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Abstract

Motivated by notions of robustness and aversion to Knightian uncertainty, this pa-
per develops the theory of competitive asset pricing and consumption/portfolio choice
with generalized homothetic recursive preferences that allow essentially any homothetic
uncertainty averse certainty-equivalent form. The market structure is scale-invariant
but otherwise quite general, allowing trading constraints (for example, short-sale con-
straints). Technicalities are minimized by assuming a finite information tree. Pricing
restrictions in terms of consumption growth and market returns are derived and illus-
trated with examples incorporating various forms of uncertainty aversion. A simple
recursive method for solving the corresponding optimal consumption/portfolio choice
problem is established.
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1 Introduction

The main purpose of this paper is to show how scale invariance of preferences and mar-
kets can be used on a finite information tree to establish an otherwise quite general and
simple theory of asset pricing and consumption/portfolio choice, incorporating recursive
utility with any risk/uncertainty averse conditional certainty equivalent (CE). Scale invari-
ance of preferences means homotheticity: the preference ordering of any two consumption
plans does not change with scale. Scale invariance of markets means that positions can be
scaled with wealth. Trading constraints consistent with this assumption, such as short-sale
constraints, are allowed. Equilibrium pricing restrictions are given in terms of consump-
tion growth or market returns, based on the solution of a single backward recursion on
the information tree. In the case of a constant but non-unit elasticity of intertemporal
substitution (EIS), pricing restrictions are shown to further simplify, dispensing with the
backward recursion altogether, just as in the special case of Epstein and Zin (1991) and
Weil (1989). A parametric robust extension of Epstein-Zin-Weil pricing is given as an ex-
ample. Finally, a simple recursive procedure for computing optimal consumption/portfolio
policies is established, essentially as a corollary of the pricing theory.

In the asset-pricing literature, scale-invariant recursive utility appears mainly in the
Epstein-Zin-Weil form, which is the homothetic, constant-EIS case of Kreps and Porteus
(1978) utility (that is, recursive utility with an expected-utility CE). The well-established
motivation for deviating from expected-discounted utility is the partial separation of pref-
erences over deterministic plans and risk/uncertainty aversion (see Chapter 6 of Skiadas
(2009) for further explanation of this point). A recently active literature! has established
a variety of CEs motivated by aversion to uncertainty (or ambiguity) as distinct from risk,
in the sense of Knight (1921) and Ellsberg (1961). The modeling of uncertainty aversion
in asset pricing has varied. Early contributions, like Dow and Werlang (1992) and Ep-
stein and Wang (1994), are based on the multiple-prior representation characterized by>

Gilboa and Schmeidler (1989). Hansen, Sargent and their coauthors® draw from the robust

'See Epstein and Schneider (2010) for a recent survey emphasizing nonsmooth formulations.

?See Gilboa (2009) for a summary of the related decision-theoretic literature.

3 Anderson, Hansen, and Sargent (2000), Hansen and Sargent (2001), Hansen and Sargent (2007),
Hansen, Sargent, Turmuhambetova, and Williams (2006). In typical applications, entropic variational
preferences are mathematically within the smooth expected utility paradigm, but with a higher risk aver-
sion than would be implied by an agent’s preferences over objective risks. The distinction between risk
aversion and ambiguity aversion for entropic preferences is, however, meaningful in the richer axiomatic
setting of Strzalecki (2011).



control literature with their use of variational entropic preferences. Schroder and Skiadas
(2003, 2005, 2008) use a notion of source-dependent risk aversion (related to ambiguity
aversion in Skiadas (forthcoming)). Chen, Ju, and Miao (2009) and Ju and Miao (2009)
adopt the approach of Klibanoff, Marinacci, and Mukerji (2005), which is closely related
to Ergin and Gul (2009) and Nau (2006). Further representations of ambiguity aversion
are proposed by Maccheroni, Marinacci, and Rustichini (2006) and Chateauneuf and Faro
(2009). Several examples explain how the present paper’s theory can be applied with any
of these representations,® and indeed all scale-invariant uncertainty-averse CEs as unified
in Skiadas (forthcoming).

The related asset pricing literature is too extensive to be comprehensively cited here;
a few direct connections to the literature will be added to those already provided. Fol-
lowing Epstein and Zin (1991) and Weil (1989), discrete-time pricing calculations with
Epstein-Zin-Weil utility that rely on specific consumption dynamics have several prece-
dents in the literature, for example, Bansal and Yaron (2004) and Hansen, Heaton, and
Li (2008), although much of the earlier theory was developed in continuous-time settings.
Duffie and Epstein (1992a,b) formulated and applied to asset pricing a continuous-time
version of Kreps-Porteus utility (which includes Epstein-Zin-Weil utility). The variational
or “utility gradient” approach for recursive preferences, adopted in this paper, was intro-
duced in Skiadas (1992), Duffie and Skiadas (1994) and Schroder and Skiadas (1999), and
was further developed in El Karoui, Peng, and Quenez (2001) and Schroder and Skiadas
(2003, 2005, 2008). The last three references are closely related to the present paper, em-
phasizing the role of scale or translation invariance and allowing for trading constraints,
but in continuous-time settings. This paper’s closest relative is the discrete-time theory
in Chapter 6 of Skiadas (2009), where Kreps-Porteus utility is assumed and there are no
trading constraints.

The variational approach employed in this paper is complementary to the dynamic-
programming approach. While the Bellman equation is a highly flexible and intuitive tool,
an advantage of the variational approach is that it separates the analysis of the market and
the analysis of preferences. The set of all state-price densities (or Arrow-Debreu prices)
that are consistent with no incremental arbitrage at the reference plan is characterized

independently of preferences. This part of the argument relates to the traditional literature

4 All the cited uncertainty-averse CE formulations share the uncertainty-aversion axiom A5 of Gilboa
and Schmeidler (1989) and are unified in the representation of Cerreia-Vioglio, Maccheroni, Marinacci, and
Montrucchio (2008).



of arbitrage pricing, including the more recent literature of limits to arbitrage, surveyed
by Gromb and Vayanos (2010). A separate argument characterizes the superdifferential
of the utility function, without reference to the market. The two components are then
put together to characterize optimality. Thus if one changes the market specification, the
utility part of the analysis need not be repeated, and likewise if one changes the utility
specification, the market side of the analysis need not be repeated.

The remainder of this paper is organized in seven sections and an appendix. Sec-
tion 2 introduces the stochastic setting and some notation and convex analysis facts used
throughout the paper. Section 3 introduces the market structure and characterizes all
state-price densities that are consistent with no incremental arbitrage at a given reference
plan. Sections 4, 5 and 6 develop the recursive utility structure, including several examples
motivated by uncertainty aversion. Section 7 presents the main pricing results, and Sec-
tion 8 presents the optimal consumption/portfolio theory. The Appendix contains proofs

omitted from the main text.

2 Preliminaries

We begin with the basic primitives defining the stochastic setting and a review of some
notation and simple results from convex analysis to be used later on. This section can
be skimmed over and referred to as needed. For additional background material we will
occasionally refer to Skiadas (2009), which is henceforth abbreviated to S09.

2.1 Information and Processes

Taken as primitive are a finite state space Q and a filtration {F; : t =0,1,...,T}, where
Fo = {Q,0} and Fr is the set of all subsets of Q2. Each algebra F; is generated by a partition
of 2, denoted F{. A spot is any pair (F,t) such that FF € F?, t € {0,...,T}. Spots can
be visualized as nodes on an information tree. The immediate successors of spot (F,t — 1)
are the spots (F1,t),...,(F,,t), where Fi, ..., F, are the elements F? whose union is F.
Spots of the form (F,T') are terminal. The set of all F;-measurable random variables is
denoted L (F) .

A (stochastic) process = : Q@ x {0,1,...,T} — R is adapted if x; = z (-,t) € L (F;) for
every time ¢ (and therefore x¢ is constant). If = is an adapted process and F' € F?, then
x (F,t) denotes the common value of z; on F, which is referred to as the value x takes at

spot (F,t). A process x is predictable if x( is constant and x; € L (F;—1) for every time



t > 0. If z is a predictable process and F' € Fp_;, then z (F,t) denotes the common value
of z; on F. Period t is the time interval starting at time ¢t — 1 and ending at time ¢. The
time-t value of a predictable (resp. adapted) process is known at the beginning (resp. end)
of period t. The sets of all adapted processes and all predictable processes are denoted L
and P, respectively, with Py ={z € P : 29 =0}.

If x is either a random variable or a process, the notation x > 0 means that x is
valued in [0,00], while we say that z is strictly positive to indicate that x is valued in
(0,00) . For any set S of random variables or processes, Sy = {z € S :2 >0} and S;; =
{z € S : z is strictly positive} . For any function of the form f : S — R, we say that f is
increasing if x >y #x = f(x) > f(y); and that f is decreasing if —f is increasing.

The symbol 1 = (1,...,1) can represent any vector (for example, a random variable
or stochastic process) whose entries are all one. For any F' C Q, 1p denotes the random

variable that takes the value one on F' and zero on 2\ F.

2.2 Probabilities

Fixed throughout the paper is a reference probability P on Fr = 2% that assigns a positive
value to every nonempty event. The corresponding expectation operator is denoted E,
while E; is short for the conditional expectation operator E[- | F;].

Q denotes the set of every probability on Fp that, like P, assigns a positive value
to every nonempty event. Given any @ € Q, the corresponding expectation operator
is denoted E@, with the usual abbreviation E? for the conditional expectation operator
EQ[- | F;]. The density of Q (with respect to P) is the random variable, denoted dQ/dP,
whose value at state w is the ratio @ ({w}) /P ({w}). The conditional density process of @
(with respect to P) is the process
dq)
dpP
For any spot (F,t), (9 (F,t) = Q (F) /P (F), which is the ratio of the probabilities assigned
by @ and P to the path on the information tree that leads from time zero to spot (F,t). The

g?_Et[ ] t=0,1,...,T. (1)

process £9 is a strictly positive martingales of unit mean. Conversely, any such martingale
¢ defines an element Q of Q by letting Q (F) = E[¢715], F € F, in which case, €9 = €.
The following change-of-measure formula will be useful (see, for example, in Lemma B.48
in S09):

EC 2] = E FtQ“x] (2)
S P
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Given any m € L4, let the processes ( € Py and £ € L be defined so that

Tt _ 1 §t
T 1+G &

1
where ﬁct = Et_l |:7T7Tt:| and 50 =1. (3)

Setting ¢y = 0, the second equation in (3) defines the predictable process (. Given (, the
first equation in (3) recursively defines &, which is a strictly positive unit-mean martingale.
Let Q be the unique probability such that £¢ = £. We call the pair (Q,¢) the risk-neutral
representation of w. Given any pair (Q,() € Q X Py, a process m € L4 that has (Q,()
as its risk-neutral representation must satisfy recursion (3) with £ = EQ, and is therefore

uniquely determined up to positive scaling.

2.3 Certainty Equivalents

We use the term certainty equivalent (CE) on (0,00)" to mean an increasing continuous
function of the form v : (0,00)" — (0, 00) such that v (s1) = s for all s € (0,00) . Let us fix
any inner product® (- | -) on (0,00)" . The superdifferential’ of a concave CE v : (0,00)" —
(0,00) at = € (0,00)" is the set

v(z)={peR":v(y) <v(x)+(p|ly—=z) forall y € (0,00)"}.

Since v is concave and its domain is an open set, dv (z) # 0 (see, for example, Proposi-
tion A.31 of S09). Since v is increasing, dv (z) C R .

The following duality is key for our analysis.

Lemma 1 Suppose v : (0,00)" — (0,00) is a concave CE and X C R"™ is a conver set

containing the origin. For any z € (0,00)" , the following two conditions are equivalent:
1.v(z)=max{v(z+z):z€X and z +x € (0,00)"}.

2. There exist some p € Ov (2) such that (p | z) <0 for all z € X.

This is the same as saying that we fix a positive definite matrix IT € R™*"™ and write (z | y) = «'Ily for
all column vectors z,y € (0,00)".

5The term subdifferential is often used in place of superdifferential, following Rockafellar (1970), who
nevertheless suggests on p. 308 that the term “superdifferential” might be more appropriate. Our use of the
term corresponds to Clarke’s notion of generalized gradient (see, for example, Clarke (1990)) as well as the
way the term is used in the literature of viscosity solutions of Hamilton-Jacobi-Bellman equations (see, for
example, Bardi and Capuzzo-Dolcetta (2008)). The terms Fréchet superdifferential (and D-superdifferential
for the finite-dimensional case) also map to what we call superdifferential, given concavity (see Clarke,
Ledyaev, Stern, and Wolenski (1998), p. 142).



Proof. (2 = 1) Suppose p € dv (c) is such that (p | ) <0 for all z € X. For any
z € X such that z+z € (0,00)", v(z+z)<v(z)+(p|z) <v(z).
(1 = 2) See Appendix. =

The CE v is scale invariant (SI) if v (sx) = sv (z) for every s € (0,00) and z € (0,00)" .

The following implications of scale invariance will be of repeated use.
Lemma 2 Ifv is as an SI concave CFE, then for every x € (0,00)",
[s€(0,00) = Ov(sz)=0v(z)] and [pedv(z) = v(x)=(@|x)]. (4)

Proof. The first implication is immediate from the definitions. For the second one,
given any p € Jv (), note that 2v (z) = v(z +z) < v(x) + (p| ) and therefore v (z) <
(p| ). Similarly, v (z) = v (20 —x) < 2v(x) — (p | ) and therefore v (z) > (p|z). =

3 Market, Optimality and State Pricing

We consider an agent who consumes a positive amount of a single good at every spot. The
agent is endowed with some initial (financial) wealth that can be exchanged in a market for
a feasible consumption plan. In this section we define the market and feasibility, as well as
the associated notion of a state-price density relative to a given feasible consumption plan.
We then proceed to characterize all state-price densities and to related them to optimality
under an abstract utility function on the set of all consumption plans. The remainder of
the paper will be about implications of the structure of this utility function.

At each nonterminal spot (F,t— 1), the agent selects a portfolio allocation out of a
nonempty subset A (F,t) of a Euclidean space R’. Setting Ag = {0}, we view A as a
set-valued predictable process assigning the set A (F,t) to spot (F,t —1). A trading policy
is any column vector 1 = (1, ... ,w‘])’, where 1/ € Py for every j, such that

¢t€At7 t:].,...,T, (5)

meaning that ¢ (F,t) € A(F,t) for every nonterminal spot (F,t —1).

Let (F,t),...,(Fy,,t) be the immediate successor spots to spot (F,t — 1) . The selection
of the portfolio allocation o € A (F,t) generates a period-t gross return Rf;“,t(o‘) € R at
spot (Fj,t). Letting

Rpg(a) =) Riy(a) 15,
1=1
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we regard Rp; as a function from A (F,t) to L (F;) with the property Rpi(o) = Rp(a) 1F.
The period-t return corresponding to a trading policy 1 is the F;-measurable random
variable R:[v,], where

Ry 1p = Rpy(¢p (F,t)), for every F € .7-"19,1.

Example 3 (Linear Returns) Suppose the agent can trade in 1 + J assets, indexed
0,...,J. Asset zero implements single-period default-free borrowing and lending with corre-
sponding short-rate process r € Py; a dollar invested in asset zero at time t — 1 generates
14 r; dollars at time t. The excess-return processes of the remaining J assets are listed in

~1 ~J)/

the column vector ¥ = (7,...,7)" of adapted processes, with 79 = 0. A dollar invested in

asset j at time t — 1 generates 1 + 1 + 7 dollars at time t, and therefore
Ri[ihy) = 1+ 1+ hy7e, by € Ay

The specification of A; reflects trading constraints. For example, letting Ay = RJ‘JF means

that the risky assets cannot be sold short.
The following restrictions on A and R are assumed throughout.

Condition 4 For every nonterminal spot (F,t — 1), A(F,t) is closed and convexr. The
function Rpy : A (F,t) — L (F;) is continuous and concave, and the restriction of Rpy(c)

on F is strictly positive for every o € A (F,t).

The agent is endowed with an initial wealth w € (0, 00) . A wealth process is any strictly
positive adapted process W such that Wy = w. A consumption policy is any adapted process
o such that g, € (0,1) for t < T and o = 1. The interpretation of g, is as the fraction of
time-t wealth consumed; in particular, all terminal wealth is assumed to be consumed. An
allocation policy is a pair of a consumption policy o and a trading policy . The allocation

policy (o,1) generates the wealth process W determined recursively by the budget equation
Wo=w and Wy=Wi1 (1—0o_) Rf], t=1,....T. (6)

A consumption plan is any process ¢ in L, 4, with ¢ (F, t) representing contingent consump-
tion at spot (F,t). The allocation policy (o,%) is said to finance the consumption plan

c = oW. A consumption plan c is feasible if it can be financed by some allocation policy.



Let us now fix a reference feasible consumption plan c. Relative to ¢, we define the set

of feasible incremental cash flows:
X (¢) = {z: ¢+ x is a feasible consumption plan} .

We regard the set £ of all adapted processes as an inner product space, where the inner

product of the processes x and y is defined by

(z|y) =E [Z; xtyt] - (7)

A state-price density (SPD) at ¢ is any adapted process 7w with the property
reX() = (r]z)<0.

For convenience, throughout this paper, we use the term wutility function to mean an
increasing continuous function of the form Uy : £y; — R such that Uy(sl) = s for
every s € (0,00). The last restriction means that utility will always be measured in terms
of equivalent annuities and entails no loss of generality, since any increasing continuous
function U : L., — R is ordinally equivalent to the utility function Uy = f~!o U,
where f (s) = U (s1). Note that £, can be identified with (0,00)", where n is the total
number of spots, and therefore every utility function is a CE on (0,00)" in the sense
discussed in Section 2.3.

We henceforth take as given a concave utility function Uy, representing the given
agent’s preferences over consumption plans from the perspective of time zero. The fea-
sible consumption plan ¢ is optimal” if there exists no feasible consumption plan & such
that Uy (¢) > Up(c). Clearly, c is optimal if and only if Uy (c+z) < Up(c) for every
x € X (c¢) such that c+z € L.

We combine the SPD notion with that of the utility superdifferential to characterize
optimality. Recall that Uy can be regarded as a CE on L. Given the inner product (7),
the superdifferential of Uy at ¢ is therefore the (nonempty) set

o (c)={mr€ Ly :Up(c+y) <Up(c)+(m|y) ifctyeLiy}.

The following key result is essentially a restatement of Lemma 1.

"While this definition of optimality is from the perspective of time zero, the recursive utility structure to
be introduced implies dynamic consistency, and therefore time-zero optimality is equivalent to optimality
at every spot. See, for example, Chapter 6 for S09 for a detailed explanation of this point.



Lemma 5 Suppose the utility function Uy : L1 — R is concave and c is any feasible
consumption plan. Then c is optimal if and only if there exists some m € OUy (c) that is
an SPD at c.

Our next task it to characterize all state-price densities at the feasible consumption
plan ¢, without any reference to preferences. Given m € L, it will be helpful to define

the process
T

W:Etlzmcs], t=0,...,T (8)

T
s=t ¢

In a hypothetical complete (linear) market in which 7 is a state-price density, V; represents
the cum-dividend time-t value of a traded contract that generates ¢ as a dividend process.
(See Chapter 5 of S09 for details.)

Theorem 6 Suppose the consumption plan c is financed by the allocation policy (o,),
which generates the wealth process W. The following are true for any m € L.
(a) Let V' be defined by (8). Then V=W if and only if

s

1 =1 [
T

L Rt[wt]}, t=1,...,T. (9)
1

tf
(b) The process w is an SPD at c if and only if

Tt

1=K [ e X
¢ t—

mlRtw] = max By [7:” Rt[at]} . t=1,...,T. (10)

Remark 7 Condition (9) is the same as (10) if Ay = {4,}. This proves that V.= W if
and only if ™ is an SPD at ¢ relative to the market generated by varying o but not v (that
is, with X (c) defined as the set of every x such that ¢ + = is a consumption plan that is

financed by some consumption policy and the given trading policy ).

Remark 8 The conclusions of Theorem 6 can be equivalently stated in terms of the risk-

neutral representation (Q,() of m :
(a) V=W if and only if 1 + ¢, = B R[] fort =1,...,T.
(b) 7 is an SPD at c if and only if

1+¢, = B2 | Ry[vy) :ggEEﬁlRt[at], t=1,...,T. (11)
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We close this section with an example, which is a discrete version of corresponding
results derived by Schroder and Skiadas (2003) in a continuous-time setting with Brownian

information.

Example 9 (Linear Returns and Trading Constraints) Consider the setting of Ex-
ample 8 and fix m € L4, with risk-neutral representation (Q, () . In a hypothetical complete
market for which w is an SPD, ( is the short-rate process (in the credit-risk-free sense of
Ezample 3) and Q is the unique equivalent martingale measure (see Chapter 5 of S09).
If the risky assets were all traded in this hypothetical complete market, then it should be
the case that By_17: = covi_q [f?/{?_l,ft} . Since A can imply trading constraints, the last
equality is not necessary for w to be an SPD at c. The difference between the conditional
expected excess returns in the hypothetical complete market implied by w and those in the
actual market is
Q Q
&t = COVt—1 [%,ft] —EBi17 = B [%ft
gt—l gt—l

= B2 7.

Letting eqg = 0, this defines a process € € Py. In an unconstrained market, © is an SPD at
cif and only if ( =r and € = 0. We now generalize this statement to account for trading
constraints.
Given any nonempty set S C R7, the support function 65 : R7 — (—o0, 00| is defined
by
6s(y) =sup {a'y:z € S}.

The process 0 ale] € Py is defined by letting, for each nonterminal spot (F,t),

oA [5] (F7 t) = 5A(F,t) (5 (F7 t)) :

Suppose the consumption plan c is financed by the allocation policy (0,) , which generates
the wealth process W. Specializing Theorem 6 (in the form of Remark 8) to the current
setting, we conclude

(a) W =V if and only if  =r + dale].

(b) The process w is an SPD at c if and only if

C=r+0ale] and 'e=0dale]. (12)

If a set S C R is a cone (meaning that x € S and s € (0,00) = sz € S) then
0s(y) =0 if 2’y <0 for allx € S, and d5(y) = oo otherwise. Therefore, if A is a cone at

11



every spot, then condition (12) is equivalent to
(=7 and ey =max{aje; oy € Ar}.

For example, if there is a single risky asset (J = 1) that cannot be sold short (Ay =Ry ),
then condition (12) becomes ( =1 and € < 0, with € < 0 only if ¥ = 0.

4 Recursive Utility

We saw in Lemma 5 that optimality of a feasible consumption plan c is equivalent to the
existence of an element of the utility superdifferential at ¢ that is also an SPD at ¢. The
SPD property was characterized in Theorem 6 in terms of a recursive market structure.
We now shift our attention to the utility side, postulating a recursive utility structure and
characterizing the utility superdifferential.

Recursive utility is defined in terms of a conditional certainty equivalent, which specifies,
at every nonterminal spot, a rule for collapsing a one-period-ahead contingent payoff to an

equivalent certain payment at the given spot.

Definition 10 A conditional certainty equivalent (conditional CE) is a mapping v that
assigns to each timet € {0,...,T — 1} a continuous function of the form vy : L (Fyy1) ., —
L (F;) ., such that vi(s1) = s for every s € (0,00), and the following conditions hold for
every nonterminal spot (F,t) and v,y € L (Fii1),,

e x =y on F implies v (z) = vy (y) on F.

o x>y F#x on F implies vi (z) > v (y) on F.

Consider any nonterminal spot (F,t), and let (Fy,t+1),...,(Fy,t+ 1) be its imme-
diate successor spots. The two bullet conditions of Definition 10 state that the value of
vt (x) on F, which we denote vy (x), is an increasing function of the restriction of « on F.
Given this fact, we write vp; (z1p) = vpyt (z) (even though z1p is not valued in (0, 00)).

We will occasionally use the notation

Upe () =vpt (Zi:1 aihﬂ;) , a€(0,00)", (13)

which defines a CE 0 on (0,00)" (in the sense discussed in Section 2.3). Conversely, given

a CE vp; at each nonterminal spot (F,t), equations (13) determine an entire conditional

12



CE v on the information tree. We call the conditional CE v concave, differentiable, or scale
invariant if U, has the respective property for every choice of a nonterminal spot (F,t).
The sense in which we use the term recursive utility can now be rigorously defined as

follows.

Definition 11 An aggregator is a function f : {0,...,T —1} x (0,00)* — (0,00) such
that, for every monterminal time t, the section f(t,-) is increasing and continuous and
satisfies f (t,1,1) = 1. The utility function Uy : L4 — (0,00) is recursive utility if there
are a conditional CE v and an aggregator f such that for any given c € Ly, Uy (c) is the

initial value of the process U in L4 specified by the backward recursion
U=f (t, Ct, Ut (Ut+1)) t<T; Ur=cr. (14)
In this case, we refer to U as the utility process of c.

An aggregator f is said to be concave, differentiable, or scale invariant (SI) if f (t,-) has
the respective property for every time ¢ < 7. Mathematically speaking, f (¢,-) is a CE on
(0,00)%, and therefore f (t,-) is SI if and only if it is homogeneous of degree one.

Chapter 6 of S09 provides ordinal axioms that characterize preferences with a recur-
sive utility representation, and establishes some basic properties of recursive utility. For
example, the aggregator f determines and is determined by preferences over deterministic
consumption plans, while making the conditional CE v more risk averse, with f fixed,
makes the utility function Uy more risk averse. Concavity (resp. scale invariance) of Up
corresponds to concavity (resp. scale invariance) of both the aggregator and the conditional
CE. Every recursive utility in this paper will be further restricted by the ordinal proper-
ties of scale invariance and quasiconcavity, properties that imply concavity. Postponing
discussion of scale invariance until the next section, we close this section with a variant
of Proposition 6.15 of S09 that gives a key recursive formula for the superdifferential of
concave recursive utility, assuming a smooth aggregator but a potentially nonsmooth con-
cave conditional CE. The latter generality is essential in accommodating some of the most
common representations of ambiguity aversion.

Consider any concave conditional CE v. For each nonzero time ¢ and random variable

z € L(F), ., we define the superdifferential of vi—1 at z :

8’(}15_1 (Z) = {Ht cL (ft)++ T U1 (Z + y) < v (Z) +Ei 1 [K}ty] for all z + Yy € L (ft)++} .
(15)

13



To make this definition more concrete, given any nonterminal spot (F,t), let n be the
number of its immediate successor spots and consider the function v, defined in (13). It

is then clear that xyy1 € dv; (2) if and only if for every choice of F' € Fp, we have

p € 0Upy (o), where le:ZfllailFi and p; =k (F;,t+1)P[F;| F].

To anchor the discussion to something familiar, we review the standard case of a smooth
expected-utility CE. Specifications that are motivated by ambiguity aversion and can be

nonsmooth are presented in the following section.
Example 12 (Expected-Utility CE) Suppose vi—1 = u_lEglu for some Q € Q and
differentiable increasing concave function u : (0,00) — R. Then

o () g
w (-1 (Ur)) €9 |

The recursive characterization of the superdifferential of any concave recursive util-

Ovi—1 (Uy) = { } , foreveryUp € L(Fy), - (16)

ity with differentiable aggregator f is given below, with f. and f, denoting the partial

derivatives of f with respect to its consumption and CE arguments, respectively.

Lemma 13 Suppose Uy is recursive utility with a concave conditional CE v and a concave,
differentiable aggregator f. Given any ¢ € L, let U be the corresponding utility process
(defined by recursion 14) and let ¢ and X\ be the processes defined by

_ fU (t7 Ct, Ut (Ut—I—l))

= d M= fe(t,er,ve (U , t<T; =0, Ar=1
“= "7 (e, 0 (Upen) and A = fe (t, ct,v¢ (Ups1)) < qr T
(17)
Then w € OUy (¢) if and only if ™ solves a recursion of the form
o =Ny and =q-16tN, Ky € Oui—q (Uy) . (18)

Te—1

Given a reference consumption plan ¢, we will refer to the process A defined in (17) as
the shadow-price-of-wealth process. (The reason for this term is explained in Remark 6.16
of S09.) Later sections explain how the factors q;—1, k¢ and A; of recursion (18) can
be computed in terms of consumption growth and market returns, assuming Uy is scale
invariant.

Finally, it is worth noting that recursion (18) can be equivalently stated in terms of the
risk-neutral representation (@, () of 7, as

1 f? KAt
=q_1E;_ A and = ,
15c, ~ @l 1[reAd]  an € " B ohd]

§o=1. (19)
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5 SI Conditional CEs

A utility function Uy : L4 — R is defined to be scale invariant (SI) if for every a,b € L4
and s € (0,00), Uy (a) > Up (b) implies Uy (sa) > Up (sb) . Recall that every utility function
Up in this paper is, by definition, increasing continuous and normalized in the sense that
Up (sc) = sUp(c) if s € (0,00). Therefore, Uy is SI if and only if it is homogeneous of
degree one. The focus of the remainder of this paper will be on a recursive SI utility
function Uy that is quasiconcave and therefore concave (see, for example, Proposition 3.33
of S09). These properties of Uy are easily shown to be equivalent to the requirement that
the corresponding conditional CE and aggregator are SI and concave. This section discusses
SI concave conditional CEs and the following section discusses SI concave aggregators.
The definition of scale invariance of a conditional CE v can be restated as the require-
ment that
Ut (8tUps1) = s¢vy (Upyr)  for every s,U € Lyy. (20)
Lemma 2, applied at each nonterminal spot, implies the following important properties of

a concave SI conditional CE v :
Ovuy (stUpg1) = Ovy (Upy1)  for every s,U € L. (21)
kt € Ovi—1 (Up) = v4—1 (Ur) = By_q [keUy]  for every U € Ly 4. (22)

A number of examples of conditional CEs of interest follow. For any coefficient § € R,

we use the notation u; for the function on (0, 00) defined by®

) log(2), it § =1;
us () = { A0 (1—6), if5+1. (23)

Example 14 (SI Expected-Utility CE) As is well-known (and follows from Theorem 3.37
of 809), the expected-utility conditional CE of Example 12 is SI if and only if there is co-
efficient of relative risk aversion (CRRA) v € [0,00) such that

v (Uy) = w3 "By uy (Uy) .

In this case, the superdifferential expression (16) specializes to

U\ €
Ovi-1 (L) = { <Ut—1 (Ut)) 5?71 } ‘ 2y

®Note that the second expression in (23) does not converge to the first as § — 1; the definition is

chosen so that the range of us is either (—o0,0) or (0,00) for § # 1. The correct way to take the limit is
lims_q (21_5 —1)/(1-10) =logz.
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The remainder of this section presents examples of SI conditional CEs of potential
interest in applications with ambiguity aversion and can be skipped on a first reading.
The following example formulates a general form of scale-invariant recursive utility with

an ambiguity-averse conditional CE, as characterized in Skiadas (forthcoming).

Example 15 (SI Ambiguity-Averse CE) We continue to use the notation (23), which
in particular defines the function u : (0,00) — R for a CRRA v € [0,00) that is fizved
throughout. Let also Dy = {Y € L(F;), . : B1Y = 1}, which is the set of every random
variable of the form 5?/5?_1 as Q ranges over Q. Consider any nonterminal spot (F,t — 1),
let (F1,t), ..., (Fn,t) be its immediate successor spots, and let A = {q € (0,1)" : ¢-1=1}.
With spot (F,t — 1) we associate any function Cry—q : A — Ry U {oo} such that

minC =0, ify=1,
CF,t—l (1) = minC =1, ify€ [Oa 1) ) (25)
maxC =1, ifvy € (1,00).

For anyY = f?/{gl € Dy, the value of Y on F; is equal to Q [F; | F| /P [F; | F]. Since P
is fized, we identify Y1p with the vector ¢ € A, where ¢; = Q [F; | F]. Given this identifica-
tion, we equivalently view Cry—1 as a function from the set {Y1p : Y € Dy} into Ry U{oo}.
The specification of such a function Cri—1 at each nonterminal spot is summarized by the
function Cy_1 from Dy to the set of Ry U {oo}-valued Fy—1-measurable random variables,
defined by letting Ci—1 (Y) 1p = Cri—1 (Y1F) for each F € Fp_,. The conditional CE v is
specified by

N Q/cQ .
Uy 0 g1 (Uy) = min By [uy (U] + Cia (gt /51571) , ify =1,

26
@eQ Ezgl [uy (Ut)] Ci—1 (f?/fzgl) ; if vy # 1. (26)

Because of the change-of-measure formula (2) , the quantity being minimized in (26) depends
on @ only through the ratio f?/fgl € Dy. The minimizing f?/fgl fort=1,...,T can be
combined recursively to determine a minimizing martingale €9, and hence a corresponding
minimizing probability Q € Q.

It is straightforward to verify that v is an SI conditional CE, and that condition (25) is
necessary for representation (26) to be valid. Conversely, it is shown in Skiadas (2010) that
a broad class of ambiguity-averse SI conditional CE admit the representation (26), where
Cri—1 can be selected to satisfy the following additional regularity conditions: If v = 1,

then every Cri—1 is lower semicontinuous and convex; If v # 1 then every Cry—1 is valued
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in (0,00) and (1 —~) /Cri—1 is concave. For v =1, Corollary 2 in Section 2.8 of Clarke
(1990) implies’ that

ovi_1 (Uy) = {( Ui > 1 5? : Q 18 a minimizing probability in Q} . (27)
vi-1 (Ut) o
Each element of dvi_1 (Uy) in (27) can be thought of as the derivative (24) of an expected
utility conditional CE with @ being a minimizing prior and v = 1. The CFE superdifferential
for v # 1 is computed similarly.
In certain cases, increasing ambiguity aversion through the function Ci_1 is equivalent
to increasing relative risk aversion within the expected utility CE specification of the last

example. More specifically, consider any CRRA 4 > v and define the parameters

1 4 —1
- and 1= - .
y-1 Y=

Theorem 9 of Skiadas (2010) shows that identity (26) is satisfied if

6.1 [YlogY], ifv=1,

v = T ond Ct‘l(y):{ By VT, iy £

For n =0, expression (Et_lY”)fl/" is interpreted by taking a limit as exp (—Ey_1logY).
The case v = 1 corresponds to an entropic C' and is well-known (appearing, for example,
in Donsker and Varadhan (1975)).

With an eye toward potential asset-pricing applications, the following example sets
~v =1 in (26) and proposes a parameterization of C, which is within the divergence class
discussed by Maccheroni, Marinacci, and Rustichini (2006). The appealing aspect of the
example is that a single parameter provides a continuum of CE specifications, ordered by
ambiguity aversion, which connects the familiar entropic and quadratic cases. The entropic
case defines a conditional CE that is of the SI expected utility form with a CRRA greater
than one, while the quadratic case defines a mean-variance criterion. The interested reader

can formulate analogous parameterizations for 7 # 1, based on representation (26).

9Clarke’s result can be applied at the CE v = O at each nonterminal spot (F,t). A quick way to
show the superdifferential expression is to use an envelope theorem for the directional derivatives of v at
w, which characterize dv (w) via Theorem 23.2 of Rockafellar (1970).
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Figure 1: Examples of the graph of the function ¢,,. From top to bottom the lines corre-

spond to p taking the values 2,1,0.5 and 0.1.

Example 16 (A Parametric Divergence CE Class) We assume that for some posi-

tive scalar parameters 6 and p,

Q
vi—1 (Up) = Cgrelfgexp (EtQ_l log (Uy) + 0B 10, (;é )) ) (28)

t—1

where

Note that ¢, is strictly convex, smooth and satisfies ,, (1) = ¢}, (1) = 0 and ¢}, (00) = oco.
Note also that ¢}, (0+) = —oo if and only if p € (0,1]. Some examples of w, are plotted
in Figure 1. The higher the value of p, the larger ¢, (pointwise) and therefore the higher
values the conditional CE v takes, corresponding to lower uncertainty aversion. Since
elements of Q are required to assign positive probability to every nonempty event, it is not
immediately clear whether a minimizing Q in Q exists. Proposition 1 of Skiadas (2008b),
however, allows us to draw the following conclusions.

Case of p € (0,1). In this case, the infimum in (28) is a minimum, for any U € L.

The unique minimizing QQ € Q can be computed recursively by

gQ p— 1 k 1 1/(p—-1)
5?%1: 1+ S og (5 =1, (29)

where ky_1 is the unique element of L (Fy—1), . such that Et_lfg/ﬁg_l =1.

18



Case of p=1. This case corresponds to the entropic specification ¢, (z) = xlogx —
x+ 1, resulting in the well-known identity vi—1 = u,;lEt_luay, with 4 = 141/6. This is the
same as taking v =1 and Cy—1 (Y) = Ei_1 [Y log Y] in Ezample 15.

Case of p € (1,00). In this case, for any U € L4, a minimum in (28) exists if and

only if
p—1 U, \\ Ve
—1 — 1, t=1,...,T
N R S

where U* is the least predictable process such that U* > U and Uy = Uy. Therefore,

equation (28) defines a conditional CE only on the cone of adapted processes satisfying

By 1

condition (30). For any U € Ly satisfying (30), the minimizing Q € Q is again com-
puted by (29). An application with this type of conditional CE requires either a further
restriction of the consumption set (so that all corresponding utility processes satisfy (30))
or a suitable extension of the conditional CE (meaning that the preceding representation
is only valid locally at a reference consumption plan). The issue is illustrated by setting
p = 2, corresponding to the quadratic divergence specification ¢, (z) = (x — 1)2, resulting
in the conditional CE

ve—1 (Ur) = exp <Et log (Ur) — ng‘tfl [log (Ut)]) ) (assuming p=2)  (31)

for any adapted process U such that By log (U} /U:) < 1/6. Further details on the quadratic
case can be found in Maccheroni, Marinacci, and Rustichini (2006) and Maccheroni, Mari-
nacci, Rustichini, and Taboga (2009).

Finally, we compute the superdifferential for a scale-invariant CE formulated by Klibanoff,
Marinacci, and Mukerji (2005). The dual, multiple-prior representation for the ambiguity-
averse case can be found in Cerreia-Vioglio, Maccheroni, Marinacci, and Montrucchio
(2008).

Example 17 (SI Second-Order Expected Utility CE) Suppose that from the perspec-
tive of time zero, the agent contemplates the priors P',...  P% in Q. A CRRA ~ € (0, 00)

is fized throughout. Recall the notation (23) defining u., and let E® denote the expectation

operator relative to P°. Fach prior defines the expected utility SI conditional CE

s _ . —1lyps
v = uy Eiug.
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The agent is uncertain about which of the priors PY,..., PS is appropriate to use and has
a prior over these priors represented by the weights u[l), ... ,MOS € (0,1), where Zle o = 1.
At spot (F,t) the weight i is updated by Bayes rule to be

o P* (F)
Sy P (F)
These values define an adapted process p°. We select the underlying probability to be the
compound prior P = Zle e P?, and for each s we write §§ = By [dP*®/dP]. It follows that

p (F,t) =

S¢S
p,;‘:sﬂoiétr, s=1,...,8. (32)
D1 o7

An SI conditional CE is then defined by

S
v = ugy" (Z 1f Uy (Uf)) ,  for some a € (0,00). (33)
s=1

If a = =, then vy = u;lEtu7. If o # v, however, priors cannot be compounded. The
parameter o represents ambiguity aversion, which can be thought of as aversion toward the
uncertainty associated with the selection of a prior P°. The CE v is ambiguity averse if
and only if a > .

Fiz any Uy € L (Fy) ., and let Ovy1 (Up) = {K¢} and Ovi_y (Up) = {K{} . Differentiat-
ing (33), it follows that

S —a
Uf—l (Ut) ) s s
Kt = — 1K
t SZ (Ut—l ) Hi—1Ft
Applying formula (24) for each k*, we conclude that

(U TS Y
Kt_(“t—l (Ut)> ;(Ut—l (Ut) Htg

=1

If v = «, the preceding sum is equal to one, resulting in an expression that is con-
sistent with that of FExample 14. The same is approximately true if v # « but the ratios
vi_1 (Ut) Jvi—1 (U) are approzimately equal to one, an approzimation that becomes an ex-
act relationship in the limiting continuous-time case discussed in Skiadas (2008b). It is
shown there that under information generated by a combination of Brownian and Poisson
processes, and with o and v taken to be fived constants, the quantitative role of a dimin-
ishes to zero as the frequency increases to infinity. (But also see the response of Hansen

and Sargent (2009).)
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6 Proportional Aggregators

An SI recursive utility is specified by a pair of an SI conditional CE, discussed in the last
section, and an SI aggregator, which is the topic of this section.

An aggregator f is said to be scale invariant (SI) if the section f (¢,-) : (0, oo)2 — (0,00)

is homogeneous of degree one for every ¢t € {0,...,7 — 1}. In this case,
ft(c,v)zvgt<g), t=0,...,T, (34)
v

where g (x) = fi (z,1). We will refer to the function g as a proportional aggregator, a

term defined more formally as follows.

Definition 18 A proportional aggregator is a mapping g that assigns to each nonterminal
time t a continuous and increasing function g; : (0,00) — (0,00) such that g, (1) = 1 and
the mapping © — gi(x) /x is decreasing. The proportional aggregator g is concave or

differentiable if g; has the respective property for every time t < T.

If g is any proportional aggregator, then (34) defines an SI aggregator f. If f and g are so
related, concavity of f is equivalent to concavity of g; for all ¢ < T.

For simplicity, every proportional aggregator in this paper will be assumed to be strictly
concave and differentiable, with a derivative that is unbounded near zero and goes to zero
at infinity. These restrictions are adopted in the interest of expositional economy and are
peripheral to our main focus, which is the structure of the conditional CE. More formally,

the following condition is henceforth assumed.

Condition 19 U : L4 — (0,00) is recursive utility with a concave and SI conditional
CFE v, and a strictly concave and differentiable proportional aggregator g. The derivative of
the proportional aggregator, denoted g,, satisfies
limg, (z) =00 and lim g; (x) = 0. (35)
z|0 T—00
Several transformations of the proportional aggregator g will appear in the sequel.
These are all introduced here for easy reference.
Since g; is decreasing and continuous, condition (35) implies the existence of the inverse

function Z; : (0, 00) — (0,00), defined by the requirement that
g (Ze (V) = A
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The convex dual of g; is the function

g ()= max {g(x) - Ax} =g (L) - ML), A€ (000). (30

The elasticity of g; is the function

o) = SEALE) TR e 0,00) (37)

Since z, ¢¢ () and g; (z) are all positive, so is hy (). The assumption that g (z) /z is

decreasing is equivalent to the requirement that
he (z) € (0,1), =z € (0,00).

Since g; (1) = 1, it follows in particular that g; (1) = hy (1) € (0,1).
The superdifferential calculation of Lemma 13 motivates the definition of the function

q (z) = <ht1(x) — 1> z, x€(0,00). (38)
Fix any reference consumption plan ¢, and let U be the corresponding utility process. A
simple calculation shows that the superdifferential characterization of Proposition 13 holds
with
Ct

Ut (Ut+1) ’
While ¢; denotes both the function (38) and the random variable ¢; (x;) , the meaning will

g =qi(z;) and N\ =g, (z¢), where z4= zr = Ay = 1. (39)

be clear from the context. In the following section the superdifferential will be expressed
in more interesting ways in terms of consumption growth and market returns.
The processes A\¢ and h; (x;) will play a key role in our analysis by virtue of the following

straightforward implications of the assumed scale invariance of the utility function.
Lemma 20 Suppose m € OUy (c) and V is defined in terms of ¢ and 7 by (8). Then

Uy =NV and %:ht(:vt), t=0,...,T,
t

with the convention hp = 1.

The elasticity h; of ¢g; should not be confused with the elasticity of intertemporal sub-
stitution (FIS), which is defined as the reciprocal of the elasticity of the function ¢, :

dlogz dlog (c/v)

T dloggi(z)  dlog(fe (t,c,v) /o (tc,0))’
Equivalently, (1/EIS;) — 1 is the elasticity of (1/h:) — 1.
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Example 21 (Constant EIS) Imposing a constant EIS results in the proportional ag-

gregator

1P if o =1.

In this case,

1-p§)a"? _ pa’
(1=pB)al=0+p 15

A constant-EIS proportional aggregator can be combined with any conditional CE

B=1-g (1), hi(z)= q () and EIS; = % (40)

specification. The most familiar case is reviewed in the following example.

Example 22 (Epstein-Zin-Weil Utility) Combining the constant ELS proportional ag-
gregator of the last example with the expected-utility SI conditional CE of Example 14 (see
also the final paragraph of Example 15) results in Epstein-Zin-Weil utility (see Epstein and
Zin (1991) and Weil (1989, 1990)). Finally, we recall the well-known fact that Epstein-
Zin- Weil utility is time additive if and only if v = 0, in which case
1 Uy (0)1_7 -1 e Tilﬁtc%_’y -1 N gT c%fv -1
1-06 1—x pard 1—7 1-8 1—7

7 Pricing with SI Recursive Utility

Having established the general SI recursive utility form of interest, in this section we turn
our attention to pricing restrictions relative to given optimal consumption plan. More
precisely, we will derive restrictions on the utility superdifferential, which when coupled
with the assumption of optimality imply pricing restrictions in terms of consumption growth
and/or market returns by virtue of the analysis of Section 3.

Recall that Condition 19 is a standing assumption. Fixed throughout this section is a
reference consumption plan c. In a homogeneous-agent economy, ¢ can be taken to be the
aggregate consumption and Up the representative agent’s utility function (see Section 3.4
of S09). Alternatively, ¢ can represent the consumption plan of an individual agent with
utility function Uy. We let U denoted the utility process associated with ¢, defined through
the backward recursion

Up = v¢ (Upy1) gt ( o

Ut (Ut+1)
The associated process x,q and A are defined in (39).

> t<T; Ur=cr. (41)
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7.1 Pricing in Terms of Consumption Growth

We begin with a recursive method for computing Uy (¢) as a function of the consumption
growth process associated with the reference consumption plan c. Assuming optimality of ¢,
which is to say that an element of OUj (¢) must be an SPD at ¢, this computation together
with the SPD characterization of Theorem 6 leads to joint restrictions on market returns

and consumption growth.

Theorem 23 The consumption-to-CE process x is determined by the backward recursion

-1
Tt—1 = U1 <gt(xt>0t> s t= 1,...,T; T = 1. (42)
Tt Ct—1

The process m € Ly is an element of OUy (¢) if and only if 7o = g; (x0) and

Ty Ct—1

¢

p— = q—1 (1) g (z4) Kt for some Ky € Ovp_y <
tf

Proof. The definition z; = ¢;/v; (Ui4+1) and the utility recursion (41) give

gt (CUt) Ct
Tt  Ct—1

U = vy (Ut+1) gt ($t) = Ct—1

Substituting the last expression for U; in 41 = ¢;—1/v¢—1 (Uy) and using the homogeneity
of vi—1 (equation 20) to cancel out ¢;—1 results in (42). The same expression for U; and

the fact that dv;—1 is homogeneous of degree zero (equation 21) result in the identity

Bvi_1 (Uy) = Bug1 (gt(xt)ct> : (43)

Ty Ci—1
Lemma 13 completes the proof. m

Example 24 (Unit EIS) Assume the unit-EIS proportional aggregator g (z) = 2= for

some 3 € (0,1). In this case, the recursion for x is

~1

-8 Ct

T—1 = Vg1 (xt P ) xr = 1.
t1

Given z, m € Uy (¢) if and only if

Tt

- -3 C
= /th—lmt Bl‘it fOT some Kt € a'l)t_l <gjt 5t> .

Tt—1 Ct—1
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7.2 Pricing in Terms of Market Returns

Pricing restrictions implied by the optimality of the reference consumption plan ¢ can
alternatively be formulated in terms of the market returns of a claim on ¢, which in the
representative-agent interpretation correspond to the returns of the market portfolio. To
spell out how this can be done, we henceforth assume that the consumption plan c is
financed by the allocation policy (g,%), which generates the wealth process W. We will
establish a variant of Theorem 23 in which the role of ¢;/c;—1 is assumed by R:[v,].

The key link between consumption and the returns R;[¢,] is provided by the assumption
that the consumption policy o is optimal given 1, meaning that there is no allocation
policy of the form (p, 1) that finances a consumption plan ¢ such that Uy (¢) > Up (¢) . The
following characterization is a corollary of Lemma 5 and Theorem 6, using the argument
of Remark 7.

Lemma 25 The consumption policy o is optimal given v if and only if there exists some

m € 90Uy (c¢) such that

¢

B 1 [
Tt—1

Rtw} 1 (44)

We are now ready to characterize all members of U (c) that satisfy (44) in terms of
a backward recursion. For notational simplicity, this recursion is stated in terms of the
shadow-price-of-wealth process A, as opposed to the consumption-to-CE ratio process x
used in Theorem 23. Given the assumed Condition 19, one can easily go back and forth
between x and \, since A\ = g} (z¢) and x; = Z; (A) . Recall that gf denotes the convex
dual of g; defined in (36).

Theorem 26 Suppose the consumption plan c is financed by the allocation policy (o,1) and
o0 s optimal given . Then the corresponding shadow-price-of-wealth process A is determined

by the following backward recursion, which also computes q along the way:

qi—1 = gia (A1) = 1
- A1 Vi1 (MR [1])]

Suppose further that m € L4 is such that (44) holds. Then w € Uy (c) if and only if
T = )\0 and

Ar = 1. (45)

¢

= q_1ktAe  for some Ky € Ovg—q (M Re[1)y]) - (46)

T—1
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Proof. Suppose that 7 € 90Uy (c) satisfies (44). Such a 7 exists by Lemma 25. By

Theorem 6(a) and Lemma 20, we have

Ug=\W; and o, = hy () . (47)
The first equation in (47) and the budget equation (6) imply

Up = Wit (1= 0,_1) MeRe[thy] - (48)

The first equation of (45) follows from the definition (38) of ¢; and expression (36) for
the convex dual g; with x; = Z; (\¢) . Substituting g, for h; (x¢) in the definition of ¢; and
using (48) and the homogeneity of vy proves the second equation of (45).

Lemma 6.41 of S09 shows that the function z — gf (z) /z maps (0, c0) one-to-one onto

itself (as a consequence of Condition 19). Thus for any choice of A € L (F) there is

++
a unique \;—1 € L (F;—1),, solving (45), and therefore the entire processes A is uniquely
determined by recursion (45) given its terminal value Ay = 1.

Since Jvy_1 is homogeneous of degree zero, condition (48) implies
avt,l (Ut) = 81)1/71 ()\th W)t]) . (49)
Lemma 13 completes the proof. m

Example 27 (Pricing with SI Kreps-Porteus Utility) Suppose thatv; 1 = u™'E;_u,
where u(z) = (2177 —1) /(1 — ) for some v € (0,00). The corresponding derivative is
given in (24) (with Q@ = P). Since the utility is differentiable, OUy (c) = {m} for some
7w € Liy. Assume that ¢ is optimal given 1, and therefore m satisfies (44). Theorem 26
implies that mg = Ay and

¢

— 1—y 1 ! —
o1 - (Qtfl)‘t) (Rt[wt]) ) t= 17 s 7T7 (50)

with g and X given by (45). If v = 1 (meaning u (z) = log (z)), then m¢/mi—1 = 1/ Re[1),] .

To better understand the relationship between the last two theorems, as well as for
later use, let us introduce the ratio of consumption growth to market returns:

Ct 1 < 1 )
7 = - “1) o, 51
"7 et Ryl 01 o (51

where the last equation follows easily from the budget equation. Note that given (gtfl, Qt) ,

ct/ci—1 and R[] carry the same information. If p is optimal given v, then o, = hy (24) =
hi (Zt (At)) . Therefore, given x or A, the ratio Z; is also determined, which explains why

either consumption growth or market returns can be used for pricing.
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Example 28 (Unit EIS) Asin Ezample 24, suppose g (z) = 275, and therefore hy (z) =
1 — 5. Assuming o is optimal given 1), the second equation in (47) implies that o, = 1 — .

Recursion (45) becomes

A1 = (1= B8)"7 (Boiy (M Ri[y))? Ar = 1.
Equation (51) in this context gives
- BR [ (assuming unit EIS).
Ct—1
Since \y = (1 =) :L‘t_ﬁ, the above recursion for X\ is easily seen to be equivalent to the

recursion for x of FExample 2.

7.3 The Case of Invertible Proportional-Aggregator Elasticity

As in the last section, we assume that ¢ is financed by the allocation policy (g,%) and
o0 is optimal given 1. As we saw in (47), this means that o, = h (x¢). The key to this
section’s analysis is the inversion of this equation to write x, and therefore also ¢ and A,
as a function of ¢. As the unit-EIS case demonstrates, Condition 19 does not imply the

10" of the proportional aggregator elasticity function h;. For the remainder of

invertibility
this section, we assume that h; : (0,00) — (0,1) is invertible, with 7; : (0,1) — (0, 00)
denoting the corresponding inverse function: hy (J; (z)) = z for all z € (0,1). Using the

identity o, = h¢ (x1) , we can write

v =T (2). qt=<1—1)$<gt> and X = g (7 (ar). (52)

O
Therefore, if p can be treated as an observable process, so can z, ¢ and A. Each element
7 of OUy (c) satisfying (44) is then characterized either in terms of consumption growth or

market returns by

T0= A0, — = g1\ for some Ky € Duy_y (gt (=) Ct) = Oui—1 (\eRe[9y]) -
Tt—1 Tt Ct—1
(53)

This follows from Theorems 23 and 26, and identities (43) and (49).
The preceding conclusions apply in particular under a constant but non-unit EIS. In
this case the ratio m;/m;—1 in (53) can be expressed entirely as a function of the pair

(Ct/Ct—la Rt[%b :

'0Tn fact, by need not even be monotone; the proportional aggregator g; (z) = /Z exp (e_l — e‘”) satisfies

condition 19 but defines the elasticity function h; (z) = (1/2) 4+ ze™", which is hump-shaped.
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Theorem 29 (Pricing with Constant Non-Unit EIS) Suppose the consumption plan
¢ is financed by the allocation policy (0,1) , and o is optimal given 1. Assume the constant-
EIS proportional aggregator of Example 21 with § # 1, and let Z; be the period-t ratio of
consumption growth to market return, defined in (51). For every m € L4 satisfying (44),
m € Uy (¢) if and only if

To = Ao and Tt _ ﬂl/(l_é)Z;(s/(l_&)ﬁt for some Kk € Qvy_1q <Z;5/(1_6)Rt[¢t]) .
-1
(54)
Proof. Inverting g, = h; (x;) results in
B i o Y09
ao-(:251%) (55)

Expressions (52) for ¢; and \¢ become

3 >1/(1—5) < o >5/(1—5) 1/(18) < 1 >5/(1—5)
= | — and M =(1-— — .
B (1 B 1o =i o

These equation together with (51) imply that

Gihe = B9 27070 and Gue_y (vRy]) = Ovrs (Zt_‘s/ “‘”Rt[wt]) . (56)
Therefore, condition (53) becomes (54). m
Remark 30 7To the conclusion of the preceding theorem we can also add the identity
- (Zt—fs/u_é)Rt[wt]) — g1/(-9), (57)
This follows from the first equation in (56) and recursion (45).

Expression (54) generalizes a well-known pricing formula of Epstein and Zin (1991)
and Weil (1989), which is extended below to a version that adds robustness in the sense of

Example 15.

Example 31 (Robust Extension of Epstein-Zin-Weil Pricing) In addition to the as-
sumptions of Theorem 29, suppose that the conditional CE takes the SI ambiguity-averse
form of Example 15. The Epstein-Zin- Weil utility of Example 22 (with § # 1) is the special
case obtained if for some Q € Q, Cy_1(Y) equals zero for Y = tQ/ftQ_1 and oo for any
otherY.
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Let Q* be the set of every Q € Q that achieves the minimum defining the value (57)
(meaning @ achieves the minimum in (26) with Uy = Zt_‘s/(l_(s)Rt[wt] .) Naturally, in the
Epstein-Zin- Weil case, Q* is the singleton containing the given Q. Because of identity (57),

the superdifferential expression (27) implies

_ Q
o (210 O mgu) = { (070 Ompn) " o).
t—1

The conclusion of Theorem 29 in this context states that for any m € L4 satisfying (44)
and g = Ao, ™ € Uy (¢) if and only if there exists some Q € Q* such that

—0\? 16 (Q
= = = ! & _1-
= (ﬂ <Ct—1> ) (Rt[wt]> Q) where ¢ = 1o’ (0#1). (58)

t—1

In the Epstein-Zin- Weil case, the last factor ftQ/th_l reflects the agent’s beliefs, and (58)
is nothing more than the familiar formula of Epstein and Zin (1991) and Weil (1989).

In the more general case of Example 15, the factor f?/&?_l incorporates the effect of
ambiguity aversion. For example, suppose that v = 1 and C takes the smooth parametric
form of Example 16 (assuming the validity of (30) for p > 1). Applying (29) with Uy =

Zt"s/(l*‘s)Rtwt], expression (58) becomes

_ _ 1/(p—1)
m 1 p—1 < ct )5/(1 6)< 1 )1/(1 %)
— 1 + 1 k - . s 59
mio1 Re[iy] ( Op og( P R[] (%)

where ky_1 is the unique element of L (Fy—1), . that makes condition (44) valid.

Letting p converge to one in (59) with ki—1 = 1/8, the expression for m;/mi—1 reduces
to that in (58) with v = 1+ 1/0 and Q = P. This is consistent with the case p = 1 of
Ezxample 16 and takes us back to the Epstein-Zin- Weil formulation.

The analysis in Skiadas (2008b) suggests that pricing using (59) is consistent with
Epstein-Zin-Weil pricing in the limiting case of a Brownian filtration, but it has quanti-
tatively different implications in the presence of Poisson jumps if p # 1. In a calibration,
the pair of parameters (0, p) provides the flexibility to price Brownian and Poissonian risks
differently.

8 Optimal Consumption and Portfolio Choice

As before, we consider an agent with a utility function Uy : £, — R satisfying Condi-

tion 19, who takes as given the market introduced in Section 3. We use the analysis of
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Section 7.2 to establish a recursive method for computing every optimal allocation policy.

Theorem 32 Suppose Condition 19 is satisfied. An allocation policy (o,%) is optimal if
and only if it can be computed by the following recursive procedure:
1. (Initialization) Set A\r = op =1 and t = T.

2. (Recursion) With A already computed, select ¢, € L (Fi-1),, so that ¢, € Ay and

Vi—1 (MeRe[10y]) = max vi—1 (M Refaw]) . (60)

ar€A:
Also compute A\y—1 € L (Fi—1),, as the unique solution to

At—1
gf_1 (Ae-1)

and set 90,1 = hi—1 (Zp—1 (M\—1)) -

= vi—1 (AeFe[hy]) (61)

3. Aslong ast > 1, decrease t by one and repeat Step 2.

The process \ defined in this procedure is the shadow-price-of-wealth process corresponding
to the optimal consumption plan c that is financed by (0,%). Finally, if W is the wealth
process generated by (o,v), the utility process of ¢ = oW is given as U = AW.

Example 33 (Unit Relative Risk Aversion) Suppose v is an SI Expected-Utility CE
with unit relative risk aversion, that is, vy = expByilog. Then equation (60) implies that

an optimal allocation can be determined myopically, independently of the value of Ay :
Elog (Re[tpy]) = max Blog (Bt (o))
Qg t

The optimality of the myopic portfolio allocation is not, however, generally valid if one

adds robustness by adopting the conditional CE of Example 15 with v = 1.

The preceding procedure for computing optimal consumption-portfolio strategies under
trading constraints takes the form of a direct backward recursion on the information tree, in
contrast to the duality approach of Karatzas, Lehoczky, Shreve, and Xu (1991) and Cvitanié
and Karatzas (1992). Small-risk conditional-CE approximations of the type discussed in
Skiadas (2008a,b) can be used to relate the discrete backward recursion of Theorem 32 to
continuous-time solutions in terms of BSDEs, as in Schroder and Skiadas (2003, 2008). The
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basic idea behind the relationship between a backward recursion and a BSDE is explained
in Skiadas (2008a,b), where one can also find some references to a large mathematics
literature that develops numerical BSDE solution methods, as well as the close relationship
between BSDEs and associated PDEs. The discrete consumption/portfolio theory offers a
simplified entry point to the continuous-time methodology, analogous to the simplification

of the Black-Scholes theory achieved by the binomial model of option pricing.

A Appendix: Remaining Proofs

A.1 Proof of Lemma 1

We already showed (2 = 1), we now show (1 = 2). Suppose the first condition is

satisfied and consider the convex sets
A={(,z):a>v(z), ve X}, B={(By):B<v(z+y), 2+y€(0,00)"}.

If (,z) € AN B, then v (2) < a < v(z+ ) for some x € X satisfying z + z € (0,00)" ,
which contradicts the assumed condition. Note also that (v (z),0) is in the closure of both
sets. Therefore, by the separating hyperplane theorem, there exists some (r,p) € R x R"
such that

[(a,z) e A = ra+(plz) <rv(z)] and [(By)eB = rB+(ply) =rv(z)].
(62)
The second part of this condition implies that r < 0. Indeed, if r > 0 the condition is
violated by taking § to minus infinity and if 7 = 0 the condition is violated by taking
y = —ep for € > 0 small enough so that z 4+ y € (0,00)" . After rescaling, we can therefore
set 7 = —1. Given this normalization, the first part of condition (62) implies that (p | z) <0
for all z € X, and the second part of (62) implies that p € v (z).

A.2 Proof of Theorem 6
For each period ¢, we define the function 6; : Ay — L (F;—1),, by

¢

1+ 6 (at):Etl[ Rt[at]], ay € Ay (63)

Tt—1

For any trading strategy v, we write d (1) for the element of Py whose end-of-period-¢
value is 0y (1) .
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(a) Suppose W is the wealth process generated by the allocation policy (o,1) through
the budget equation (6), while V' is defined in (8). We are to show that W = V' if and only

Multiplying equations (6) and (3) and applying E;_; on both sides, we find

By [mreWi] = meaWioa (1—0,-1) (14 6¢ () - (64)
On the other hand, given that Wr = c¢p, W = V if and only if W satisfies the recursion
By 1 [meWi] = 1 aWi1 (1 —0y) -
The two displayed equations are equivalent if and only if d; (¢,) = 0.
(b) The following preliminary result is key.

Lemma 34 Suppose the consumption plan c is financed by the allocation policy (o,1),
which generates the wealth process W. Then

T
Z WtCt] =mow + E

t=0

T
E Z T Wi (1= 04-1) 61 (¢y)

t=1

Proof. Let S, = W, — ¢, = W, (1 — g,) . Subtracting 7;—1.5;—1 on both sides of equa-
tion (64), we find

Et_1 [meSt — me—1St—1 + mect] = w1510+ () -

To complete the proof, take unconditional expectations on both sides, apply the law of
iterated expectations, add up the resulting equation from ¢ = 1 to T, and use the fact that

So=w—cpand Sy =0. m

Returning to the main proof, suppose first that equations (12) are satisfied and therefore
(r ] ¢) = mow by Lemma 34. For any = € X (c), there exists some admissible allocation
policy (o, &) that finances ¢ + x. Applying Lemma 34 to ¢ + = and using the fact that
5(¢)) < 6 (), we infer that (7 | ¢+ 2) < mow. Therefore (7 | 2) < 0, proving that 7 is a
SPD at c.

Conversely, suppose 7 is an SPD at ¢. We first argue that W = V. Fixing any reference
nonterminal spot (F,t), define a new consumption policy g that is equal to ¢ everywhere

except for its value at spot (F,t), where it is modified so the proportion saved is scaled by
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(1—s),thatis, 1 —p(F,t) = (1 —s) (1 — o(F,t)), where s is any scalar that is consistent
with the requirement g (F,t — 1) € (0,1). The corresponding amount consumed at spot
(F,t) is ¢ (F,t) + sW (F,t). After spot (F,t) consumption, the agent can follow the same
allocation policy and finance the original consumption plan scaled by 1 — s. The allocation
policy (9,%), therefore, finances the consumption plan ¢ + z, where = € X (¢) vanishes
outside F' x {t,...,T}, takes the value sW (F,t) at spot (F,t) and is equal to —sc on
Fx{t+1,...,T}. Since (7 | z) <0, we have

T
sk [(WtWt — Zﬁscs> 1F] S 0.

s=t

Since a small enough s can be chosen to be either positive or negative, the last inequality
is in fact an equality, which proves that V' = W. By part (a), we have also shown that
¢ (¢y) = 0.

There remains to show that

0= 1) . 65
max ¢ () (65)

Suppose instead that there is some spot (F,t— 1) and some portfolio allocation o €
A(F,t —1) such that d; (of) > 0 on the event F. For each ¢ € [0,1], let

a®=(1-¢)a + ¢y (F,t).

Since 0 (1) = 0 and Rp; is concave, it follows that 5:(af) > 0 on F for every ¢ € (0,1).
Moreover, since R;[1),] is strictly positive and Rp; is continuous, we can select ¢ sufficiently
close to one so that RRt(af ) is also strictly positive. Fixing such a choice of ¢, we define
the allocation policy 121 to be the same as 1) except for the value of 72115 on the event F' which
we select to be equal to a®. By construction, R(t)) is strictly positive and &;(t,) > 0 on F.
Suppose the allocation policy (Q, @) finances the consumption plan c+z and generates the
wealth process . Note that (1)) vanishes except on F' x {t} where it is strictly positive.
By Lemma 34,

T

Zﬂtflwtfl (1= 01-1) 6:(40,) | > mow = (7 | ¢),
=1

(r]c+zx)=mw+ FE

and therefore (7 | ) > 0. Since € X (¢), this contradicts the assumption that 7 is an
SPD at c. This shows (65) and completes the Theorem’s proof.
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A.3 Proof of Lemma 13

(Sufficiency) Suppose that 7 satisfies (18). Fixing any y such that ¢ +y € L4, we will
show that

Uo(c+y) = U (c) < (m|y). (66)
Recall the definition of A and ¢ in (17), and define
_Uile+y) = Ui (o)

The utility recursion (14), the gradient inequality for f, and the assumption that x; €
Ovt (Ut (€)) imply the inequalities

Ar Sy + g [or (Ui (e +y)) = v (U1 (0))] < e+ @B [mep1 A1 Bea] -
Combined with the assumed condition (18), this proves the recursion
Ay < ey + By [me1 A ] -

A backward-in-time induction, starting with the terminal condition Ap = yr, shows that

T
Ts
Ut(Cﬂ*y)*Ut(C):)\tAtSEt [Zﬂ'tys]’ t:077T (67)

s=t

Since g = Ag, the preceding inequality for ¢ = 0 gives (66) .
(Necessity) Suppose that m € 0Up (¢). Then 71 € OF (c1), where

F(z) = f(0,co,v0 (f(1,2,v1(U2(c))))), z€L(F1).

To prove this claim, consider any § € L (F;) and define y € L by letting y; = 6 and y, =0

for t # 0. Using the utility recursion and the definitions, we have
F(ci+6)—F(c1) =Up(c+y)—U(c) < (m|y) =E[m1d].

The idea now is to apply some sort of chain rule to compute OF (c1) . For this purpose, we

use

Lemma 35 Suppose that v is a concave CE on (0,00)" and the function ¢ : (0,00) — R

is (strictly) increasing and differentiable. Then for every z € (0,00)" ,

I(pov)(2)={¢ (w(2))k:k€(2)} and O(vo¢)(z)={kd (z): K€ (d(2))},

where v o ¢ denotes the function (z1,...,2zp) — V(P (21),...,0(2n)) .
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Proof. This follows from Proposition 4.2.5 of Bertsekas (2003) and Exercise 10.7 of
Rockafellar and Wets (1998). The reader interested in a simple direct proof may proceed
as follows. Let F' be ¢ ov or v o ¢. The nonobvious part is showing that every element of
OF (z) is of the claim form. To this end, the following fact can be used (see Theorem 23.2
of Rockafellar (1970)):

peIF (2) < F'(zy)<(p|y) forallyecR"

where F' (z;y) = limg o (F' (2 4+ ay) — F'(z)) /o. The last directional derivative can be
computed in each case by a chain-rule type argument. In the case F' = v o ¢ this part of
the argument is complicated by the fact that the direction (¢ (z + ay) — ¢ (z)) /a varies
with «, although it does converge to ¢’ (z;y). This difficulty is easily overcome using the
local Lipschitz continuity of concave functions (see Theorem 10.4 of Rockafellar (1970)). m

Lemma 35 can be applied to first compute the superdifferential of z — vq (f (1, z,v1 (U2 (¢)))) at
c1, and then once again to compute 9F (c1). Given the definition of A and ¢ in (17), the
result is that m1 = goAor1A1, for some k1 € vy (Uy (¢)) . Since Uy (¢) = f (0, co,vo (Ur)) is

differentiable in cg, it is immediate that mg = Ag. Therefore,

T
L qok1A1, for some k1 € vy (Uy (c)) .
0

We have shown condition (18) for the first period only. If the conditional superdifferen-
tial condition (67) is assumed, the same argument applies with the role of time zero assumed
by any given nonterminal spot, resulting in the full condition (18). We complete the proof
by showing that = € U (c¢) implies (67) for all y such that c+y € L. By Lemma 5, the as-
sumption that m € dUp (c¢) implies that Uy (¢) = max {Up (c+z) : (7 |x) =0, c+x € Ly4}.
In other words, ¢ is optimal for an agent who at time zero faces a complete market with
state-price density 7 (see Chapter 5 of S09 for details). By the dynamic consistency prop-

erty of recursive utility (discussed in Chapter 6 of S09), at each time-t spot, the consump-

tion plan ¢ must still be optimal given the complete market defined by ; that is,

T

Zwsa:s] =0, c+x€£++}.
¢

s=t

Ui (c) = maX{Ut (c+x):E

Indeed, if the last condition were violated, one would easily be able to construct an x such
that Up (¢ +x) > Uy (c) and (7 | ) = 0. Applying the necessity part of Lemma 5 to each

time-t spot confirms (67) and completes the lemma’s proof.
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A.4 Proof of Lemma 20

Recall that Uy can be viewed as a CE on (0,00)", where n is the total number of spots.
Applying the second part of (4), it follows that Uy (c) = (7 | ¢) = AoVb, where the last
equality follows from Lemma 13 and the definition of V. The same argument can be applied
on the information subtree rooted at any given nonterminal spot (F,t), concluding that
Ulc)(F,t) = A(F,t)V (F,t). Finally, for the terminal spots we use the identities Ur =
cr = Vp and Ap = 1. This proves that U = AV. Using the latter along with the definitions
of A\, z and h, and the utility recursion (41), we have

ca  agy () ctgy ()

Vi Ut vt Ug1) ge (m1) (1)

A.5 Proof of Theorem 32

A first key observation is that condition (60) is equivalent to

Et—l [FﬁtAth [Z/Jt]] = O{nax Et—l [/it)\th [thﬂ s fOI’ some ki € (9’Ut_1 ()\th [wt]) . (68)

EA:

This claim follows'! from Lemma 1 and will be used without further explanation. Through-
out this proof, W denotes the wealth process generated by (o, ).

Suppose that ¢ is an optimal consumption plan. Let A is the corresponding shadow-
price-of-wealth process, and let (o, 1)) be any allocation policy financing c. Since g is optimal
given 1, Theorem 26 applies, establishing the validity of recursion (61). (Recall that A\;_;
is determined by (61) given \; by virtue of Proposition 6.41 of S09.) Also, equations (47)
in the proof of Theorem 26 establish the validity of Step 3 of the procedure and that AW
is the utility process of ¢. Applying Lemma 5, select any m € dUy (¢) that is also an SPD
at c¢. By Theorem 6, condition (10) is satisfied. The first equation of (10) and the fact that
m € Oy (c) gives the representation (46) of Theorem 26, which together with the second
equation of (10) gives condition (68). This proves (60) and completes the necessity proof.

Conversely, suppose that the allocation policy (o,%) and process A are constructed by
the stated recursion. Let also ¢, x and 7 be defined by (45) and (46) of Theorem 26. By

"' To see why, fix any nonterminal spot (F,¢ — 1) with immediate successor spots (F1,t), ..., (Fy,t). Let
-1 :(0,00)" — (0,00) be the CE defined by (13), and for each a € A (F,t — 1) let Rr,; () be the vector
in R™ whose ith component is the realization of Rp; () at spot (F;,t). Lemma 1 applies with v = 0p¢—1,
X={zeR":2 < Rpi(a) — Rps (¢ (F,t)), a€ A(F,t—1)}, and (z | y) =Y ziy P [Fi | F].
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construction,

Tt

1= q—1vi—1 (MRi[Yy]) = qe—1Be—1 [k M Re[thy]] = By [ Ry W} ;

Tt—1
where the second equation follows by (4) . By Lemma 25, we have shown that o is optimal
given ¢, and therefore the conclusions of Theorem 26 apply, including the fact that U = AW
pointed out in its proof. We have proved that m € dUy (c). Condition (60) implies (68),
which in turn implies the rest of the SPD condition (10). By Lemma 5, optimality of ¢ is

proved.
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