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Abstract
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1 Introduction

In this paper we are interested in studying the dependence between the small jumps of the following

bivariate It6 semimartingale of pure-jump type:

dXt = atdt + th, Jt = / / dS dX / / dS dX) (11)
R2 R2

where a; takes values in R?; k is a R%-valued symmetric C® function on R? with k(x) = x in
a neighborhood of the origin and x(x) = 0 when ||x|| is sufficiently large; £'(x) = x — k(x); &
is an integer-valued measure on R, x R? with compensator (Lévy measure) dt ® v4(dx) and for

x = (rcosf,rsinf) with »r € Ry and 6 € [0, 27), we have v4(dx) = v4(r, 0)drdf where

vi(r,0) = Ly fl(f; + v (r,0), B €(0,2), (1.2)

with L; being a positive-valued process with cadlag paths, g is some bounded and nonnegative-
valued function on [0,27), and 7¢(r,6) is some predictable and signed function on R4 x [0,27)
with fR 27r (%" A 1)|7(r, 0)|drd being locally bounded for some 0 < #’ < 3. Finally, fi(dt, dx) =

wu(dt, dx) — dtvy(dx) is the compensated jump measure. Additional (more technical) assumptions
for various processes in (1.1) and (1.2) are stated in the next section.

Around the origin, the first component of v4(r, #) on the right hand side of (1.2) dominates the
second one. Hence, this piece of v4(r, ) determines the behavior of the “small” jumps of X. In
particular, § controls the activity of jumps (and it is equal to the so-called Blumenthal-Getoor
index of the jumps, see e.g., Jacod and Protter (2012)) and the function g controls the dependence
between the “small” jumps of the two components of the vector process X. Our interest in this
paper is the nonparametric estimation of g from discrete observations of X on a fixed time interval
with asymptotically shrinking mesh of the observation grid.

The leading case of the above model is when X is a bivariate S-stable process, which corresponds
toa; =a, Ly = L and vy = 0, see e.g., chapter 2 of Samorodnitsky and Taqqu (1994). In the stable
case, g captures the dependence between the jumps of the two components of X, regardless of their
size, and is referred to as the spectral density. With a slight abuse of notation, henceforth we will
continue to refer to g as the spectral density even in the general case when X is not necessarily
bivariate stable but satisfies only (1.1)-(1.2).

More generally, the setup in (1.1)-(1.2) nests “locally” stable Lévy processes, i.e., Lévy processes
whose measure around the origin behaves like that of a bivariate stable process. An example is
the popular class of tempered stable Lévy processes (Rosiriski (2007)). Further, (1.1)-(1.2) also

holds for time-changed “locally” stable Lévy processes with absolutely continuous time-change,



with L; playing the role of the density of the time-change, see e.g., Carr et al. (2003) for their use
in mathematical finance.

Models of pure-jump type have been used in various applications, see e.g., Cheng and Rachev
(1995), Barndorff-Nielsen and Shephard (2001), Mikosch et al. (2002), Carr et al. (2002, 2003),
Kliuppelberg et al. (2004), Andrews et al. (2009), Kliippelberg et al. (2010) and Todorov and
Tauchen (2011b). The small jumps replace the diffusion in capturing the small moves in X. Unlike
the case of diffusions, where the dependence between the elements of the vector process are captured
by the (spot) covariance matrix (which is constant when the processes are Lévy), in the case of
jumps we need a function (i.e., g above) to fully characterize the dependence between the small
jumps. Most of the work to date on inference for pure-jump models has been either for the univariate
case or in the special multivariate stable case. The goal of the current paper is to study dependence
between small jumps in the general setting of (1.1)-(1.2) which allows for the Lévy measure to vary
stochastically over time.

How can we estimate the spectral density function g from high-frequency observations of X7 To
gain intuition, let us first consider the case when X is a symmetric bivariate stable process, i.e., a
bivariate stable process with its spectral density satisfying g(f) = g(0+ ). That is, we consider the
specification (1.1)-(1.2) with a; =0, Ly = 1, 14(r,0) =0, for ¢t € [0, 1], and ¢(#) = g(6 + 7). In this
case, the log-characteristic function log(E(e!™X1))), for u = (u1,uz) € R?, is given by (Theorem
2.4.3 of Samorodnitsky and Taqqu (1994))

®(u) = -Cp /07r [uy cos 6 + ug sin 8]° (g(0) + g(6 + w))db, (1.3)

where Cjg is some known function of 3. If we restrict attention tou € S, where S' = {x € R? : ||x|| = 1}
is the unit circle, then the right-hand side of (1.3) can be expressed as a convolution of g with an-
other function depending only on 3, see e.g., Pivato and Seco (2003). Therefore, if 5 is known
and ®(u) can be estimated from the data, then we can solve the deconvolution problem in Fourier
transform and estimate g nonparametrically, see e.g., Fan (1991) and the references therein.

In the general case of (1.1)-(1.2), ®(u) is not the log-characteristic function of X; but only a
local approximation of it. Nevertheless, it turns out that we can still recover (up to a constant) ®(u)
from the high-frequency increments of X. The recovery of ®(u) is challenging as the increments of X
do not have exact stable distribution and are heteroskedastic. Moreover, the law of the increments
changes with the sampling frequency even in the stable case. To overcome these difficulties, we adopt
a self-normalization approach, similar to the one proposed in Todorov (2015) for the estimation of
the Blumenthal-Getoor index (i.e., 8 in (1.2)). First, we difference the high-frequency increments

to mitigate the asymptotic effect of the drift term in X (a; in (1.1)) on our statistics. Then,



we normalize the differenced increments by local power variations formed from a local window of
increments preceding the ones that are scaled. The law of the high-frequency increments of X
is dominated by the first part of v4(r,6) on the right-hand side of (1.2) and with L; kept fixed
at its value at the beginning of the interval. Therefore, by the self-similarity property of the
stable process, the differenced high-frequency increment of X behaves (conditionally) like a scaled
bivariate symmetric stable random vector with a scale that depends on the sampling frequency
and varies over time. The normalization of the increments purges this unknown random scale and
thus the normalized increments behave approximately like uncorrelated and identically distributed
stable random vectors. Therefore, our estimate of (a scaled version of) ®(u) is simply the empirical
characteristic function of the normalized differenced high-frequency increments.

Given the estimate of ®(u) from the high-frequency data and an estimate of the jump activity
index 3 as in Todorov (2015), the recovery of g (its symmetrized version g(0) + g(6 + ) to be
precise) proceeds using the Fourier-based deconvolution technique discussed earlier. We derive the
asymptotic order of the associated mean integrated squared error. As standard for deconvolution
problems, the asymptotic order of the estimation error depends on the smoothness of the function g
to be estimated as well as on the smoothness of the function it is convoluted with in the expression
for ®(u) in (1.3). The latter is determined by the value of 3, with higher values of 3 corresponding
to a slower rate of convergence of the estimator for a given level of smoothness of g. Since the error
in recovering 3 is of the same order of magnitude as the one due to the estimation of ®(u), the fact
that the smoothness of the function that is convoluted with the object of interest is unknown does
not impact the rate of convergence of the nonparametric estimator of g.

The results in the current paper relate to several strands of literature. First, Press (1972),
Cheng and Rachev (1995), McCulloch et al. (2001) and Pivato and Seco (2003) consider estimation
of the spectral density of a multivariate stable distribution from i.i.d. observations. By contrast,
our asymptotic setup is the high-frequency one, i.e., we observe discretely a stochastic process on a
fixed interval with asymptotically shrinking mesh. This is a non-trivial difference as in our setting
the law of the increments depends on the sampling frequency. In addition, unlike the above cited
papers, our setup is more general and covers processes which are only “locally” stable and can
have time-varying jump intensity. Second, the current paper is also related to existing work on
the recovery of the Blumenthal-Getoor index from high-frequency data, see e.g., Ait-Sahalia and
Jacod (2009), Bull (2016), Jing et al. (2011), Jing et al. (2012), Kong et al. (2015), Todorov (2015),
Todorov and Tauchen (2011a), Woerner (2003, 2007). Similar to that work, our interest here is also

the behavior of the small jumps. However, unlike that work, the focus here is on the recovery of the



spectral density function which governs the dependence between the small jumps of the observed
vector. Third, the current paper is connected with existing studies on nonparametric deconvolution
problems. These studies are primarily done in the i.i.d. random variables setup which as explained
earlier is very different from our high-frequency setup. In addition, in the standard deconvolution
problems the smoothness of the function that the object of interest is convoluted with is either
known, see e.g., Fan (1991) and the many references therein, or is inferred from an independent
source of information in the form of an additional i.i.d. data set, see e.g., Johannes (2009) and the
many references therein. By contrast, in our case the smoothness of the function we are decoupling
our object of interest (i.e., the spectral density) is determined by the unknown value of the jump
activity index which we estimate from the same data set used for inferring ®(u).

The rest of the paper is organized as follows. In Section 2 we introduce the setting and state our
assumptions. In Section 3 we build our estimator of the spectral density from the high-frequency
data and in Section 4 we characterize its asymptotic behavior. Section 5 presents numerical exper-

iments on simulated data. Section 6 contains the proofs.

2 Setting and Assumptions

We start with the assumptions that we need for our results. The process X in (1.1) is defined on
a filtered probability space (Q, F, (F¢)t>0,P). Throughout, we will make use of a reference stable
process S, which is defined exactly as J in (1.1)-(1.2) but with L; = 1 and 74(r,0) = 0 for every
t > 0. We will refer to the distributional properties of S only and hence its relation to all other
quantities defined on the probability space is irrelevant. The real part of the log-characteristic
function of Sy, R(log(E(e*™S1)))), is given by ®(u) defined in (1.3). In what follows we will design
a way to infer ®(u) from a discrete record of X.

We now state the assumptions. The first one is for the smoothness of g.

Assumption A. For the bounded and nonnegative-valued function g, we have |f027rg(x)eimzdm] <

C(1+m)~?, for positive constants C and o > 1 and Vm € Z.

As well known, the decay rate of the Fourier transform of g is connected with its smoothness
properties, with higher values of o corresponding to smoother g. The constant « will play a central
role in our analysis.

Our next assumption is for the drift, stochastic intensity and the “residual” jump compensator,

i.e., a, L and 74(r,0). As in the introduction, we will denote with x a truncation function.



Assumption B. (a) The processes a and L have cadlag paths and further there exists a sequence of
stopping times T}, increasing to infinity and a sequence of positive numbers I'y, such that E||agr, —
asnr, ||? < Tklt — s| and E|Liar, — Lspr,|? < Tk|t — s|. In addition, Ly and Li— are strictly positive
for every t > 0.

(b) There exists a sequence of stopping times Ty increasing to infinity and a sequence of positive
numbers I'y, such that for t < T}, we have fR+(‘T’ﬁ/ A D)|pe(r,0)|dr < Ty, for 6 € [0,27) and some
nonnegative 3’ < .

(¢c) When B < 1, we denote 3, = a; — [go k(X)v4(dx) and assume that @, is of the form a, =
ap + fg Jg2 (s, x)n(ds, dx), where § : Ry x R? — R? is some predictable function and 1 is a Pois-
son random measure on Ry x R? with compensator dt x dx. There is a localizing sequence T},
of stopping times and, for each k, a deterministic nonnegative function T'y(x) on R? satisfying

Je2 (Tr(x) A 1)PFtdx < oo, for all v > 0, and such that ||6(t,x)|| < Tj(x) for all t < T}

Part (a) of Assumption A is a weak “smoothness in squared expectation” condition for the
processes a and L which is satisfied, for example, when they are It6 semimartingales. Part (b)
of the assumption restricts the residual part ;(r,6) of the jump compensator to be dominated
near the origin by the stable part of 14(r,6). Importantly, we note that 7, is a signed function.
Therefore, 7; can completely annihilate the stable part of v4(r, ) for the “big” jumps. Thus the
above assumption restricts only the behavior of the “small” jumps of X. Finally, in part (c), we
impose additional assumptions for the “effective” drift term (i.e., the drift after controlling for the
compensation of the small jumps) in the case when 5 < 1. This assumption is significantly more

restrictive than the one imposed in the general case in part (a).

3 Estimation of the Spectral Density

Henceforth we assume that we observe X on a finite interval, which without loss of generality we
set to [0,1]. The observation times are given by the equidistant grid 0, %, .o, 1, with n — oo. The
distance between consecutive observation times is denoted with A, = % Our estimation strategy
is based on first recovering ®(u) in (1.3) (up to a constant) and the jump activity index S from the
high-frequency observations of X, and then using deconvolution and Fourier inversion techniques

to infer the spectral density from these estimates.



3.1 Estimation of ®(u) and

The estimation of ®(u) and S is based on the fact that at high frequencies the “residual” compo-
nent of the jump compensator, 7(r, §), plays a negligible role and the same holds true for the drift
term a; in (1.1) (provided we difference the increments). Further, to account for the time-varying
intensity process L, we will estimate it locally, and then we will use the estimate to standardize the
high-frequency increments with it. The estimation of L will be achieved via local power variations
constructed from blocks of k,, high-frequency increments preceding the increments to be standard-
ized, where for the block size we have k, — oo and k,/n — 0, i.e., the block size increases but
its time-span shrinks asymptotically. For a generic univariate process Y, we denote its p-th local
power variation as
1
V(Y. =1 STIATY — AT VP, ATY = Y; —Yi, (3.4)

" jer,

where I = {i — 2k,,i — 2k, + 2, ..., — 2}. The differenced and standardized increments are then

defined as: APX0) A )
) nx () — A7 XU
) no_ 7 i—1 -
X p)i (V(X(l),p)? + V(X(Q),p)zﬂ)l/p’ =12 (3.5)

Our statistics will be based on X )(p)?. The asymptotic results that will follow can be intuitively
explained as follows. At high frequencies, we have AT?X -AT" | X ~ Lb/ ;8 A, (A'S—AT |S), where S
is defined at the beginning of Section 2. Therefore, V(X(l),p)? + V(X(Q),p)? ~ Cpp % AT%; LZ/Z)AR,
for 0 < p < B and where C), 3 is some constant that depends on p and 8 but importantly not
on the intensity process L. Then, using the self-similarity property of the stable process, we have
that X () (p)? is approximately the j-th component of a symmetric bivariate stable process with
log-characteristic function which up to a constant is given by ®(u). Moreover, for high frequencies,
X @) (p)7 and XU)(p)? become approximately independent whenever |k — 1| > 1.

n

We note that the differencing of the increments in XU (p)!

i is essential for what follows and is

done to minimize the impact of the drift term in X on our statistics. This is easiest to see when the
drift process a in (1.1) is constant. In this case the drift component cancels in the first difference
of the high-frequency increments. Otherwise, a determines the limit of the local power variation
for B < 1 (i.e., the drift will “dominate” the finite variation jumps in the power variation) and it
slows down its rate of convergence when 8 > 1. This carries over to the statistics we introduce
below. Differencing of increments has been used in other related contexts, see e.g., Todorov (2013,
2015) and Kong et al. (2015). One consequence of the differencing of the increments is that we

loose the information in the data about the asymmetry of the spectral density. That is, we can



only recover the sum g(6) + ¢g(0 + m). We stress, however, that the analysis that follows does not
require symmetry, i.e., we do not assume g(6) = g(6 + 7).
Our estimates of ®(u) and 3 are based on the empirical characteristic function of the differenced

and standardized increments which is defined as

n

N 1
n _ (1) n (2) n
Lp(uru) = gy D cos (XD )7 + X)), (3.6)
1=2kp+2
where u1,us € R and we further set
. “ 1
L, (u1,up) = Ly (ur,ug) \/ o (3.7)

Under our assumptions and given the above discussion, we have

ZZ(Ul,UQ) i) ‘Cp(ulaUQ)a U1, U2 ER) (38)
where
Lp(u1,ug) = exp <—/ lu1 cos(6) + ug sin(@)]5§(9)d9> , (3.9)
0
with .
G0y = 9O T9@+m) L(Z5r -3
T T VA
and

Ko = ([ 1cos®)1*(0(6) + 910 + m)at g ([ 1sn@Pta(0) + a6+ myas) g

The function g(0) is a scaled version of g(0) + g(6 + 7). The scale factor K%,pug/p is due to the

standardization of the increments of X by the local power variations. We note that the limit result
in (3.8) is not sufficient for what follows as we will need the convergence of ZZ(ul, ug) as a function.

Next, we can construct easily an estimator of g from ZZ(Ul,Ug) . Following Todorov (2015),
our estimator is given by:

Bp) = log(—log(ZZ(ul,ul))) - log(—log(ZZ(UQ,UQ)))
v log(u1 /u2)

, (3.10)

for some fixed u; # wus with uy, ue € Ry, and for simplicity we suppress the dependence on ug
of ug in the notation of the above estimator of 5. We further correct the above estimator by the
following bias term that reflects the impact on the estimation of # which is due to the variation of

the local power variation:

~

RE

ano_ L <ﬁ<p>)QIOgMZ(umu2>/£2<u1,u1>> (
PP 2k \ p log(u1 /uz)

= - 1). (3.11)

T3



Here f]g and /E;} are estimators of the asymptotic variance of the local power variation which are

defined from

& = |APXD — AT XOP 1 [ATX® — A7 XOp, (3.12)
as follows:
Sp= D06 and K=&t (8.13)
i=1 i=4

With this notation, the debiased jump activity estimator is given by
~ _ ~ 1 1
Bp) = [(ﬂ(p) ~By,)V k] A (z - k) | (3.14)

We note that the above jump activity estimator makes use of Z;’(u, u) for two values of u only.
Additional efficiency gains in the recovery of 8 can be achieved by incorporating information across
a range of u-s, see e.g., Theorem 3 in Todorov (2017). To keep the analysis simple, we do not do
this here.

Exactly as for the estimation of the jump activity, while log(ZZ(ul,ug)) is a valid estimator
of log(L,(u1,u2)), it contains an asymptotic bias due to the scaling by the local power variations.
This bias can be removed in a feasible way, however, and this improves the rate of convergence of

the debiased estimator. The bias correction term is given by

~ 1 /%n
BZ(UM’U,Q):i %—1
2o (’CP ) L ~ (3.15)
B(p) ( B(p) B(p)

x {log(ﬁ;}(ul,’uz))p (p + 1) +1log* (L, (u1,uz)) <pﬂ,

~

and our bias-corrected estimate of log(Ly(u1, u2)) is log(ZZ(ul, uz)) — By (u, uz).

3.2 Deconvolution of the Spectral Density

We proceed with showing how to recover g(#) from the asymptotic limit of ZZ(ul, uz), i.e., Lp(u1,u2),
and we will then develop the feasible counterpart of this deconvolution procedure. For the recovery
of (6), we will need only the log-characteristic function evaluated on points in R? lying on the unit

circle which we denote as

(y) = —log(Lp(cos(y),sin(y))) = /07r | cos(y — 6)[7g(6)d. (3.16)

If we further denote the function h(z) = |cosz|?, then we can write

™

() = /0 Wy — 0)3(0)d6, y € [0,7).



That is, the function 7 is a convolution of the functions h and g. Hence
Yp(m) = wh*(m)g*(m), m €L, (3.17)

where for a generic function f on the interval [0,7) belonging to L!([0,7]), we denote its Fourier

transform via
1 [ :
ff(m) = / f(x)e™?™dyx, m € 7.
™ Jo

Then, since under Assumption A the sequence {g*(m)}ecz of Fourier coefficients is absolutely
summable and as shown in the proofs |h*(m)| > 0 for m € Z, we have by Fourier inversion

g(0) = — Z” EZ; e2mf g eo,m). (3.18)

m=—0oQ

Now an estimator of g(f) is easy to construct. We will replace in the above sum ~,(m) with an
estimator based on Eg(ul, uz2), h*(m) with an estimator based on 3 (p), and we will further truncate

the higher frequencies. The spectral density estimator is thus given by

1 & MU\ %01 sime
3(0) =~ (1— >A e2imd g [0, 7), 3.19
p (0) ”m}_mn n ) s o) [0, ) (3.19)

where m,, is a deterministic sequence with m,, — oo as n — oo, E;(m) is the counterpart of hy(m)
in which 3 is replaced with 3 (p), and further

~

5 (m) 1 /’T log(L, (cosz,sinz)) — Br(cos z,sinz)
Yplm) = — pry =
0 log(L‘p(l, 1) — Bg(l, 1)

e AT g, (3.20)
o

We note that in 75 (m) we rescale the estimate of ~;(m) by log(ZZ(l, 1)) — gg(l, 1). This implies

that g () will be an estimator for the following scaled version of g(6):

_ 9(0)
Go) = o' | cos(8) + sin(6)|7g(6)do

— 9(0) +g(0+ )
Jo Tcos(8) + sin(0)[(g(0) + g(0 + w))do’

(3.21)

0 €0,m),

which does not depend on the power p used for the local power variation. Note that, as discussed
already in Section 2, we can recover the spectral density up to a constant. The reason for the
rescaling in (3.20) is to minimize the impact of the local power variation (which contains asymptotic
biases) on our statistic. In 7 (m), due to the rescaling, the local power variation has no first-order

asymptotic effect and this greatly improves the asymptotic behavior of the estimator.

10



3.3 Adapting to the Unknown [

The behavior of the power variation, used to scale the increments with, depends in a crucial way
on the magnitude of p relative to the unknown £, and in particular we need 0 < p < /2. Hence,
in order to improve the convergence rate of our estimator, we will use a preliminary estimator of 3
and we will set p as a function of it. In particular, we will use the first p,, increments, for some p,,

with p, — oo and p,/n — 0, to estimate § as follows. We first set for some ¢ > 0

pn—1

Vi'(a) = o Lo o0 [ATXW) — AL XU 4 AL, X0 — AL X O

V(a) = 5y S04 0, [ATXO) — A7 X0,

With this notation, the preliminary estimate of g is given by

~ qlog(2)

p1 = = : (3.22)
V3 (a) 4 _pn
o (it V25029
We then set N
- B
=— 3.23
p= (3.23)

and use p for the spectral density estimation, i.e., we work with %(9). A more conservative choice
for p (which is asymptotically equivalent to the one above) is the following. On the basis of 31 we
can construct a confidence interval for § and then set p to be 1/4 of the lower end of this interval.

We also note that we can use the preliminary activity estimator 31 to optimally choose u; and
ug for the construction of B(p). Since this does not improve the rate of the convergence of the
latter, we do not do this here.

Another extension of the above analysis is to consider the case p, = n, i.e., to use all the data
in the calculation of the preliminary estimator 31. For such an extension, however, one would need
uniform in p convergence results for EZ(U17U2) and E(p), similar to the analysis in Todorov and
Tauchen (2011a) for the jump activity estimation. This is a nontrivial extension which does not

provide asymptotic efficiency improvements, and for this reason we do not consider it here.

4 Asymptotic Behavior of the Spectral Density Estimator
We next state the asymptotic properties of gg(e) in the following theorem.

Theorem 1 Let Assumptions A and B hold for the process X with 3/ < /2 and B > q for some
q > 0. Setp asin (3.22)-(3.23) with p, — oo and p, < 2k,. Let k, < n® and m, < n?, where

11



oolw

<w< % and ¢ > 0. Then, for Vi > 0, we have:

/07r (gg(e) - G(e))2 df

AF(F1)— (4.24)
_ Op m52a+1 \/ mi—l—Zﬂ AEL/\I—L V. n

We note that in the above theorem we derive the order of magnitude in probability of the integrated
squared error in recovering the spectral density rather than providing a bound for its expectation.
This is because some of the error terms in estimating the spectral density can be bounded only in
probability and not in expectation. The first term in the bound in (4.24) depends only on « and
is due to the bias in the estimation coming from the use of a finite number of frequencies in the
Fourier inversion. The smoother the spectral density G, the smaller the bias. The second term in
the bound in (4.24) is due to the error in recovering the log-characteristic function ® and the jump
activity index . It consists both of bias type terms and terms that are centered at zero and drive
the limit distribution in estimating ® and 8. In particular, the term in (4.24) involving the block

size k,, reflects a bias due to the scaling with local power variations. We note in this regard that we

3 1
82

have significant flexibility in choosing k,, i.e., @w can take values in the range [ ) (we can allow
for even lower values of w at the cost of more bias type terms in (4.24)). Of course, it is optimal to
set w as close as possible to 1/2, in which case the term involving k,, in (4.24) becomes of higher
order.

The effect of the jump activity on the spectral density is twofold. On one hand, a higher £
makes estimation more difficult as h*(m) becomes smaller and hence deconvolution is more difficult.
On the other hand, when 8 < 1 the error in recovering the characteristic exponent ® and the jump
activity S from the high-frequency data becomes larger. In addition, since the order of magnitude
of the errors in recovering ® and  is the same, the fact that 8 has to be estimated from the data
does not have an impact on the order of magnitude of the integrated squared error in recovering
the spectral density.

We can alternatively write (4.24) as

/7r (gg(a) - G(e))2 db = 0,(AY"), (4.25)
0
where

U, =[2a -1 ANBAL—1—(B+28)a \ [; (5/_1) — 1+ w—(3+28)0].
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When the residual term 7¢(r, 0) in (1.2) is absent, then the last term in ¥,, disappears. In this case,

the optimal choice of p is
«  BA1—1

¢ T 2at23+2
for some ¢ > 0 arbitrary small, and the corresponding ¥,, is given by
T 22a—1)(BA1—1)
" 20+ 20 + 2
Finally, we note that one important feature of the model (1.1)-(1.2) is that the dependence

between the “small” jumps is time-invariant, i.e., the spectral density g does not depend on time.
This mirrors our assumption for (8, which is similarly assumed to be constant, consistent with
the existing literature in univariate settings, see, e.g., Todorov (2017) and references therein. A
generalization of the above setup will be to allow g to depend on time and be random. We
conjecture that the same analysis we conducted here will go through for the estimation of g locally
at a given point in time, i.e., from a block of increments with asymptotically shrinking time span,
provided appropriate smoothness in expectation assumption is made for the time-variation in g.
This, however, will be at the cost of much slower rates of convergence than the ones exhibited in

Theorem 1.

Remark 1 Our asymptotic setup is one of reqular (equidistant) sampling. To extend the above
analysis to the case of irreqular sampling, we will need to appropriately rescale the increments
when taking their difference in the construction of Eg(ul, ug2) and B\(p), in order to account for the
differences in the length of the intervals they are computed from. This will guarantee the cancelation
of the drift when differencing in the case it is constant, and more generally it will reduce the impact
of the drift on the statistic exactly as in the regular sampling case. Therefore, the result of Theorem 1
should be easy to extend to cover the situation when sampling times are irreqular in the symmetric

case (i.e., when g(0) = g(0 + 7)) at least when the sampling times are deterministic.

5 Numerical Experiments

We now test the performance of our estimator on simulated data from a model for X in which the
drift process a is some vector of constants (due to the differencing of the increments the values of
these constants do not matter) and the Lévy density is given by

e ATl

v(r,0) = AWg(O)at, reRy, 0€]0,2n), (5.26)

with the time-varying intensity process o specified below. When oy is constant, then the Lévy

density in (5.26) is that of a bivariate tempered stable process (Rosiiiski (2007)). The parameter

13



coincides with the Blumenthal-Getoor index of the individual components of X and the parameter
A > 0 controls the tempering of the Lévy measure at infinity. The constant A is the following

function of 8
. BB
2I(2 — B)] cos(Bm/2)|
With this choice of A, the constant Cj in (1.3) equals 1/2. Finally, the stochastic intensity process

, Be(1,2). (5.27)

o is modeled as the square-root diffusion
doy = 0.3 x 252(252 — oy)dt + 0.1 x 252\/c dW, (5.28)

with W being a Brownian motion.
In all experiments we set the tempering parameter to A = 0.2. We experiment with three values

of the BG index: § = 1.2, 1.5 and 1.8. For the spectral density, g(f), we consider the following

model:
5, if 0 < (0, %],
90)=y §-35 if0e(F35), (5.29)
0, if 0 c (5,7

The support of this function is (0, 7/2). g(6) is continuous but its derivative ¢’(#) has discontinuities
at 0 = 0, 8 = 7 and 6§ = 5. This parametric specification for the spectral density satisfies
Assumption A with o = 2.

The simulation from the bivariate tempered stable process is done via discretization of the
dependence function g(f) and simulation of univariate tempered stable processes. We simulate X
on unit interval which corresponds to 1 year of 252 trading days. On each trading day we sample
X at 100 equidistant points. This corresponds approximately to 5-minute sampling frequency for
a typical financial application and results in n = 25200. [Alternatively, we can think of the unit
interval representing approximately 50 trading days of 1 minute records of X, etc.] We set k,, = 100
for the local power variation and p, = 2k, for the initial jump activity estimator. We use ¢ = 0.25
for Bl and for the final jump activity estimator B (p) we use u; = 1.5 and ug = 3.

The results from 100 Monte Carlo replications are reported on Figure 1. As seen from the
figure, we have a bias-variance tradeoff which is typical for nonparametric function estimation.
Higher values of m,, lead to more precision but this is at the cost of noisier estimates of the spectral
density function. We can also see from the figure the effect of the value of 5 on the precision of the
estimation. For lower values of 3, the accuracy of the estimation is higher and hence one can take
higher values of m,,. For higher values of 5, on the other hand, one has to be more conservative in

the choice of m,, as the signal from the data becomes much weaker.
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Figure 1: Estimated Spectral Densities. On each plot the solid thick line is the true spectral density
and the thin dashed lines are estimates from 100 simulation draws with settings explained in the
text. The z-axis is a multiple of 7.

6 Proofs
Using Parseval’s formula we have
71T/07r (gg(@) - G(G))Qdﬁ = Z (Ag’*(m) —G*(m))?® + Z G (m)2, (6.30)

Im|<man [l >mn
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where gg*(m) = % (1 - %) % Therefore, we can bound the integrated squared error by a
P

bias and a variance term:

/ i (32(0) - G(0)) " do < CUB+ 1V, (6.31)
0

for some positive constant C' and where

IB:% S mem)P+ Y Gm), (6.32)

|m|<mn |m|>mp,

and IV =37, (A7(m) + A3 (m) + A5 (m)) with A}(m), A3(m) and A5 (m) defined as:
2
A2 (m) = ( / @ (x |d:c) ,
n _ 1 2
AZ(m) = <ﬁ%(m ) (/ @ dx) ,

, G* (m)2 ~ 2
AR = = h% h* ,
) = T (p(m) = b (m))
with the additional notation
_ log(Lp(cosz,sinx))
a(z) = og(Ly(L1) z € (0,7,

() = log(ﬁ (cos z,sinz)) — gg(cos x,sinx) z e 0]
log(L5(1,1)) — B(1,1) ’ o

For the bias term, we have by Assumption A that IB = O(m,,2*!). For the variance term, we
need to derive the order of magnitude of A*(m) (and related functionals) as m — oo and analyze
the asymptotic behavior of log(ﬁ (u1,u2)) — gg(ul, ug) and g(p) We do this in the subsequent

sections.

6.1 Alternative Representation of X and Localization

After appropriately extending the probability space and using Grigelionis decomposition (Theorem

2.1.2 in Jacod and Protter (2012)), we can represent J equivalently as

Jt—/ /R (os_x)i(ds, dx) + //R (00 x)u(ds, dx) + Vi, (6.33)

where oy = L; /B and with slight abuse of notation, u now is a Poisson measure with compensator
dt ® v(dx) with
9(0) _ :
v(dx) = EN drdf, for x = (rcosf,rsinf), (6.34)
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and Y is a process of the form

Y; = / / x)p1(ds, dx) + / / x) 1 (ds, dx)
R2 R2
/ / x)piz(ds, dx) / / x)p2(ds, dx),
R2 R2

where p1 and pp are some integer-valued measures on Ry x R?, having some dependence with y, and

(6.35)

whose compensators are of the form dt®@vj(dx) with v (dx) = v;(r,0)drde, for x = (rcos 8, rsin0)
and j = 1,2, and vy(r,0) = [74(r, 0)| and vy (r,0) = 2[ve (7, 0) |15, (r.0)<0}-
We further denote (recall also Assumption B(c))

5, = — Jpe R(x I/th) if <1,
a = { fig — oy k(x))v(dx), ifB>1, (6.36)
R ds Jdx), it B <1,
S = { fg fig k(x)p(ds, dx) —I—fo fRQ K (x)u(ds,dx), if g >1, (6.37)
S ff2XAL (dS,dX)—f IQX/,L (dS,dX), if B <1,
e { v S 0T (6.38)

Note that §t has the same distribution as S;, where S; is defined at the beginning of Section 2, and
in particular, the real part of the log-characteristic function of S, is given by ®(u) in (1.3). With

this notation we can finally write:

t t - -
Xt_/ 5udu+/ Oyu—dSy + Y;. (6.39)
0 0

We will prove the results under the following strengthened version of Assumption B:
Assumption SB. Assume Assumption B holds and in addition:

(a) The processes a and L are bounded and further E||la; —as||* < T|t —s| and E|L; — Lg|?> < T|t — s
for some finite constant T' > 0 and every s,t > 0. In addition, |Ls|™" and |L;_|™' are bounded by
a finite positive constant.

(b) The jumps of Y are bounded and further fR+ %[5 (r, 8)|dr < T, for 6 € [0,27), some nonneg-
ative B < 8 and a finite constant T' > 0.

(¢c) When 8 < 1, there is a positive constant A such that ||6(t,x)|| < T'(x), T'(x) < A and [po(T(x)A
1)+ dx < oo for all v > 0.

Extending the proof to the weaker Assumption B follows by standard localization techniques,

see e.g., Lemma 4.4.9 of Jacod and Protter (2012).
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6.2 Auxiliary Results

Our first auxiliary result is a lower bound in absolute value and asymptotic size of the Fourier

transform h*(m) as m — oc.

Lemma 1 For the Fourier transform h*(m) of the function h(x) = |cosz|? on the interval [0, 7]

and for ¥Ye > 0, we have

inf |h*(m)| >0, for every m € Z, (6.40)
BE(e,2—e)
\h*(m)| > Cglm|™P7Y,  for |m| sufficiently large, (6.41)

where Cg > 0 is a constant that depends only on B and infgep Cg > 0 for any compact set B in
(0,1) or [1,2). For all e € (0,1) and B € (€, 1], we have

|h*(m)| > Cclm| ™2, for |m| sufficiently large, (6.42)
where Ce > 0 is a constant that depends only on €. Further, we have

™
‘ / h(z)log? | cos z|e ?™*dx| < Cglm|~P~1log? |m|, ¢ € N, (6.43)
0

for sufficiently large integer m and Cz > 0 is a constant that depends only on B and supgep Cp < 00
for any compact set B in (0,1] or (1,2). For € [1,2), we have

s
‘ / h(x)log? | cos z|e 2™ dx| < C|m|*log? |m|, q € N, (6.44)
0

where the constant C does not depend on 3 and m.

Proof of Lemma 1. We need to evaluate [ cos(mz)|cosz|?dz when m is an even integer and
throughout the proof we will assume that this is the case. By splitting the region of integration
and using standard trigonometric identities we have

2 (%
h*(m/2) = f/ cos(max)| cos(x)|Pdz, (6.45)
™ Jo
and further )
B (m)2) = %foj cos(mz)(| cosz|? + [sinz|?)dw, if Z is even, (6.46)
2 [F cos(ma)(|cos x| — [sinz|?)dx, if % is odd.

The bound in (6.40) when B < 1. When m/2 is even, using (6.45), we have h*(m/2) = %22/14 A;

2
where A; = % (li_ﬂl

and using standard trigonometric identities we get

AiJ/gm(f (2 (o)
mJo m m
(BRI (B0 ae
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Since f"(z) < 0 for z € (0,%), we have supge(e,) Ai < 0 for every 0 < e < 1and every i =1,..., .
When m/2 is odd we have h*(m/2) = %fo cosaf (L) dw + ;Zig 2)/4 A;, where Ai =

2 = 227? o acosxf (£)dz and f(z) = |cos z|%. By changing the variable of integration and using
standard trigonometric identities, we get

Ai:—z gcosx(f (MT)_f(MT)
m Jo m m

—f (mm—m) +f (W} )d:c.

Since f’ ( ) < Oforax e (O ) we have infge(. 1] A; > 0 for every 0 < € < 1 and every i = 1,. ,m=2
Further, since f'(x) < 0 for = € (0,%), we have

7/ cosa:f da:—/gcosx<f(:l)—f<ﬂ%l’>>d:c20.
0

The bound in (6.40) when B > 1. Using integration by parts twice, we can write

I T
/ cos(maz)| cos x|Pdx = %/ cos(mx)(|cosz|? — (B — 1)| cos z|? 2 sin’ x)dx
0 0

+ %\cos(wﬂl)\ﬁ.

Therefore

m m2

(1 — 52> /z cos(mz)| cos z|Pdx = BB /Z cos(m)| cos |°~2dx
0 0

. (6.47)
+ sin(mr/4) | cos(m/4)|?,
m
and similarly
(1 - 62) /4 cos(mx)|sinz|’dz = —B(B; D /4 cos(ma)|sin x| ~2dx
me/ Jo . (m /4)0 (6.48)
sim{mm
TN T g B
+ p- |sin(m/4)|".
Combining (6.46) with (6.47)-(6.48), we have
72@(6 D1 cos(max) f(x)dx, if 2 is even,
/) = . 560 7 ho cosma)f(e)ds, £ (6.49)
==+ [,F cos(mx)g(x)dz, if B is odd,
where f(z) = |cosz|f2 + \sm:dﬁ 2 and g(z) = |cosz|*2 — |sinz|®~2. Further, we can

write fog cos(mz) f(z)dz = L (ZZ [ Ais+ Ry, where A; y = f(izrl)% coszf (L) dr and Ry =
fngﬂJ% coszf (£)dz. Similarly, we have fo cos(mx)g(x)dx = % (ZZ-L:lJ Aig+ Rg>, with A; 4 =
f(il.zfl)% cos :vg( )d:v and Ry = f@ﬂ cos :z:g( )d:v Therefore, it suffices to show that for ¢ =
2,..., | 'g] and every € > 0, we have infge(; o) Aj f > 0 and Supge(1,2—e) Aig <0, Infge(12-¢) Ry >0

and also SUPge(1,2—e) R, <0, as well as infge(m,e)(ﬁ —1)A; ;>0 and supﬁe(m_e)(ﬂ -1)A;4<0.
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By splitting the integration over regions and using standard trigonometric identities, we have

™

A = /Oa cosx<h (m + (27; 2)7r) _n (:z: +I(27; 1)7r) -
—h(W) +h<2mm_x>>dx, h=fg.

Therefore, since f* (z) >0 and ¢ (z) < 0 for x € (0,%), we have A; f > 0 and A; 4 < 0 for every
B € (1,2). Note also that limg; (8 — 1)A1, 5 > 0 and limg (8 — 1)Ay,4 < 0.

Next, we have
Ry = COS.’L‘ <f< m/8 27T> —f <7n7r/7i—x>> dx.

From here, since f (z) < 0 for z € (0,

%) we have Ry > 0. We are left with R4 for which we have
two cases depending on whether (m — 2)

/4 is even or odd. When (m — 2)/4 is even, we have
R, - /f cos g <x+tm/8J2ﬂ> d.
0 m

and since g(z) < 0 for = € (0, %), we have Ry < 0 in this case. When (m — 2)/4 is odd, we have

R, - /0’; s (g (1‘—‘,—|_7:’Ln/8j27r) iy <x+ Lm/ﬂiﬂw-ﬁ-w) y <Lm/8j27:n—|-7r—x>> .

Since in this case |m/8]| =

T_G, by applying integration by parts, we have

o [l () (e
+

m

J (Lm/8j277;+7rm> )dx.

From here, making use of ¢/(z) > 0 and g" (z) < 0 for z € (0,
(m —2)/4 is odd.

) we have Ry, < 0 in the case when

We now turn to ((6.41)). First, the result can be shown by direct calculation for 5 = 1 and

below we look separately at the cases 5> 1 and 8 < 1.

The bound in ((6.41)) when > 1. From (6.49) by applying integration by parts, we have

_ &3
(1 — 152)h*(m/2) = —25557121)/0 cos(ma)|sinz|?~2dx + (B, m),

if % is even and

_ l2)2
(1 — ni)h*(m/?) = 26557121)/0 cos(maz)| sin z|?~2dx + n(8,m),
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if %3 is odd and where supge[ g [n(B,m)| = O (#) Next we analyze

e N p—2
/ cosx( sin <>‘ — )d:r.
0 m

First, since 8 — 2 > —1 and using the inequality |sinz/z — 1| < %|l’|2 for x # 0, we have for some
positive constant C' and m sufficiently high

[l G
sm | — —
0 m
Then by integration by parts for any positive integer k¥ < %% (note that sin(z/m) > 0 for = €
[0, 2k7]), we have
el (2) - [)
/ cosz| |sin | — —|— dx
o2 m m

L e GG
= — sSinx s | — CoOs| — | — de,
m m

m 2w
and using the trigonometric identity 1 — cosz = 2sin?(z/2) and 8 > 1, we have that the last
integral is equal to a term bounded in absolute value by a constant that does not depend on m and

£ and the following expression
8-3 53
w(G )
m m

9 2km
-8 |sinx|<
which in turn is bounded in absolute value by

xT

m

z|P?

m

dz < C.

X

m

m 2

3-8

9 _ 2km ) : 1
5_62 B3]y sin(z/m) —da,
m 27 m/m sin(a/v/nb)

and using the inequality |sinz/z — 1| < [z|? for  # 0, as well as the fact that k < %], we have
that the last integral is bounded by a positive constant uniformly over § € [1,2] for m sufficiently
high. Altogether:

) 1 L%
h*(m/2) = —ﬁ(fmz)/o ’ cos(mx)|z|?~2dx +n(8,m), if m/2 is even,
: 26(8 1) [LEI 52 £ m/2 i
h*(m/2) = e, cos(ma)|z|”~*dx + n(B8,m), if m/2 is odd,

where supge( [1(8.m)| = O (&),

So we are left with analyzing fOQkTr cos(z)zP~2dz for some positive integer k < [2]. First, we
have supge(y 91(8 —1) f027r | cos z|2°~2dx < C for some positive constant C that does not depend on
m and . Next, using integration by parts we have f;:ﬂ cos(z)xP2dx = (2 - j) QQ:W sin(z)2f3dx

and furthermore for k < [g| we have supge(y g f;f” |sin |z’ ~3dx < C for some positive constant
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C that does not depend on m and 3. Therefore fo cos(x)z?~2dx is finite and bounded by a
constant that does not depend on m for & < |¢|. We further have f02k7r cos(z)xP2dx = Zle a;
where a; = f;if 1) cos(:v)a:ﬁ_zd:v. Then by using the properties of the cosine function we can write

f2 6 1>7r+ ? cos(x) fg(x)dx for fg(x) being positive, and thus we have that all a; have the same
sign and are different from zero. Moreover, |aq| > % ‘ fog fg(az)dm), and direct calculation shows
infge(1,0)(8 — 1) ‘% foﬁ flg(x)dx‘ > 0. Therefore, |Z,’f:1 a;| is bounded from below by a positive

constant uniformly in 5 € (1,2 — ¢) for every € > 0.

The bound in (6.41) when 8 < 1. The proof is very similar to the case when 5 > 1 and therefore
we provide only a sketch of it. Using integration by parts we can write for some 7n(3,m) with

supge(,1) (8, m)| = O (52):

(m/2) = -2 fgﬂt W"T ma)|sin(z)|?~tdz 4+ n(8,m), if 2 is even,
%% fol-§ " sin(mz)| sin(x)|?~ de + n(B,m), if T s odd.

Then exactly the same analysis as for the case § > 1 leads to

_28 rl®IE B-1g4 if ™
h*(m/2) = Lfoj% sin mgc)|x|_1 x +n(B,m), 1 2 '1s even,
FE S sin(ma) |z de 4+ n(B,m),  if 2 is odd,
: 1
with supge 1) [1(8,m)| = O (5 )
From here, we can decompose fo%ﬂ sin(z)|z|*~tdr = Zle a; with a; = fz( _sin(z)z?~ldz =
2(7 1” sin(z) (2%~ — (z 4+ 7)#~V)dz. Therefore, a; > 0 for i = 1,...,k as the mtegrand is always
positive. Moreover, the sum Zle a; is bounded from above by a constant. Since a; is a continuous

function of 3, the above results hold obviously uniformly over /3 lying in compact subsets of (0, 1).

The bound in (6.42). We consider only the case when m/2 is even, with the case when m/2 is odd
being proven in exactly the same way. By integration by parts we have

28

s1n(m:z:) { sinz|*~!cosz — | cosz|?~Lsin z) da.
™m

h*(m/2) =

We define hi(m/2) = —% f()% sin(ma)|sinz|*~'dx and hj(m/2) = h*(m/2) — hi(m/2). Using
integration by parts again, for n(8, m) with supge (o) [7(8,m)| = O (#), we have

hi(m/2) = — 2ﬁ2 cos (%) sin (%)B_l +n(B,m).

™
. 2B mmy . (m\B-1 28 | m 2r\"
nim/2) = = eos () sin (3) - 2 m<L8Jm)
Qﬂ mJLﬂ

sin(mz)| sin z|*~tdz + n(8, m).
™m Jo
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Therefore, for (3, m) with supge 1) [n(8, m)| = O (%)

L% 2n 5-1 p-1
h*(m/2) = — 28 ; sinx 'sin (%)‘ dx — f—n@sin (Lm 27r> +n(8,m).

Tm?2

For a; = f;m sin !sm( )"B dr we can write fo 127 in }sm( ’ﬁ ! ZZL 1J a;. Now
we have a; = f22l U™ gin (‘sm( "8 ! — |sin (££7) ‘B 1) dx. Since sin(x) is an increasing func-
tion for z € (0,7%), we have that a; > 0 for i = 1, ..., | 2| locally uniformly in 3. Therefore, for m

sufficiently high, we have |h*(m/2)| > (1 — L)% sin (| %] 2—”)'8 for some small ¢ € (0, 1).

The bound in (6.43) when B > 1. By changing variable of mtegratlon it suffices to look at the

order of magnitude of fo cos(ma)| cos z|? log? | cos z|dx and fo cos(mx)| smx\ﬁ log? | sin z|dz in m,
for m being an even integer. Applying integration by parts twice, exactly as in the proof of (6.41),
we have

z
/ cos(max)| cos x|° log? | cos z|dx
0

2

1 [2 _
= m/o cos(m:zc)|cos:1c|5_2 (Z a;log?™? cosx|) dx +n(B,m),

=0

where «; are constants depending on g and 3, ai; = 0if ¢—j < 0, and supge( 9y [7(8,m)| = O (#)
We have similar expression for the integral in which cos z is replaced with sinz. As in the proof of
(6.41), we have

™

2
/ cos(mz)| cosx|ﬁ*2dx
0

2
/ cos(max)| sin z|°~2dx
0

< C’gmlfﬁ and < Cgmlfﬁ,

with supgep Cp < oo for B being an arbitrary compact subset of (1,2).

Hence we are left with deriving the order of magnitude of [;? cos(mz)q(x)dz for g(z) =
| cos z|#~2log? | cos x| or q(x) = |sinz|*2log?|sinz| and ¢ being a positive integer. Since we
are interested in the above integrals only for even integers m, a change of variable of integra-
tion reduces the problem finally to evaluating the order of magnitude of the following integrals

o} cos(mz)gq(z)dz, for g(x) being |cosz|*~2log? |cosz| or |sinz|?~2log?|sinz|. Integration by
parts shows that supge(q,9) ’foz cos(mx)q(x )dx‘ = O(1/m), for q(z) = |cosz|?*~2log? | cos x|, and
hence the case g(x) = |sin z|/~2 log |sm x| remains only. By changing the variable of integration

we need to evaluate the 1ntegral fo cos zq(x/m)dx for m being an even integer. We split the
interval of integration into three "and bound each of the resulting integrals using the inequality

|sinz/z — 1] < % and integration by parts for the integral over the middle region. Altogether we
get for m sufficiently high

27 | =27
/ | cos zq(x/m)|dz + ‘ / T cos zq(z/m)dz| < Cym?>* P log?(m),
0 2m
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and ff%%% | cos zq(xz/m)|dx < Cp for m sufficiently high. For Cs we have supge Cg < oo for B

being an arbitrary compact subset of (1,2). Combining these results we have the bound in (6.43).
The bound in (6.43) when 8 < 1. Applying integration by parts we have

3
/ cos(ma)| cos z|? log? | cos z|dx
0

™ 1
1 2 .
— . |81 1og? 7 . d
m/o sin(mz)| cos x| (g a; log |c05x> x +n(B,m),

=0

where «; are constants depending on ¢ and 3, aj = 0 if ¢ — j < 0, and supge (g1 [7(8, m)| =
0 (#) Then exactly the same steps as for the case § > 1, reduce the problem to deducing
the order of magnitude of the integrals L fomg sin(z)q(Z)dx for q(z) = |sinz|’~!log? |sinz| and
q(z) = | cosz|*log? | cos x|. Deriving the order of magnitude of these integrals is done in exactly
the same way as for their counterparts in the case 8 > 1 by splitting the region of integration into

the intervals (0, 5), (7, LmTQJW + %) and (LmTJJw + %, 27).

The bound in (6.44). This is shown in exactly the same way as the bound in (6.43) when 5 < 1. [

Before stating the next lemma, we introduce the following additional notation:

Bl (uy, up) = i <(20B)§1;%K§p - 1>Bp(u1,u2),
where 2
By (u1,us) = {log(ﬁp(ul,m))f)(? + 1> +log2(£p(u1,u2))<§> }
and

2
)

~ ~ ~ P ~ ~ ~ p
zp =E ([8V - 280 + 80| + |8 - 280 + 80|")

with the bivariate stable process S being defined in Section 6.1, and where SU) denotes the j-th

element of the vector process.
Similarly, we further denote with Bg 5 the analogue of gg 5 in which B(p) is replaced with (3, ig

~ 2
with £, and K7 with K, = (2C5) % u2K2,,
Henceforth, we will denote with C' > 0 a constant that does not depend on n, and when it
depends in addition on some parameter k, we will denote it with C}, > 0, and in this case C}, will
be locally bounded in £, i.e., sup, .z Cr < oo for any compact set K. We also denote 1 = (1,1).

Finally, we set for ¢ > 0 arbitrary small constant:



Lemma 2 Assume A and SB, p € (g—s,g—i—e) for some 0 < € < <f—§)/\£ and k, < n%

B 14 127
1

and my, < n?, for w € (0,5) and o > 0. Denote u = (u1,uz2), with uy,uz € Ry. We have for

'3
Ve > 0: .
[E2AS
sup L' (u , U L,(u,us)| =0 (an\/AnZ \Y, ), 6.51
ueSl| (u1,u2) — Lp(ur, uz)| = Op N (6.51)
~ 2
ﬁn(u17u2) - L:p(U1,U2)
E|-Z — B> (u1,u
Lp(ulauQ) p( ' 2)
X (6.52)
A 2 S 1
< - _
Cu{nv nvkn<n> ka@AQ_L],
L1 (ur, uz) ®(u) (Ly(11)
E‘ r 1— Bl (u 2)—< z -1-B)(1 1))
L , p ’ d(1)\L,(1,1 LA
p(u1, u2) (7) p(1,1) o (6.53)
BAL PR 27t
<CulAn” ‘Vaiv a"vA" vk:;%vi L ,
VEn . kn kn \ 1
1-F & Do 2 EA(E—5)—
An 7S =%, | ou?ds =0, ( Ax : (6.54)
0
_2p 1 PA(R _PY_,
NTFRy - o P, [ oras=o, (aFTTHT, (6.55)
0
p 1 P
~ BAL_ « Az _3 1 (k,\2 77"
_ 3= 2vA2 Ty = n SV . .
Blp)— 5 O,,(ozn\/ \/\/E\/ " Vk an(n) ) (6.56)

Proof of Lemma 2. Preliminary results. In the proof we will denote with I a compact subset of

R2. We also use the shorthand notation

V(p)r = V(XD p)r + v(X® pyr.

We will make use of several bounds which we now state and/or derive. First, using Assumption
SB(a), the smoothness of the truncation function x as well as the boundedness from below of the
values of the process L;, we have

A
/ (8, —a,_n, )ds
(

i—2)A,

q

E", <CAZ, qe(0,2). (6.57)

and given the additional condition for a in Assumption SB(c) we also have for some arbitrary small ¢ > 0:

[VANS
/ (8, — &, _a)ds
(

i=2)Ap

< CALTENT g, (6.58)

n
i—2

Using Assumption SB(c) as well as the algebraic inequality | >, a;[? < >, |a;|P for p € (0,1) and a;, € R
(and Burkholder-Davis-Gundy inequality if ¢ > 1), we have

~ ~ a4 Aq_,
n HAMYY — A7 VIe<cea M g0, eso. 6.59
E7 L[ ATY — A” V][4 < caf

We next split §t = gm + fSVtQ where

Stl—// u(ds,dx) and Stg—// p(ds,dx), when g < 1,
R2 R2
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Stl—// i(ds,dx) and Stg—// p(ds,dx), when g > 1.
R2 R2

Using Burkholder-Davis-Gundy inequality, the algebraic inequality | ), ;[P < >, |a;|P for p €
(0,1) and a; € R, and Jensen’s inequality, we have for j =0, 1:

(i_j)An ~
/(‘ s (Ou— = 0(i—2)A, )dSu 1
=] n

a 1—¢

E, <COAZTMT g e (0,2], V>0 (6.60)

Next, for 0 < ¢ < B A1, since the g-th power of the jumps of §t72 is absolutely summable, we have
for j=0,1and g € (0,8A1):

q

E, < COAVE, (6.61)

(i=H)A ~
/ (Uu - O'(i72)An)dSu,2
(i—j—-1)A,

Finally, using the above inequalities we can proceed exactly as in Lemma 1 of Todorov (2017)
(note that given the restriction on p in the lemma we have p < 1/ which is needed for applying
Lemma 1 of Todorov (2017)), and show

AR ||ATXD — AL XU — [0, [P|ATSY) — AL, SDP7|

‘ (6.62)
<Cay, j=1,2,

£+

P((A")) < Cky, > A = {w: APV (p) > €}, (6.63)

for some sufficiently small ¢ > 0 (which depends on the lower bound on the process L, and the
value of ). The bounds in (6.62) and (6.63) are derived in Todorov (2017) under the assumption
B > 1 but they are easily extended to the case § < 1 given the results in (6.57)-(6.61) above (note
that (6.41) in Todorov (2017) gets changed to Ke?~PE! ,|X2|” in the notation of that paper).

The results in (6.51)-(6.53). We denote the function

. 2lo-2)a,1"
fH(x,u) = exp (xﬁ/p(b(u) ,

where ®(u) is defined in (1.3) and we note that f ((205)%|0(i—2)An |ng,p,up,u) = Ly(u1,us).

With this notation, we can make the decomposition
L2 (w1, uz) — Ly(ur,uz) = ZW(w) + 23 (w) + 23 (w),
where Z)(u) = ﬁn_l > ok, 42 zl(j)(u) for
29 (W) = cos(u XD (p)7! +uXP (p)7) — BJy(cos(ur XD (p)7 + uxXP (p)7),
27 (w) = By (cos(un XD (p)! +upX® (p)7)) = f1(AP/PV (p)}, ),

20 (w) = [PV (p)Fw) — L (ur, uz).

7
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We further define Z@ (u) = ZD(a)/Ly(ur,uz) and 20 (u) = 20) (u) /L, (u, uz).

We split the proof of (6.51)-(6.53) into several steps.
Step 1. Results for Z(M)(u). Using the bound in (6.63) we have

_B.,
E(sup(|zz-(1)(u)|q)1{(A;L)c}) < Ck, 7" , Vg>0. (6.64)
ueU

Using successive conditioning and the boundedness of zi(l)(u), we have

" 2
IE( 3 z§”(u)1{Ay})> < Cun. (6.65)

1=2kp+2

Combining the above two bounds, we have for some ¢ > 0 arbitrary small:

E|Z0(w)]® < Cu(An v Er 7). (6.66)

We next denote

u10(i—)a, (APSW — A?  SW) + uyo(;_o)a, (APSE) — A?—1§(2))>

E(-l) u) = cos
(0 =cos UOREE

— [HAV (p)} ).
Using the bounds in (6.57)-(6.61), we have for V¢ > 0:
n sa1_,
E < S sup Y (u) zgl)(u)'q{A?}) < CpnA? ' Vg1 (6.67)
=2k +2 UEU
If we further denote

_1 ~ ~ 1 ~ ~
B = {w A, T |APSM AT SWI<non AL PATS®) — AT S < \/ﬁ}

then with this notation we have for V¢ > 0:

E ( Z sup |Z,§1)<u>|q1{(B;L)c}> < C’ﬁnl_g“, g > 0. (6.68)
i=2k,+2 u€U

Next, for u,v € R?, by splitting the sum Z?:zkn+2(zgl)(u) - Egl)(v))l{AanB?}) into sums over the odd and
even terms, each of the latter becomes a sum of martingale increments, and then by applying Burkholder-

Davis-Gundy inequality and inequality in means we have

q

S EN @) -2 () parns
=2k, +2

n

<ontt 3T E(IEY () - 2V () pazas9),
i=2k,,+2

for any ¢ > 2. Now, using the asymptotic behavior of the tail probability of a stable random variable and
Karamata’s theorem (Proposition 1.5.8 in Bingham et al. (1987)), we have for ¢ > 0 sufficiently small and n
sufficiently high:

1+.—8

E|z (w) = 2 (V)1 pamnsny |2 < Cn 50 VOlg, — 6,1,
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when u = (cos(6,),sin(d,)) and v = (cos(6y,),sin(8,)), with 6,, 6, € [0,2x). Therefore, applying standard
criteria for tightness on a compact interval on the real line, see e.g., Theorem 12.3 in Billingsley (1968), we
have n 5 —+—1 ZZL:%"H Zgl)(u), with u € S! and ¢ > 0 arbitrary small, is tight. Combining this with the

bounds in (6.64) and (6.67), we have

1 Ba1_ 8
n—2k, — 1 i:§+2 Z‘(l)(u) =0p(An® " Vikn 2p+L), uniformly for u € S*. (6.69)

Step 2. Results for Z(Q)(u). As in the previous step we have

_B.,
y (sup(|2§2)(U)Iq)l{w)c}) < Cha ™™, ¥g>0,
uel

and

E 2 (4) |2 %5t
SuB‘Zi (u) Tiamy ) < CrAn , Vg>1.
ueU

Applying these bounds we easily get for ¢+ > 0 arbitrary small

~ ! _L4,
E | sup|Z®(u)| | < Cy (k™

uel

I,
VAL? Y, ge1,2). (6.70)

Step 3. Results for Z®)(u). First, we denote

T n 1 n n n n n
Vi(p)i = . Z Ep o {|A7XM — A7 XWP 4 ]ATXE) — A7 XO)P)
Jer;,

Then using Burkholder-Davis-Gundy inequality and Hélder’s inequality, we have

EIA;P (V)T — V)t < Chat, 0<q< g (6.71)

Next, using the smoothness in expectation assumption for o in Assumption SB(a), we have
Es|oy —o|" < CJt — 5|2, 0<s<t, ¢>0. (6.72)

Combining the above two results as well as using (6.62) and applying first-order Taylor expansion
(3)

for z;”'(u), we have

q

E (Sup z§3>(u)> < Crplan VESY2V kALY, g €0,2]. (6.73)
ueﬁ

Next, we denote

_ P
Anp/BV(p)? — (2C8) 7 pp Ky plo—aya, I
(2C3) 7 ppKg ploi—2)a, P

)

zi(S,a) (U.) _ _g log(ﬁp(ulv u2>)
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and the analogous expression, in which o(;_2)a, in the denominator is replaced with o(;_oz, —2)a

with Eg?”a) (u). Then using Hoélder’s inequality, the bounds in (6.71)-(6.72) as well as the fact that

p < /2, we get
EIAPP(V (D) — V(D)0 (—2ya, — Oli—2kn—2yan)|? < Ok (knAg)' ™7 74, 0> 0,

n?’

and this inequality and applying again (6.62) and (6.72) leads to
EZ5 (u) — 239 ()2 < Cy (k7 (kn D)™ 7 7"V knAy), Ve > 0. (6.74)

Next, using successive conditioning, the fact that Ef 5, <m> = 0 as well as Cauchy-

Schwartz inequality and (6.71), we have

n n ~ " 2
APE( Y V)l V@i ) o -
=2k, +2 ‘0(73—2kn,—2)An |p

Using first-order Taylor expansion, and the boundedness of the first and second derivatives of the
function f in x, we have

~ a _ B .
22 () — 229 ()] < Cu |ALP OV (D)F — (2C5)7 P iy K g plo—aya, P12 N2 W > 0.

Therefore, using (6.62) and (6.71) as well as p < £/3 (note the restriction in € in the statement of
the lemma), we have

B pow,
Bz () - 2P < Cu (k@ Vel v kAL, (6.76)

Combining (6.74)-(6.76) as well as (6.62) and (6.72), we finally get

A2+

~ 2p _B
E(Z®(u))? < Cy (k' (kn A7 Va2 Vi, VknAy), Vi > 0. (6.77)

Using third-order Taylor series expansion, we can further decompose

2P =7 (@) + 2 () + 7 (w),

where we denote

(AP (p)2 — (205 P 1y Ky ploi—oya, IP)?

(205)2p/ﬂM%K§,p‘U(i—2)An|2p ’

780 () = By (uy, us)

and Z’ﬁg’c)(u) is defined as the residual Ef-g’c) (u) = E§3)(u) - Ef”a)(u) — Eﬁs’b) (u). We then denote
253’b)(u) from Efg’b)(u)
(206)%Hngyp’O'(i_2)An P in the numerator with Aﬁp/ﬁf/(p)?. Then, applying the bounds in (6.62)
and (6.72) as well as Holder’s inequality, we have for ¢ > 0 arbitrary small:

by replacing o(;_2)a, in the denominator with o;_sp, _2)a,, and further

1
2

p
kn n 1 kn BTt
E[Z3Y () — 23 ()| < Oy a2 v v jz? VVALY — <n> } . (6.78)
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We next set ,
€ =3 (AIX0) - A7 XOP — B, (AIX Y — A7 X)),

j=1

2
& =lo-a, P Y_{1ArSY — A7 SO —EP ,(|ATSY) — AL, SWP),
j=1

and §~Z” = El”/|a(i,2mn]7’. With this notation we can split (recall the definition of I’ after (3.4))

VOR Ve =5 L@+ Y & (6.79)

" keli keI |k—1]>2

and analyze separately the sums on the right hand side of the above equality. We start with the
first of the two. Applying Holder’s inequality and the bounds in (6.57)-(6.62), we get

—2 ~ p_
An PEIIE P — (€117 < C(AZT" Van), Vo> 0. (6.80)
Next, using Assumption SB(a) and successive conditioning, we have

) N2
Zkel;b(ﬁk) - Z 2| < Cknﬁ' (6.81)

|U(i72k" —2)A, Keli
Finally, using Holder’s inequality and Burkholder-Davis-Gundy inequality and since p < [3/2, we
have (recall the notation of K, before the statement of the lemma):

E

n

E m > (An”’/ﬁ > (5;?)2) — (2, —Kp)

1=2kn+2 kel

)

<oalBVET g s, (6.82)

[N

Combining the bounds in (6.80)-(6.82) and using the fact that 8’ < 3/2 as well as p < 3/3 (so that
f<1- (%\/2—7?)), we have

B
n —2p/B 72 r_,
1 An Zken (&x) A2 "V, 1
El-—s———7—— n -, -K,) <C \% . 6.83
Fn(n = 2kn — 1) i=2§+2 |0 (i—2k,—2)a,, [P & = 1) kn Vo (683)

2l . =Nn=n
B zk,le[%:\k—llZZ 339

We continue with the second term on the right hand side of (6.79). We denote x' = A,

|0 (i—2ky,—2)Ap P

With this notation we can split

n—2kp—1
n 2k, n L 2kn ]
n __ —n n —n __ n
POERED P NED DR IS (D DI (R aaes
i=2kn+2 =1 i=|n=2hn 1 o, 4 i=1

30



Using law of iterated expectations we have E(x?)? < CkZ and further

L n—2kp—1
2kn

E(x})* < Z E(X(i—1)2k,45)° < Chan,
i=1

and therefore

n

>

i=2k, +2

E < Chnv/Enn, (6.84)

which leads to

n —2p/B ThEn
E 1 Z Ay p/ Ek,lefﬁilk*lKQ §réy < C (6.85)
kZ(n — 2k, —1) |0 (i—2k, —2)A,, 1P ~ VEan .

i=2k, +2

Finally, using the boundedness of the third derivative of the function f (in z) and the fact that
p < /3, we have by applying the bounds in (6.62), (6.71) and (6.72):

E[Z%9 (u)] < Cy [k;; VA v ad] (6.86)

Step 4. Combining the bounds in (6.69), (6.70) and (6.73), we get the result in (6.51). Combin-
ing the bounds in (6.69), (6.70) and (6.77), and making use of k,/n — 0, we get the result in
(6.52). Finally, combining the bounds in (6.69), (6.70), (6.78), (6.83), (6.85) and (6.86), and since
kn/v/n — 0, we get the result in (6.53).

The results in (6.54)-(6.55). The result (6.54) follows from using similar steps as for the derivation
of (6.80) as well as using Burkholder-Davis-Gundy inequality and (6.72). For the result in (6.55),
we first make use of the algebraic inequality ||a| — |b|| < C|a — b| for some positive constant C' and
Va,b € R. We then use successive conditioning, (6.57)-(6.61) and (6.72), as well as Burkholder-
Davis-Gundy inequality.

The result in (6.56). Due to (6.51), on a set of probability approaching one, B(p) = B(p) — Agﬂ.

First, we can apply first-order Taylor expansion of 3(p) as a function of Eg (u1,u;) and Eg(UQ, uz).
Then we can use the bounds in (6.69), (6.70), (6.78), (6.83), (6.85) and (6.86) to derive a result

~

similar to that in (6.53) for Eg(ul, u1) and L7 (u2,ug), and from here by using in addition (6.51)-
(6.52), to get for Vi > 0:

) n 2 B, Qp AE?L -3 1 kn %_%_L
- - = An2 - n 2 e .
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Using the bounds in (6.51)-(6.52) and (6.54)-(6.55), we also have for V¢ > 0:

B'y—B';=0 Aéﬂv LY L v 1 kn i
po TR ke VR A kB \ N '
n

Combining the above two results we get (6.56).

In the following lemma, we set X, p, and Ky, to 1 if p > 3.

Lemma 3 Assume A and SB hold for X with ' < 3/2. Then, if B > q, pn — 00 and p, < 2kp,

we have

Bi— B =0y(A

AL,
for some ¢ > 0. In addition for k, < n® with w € [% %) and with p = /4 in oy, we have for

Vi > 0:

sup |L' (w1, u2) — Lp(ur,uz)| = Op (an \Y,

uest

)

,Cg(cos x,sinx) — Lp(cos x, sin x) "

r

A—L
:Op[k;v%%v \/k%]

log(Lp(cos z,sinx)) 2%(1, 1) "
e (e )

—1—Bj(cosz, sinx))

771? n 2p g*L
Ap PXE-X% |0’S| ds =0, | A3 ,

— B
AL F R — (2C5) ﬁuﬁij/ |os|*Pds = O, (AS L),

— BE(cosz,sinx
L5(cos x,sinx) i ’ )

s
/

g(cos z,sinx)
Ls(cosz,sinz)

l(£_1> -

4 7

A, B }
b)

BA1
dx =0, [A,ﬁ \%

(B,—l)—L
PN _ 21 -t An

Proof of Lemma 3. We start with (6.87). We have for all ¢« > 0:

— ~ a —(iva)—,
200 - @0 sl | o, (s [y (1) 70D
APV (g) — (4C3) P g K g glool? n ¥ \pn

(6.87)

(6.88)

(6.89)

(6.90)

(6.91)

(6.92)

(6.93)

This result follows by combining the bounds in (6.57)-(6.61), using the “smoothness in expectation”

assumption for L (and its boundedness from below) as well as a Burkholder-Davis-Gundy inequality.

From here the result in (6.87) follows by making a Taylor series expansion of Bl as a function of

Vi'(q) and V3'(q).
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We continue with (6.88)-(6.93). We introduce the set

0, = {w:|§?—6| >A;;f/2}. (6.94)
Given (6.87), we have P(€,,) — 1. Therefore, it is no restriction to restrict attention to the set
Q,, and we note that for n sufficiently high on this set we have ‘p < (% — %) A % Then,
we can apply the bounds for the terms Z(M)(u), Z®(u) and Z®)(u) in the proof of Lemma 3.
The only exception is for the terms {gi(J)(u)}i:2k7L+27___74k;n, and 7 = 1,2,3. The reason is that
for them there is an overlap between the increments of 17(}3)? and those used in the calculation
of B{L However, given the boundedness of the cosine and exponential functions, we easily have
anl E?:l kagkn 4o SUDyeR? ]zz(] )(u)] = O, (®). This implies immediately the results in (6.88)-
(6.90) and (6.93). For the results in (6.91)-(6.92), we can use the following inequality on the set
Qy,

n

AZVB(ATXG) — A?—lx(j))lﬁ < ’Agl/ﬁ(Ayx(j) NB G

n

v J=1,2

n ‘ ATYBAPXG) — A x|

5/2

/2 ~
where p" = % — A and p"* = B + 82" We can apply this inequality for the first 2k, terms in 37
and I/C\g to bound thelr effect on the results in (6.54)-(6.55) to Op(ky/n) while for the rest of the

summands the bounds in Lemma 2 apply directly. O

6.3 Proof of Theorem 1 continued
Now we are ready to complete the proof of Theorem 1. We will analyze separately the terms
2 2
n 1 1 n ()2 2 1 1 ™
S (kg b ) + S G (s = b ) and 7 @) — aolda. W

start with the first two. Since B\(ﬁ) is a consistent estimate of [, we need only to look on a

set on which |3(p) — 8| < ¢ for some arbitrary small 0 < ¢ < (q A (2 — 8)). Using Taylor expansion
we have for some positive integer [:

ﬁ%(m) —h*(m) = Z %/ | cos z|® log® | cos z|e2™* da:

k=1

~

= )i
+ %/ |cosx\5(””) log!™ | cos z|e =2

where E (x) is an intermediate value between ﬁ (p) and (3 that depends on x. From here, using the
bounds of Lemma 1, we have for some arbitrary small ¢ € (0,¢ A (2 — /3)) on the set on which

\ 3 (p) — B| < ¢ (whose probability approaches one):

S
Tt \hs(m) b (m)
l
< CZ ‘B(ﬁ) _ B|2k’mi—|—25+2L log%(mn) + C|B\(ﬁ) - ﬁ‘2l+2mi+4ﬁ+m7
k=1
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for some constant C' > 0 that does not depend on m,, (but depends on ). Now, m, =< n? for a
finite positive p, and from Lemma 2 and the conditions of the theorem, 5(p) — 5 = O,(AY) for
some « > 0. Therefore, if we pick [ sufficiently high (so that al > Sp), the last term is dominated
asymptotically by the first term on the right-hand-side of the above inequality (and its leading term
is its first summand). As a result,

- 1 _ 1 2v DA V2., 3+26+
mz(ﬁg(m) ) = () - Pmy e, i (6.95)

Similarly, and making use also of Assumption A, we have
gj G*(m)?h*(m)? <A1 - 1>2 = (B(P) — B)2(m:22T v 1), Vu>0. (6.96)

We continue with [ [a"(z) — a(z)|dz. We have the decomposition

where a} (z) = aj (v)/ (log(Zg(l, 1)) — gg(l, 1)) and

j
() = (Liﬁ(cos z,sinz) 1) (ﬁﬁ(cos x,s-inx) B 1>7

L3(cosz,sinx) Ls(cosz,sinx)

ag(x) = — (BAg(cos r,sinx) — By (cos r,sin x)),

o log(Lp(cosz,sinx)) [ Lp(1,1) L5(1,1)
) (m ) (Ean )
o, log(Lp(cosz,sinm)) (. .
ay (:L') - lo (L‘ ( )) (Bﬁ(lv 1) - B;E(]-a 1)>7
L~ (cos z,sinx) — Lp(cosx,sinx .
ag(z) = al Eﬁ(co)sx sin(x) ) - Bg(cosx,smx)}

L5(1,1) — L£p(1,1)
ﬁf,(l,l)

_ log(£Lp(cosz, sinw))
log(£5(1,1))

—Bg(lyl)l :

(cosz,sinx) and L(cosz,sinx), and

(1,1) and L5(1,1). We now bound

with Zg(cos x,sinx) being an intermediate value between Zg
Z'I’L
P

similarly Zg(l, 1) being an intermediate value between

Iy aj(z)dz, for j =1,...,5, using Lemma 3.
We have
| @l
0
<

infgeqo,q |L‘ (cos z,sin x)] /

(cosz,sinw) — Lj(cosz,sinz))*dz.
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Therefore, applying (6.88) (as well as the fact that inf, cg1 L5(u1,u2)) > 0) and (6.89) (note that
SUP,(o,r) | Bf (cos z,sinz)| = Oyp(k;?) and an analogue of (6.89) holds for Eg(l, 1) as well), we have

ky, AL
/ |at (z \dm—i—/ |ag (x)|dx = O (n\/ai\/ \/;7> (6.97)

To bound fo ay(z)dz, we fist use Taylor series expansion to bound

~

N cn _2p 1
|BZ(cos x, sinx) — B2(cos x, sin x)| < @) {‘Ai PER - Zﬁ/ |os|*Pds
0

p p - k

+ A,lb # —(2Cg)? ﬁij/ |los|*Pds

~

+168() — 8| + |£ﬁ(cos z,sinz) — Lz(cos x,sinx)|},

where C™(z) is some nonnegative random function of « for which, using the bounds in (6.88) and
(6.91)-(6.93) as well as infy g1 L5(u1,u2)) > 0, we have sup,cp - C"(z) = Op(1). Using the above
bound (and an analogous one for |l§g(1, 1) = B5(1,1)]) as well as (6.88) and (6.91)-(6.93), we have

é*l,
/ a3 (x \dx—l—/ (@ (2)|dz = (A]:n v M) (6.98)
We are left with [ af (z)dz. Application of (6.90) yields
o AN
/ a2 (z)|dz = ( v TL\/E) Vi > 0. (6.99)

The above bounds continue to hold for the corresponding [ |la% (x)|dz terms as due to the bounds
in Lemma 3, we have log(zg(l, 1)) — gg(l, 1) = Op(1). From here, using the restriction on w, we

have (5 )
15 _1)—
/ Z|a” Ydz = O (Afgl"‘vw> Vi > 0. (6.100)
Vkn

To bound the order of magmtude of A¥(m), Ay(m) and A% (m), we then use the order of magnitude
of (p) — B in (6.93), as well as (6.95) and (6.96), and we get altogether

Az (1)
D Al(m) =0y [ mpt ATy = ] V>0,
[m|<m, "
A(E)
Y. AR(m) =0y [mptr L ANEN Ty = ] Y 0,
[m|<m., "
A0
Z Ag(m) _ Op (mi72a+b V. 1) AgAlfL v nki , Ve > 0.

|m|<mn

From here, using the bound on the integrated squared bias, the result of the theorem follows.
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