( cosB27) — cos O | Funa,) < KuZA,
E(| cos(0(3)7") — cos(6(2)7)] Ifz Da,) < KupA,

E(] cos(0(2)}) (O(1)F) = 0(2)F sin(0(1)7)] | Fi-1)a,) < KujAn.

This with w = 2 and (6.23) and v/A,, = o(u2) yield the second estimate (6.22) for ¢ = 2, hence
for all ¢ > 2 because |cosz| < 1, and also (with w = 1 above) that, for the first estimate, it
only remains to prove that

[E(0(2); sin(@(1)}) | Fa-1)a,)] < unv/Bn d.
Now, we have |sin(0(1)?) — sin(upp/(1)?)| < K(|upp”(1)?| A1) and thus

E(| 027 (sin(0(1)7) — sin (wnp' (V)] | Faonya,) < Kun AL = ul /A, 6,

by Cauchy—Schwarz inequality and (6.24), and where the last equality comes from (6.16), upon
choosing € < ﬁ . Hence, it remains to prove that

[E(0(2)7 sin (unp'(DF) | Famnan)| < tnvVAn b

— COS

4) Recalling (6.2), we set

t t
Vim [Hrawis [ [ 57(s.2) @ - ) (ds.d2).
0 0o JE
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We have the decomposition 6(2); = — Z?:l w(7)r, where

( )n Fb(z A,

p2)p = 1o (S, b7 dE) WV,

pB3)i = \/7 (i l)An f(Z Ha, Ws = Wiya,,) dWs
p(4); = A (fz Ha, (HY = HE_ A )th) dWs
u(5)7 \/E fz Ha, (Vs = Viiena,) dWs,

and it thus suffices to prove that, for j =1,2,3,4,5:

(6.28) | E(u(5)f sin (unp' (D7) | Ficaa,)| < KunvV/Ay dp.

First, E(u(7)? sin (unp'(1 )Z) | Fi—1)a,) = 0 for j = 1,3 follows from the fact that in these
cases the variable whose conditional expectation is taken is a function of (w, (W(i—l) Aptt —
Wii—1)a, )i>0) which is F(;_1)a,,-measurable in w and odd in the second argument. Second,
we have IE(( D2 | Fi—nan) < Ku2A?2 for j = 2,4 (use (6.3)), implying (6.28) for j = 2,4
by Cauchy-Schwarz 1nequahty and (6.16).

For analyzing the case j = 5 we use the representation theorem for martingales of the
Brownian filtration. This implies that the variable sin(u,p'(1)}"), whose F(;_1)a,-conditional
(1) An L? dWg for some process L™, adapted to the
filtration (7} );>0 generated by the process W, hence

Uy, iAn,
VA, Ji-1)A,
Since further the martingale V' is orthogonal to W, and by using once more the repre-
sentation theorem (so L7 = E(L} | F',) + f(‘z_l)An L dWy for s > iA,), we deduce
E((Vs = Viicyya,) LE | Fa-1ya,) = 0, hence E(u(5)7 sin(unpi®) | Fi—1)a,) = 0 and (6.28)
holds for j = 5. This ends the proof for the case k = 1.

expectation vanishes, has the form f

E(u(5)}" sin(unp (1)7) | Fi-1)a,) =

E((V ‘/(7,1 ) s|'7:z DA, )d

5) When x = 2, we do as above, with a few changes: First u,p(2)? = S.4_, 0(k)?, where

0(1)7 = unp(2);
0(2) = ﬁﬁ([ 05— o-na,) AWy = [A2 (00 = 0 1)a,) AW

0(3); = jﬁ(fm s—sﬂs> (W“ “(bs — bsya,) ds)

042 = = (ATX — AL X + [0, (F = v{ipa) 4V — SRS (0 = afipya,) 4YS

I A (s = Waoa) AYs = AR (5 = AGya,) dY)-

The estimates (6.24) remain trivially valid, as well as Step 3. In Step 4 we use the decompo-
sition 0(2)! = — 25-:2 p(4)7, where

()0 = = ([0, (Joonya, b7 dt) aW — [XEV2 ([ ), 7 dt) div)
ww—%zmwxml<m—mHm> — SR (W = Wiii)a,) dWS)
u(4); = (f(i DA n(f(z A JHY —H (1 A )th> dWs

f((fAH (fs va, (7 = HE )5, dW) V)
() = e (2% a, (Ve = Vimna,) dWs =[R2 (Ve = Viiya,) dW)
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(the term x(1)? no longer shows up). The rest of proof carries over without modification. [J

LEMMA 12.  We have for all ¢ > 2, and if u), < up:

(6.29) | E(cos(unp(k)) | Fiya,) = Uk, un)ii_1ya,| < dn iy V/An.

| E(cos(unp(r):) cos(upp(k)) | Fi 1))
(6.30)
L U, ), UG [ — W) )a,)| < Gl VAL

(6.31) E(| cos(unp(r);') — UK, un)i_1ya, | | Fi-a,)) < Kuy.

PROOF. 1) The variables AT"W/\/A,,, A?Y ™" /\/A, and AMY ™ /y/A,, are independent one
from another and from F;_1a, , with characteristic functions exp(—u?/2) and exp(—Git (u) —
iHF(u)), where

A/ l—cos jEy)—An/Ol \/7 si \/7

Analogously, the characteristic functions of (AW —AZ, ;W) /v/A,, and (ATY A7 YE)/\/A,
are exp(—u?) and exp(—2G; (u)). Therefore by the definition of p(x)?, and since oi—1)A, and
y(ji[_l) A, are F_1a,-measurable, we have

) F(de), L) F(dx).

E(cos(unp(1)7) | ]—“(l.il)An)) = U(laun)(@;lm e_m(umi+ 1ay)~Gn (Y, 1yA,)
(6.32) x cos (H,¥ (un;” na.) o (nia,)
E(COS(’U/nP(2):’LZ) | F(l*l)An)) = U(z) un)(i—l)An e*QG (Un’yzfl)An) 2G,, (un’Yi,l)An)'

2) In this step we analyze the behavior of G (y) when y € (0, A] for some A > 0. Let
= A7 for some 7 € (0, 3), to be chosen later, so that ¢, — 0 and ¢, = (uy/VA, — <.
Using (6.4), we first see that

0< /C: (1 — cos f%n) FE(dz) < 2F%(¢,) <

&4l =

Next, Fubini’s theorem and a change of variable yield

/OCn (1 — cos %) F*(dx) = /OC,Q Fi(zx/yfn) sin(z) dz — /0% F*(¢) sin(z) dz,

and the absolute value of the last term above is again smaller than K /¢ because | Jo sinzdz| <
2 for all z. To evaluate the first term we use (6.4) again to get

[P () sinoy s~ o] < | o [ ]+ [ 02
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We have [ SL’};Z z = — 0 [;° %55 dz by integration by parts, yielding | [ Sizr},z dz| <
2/x°. We also have

C{T '\/Ain —-Tr T
/0 g(zy ) dz F g [T g, And on

because (, — 0. Putting all these together yields

| GE(y) — ALTP2Px ()

for all y > 0, and also (trivially) when y = 0. Now, we take n = m and use (6.16) to
deduce

’G+ Un')’(Z 1A ) + G, (un'Y(_i_l)An) - A}z_ﬁ/ng a(i—l)An| < ui VA &

Using once more |e® —e¥| < |z —y| A1 if 2,y < 0, and recalling the definition of U(u)}, we
deduce

—K + U + U
(6.33) | e On e a FE e tinan) T un )y a, | < ub /B .

3) Next we analyze H:F(y): this is for the case when k = 1, hence 8 > 1. The following
estimates are easy consequences of (6.4):

z 1
0<z<1 = / 23 FE(de) < K227P, / x F(dx) < K215,
0 z

With ¢, and ¢, as in the previous step, and we have

0</1< — sin Ky ,
T Ja WA, F \/AT, T VAL

/Ogn (\/x?i si \/7) FE(da) = /0 7i(2\/7) (1—cosz) dz—/ FE(¢n) (1 —cos 2) dz,

and the absolute value of the last term above is smaller than Ky(/,/ Cg . We also have

G 2/ y? y? 1 —cosz G 2,
‘/ i )(l—cosZ)dZ—Aﬁ/QX/(ﬁ)‘SAﬂ/Q/l 5 dz+/0 g( ” )d

L) FE(dr) < —=TFH(G) <

As seen before, the last term above is less than \/%7 ¢r "¢, whereas [° 1‘;% dz < K/xP~1,
Putting all these together, plus ¢/, = y(, /v Ay, yields for y > 0:

KyvA,
Cﬂ

n

|HE(y) — AL P25 (8)] < < KyAl/*=hn,

The same holds with —|y|® and |y| instead of y” and y when y < 0, and it trivially holds for
y = 0. Since |cosz — cosy| < 2|z — y|(|z — y| + |y|) for all z,y, we obtain

‘ cos (H,f(un’y;r_lmn)—i—ﬂg (un%’_—l)an))_ﬁ(l’ un)@_l)An‘ < K (u2AL=200 1 [0 AB/2=B/2=0m)
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In view of (6.16), and upon choosing 1 > 0 small enough, we deduce that

(6.34) ‘ Cos (H;(Un’Yitl)An) + Hg(un'yi__l)An)) - ﬁ(l, un)zn—l)An’ < ui VAR dn.
4) At this stage, (6.29) is an easy consequence of (6.7), (6.32), (6.33) and (6.34). Since

cos(unp(k);') cos(upp(K)) = % (cos((un + up)p(K)i') + cos(|un — up|p(k))),

(6.30) follows from (6.29).

Finally, since |cosz| < 1 and |U(k,u)}| < 1, it is enough to prove (6.31) for ¢ = 2. Since
(cosz)? = § (14cos(2z)), an application of (6.29) and (6.30) shows that the left side of (6.31)
is, up to a remamder term of size smaller than qbnufl\/Fn, equal to

1

5 UK 2un)(inya, = 2U(R un)(o1)a, )2+ 1).

An expansion near 0 of the function u — U(k,u)™ in (6.7) yields that the above is smaller
than K (u? + A}f’g/zuﬁ), which in turn is smaller than Ku? by (6.16). This yields (6.31). O

Below, we use the simplifying notation
(6.35) Vs, u,u)i = Uk, u+ )] + Uk, [u— )] = 2U(k,w)f Uk, o)
LEMMA 13.  For all ¢ > 2, and if u), < uy,, we have

|E( ”f“n)ln|}—ﬂjvnl|<u4v ‘lsn
1 n n n
(6.36) |E( K un)] &(k, un) ‘ fmvn) 2kn V(”v“mu;z)njvn’ < ¢nufz VAR
B(E(, wn) |7 | Fojo,) < Kud /R

[E(E (R, wn);™ | Fgu)| < upv/Ba

(6.37) (0, 710 | P ) < /B 0
(6.38) [B(E(s, un) "™ | Frojon)| < ub v/ 6

E(J€ (K, un) "7 | Frjun) < Kvg (w20 + AR08,

PROOF. In the proof, and for simplicity, we denote by ((I,w), the Ith summand in the
definition of (, u,); ", for w =1,2,3.

Upon expanding the product &(x, un);’"g(n, u’n);n, (6.29) and (6.30) and successive condi-
tioning yield

kn—1

‘E(ﬁ(l’i Un)jl ng(ﬁ’u%)},n | F, njvn k2 Z E(V (K, un, u n) (Gkn+D AR ‘ f/{jvn)
no1=0

< ¢n uﬁ VA,

The first part of (6.16) and (6.13) also yield for I < ky:

IE(V(x, unvu/n):(jkn-i-l)An_V(’%ﬂ umu;)ﬁjyn ‘ fnjvn)’ < K(“i”n"'ugAi_ﬁ/ng/Q) < ¢nui\/ Ay,
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the last estimate coming from (6.16). We deduce the second part of (6.36). Next, (6 29) and
(6.31) yields [E(C(L, D)n | Ffi, 1) < bnut/A, and E(1C(1,1),]7 | Tont1) < Ku}, so we
have the first part of (6.36), and also the last part by the Burkholder-Gundy and Hélder
inequalities.

(6.37) is a simple consequence of (6.22), plus Burkholder-Gundy inequality again. Finally
(6.13) yields

IE(C(1,3)n | Frjon)| < K (u? Un + AN ﬁ/Qquﬂ/Q)
E(G( 3l | Fujun) < K (2 + AT ugh).

Then (6.16) yields (6.38). O

LeMMA 14, For all ¢ > 2, and if u}, < u,, we have
|E(£(’f’un)? | Frjon)| < U%V Ap ¢n
V (Kytn,uh)™

(6.39) A€, n) €05, )5 | Foion) = 9 ttsuary,, ttsi | < W/ B O
E(I§(, un)} 17 | Fjun) < K (5 /2 + 2y, + AL ‘*/%zﬁvn)-

PROOF. In view of (6.8) and of the previous lemma, the first and last parts of (6.39) are
obvious. For the second part, by virtue of the second estimate in (6.36), it is enough to prove
that

E(E(k, un) 7™ E(, 1) | Frcjon)| < tin vV An G

for all z,w = 1,2,3 but z = w = 1. This property follows from Cauchy-Schwarz inequality
and all estimates in the previous lemma with ¢ = 2, except when z =1 and w =3 or z =3
and w = 1.

We will examine the case z = 1 and w = 3, the other one being analogous. We have

E(rup) " = — Z F = 1= 1) (U810 R k1408, — UE U)K G, 10A,)

yielding

£(k, Un); "E(kyul, )] =12 Zk"_l SRk — 1 — L)ajy, where
of = (cos(unp() T rat) = U0 )it pimnn) U0 14y 8, = U0 )

and it is thus enough to prove that af'y = E(afy | Fyju, ) satisties

4 An 1 !/
(6.40) layl < q Un R On LA
’ ur Ap b if 1=1.

If I < U, and since [U(k,un)}| < 1, (6.13) with s = A, and the first part of (6.16) give us
(0] | Frgitn+1yan)| < KAnuf| cos(unp(r)i g jr, 1) — U, un)tr 1 yan |-

Then (6.31) and the Cauchy-Schwarz inequality yield |af'y| < K AnutP ) so (6.16) again
implies (6.40). If [ > 1" (6.29) yields

Bl | F(irntyan)| < Sntin VAu UK, )R G 18, — U W) R Gr 1A
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and (6.13) with s = kA, and Cauchy-Schwarz inequality yield [} | < ut Ay, hence (6.40).
For [ =1’, upon using (6.8) and the last part of (6.13), plus (6.31) and the Cauchy-Schwarz
inequality and (6.16), we see that it is enough to prove (6.40) with oy replaced by

0‘?3 = (COS(UnP(H)ﬁnjkﬁM) U(“a“ﬁ&(;kﬁl)A )Cn(]kn+l)
where " =U(k,u, )(H_K) — U(K, tp)iA, -

The same type of argument, now based on the first part of (6.12) and (6.24), plus the property
| cos(unp(k)f) — cos(unp'(k)})| < unp” (k)7 A1, shows that we can even replace o]} by

I

Q= ¢:(jkn+1)fg(jkn+1)a where Ui = cos(unp'(K)14;) — Uk, Un)in,, -
Observe that ¢* = Y24 _| B(w)?, where

BOYE = [l 2 bl ds, gy = B (Wiipa, — Wia,)

3 (2

BE)T = [ gUem) _ gl gy,

(2

By = 0% g gy "8 [ sUGsat) (5, 2) (p — g )(ds, dz).

By (6.10) we have |3(1)?| < KA,u/?. Combining (6.3), (6.9) and (6.12), we easily check that
E(IB3)?] | Fri-na,) < Ku?A,, hence

w=1,3, 0<1<k,—1 = E(rBw)? | F") < Kutv/A, én.

A parity argument (as in Step 4 of the proof of Lemma 11) shows that E(47 3(2)7| | Fi—1)a,) =
0 for all i. Finally, with G = (W, : s > 0), the independence between W and (W’ p)
implies that E(3(4)7 | Fu-na, V G") = 0, whereas Y is Fi-na, V G -measurable,
hence E(¢7'3(4)]" | Fi—1)a,) = 0. All these partial results give us the needed estimate for
|E(af) | Fr(jkn+1)a,)|s and the proof is complete. O

LEMMA 15.  For any square-integrable martingale M and any random variables (j' such
that |(}'| < K and each (' is Fyjv, -measurable, and for all t > 0, we have

[t/kvn]—1
vn n n P
(6.41) W Z E N(]-&-l - Mmjvn) Cj &(k, un)j | j:fijvn) — 0.
n n ] =0

above by &(k,uy,):", for

PRrROOF. It suffices to prove the result if we replace &(k,up)? j

J
w =1,2,3, and in this case we denote by R;”" the normalized sum in (6.41).
When w = 2,3 we use the following argument: the properties of ¢} and Cauchy-Schwarz

inequality yield

[t/kvn]—1 [t/Kkvn]
Ku, o 1/2
\/7 ( E(|(x Un Z E(( k(j+1)v Mnjvn)z)) )

7=0

(6.42) E(|R""

) <

and the last sum is equal to E((M,,, (1t/rkvn]—-1) — Mjp)?), which is bounded. Then it is enough

to show that SA E[t/m"] VE(l¢(r, un)i"?) — 0, which follows from Lemma 13 and (6.16).
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j
nit = cos(unp(k)}) — E(cos(unp(K)}) | Fi=1)a,), and we are left to prove that (6 41) holds

with &(#, u,)? replaced by ¢ and by ¢7™. In both cases we denote by RM" and R/M™ th

mn P .
corresponding normalized sums. For proving I, " —— 0 we proceed as above, that is, we

have (6.42) with ¢ instead of £(k,un);™", whereas [¢]"| < ¢ppup/Ay by (6.29), hence the
result holds.
For R;l’n, we observe that, by successive conditioning,

When w = 1, we write &(k, up)i" = Y+ ", where Y = Zf"o 17714”_C (k1) a0d

in ; [t/kvn]—1 —
Ry :m ]Eo G’ ; (mﬂ kn-+1) | Fljon)

where 7 = M cos(upp(k)}), M = Mi_14r)a, — Mi—na,-
As above, Z?ZIA"]IE((MZ")Q) < K and |cos(upp(k)!) — cos(unp' (k)| < K(|lupp” (k)2 A 1).
Hence if

[t/kvn]—1 kn—1

() . .
- SO B s | Frjun),  where T = M cos(unp(k)7),

R/l,n _
e
Unknv/ B j=0 1=0

by (6.24) and Cauchy-Schwarz inequality and |¢}'| < K, we have for all ¢ > 0 arbitrarily small:

K\/i vn 5/2 o [t/i”} E((MH)Q)) 1/2 < K\/i A}“L/278/2718/4
- u%kn\/ n ‘ - 4

i=1 Un

B(R" - B <

— 0

(use (6.16) again). Now, by classical arguments, it suffices to show that R,"" £, 0 when M is

orthogonal to W, or is equal to W itself. In the second case, we clearly have E(7/" | F*{) = 0.
In the first case, we have the same by an application of It6’s formula. So R;l ™ =0 in all cases,

and the proof is complete. O
At this stage, we can prove Lemmas 7, 9 and 10.

ProOOF OF LEMMA 7. Using (6.39) with ¢ > 2 and u, — 0 and (6.16) and Markov in-
equality yields

[t/rvn]—1 [t/rvn]

1 — n
PO, Oun)ns)) < Y- P& 0un)fl > 5) <270 S E(&(w, 0unfl?) < Kt
i=0 i=0
hence the claim because §2(k), is a finite union of sets Q(x, Oup)n ¢ O

PROOF OF LEMMA 9. The claim - R 0 readily follows from (6.16) and from the

last part of (6.39) with ¢ =2 and ¢ = 3.
For the second claim, we set

2

G =— ((§</~e,0un>f;>2—a

fﬁﬂun (anvn))a ij = E(Cjn | fnjvn)'
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By a standard martingale argument, and since (;' is Fy(j11)y,-measurable, it is enough to
show that

[t/Kvn] [t/kvn]—1

(6.43) z c;-n“:%o, > OE(gP) 5
=0 j=0

Recall that fi gu(7) < Ku? when |z| < K, hence (6.39) yields

K’U2 (

E(IG) < v+ oA

kiun
The right side above is easily seen to be o(v,) by (6.16), hence the second part of (6.43). For
the first part we use (6.39) again and also (6.35) and U(x,0); = 1 to observe that it suffices
to prove that

[t/)ﬂ)n —1 u( 20 ) _ 2

v K, 20U, +1-2U(k,Oun) )
44 n KjUn Kjun/) 2, o (Croin wep
649 A X QU ) )2 i, (e ) ) 2 0

Now we recall that [U(k, Ouy,)f — U(k, Ouy,)i| < KugA}l_ﬁ/Z and 1/U(k,0u, )y < K: since we
have A}fﬁmug_‘l/kznm — 0 by (6.16), we can thus substitute U(k, Ou,)"™ in (6.44) with
U(k,0uy). But in this case, and by definition of f, ,, each summand is identically 0, hence
(6.44) is proved. O

PRrROOF OF LEMMA 10. Set ©' = ©\{1} and

Kyn,0 2vy, 2 ,
KJv -1
5 = G e T o) 1)
and
UK,n,0 el K,n,0 K,n,0 O‘?n’lg("{vun)? itg=1
1/;: 2 1oy = Z 4]7 ’ 9 C]’ ’ = i (O(H7n79£(f€ eu )TL —Oén7n71£(/f U )?’L) lfe e @/
uz oy »Oln)j — »Un)j

The claim of the lemma is then equivalent to saying that (?”’”’9)966 converges stably in law
O (HI/QZ, (H1/3(02 — 1)7)969/)'
We observe that the variable Cf’n’g is Fl(j+1)v,-measurable, whereas (6.39) and (6.16) and
Lemma 15 imply, for all ¢t > 0 and all square-integrable martingale M:

[t/Kkvn]—1 p P [t/Kkvn]—1 om0 P
2 EGT [ Frjen) =0, > BT )| Fiv,) — 0
J= 7=

[t/Kkvn]—1

K,n,0 P
= E(Cg (Mn(jﬂ)vn = Mijv,) | Frju,) — 0.
j:

Hence Theorem 2.2.15 of [5] shows that it remains to prove the following convergences:
(6 45)

vnl— 2k [ 2 ds ifg=0 =1
Z nnG nn@ |f/§jvn)l}r?7976,: 0 1f0:1759/

3

i=0 E(02—1)(07 1) fyctds if0,0' €0
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Recalling |f}, ., (c:)| < Kuy, it is enough to show that Ff’”’e’gl N Ff’e’gl, where
Av2 [t/kvn]—1 ) ' /
U%Ann ZO E((‘ﬁ(’% un)]) | j:nj'un) lf 9 = 0 =1
]:
[t/kvn]—1 \m
402 £(r,0"un)7 :
an,e,e' o ugvAnn = E(ﬁ(ﬂaun)?(Tj - f(:‘ﬁ,’un)?) ‘ .’F,{jvn) if=1 ;é o’
A = =
2 [t/mvn]—1 &(k,Oun)™
u%vAnn ~5 E((TJ - E("{a un)?)
0 un)? )
X(é(”’g# —&(Kyun)}) | fmn) if 0,0 € ©.

We then apply (6.39) again, plus v, = k,A, and the fact that v, /uiv/A, — 0 by (3.9), and

o s / 0,00 P 0,0
conclude that it is enough to show I',*"”” — T'7""" | where
t -1
20 [t/Kvn] V(n,un,un)zjvn HO0—0 —
d L W, =0 =
7=0 KJvUn
-1
20, [t/kvn] ( V(n,un,e/un)zjvn B V(H,un,un)zjvn) H0=1 # o
I";anﬁve, — u?b ]:D 0/2 u(”7u”)2jvn u(ﬂ’elu")Zjvn (u(nzu'fb),‘?jvn)z -
21]7” [t/K’Un]_l ( V(’iﬂunye/un)zjvn V(”’“’"’“‘”)Zjvn
u =0 029’2M(li,un)zjvn U(s,0'un)l,, (Z/l(.bc,un)Zjvn)2
_ V(s,un Otin) _ V(#sytn 0'un) 25, ) if 6,0' € ©
02 U(k,un) s, U un)T s, 02 U(k,un), UK )i, ’ :

If we denote F;’H’n’e’gl the same as above, with U (k,u)™ and V(k,u,u')"™ substituted with
U(k,u) and U(k, u+u")+U(k, |[u—u'|)—2U (K, u)U(k, ), and upon using (6.8) and |U (k,u)} —
U(k,u) < K uﬁA}fﬁ % and the same argument as in the proof of the previous lemma, we

see that it remains to prove FQ’“’"’G’GI RN Ff’a’el. The form (6.7) of U(k,u) allows us to check
that indeed
o [t/kvn]—1 . /
Téln fn,un (anvn) ifg=0 =
kol o)
8 n n,unﬁ RIUN . .
g _ | SN (P o) 0=140
! B it /mon] -1
L fn w 7 (CH "Un)
87«:)78: (% + Saun (Crjon)

J=0

KJUn f 7 \Crjun .
P O] Dl )y g g .

Observing that | f. ,(z) — %2 yta? — % y¥21| < Ky'? for all 2,y within an arbitrary compact

set, we readily obtain FQ’”’"’Q’GI -, Ff’g’el from a Riemann sum approximation and w, — 0.
This completes the proof. ]

6.4. Proof of Theorem 5. At this stage, Theorem 5 is the only result left to be proven.
In view of (3.5) and by expanding x +— log(cos z) near 0 and using the boundedness of the
process a}, we get the following bound, uniform in u € (0, 1]:

A ()} = A(w)y| < Ktu® 72 AT7,



EFFICIENT ESTIMATION OF INTEGRATED VOLATILITY 29
implying
1
uZ VA,
if B < 2 because of (6.16). Recall also that A’'(u)” = A(u)"” when v+ + 4~ = 0 identically.
Henceforth, if we put

(A'(Oup)™ — A(Oup)") =22 0

~ " 1
Z(K7u)t = \/F

we have the following consequence of Theorem 1: Under the assumptions of this theorem, then

(Cls,w)f — G — A(w)}),

(6.46)  (Z(x,wn)", (u% (Z (8, 0un) = Z(, wn)"))gee ) =5 (K22, (532(0* = 1)Z)geo)

for kK = 2, and also for kK = 1 when either 1 < § < % or § > % and v© + v~ = 0 identically,
that is, under the conditions of Theorem 5

We choose a number ¢ > 1, and observe that é(u, QO = 6’(2,u, ()7 and é’(u,()% =
é(l,u, (), where

> N Al o (C(r, Cu)g — Ok, u)f)?
Clr,u, O = Clr, u)r é(ﬁ, Cu)l — 26’(/{, Cu)lh + 6’(/4;, w)l

By the definition of A(u)" we have A(Cu)P = ¢(#~2A(u)}. Hence, with n = (=2 — 1, we get

2
(6ar)  Clmun OF=Cr+ Alun)i + VA Z (“ un ) (nzA(u ?;mm@i ,  Where
Cp = g5 (Z(w,Cu)} — Z(k,u)}), @), = 5 (Z Z (15, )l — 27 (s, Cu)lp + Z (5, u)ip).
Now, (6.46) applied with © = {1, ¢, ¢?} yields
(6.48) (Z(Ky )y By @) 523 (51220, 632(C2 = 1) 21, 63/2(C% — 1)%Z1).

Recall also that A(u)} = uﬂ_QA}fﬁ/QAt, where A; = 2 [J a5 ds. We then single out two cases:
First, on the set {Ar = 0}, we have

1 4 , 2
\/Tn (C("iv Unp, C) CT) (R U’VL)T + un (19/

and (6.48) shows that the ratio ®2/®/ converges in law to x*2Zp (F-conditionally Gaus-
sian with positive variance, hence non-vanishing almost surely). Since u,, — 0, another
application of (6.48) readily yields that, in restriction to the set {Ar = 0}, the variables
\/% (C(K, i, €)% — COr) converge stably in law to x'/2Zr.

Second, we look at what happens on the set {Ar > 0}, on which we have by a simple

calculation:

L W2 (P!, — 2®,,) Ap + uSP ALV 292
i (C(kyun, Q) — Cr) = Z(k, un)p + 2 Ap + ut BAB- )/2(1)41

Then (6.48) again yields that, in restriction to the set { Ay > 0}, the variables \/151 (C(Ky iy, )

Cr) converge stably in law to x!/2Z7.
So indeed \/% (C(k, up, C) — O7) £75 k127, on Q, which ends the proof of Theorem 5
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