CHAPTER 38

A Modular Network Model of
Bounded Rationality

Kenneth R. Mount and Stanley Reiter

Introduction

Many phenomena of economic behavior and economic institutions that
are still not well understood might be better analyzed via theories that
take into account limitations on the ability of humans to calculate and
reason. It has been thought since the 1930s that limitations on informa-
tion processing capabilities of individuals are fundamental to the exis-
tence, structure, and functioning of such economic organizations as firms
(see, e.g., Kaldor 1934). If there were no restrictions on the ability -of
human beings to process information (i.e., to observe, communicate, and
compute) then there would be no need for multi-person administrative
organizations. Physical and technological limitations require that pro-
duction involve sharing of tasks among many individuals. The efficien-
cies resulting from division of labor and specialization create a need for
coordination of effort in production. In the absence of information pro-
cessing limitations, decision making would not in itself require multi-
person information processing. The complex internal structures of firms
and other administrative organizations cannot be understood without
recognizing that information processing tasks therein are distributed
among individuals.

The distribution of information which arises in part as the result of
limitations on human information processing also contributes to incen-
tive problems, because it can create sources of private information. The
analysis of incentives is usually done in game models, typically under the
assumption that players are fully rational individuals. This kind of model
has often led to new insights into strategic situations that were previ-
ously not well understood. If this were always or even generally the case
then there would be little pressure to complicate the analysis by intro-
ducing considerations of bounded rationality. But often, indeed typically,
solutions of repeated games of imperfect information consist of very
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large sets of equilibria in which any possible cutcome is an equilibrium
(the folk theorem). Rationalizing equilibria often involves complex
strategic reasoning by the players. The combination of unsatisfactory
results and perhaps unreasonable assumptions has led some game theo-
rists to introduce limitations on the ability of a player to figure out his
or her strategy (i.e., limitations on the rationality of players) and thereby
reduce the size of the set of equilibria.'

Simon (1972, 1987) has advocated that economic theory take into
account the boundedness of human rationality. This has stimulated
explorations of organization via behavioral models rather than the ratio-
nal behavior models based on optimization that are the norm in eco-
nomic theory. On the other hand, Coase’s {1937) hypothesis — that
economic institutions are to be understood as optimal adaptations to
constraints that limit the possibilities of contracting and exchange —
remains the way most economists think about institutions and behavior.
The transactions costs approach to institutions, specifically the firm, is in
the spirit of this kind of theory, though 1t is not expressed in a formal
model (cf. Williamson 1975).

To carry out the program indicated by Coase’s principle, a theory of
institutions should be one in which an institution or organization
emerges as a solution of a constrained optimizaticn problem. For this it
is necessary to have a formal model of information processing, including
computing, in which the relevant limitations can be expressed and their
consequences analyzed. Information processing necessary to achieve
coordinated economic action includes observation, communication, and
computing. Communication among econormic agents who know or can
observe different parameters of the environment has been studied for-
mally in the literature on decentralized mechanisms, starting with Arrow
and Hurwicz (1959) and Hurwicz (1960), and in the literature on team
theory. The literature on message-space theory in economtics is surveyed
in Marschak (1986) and in Hurwicz (1986). The same problem has been
studied in computer science by Abelson (1280) and in the discrete case
by Yao (1979) under the name “communication complexity.” In contrast
to the literature on communication, computation has received much less
attention in economic theory.

The question is: How does one formalize limitations on rationality? A
natural first step is to restrict attention to systematic reasoning, such as
algorithmic processes as distinct from creative processes or leaps of intu-

a bad thing. Models
Hutions ofr organi-
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with unique solutions are not capable of explaining why different
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itive thought. Having done that, it is natural to turn to computer science
for guidance. The Turing machine model — and its finite memory version,
the finite state sequential machiuc — or finite automaton are basic rep-
resentations of algorithmic processzs. The finite automaton model is
perhaps the one that has received the most atteniion in economics, and
has been particularly well-studied in game theory. Economists have
applied the finite automaton model in a number of attempts to analyze
the complexity of decision making and the functioning of economic orga-
nizations (cf. Futia 1977). The more recent applications of that model in
game theory, especially in repeated games, seem to have been motivated
by the problem of too many equilibria (Aumann 1981). Because strate-
gies in a (repeated) game are functions from information to actions,
restricting the number of states available to a player may restrict the set
of strategies that ace effectively available to that player, and therefore
may restrict the set of equilibria of the game (see Nevman 1985, Abreu
and Rubinstein 1988, and Rubinstein 1979, 1986).

Kalai and Stanford (1988) introduced a concept of complexity of
a repeated game strategy which is defined independently of the
concept of automaton. This concept, which classifies strategies into those
whose complexity is n for each natural number 7, permits restriction
of the rationality of a player to be expressed by the condition that the
only strategies available to a player are those whose complexity is at
most 7.2

The explorations in game theory using finite automata to model
players captures some aspects of the complexity or the computational
difficulty of a function or problem, bui it seems that other aspects of com-
putational difficuity that appear to be particularly important when
human beings are doing the thinking or problem soiving are not con-
vincingly deait with. Oune difficulty scems to be that the tnodels involve
a depth of reduction so fine that it seems unconvincing when applied to
computations performed by human beings. Some investigators have
turned to the “perceptron” (Minsky and Papert 1988), a kind of neural
network (Hopfield 1982), as an alternative way of modeling computa-
tional limitations of players (see, e.g., Rubinstein 1993, Cho 1993a,b, and
Cho and Li 1993).

Furthermore, another difficulty with applying the finite state automa-
ton model more generally in economics is that the functions computed
by them are discrete functions; that is, the domain and range of such a
function are both discrete sets. This corresponds to the fact that the

* It turns out that the Kalai-Stanford complexiiv of a strategy is equal to the smallest
number of states of a finite automaton that can compute that strategy.
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inputs to a sequential machine are strings of symbols from a finite alpha-
bet, such as {0, 1}, and so are the outputs. This poses no special difficulty
in, for example, repeated games in which the stage game (the game being
repeated) is a matrix game, but models in other economic settings com-
monly include functions whose domains and ranges are continua - for
example, decision rules that describe behavior of consumers, whether or
not strategic. The finite state sequential machine model cannot be
applied directly to such functions.

The modular network model of computing is intended to permit analy-
sis of computations performed by human beings (with or without the
assistance of computing machines), to be applicable in standard eco-
nomic models, to allow limitations on computing capabilities to be
expressed formally, and to give some degree of control over the level of
reduction of analysis required. This model was first proposed in Mount
and Reiter (1982). Analysis of the model and its connections with stan-
dard models of computing are developed further in Mount and Reiter
(1990), and some connections with models that study communication are
examined in Mount and Reiter (1993). The modular network model is
based on the neural network model of McCulloch and Pitts (1943) and
Arbib (1969), and is an extension of that model in several respects. First,
it permits computation with real numbers. Second, the set of elementary
operations — which in the McCulloch-Pitts model are Boolean functions,
including functions with thresholds — are permitted to be vector-valued
functions of real variables. The set of elementary operations (functions)
is a primitive of the model; that is, it can be specified by the modeler to
suit the application in hand. The same is true of the topology of the
network. Therefore, the level of reduction of analysis is controlled by the
modeler in each application. These features facilitate the application of
the model to human agents and to economic models. They also provide
formal entities with which to express limitations on computing powers
of individuals or other agents. Being a network model, the possibilities
of parallel computation are readily expressed, and so is the dispersion of
information. In economic terms the latter refers to the dispersion of
information among agents (private information) or, in computing terms,
to distributed memory.

When the alphabet is finite and the set of elementary operations con-
sists of Boolean functions, the modular network model becomes equiv-
alent to the finite automaton model in the sense that, for every such
modular network, there is an equivalent finite automaton and vice versa.
Furthermore, the complexity of a (continuous) function (of real vari-
ables) as measured in the modular network model (explained in what
follows) is the limit of a sequence of complexities of finite approxima-
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tions to that function as measured by finite (McCulloch-Pitts) networks,
which, as we have said, are equivalent to finite automata.

A modular network is a model of the computation of a tunction (i.c..
of an algorithm for computing a particular function) without regard tc
how that computation is further organized. In order to apply the modei
in the context of multi-person organizations, it is necessary to introduce
additional structure. This is done by expiicitly introducing computational
resources to carry out the required computations, each computational
agent being characterized by her set of elementary operations (compu-
tational capabilities) and by restrictions on the dispersion of initial infor-
mation (who may observe what input variables or, in economic terms,
environmental parameters). In that model, the problem addressed is how
best to organize economic activity in a given environment. For example,
given the specification of technological possibilities, in what organiza-
tional units (“firms”) should production be organized, and how big
should they be? This analysis is very briefly summarized in the last
section of this paper (see also Reiter 1995).

The aim of this chapter is to provide an informal, intuitive presenta-
tion of the modular network model, emphasizing motivation and basic
ideas. The exposition is aimed at communicating the model and the ideas
embodied in it with a minimum of technical apparatus. We focus here on
the use of modular networks to model computations carried out by a
human being, illustrating the use of the model by examples. Formal def-
initions, theorems, and preofs can be found in Mount and Reiter (1982,
1993). Its use in a theory of the structure of firms can be found in Reiter
(1995).

The recent work of Radner and of Van Zandt explores information
processing within administrative organizations (firms). In Radner (1993,
Radner and Van Zandt (1992), and Van Zandt and Radner (1995), the
model of computing is one in which the elementary operations consist
of binary associative operations on real numbers, such as addition of two
numbers. The computational task tacing the firm is to evaluate a given
function at a given value of its multi-dimensional argument, using the
processors available. The inputs to the function to be computed are avail-
able to any processor without restriction other than its capacity. In these
features the model is a modular network model. However, they consider
a problem in which a sequence of function evaluations must be made
over time; in each of a succession of periods, a new “cohort” of values of
the arguments of the function to be evaluated arrives at the input nodes
of the network. The question addressed is how best to organize the
sequence of computations when the costs of information processing
depend on the time it takes to carry out the computation and the number
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of processors used. They alsc study returns to scale in such computations
in relation to the problem of firm size and structure. Van Zandt (1995)
has studied models in which the elementary operations are those carried
out by simple computers called PRAMS.

Computing over the real numbers makes possibie the use of classical
mathematics. The modular network model and its analysis presented
here (and in the references given) is related to certain classical problems
in mathematics. In particular, the modular network model is related to
Hilbert’s thirteerth problem, and to the analysis of superpositions of
functions carried out by Kolmogorov and Arnold. These connections are
discussed in Section 5 (see also Bluim, Shub, and Sinale 1989).

There are nine sections in this chapter. Section 1 consists of a brief
sketch of the modular network model of computing. Section 2 discusses
the first of two examples of computing in which both humans and
machines are elements of a network; Section 3 is the second of the exam-
ples in which both machines and humans are involved in a computation.
Sections 4 introduces some simplifying assumptions that are used in
Sections 5 and 6. Section 5 discusses the connection that the definition
of complexity arising {rom the network model has with the mathemati-
cal studies of superposition (or furction composition) and includes a
statement of the Leontief-Abelson theorem. In some special circum-
stances one can determine uniquely, to within a special equivalence, a
network that computes a given function in the least possible time. Section
6 gives an example of the construction of such a network for a special
function of eight variables, and Section 7 discusses the selection of the
modules of the network of Section 6 as the soluticns of a system of equa-
tions. In Section § we analyze the complexity of computing the equilib-
rium price for an Edgeworth box economy. Section 9 concludes with a
brief account of the application of the model of computing to a theory
of the structure of organizations that process information for decision
making.

1 The Modular Network Model of Computing

A modular network is specified by a set of elementary operations, and
a directed graph (digraph) that shows constraints that the algorithm
mmposes on the order (partial) in which elementary operations can
be performed. Some operations can be carried out in parallel, whereas
others must follow & particular order. Viewed in another way, a modile
(embodying an elementary function) can be visualized as a black beox
with possibly many input lines and one cutput line, taking one unit
of time to compuie ifs ouiput trom ats inputs. A modular networi
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consists of modules wired together subject to the condition that each
input wire of a module be connected to at most one output wire of a
module.

An example is useful. The diagram in Figure 1 represents a (2,1)-
network @. The class F, of functions used in the network consists of four
functions of the two real variables A and B:

Fe = {A + B, AB, A/ B, identity function}.

Each vertex of the digraph that represents ¢ is denoted by a box with
a label that indicates the function assigned to that vertex. The vertices
are labeled with upper-case letters (rather than lower-case) identifying
the modules; L, and L, are the input vertices of the network, while the
output vertex of the network is labeled Fs. Each arc of the digraph is
labeled by a letter. We use the same labeling for a variable and for the
arc that transmits the value from the module that outputs that variable
to the one that receives it as an input (this is represented more precisely
in Section 6).

We consider next how the F,-network @ computes. We have assumed
that the output of a module f appears one unit of time after it receives
its inputs. The state of an F-network is an array whose entries are the
states of the modules of the network in some prescribed order. We
assume that the network is initially in some fixed state 0. A network with
s input lines that is in state ¢’ acts on each s-tuple placed on the s input
lines. If an s-tuple of values is placed on the network input lines, the
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Table 1. Table of States

L, L, F, F, F,

c 0 0 0 1 0

{

0 x y 0 i o

1 X y x (1+ )’) 0

2 x oy x(1ty) (1+x+y) x/(1+y)
x(1+y)

3 x y x(1+x+y) (1+x)(1+)y) m
x(1+x+y)

4 x v {1+ aj{1+y) (1+y+x(l+x+y)} m

x(1+x)(1+y)
S x y x(1+x+y+x2+xy) (1+y)(l+x+x2) (1+_V+x(1+x»i—y))

network will undergo a sequence of changes of state over time. (We
assume that if the s-tuple of values on the input lines of the network is
changed. the network returns to the fixed initial state o for the start of
the new computation.) As long as the values of the s-tuple on the
network input lines remains unchanged, the values produced by the
network at the network output vertices at the end of any interval of time
are functions of the s-tuple on the network input lines.

Let the initial state in Figure 1 be ¢. Assume that, in the initial
state o, the vertices L;, L,, Fy, F5, F5 have the values 0,0,0,1,0, respec-
tively. We represent the initial state o by the row matrix (00010). Table
1 shows the sequence of changes of state over time as the network @
computes.

Table 1 can be read as follows. The entry 0 in the column labeled F,
and the row o is the state of F, in the initial state o of the network. The
second row of Table 1 indicates the new state of the network at time ¢ =
0. At that time, the input lines of the network are changed to the state
in which input vertex L, has state x and input vertex L, has state y; that
is, the values x and y are placed on the respective input lines at time 0.
During the period from ¢ =0 to 1 =1, the state of the network changes
to a new state in which the state of F) is the value of the module F;(A,
B) = AB.Because, at t = 0, the line A has the value x and B has the value
1 (which is the imtial state of the vertex F%), it follows that F; changes to
the state x at 1= 1.
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After four units of time (i.e., when ¢ = 4, starting from the time that x
and y were first placed on the network input lines), the output line F;,
corresponding to the module F;, carries the value

N x(l-f—x-l—y)
)

\

and t =4 1s the earliest time at which this value appears on the output
line of the network. The network ¢ is said to compute the function 4 in
four units of time.

Generally, a modular network ¢ is said to compute a function F in time

t from initial state o if, for each sequence of values (ay, . . ., a,) assigned
constantly to the network for ¢ units of time. the value on the output lines
of the network at time / is the function value F(a,, . .., a,). Usually one

is interested in the least iime in which a network can compute a
function.

It is clear that the least time needed to compute F depends both on
the class of elementary operations allowed in the network and the topol-
ogy of the digraph that represents the network.

As we have indicated, a module represents an elementary computa-
tion. The class of elementary functions is a primitive of the modular
network model. That is, it plays the role of an undefined term in an
axiomatic system, such as the term “commodity” in a general equilibrium
system, say, as constructed by Debreu {1959). Thus, the set of elementary
operations can be different in different applications of the model. For
example, what is considered to be elementary may vary with the avail-
able means for computing. In some circumstances the basic artthmetic
and logical operations may be taken to be the only elementary opera-
tions. In other circumstances - say, when the computing is to be done by
a person equipped with a personal computer and a program for finding
the roots of a polynomial of given degree p in n variables — then a user
of the model might want to consider finding roots of such polynomials
an elementary operation.

We may want to consider a class of algorithms rather than a particu-
lar one, for example, all algorithms corresponding to a neural network
with one hidden layer and a given number of input modules. This is
expressed by a constraint on the topology of the digraph. We also include
the possibility that the functions assigned to the vertices of the digraph
may be restricted. For example, in some cases the digraph is restricted
to be a tree with the function assigned to the root required to be linear
even when the set of elementary operations is not confined to linear
modules. Another example is the set of restrictions that define modular
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networks that are simple perceptrons. These restrictions include both the
topology of the network and the assignment of modules to vertices of
the digraph. Thus, the structure of the allowable class of networks is also
a primitive.

That the set of elementary functions is a primitive of the model gives
the modeler control over the level of resolution of analyses done with
the model. Once the set of elementary operations is specified, aralysis
of a function requires reduction of the computation to the level of ele-
mentary operations. For example, if the elementary operations are the
basic logical and arithmetic operations on {0, 1}, then an algorithm for
computation of a function must be expressed as a concatenation, perhaps
with foops and branches, of binary operations. When computations are
carried out by human beings in the context of an economic model,
the level of reduction required by such an analysis can be impractically
fine.

A commonly used notion of the complexity of a computation is the
time it takes to carry it out. When an algorithm is represented in terms
of sequence(s) of operations, the complexity of a function computed by
that algorithm is related to the length of the longest such sequence or,
alternatively, the average (in some sense) length of all sequences that
might arise in the computation of the function. Since the objective is to
find a model that allows computational limitations of human beings to
be brought into the analysis, and since human beings can casily do some
things that are difficult for computers to do (and vice versa), it seems
desirable not to require that the elementary operations that are used to
model computers also be used to model humans. This supports the idea
of making the set of elementary operations a primitive.

The set of elementary functions provides the model with a formal way
of expressing limitations on computational powers. The set of functions
allowed to be modules might include, for example, Boolean functions,
Heavyside or threshold functions, smooth functions, polynomials of no
more than a specified degree, or real analytic functions. (For some
purposes it is appropriate even to regard continuous functions as
elementary.) In particular, the class of elementary operations can also
formalize other limitations on computational abilities. For example,
psychologists have pointed out that the number of things a person can
pay attention to at the same time is limited (Miller 1956, Rosenblatt
1962). This limitation on computational powers can be expressed by the
condition that an elementary operation can be a function of no more
than a specified number of variables. Let F be the class of elementary
operations. We call a modular network with elementary operations in
the class Fan F-nerwork. If the number of variables that an elementary
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function can have as arguments is restricted, say to r variables each of
which can be at most d-dumensional (here we have in mind ren!
variables), then we call the network an (r, d)-network with modules in ¥
Where there is no ambiguity, we cmit explicit reference to F.

The complexity of a function relative to an JF-network 1s the minimuir:
of the computing time required over all JF-networks that compute the
given function. A function is not computable relative to F if there is no
JF-network that computes it in finite time.

The extension of computation from integers and discrete functions
to continuous variables and functions is a natural one. Limit theorems
(Mount and Reiter 1990) confirm the intuition that computing with
real numbers is an acceptable idealization of computing with integers.
rouch as measurement with real numbers is an accepted ideahzation
of measurement with rational numbers. These theorems tell us thai
the measure of complexity of a real-valued function f of real variabies
relative to (r.d)-networks with elementary operations F is a limit
of measures of complexity, relative to finite (r, d)-networks, of discrete
functions that approximate f. These results relate the extended notion of
computing by (r.d)-networks to the finite siate sequential machine
model.

However, the model we have described so far is not yet adequate for
representing directly some computations performed by humans. For that
purpose we extend the model to include more abstract computations,
provided that they can in a sense be reduced to computations with real
variables. This is the purpose of intioducing the idea of computing an
encoded version of a function. The formal definition of this concept is
presented in Section 3. For now we make do with an informal descrip-
tion that is sufficient for understanding the examples to follow. The idea
is that a function to be computed may map a domain that is not a
Euclidean space into another space, perhaps also not Euclidean. Human
beings recognize or construct patterns, or other relationships, which gen-
erally are not presented as points of Euclidean spaces. For example, a set
of points in the plane may be perceived as a two-dimensional represen-
tation of a box. Recognition of this visual pattern, a subset of Euclidean
2-space, can be thought of as computing a function that expresses the
relation among the points in the subset that constitutes what is meant by
saying it 1s a pattern — that is, a function whose value for that subset
is the word “BOX.” In such a case it may be possible to encode the more
abstract domain and range of the function being computed in such =2
way as to transform the problem into one of computing a functior
between Euclidean spaces, and deccding the result. Figure 2 shows the
scheme.
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Before going further with the model, we take up two exampies.
These examples illustrate the application of the modular network
model to computations performed by human beings and machines,
and by human beings alone, and help clarify the ideas we have already
discussed and that are subsequently presented in a more formal way.

2 Example I: Chernoff Faces

As a first example of the way in which humans and computers can
interact to analyze complex information, we give an example in which
the class of functions F used in the construction of an F-network
contains functions that are more easily evaluated by humans than by
computers.

Human beings are good at seeing patterns. The ability to see patterns
seems to depend on the structure and functioning of the human visual
apparatus. Consequently, this ability applies to patierns in the space, or
space-fime, in which the visual system evolved, that is, in at most three
or four dimensiens (ignoriog color).
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On the other hand, situations arise in which we would like to detect
patterns in high-dimensional data, say observations represented by
points in R* for k a positive integer much larger than 4. Computers are
good at handling data of high dimensionality. Although there exist algo-
rithmic processes, such as discriminant analysis or cluster analysis, for
detecting patterns or regularities in some cases, we do not have pattern-
recognizing algorithms that do as well as humans when restricted to low
dimensions. Therefore, the idea of combining the power of computers to
manipulate data with the ability of humans to see patterns is appealing.
Indeed, the practice of making graphical representations of data as a way
of bringing to bear the human visual system predates the electronic com-
puter, and is widely used in physical, biological and social science, and
mathematics, as well as in business and everyday affairs.

Chernoff (1973) introduced the idea of combining human beings and
computers to detect patterns in a sample of observations of a relatively
large number of variables. Specifically, he introduced the graphical rep-
resentation of multi-dimensional data as cartoon faces drawn in two
dimensions, and illustrated its use by two examples. These are:

(i) aset of 8 measurements made on each of 87 fossils; and

(i1)) a set of 53 observations of 12 variables taken from mineral
analysis of a 4,500-foot core drilled from a Colorado mountain
side.

The data are encoded as faces by a program that provides for up to
18 parameters that govern 18 features of a face. For example, one vari-
able determines the horizontal distance between the eyes; another deter-
mines the height of the eyes; another determines the curvature of the arc
that forms the mouth; and so forth. If the number of variables observed
is k =18, then 18 — k variables are fixed at some value and the remain-
ing k variables determine the variable features of a face for each point
observed. The computer prints out the set of faces, and a human being
looks for a pattern in them. In the example with measurements made on
fossils, the pattern sought was a classification of the fossils into groups
of similar ones. In the second example, the observations were assumed
to be generated by a multivariate stochastic process, and the problem
was to detect a point in the time series of observations at which the
process changed character.

Let

SCR",S={x',...,x"},

be the sample of n observations, each a k-dimensional point. Let 7:
R* - R? be a correspondence that assigns to k variables the subset of
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R? that consists of the visual image encoding the variables. Set 7(x’,
LX) =0, ...,y"), where y' = gx'. (It is implicit in this notation that
distinct points of § are assumed to be mapped to distinct subsets of
R%.) Thus, in Chernoff’s first example (k =8),x' is the vector of eight
measurements made on the ith fossil and y' is the cartoon face that
encodes those measurements.

The problem is to classify the fossils, so we seek a partition of the set
S or (correspondingly) a partition of the set {y',...,y"}. Because S has
n elements, the number of nonempty subsets in a partition of S, and a
fortiori in a partition of {y',...,y"}, is at most n. Therefore, a partition
of S (or of {y!,...,y"}) can be represented by characteristic functions as
follows. Let & §—{0,1}" where &= (&,...,&,), let &: §—1{0,1)}, and
define Q; = {xe S1&(x) =1} =&7'(1)C S.Then Q ={Q,,...,Q,) is a par-
tition of S, where (possibly after a renumbering of the characteristic func-
tions) Q; is the ith nonempty subset defined by &. If we suppose that Y
is the collection of all possible n-tuples of faces, then a partition

p={p. ... P}
of Y is defined by characteristic functions

x:Y—){O, 1}

n
3y
where

=0t ) 2:Y >{0,1},

and
P, ={er|x,~(y)=1}=x,"(l)CY.

Consider the entire computation as carried out by a machine. The
machine would execute a program that embodied an algorithm for, say,
a cluster analysis of S. The machine would compute a (vectorial) char-
acteristic function £ from inputs that consisted of the coordinates of the
8-dimensional points that characterize a fossil. An F-network model
would represent this computation in terms of the class of elementary
operations F.

Suppose on the other hand that, instead of doing a cluster analysis,
a human being produced a partition of the set Y using as inputs the
set Y of cartoon faces encoding S produced by the computer. We could
view the human being as an agent capable of “computing y directly.”
We would like our model to represent the entire computation — namely,
the part that produces the cartoon faces (which is carried out by the
machine) and the part that produces the classification of faces (carried
out by the human being) — in a seamless way. In that case, even if there
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were no algorithm for performing the required analysis on S, the
function & could be defined as in Figure 3 and incorporated into the
set F. However, the time scale for elementary operations carried out by
a person might be different from those carried out by a machine. We
shall continue to assume that an elementary operation takes one unit
of time.

For our purposes, Chernoff’s second example differs from the first only
in that the sets S and Y are ordered according to the time sequence of
the observations and the functions § and x are step functions, with the
step at the point at which the stochastic process is deemed to change
character.

3 Example II: Reading Handwriting

Another example of a computation that humans perform routinely and
in many cases easily and yet is very difficult for computers is reading
handwriting. The phrase “reading handwriting” can mean several differ-
ent things. Here we take it to mean writing in noncursive form (i.e., print-
ing) the (English) expressions indicated by a given sample of cursive
script.

The translation of cursive script into printed form is still extremely dif-
ficult, complex, and problematic for machines, although it is routinely
performed by literate persons (though not without error). An impressive
example is the reading of physicians’ prescriptions by pharmacists.
Imagine a typesetter, a person or machine, who has before him (it) a
manuscript (cursive statement) and a font of type, and whose task is to
produce a sequence of type elements (upper- and lower-case letters,
punctuation marks, and spaces) that correctly translate the cursive man-
uscript into printed form.

A cursive writing sample is a plane “curve,” one that may have dis-
continuities (e.g., gaps between adjacent letters) due to the idiosyncrasies
of handwriting of a particular person, or the normal spaces between
words; it may have isolated points (e.g., the dot over the letter “i” or the
full stop that marks the end of a sentence); it may also have crossing
strokes, such as that for the letter “t.”
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We may consider these curves to be concatenations of elements of a
finite-dimensional space consisting of conceivable finite samples of
cursive script of no more than a given (unit) length. Thus we assume the
writing to be constructed of some collection of curves capable of being
represented by a subset of a finite-dimensional Euclidean space. Denote
this space by C. (Other properties of curves that can be cursive writing
samples, such as being of bounded variation or having uniform upper
and lower bounds on the height of letters, could also be considered.) The
space T of printed text consists of a null element as well as all finite
strings over the alphabet made up of the font elements.

The act of reading a cursive statement may be represented by a func-
tion g: C— T. Typically, this function will be many-to-one. Unreadable
cursive samples are mapped to the null element of 7. (If it is useful to
do so, the function ¢ may be assumed to depend on the person who
writes, as well as on the person who reads, or both.)

First, however, we consider how a machine might perform this act of
reading a given cursive writing sample. The curve that constitutes a
cursive writing sample must be presented to the computer in a form the
computer can accept. This may be done by a device like a scanner that
converts the curve into a string of symbols from the alphabet recognized
by the computer, or perhaps by a sensitive tablet on which the sample is
written using some sort of stylus or light pen. The result of either of these
input devices is an encoded representation of the curve. This may be as a
graphic image or as an object specified by the equations that define the
curve as a locus in 2-space, perhaps relative to some given coordinate
system. Another possibility (which involves more information, however)
is to describe the curve parametrically, by equations

H{)=hl) )=o) 1 =120
where (x, y) denotes a point in the plane and ¢ is in the interval between
1, and 4, in the real line. This representation, or a discrete approximation
to it, might describe someone writing cursively on a sensitive tablet.

Given this input, the computer would need a program to process the
input into the ASCII code for the string of font symbols that constitute
the output desired. Because the task is a complex one for a computer,
the program is likely to be long and perhaps likely to produce incorrect
results on many writing samples. (In the present discussion we may
regard an incorrect result as equivalent to infinite computing time, i.c.,
we would have to wait forever for the correct result. A more satisfactory
approach would be to measure the degree to which the output approx-
imates the correct result, but this seems too complicated for the present
purpose.) The diagram in Figure 4 represents the situation.
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In Figure 4, the function e: C — R X - - - X R™is an encoding of the ele-
ments of C (i.e., cursive statements) into elements of R"X---X R,
(Note that if the encoding is done by a device such as a scanner, the
encoding may depend on the position of the cursive statement on the
screen of the device. In that case the coding would not be unique unless
the positioning of the cursive sample is standardized. We may either
assume that this is the case, or define a set of transformations in the planz
that leave the cursive sample invariant except for position and define ths
encoding to be the same for any element of the equivalence class so gen-
erated. Evaluating this equivalence relation describes something humans
do regularly — e.g., in stabilizing the visual field — but it is a complex task
for a machine.)

Furthermore, the function a in the diagram is an encoding of T in R"
X - -- X R The ASCII code for alphanumeric characters is an example.
(Here the null element of T is mapped to any element of R X - -+ X R"
that is not the image of any character.) The inverse of the encoding ¢,
performed by a device such as a printer, would produce the final result,
the translation of the cursive writing sample into a printed writing
sample.

If the computer cannot read a cursive writing sample in one step then
the function f, would not be elementary for that computer - that is, not
be in the set F consisting of the operations that are elementary for that
computer. There would have to be a program written that computes f,
from the inputs using the operations that are elementary for that com-
puter system.

The computation may be represented by an (7 d)-network, with
modules from the class F, that computes f,. The complexity of f, is likely
to be very high, if indeed that function is at all computable relative to
the modules in F. If, for instance, the elementary operations consist of
the arithmetic and logical operations, then a program that can read hand-
writing is likely to be long and involved, and the time required to
compute f, is likely to be long.

Consider next a person reading the cursive writing sample. That a
person can read cursive script-may be expressed by saying that the eval-
uation of the function p is an elementary operation for that person. That
is, the person does it immediately or directly without any apparent inter-
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mediate steps, taking only a small (unit) interval of time per unit length
of curve. Another way to describe this is that we do not analyze the
“process into steps that are internal to the reader.

Although the function g is clearly a representation of the act of
reading cursive writing, it is not in itself a useful model; it does not yet
connect with any other model of computation, nor does there appear to
be a way to use it in the analysis of economic models.

On the other hand, in modeling a person reading handwriting we may
consider the function p to be equivalent to the composition

(l—1°fg°€EQ (El)

in Figure 4. To say that a person can evaluate g in one unit of time can
be interpreted as saying that the composition (E1) can be evaluated in
one unit of time. This amounts to saying that the function f, cannot take
more than one unit of time. Hence it may be included as an elementary
operation (i.e.,a member of F) in any application of the model in which
a human being capable of reading cursive writing is among the compu-
tational resources.

For example, at the local drug store there is a pharmacist who reads
the prescription form given to her by the customer, a form written by a
physician in longhand. The pharmacist enters the prescription and other
relevant information into a desktop computer by typing it on the key-
board. The computer processes this input according to its internal
program, a computation representable by an (r,d)-network. The act of
translating a unit length of the handwritten prescription into type (key-
strokes) is elementary, and in the (7, d)-network model is formally seam-
less with the rest of the computation.

4 Analyzing the Complexity of a Function

With the preceding examples in mind, we now return to the modular
network model. Specifically, we take up the question of how to use the
modular network model to analyze the complexity of a function. In this,
while we go into more detail, we make some simplifying assumptions in
the interest of clarity. In particular, we take the concept of a directed
graph as an intuitive one and do not give a mathematical definition; see
Mount and Reiter (1990) for formal definitions of the concepts
employed. Furthermore, we restrict the modules (elementary functions)
to functions of at most r inputs, each of which is a d-dimensional vector;
in fact, we take r=2 and d =1, restricting attention to elementary
functions that are real-valued functions of at most two real variables.
We also restrict attention to the computation of real-valued functions.
Figure 1 showed a network that satisfies all these assumptions. Therefore,
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Figure 5

we may take the network shown in Figure 1 as a prototypical example.
As seen in Table 1, that network computes many different functions
from the same inputs as time increases. This property, which is inconve-
nient for analysis of the complexity of a function, is a result of the
fact that the network in Figure 1 contains loops (i.e., its digraph
contains cycles). However, if the function F to be analyzed is given then
a network C with loops that computes F in time t can be replaced by an
equivalent network that computes F in time t, has the same modules as
C (perhaps with the addition of projections and constants), and is free
of loops.

5 Modular Networks and Superpositions

The network in Figure 1 computes 4 (from the initial state shown in Table
1), so it is immediate from the graph that h(x,y) can be written as

i) = B[ B(x. £ . A(w. 1)) B 3. Az (. 0))

for any x and y.

That is, h can be written as a superposition (composition) of the func-
tions that are modules of the network that computes 4. A network that
is represented by a connected tree with a single root computes functions
that are superpositions of the functions in F (i.e., superpositions of func-
tions that are the modules of the network). Figure 5 shows such a
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network that computes h. The depth of the superposition — that is, the
number of levels of functions used — is equal to the length of the tree.
Furthermore, if the network inputs are constantly on the input lines for
a time that exceeds the length of the tree, then the network output is
constant for all times thereafter and the depth of superposition is the
length of the tree.

Thus, we see that the complexity of a function F relative to (r,d)-
networks with modules in the class Fis equivalent to the minimum depth
t such that F can be written as a superposition of functions from the class
JF with depth . This formulation is useful for obtaining analytical con-
ditions for a lower bound on the complexity of F when F is sufficiently
smooth.

The complexity of F relative to (r,d)-networks with modules in Fis
related to a classical problem in mathematics: Hilbert’s thirteenth
problem (see Lorentz 1966). The essential substance of the problem is
to decide whether a given function F of n variables can be written as a
superposition of functions of fewer than » variables from a given class.
It is implicit in the literature that the depth of the superposition
expresses an intuitive notion of computational complexity.

When the functions in the superposition are restricted to be continu-
ous and have fewer variables than F, Arnold and Kolmogorov have
shown (cf. Lorentz 1966, p. 168; Vituskin 1961, Introduction) that F can
always be written as a superposition of continuous functions of fewer
variables. Indeed they have shown that each function of n variables can
be written as a superposition of continuous functions of two variables.
Furthermore, the depth of the superposition is bounded above by a con-
stant that depends only on the number of variables of F. If, on the other
hand, Fis required to be smooth (i.e., continuously differentiable to some
specified order), and if the functions used in the superposition are
required to have the same degree of smoothness as F, then it is known
that in general such a superposition representation cannot be guaran-
teed (cf. Lorentz 1966, Vituskin 1961).

Even if we reduce the class of functions and ask, as Hilbert did,
whether an arbitrary analytic function of n variables can be written
as a superposition of analytic functions of at most two variables, then
an argument of Hilbert shows that the answer is No (see Lorentz
1966).

We may interpret these results as follows. The Arnold and Kolmogorov
results suggest that there are too many continuous functions of two vari-
ables, and Hilbert’s argument suggests that there are roo few power series
in two variables. Furthermore, in being too large, the class of continuous
functions of two variables includes many functions that it would strain
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credulity to regard as elementary. On the other hand, real analytic func-
tions of two variables can be considered as extensions or tdealizations of
arithmetic operations, especially if we restrict them to be truncated
pOWer series.

In any case, for the purpose of illustrating the analysis of complexity
of functions, including the construction of minimal (2,1)-networks,
we shall take the class F of elementary functions to consist of power
series in two variables up to degree M. Specifically, we assume as
follows.

Al Fconsists of real analytic functions (power series) in two vari-
ables, truncated at degree M, with constant term identically zero
and linear term not zero.

A2 The functions to be computed (i.e., whose complexity is to be
analyzed) consist of real analytic functions of n variables that
vanish at the origin. They are to be computed only up to degree
M.

We then say that a function F can be computed in time 7 to degree M
if it can be written, to degree M, as a superposition of length 7 of func-
tions from J but not as a superposition of length T — 1.

Are there conditions on the function F that inform us whether it can
be written as a superposition of length T of functions from F but not as
a superposition of length 7~ 1? And further, how can we construct a
superposition of length T for F or (equivalently) an (r, d)-network with
modules in F that computes F in time 77

For this informal presentation we restrict attention to representing F
as a superposition of analytic functions of two variables (see Mount and
Reiter 1990 for a more general treatment). Accordingly, throughout this
discussion the function F and the class of elementary functions F satisfy
assumptions Al and A2. We use the following theorem (Leontief 1947
and Abelson 1980). Although we apply the theorem here only to the
special case defined by A1l and A2, we state the theorem in more general
terms. We first state the theorem for a function F: R” X R"— R, and then
illustrate in the special case how it can be used. We suppose that R™ has
coordinates x = (x;, ... ,X,) and R" has coordinates y = (y;,...,y,). In
order to state the theorem, we define two matrices associated with the
function F. These are:

8F/axX azF/&C,By; ves azF/axxay,,
BHF({, X) = : : : R
OF[0xy O°F|ox,dy, ... 0°F/x.dy.
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where x = (x,,...,x,) and y= (yi,. . .y.); and BHF (y;x), constructed by
interchanging x and y in the construction of the matrix BHF (x;y).

The Leontief result (as used by Abelson 1980) implies: A necessary
condition that a continuously differentiable function F can be written
in the form G(A(x),y), where A is a function with continuous first
derivatives in a neighborhood of a point (a,b) with g =(a,,...,a,)
and b= (b,,...,b,), is that the matrix BHF (x;y) have rank at most 1.
This rank condition is also a sufficient condition that F can be written
in the form G(A(x),y) if F has nonvanishing first partials in the x; at
(a,b).

Abelson used the necessary condition to analyze the information
transfer of a multi-stage distributed computation of the function F. He
analyzed the informational exchange requirements when two processors
PX and PY compute the function F(x,y) when only PX has the values
x; and only PY has the values y,. He treated informational exchange as
the communication of real number values. Abelson showed that if the
matrix derived from BHF (x;y) by deleting the first column has rank R,
then each multi-stage distributed computation that computes F in a
neighborhood of (g, b) must have a total information transfer of at least
R between the two processors.

Abelson’s analysis of the communication required to compute a func-
tion given distributed information uses a submatrix of the bordered
Hessian BHF (x;y) and bounds the communication by a rank condition
on a submatrix of the Hessian. We also use the matrix BHF (x;y) and its
twin BHF (y; x) to analyze computational complexity. However, the rank
conditions we require are not the same as Abelson’s, and further we must
analyze a sequence of such matrices derived from F.

Theorem (Leontief-Abelson). The function F equals H(A(x),B(y))
only if both matrices BHF(x;y) and BHF (y;x) have rank at most 1, and
these rank conditions are also sufficient when first partials in x; and in y,
are nonvanishing. (A complete proof can be found in Mount and Reiter

1990.)

Suppose further that, in addition to satisfying the hypotheses of the
theorem, F is a function of 2" variables, that the linear part of F depends
on all 2" variables, and that (as assumed previously) F(0,...,0)=0.It
is easy to see that the shortest time in which F can possibly be computed
is N. To see this, note that to compute the linear combination of the
2% variables x; (j =0,...,2" — 1) that is the linear part of F in minimal
time, using (2, 1)-modules in F. one should compute as many of these as
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possible at the same time. This is done by the (2,1)-network shown in
Figure 6, a (2, 1)-fan-in of length N.

Now suppose that F (i.e., not just the linear part of F) can be com-
puted up to degree M in the minimal time N. Then the graph of the (2,
1)-network that computes it must also be a fan-in of depth N. We need
only specify the module assigned to each vertex of the fan-in in order to
specify the network completely, that is, to write F as a superposition of
functions in J. We next show how to construct a proposed assignment.
The Leontief-Abelson theorem can then be applied to verify that the
assignment proposed can in fact be made.

6 Assigning Modules to the Vertices of the Fan-In

We begin by labeling the vertices of the fan-in. This is done as follows.
If the vertex is a leaf (an input vertex) then it is labeled with the index
of the variable that is input there. If the vertex is not an input vertex then
it is labeled with an ordered pair. There are two cases.

(1) The two inputs to the vertex v come from vertices labeled (i, )
and (k,[), respectively, where { < k. Then the label attached to v
is (4, 1).

(2) The input lines of v are network input lines. Network input lines
are labeled by the variables they carry. Thus, the inputs to v are
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the variables in an adjacent pair (x;,x;;.;) for some jin O, ...,
2N =1 —1. In this case the vertex v has the label (2,2j + 1).

This labeling is illustrated in Figure 7 for N = 3. The leaves are labeled
in order from left to right,0,1,...,2¥—1=0,1,...,7.The vertex whose
inputs are x, and x, is labeled (0, 1); the vertex whose inputs are the
outputs of (0,1) and (2,3) is labeled (0, 3); and so on. (There is no ambi-
guity in this labeling scheme, because if a vertex has inputs from vertices
(i,)) and (k,[) then i < k implies that (i,/) # (i,j') for any vertex labeled
(i/").)

Under the assumptions we have made, a function F computed by a (2,
1)-network in minimal time determines the modules of the network
essentially uniquely. The qualification “essentially” refers to the fact that
the modules are determined up to an equivalence relation, according to
which two functions are equivalent if they are the same except for
changes of variables in the domain and range. This is defined more explic-
itly in what follows. In the interest of clarity and to minimize notational
complexity, we illustrate the process of assigning modules for N = 3 using
the tree in Figure 7. We suppose that F: R®— R, where F(x, ... ,x;) is
computed by a network whose tree is shown in Figure 7 with modules
in F.

The module assigned to vertex (i, ) is denoted A . Consider first the
vertex (0, 1), which has as inputs the variables xy and x; and is therefore
assigned the function A ;). Consider how the network evaluates F at the
point (x5, x;,0, . ..,0). Because the functions A, in F have the property
that A ;[0,0] = 0, it follows that, at each vertex (i,j) such that i # 0, the
output of the module assigned to that vertex must be 0. Furthermore, at
each vertex (0, ) where j> 1, only the left input line carries a value dif-
ferent from 0. Thus, each module A where j> 1 acts like a (truncated)
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power series in one variable. Therefore, the composition of the modules
from Az, to the module assigned to the root acts like a power series in
one variable. Denote this composition A(z) (not to be confused with the
function A of Table 1). Thus

H(2)= A7) 40)(2.0).0). (E2)
Write F(xy, x1,0, . ..,0) = Fo(xa x,). Then

h(A(O_I)(xO, Xy )) = F(xo, x,0,..., 0) = ﬁo_l)(x(,, X )
Similarly, for F(0,0,x5,x5,0, . ..,0) = F33(x2,x3),

g(A(z,z)(xz » X3 )) = F(z,3)(xz » X3 ),

where

8lz) = Ao 4p2)(2). 0] = 4{z)

The last equality is by equation (E2). Therefore,
h(A(z‘J)(xz, x3)) = F(zj)(xb XJ).

That is, the composition of the modules A, which is the function A,
when composed with A, yields F,,y and yields F;3 when composed
with A, ). Thus, if A(z) is known and has an inverse, then we have deter-
mined both Ay, and A3 from F once we know . In the same way, the
modules A5, and A5 can be assigned by using F 5y and Fs7) defined
analogously.

Next, define new variables y;; by

Yis = Apy(xix,), where (i, j)=(0,1),(2,3).(4.5), 0r (6,7),
and consider the network shown in Figure 8.

The same process that was used to determine A, can be applied to
the determination of A;), using the function

G()’o,l, )’2.3) = F(xo, X1, X2, %3,0,..., 0),

where yo; = Apn(Xo,x1) and y,3=Aq3)(x;,x3). The other modules in
Figure 8 can be assigned in the same way.

We consider next the extent to which the functions we have con-
structed are unique. Let us define an equivalence relation on real ana-
lytic functions of two real variables as follows.

Two (real analytic) functions B(x, y) and C(x, y) are equivalent if there
are nonsingular (i.e., having nonzero linear terms) analytic functions u,
k,! of one variable such that

B(x, y) = u(C ( k(x), l( y)))
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The constructions illustrated in Figures 7 and 8 indicate that if the func-
tion F.can be computed by a superposition as in Figure 7, then the
modules A, are unique to within equivalence; that is, they are equiva-
lent to the functions Fj; .

7 Determining the Modules by Solving Equations

We digress here to present a determination of the modules A in Figure
7 that makes explicit use of the power series expressions for all the func-
tions involved. This material can be skipped by readers who find the fore-
going sufficiently explicit.

We assume that M =2 — in other words, that F is to be computed up
to degree 2 and the modules are power series truncated at degree 2. Then

7
F(xo,...,x7)=2a,~x,- +ib,—x,—2+2 2 Ci jXiX;.
i=0 i=0

i=0...7,j=0...7.i<j

Using the power series for F and the modules A,;, we have
‘F((),l)(x()’ Xl)z apxo + a;x; + boxg + byxi + ¢y xoxi,
A(O'l)(xg, x1)= Auxo + ayx, + Boxi + Pixi + yo1xoxy,
A(0.3)()’) =agy+ iy’

Api)(y,0)= oy’ + By

where

y = apxo + apxy + foxg + fixi + xorXoxs,

2 2.2 2.2
Y = apx + 2apaixex; + aixy,

and hence
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7 __ , , 0 — ’ 2 + 2 .
y = A((),}](}v —)_ au(aoxo +agxg + Boxs + Bixi + xoaxox,
+ [%(a&xé + 2apay o Xy + aixi )
Using the expression for y' and calculating y'%, we evaluate A (y’,0)
to obtain
/o, 0
2= Apny0)
= a()(aéaoxo + ajaux; + (i fo + Brad Jx§
+ (a(’)ﬂl + ,3(;(112)-’(12 + (at/)Xm + zﬁ(;aoal)x()xl)
2, A2 , 2
+ ﬁ&((aéau) X3 + 2aya (ad) xox + (a5 ) xlz)-
Because the superposition we have obtained is required to compute Fg,
that is, because
Fi(),])(x()a X ) =2 fOr a“ (X(), X ),
we may equate coefficients of like terms; this yields the following set of

equations:

7”7 F
ay = Ay,

.7

a4 = QQoQy,
’ ’ 72 r” ’ 2
by = au'(ao Bs + Bias ) + B (aoao) ,
/i 7’ 7’ ’” ’ 2
by = ao’(ao P+ ﬂuaf) + B (acal) ,
77 ’ ’ ” ’ 2
Co = o ((10 Xox + 2 Bava, ) + 85 zal)al(a()) . (E3)
These are five equations in nine unknowns. We specify the values of
four of the variables arbitrarily and solve for the remaining five. Thus, let
ag=ag=ay == 1. (E4)
Then the equations (E3) reduce to
g = Ay, = a,
b0=ﬂ0+2a6, bx :,Bx +2a%,
Coy = Xoa + dapay,

or, equivalently, to

ay = dy, ap = ag,
— 2 — 2
ﬁu”bo—zao, ﬁl =b— 2ay,
Xo1 = Cox — dapa,. (ES)
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Equations (E4) and (ES) determine the modules A for j=1,3,7.
To verify that these modules do in fact compute F(x,,x,,0,...,0), we
substitute from (E4) and (ES5) into (E2). Then the expression for z
becomes

2= Xy + Xya; + xé(b(, ~2at + 2(13)
+ x? (bl —2at + 2a,2) + XoxX; (co,l — 4aya, + 4a(,al)

= ayXo + aeXo + boxg + byxi + o x0x

= F(x0,x,0,...,0).
It should be noted that this algebraic method does not work for larger
problems. We now return to the main line of exposition.

The process for determining the modules of the fan-in that computes

F in the general case yields the following information about the expres-

sion of F as a superposition of functions in F. Looking first at the root
of the tree for F, we see that

F(x(,, ...,x2~_1)
= H(F(XQ, cees XoN-1 g, O, ey 0). F(O, vy 0,x2~~1, ...,sz’l)),
where H is shorthand for Ayov_yy.
The function F(x,, . ..,x;»1.,,0,...,0), or a function equivalent to it,
is computed in minimal time by the subtree whose root is the vertex
(0,2%"' —1). Similarly, the function F(O, . ..,0,x»1, ..., x,~_,), 0r a func-

tion equivalent to it, is computed in minimal time by the subtree whose
root is the vertex (2V!,2%-1). In Figure 7 these are the subtrees with
root (0,3) and (4,7), respectively.

Recall that the Leontief-Abelson theorem gives necessary and suffi-
cient conditions for these computations. Therefore that theorem gives
us two ways to verify whether the computation indicated in Figure 7 can
actually be carried out, that is, whether the functions involved exist.

We illustrate the application of the theorem in a simple example.

8 Computing Equilibrium Price in an Edgeworth Box Economy

The function P to be computed gives the price as a function of the para-
meters characterizing the agents in a two-person, two-good exchange
economy in which the utility functions of the agents are quadratic qua-
silinear. Denoting these parameters by (x, z) for agent 1 and by (x’,z’)
for agent 2, the function P is given by

xz' —x'z

P(x, z,x’, z’) = ;
X —X
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(see Mount and Reiter 1982, p. 124, for the derivation of P). The
function P is to be computed by a (2,1)-network whose inputs are the
variables x,z,x’,z" in some order. To avoid singularity, we make a
coordinate translation to coordinates R, S, T, U, where

R=x-1, §=2z, T=x"+1, U=7.
In the new coordinates,

S+U+RU-ST

P(R,S,T,U)= TR

Here the number of variables is 2V =4, so that N =2. Hence a lower
‘bound for the depth of (2, 1)-networks that compute P is 2. If P is com-
putable in time 2, then in terms of superpositions there must exist real
analytic functions A’,B’,C’,or A", B",C", defined on a neighborhood of
the origin in R? such that P can be written as

P(R,S,T,U)=cla(s,T). B(R,U)| (E6)
or
P(R,S,T,U)= C"[A"(R, T). B"(S, U)} (E7)

Consider the case in which P is given by equation (E6). The
Leontief-Abelson theorem states that a necessary condition for the exis-
tence of A’, B’, C’ satisfying (E6) is that the matrix

), )., ()
BHPS.T:RU) - 3 )y \ORAS ), \SSU),,

o (BPJ [ iz ] ( 7 )
Lol B (E8)
I Joy \ORIT J,, \UIT ),

have rank at most 1. But P, being real analytic, can be written in power
series 1n the form

T

=(%J[(S+U+ RU—%S)+(S+U)2(T—R)}+0,

where 0 is a sum of monomials in R,S,T,U of degree at least 3.
Evaluating the matrix in (E8), we see that
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(000 .n)

1
BHP(S,T; R,U) =2 4
0

A= o

which has rank 2.
We try next the possibility that

P(R,S.T,U)= C"[A"(R, T), B"(s, U)}

In this case the matrix BHP has the form

(apj ( 2P ) [ P )

S OR S JS aT

. _ (on) (0_0) (o,o)

BHP(S,T,R,U)(OW)~— (apJ ( 2P ] ( 2P ] .
U ) \9R QU o) oT 00

When evaluated as before, this matrix is

-

1 -t -1
2 4 4
11 17
2 4 4

which has rank 2. Thus, the necessary condition of the Leontief-Abelson
condition is not satisfied in either case. Therefore P cannot be computed
in a neighborhood of the origin by a (2,1)-network with real analytic
modules in /ess than three units of time from the inputs R,S,7,U.
However, P clearly can be computed from R, S, T, U in three units of
time.?

9 Concluding Remarks

The value of the modular network approach to modeling information
processing will, as with other approaches, depend on results achieved
with it. In this paper we have presented the basic ideas of the model and
of the analysis of computational complexity in that model. We have also
given two examples, Chernoff faces and reading handwriting, to illustrate
its applicability to computing performed by human beings. Interesting
as these applications may be, they are not applications to economics.

* A more complete analysis of this example is given in Mount and Reiter (1990). There
the possible trade-off between communication in the form of message-space size and
computational complexity is analyzed and the efficient frontier is derived.




336 Kenneth R. Mount and Stanley Reiter

Therefore, we conclude this paper with a very brief account of applica-
tion of the model to a problem of economic theory, namely, a theory of
the structure and size of organizational units, such as firms or divisions
of firms. This discussion is necessarily brief; a full discussion would
exceed the scope of this paper.

The problem addressed in Reiter (1995) is to construct a theory that
carries out Coase’s program, or principle, which is that economic insti-
tutions (such as firms) are optimal adaptations to certain constraints. As
pointed out in the introduction of this chapter, firms typically have
administrative or managerial structures in which information processing
for decision making is shared among many people, the necessity for
sharing arising from limitations on the information processing capacities
of individuals. Therefore the theory is one that obtains the set of firms
(or informationally independent organizational units) as solutions, not
necessarily unique, of a constrained optimization problem. In that
problem there should be:

(1) a“variable” whose values correspond to different organizational
units (e.g., different firms);

(2) asetof constraints on this variable expressing technological pos-
sibilities and resource availability;

(3) constraints on information processing; and

(4) acriterion of performance that expresses the goals of action.

Incentive constraints on individuals and groups, which properly belong
in the problem, are not addressed.

In order to solve the model we must find a subset of the set of possi-
ble firms that maximizes the criterion over the set of environments,
subject to all the constraints.

Desired economic action is represented by a decision function, for
example, a function that associates to each environment actions result-
ing in a Pareto optimal (or, alternatively, a profit maximizing) outcome.
Information about the environment is distributed among agents.
Coordination is defined in terms of the decision function, and the
decision-making task is to compute the value of the decision function in
each environment. The problem addressed is how best to organize deci-
sion making in these circumstances, taking account of the limitations on
the information processing capabilities of individuals.

The information processing capabilities of an individual include:

(a) conditions on the capability of the individual to observe en-
vironmental variables;
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(b) the set of computational operations (modules) that are elemen-
tary for that individual (e.g., individual { may be capable of
observing the value of a parameter x or of y but not both); and

(c) the ability to carry out at most one elementary operation in a
unit of time.

A mode of organization in its informational aspect consists of:

(1) an algorithm for computing its decision function; and
(1) an assignment to individual agents of the steps required to
execute the algorithm.

An algorithm is modeled as a modular network. An assignment of the
steps of the computation to individuals means that the module at each
node of the digraph that represents the algorithm is assigned to an indi-
vidual to carry out. The assignment of modules of the network to indi-
viduals must satisfy three conditions as follows:

(i) the assignment of input nodes to individuals must satisfy the
constraints on what individuals may observe;
(i) a module assigned to an individual must be one of her elemen-
tary operations;
(ii1) the scheduling of execution of elementary operations in time
must satisfy the condition that two or more operations assigned
to the same individual cannot be carried out at the same time.

An assignment of a modular network to individual agents determines
four characteristics on which information processing costs depend, each
measured by a variable. These are: delay; communication; access to
memory; and number of agents (processors) used.

The cost function is assumed to be linear in these variables. It is shown
that cost minimization is achieved by efficient assignments, that is, assign-
ments resulting in vectorially minimal (four-dimensional) vectors whose
components are the arguments of the cost function.

Necessary and sufficient conditions for efficient assignments are
derived, and algorithms are given for computing the set of efficient
assignments. An efficient assignment of a modular network is repre-
sented by an efficient assigned directed acyclic graph ~ an EADAG. Thus,
each EADAG represents an informationally efficient organization of the
economic activity possible in the given class of environments. An
EADAG may represent one or more informationally separate organi-
zational units, depending on its structure. The idea behind the formal def-
inition given in Reiter (1995) is that difficult coordination problems,
described by the necessity to exchange a great deal of information among
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the individuals involved, require a highly integrated organization (one
organizational unit), whereas other coordination problems can be
handled with limited exchange of information. For example, in a two-
person two-good exchange economy, individual preference relations may
be very complicated, requiring an arbitrarily large number of parame-
ters to specify, but the information that must be communicated between
the two agents in order to achieve a Pareto outcome in each such envi-
ronment can consist of just two numbers. If we were to represent this sit-
uation by a modular network describing the internal calculations needed
to derive excess demands, as well as the calculations needed to find a
market equilibrium, the solution EADAG would consist of two compo-
nents: one corresponding to the internal calculations of each of the two
economic agents. The internal communication in each component would
increase with the number of parameters needed to specify the prefer-
ence relations, while the number of variables that need to be transmit-
ted between the components would be constant, independent of the
number of parameters.

The model is applied to examples, showing circumstances in which the
solution 1s one firm, with a bound on its size, and others in which it is
two firms. Finally, some general results are discussed in which the preva-
lence of centralized or administrative rather than decentralized organi-
zation Is related to the nature of the coordination problem presented by
the class of environments to be organized.
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