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1 Introduction

When individuals share a common objective but are faced with limited information, they may

base their decisions partly on the observable actions of others. For instance, portfolio managers

tend to bias their investment decisions towards the decisions of their colleagues.1. In seminal

papers, Banerjee (1992) and Bikhchandani, Hirshleifer, and Welch (1992) explore settings where

each of a set of ex-ante identical agents receive private signals and publicly guess the outcome

of a state variable in a predetermined sequence. The common prediction of these models is that

at some point a predominance of choices for a particular action overwhelms any privately held

information. At this point all remaining decision makers also take the same action, even if it is

contradicted by their signals.

It is this phenomenon that has come to be known as an information cascade. A cascade entails

an informational inefficiency in that once decisions do not reflect signals, there is no mechanism

by which private information can be distributed to other agents and aggregated, and the process

of social learning halts. Thus even in large economies where there is an abundance of distributed

information, with substantial probability most individuals make suboptimal decisions.

In this standard setup, the order in which agents make decisions is fixed exogenously. Yet

there may be interesting phenomena that drive the observed timing of decisions in the field.

One factor is that as the number of announcements grows, inferences based on these decisions

become more accurate on average. Consequently, individuals who decide later in the sequence

expect to do better.2 On the other hand, there is typically an explicit cost to delay. For in-

stance, a financial manager making an investment decision pays the cost of holding a suboptimal

portfolio while collecting the information to make her decision.3 As another example, consider

the decision by a group of firms about whether to adopt a new production technology.4 The

profitability of the technology is uncertain. Each firm would like to observe the adoption by

other firms before making their decision, as this provides valuable information. Yet delaying the

decision is costly since there is a possibility that the firm is using a suboptimal technology in the

1See, for example, Scharfstein and Stein (1990).
2Gale (1996) explains this logic in some detail, and also provides an overview of related phenomena from the

herding literature.
3Dasgupta (2000) examines this setting in more detail.
4See Kapur (1994) for an analysis of technology diffusion.
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interim. Thus there is an inherent tension between deciding early and late that must be resolved.

At equilibrium, agents balance this tradeoff optimally, realizing that others are simultaneously

making the same calculations. This interaction is modeled below by allowing timing decisions

to be strategic variables in a social learning game.

The model presented below may be summarized as follows. Agents are asymmetrically in-

formed about a binary state variable. Signals are conditionally independent and take values on

the unit interval, with a monotonic likelihood ratio. Agents must publicly guess the outcome

of the state variable at a time of their choosing. The payoff is positive only when the guess

is correct, and future payoffs are discounted at a common rate so that waiting is costly. We

characterize equilibrium outcomes in this setting and the implications for efficiency.

Notice that, as opposed to the canonical model, the accuracy of private information is het-

erogeneous. Signals vary in quality, ranging from uninformative to fully revealing the state

variable.5 The combination of strategic timing and differential signal quality drive the intuition

of the analysis below. To illustrate, consider the situation of a worker seeking employment,

where job offers are publicly observable. It seems likely that some potential hirers would have

better information regarding the worker’s quality than others. For instance, some firms may gain

more information from the interview, or may personally know those who wrote recommendation

letters. Further, firms with better information could use this difference to gain a strategic advan-

tage over other firms in the hiring process, e.g. by making quicker decisions. Another example

derives from bank runs, as experienced in the United States before the institution of federal

deposit insurance.6 Under this interpretation of the model, the timing of deposit withdrawals is

related to an individual’s private information. Those with the strongest beliefs that the bank is

insolvent should be the first to act. But taking this action is costly if the bank does not fail, so

there is an incentive to delay in order to observe the others’ decisions.

This paper provides an explanation of how rational agents with differing information qualities

behave when they strategically choose the timing of their decisions. Since utility depends only

on an agent’s own action and the state of the world, all strategic interactions are due solely to

an informational externality. We show that in two player games there is a unique equilibrium. It

5Thus signals are unbounded in the sense of Milgrom (1979). Smith and Sorenson (2000) contains a thorough
analysis of social learning in the case of unbounded signals.

6Caplin and Leahy (1994) studies a model of market dynamics with an application to bank runs.
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exhibits monotonic “sorting”, i.e., agents with better information decide earlier, and those with

lower quality signals behave more patiently and incur more delay cost in order to learn from

others. In this model, continuously varying signal qualities are important for the existence of

a symmetric equilibrium in pure strategies, since signal quality differentiates agents and breaks

indifferences about the timing decision that would otherwise occur. As the time grid becomes

increasingly fine, the equilibria approach a limit where all action occurs immediately, and delay

costs vanish. Since the sorting improves as the time intervals shrink, the agent with the lower

quality signal learns from the better informed agent with probability converging to one, and

the equilibrium outcome approaches the first best. However, this limit outcome can only be

supported as an equilibrium in continuous time under a particular “tie-breaking” assumption

regarding simultaneous decisions. Further, since the equilibria in the discrete games are unique,

there is no other approachable equilibrium in the continuous game.7

The main emphasis of this paper concerns how the welfare properties of social learning are

affected by the strategic timing of decisions relative to exogenous sequencing, for which welfare

implications are very negative. Despite the equilibrium phenomenon of herding, information is

aggregated efficiently in the present model due to the sorting property when there are only two

agents. Yet these outcomes are not fully efficient because of the delay cost implicit in the sorting.

We find that efficiency increases monotonically as the time intervals shrink, and, as mentioned

above, approaches the first best outcome in the limit. For any finite time interval, aggregate

welfare is higher in the endogenous timing model than in the standard exogenous sequence

model. In games with many players full efficiency is approximated when the time intervals are

short. The reason is that with unbounded signals, there are always some signals that produce

a dominant strategy to announce immediately, and with many players some individuals receive

such signals and reveal the true state to others with high probability. Thus the message of this

paper is positive in the sense that we view the assumptions of this model as more appropriate

in many settings, and welfare is unambiguously higher in this setting.

The rest of the paper is organized as follows. The next section describes in more detail how the

present model relates to existing literature, and highlights this paper’s contributions. Section 3

7Several authors have provided general existence theorems for discontinuous games, including (Reny (1999),
Jackson, Simon, Swinkels, Zame (2002), Dasgupta and Maskin (1986a,b) and Milgrom and Weber (1985)).
Despite the fact that none of these results are readily applicable to the present model, we are also able to find
asymmetric equilibria, although they are not perfect.
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presents the model for the case of two players. Section 4 contains the equilibrium characterization

and the convergence result that as time intervals vanish the game ends immediately. Section

5 then generalizes the model to allow for a large number of players, and analyzes equilibrium

outcomes in that context. The comparison of information aggregation and efficiency to the case

of exogenous ordering of decisions is handled in Section 6. Some extensions and limitations of

the model are discussed in Section 7. Finally, section 8 concludes. Proofs of some main results

and technical details are included in the Appendix.

2 Related Literature

A number of authors, including Chamley and Gale (1994), Gul and Lundholm (1995), Chamley

(2004), and Zhang (1997), have also analyzed models of social learning in which timing decisions

are strategic variables. Interestingly, the results of these models are mixed, and in contrast to

the exogenous sequencing models, depend crucially on modeling assumptions about the nature

of time, uncertainty, and the richness of the type and action spaces. Consequently, it is difficult

to draw unambiguous conclusions regarding welfare implications.

Chamley and Gale (1994) consider an investment model where there is only one action, but

infinite delay is not a dominated strategy. The most important difference from the current paper

is that there is no notion of differentiated signal quality. Because of this, social learning does not

lead to welfare gains in their model. The reason is that the only symmetric equilibrium involves

mixing probabilities that cause agents to be indifferent between announcing and delaying, so that

informational gains are exactly balanced by delay costs in equilibrium. One reason for the welfare

improvement in the present paper is that the timing of announcements reveals information about

signal qualities, which can not happen in Chamley and Gale (1994). A common finding of these

models, however, is that the game ends quickly as the time interval shrinks.

The model of Gul and Lundholm (1995) operates in continuous time and uses a continuous

action space, and again signals are not differentiated by quality. The focus of that study is

on “clustering”, the tendency of announcements to be closer together than if they were made

independently. Under their utility specification they find that social welfare is lower than in the

standard exogenous sequencing model, which is the opposite result of the present paper. As

before, time can not serve as a screening device for worse informed agents to learn. A second

5



effect is that, since time is continuous, the relevant comparison to the exogenous sequencing case

involves no discounting for later announcers. This suggests one sense in which the modeling of

time as a discrete quantity may be more appropriate in social learning models.

Building on the work of Chamley and Gale (1994), Chamley (2004) incorporates differential

signal quality into the model, which generates results more similar to this model: (i) as the time

intervals vanish, the game ends immediately, and (ii) the true state is asymptotically revealed as

the number of players diverges. Interestingly, though, he finds a multiplicity of equilibria with

widely varying information aggregation properties. This contrasts with the present model for

which we find a unique equilibrium8 with unambiguous welfare implications. For instance, a rush

in which all agents announce immediately constitutes an equilibrium in Chamley (2004) but not

in the present paper. This contrast is due to the fact that there are two possible announcements

in the present context, so that agents with neutral beliefs will find it optimal to delay given that

others are announcing. Another difference resulting from the number of possible announcements

is that if ever there is a period in which no agent makes an announcement, the game effectively

ends.9

The most closely related work to the present model is Zhang (1996). The signal structure

there is more general than the one defined below, with the important difference that signals

there are bounded, whereas in this model there is a possibility of being arbitrarily well informed.

Action takes place in continuous time. In the unique symmetric equilibrium there is delay,

followed by an immediate cascade based on the (single) highest quality signal. This result, how-

ever, depends crucially on an additional source of uncertainty that has no counterpart here. The

present model also has a unique equilibrium, without restricting attention to symmetric strategy

profiles, which does not converge to the continuous time result found by Zhang. Further, with

many players herding is inefficient in Zhang’s model whereas the opposite is true here. These

differences relate to the presence of unbounded signals in my model. With many players, un-

bounded signals guarantees that some agents announce early on, and the information conveyed

8This is without restricting attention to symmetric equilibria a priori, as do Chamley and Gale (1994) and
Gul and Lundholm (1995).

9This property is due to the fact that there is only one kind of announcement, and so a period with no
announcements reveals the worst possible news about the profitability of announcing. As such, the equilibrium
analysis in Chamley (2004) can make use of a “two-step” property which effectively allows the payoff from
announcing to be compared with the payoff from delaying exactly one period, rather than having to compute the
continuation value of delay as a function of others’ strategies over all future periods.

6



from their choices reveals the state variable with high probability. As a result, the asymptotic

welfare properties are opposite in the two models. Despite the similarity of these models, Cham-

ley (2004) argues for the importance of analyzing a discrete time version of Zhang’s model.10 In

fact, Chamley (2004) conjectures that there may be multiple equilibria in such a game. This

paper suggests that this is not true.

One contribution of this paper is that, when combined with other results from the previous

literature, one now obtains a rather complete picture of how various modeling assumptions about

information and timing translate into different results. With respect to the information structure,

two general points can be made. First, when signals are unbounded, the implications for welfare

in large economies are positive. With arbitrarily accurate signals and many individuals, there will

always be some individuals who are sufficiently sure about the true state that it can not benefit

them to delay, and their decisions collectively reveal the state to all other individuals, who then

have nothing else to gain and so announce correctly immediately following the first announcers.

In contrast, when signals are bounded the welfare results remain negative: inefficient herds may

still arise under strategic timing since the option value of delay must balance the cost. Second,

when signal quality is homogenous, symmetric equilibria typically involve mixed strategies in

order to balance the marginal benefits and costs of delay to maintain indifference, whereas with

a continuum of signal qualities the model may admit symmetric pure strategy equilibria where

agents with better qualities announce earlier.

With respect to the modeling of time, one finding is that equilibria in discrete time games

may not converge to the equilibria of corresponding continuous time games. For instance, a

result that is somewhat robust in the literature is that as discrete time intervals vanish, all

action takes place instantly in the limit, whereas such equilibria are not easily supported in

continuous time. Discrete time has the advantage that it is easier to interpret, in the sense that

how information is processed and responded to is more readily defined.

10See footnote 13 in that paper.
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3 Model

There is a countable set of dates T r = {0, r, 2r, . . .}∪{∞}, with the interval between consecutive

dates given by r > 0, at which agents in a set N = {1, 2} make decisions.11 The payoff-relevant

states of the world are given by ω ∈ Ω = {A,B}. Agents have uniform prior beliefs regarding

the true state, so that Pr(A) = Pr(B) = 1/2. The model is one of incomplete information.

Agents receive signals pi ∈ [0, 1], i = 1, 2.12 Conditional on ω, the pi’s are independently and

identically distributed with pdf

f(p|ω) =

{
f(p|A) = 2p , if ω = A
f(p|B) = 2(1− p) , if ω = B

with support [0, 1].

Thus low realizations of p are evidence of state B while high realizations are evidence of A. In

particular, a signal of p = 1/2 is uninformative, while signals of p = 0 or p = 1 perfectly reveal

the true state, so that the signals are unbounded.13 The unconditional distribution of types is

given by

f(p) =
1

2
(f(p|A) + f(p|B)) .

which is uniform on the unit interval. The most important feature of the signal structure is the

monotone likelihood ratio. More general structures are discussed in Section 8. All elements of

the model, except the realizations of the signals and the state variable, are common knowledge

among the agents.

Each agent must guess the state of the world, and so chooses a ci ∈ C = {a, b} and a time

ti ∈ T at which to make her announcement. Denote by xt
i ∈ X ≡ C∪{0} agent i’s action at date

t, with the interpretation that xt
i = 0 records the event that i did not make an announcement

at t, and let xt = (xt
1, x

t
2) be the profile of actions at time t. A history ht at time t specifies

whether or not each agent has made an announcement, and if so, what the announcement was

and the time at which it was made. Thus we can write ht = ∪τ∈T :τ<tx
τ , with the convention

that h0 = ∅.14 A strategy for i specifies an action to take at every history. Let P(Z) denote

11The notation T is used in place of T r when no confusion arises.
12We use the phrases “agent with signal p” and “agent of type p” interchangeably for convenience, even though

the language “signal” is more accurate.
13Smith and Sorenson (2000) analyze social learning in a general framework with unbounded signals and

exogenous ordering of decisions.
14To formally express the fact that each agent can make only one announcement, write Ht for the set of

8



the set of probability distributions over a set Z. A behavioral strategy σi for i maps signals and

histories into probability distributions over X, specifying the probabilities that i announces a,

announces b, and delays, respectively.15 Denote by σ = (σ1, σ2) the profile of strategies.

Agents receive a payoff of one if they guess correctly and zero otherwise. A common instan-

taneous discount factor γ > 0 accounts for temporal preferences, so that the present value of

guessing correctly at time t is exp(−γt). Denote the game so defined by Gr.

Given the instantaneous discount rate γ and interval length r, one immediately infers that

δ ≡ exp(−γr) is the effective period-to-period discount factor. Treating temporal preferences as

fixed and exogenous, there is a one-to-one correspondence between δ and r, such that δ → 1 as

r → 0. In discussing the results below, we make use of this equivalence.

Agents use Bayes’ Law to update their beliefs. Let πi(pi, t, h
t, σ) represent i’s belief that the

true state is A at time t conditional on i’s type pi and on the history ht, given the strategy

profile σ. Thus after observing her type and before the game starts, agent i’s posterior belief is

given by

πi(pi, 0, ∅, σ) =
f(pi|A)P (A)

f(pi|A)P (A) + f(pi|B)P (B)
= pi.

We use perfect Bayes Nash equilibrium (PBNE) as the solution concept.16 In the next section

we find a unique PBNE. In fact, the game is dominance solvable, so that the equilibrium strategy

profile is determined through iterative elimination of strictly dominated strategies.

Although the set of strategies is quite large, a few observations greatly restrict the set of

possible equilibrium strategies. First, note that if the other agent announces first, the unique

best response is to make a decision immediately thereafter since there is no possible benefit in

delaying further, and delay is costly. Thus after one agent announces, the other agent announces

as quickly as possible, payoffs are realized, and the game effectively ends. Second, note that if an

agent announces before her opponent, she should always announce a if and only if πi(pi, t, h
t, σ) ≥

possible histories at time t and let H = ∪t∈THt denote the space of all histories. We require that for all ht ∈ H,
xτ

i 6= 0 ⇒ xτ ′
i = 0 for all τ < τ ′ < t.

15The restriction that only one announcement may be made can be written as follows: for all pi ∈ [0, 1] and
all ht ∈ H, σi(pi, h

t) = (0, 0, 1) whenever there exists τ < t such that xτ
i 6= 0.

16Let gi(·|pi, t, h
t, σ) denote i’s probability assessment of j’s type given her own type, the time, the current

history, and strategy profile σ A PBNE is characterized by a strategy profile σ and a belief profile g such that
for i = 1, 2, j 6= i, (i) σi specifies a best response to σj at every history given beliefs gi, and (ii) gi is consistent
with Bayes’ Law at every history that is reached with positive probability under σ.
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1/2.17 Given these two simple observations, the equilibrium strategies for i can then be fully

described by a mapping si : [0, 1] → P(T ) that gives the distribution of stopping times at

which an agent will announce as a function of her type pi provided the other agent has not yet

announced. We will be primarily concerned with pure strategies, which in this reduced form

may be expressed by a measurable function si : [0, 1] → T . That is, i is willing to wait only until

time si(pi) to make her announcement, and will announce earlier if and only if her opponent

announces first. Clearly, any equilibrium strategy must satisfy si(0) = si(1) = 0, as an agent

who knows the true state with certainty has nothing to gain by delaying, and would still incur

the cost, i.e., she has a strictly dominant strategy.

In what follows we will be predominantly concerned with symmetric equilibria. In such

cases, subscripts on strategies and beliefs are dropped when no confusion arises. In addition,

the equilibrium strategies we find treat the two states of the world symmetrically. Formally, we

have the following

Definition 1 A strategy si for i is information-symmetric if for all 0 ≤ p ≤ 1/2, si(p) =

si(1− p).

Thus information-symmetric strategies are symmetric mappings about the uninformative signal

(p = 1/2), which means that we can restrict attention to the quality of an agent’s type, as

measured by q = |p− 1/2|. Note that when agents use information-symmetric strategies, beliefs

about the true state πi(pi, t, h
t, s) change only when an announcement is made. To see this, note

that whenever a type p < 1/2 plans to announce at a time t, there is a corresponding type 1− p

who also plans to announce at t. Thus agent’s learn nothing about the likelihood of the true

state through the passage of time, unless an announcement is made.18

We refer to PBNE that are both symmetric and information-symmetric as SISPBNE. Since

under information-symmetric strategies we can restrict attention to types p ≤ 1/2,a SISPBNE

in pure strategies (pure SISPBNE) is fully described by a function s∗ : [0, 1/2] → T . So s∗ gives

the planned stopping time for each signal quality an agent may have.

17The results are not sensitive to how we specify an agent’s decision when she is indifferent between the two
choices, as this occurs with zero probability.

18See the Appendix for a formal statement and proof of this important fact.

10



4 Equilibrium Analysis

The equilibrium strategies below satisfy the following

Definition 2 Given γ > 0, fix r > 0 and an information-symmetric pure strategy si for i in

Gr. si is characterized by cutpoints if there exist a number k < ∞ and numbers 0 = p0 < p1 <

· · · < pk = 1/2 such that if pl−1 < p < pl then si(p) = (l − 1)r, l = 1, . . . , k.

Notice that any strategy characterized by cutpoints satisfies two properties. First, there can

be no “empty dates”, meaning that for any l < k, there exists a set of positive measure of types

for which s(p) = lr. Second, a monotonicity condition is satisfied, in the sense that as an agent’s

signal quality q increases, her stopping time (weakly) decreases. We can now characterize the

equilibria of Gr. The following proposition shows that Gr has a unique equilibrium, and that it

is symmetric, information-symmetric, in pure strategies, and characterized by cutpoints.

Proposition 1 Fix r > 0 and γ > 0. Gr has an (essentially) unique PBNE s∗. Moreover, s∗

is symmetric, information-symmetric, in pure strategies, and characterized by cutpoints.

Proof. See Appendix.

The intuition for Proposition 1 is as follows. That there exists a symmetric and information-

symmetric equilibrium results from the ex-ante symmetry of the game. Uniqueness is obtained

by iteratively eliminating strictly dominated strategies in the following way. At time zero, there

is a group of types of each agent who are sufficiently well informed that it can not possibly

benefit them to wait – the cost of delaying is too high even if by waiting one period they could

learn the outcome of the state variable. Given that these types must announce at time zero

in any equilibrium, it turns out there is enough expected benefit from waiting to induce all

less well informed agents to delay. This is shown through iteratively eliminating the strategies

“announce immediately with positive probability” for types who are increasingly well informed,

starting from the uninformative type (p = 1/2), until only the types who had the dominant

strategy to announce remain. Then at the next date, if neither agent has announced, it is

common knowledge that both agents are not so well informed that they dropped out at the

previous date. The same logic is applied again, so that of those types remaining, some agents

11
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Figure 1: The equilibrium strategy s∗(p) as a function of type p for r = 0.045 and γ = 1.

can not possibly gain enough from waiting to offset the cost, etc. This construction results in a

unique equilibrium. Figure 1 depicts a typical equilibrium strategy. In this case, the maximum

length of the game in equilibrium is 4r.

Proposition 1 provides a strong result characterizing the equilibrium of Gr. Note that for

any fixed temporal preference γ, as r decreases, the cost of delaying one period decreases, and

so agents become more willing to delay on the margin. This means that as r tends to zero, the

cutpoints depicted in Figure 1 shift continuously towards the boundaries of the unit interval,

additional cutpoints enter from the midpoint p = 1/2, and the number of potential periods

grows without bound. Since the marginal cost of delaying one period approaches zero as time

progresses, one could imagine that for sufficiently small r, the game could last an infinite number

of periods with positive probability. The next result shows that this is in fact not possible, i.e.,

that Gr must end in finite time for every positive r.

Proposition 2 For every γ > 0 and r > 0, Gr ends in finite time. That is, there exists k < ∞
such that s∗(p) < kr for all p ∈ [0, 1] in the unique equilibrium s∗.

Proof. See Appendix.
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Figure 2: The equilibrium cutpoint function pl(pl−1; 0.956).

The proof is established as follows. First from the proof of Proposition 1 (see Appendix), we

have an equation that implicitly defines the cutpoint pl as a function of the previous cutpoint pl−1

for any δ < 1. This equation may be solved to provide an explicit function pl = pl(pl−1; δ), which

is graphed in Figure 2. The properties of this function can be used to derive a positive minimum

distance between any consecutive cutpoints pl and pl−1, i.e., a minimum interval length d(δ) of

types who plan to announce at time (l − 1)r. Graphically, the interval length pl(pl−1; δ) − pl−1

is the vertical distance between the bold curve pl(pl−1; δ) and the dashed 45o line at the point

p = pl−1. The cutpoint function takes valid values pl ≤ 1/2 up to the point pl−1 = v, where the

function crosses the value 1
2
. Thus the red line segment depicts the smallest possible interval

length d for a given δ, which is always positive. Given this bound, the maximal number of

equilibrium intervals, which corresponds to the maximum number of periods the game can last,

is 1/2d.

One consequence of Proposition 1 is that unless the agents happen to announce simulta-

neously, they will necessarily make the same decision. To see why this is so it is enough to

consider the decision problem facing an agent whose opponent has already announced. Given

the sorting nature of equilibrium, the first announcer has strictly higher signal quality, so the

posterior beliefs of the second announcer are dominated by the information from the decision
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of the first announcer, independent of which state the second announcer’s private information

indicates. That is, in equilibrium, πi(pi, t, h
t, s∗) ≥ 1/2 if xτ

j = a for some τ < t. Thus the second

announcer finds it optimal to make the same announcement as the first announcer. The only

way in which the announcements of the two agents can differ is if they decide simultaneously, in

which case they have approximately the same quality of information, and neither agent learns

from the announcement of the other.

Having characterized the equilibrium, we now turn attention to analyzing the comparative

statics as r tends to zero. By the results of the previous section, we know that the equilibrium

strategy s∗ partitions the set of types p ≤ 1/2 into intervals, where each interval of types is

willing to wait until the same time to announce, conditional on the other agent having not

previously announced. For a fixed δ, call the number of equilibrium cutpoints k(δ). Thus the

game necessarily ends by time rk(δ), since at each date there must be some interval of types

planning to announce. By Proposition 2, k(δ) < ∞ for all δ < 1. Note however that k(δ)

diverges to infinity as δ approaches unity, meaning that as the time intervals become vanishingly

small, the number of periods that the game potentially lasts becomes infinite. The relative rates

at which r and k change determines the limiting behavior of equilibrium timing.

The next result shows that as r becomes vanishingly small, the game ends immediately.

Theorem 1 For every γ > 0, Gr ends immediately as the time interval vanishes. That is,

limr→0 rk(δ) = 0.

Proof. See Appendix.

Theorem 1 is established by deriving an upper bound k̄(δ) on the number of equilibrium

cutpoints, and showing that rk̄(δ) limits to zero. The proof is essentially an application of

L’Hopital’s rule; it is constructing the upper bound k̄(δ) that requires work. As in the proof

of Proposition 2, the properties of the function pl(pl−1; δ) (see (9.4) in the Appendix) are ex-

ploited. Using a linear approximation to pl(pl−1; δ) instead of the actual function, one can define

alternative equilibrium cutpoints zl with the property that zl ≤ pl for all l ≤ k. Because of

the linearity, the recurrence relation that defines the {zl} can be solved. Setting this expression

equal to 1/2 defines k̄(δ), the number of cutpoints that result by using the approximation to

pl(pl−1; δ), which is an upper bound on the actual number of cutpoints.
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5 Many Players

In this section we expand the model to allow for an arbitrary finite number of agents. Let the

set of agents be N = {1, 2, . . . , n}, n < ∞. Denote these games by Gr
n, where all other aspects of

the game are unchanged. The details of this extended model are difficult to work out precisely,

so we are not able to explicitly characterize the equilibria as in the case of two players. The

main difficulty is that with many players, there are many subgames that must be considered at

all dates after t = 0. This problem is avoided when n = 2 because there is only one interesting

history to consider at any date, namely, that both players have not yet announced. In contrast,

there are many nondegenerate histories with several players.

When there are more players, there is more information that may be learned from the an-

nouncements of others. Thus one would expect individuals to behave more patiently, that is,

to wait longer in equilibrium, all else equal. While this is in fact true, we can show that as the

number of players grows large, the game necessarily ends quickly. The intuition is that no matter

how many players there are, there is always a positive mass of types with good information who

cannot be induced to delay t = 0, since even if they could learn the true state with certainty

by delaying one period, the cost of delay (given r > 0) outweighs this benefit. As n grows,

the probability of at least one player having such a signal approaches one. Thus as the number

of players becomes large, the announcements of these players reveal the true state with near

certainty after the first date t = 0. Let L(p) denote the maximum realized length of Gr
n in any

equilibrium given the n-vector of signals p= (p1, p2, . . . , pn). Our next result states that for any

positive r, the probability that the game ends after one period converges to one as n diverges.

Proposition 3 Fix r > 0 and γ > 0. For every ε > 0 there exists n̄ such that Pr(L(p) = r) >

1− ε for all n > n̄.

Proof. By definition of Gr
n, the maximal continuation value of delay at t = 0 is δ = exp(−γr) <

1. Thus for all p < 1 − δ and p > δ announcing at 0 is a strictly dominant strategy for

every n. Thus for each n there will be some cutpoint 1 − δ ≤ pn
1 ≤ 1/2 such that all p < pn

1

announce at t = 0. Assume that ω = B (the case of ω = A is parallel). Note that β ≡
Pr(pi < pn

1 |ω = B) > Pr(pi > 1 − pn
1 |ω = B), since in state B low signals are more likely. Let

nB = #{i | pi < pn
1} be the number of agents who announce b at 0 as a function of p. By a
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law of large numbers, for every ε > 0, limn→∞ Pr(|nb/n− β| < ε) = 1. It follows that for every

ε > 0, limn→∞ Pr(π̃i(pi, x
0) < ε) = 1, where π̃i(pi, x

0) represents the posterior obtained from

signal pi and actions x0. Thus as n →∞ beliefs converge to the true state after time 0, and so

the marginal benefit of delay at the next date r approaches 0 since there is nothing more to be

learned. Therefore all remaining types find it optimal to announce at t = r, since the cost of

delay is strictly positive.

Since Proposition 3 is true for all r > 0, we can also state as a corollary that as r goes

to zero, the probability that the game ends almost immediately is arbitrarily close to 1 for

sufficiently large n. Note also that herding is observed in the equilibrium outcomes of Gr
n for

large n. In particular, all agents who announce at time 0 do so independently from each other

(so that most but not all of these agents announce correctly), but then all agents who delayed

at 0 learn the true state and make the same optimal decision at time r. In contrast to the

standard cascade model, where the order of announcements is fixed, there is no informational

inefficiency associated with the herding. In fact, the opposite is true: all agents in the herd are

announcing correctly with arbitrarily high probability. Observe also that as r tends to zero, the

proportion of agents who decide at t = 0 vanishes, and these agents announce correctly with

probability converging to 1. Thus full efficiency is approximated in large economies for small r.

These observations are summarized in the following

Proposition 4 Fix γ > 0. For every t̄ > 0, ε > 0, and η < 1, there exists an r > 0 and n̄ that

satisfy

(i) delay efficiency: Pr(L(p) < t) > 1− ε, and

(ii) informational efficiency: Pr(#{i |xi=ω}
n

> η) > 1− ε for all n > n̄.

Proof. By Proposition 3 for any r < t̄ there exists n̄ to satisfy the first claim. For any r, the first

cutpoint p1 approaches δ = exp(−γr) as n diverges. Therefore, we can choose r small enough

and n̄ big enough so that the individuals announcing at time zero (i) are an arbitrarily small

proportion of individuals, and (ii) are arbitrarily well informed. This implies that an arbitrarily

high proportion of individuals announce correctly with arbitrarily high probability, satisying the

second claim.
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Given γ, for any n there is a maximum amount of time r̄n that a player with an uninformative

signal is willing to wait to see the others’ announcements. When r = r̄n agents with every other

signal strictly prefer to announce immediately, rather than waiting until time r. When n = 2,

an uninformed player compares the expected utility of announcing at zero, which is 1/2, to the

expected utility of waiting, in which case he sees the other player’s announcement, resulting in

an expected utility of (3/4)δ, so that r̄2 = (1/γ) ln(3/2). By the argument above, as n grows,

the expected utility of delay when r = r̄n converges up to δ, so that r̄n approaches (1/γ) ln(2).

It is in this sense that players become more patient as n increases. However since the amount

of time agents are willing to wait does not increase too dramatically with n, it may be possible

to bound the length of Gr
n for arbitrary values of n, although we do not have this result.

6 Information Aggregation and Efficiency

The model aims to provide an explanation of how rational agents with heterogeneous signal

qualities will use time as a screening device to learn about others’ private information. We

have determined that when agents choose the timing of their decisions strategically, they order

themselves in a manner such that those with the best information decide first, and those with

worse information are willing to wait in order to learn from early decision makers. Thus it

is natural to measure the extent to which information is aggregated more efficiently in the

endogenous timing model relative to the standard social learning setup, where an exogenous

order is assigned to the players.

For tractability we consider the limiting case δ → 1 with two players. We first examine the

welfare properties of the standard exogenous sequencing model as a benchmark for comparison

to the present model. To do so, we suppose that before the game starts, and independently of

the signal realizations, agents are randomly assigned a position in the queue, so that each agent

is equally likely to be the first or second announcer.

Let Cori denote the event that i announces the correct state, i.e., xi = ω. The probability

that the first agent guesses correctly is given by

Pr(Cor1) = Pr(Cor1|A) = Pr(p1 ≥ 1/2|A) =

∫ 1

1/2

f(p|A)dp = 3/4.
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Given the optimal decision rule of player 1, the probability that player 2 announces correctly is

13/16.19 Note that this is consistent with the observation made above that agents who decide

later in the sequence do better on average, in the sense that they announce correctly with higher

probability. But deciding later is also costly. To make the fairest comparison with the strategic

timing setting, we assume that the value of announcing correctly is 1 for player 1 and δ < 1 for

player 2. Thus being the second announcer is preferred if and only if (13/16)δ > 3/4, or for fixed

discount rate γ, if r < (1/γ) ln(13/12). The ex ante expected sum of utilities in the exogenous

sequencing model is

U ex(δ) = 3/4 + (13/16)δ.

The welfare properties under strategic timing also depend on δ, but in a more complicated

way. Specifically, as δ decreases from 1 two things happen: (i) the probability that the players

announce simultaneously, and hence no learning occurs, increases (from 0), and (ii) the game

typically lasts longer, so greater delay costs are incurred. The exact welfare properties are

difficult to work out in closed form for δ < 1, so we consider the limiting case of welfare as

δ → 1, since in this case we can easily derive explicit comparisons between the two models.

The probability that the first announcer (i.e., the one with higher signal quality) is correct

can be worked out as Pr(Cor1) = Pr(Cor1|A) = Pr(p1 ≥ 1/2|A, |p1 − 1/2| ≥ |p2 − 1/2|) = 5/6.

Since the second decision maker always makes the same announcement as the first, Pr(Cor2) =

5/6 as well. Thus we find that the difference in social welfare from endogenous timing is

(5/3− (3/4 + 13/16)) when there is no discounting, or almost 7%. The intuition is that, condi-

tional on receiving a relatively uninformative signal, the exogenous sequencing forces a player to

announce first with probability 1/2, whereas when announcements are timed strategically, with

high probability the poorly informed agent will learn from her opponent’s signal and thus make

a more informed announcement.

As δ decreases from 1 the expected welfare improvement from strategic timing increases,

so that the difference of 7% as δ → 1 provides a lower bound on the social utility differential

between the models. The reason is that as δ decreases in the exogenous sequencing model,

the second decision maker is penalized with certainty, whereas when announcement times are

chosen strategically, each player always chooses whether or not to delay, and is willing to delay

19Pr(Cor2) = Pr(Cor2|A) = Pr(x2 = a|A, x1 = a) Pr(x1 = a|A) + Pr(x2 = a|A, x1 = b) Pr(x1 = b|A) =
Pr(p2 > 1/4|A) Pr(p1 > 1/2|A) + Pr(p2 > 3/4|A) Pr(p1 < 1/2|A) = (15/16)(3/4) + (7/16)(1/4) = 13/16.
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only if she expects to benefit from doing so. For example, if both agents are sufficiently well

informed, then both announce at time zero, and no delay costs are incurred. Notice that when

δ is sufficiently small (less than 2/3), both agents will announce independently from each other

at t = 0, regardless of their signals. Thus the ex ante probability that each is correct is 3/4,

and therefore U en(δ) = 3/2. In this case, U ex(δ) ≤ 3/4 + (13/16)(2
3
) = 31/24 ≈ 1.3, so that the

increase in welfare from endogenous timing is at least 15%. Finally observe that for δ < 2/3

the expected social welfare in the endogenous timing model is constant, whereas it continues to

decrease in the exogenous sequencing model. The welfare gains provided by the opportunity to

strategically time announcements always fall short of full efficiency for δ < 1 since either a delay

cost is incurred by at least one agent, or else both agents announce independently at time 0, in

which case no social learning takes place. Yet the limit point of the equilibrium outcomes as δ

tends to one is the first best outcome.

A different basis of comparison between the models is to ask how frequently both agents

announce the pooled information state, that is, the optimal choice if all private information were

aggregated prior to announcing. Clearly, this happens with probability one under strategic tim-

ing in the limit δ → 1, since the agent with the more informative signal always announces “first”

in equilibrium. On the other hand, in the worst case scenario for the endogenous timing model,

δ is small enough that all types announce at 0, no learning occurs, and the pooled information

state is announced by both agents with probability (3/4)2 + (1/4)2 = 5/8. In the exogenous

sequencing model, in contrast, this happens about 79% of the time independently of δ.20 Even

though whenever δ is small enough that both agents announce the pooled information state

more frequently in the exogenous sequencing model, the effect of greater delay costs dominates

this informational advantage, so that expected welfare remains higher under strategic timing.

7 Extensions

7.1 Continuous Time

Most of the results extend to a continuous time setting in the following way. Consider instead

of Gr a game played in continuous time with “reaction lags”. That is, players may make an

20Note that the pooled information state is A if and only if p2 > 1− p1. Thus one needs to compute Pr(p1 >
1/2, p2 > 1, 4 | p2 > 1− p1) + Pr(p1 < 1/2, p2 < 3/4 | p2 < 1− p1) conditional on ω.
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announcement at any time t ≥ 0, but there is a strictly positive finite time that it takes to observe,

process, and react to an announcement by another player. By a slight abuse of notation, call

this parameter r > 0. Thus if j makes an announcement at some time tj, i can not incorporate

that knowledge into her own decision until time tj + r. If i announces between tj and tj + r,

it must because she had already planned to do so, for she did not have time yet to react to j’s

announcement. In such a case i makes her decision independently of j’s announcement. Denote

by Γr the continuous time game so defined with reaction lag r.

The next lemma states that in any equilibrium of Γr, agents will announce only at the discrete

times T r that are allowed in the corresponding discrete time game Gr.

Lemma 1 Given γ > 0, fix r > 0 and consider any PBNE σ∗ of Γr. Then T r has full measure

under σ∗i (p) for all p ∈ [0, 1], i = 1, 2.

Proof. We claim that in any PBNE of Γr, agents will make decisions only at times kr, k =

0, 1, . . . with probability one. Consider times τ ∈ (0, r). Any strategy that places positive

probability on announcing at such times is strictly dominated by the strategy that is identical to

σ∗i except for shifting that mass to time t = 0, since conditional on being correct, the payoff at 0

is strictly greater, and, by hypothesis, no information can be acquired by any τ < r. Therefore

beliefs must not change before time r. Thus if an agent does not make an announcement at

t = 0, she will wait at least until t = r. Next consider timea τ ′ ∈ (r, 2r). Announcing at such

times with positive probability is strictly dominated by announcing at r instead. Given that

agents will not announce at times τ ∈ (0, r), no information will arrive in (r, 2r), implying that

beliefs are again constant on this interval, and conditional on being correct, the payoff at r is

strictly greater than at any time after r. Thus if an agent has not announced at r, she will wait

at least until 2r. The claim follows in this fashion by induction on k. Thus in Γr agents will

announce only at times that are allowed by Gr.

Lemma 1 establishes a connection between the games Gr and Γr which can be extended to

show that the equilibrium outcomes in discrete and continuous time coincide for any r > 0.

7.2 Costly Information

Thus far we have presumed that agents are endowed with private information, and that the

quality of the information varies randomly across agents. Further, we assumed that agents use
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this information strategically in choosing when to make an announcement, and have observed

that, in equilibrium, those with better information do better on average. This model then begs

the question, “By what means do agents acquire their information?”. In this section, we suppose

that information is available to the agents, but that there is a cost to gathering it, and that better

information is more costly. One way to model this is to introduce an information source that

sells signals to players. Suppose that before playing the “announcement game” Gr, players have

the opportunity to simultaneously and privately purchase information. Any player who chooses

not to buy information would begin the game with the initial prior P (A). The information

source offers a menu of contracts, selling signals of higher qualities at higher prices. Recall that

q = |p− 1/2| ∈ [0, 1/2] denotes the quality of a signal p. The menu takes the form of a function

c(q) with c(0) = 0, c′ > 0 and c′′ ≥ 0. Conditional on purchasing a quality q, the signal indicates

the correct state with probability q + 1/2. Thus signals of highest quality, q = 1/2, perfectly

reveal the true state ω while signals of lowest quality, q = 0, which reveal no information, are

equally likely to be correct or incorrect.

The value of signal quality is determined by the equilibrium welfare properties of the model.

In particular, we must consider the expected utility of a player with signal quality qi. Again

consider the limiting case δ → 1 since it is the most tractable for this analysis, and the welfare

properties of Gr approximate this limit for small r. In this case, the two players always make the

same announcement, and this announcement is based solely on the better of the two pieces of

information. Thus players’ welfare is determined by the quantity max{q1, q2}. Signal quality can

be viewed as a pure public good since both players benefit equally from either player purchasing

a high quality signal. Given signal qualities, expected utilities are given by ui(q1, q2) = 1/2 +

max{q1, q2} − c(qi).

If c(qi) = qi it is easy to check that there are a continuum of asymmetric pure strategy Nash

equilibria of the purchasing game, where one agent does not purchase information and the other

agent purchases an arbitrary signal quality. There is also a unique symmetric Nash equilibrium,

where both agents purchase no information. Note that the strategy of not purchasing (qi = 0)

is weakly dominant, and that it is a strict best response to any positive purchase by the other

agent.

Allowing more general cost functions reduces the multiplicity problem, and alleviates the
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perverse result that in the symmetric equilibrium, no information is purchased. In particular,

assume c′(0) < 1, c′′ > 0, and c′(1/2) ≥ 1. Then there are exactly two asymmetric equilibria,

where one agent chooses qi = 0 and the other chooses qj = q∗ given by c′(q∗) = 1. There is also

a symmetric equilibrium where each agent mixes between qi = 0 and qi = q∗ with probabilities

c(q∗)/q∗ and 1−c(q∗)/q∗, respectively. Thus the probability of purchasing information decreases

with the cost of information, and increases with the optimal quality q∗. In all these equilibria

information is under provided relative to the socially optimal arrangement where one agent

purchases no information and the other purchases the quality characterized by c′(qo) = 2.

7.3 Risk Aversion

We have assumed throughout the discussion that players are risk neutral. One interesting

extension is to explore the implications of more general risk preferences. In the risk neutral

case, the expected utility of announcing at time zero with belief π is u(π) = max{π, 1 − π}. A

risk averse agent has a utility function satisfying ũ(π) < max{π, 1− π} for π ∈ (0, 1), since the

certainty equivalent to the lottery π is less than it’s expected value. We would like to be able to

describe the qualitative effects that this has on the model’s equilibrium predictions. Consider

the case n = 2 for simplicity. The primary effect is that risk averse agents behave more patiently

– they are willing to pay a greater cost in order to reduce uncertainty about the state variable.

One can verify this directly by transforming the utility functions in the equation that defines

the equilibrium cutpoints (see (9.2) in the Appendix), and resolving. Upon doing this, the result

is that the cutpoints shift towards the boundaries, so that the maximum number of periods the

game may last k̄(δ) (weakly) increases. That is, the length of the game typically increases with

risk aversion. In a particularly extreme form of risk aversion, ũ(1/2) → 0. Yet even in this case,

it can be verified that the game will end in finite time for any δ < 1. Thus the main results do

not depend on assuming a particular form of risk preferences. I have not verified that as δ tends

to one that the game ends immediately for arbitrary utility functions, but I conjecture that this

is true.
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7.4 Other Utility Functions

The game we have analyzed has a specific payoff structure. One may wish to extend the model

by allowing for more general utility functions. There are several interesting directions this

could take. The first is to relax the maintained assumption of common interest. That is, one

could assume that in addition to the common value component, there is an idiosyncratic private

value of choosing either alternative. Indeed, most of economic theory presumes that choices

reflect private preferences, rather than an attempt to identify a common objective. In a model

of exogenous sequencing, Goeree, Palfrey, and Rogers (2003) explore such a setting, and find

that the true state becomes known with certainty as the number of players diverges. A second

possibility is to dispense with the pure information externalities environment. Note that doing

so would complicate strategic aspects of the game, since it would introduce signalling issues.

That is, when a player cares about how her announcement will effect the decisions of those

who announce later, her optimal decision rule is much more difficult to characterize in general.

One could assume that the utility of a player depends on the true state and the group decision

(as defined by an appropriate voting rule), as opposed to the private decision.21 Such a model

could, as a special case, maintain the common interest assumption, and capture situations such

as committee decisions and jury verdicts. In this case, the motivation to announce quickly given

a strong signal could arise either from the desire to signal this fact to those who follow, or as is

the case above, from an explicit cost to waiting (or a combination of the two). Extending the

model in this direction seems particularly interesting.

One could also imagine settings where individual interests are not perfectly aligned. This

could arise in reputational models of information cascades,22 or in competitive environments,

such as a patent race. The strategic timing aspects of these situations are more difficult to

analyze, as there exists a tension between announcing correctly and quickly, and giving away

information to others, which could be costly.

21See Hung and Plott (2001) for an experimental study of such an environment.
22See, for instance, Scharfstein and Stein (1990) or Zwiebel (1992).
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7.5 Relaxing Assumptions of the Model

The specification of the model as presented is somewhat restrictive. However, many of the results

presented would still obtain under more general specifications. For instance, the assumption

that the initial priors place equal weight on both states is not essential. Imagine instead that

P (A) ∈ (0, 1). Then the signal that results in a flat posterior is p = 1 − P (A), rather than

p = 1/2. The important part about a player’s signal is her resulting posterior beliefs about the

true state, which derive partially from her beliefs about the other players’ information. Thus this

generalization does not alter the fact that the game ends in finite time, and converges to zero

length as the time interval vanishes. Note, though, that the definition of information-symmetry

would have to be suitably modified. One natural way to do this is to phrase the definition in

terms of posteriors rather than signals. In addition, the signal structure could also be suitably

generalized. The essential feature of the conditional signal distributions, in addition to having

convex support and well-behaved densities, is the property of first order stochastic dominance.

That is, we require that higher types yield higher posterior beliefs for state A. It would be

possible to prove analogues of the main results under such less restrictive assumptions. Note

however, that any explicit comparison between endogenous timing and exogenous sequencing

models, as in Section 6, would become much more difficult.

8 Conclusion

We have provided a framework in which it is convenient to analyze the properties of social learn-

ing where agents with differing signal qualities strategically choose the time at which to make

their decisions. One nice feature of the model is a particularly simple and strong equilibrium

characterization for the case of two players. The uniqueness of equilibria allows for unambiguous

welfare comparisons to the standard model of exogenous sequencing. The primary finding is that

expected social welfare is higher when timing is endogenous, and that this difference increases

with the length of time between consecutive decisions. Another important finding is that, in

sharp contrast to the standard model, information is used efficiently. There is no possibility of

getting “stuck” in a situation where players may be choosing a suboptimal action despite the

prevalence of useful information. Moreover this finding is not shared by similar models. For

instance, in Zhang (1997), after the first agent has made an announcement, all agents decide
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immediately with the same announcement, so that interesting dynamics of social learning may

not be apparent.

Because of the necessity to allow instantaneous reactions in a continuous time model, the

results of the discrete time model presented here may be more appropriate to institutional

features that create lags. We may conclude that although a herd forms under strategic timing,

the optimal timing decisions of agents are such that the herd is based on the best pieces of

information in the economy, rather than on a random selection from the private information.

This suggests that herds may be more often “right” than would be suspected from the model of

exogenous sequencing. A final conclusion of the model may be drawn from the result that the

information problem is solved asymptotically as n grows. Thus for large economies, one would

expect that after an initial period where the best informed agents announce, at some point

announcements occur very fast. This feature of the model may help to explain the dynamics of

phenomena such as bank runs and currency crises.

9 Appendix

9.1 Beliefs Change only with Announcements

We claim that, given a signal pi and information-symmetric strategies s, πi(pi, t, h
t, s) is constant

on all times t and histories ht such that xτ
j = 0 for all τ < t. Informally, an agent’s posterior

beliefs about the true state can change only when the other agent makes an announcement.

Note, however, that as time passes, each agent does update her beliefs about her opponent’s

type, since given j’s strategy sj, the fact that the opponent has not yet announced restricts the

support of g(pj|pi).
23 In particular, let the updated distribution of j’s type be g(pj|pi, t, h

t, s).

Thus

g(pj|pi, t, h
t, s) =

g(pj|pi)∫
S(t,ht,s)

g(pj|pi)dpj

(9.1)

where S(t, ht, s) denotes the support of g(pj|pi, t, h
t, s). By information-symmetry of sj the

set S(t, ht, s) is symmetric about 1/2. Thus it suffices to show that given a prior belief pi,

πi(pi, t, h
t, s) is constant for all histories where neither agent has announced.

23Recall that gi(·|pi, t, h
t, σ) denotes i’s probability assessment of j’s type given her own type, the time, the

current history, and strategy profile σ, and that g = (g1, g2).
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Also let π̃(p1, p2) = p1p2

p1p2+(1−p1)(1−p2)
denote the posterior on A given two conditionally inde-

pendent signals p1 and p2.

Using (9.1) we have

πi(pi, t, h
t, s) =

∫

S(t,ht,s)

π̃(pi, pj)g(pj|pi, t, h
t, s)dpj

=

(∫

S(t,ht,s)

g(pj|pi)dpj

)−1 ∫

S(t,ht,s)

π̃(pi, pj)g(pj|pi)dpj

= 2pi

∫
S(t,ht,s)

pjdpj

2pi

∫
S(t,ht,s)

pjdpj + 2(1− pi)
∫
S(t,ht,s)

(1− pj)dpj

= 2pi

∫
S(t,ht,s)

pjdpj

2
(
(2pi − 1)

∫
S(t,ht,s)

pjdpj + (1− pi)
∫
S(t,ht,s)

dpj

)

= pi,

where the last equality follows since
∫

S(t,ht,s)

pjdpj = (2pi − 1)

∫

S(t,ht,s)

pjdpj + (1− pi)

∫

S(t,ht,s)

dpj

(1− pi)

∫

S(t,ht,s)

2pjdpj = (1− pi)

∫

S(t,ht,s)

dpj,

which follows from the symmetry of S(t, ht, s). Thus we have shown that when strategies are

information-symmetric, agents learn nothing about the true state solely from the passage of

time.

9.2 Proofs of Main Results

Proposition 1 Fix r > 0 and γ > 0. Gr has an (essentially) unique PBNE s∗. Moreover, s∗

is symmetric, information-symmetric, in pure strategies, and characterized by cutpoints.

Proof. Define π̃(p1, p2) = p1p2

p1p2(1−p1)(1−p2)
to be the posterior belief that ω = A given two

conditionally independent signals p1 and p2. Also define f(pj|p) = 2 (ppj + (1− p)(1− pj)) to

be i’s probability assessment of pj given type p.

Given r and γ set δ = exp(−γr). Let p0 = 0 and for l > 0 define pl implicitly by

1− pl =
δ∫ 1−pl−1

pl−1
f(p|pl)dp

(∫ 1−pl

pl−1

[1− π̃(pl, p)]f(p|pl)dp +

∫ 1−pl−1

1−pl

π̃(pl, p)f(p|pl)dp

)
(9.2)
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on the domain (pl−1, 1/2]. It is straightforward to verify that the right hand side of (9.2)

evaluated at pl = pl−1 is less than 1 − pl−1, and has derivative strictly greater than −1 on

(pl−1, 1/2], implying that there is at most one solution. Let k denote the greatest l for which

(9.2) has a solution. We claim that for any r > 0 the {pl}k
l=1 defined recursively by (9.2) are

the cutpoints of the unique perfect Bayes-Nash equilibrium of Gr. Note that by the symmetry

of the game, whenever a type p < 1/2 has a strictly dominated strategy to announce at some

t, announcing at t is also strictly dominated for type 1 − p. Thus we focus mainly on types

p < 1/2, although it should be understood that the behavior of types greater than 1/2 is also

being described.

We first prove that for all l = 1, . . . , k, conditional on neither player having announced by

time (l − 1)r, all p ∈ (pl−1, pl) (and all p ∈ (1− pl, 1− pl−1)) have a strictly dominant strategy

to announce immediately. To do so, we compare i’s expected payoff of announcing at (l − 1)r

to the maximal continuation value of delay, i.e., the continuation value that obtains when j

plays the continuation strategy that is optimal from i’s perspective. Specifically, this strategy

is to announce at (l − 1)r if and only if qj > qi. Under this strategy, i learns all decision-

relevant information immediately (at time (l − 1)r), and is thus able to announce the pooled

information state at the next time lr. Equation (9.2) compares the value of announcing at

(l−1)r to this maximal continuation value. As noted above, (9.2) has either zero or one solution

on pl ∈ (pl−1, 1/2]. If it has no solution, then all types strictly prefer to announce at (l − 1)r

since the payoff to announcing is greater than the maximal continuation payoff, and the game

ends. If it has a solution pl, then all types less than pl have a strictly dominant strategy to

announce at (l − 1)r. Thus at (l − 1)r, all types p < pl−1 have already announced, and so they

are eliminated from the support in (9.2).

We next prove that all types p̃ ∈ (pl, 1/2] strictly prefer to delay at (l−1)r. To do so, we first

show that for any such p̃, given that all p ∈ (pl−1, pl) announce at (l−1)r, type p̃ strictly prefers

to delay at (l−1)r provided all p′ ∈ (p̃, 1/2] delay at (l−1)r. We do this by comparing the value

of announcing at (l−1)r to a lower bound on the continuation value of delaying. Specifically, we

use the value at the strategy “delay at (l−1)r, then announce at lr” when j uses a “worst case”

strategy. This lower bound obtains when j plays the strategy that only types p < pl announce

at (l − 1)r. In this case, we show that the expected payoff from delaying one period and then

announcing at lr (which is a lower bound on the continuation value of delay at (l − 1)r) in this
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worst case scenario is greater than the value of announcing at (l − 1)r. Consider the following

inequality which states this formally.

1− p̃ <
δ∫ 1−pl−1

pl−1
f(p|p̃)dp

(∫ 1−pl

pl−1

[1− π(p̃, p)]f(p|p̃)dp +

∫ 1−pl−1

1−pl

π(p̃, p)f(p|p̃)dp

)
(9.3)

It is straightforward to verify that (9.3) is satisfied for all p̃ ∈ (pl, 1/2].

This implies that for type p̃ = 1/2 announcing at (l − 1)r is strictly dominated. Then since

for every strategy sj of agent j, Eui(ti, sj|pi) is continuous in pi, there exists ε > 0 such that

announcing at (l − 1)r is strictly dominated by the strategy “wait at (l − 1)r, announce at lr”

for all types 1/2 − ε < p′ < 1/2. Let ε1 be the supremum of all ε for which this holds. But

then by (9.3) the fact that all types strictly above 1/2 − ε1 delay implies 1/2 − ε1 also delays.

Then again by continuity, there exists a largest ε2 such that all 1/2 − ε1 − ε2 < p′′ < 1/2 − ε1

delay. But then type 1/2 − ε1 − ε2 has a strict preference to delay and we can take another

open neighborhood to the left who strictly prefer to delay, etc. Define the monotonic sequence

pη = 1/2 −∑η
n=1 εn. Thus at each step, we know that all p > pη will wait. We claim that the

pη must converge to pl. To show this, suppose instead that pη converged to some p∗ > pl. Then

for every ε > 0 there exists an η such that pη − p∗ < ε. Thus after a finite number η of rounds

of iterative elimination of dominated strategies, all types p ≥ pη wait at (l− 1)r. Also note that

by (9.3) if in addition all p∗ < p < pη waited at (l−1)r then p∗ would have a strict preference to

wait. But since pη − p∗ is arbitrarily small, the probability that pj ∈ (p∗, pη) is arbitrarily small,

implying that for ε sufficiently small, player i with signal p∗ strictly prefers to wait given only

that types p ≥ pη wait at (l − 1)r.

To summarize, the {pl} defined by (9.2) define the cutpoints of the unique equilibrium of

Gr. That is, at each date (l − 1)r all types p < pl have a strict preference to announce, and

all types p > pl have a strict preference to delay. Type pl is indifferent, and thus may choose

to delay with an arbitrary probability. But since the set of indifferent types is of measure zero,

their choices do not affect the expected utilities of other types. Thus the game has an essentially

unique equilibrium, and is dominance solvable.

Proposition 2 For every γ > 0 and r > 0, Gr ends in finite time. That is, there exists k < ∞
such that s∗(p) < kr for all p ∈ [0, 1] in the unique equilibrium s∗.
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Proof. Given the information-symmetry of s∗ from Proposition 1, we confine attention to types

p ≤ 1/2. We can solve (9.2) explicitly for pl = pl(pl−1; δ) to obtain the following.

pl = 1/2
(
1− 1/δ(1− 2pl−1) +

√
(1/δ − 1)(1− 2pl−1)

√
1/δ(1− 2pl−1) + 3− 2pl−1

)
. (9.4)

Thus (9.4) provides a way to recursively solve for the cutpoint pl, given only the previous

cutpoint and the discount factor δ. Let v(δ) = 1/2(3 − 2/δ). It is straightforward to verify

that pl(pl−1; δ) > pl−1 on [0, 1/2), is strictly increasing and concave on [0, v(δ)], and satisfies

pl(v(δ); δ) = 1/2 and pl(0; δ) > 1/δ−1, so that infpl−1≤v(δ) pl(pl−1; δ)−pl−1 = 1/δ−1. Therefore,

the number of cutpoints is bounded above by δ
2(1−δ)

< ∞.

Before proving Theorem 1, we first prove a useful lemma.

Lemma 2 Let k̄(δ) =
ln( (1/δ−1+m(δ))(3−2/δ(1+1/δ−m(δ)))

2(3−2/δ)(−1/δ+m(δ)) )
− ln(1/δ+m(δ))

, where m(δ) =
√

(1/δ − 1)(1/δ + 3). For

every δ < 1, k(δ) ≤ k̄(δ).

Proof. Let v(δ) = 3δ−2
2δ

. Consider the line h(p; δ) through (0, pl(0; δ)) and (v(δ), 1/2). By

concavity of pl(·; δ), h(p; δ)− pl(p; δ) < 0 on (0, v(δ)). The vertical distance from the 45o line to

h(p; δ) is d(p; δ) = c(δ)p + pl(0; δ), where c(δ) = 1/δ−m(δ)
3−2/δ

− 1 ∈ (−1, 0). Consider the sequence

{zk}, where zk+1 = zk +d(zk) and z0 = 0. This sequence would describe the successive cutpoints

if instead of using pl(p; δ) we use the line h(p; δ) to compute cutpoints. Because h(p; δ) lies

strictly below pl(p; δ) on (0, v(δ)), it follows that the first cutpoint zk defined by h(p; δ) to lie

above 1/2 occurs no earlier than the first true cutpoint pk, defined by pl(p; δ) to do so. Using

the linearity of d(·), one can solve the recurrence relation to obtain zk = pl(0;δ)
c(δ)

((c(δ) + 1)k − 1).

The claimed upper bound k̄(δ) is derived by solving the equation zk = 1/2 for k.

Theorem 1 For every γ > 0, Gr ends immediately as the time interval vanishes. That is,

limr→0 rk(δ) = 0.

Proof. Fix γ > 0. By Lemma 2, it is enough to show that limδ→1
−1
γ

ln(δ)k̄(δ) = 0. Applying

L’Hopital’s Rule and re-evaluating the limit proves the result.
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