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Abstract. A transversal generated by a system of distinct representatives (SDR)
for a collection of sets consists of an element from each set (its representative)
such that the representative uniquely identifies the set it belongs to. Theorem 1
gives a necessary and sufficient condition that an arbitrary collection, finite or
infinite, of sets, finite or infinite, have an SDR. The proof is direct, short. A
Corollary to Theorem 1 shows explicitly the application to matching problems.

In the context of designing decentralized economic mechanisms, it turned out
to be important to know when one can construct an SDR for a collection of sets
that cover the parameter space characterizing a finite number of economic agents.
The condition of Theorem 1 is readily verifiable in that economic context.

Theorems 2–5 give different characterizations of situations in which the col-
lection of sets is a partition. This is of interest because partitions have special
properties of informational efficiency.

1 Introduction

A class of sets is said to berepresentable if there is a function that assigns to
each set in the class an element of that set in such a way that no two sets are
assigned the same element. Such a representation is called asystem of distinct
representatives (SDR). In this paper we present necessary and sufficient condi-
tions for the existence of an SDR covering cases in which both the class of sets
and the sets in the class may be infinite.

Our interest in systems of distinct representatives arises from mechanism
design, more specifically, from our construction of an algorithmic procedure for
designing decentralized mechanisms to realize a given goal function. Ordinarily
to come up with a mechanism that solves a given design problem requires the
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designer to have some insight into the problem – an idea for a mechanism that
will meet the given requirements. And ordinarily the designer must then show
that her mechanism does in fact work. An algorithmic procedure for constructing
mechanisms relieves the designer of both of these burdens. Following the steps of
the algorithm results in a mechanism that is guaranteed to work. The algorithm
for constructing mechanisms makes use of systems of distinct representatives.
This is discussed in more detail after the concepts and technical machinery have
been introduced. The algorithmic construction is presented immediately following
Theorem 1. The construction relies on both the result stated in Theorem 1, and
part of its proof.

Research on mechanism design divides into two main branches. One branch
focuses onincentive effects arising from distributed or asymmetric information,
ignoring issues ofinformational feasibility or efficiency, while the other focuses
on the problem of informationally efficient coordination arising from distributed
or asymmetric information, while ignoring incentive issues. There are a few
papers that address both issues together (Hurwicz 1976; Reichelstein 1984; Re-
ichelstein and Reiter 1988). Our algorithm focuses on constructing decentralized
mechanisms with desirable informational properties that realize a given goal
function, ignoring incentive issues.

Roy Radner’s work on mechanism design contains important contributions
to this branch of mechanism design theory, notably his work on Team Theory,
(Radner 1972a–c; Marschak and Radner 1972 and our joint work with Roy on
the B-process.1

Denote by a collection of subsetsK of a setW . (Thus, theK ’s are subsets
of W but elements, sometimes called members, ofC .) A collection C has an
SDR (is representable) if there is a functionΛ that assigns to each setK in C an
element ofK , so thatΛ(K ) ∈ K , andΛ satisfies the condition that ifK ′ /= K ′′

thenΛ(K ′) /= Λ(K ′′).
Not every class of sets is representable, as the following example shows.

Let the underlying setW consist of two elements,a andb. Let the collectionC
consist of three sets,K1 = {a}, K2 = {b}, K3 = {a, b}. Clearly the collectionC is
not representable because it is impossible to have three different representatives
drawn from a set containing only two elements.

P. Hall (1935) gave a necessary and sufficient condition that a class be rep-
resentable when the class contains a finite number of finite sets. Hall’s condition
is that each union ofn elements ofC contain at leastn elements ofW . In the
above example, Hall’s condition is violated because the union of the three sets
has only two elements.

The following example shows that Hall’s ‘counting’ (cardinality) argument
fails when the collectionC of sets is infinite (even just denumerably infinite).

Let the underlying setW be the setN = {1, 2, . . . , ad inf} of natural numbers.
Let the collectionC consist of the singleton sets,{n}n=1,2,... together with the

1 The B-process (Hurwicz et al. 1975) is a decentralized stochastic mechanism that realizes the
Walras correspondence in classical and non-classical environments – environments that can include
indivisibilities and non-convexities, but not externalities.



Transversals, systems of distinct representatives, mechanism design, and matching 291

set N itself, i.e., C = {N , {1}, {2}, . . . , ad inf}. Then the cardinality ofC and
N are the same, but it is clear that there can be no SDR, because each singleton
{n} must be represented by its sole elementn; thus all the elements ofN are
used up representing the singletons and there is no distinct element ofN left to
representN itself. This is a (well-known) counterexample to an analogue, based
on cardinality, of Hall’s theorem for the case of an infinite collection of sets.
Note that not all of the sets inC are finite.

An SDR for a family of sets is closely related to the concept of a transversal.
If Λ is an SDR forC , then the setΛ(C ) is a transversal for C . Mirsky2 (1971)
comments,

“In the transfinite form of Hall’s theorem (referring to Everett and Whap-
les theorem mentioned below), we operate with families of finite sets.
This restriction is extremely irksome as it greatly narrows the field of
possible applications of Hall’s theorem, but it is not easy to see how it
might be relaxed.”

Mirsky goes on to present a theorem of Rado and Jung, discussed in Rado
(1967) which allows an infinite number of sets, just one of which is infinite, but
requires a condition to exclude the counterexample mentioned above.

M. Hall (1948) showed that Hall’s condition holds for an infinite collection
of finite sets. Everett and Whaples (1949) also generalized Hall’s theorem to
the case when the collection of sets may be infinite, but the member sets (the
K ’s) are all finite. Their approach involves representing the collectionC of sets
as an indexed family, so that each member of the collection might be counted
more than once. The cardinality of the index set is not restricted. Their proof is
by transfinite induction, and relies on the finiteness of the sets inC to provide
the bound needed for Zorn’s lemma. Folkman (1968) studied the case of infinite
families with finitely many infinite sets, as did Brualdi and Scrimger (1968). The
problem can also be formulated as the “marriage problem” in societies consisting
of men and women, and studied in the setting of bipartite graphs (see details on
p. 297ff.). Damerell and Milner (1974) gave a criterion for deciding whether a
countable family of sets has a transversal; an alternative criterion was given by
Podewski and Steffens (1976) and Nash-Williams (1978). Shelah (1973) provided
an inductive criterion which together with the other results resolved the issue for
the case of countable collections of countable sets. Aharoni et al. (1983), working
in the setting of bipartite graphs (matching theory) gave necessary and sufficient
conditions that an infinite collection of infinite sets have a transversal.

P. Hall’s criterion for the finite case involves a property of subcollections
of the given family of sets, namely, that the union of every subcollection have
as many elements as there are sets in the subcollection. Hall’s proof of suffi-
ciency uses an inductive argument. The generalization presented in Aharoni et
al. (1983) follows the pattern of Hall’s argument in both respects. Their result is
that a society has a solution to the marriage problem if and only if it does not

2 This concept of a transversal is less restrictive than some used in other parts of mathematics,
e.g., the concept of a transversal to the sets making up a (differentiable) foliation.
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contain any one of a certain set of structures in its subsocieties. Their proof is
by transfinite induction.

In Theorem 1 we provide a necessary and sufficient condition that an arbitrary
(finite or infinite) collectionC of (finite or infinite) subsets of a setW have an
SDR. The Corollary to Theorem 1 covers the case of an indexed family of sets,
a case that more naturally accommodates matching problems. The condition
requires the existence of a correspondenceU (whose range isC and whose
domain is the union of the members ofC , denoted byΘ) that (i) generates C , in
the sense that for eachθ ∈ Θ, U (θ) ∈ C , and for each elementK in C there is
an elementθ ∈ Θ such thatU (θ) = K , and (ii) is self-belonging, i.e., θ ∈ U (θ).
The proof of Theorem 1 is direct, brief and does not involve transfinite induction.
It does use the (equivalent) Axiom of Choice.

In the first of the examples above (pp. 290–291), our condition is violated
because there is no self-belonging correspondence defined on the two-element
union {a, b} of the members ofC = {K1, K2, K3} that generates all three sets.
The second example (p. 291) does not contradict Theorem 1, because the col-
lection C = {N , {1}, {2}, . . . , ad inf} cannot be generated by a self-belonging
correspondence whose domain isN , (which is the union of the members ofC ).

Because our criterion is equivalent to the existence of a transversal for a
family of sets, and so is the criterion given in Aharoni et al. (1983), the two
criteria are logically equivalent. However, they may not be equally useful in
application. In our work on the design of decentralized economic mechanisms
it turned out to be important to know when it is possible to construct an SDR
for a coveringC of a given underlying setW . In models of a decentralized
economy ofN agents,C is a covering ofW = Θ, Θ = Θ1 × · · · × ΘN , and the
elements ofΘi are vectors of parameters characterizing thei -th agent. Hence
W = Θ is called theparameter space. The problem of designing decentralized
mechanisms involves a given goal functionF : Θ −→ Z , whereZ is the space
of outcomes or actions. The problem is to design decentralized mechanisms that
for eachθ ∈ Θ produce the outcome prescribed by the goal function for that
environmentθ. We have developed an algorithmic3 procedure that constructs
decentralized mechanisms (with desirable informational properties) for a given
goal function. The procedure involves two stages. The first, called theRectangles
Method (RM), constructs a covering of the contour sets of the goal functionF
and therefore also a covering of the spaceΘ, by product sets, calledrectangles.

3 Two comments on our use of the term “algorithmic”. The procedure is well-defined, but at
certain steps it may involve solving nonlinear equations. In cases where there is an algorithm for
solving those equations, our procedure is literally algorithmic. But there can be cases where there is
no such algorithm. In such a case it is not uncommon in computer science to assume an “oracle”,
who provides the required solution. With the oracle, it is customary to call the entire procedure
“algorithmic”.

Second, in computer science it is customary to distinguish two types of algorithms, determin-
istic and nondeterministic. A deterministic algorithm produces a specified output from given inputs.
In other words, a deterministic algorithm computes a function. A nondeterministic algorithm also
computes an output from given inputs, but the output can be any member of a specified set. This
is relevant to our model, because the mechanisms involve correspondences, such as the message
correspondence, rather than functions.
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The second stage, called theTransversals Method (TM), involves constructing
a transversal for the coveringC . In the RM construction the coveringC is
generated by a correspondenceU : Θ � Θ. In many cases of interest, the set
W = Θ is infinite and the coveringC is an infinite collection of infinite sets.4

The case where the covering is a partition is of particular interest in the analy-
sis of information efficiency of mechanisms, and it is helpful to know which cor-
respondences generate partitions. When the covering is a partition, the algorithmic
procedure is deterministic5; when there are overlaps, it is non-deterministic.

There are examples in which the (even unique) informationally efficient
mechanisms have coverings that are not partitions.

A characterization of partitions in terms of SDR’s is provided in Theorem 2.
We define a property of correspondences, calledblock symmetry, and show in
Theorem 3 that the coveringC generated by a self-belonging correspondence
U is a partition if and only ifU is block symmetric. Block symmetry is a
strengthening of the property of symmetry of a relation. Symmetry of the gener-
ating (self-belonging) correspondence is not sufficient to ensure that the covering
generated be a partition.

In Definition 6 we introduce the concept of redundant sets in a covering and
the related concept of irreducibility of a covering. These concepts are of interest
in connection with informational efficiency. A member set that can be eliminated
while the remaining sets still constitute a covering is calledredundant. A cov-
ering is irreducible if it contains no redundant sets. Clearly a covering that is a
partition has no redundant sets and hence is irreducible. Theorem 4 characterizes
partitions in terms of symmetry of the generating correspondence and irreducibil-
ity of the covering it generates. Theorem 5 summarizes the equivalencies of the
combinations of conditions in Theorems 2, 3 and 4.

Returning to the concept of reducibility of coverings, it is clear that every
finite covering contains an irreducible subcovering–one with no redundant sets.
Dugundji (1966, p. 161) has given an example of an infinite covering of the
nonnegative real line that does not have an irreducible subcovering. However,
that example is a nested family of sets in which each set in the covering is a
subset of other sets. A family of sets constructed by the RM procedure cannot
have sets that are subsets of others in the family. Therefore Dugundji’s example
does not settle the question whether an infinite collection of sets constructed by
RM has an irreducible subcovering. At this point the question whether infinite
RM coverings have irreducible subcoverings is open (see p. 302ff.).

2 Preliminaries

Remark 1. Let C be a collection of (non-empty) subsets of some setW .

Let Θ = Θ(C ) =
⋃

K∈C

K .

4 A more detailed description of the algorithmic procedure is given below (p. 295ff.).
5 See footnote 3 above.
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ThenC is a covering ofΘ.

Definition 1. A system of distinct representatives (SDR) for a collection C of
subsets is a function such that

∀K ∈ C Λ(K ) ∈ K (i)

(K , K ′ ∈ C , K /= K ′) → Λ(K ) /= Λ(K ′) (ii)

Definition 2. A collection C of subsets of W is said to be generated by a corre-
spondence if and only if there exists a correspondence U : Θ � Θ such that

(1) for every K ∈ C , there is θ ∈ Θ such that K = U (θ), and
(2) for every θ ∈ Θ, U (θ) ∈ C .6

Definition 3. A correspondence V : A � B is called self-belonging if and only
if ∀a ∈ A, a ∈ V (a).

Distinct representatives for an arbitrary collection of subsets

Theorem 1. Let C be an arbitrary collection of subsets of a set W . (By Remark 1,
C is a covering of Θ.) C has an SDR if and only if C is generated by a self-
belonging correspondence U : Θ � Θ.

Proof. To prove sufficiency, supposeC is generated by a self-belonging corre-
spondenceU : Θ � Θ. Then for eachK ∈ C there existsθK ∈ K such that
U (θK ) = K . DefineΛ : C −→ Θ by Λ(K ) = θK . This establishes(i) of Defi-
nition 1. To establish(ii), supposeΛ(K ) = θK = θK ′ = Λ(K ′). It follows from
θK = θK ′ that U (θK ) = U (θK ′ ). ThusK = K ′.

To prove necessity, supposeC has an SDRΛ : C −→ Θ. Then by(i) of
Definition 1, for everyK ∈ C , Λ(K ) ∈ K . We define the generating correspon-
denceU : Θ � Θ in two steps. First, forθ ∈ Λ(C ), let U1 : Λ(C ) � Θ be
given by U1(θ) = K if and only if Λ(K ) = θ. Second, forθ ∈ Θ\Λ(C ) define
U2 : Θ\Λ(C ) � Θ as follows. First, for allθ ∈ Θ, let Cθ = {K ∈ C |θ ∈ K}.
Note thatCθ is not empty, becauseC is a covering ofΘ. Let U2(θ) = K for
some arbitraryK ∈ Cθ. Now, define the correspondenceU by

U (θ) =

{
U1(θ) if θ ∈ Λ(C )

U2(θ) if θ ∈ Θ\Λ(C )

Thus, U is a self-belonging correspondence that generatesC . The Axiom of
Choice is used in both parts of this proof.

The question of existence of an SDR for certain coverings arises naturally
in designing decentralized procedures–mechanisms– to meet (‘realize’) a given
optimality criterion.

6 Hence for everyθ ∈ Θ, U (θ) /= ∅.
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The mechanisms we consider are thosewhose solution outcomes, represented
by elementsz of the ‘outcome space’Z , however arrived at, are optimal. The
criterion of optimality is a goal functionF : Θ −→ Z , whereΘ = Θ1×· · ·×ΘN ;
agent i is characterized by a parameter pointθi ∈ Θi , known only to that
agent, whereΘi is the individual parameter space of agenti . In an economically
important class of cases the spacesΘ and Z are Euclidean, and in simpler
subcases the goal functionF is real-valued. More generally it is a vector-valued
correspondence.

The verification procedure is indirect. It involves an auxiliary spaceM , called
themessage space.7 The procedure is decentralized in the sense that each agent’s
role requires only the knowledge of its own parameter value, and not those of
others.

A mechanism consists of three basic elements: a message spaceM , a binary
verification relationρ, relatingΘ andM 8, and the outcome functionh : M −→ Z
specifying the outcome (action)z appropriate for a given messagem. The verifi-
cation relationρ can be represented by a correspondenceµ : Θ � M , such that
m ∈ µ(θ) if and only if mρθ. We say the mechanism (M , ρ, θ) ‘realizes’ the goal
functionF if F = h ◦µ where the correspondenceµ represents the relationρ. We
call the mechanism ‘decentralized’ if there existN individual correspondencesµi

such thatmρθ is equivalent tom ∈ µi
(
θi

)
, i = 1, . . . , N , andθ =

(
θ1, . . . , θN

)
.

When the mechanism is decentralized, the setUm = {θ ∈ Θ : m ∈ µ(θ)} is the
Cartesian product ofN setsU i

m =
{
θi ∈ Θi : m ∈ µi

(
θi

)}
, i = 1, . . . , N , where

eachU i
m is a subset ofΘi .9

If a mechanism realizesF , the setsUm must cover the parameter spaceΘ.
Hence to construct a decentralized mechanism that realizesF we must find a
covering of Θ through a process such that the equilibrium relationρ is verified
at a given messagem by having each agenti separately check thatθi satisfies
the relationmρi θi , i.e., that m ∈ µi

(
θi

)
. If all these relations are satisfied,

the proposedm qualifies as an equilibrium message, and the outcome function
prescribes the corresponding optimal actionz = h(m).

To carry out this program we proceed in two stages, RM and TM.

Stage 1. The method of rectangles (abbreviated RM). We construct a covering of
the parameter spaceΘ by what we call the method of rectangles, abbreviated RM;
we do this by associating with eachθ ∈ Θ a ‘rectangular’10 contour-contained
(abbreviated F-c-c)11 subsetV (θ) ⊆ Θ containing the pointθ. This construction
produces a covering ofΘ that is generated by a self-belonging correspondence.12

7 In economic market models, prices are elements of such an auxiliary space. It is auxiliary in the
sense that it helps to determine the relationship between the outcomes and the agents’ characteristics
represented by their parameter values.

8 “mρθ” is read as “m is an equilibrium message forθ”.
9 In particular, whenN = 2 and eachU i

m is an interval on the real axis, the setUm is a rectangle.
10 I.e., there existN correspondencesV i on Θi , such that for eachθ ∈ Θ, we haveV (θ) =

V 1
(
θ1

)
× · · · × V N

(
θN

)
.

11 I.e., for eachθ ∈ Θ, V (θ) is a subset of the contour setF−1(F (θ)).
12 It also has the properties (rectangularity and contour-containment) needed to make the resulting

mechanism decentralized and one that realizesF .
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Stage 2. The method of transversals (abbreviated TM). It follows from Theorem 1
that the coveringC = {K ⊆ Θ : K = V (θ), θ ∈ Θ} has an SDR, i.e., a function
Λ : C −→ Θ with the properties specified by Definition 1. However, in describing
the process of mechanism construction, we find it convenient to use a ‘special’
SDR, sayΛ∗, satisfying (in addition to the properties required by Definition 1)
the condition

V
(
Λ∗(K )

)
= K (∗ )

The first part of the proof of Theorem 1 shows that such special SDR’s exist
if the hypothesis of Theorem 1 is satisfied, i.e., if the coveringC is generated
by a self-belonging correspondence. If the covering is a partition, then (∗ ) is
automatically satisfied by any SDRΛ. In general,Λ∗ is not unique.

Let T ∗ = Λ∗(C ) be a (‘special’) transversal corresponding to the (‘special’) SDR
Λ∗. This transversal can be used to construct a mechanismπ = (M , µ, h) that
realizes the goal functionF . This is done by the following steps.

(i) We first use the transversal as the message space of the mechanism, i.e., we
set M = T ∗.13 (One can also use asM a set in 1–1 correspondence with
T ∗.)

(ii) We define the equilibrium correspondenceµ from Θ to M by the equivalence

m ∈ µ(θ) if and only if m = Λ∗ (V (θ)) for someΛ∗ satisfying (∗ ),

whereV is the self-belonging F-c-c correspondence onΘ that generatesC .
(iii) We define the outcome functionh : M −→ Z by the relation

h(m) = F (m) for all m ∈ M .

The mechanismπ = (M , µ, h) so constructed can be shown (using the as-
sumption that the covering it is based on is F-c-c) to realize the given goal function
F . I.e., given anyθ ∈ Θ, there exists a messagem such thatm ∈ µ(θ); and for
any m ∈ M , z ∈ Z , andθ ∈ Θ, if m ∈ µ(θ) andz = h(m) thenz = F (θ).

Notice that this construction does not depend on how the covering and the
transversal are obtained. If the covering has the F-c-c property, and a transversal,
then the mechanism constructed from that transversal realizes the goal function
F .

This mechanism is decentralized when the correspondenceV is rectangular,
i.e., whenV (θ) is the Cartesian product of subsetsV i (θ) of the individual pa-
rameter spacesΘi , i = 1, . . . , N , which is the case in the RM construction. In the
case of a covering that is not obtained by RM, the mechanism is decentralized
when the sets of the covering are rectangular.

13 Typically the message spaceM provided by the transversalT ∗ is ‘smaller’ than the parameter
spaceΘ; e.g., in cases where they each have dimension,T ∗ often has smaller dimension thanΘ.
Hence the use of such a message space increases the informational efficiency of the mechanism.
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3 Families of sets

Matching problems such as the marriage problem (see p. 291) are classical appli-
cations of Hall’s Theorem. Matching problems also arise in economics (see, for
instance, Gale and Shapley 1962; Kelso and Crawford 1982; Roth 1984; Roth
and Sotomayor 1990).

It is not clear that, in the formulation presented so far, Theorem 1 applies to
matching problems. A formulation in which matching problems, such as those
in economic settings, can naturally be stated involves a generalization of the
framework used in Theorem 1. We present the definitions and a Corollary to
Theorem 1 applicable to matching problems.

The marriage problem is a well-known example of a matching problem. In
one version the marriage problem consists of a set of men, a set of women
together with a specification of the women who are possible marriage partners
for a given man, the requirement that each man marry a woman who is a possible
marriage partner, and that no person be married to more than one partner. It is
also required that all men be married, but not that all women be married. The
problem is: Does there exist an assignment of women to men that meets these
requirements in which all men are married? The Corollary to Theorem 1 gives
necessary and sufficient conditions for the existence of such a solution. The proof
of the Corollary “constructs”, – using the Axiom of Choice – a solution.

Definition 4. A family of sets is a set I (the index set) and a correspondence
i �−→ Ki , where for each i ∈ I , Ki is a subset of an underlying set W . We write
K = {Ki |i ∈ I }. In the case where I is the set of natural numbers K is a
sequence of subsets of W .

Definition 1.1. An SDR for a family of sets K is a (single valued) function
Λ : K −→ ⋃

i∈I Ki such that

i) ∀ i ∈ I Λ(Ki ) ∈ Ki

ii) i , j ∈ I , i /= j , implies Λ(Ki ) /= Λ(Kj ).

Definition 2.1.

a) A family of sets K = {Ki |i ∈ I } is generated by a correspondence if and
only if there is a correspondence U :

⋃
i∈I Ki −→ I × W such that

i) for each w ∈ ⋃
i∈I Ki , U (w) ∈ K ,

ii) for each Ki ∈ K there exists wi ∈ ⋃
i∈I Ki such that Ki = U (wi ).

b) A correspondence U :
⋃

i∈I Ki � I × W is self-belonging if and only if for
each w ∈ ⋃

i∈I Ki , w ∈ U (w).

Stating the marriage problem formally, letI be the set of men; letW be the set
of women. For eachi ∈ I let Ki be the set of women who are possible marriage
partners for Mr.i . The family of setsK = {Ki |i ∈ I } is thereby defined. A
solution of the marriage problem is given by an SDR,Λ, for K . Thus, the
marriage problem has a solution if and only if the familyK has a transversal,
Λ(K ); if w ∈ Λ(Ki ), then womanw will be married to mani .
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Corollary to Theorem 1. Let Θ be a family of subsets of W. K has an SDR , Θ,
if and only if Θ is generated by a self-belonging correspondence Θ.

The proof of the Corollary parallels the proof of Theorem 1.

Proof.(⇐) SupposeK is generated by a self-belonging correspondenceU . For
eachi ∈ I andKi , there existswk ∈ ⋃

i∈I Ki such thatU (wk ) = Ki . BecauseU
is self-belongingwk ∈ Ki . Now, for Ki ∈ ⋃

j∈I Kj , defineΛ(Ki ) = wki . Therefore
Λ :

⋃
i∈I Ki −→ I × W . This establishesi) of Definition 1.1. Next we establish

ii) of Definition 1.1.
SupposeΛ(Kl ) = wKl = wK ′

j
= Λ(K ′

j ). Then,U (wKj ) = Kl andU (wKj ) = K ′
j .

It follows that Kl = K ′
j .

(⇐) We turn now to the converse. SupposeK has an SDR,Λ. Then for every
Ki ∈ K , Λ(Ki ) ∈ Ki . DefineU :

⋃
i∈I Ki −→ K , by

U1 : Λ(K ) −→ K

U2 :
⋃
i∈I

Ki \Λ(K ) −→ K

where, U1 is given by U1(wi ) = Ki if and only if Λ(Ki ) = wi . To define
U2, let w ∈ ⋃

i∈I Ki \Λ(K ). Let Kw = {Ki ∈ K |w ∈ Ki ; i ∈ I }. Then, let
U2(w) = Kj for some arbitraryj such thatKj ∈ Kw. DefineU by

U (w) =




U1 if w ∈ Λ(K )

U2 if w ∈
⋃
i∈I

Ki \Λ(K )

The correspondenceU (•) is self-belonging and generatesK . (End of proof.)

4 Characterizations of partitions

In this section we consider coveringsC of Θ generated by a self-belonging
correspondenceU : Θ −→ Θ. As indicated above (pp. 292–293), in the process
of constructing economic mechanisms – especially its second phase (TM or a
counterpart) –, there are significant advantages in dealing with partitions, i.e.,
with coverings ofΘ that are free of overlaps. We therefore seek conditions
ensuring that the covering generated byU is a partition.

For example, correspondence that are associated with decentralized mecha-
nisms in some cases generate partitions but – in others – coverings with overlaps.
Overlaps can also arise in other settings. For example, in the marriage problem
the covering would typically have overlaps – a woman might be an eligible
partner for more than one man.

If the covering generated by the correspondenceU is a parttion, theU has
the property ofsymmetry:

θ′ ∈ U (θ) if and only if θ ∈ U (θ′). (∗ )
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But symmetry of the correspondenceU is not in general14 sufficient to ensure
that the covering it generates is a partition.

If a collection of setsC is a covering ofΘ, and is a partition, is it generated
by a correspondence,U : Θ � Θ? Clearly, yes, but what conditions mustU
satisfy if C is a partition? It is obvious that ifC is a partition then it has an
SDR. Is there any special property that an SDR for a partition has? Theorems 2,
3 and 4 provide answers to these questions. For the record,

Definition 4. A collection C of sets (equivalently a covering C of Θ) is a parti-
tion, if and only if, for K , K ′ ∈ C , either K ∩ K ′ = ∅, or, K = K ′.

The following characterization of partitions in terms of SDR is straightforward
to prove.

Theorem 2. A covering C of Θ is a partition if and only if every function Λ :
C −→ Θ that satisfies

∀ K ∈ C , Λ(K ) ∈ K , (A)

is an SDR for C .

Proof. (Necessity). SupposeC is a partition, and supposeΛ : C −→ Θ satisfies
(A). We show thatK , K ′ ∈ C , K /= K ′ implies Λ(K ) /= Λ(K ′). SupposeK , K ′ ∈
C , and K /= K ′. Since C is a partition,K ∩ K ′ = ∅. Since Λ satisfies (A),
Λ(K ) ∈ K , andΛ(K ′) ∈ K ′. Hence,Λ(K ) /= Λ(K ′). Thus,Λ(•) is an SDR for
C .
(Sufficiency) Suppose that every functionΛ : C −→ Θ that satisfies (A) is an
SDR forC . Because the setsK ∈ C are not empty there are many such functions.
We choose one such function,̄Λ, if necessary using the Axiom of Choice. Thus,
Λ̄ is an SDR forC .

If C is a partition, there is nothing to prove. So supposeC is not a partition.
Then there exist two setsK ′ andK ′′ in C such that

K ′ ∩ K ′′ /= ∅ , (a)

K ′ /= K ′′ . (b)

By (a), there is a pointθ′ ∈ Θ, such thatθ′ ∈ K ′ andθ′ ∈ K ′′. Now define the
function Λ′ : C −→ Θ by

Λ′(K ) = Λ̄(K ), for all K ∈ C\{K ′, K ′′} ,

and
Λ′(K ′) = Λ′(K ′′) = θ′ (∗ )

Then, for allK ∈ C , Λ′(K ) ∈ K . Therefore (1) is satisfied. But, by(b), K ′ /= K ′′,
and by (∗ ), Λ′(K ′) = Λ′(K ′′). Therefore,Λ′ is not an SDR forC .
This completes the proof.

14 We have shown elsewhere that when the covering is generated by the so-calledreflexive rectan-
gles method of mechanism construction, then the symmetry ofU is sufficient.
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We next give a characterization of partitions in terms of the generating corre-
spondence. First, we define a property that we show is a property of correspon-
dences that generate partitions.

Definition 5. Let θ̄, θ′, θ′′ denote points of Θ. A correspondence U : Θ −→ Θ,
is block symmetric if and only if[

θ′ ∈ U (θ̄) and θ′′ ∈ U (θ̄)
]

=⇒
[
θ′ ∈ U (θ′′) and θ′′ ∈ U (θ′)

]
(B)

We show below that block symmetry is a strengthening of the concept of sym-
metry of relations. The term ‘block symmetric’ is used because, when (B) is
satisfied, there is a permutation of the elements ofΘ such that the graph ofU
consists of blocks, (‘squares’) with the ‘northeast’ and ‘southwest’ vertices on
the diagonal ofΘ × Θ.

Theorem 3. A covering C of Θ is a partition if and only if C is generated by a
block symmetric, self-belonging correspondence U : Θ � Θ.

Proof. (Necessity). SupposeC is a partition ofΘ. ThenC has an SDR. To see
this, defineΛ(K ) to be any element inK . BecauseC is a partition,K /= K ′

implies Λ(K ) /= Λ(K ′).
BecauseC has an SDR, it follows from Theorem 1, thatC is generated by a

self-belonging correspondenceU : Θ −→ Θ. It remains to show thatU is block
symmetric.

Let θ̄, θ′, θ′′ be elements ofΘ satisfying the hypothesis of (B), i.e., let

θ′ ∈ U (θ̄) andθ′′ ∈ U (θ̄) . (i)

To prove (B) we show that

θ′ ∈ U (θ′′), andθ′′ ∈ U (θ′) . (ii)

The relations (i) and the self-belonging property ofU yield

θ′ ∈ U (θ̄) ∩ U (θ′) (iii.a)

and
θ′′ ∈ U (θ̄) ∩ U (θ′′) . (iii.b)

SinceC is generated byU , there existK̄ , K ′, K ′′ ∈ C such that

K̄ = U (θ̄), K ′ = U (θ′), K ′′ = U (θ′′) (iv)

SinceC is a partition,
K̄ ∩ K ′ = ∅, or K̄ = K ′

K̄ ∩ K ′′ = ∅, or K̄ = K ′′ (v)

But the relations (iii.a) and (iii.b) rule out the emptiness of the intersections
K̄ ∩ K ′ and K̄ ∩ K ′′. HenceK̄ = K ′ and K̄ = K ′′. By (iv), this yields

U (θ̄) = U (θ′)
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and

U (θ̄) = U (θ′′)

Using each of these relations in (i) yields the corresponding relation in (ii), and
henceU is block symmetric.

This concludes the proof of necessity.

(Sufficiency) Suppose thatC is generated by a block symmetric, self-belonging
correspondenceU : Θ −→ Θ. We show thatC is a partition, i.e., that for every
K , K ′ ∈ C eitherK ∩ K ′ = ∅, or K = K ′.

Let K and K ′ be elements ofC . If K ∩ K ′ = ∅ there is nothing to prove.
So, suppose there is̃θ ∈ K ∩ K ′. Then, sinceC is generated byU , there are

elements,θ̂ and ˆ̂θ in Θ such thatK = U
(
θ̂
)

, andK ′ = U
(

ˆ̂θ
)

. Thus,

θ̃ ∈ U
(
θ̂
)

and θ̃ ∈ U
(

ˆ̂θ
)

.

It follows from (B) andθ̃ ∈ U
(
θ̄
)

that

∀ θ ∈ U
(
θ̂
)

, θ ∈ U
(
θ̃
)

.

Therefore,

U
(
θ̂
)

⊆ U
(
θ̃
)

.

Now, sinceθ̂ ∈ U
(
θ̃
)
, becauseθ̂ ∈ U

(
θ̂
)

, by self-belonging, andU
(
θ̂
)

⊆
U

(
θ̃
)

as just shown, it follows from (B) of Definition 5 (witĥθ here correspond-
ing to θ′ in (B), θ to θ′′, and θ̃ to θ̄ in (B)) that

∀ θ ∈ U
(
θ̃
)
, θ ∈ U

(
θ̂
)

.

Thus,

U
(
θ̂
)

⊇ U
(
θ̃
)

.

Therefore

U
(
θ̂
)

= U
(
θ̃
)

.

The same argument applied toU
(

ˆ̂θ
)

andU
(
θ̃
)

shows that

U
(

ˆ̂θ
)

= U
(
θ̃
)

.

Therefore,

K = U
(
θ̂
)

= U
(

ˆ̂θ
)

= K ′ .

This concludes the proof.
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Remark 2. Block symmetry of a correspondence is a strengthening of the usual
notion of symmetry of a relation applied to the graph of the correspondence.
Symmetry may be defined by the condition

θ′ ∈ U (θ̄) ⇒ θ̄ ∈ U (θ′) . (S)

To see that (B) implies (S), supposeU is block symmetric. Supposeθ′ ∈ U (θ̄).
We show thatθ̄ ∈ U (θ′). The hypotheses of (B) in the definition of block
symmetry are satisfied forθ′, θ′′, θ̄, whereθ′′ = θ̄. Therefore,θ′′ = θ̄ ∈ U (θ′).

The following example shows that symmetry of the generating (self-belonging)
correspondence is not sufficient for the covering it generates to be a partition.

Example 3. Let Θ = {a, b, c}, and letU (a) = {a, b, c}, U (b) = {a, b}, U (c) =
{a, c}. ThenU is self-belonging and symmetric, but the covering it generates is
not a partition. However, in this example the covering is reducible in the sense
of the following definition.

Definition 6. An element of a covering C of Θ is redundant if eliminating that
element from C still leaves a covering of Θ. A covering is irreducible15 if it has
no redundant elements; otherwise it is reducible.

If C is a finite covering, then it has an irreducible subcovering, which might
be C itself. If C is not irreducible then it has a redundant element. WhenC
is finite, successive elimination of redundant elements must eventually result in
an irreducible subcovering. This is not true whenC is infinite, as is shown by
Dugundji’s example (1966, p. 161).

The coveringC in Example 3 can be reduced in two different ways. First
to the coveringC ′ = {{a, b, c}}, which is generated by the (constant) cor-
respondenceU ′(θ) = {a, b, c}, for θ ∈ {a, b, c}, and, second, to the cover-
ing C ′′ = {{a, b}, {b, c}}, which is generated by the correspondenceU ′′(a) =
U ′′(b) = {a, b} andU ′′(c) = {b, c}. Both C ′ andC ′′ are irreducible, andU ′ is
symmetric, whileU ′′ is not. Of course,C ′ is a partition andC ′′ is not.

While symmetry is not enough to guarantee that the covering generated by a
self-belonging correspondence be a partition, it is the case that if the covering is
irreducible, then symmetry ensures that it is a partition. The converse also holds.

Theorem 4. Let C be a covering of Θ. C is a partition if and only if (i) C is
generated by a self-belonging, symmetric correspondence U : Θ � Θ, and (ii)
C is irreducible.

Proof. (⇐) Suppose (i) and (ii) hold. We show thatU is block symmetric, and
hence, by Theorem 3, thatC is a partition. To show thatU is block symmetric
we must show thatU satisfies[

θ′ ∈ U (θ̄) andθ′′ ∈ U (θ̄)
]

⇒
[
θ′ ∈ U (θ′′) andθ′′ ∈ U (θ′)

]
(B)

So, suppose that̄θ is an arbitrary point ofΘ,and considerU (θ̄). Let

15 The term “irreducible” applied to a covering was introduced by Dugundji (1966) p. 160.
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E (θ̄) =
{
θ ∈ U (θ̄) : U (θ) = U (θ̄)

}
and

D(θ̄) =
{
θ ∈ U (θ̄) : U (θ) /= U (θ̄)

}
Note thatU (θ̄) = E (θ̄) ∪ D(θ̄), andE (θ̄) ∩ D(θ̄) = ∅.

Either D = ∅, or D /= ∅.
SupposeD /= ∅. We shall show thatD /= ∅ leads to the conclusion that the

setK = U (θ̄) is redundant, thereby contradicting (ii).
Consider θ̄ ∈ U (θ̄). Either θ̄ ∈ E (θ̄), or θ̄ ∈ D(θ̄). If θ̄ ∈ D(θ̄), then

θ̄ ∈ ⋃
θ∈D(θ̄) U (θ).

Now suppose that̄θ ∈ E (θ̄). ThenU
(
θ̄
)

= U (θ̄). Let θ̂ ∈ U
(
θ̄
)

. If for all

θ̄ ∈ E (θ̄), and all θ̂ ∈ U
(
θ̄
)

θ̂ ∈ E (θ̄), then D(θ̄) = ∅. So we may suppose

that θ̂ ∈ D(θ̄). Since, by symmetry,̄θ ∈ U (θ̂), it follows that θ̄ ∈ ⋃
θ∈D(θ̄) U (θ).

Sinceθ̄ is an arbitrary point ofU (θ̄), we have shown thatU (θ̄) ⊆ ⋃
θ∈D(θ̄) U (θ).

In order to conclude thatK = U (θ̄) is redundant, we must show that not every
setU (θ), for θ ∈ D(θ̄), is equal toU (θ̄). But this follows immediately from the
definition of D(θ̄).

Thus, we have shown that ifD(θ̄) /= ∅, thenU (θ̄) is redundant, contradicting
(ii). Therefore, we may conclude thatD(θ̄) = ∅.

It then follows from the hypotheses of (B), i.e., thatθ′ ∈ U (θ̄), and θ′′ ∈
U (θ̄), that θ′ ∈ U (θ′′) andθ′′ ∈ U (θ′), since it follows fromD(θ̄) = ∅, that for
every θ ∈ U (θ̄), U (θ) = U (θ̄), and henceU (θ′) = U (θ̄) = U (θ′′). Thus, (B) is
satisfied. HenceU is block symmetric, and by Theorem 3,C is a partition.
(⇐) SupposeC is a partition. A coveringC is a partition if and only if it is
generated by a block symmetric, self-belonging correspondenceU : Θ −→ Θ.
Since block symmetry implies symmetry,U is symmetric. Finally, ifC is a
partition, then it is irreducible. This establishes (i) and (ii).

Theorems 2, 3 and 4 may be summarized in Theorem 5.

Theorem 5. The following four propositions are equivalent:

1) A covering C is a partition;
2) Every function Λ : C −→ Θ that satisfies condition (A) is an SDR for C ;
3) C is generated by a block symmetric, self-belonging correspondence U :

Θ � Θ;
4) C is an irreducible covering generated by a symmetric, self-belonging corre-

spondence U : Θ � Θ.
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