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GAME FORMS WITH MINIMAL MESSAGE SPACES

BY STEFAN RE:CHELSTEIN AND STANLEY REITER?

This paper is concerned with the: ztount of communication that must be provided to
implement a performance staiiCzax¢: by a mechanism whose stationary messages have the
Nash property. We study the question whether a given message space is large enough to
implement a given performance standard. In general, an implementing mechanism with the
Nash property in messages requires a larger message space than suffices for decentralized
realization without regard to individual incentives. In particular, we study implementation
of Walrasian allocations in exchange environments. We show that the smallest message
space that implements Walrasian allocations is one of dimension, roughly, n-(/— 1)+
{/(n = 1), where [ is the number of commodities and n the number of agents. We exhibit
an implementing mechanism whose message space has that dimension.

KEYwoRDSs: Decentralization, implementation, informational requirements, size of the
message space, Walrasian allocations.

1. INTRODUCTION

THE LITERATURE ON DESIGN OF RESOURCE ALLOCATION MECHANISMS falls into
two almost non-overlapping parts. One branch deals with the informational
requirements, the other with incentives. Both assume that information about the
environment is dispersed among the economic agents. The literature on informa-
tional requirements has typically studied the informational costs of decentralized
attainment of a specified performance. The idea underlying most of this literature
is that informational costs can be decomposed, at least conceptually, into
components, such as the amount of communication required and the complexity
of information processing. An objective of this line of research is to explore the
constraints imposed on the design of allocation mechanisms by the technology of
information processing, including the limited capacities of human beings. For the
most part this literature has ignored issues of strategic behavior and individual’s
incentives. These are the subject of the incentive literature, which studies the
constraints on the design of mechanisms imposed by the divergence of individual
incentives from performance objectives. The possibility of using monitoring or
enforcement techniques to counter undesired effects of individual incentives
makes it clear that there are trade-offs between incentive costs and informational
costs. Ultimately, it is therefore necessary to study informational and incentive
constraints together. In this paper we analyze how much communication must be
provided to implement a performance function by a mechanism whose equilibria
have the Nash property in the space of messages, i.e., the property that no agent
can improve the outcome for himself by changing his message, given the
messages of others.
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The concept of an allocation mechanism was first formalized by Hurwicz
(1960). Such a mechanism can be viewed as an abstract planning procedure; it
consists of a message space (the language in which communication takes place),
rules by which the agents form messages, and an outcome function, which
translates messages into outcomes. Mechanisms are imagined to operate itera-
tively; at each step each agent responds to the current message in a way that
depends on his information about the environment. Attention may be focused on
mechanisms that have stationary or equilibrium messages for each possible
environment. A mechaunism is said to realize a given performance standard if the
outcomes given by the outcome function when applied to the stationary messages
agree with the performance standard. The question of how much communication
must be provided to realize a given performance has been addressed in papers by
Hurwicz (1972), Mount and Reiter (1974), and Hurwicz, Reiter, and Saari (1985),
among others. They analyze the size of the message space needed to realize a
given performance. In the case of Euclidean spaces size can be identified with
dimension. One of the well-known results in this literature established the
minimality of the competitive mechanism. Under certain regularity conditions,
every mechanism that achieves Pareto-optimal allocations on a sufficiently rich
class of exchange economies must use a message space at least as large as that of
the competitive mechanism. A corresponding result exists for the Lindahl mecha-
nism in environments with public goods.? These results were obtained for
mechanisms in stationary form, i.e., the dynamics are suppressed and analysis
focuses exclusively on the set of stationary messages. If the dynamics of allo-
cation mechanisms are considered explicitly and stability (local and structural
stability have been studied) is required then the size of the message space
generally has to increase. This has been demonstrated in the papers of Reiter
(1979), Mount and Reiter (1987), and Jordan (1987).

The incentives literature has studied game forms which consist of a message
space and an outcome function. Game forms differ from allocation mechanisms
of the Hurwicz type only in that the former do not include message forming rules
for the individual agents. In the game form these are left to the choice of the
individual agent and are therefore determined by individuals’ incentives. Direct
revelation mechanisms, in which the message space is taken to be the space of all
conceivable environments, have played an important part in this literature. The
revelation principle asserts that for a number of noncooperative equilibrium
concepts, including dominant strategy, maxmin, Nash and Bayesian-Nash equi-
librium, there is “no loss of generality” in restricting attention to revelation
mechanisms; if a specified performance standard can be implemented by some
abstract mechanism, then it can also be implemented by a revelation mechanism.
A direct revelation mechanism may not be sufficient for implementation if the
solution concept is Nash equilibrium in the space of messages. Maskin (1977)
and Williams (1984) construct game forms wherein the message space amounts to
the n-fold Cartesian product of the message space of a direct revelation mecha-

2 A survey of the literature on these topics can be found in Hurwicz (1986).
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nism. Such a mechanism is likely to be infeasible on information grounds. If the
space of environments is infinite dimensional, as in the case of an exchange
economy where agents may have any continuous and convex preferences, the
direct revelation message space would have to be infinite dimensional. How much
better than direct revelation (or n-fold direct revelation) can be done for a given
performance standard? In economically interesting cases, Reichelstein (1984a)
has shown that there are dominant strategy mechanisms that offer substantial
informational savings over direct revelation schemes. In general, though, domi-
nant strategy implementation imposes a dimensional cost compared to mecha-
nisms in which agents follow given rules without regard to individual incentives.
A converse problem has been studied by Green and Laffont (1987) who analyze
the performance that is attainable with a message space of exogenously given
size. For implementation in Nash equilibrium strategies, Williams (1986) and
Saijo (1985) show that for certain performance standards one can do substan-
tially better than the n-fold revelation scheme of Maskin’s construction.

This paper goes a step further by attempting to solve for the minimal message
space needed for mechanisms whose equilibria have the Nash property in the
message space. A major part of this paper deals with the implementation of
Walrasian allocations in pure exchange economies, a problem first addressed by
Hurwicz (1979a) and Schmeidler (1980). The implementing mechanisms of
Hurwicz and Schmeidler each use a finite dimensional Euclidean message space.
The size of this space is about twice the size of the message space of the
competitive mechanism, which is a Euclidean space of dimension n-(/-1)
where n is the the number of agents and / is the number of goods. As noted
above, it has been established that the message space of the competitive mecha-
nism is minimal among (regular) mechanisms that realize Pareto-optimal allo-
cations in exchange economies. We show that implementation of Walrasian
allocations by a smooth mechanism whose stationary points have the Nash
equilibrium property necessarily requires an increase in the size of the message
space over that of the competitive mechanism. The dimensional increment over
that of the competitive mechanism is shown to be roughly //(n — 1). When there
are more agents than goods, only one extra dimension is needed. The essential
intuition behind this formula is that in order to implement Walrasian allocations,
the mechanism must induce “ price-taking” behavior on the part of all agents, i.e.,
agents trade at “prices” over which they have no control. Price-taking cannot be
induced with only n-(/ — 1) message variables; additional message variables are
needed. The dimensional increment //(n— 1) arises because one additional
message variable can ensure price-taking behavior for at most (n — 1) goods in an
economy with n agents. We also show that this lower bound is attainable by
constructing an implementing mechanism with that message space.

Though our basic view of allocation mechanisms is that they are and should be
dynamic, our analysis in this paper is static; we solve for the message space size
needed in order that stationary messages have the Nash equilibrium property.
This does not mean, however, that our results should be interpreted as an
analysis of the dimensional requirements of one-step mechanisms. Such an
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interpretation would raise questions about the appropriateness of Nash equi-
librium as the solution concept. If an agent knows his own environment, but not
those of other agents, he will typically not have enough information to calculate
his Nash equilibrium message. We prefer to interpret our analysis as applying to
an unspecified process in which agents grope their way to a stationary message
and in which the Nash property is a necessary condition of stationarity. The
experimental evidence reported by Smith (1979) indicates that for certain mecha-
nisms agents’ messages tend to converge to the Nash equilibrium points. Indeed,
Smith (1979) reports that in experimental designs in which agents are given more
information about the environments of others, convergence is more erratic.

An explicitly dynamic analysis would raise a number of additional issues. As
noted above in connection with mechanisms that ignore incentive issues, conver-
gence requirements generally impose an increase in the size of the message space
required. The informational requirements of mechanisms that achieve conver-
gence to Nash equilibrium messages has received little attention so far. For a
certain class of mechanisms Jordan (1986) has provided an impossibility result.
Jordan considers adjustment processes in continuous time with arbitrary (finite
dimensional) message spaces. He shows that it is impossible to attain Walrasian
allocations at Nash equilibrium points, if local and structural stability assump-
tions are imposed. However, as noted in Jordon (1986), stable processes converg-
ing to Nash equilibrium messages may well exist, if a broader class of dynamic
processes is considered; for example, processes that are not required to be
autonomous, i.e.. temporally homogeneous.

Much of the recent work on one-step mechanisms has adopted the framework
of games of incomplete information using Bayesian-Nash equilibrium as the
solution concept; see, for example, Laffont and Maskin (1982), Ledyard (1986),
and Postlewaite and Schmeidler (1986). A parallel analysis of the informational
requirements of this type of implementation is called for.> The results in this
paper contribute to that analysis, if the Bayesian equilibria are required to have
the Nash property in the space of messages, although in general this is not the
case. Examples in which Bayesian equilibria have the Nash property include the
uniformly incentive compatible decision rules of Holmstrom and Myerson (1983)
which, when individuals’ utilities do not depend directly on the utilities of others,
amount to dominant strategies and the ex-post Nash equilibrium of Crémer and
McLean (1985) which in strength lies between dominant strategy and Bayesian
equilibrium. In those cases the analysis of the informational requirements of the
Nash property in messages applies directly.

The remainder of this paper is organized as follows. Section 2 gives basic
definitions and shows that the Nash property in messages entails at least as large
a message space as does decentralized realization without regard to incentives. A
simple example also demonstrates that the Nash equilibrium requirement, in
general, strictly increases the message space requirements. In Section 3 we study

3 Roberts (1987) studies the Bayesian equilibria of a two-stage allocation process with exogenous
constraints on the message space.
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the question whether a message space of given dimension is large enough to
implement a given performance. The argument is in terms of a correspondence
that maps messages to environments and satisfies a set of inequalities expressing
the Nash property. If differentiability is assumed, these conditions can be
translated into dimensional requirements. Theorems 3.1 and 3.2 state necessary
and sufficient conditions that a message space be big enough to implement a
given choice rule.

In Section 4 this machinery is applied to the problem of attaining Walrasian
allocations in pure exchange environments. Theorem 4.1 deals with a special class
of economies in which agents preferences can be described (locally) by quadratic
utility functions. We show that implementation of Walrasian allocations on this
class of environments requires a message space whose dimension is approxi-
mately n- (I — 1)+ [/(n — 1). Though this theorem is stated for a restricted class
of mechanisms, we believe that the dimensional formula is valid for the entire
class of smooth mechanisms. We analyze the general case in the Appendix; there
the argument is presented for the case of three agents and three commodities
because of the complexity of the notation required. Theorem 4.2 shows that an
implementing mechanism exists whose message space matches the lower bound
given by the formula in Theorem 4.1. This mechanism implements Walrasian
allocations on a broad class of exchange economies.

2. REALIZATION VERSUS IMPLEMENTATION

Our analysis takes as given a social choice rule or performance standard which
associates a set of desired alternatives with every environment. Formally, we
consider a correspondence

F:E-»Z
where E represents the class of environments (sometimes called the parameter
space) and Z is the space of alternatives. An environment e € £ includes a
complete description of every agent, i.e., preferences, private information, initial
endowments, etc. Throughout this paper it will be assumed that the class of
environments is decomposable, so that £ = X”_ E, where N = {1,..., n} indexes
the set of agents.

Initially, each agent is assumed to know only his component of the environ-
ment, ¢, € E,. To achieve the desired outcomes the organization has to set up a
message process through which relevant information is exchanged. Let M =
X7_ M, denote the message space with M, representing the set of messages that
agent i can send. We do not study explicitly the dynamics of the message process
but require that for every environment there exists a set of stationary messages
u(e). A message is stationary if it is stationary from every agent’s point of view
based on his information about the environment. Hence, we require the existence
of correspondences u,: E,» M such that u(e)=N".u,(e,) for all e€ E. Sta-
tionary messages are translated into outcomes or allocations by an outcome
function. Formally, we adopt the following definition of an allocation mecha-
nism, following Mount and Reiter (1974).




. 666 STEFAN REICHELSTEIN AND STANLEY REITER

DEFINITION 2.1: The mechanism A = (M, u, g) realizes the choice rule
F:E—»Z2 if and only if

(i) VecE: pu(e)= ﬁyi(e,)aez,

il

(ii) vmeu(e),Ve€E: h(m) € F(e).

The realization requirement amounts to verifying that for every environment
there are stationary messages and that every stationary message yields an
outcome that agrees with the performance standard F. In general the message
space will have to be larger than the image set F(E). To see this, suppose that F
is single-valued and for two environments e, &, F(e) = F(é). If me u(e) N u(@)
then m e u(é&) for any point ¢ on the “cube” formed by e, and é, ie., any
environment whose n-components (&, - - - €,) are drawn either from e or €. This
follows immediately from the fact that p is privacy preserving. For this to be
compatible with the realization requirement, it must be the case that also
F(&)= F(e) for all € on the “cube.” Message space size is just one among several
relevant measures of informational complexity. Recently, Mount and Reiter
(1983) introduced a measure of computational complexity; in examples they
exhibit a trade-off between message space size and computational complexity.

The literature on incentives has approached the mechanism design problem as
one of designing an appropriate noncooperative game. Every player is given a set
of messages, again represented by M,. Let R(e,) denote the complete, binary and
reflexive preordering that describes the ith agent’s preferences over alternatives
in Z, when his type is ¢, € E,. Given an environment e € E, the pair (X”_ M,, g),
with g: M — Z induces a game in normal form. Implementation requires that for
every environment Nash equilibria exist in the induced game and, secondly, that
outcomes corresponding to Nash equilibrium messages agree with F.

DEFINITION 2.2: (M, g) implements F: E - Z in Nash equilibrium messages,
if: ¢

(i) Ve E: ple) = hpi(e,.)# &,

im1
where p,(e,) = (m* € M|g(m*)R(e;)g(m?2,, m)¥m, &€ M},
(i1) Ye€ E,Vm*€p(e): g(m*) e F(e).

In a social choice framework, Maskin (1977) identified two properties of social
choice rules, namely, monotonicity and no veto power, as central for implementa-
bility. Monotonicity turns out to be necessary and in conjunction with no veto
power also sufficient for a choice rule to be Nash implementable. For economic
settings in which agents have nonsatiable preferences, the no veto power condi-
tion is always satisfied.

4 By (m_,. m,) we denote the vector in which the ith component of m is replaced by ,.

b
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Definitions 2.1 and 2.2 appear to be closely related. The principal difference is
that the message or strategy rule p(-) in 2.2 is not a design variable but is
induced by the outcome function and the behavioral equilibrium concept. The
formal relationship between the two concepts is given in Theorem 2.4 below.

DEFINITION 2.3: A mechanism (M, p, g) is said to have the Nash property, if:
Vec E,NieNVmeM: mey,(e)=g(m)R(e)g(m_, m,)
vim, e M.

THEOREM 2.4: The following two statements are equivalent: (1) (M, g) imple-
ments F: E = Z. (ii) There exists a privacy preserving correspondence p: E = M
such that { M, u, g) has the Nash property and realizes F,

PrOOF: (i) = (ii). Consider the induced Nash correspondence p: E » M. Let
p,(e,) represent the ith agent’s best reply correspondence. Since p(e) =N/_,p,(e,),
the Nash correspondence is, in fact, privacy preserving. Consequently (M, p, g)
is an informationally decentralized mechanism which has the Nash property and
realizes F.

(ii) = (i). Given (M, p, g), the Nash correspondence p induced by (M, g)
coincides with g, since (M, g, g) has the Nash property. Hence, (M, g) imple-
ments F. '

Though Theorem 2.4 follows directly from the definitions, it yields an im-
mediate lower bound on the message space needed for implementation in terms
of the message space size needed for realization. Given any implementation of F,
there exists an equivalent realization which, in addition, has the Nash property.
To make general use of Theorem 2.4, we need to make precise the notion of size
of a space and identify appropniate regularity conditions for the class of allo-
cation mechanisms considered.

Throughout this paper we will confine ourselves to Euclidean message spaces.
The natural measure of size then becomes dimension. It is well known that, in the
absence of any regularity conditions, an essentially unlimited amount of informa-
tion can be encoded in a one-dimensional space. For example, the inverse of the
Peano space-filling curve could be used to encode a k-dimensional space on the
real line. The continuous Peano function could retrieve this information, since it
maps a real interval onto a k-dimensional interval.

Various restrictions on the message rule have been proposed to prevent such
“smuggling” of information. Mount and Reiter (1974), for example, require the
message correspondence to be locally threaded, i.e., to have locally a continuous,
single-valued selection.’ Alternatively, Hurwicz (1977) requires that the inverse of
the message correspondence have, locally, a selection which is Lippschitz con-
tinuous.

3 A correspondence p: X - Y is locally threaded if for every x € X there exists a neighborhood
U(x) < X and a continuous function f: U(x) - Y such that f(x') € u(x") for all x" € U(x).
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The problem of information “smuggling” also arises in connection with
implementing game forms. Suppose that (M, g) implements F: E - Z such that
M, is a convex and compact subset of #* and g is continuous. Then there exists
another mechanism (M, g) which also implements F: £ -» Z such that M, is a
compact interval on the real line and g is continuous. The function g is obtained
as the composition of g with (¢, --- ¢,), where ¢, is the Peano function which
maps M, continuously onto M,. This argument shows that a meaningful theory of
the dimensional requirements for implementation has to impose smoothness
conditions beyond continuity of the outcome function.

As an application of Theorem 2.4, consider first the familiar problem of
allocating resources in an economy with public goods. For simplicity, assume
that there are m-public goods and one universal private good (numeraire).
Individuals only know their own characteristics, i.e., preferences and endowments
of the private good. It can be shown (see Sato (1981)) that every mechanism that
achieves interior Pareto optima on a class of parametric utility functions, such as
Cobb-Douglas or quadratic utility functions, has to use a message space at least
as large as 2" ™, provided the message correspondence is locally threaded. Sato
(1981) established a process (the Lindahl mechanism), which satisfies this regular-
ity condition, uses #" ™ as its message space and attains the desired ailocations
on a wide class of economies with convex and continuous preferences. It follows
from Theorem 2.4 that, subject to local threadedness of the Nash correspon-
dence, every implementing mechanism has to use a strategy space of dimension
greater than or equal to n - m. Walker (1981) showed that this lower bound is also
attainable: he constructed a game form that uses a message space of exactly that
size and implements Lindahl allocations on a wide class of economues.

On the other hand, we provide a simple example in which Nash implementa-
tion requires an increase in dimensionality. Consider a class of exchange econo-
mies with n =2 traders and /=2 commodities. The first good is represented by
the letter X, while the second good, which serves as numeraire, is denoted by Y.
Each agent is characterized by a single parameter:

E =[a,b], a>1.
The social choice rule
F:EXE,»Z XZ,
assigns net trades to both agents, Z,C #2. In particular, let
Fr(e)=1i(e;—e..y), 1<isg2,
F¥(e)=—1(e, +e,—2) - F*(e).
The subscripts are understood “modulo 2.” If agents’ preferences can, at least

locally, be represented by linear-quadratic utility functions of the form

x2

U(x,y[e,)=e,'x—-7+y

and initial endowments of the X-good are fixed at the unit level, then the above
performance function is exactly the Walrasian rule. Clearly, F can be realized
with a two-dimensional message space, simply by employing a revelation mecha-

Rpu—
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nism. With the usual regularity conditions, such as local threadedness, a two-
dimensional space can also be shown to be minimal. However, there does not
exist a smooth Nash implementation that works with a two-dimensional message
space.® Assume to the contrary that

M=R, 1<i<?2,

and

g M XM, -2 xX2Z,
is a differentiable outcome function such that (M, g) implements F. Let v(-)
represent a thread of the induced Nash correspondence p: £ » M. Implementa-
tion requires that

(gov)(e)=F(e), VecE.
Since F(E) contains a two-dimensional manifold in Z, there exists a point
m® € (E) and a neighborhood O(m®) such that gl o(me, is a diffeomorphism. If
e® e v~ Y(m°), then

v=g 'o F on some neighborhood O(e®).

Hence, u(-) itself is a diffeomorphism on O(e®). Since the mechanism is assumed
to implement Walrasian allocations, the following two equations have to hold:

(1) g/(v(e)) = -p(v(e))gi(v(e)) VeeO(e®), 1<i<2.
Here, p(v(e))= (e, +e,—2) is the equilibrium price for the economy e=
(e, e,).

If v(e) is a Nash equilibrium, the following first order conditions have to hold:

d

(2) (e,— 8 (v(e))) T
In equilibrium, marginal utility has to equal the price, i..,

e;— g (v(e))=p(v(e)).
Total differentiation of (1) yields:
(3) [ve’(v(e)) +p(o(e)) vgi(v(e))

+vp(v(e))gi(v(e))]e Do(e) =0.

Recalling that gf(v(e))= —gf(v(e)) and g{f(v(e))= —gji(v(e)), we may sub-
stitute (2) into (3) and obtain:

g (v(e)) - vp(v(e))e Do(e) =0.

This contradicts the requirements that p(v(e)) = i(e; +e,—2) and v(-) be a
diffeomorphism.

gf(U(e))+ai’mg,-’(v(e))=0, i<,

® Note that we allow for unbalanced net trades out of equilibrium. If one insisted on balanced
outcomes, i.e., the image of the outcome function is contained in the set Z = {(z,.2;)|z; + 2, =0}
then, independently of the allowed message space size, there will not exist a smooth outcome function
implementing the Walrasian choice rule; see Reichelstein (1984b). Hurwicz (1979¢) established that
there are discontinuous outcome functions that select balanced net trades and implement Walrasian
allocations at Nash equilibrium points.
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This example shows that implementation generally requires a larger message
space than realization. The example also illustrates the well-known fact that the
revelation principle does not apply to implementation in Nash equilibrium
strategies. This follows from the observation that a revelation mechanism would
use a two-dimensional message space in this case. In the above example,
implementation becomes possible, however, if one additional dimension is added
to the message space, as can be seen from the following mechanism:

M=% and M,=2%

Denoting the second agent’s messages by (m,, m,), we define the following
outcome function:

gi(m)=m —m,,

gi(m)=my—my,

gt(m)=—my(m —m,),

2

gi(m)=—m(my—m)—(m ~m;)".
It is easily verified that this mechanism implements the Walrasian choice rule’ on
a wide class of economies.® Any Nash equilibrium is such that m, = m,, since the
second player has, independently of his actual characteristics, a global incentive
to match his second variable with m,;. Hence, the set of Nash equilibria is
contained in a hyperplane of the message space. Messages that are not in this
hyperplane are not needed for the actual implementation task, yet they are
necessary to ensure that the messages on the hyperplane, and only those, have the
Nash property. The interesting feature here is that the set of Nash equilibria is
contained in a space of no larger dimension than is needed for ordinary
realization (in our example, a space of dimension two), yet this set needs to be
embedded in a message space of higher dimension.

3. GENERAL THEORY

This section identifies necessary and sufficient conditions for a given message
space to admit a Nash implementation of the social choice rule F: £ -» Z. These
conditions are stated in terms of a mapping that takes messages to environments,
while satisfying a set of inequalities. If the domain of the map, i.e., the message
space, 1s too small, it is impossible to satisfy the inequalities. Before stating the
results two structural assumptions are introduced. First, we suppose that the ith
agent's preferences are defined on some space Z, and that ZcC X]_,Z,. For
example, Z, could be the commodity space, the dimension of which equais the
number of commodities in the economy, while Z is the set of feasible net trades.
Secondly, the choice rule is assumed to be a function. To analyze the dimensional
requirements for realization or implementation of social choice rules it is often-

7 We note that this mechanism does not necessarily produce individually feasible outcomes. For
nonequilibrium messages agents could be assigned net trades that lead to negative consumption.
Throughout this paper the issue of individual feasibility (see Hurwicz, Maskin and Postlewaite (1984)
and Reichelstein (1987)) is ignored.

® The exact description of this class of economies is given in Section 4 preceding Theorem 4.2 for
an arbitrary number of agents and commodities.
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times helpful to derive a lower bound on the size of the message space by finding
the dimensional requirements for a special class of environments only. In Section
4, for example, we focus first on special economies in which traders’ preferences
can be represented by quadratic utility functions. On this class of economies the
Walrasian choice rule is single-valued.

THEOREM 3.1: Let(M, g) implement F=(F, --- F,): E = Z and denote by D
the set of Nash equilibria in M, i.e. D=p(E). If F(E)=2Z2Z, there exist
correspondences

i

Yy M->E, 1<i<n,

satisfying the following conditions:

(1) v, is Fi-compatible, i.e., for every m € M: e, & € y,(m) implies F(e) = F,(é);
there exists an onto correspondence y: D - E such that for each i € N the restriction
of v, to D agrees with v.

(W) Yme D, Ve y(m), ViEN:

F(v(T,(m))) c L(e,, F(e))
where
T(m)={meMim=(m_,m,) meM,)
and
L(e,z)={%€Z|z,R(e)zZ}.
(L) Yme M, Ve E: |
IfvieN: F(v/(T,(m)))cL(e, F(v(m))),
then F,(y,(m))=F(e) VieN.

PROOF: See Section 5.

The basic idea of Theorem 3.1 is that, if M can serve as a message space for
implementation, then there will exist mappings which take messages “back” to
environments. When restricted to the set D of Nash equilibria, these mappings
are identical to the inverse of the Nash correspondence.

Let me M be a Nash equilibrium for e« E. Consider the image of the
mapping y, under the intersection of messages which the ith agent can effect by
unilateral deviation from the set D. The choice rule must map this image set in
the class of environments into the /th agent’s lower contour set relative to the
allocation prescribed by the choice rule at e € E. Condition (ii) can be given the
following calculus representation. For me& D, assume that y has (locally) a
differentiable thread z(-). Assume furthermore that the y,’s have (locally) dif-
ferentiable threads ¢,(-) such that the restrictions of ¢,(-) to D agree with ¢(-).
Assume, furthermore, that agents’ preferences are representable by differentiable
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utility functions U(z,le;). Condition (ii) then implies that for every m € D:

(4) VU(F(:(m))i(t(m)),) DE(t(m))

ar! at}
0,....0 3—”1-}_ B_MF 0,....0
o ; : ~[0.....0]
at? arf
0,....0 En—{ F 0,....0
Here, the function ¢,(-) maps from the message space Z% X - -+ X#* to #9,

where a point in #9 represents an environment. Equation (4) says that for every
e=1t(m) and i€ N the gradient of the indirect utility function V(ele,)=
U(F,(e)|e,) must be orthogonal to those columns of Dt;(m) that correspond to
the ith agent’s strategies. This constrains the rank of Dt (m), potentially leading
to a conflict with the “onto” requirement in (1).

Mz A | Ta(M)

FIGURE 1
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To illustrate this result we return to the example discussed in the preceding
section. Consider again the Walrasian choice rule on the class of environments in
which traders’ preferences are described by linear-quadratic utility functions.

In Figure 1, the curve I(e|e,), 1 <i <2, represents the indifference curve of the
indirect utility function V(e , e,|é,) = U(F (e,. e.)|é,) through the point (e, e,)
= (€,,€,). Pareto optimality of Walrasian allocations implies that the two
indifference curves have to be tangent at (e,. e,).

Next, suppose that M =22, In that case the set of Nash equilibria, D, must
contain an open set in M. Hence. v, =vy,=7y on this open set. Also. the
correspondence y is a function. since the y, are F, compatible as required by
condition (i) in Theorem 3.1. Finally. v is differentiable provided the mechanism’s
outcome function is smooth. Let y(m) = ¢; condition (ii) in Theorem 3.1 says
that y(T,(77)) is contained in the set L(F|(€).e,) and. consequently. the line
tangent to I(e}e,) at é. is also tangent to y(T,(m)) at y(m). Repeating the same
argument for the second agent shows that the tangent lines of y(7,(m)) and
y(T,(m)) are in fact identical at y(m). However, this contradicts the requirement
that y(-) be onto, which would imply that the tangent spaces of the images of the
two perpendicular manifolds T,(m) and T,(m) span the entire two dimensional
space of environments.

The same conclusion is obtained through the use of equation (4). Straightfor-
ward calculations yield:

V(elé,) = U(F/(e)le,)
=&, (Fr(e) +1) = 4(Fi(e) +1)" = p(e) Fi(e)
where p(e) = 3(e, + e, 2),
vU(F,(e)le,)e DF,(e)
= (e, - (F(e) +1).1)

3
e,—1]  —sle;-1]

=

= = H(Fie). F(e)).

A similar computation for the second agent shows that
VU(Fy(e)ley)o DF,(e) = —1(F(e). F'(e)).

Theorem 3.1 says that there exists an onto function y: M — #* such that’

A
am,
vU(F (y(m))ly'(m))e DF,(v(m))e . = [0.0]
0
adm,

° Here, y' stands for the /th component of the function y.
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and

vyt l
am,

ay?

am,

VU(Fy(y(m))ly*(m))e DFy(y(m))e =[0.0].

Since the vectors VU(F.(y(m))|y'(m))o DF(y(m)),1 <i <2, are collinear, it
follows that Dy(m) has rank one, which contradicts the requirement that y be
onto.

In contrast, for the mechanism given at the end of Section 2, where the strategy
space has one additional dimension, the following equations emerge: '

wim)y=Q+my+m-my,1+m,—m +m,),
(’"1""3)2 (’"1—’"3)2

m)=i{l1+2m —-m,+ 1+ +
valm) S e T P o

if my#m,
D={meM xXMjm =m,}.
The restrictions of y, to the set D agree with each other, i.e.,
Yiip=Yalp=vy and
y(m)=(1+2m ~m,,1+m,).
For every m € M, the set y,(T,(m)) is a half-space. By setting m; =m,, the
second agent moves to the boundary of this half-space.
We conclude this section by providing a partial converse of Theorem 3.1,

partial because we now assume that the space Z is the Cartesian product of Z,’s,
while Theorem 3.1 required only that Zc X" _,Z

18 Tt i

THEOREM 3.2: If Z=X7_,Z,, the existence of y;: M = E, satisfying conditions
(D)—(iil) in Theorem 3.1, is sufficient for the existence of a mechanism (M, g which
implements F: E > Z.

PrROOF: See Section 5.

4. IMPLEMENTING WALRASIAN ALLOCATIONS

This section examines the dimensional requirements for the implementation of
Walrasian allocations. Our framework 1s one of pure exchange; there are n-traders
and /-commodities in the economy. Agents are described by their characteristics

ei= (Xl‘ Rl‘ Wl)

where X, C R’ represents the ith agent’s consumption set, R, denotes his

% We note that y, is differentiable at any m & M provided that m is a regular point of the
function g.
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complete binary and refiexive preference relation on X, and w, € 2 represents

t

his initial endowment. By Z we denote the space of net-trades, i.e.,'!

Z={z=(z,....2,)lz,€R'}.

n
i=1

For a given class of economies E = X7 E, the Walrasian choice rule

W.E-—»Z
is defined as follows: z€ W(e) iff Z"_,z,=0 and 3p € #_ such that Yi e N:
(1) 2, +wEX, p2;<0,
(ii) (z;+w)R,(z,+w,) Vi &R suchthat p-7 <0.

To find lower bounds on the message space needed for the implementation of
W(-), it will be convenient to analyze the dimensional requirements of a subclass
E c E. Environments in this class have the following special features:

X,=2Y, w=(1,...,1,#").

Writing a consumption vector in #‘ as (x!,..., x'~', y), each agent’s preferences

can be locally represented by a linear-quadratic utility function of the form:!?

U(x, yle)=e,-x—13x"-x+y  where e c€R'7!, e/>1.

If agents’ endowments of the numeraire good are fixed at some level, say w','* an

environment in E can be identified with the point (e,,...,e,) R~V

For each economy in the class E there exists a unique price equilibrium; hence
W(-) is single-valued on E. The informational requirements literature has shown
that, subject to the regularity conditions discussed above, %" ¢! is the
minimal message space needed to realize W on E. This bound is attained by the
competitive mechanism, as represented in Hurwicz (1977) and Mount and Reiter
(1974), which uses #" =1 as its message space and attains Walrasian equilibria

~on a broad class of economies with convex and continuous preferences.

From the discussion in Section 2, which dealt with the case n =2 and /=2, we
expect a dimensional increase for Nash implementation. The exact magnitude of
that increase is given in Theorem 4.1 below. We call an environment é€ E
regular if for all i € N the Jacobian DW,(e) has rank /.

THEOREM 4.1: Let (M, g) implement W: E — Z, with M,=R* and g: M — Z
continuously differentiable. Suppose that for a regular environment e <€ E and a
neighborhood O(€) C E the restriction of the Nash correspondence to O(e), i.e.,

! Note that we do not insist on balanced net trades, i.e, L7z, = 0.

12 Jordan (1986) shows that it is possible to extend preferences that can on some neighborhood be
described by a quadratic utility function to the entire consumption set such that the extended
preference relation satisfies the usual regularity conditions, i.e., continuity, convexity, and monotonic-
ity. Furthermore, the extension can be chosen such that the Walrasian allocation is unique and lies in
the neighborhood in which preferences are described by the quadratic utility function.

'3 Since preferences are linear in the numeraire good, Walrasian allocations will not depend on the
numeraire good endowment W', provided this endowment is sufficiently large.
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plocz) has a linear thread. Then

Y kzn((=1)+4(n,0)

=1
where Y(n,l) is defined as:
y(n, 1) = {mﬂ‘f{zl("' 1)-k2(1-1)), #=(1,2,3....}.

ProoF: See Section 5.

According to Theorem 4.1 the dimensional increment depends on the relation-
ship between n and /. In particular, if n >/, one extra dimension is needed: If
n =2, then the dimension of the message space has to increase by (/ — 1) over
that required for realization. For general n and /, (n, /) is the unique positive
integer satisfying the equation:

(=1 =[y(n)-1(n=-1)+h, O<h<n-1.

There is always a unique pair (y(n, /), h) satisfying this equation. The condi-
tion of linear threadedness in the Nash correspondence will greatly simplify the
proof of our dimensional formula. Instead of having to work with a system of
partial differential equations, the argument reduces to an analysis of the rank of a
system of linear equations.'* We believe, however, that our formula remains valid
even when the thread of the Nash correspondence is not required to be linear.
For the case n >/, we have found a class of solutions for the corresponding
system of partial differential equations. For this class of solutions the argument
in the Appendix demonstrates the validity of the formula. However, it remains a
conjecture that the class of solutions analyzed in the Appendix includes all
solutions.

We next construct a mechanism that implements Walrasian allocations with a
message space of the indicated size. Consider a class of economies E char-
acterized by the following conditions:

(i) wEX, {w}+RcX.
(ii) Preferences are monotone increasing in the numeraire good.

Since nonequilibrium outcomes may be individually infeasible, it is necessary
to extend the preference relation to all of #'. This extended preference relation is
denoted by R, and is chosen such that it preserves the preferences R, on X, and
every point outside the consumption set is strictly inferior to any point in X,.
Formally,

if x, x’ € X,, then xR, x’ if and only if xR x’;
if x€ X, x’ & X, then xﬁ,x’ but not x’ﬁ,x.

41t should be noted that the familiar mechanisms of Groves and Ledyard (1977). Hurwicz
{1979a), Schmeidler (1980), and Walker (1981) all meet the linear threadedness condition on E.
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THEOREM 4.2: The (smooth) mechanism (X_ M, g), M,=R* as defined in

i}

equations (5)—(8), implements W: E - Z such that

S ko=n-(I=1)+y(n1).

[=]
PROOF: Let M;=R'"' 1<i<n-1,and M, =R'"' x #*""_An element in
M, will be represented as (m,,, u) and n=(m,..., m,, u). We define:
(5) m)y=m/-mi ,, l<isn, l<j<l-1,

where the subscript (n + 1) is understood “modulo n,”

-1
(6) g/(m)=~ le/(rn)g/(rn), l<isn-1,
-1 ¥(n. ) B(s) 2
(7) gi{m)= =% pl(m)gi(m)—- ¥ (u:_ ¥ mg(r.x,) ‘
j-l s= ] r=1

where a(r,s)=(s-1)(n=1)+r,
n—1 ifs<y(n,l!),
h if s=y(n,1).
We recall that 4 is given by the equation

(I=-1)=(¢(n, 1) =1){n~1) +h.
Define A(/), k(j), by the equation

J=(k(j)=1(n=1)+h(j),

1<k(j)<y(n,!), O<h(j)<n-1.

B(s)=

Finally,
(m,, if h(j)#1i,
P S uy Y, makUDif p( )=
¢ r=]
r#®i

We note in passing that this outcome function is balanced for all but the
numeraire good. Interpreting the p/(-) as prices at which the ith agent trades the
Jjth good we note that p/ does not depend on the ith agent’s message choice. In
other words, every agent acts like a price taker. Now, suppose that m* € p(e).
Since the nth agent’s preferences are monotone increasing for the numeraire
good, m* is a Nash equilibrium only if

B(s)

ur— Y mr9=0, l<s<y(nl).
rel

Therefore, at a Nash equilibrium,
p/(m*)=pli(m*), 1s<i,i'sn, 1<j<l-1,
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and
Y. gl(m*) =0, 1</<lI
(=]
Furthermore,
W[- + gl(m*)Rl(el)wl + zl
for all

L pl/(m*)il+2=0).

In particular, z,=0 is one attainable alternative, so that, if m* is a Nash

equilibrium, it must be the case that w, + g,(m*) € X.. It follows that (g,(m*) - -

g,(m*)) is a Walrasian allocation with equilibrium price vector ( p'(m*)---
-1 *

p (m*). D).

Conversely, for e€ E, let (X,,..., X,,) e R"' be a Walrasian allocation'® with
equilibrium prices (p',..., p'~*,1). We construct a message-tuple that is a Nash
equilibrium at e € £ and induces the Walrasian allocation. Set mj, ;= p’ for
1 <j</!-1 where, again, h(j) is the unique positive integer satisfying

J=(k(j) = D(n—1)+h(}),
1<k(j)<y(n,1), O<h(j)sn-1.
Next, consider the system of linear equations
Xl=m/-mi |, l<j<i~1, 1<i<n.

For every good ; there are (n— 1) independent linear equations in (n — 1)
variables (the value of mj, , is already fixed). Therefore, there exists a unique
solution such that:

(gl(m)""’gn(m))=(i1""’in) and mi(/)——_ﬁj'
Finally, the “auxiliary” variables {u,} are determined by the equations:

B(s)
u, = Z m(:(rvx)

r=1

where again a(r,s)=(s— 1 n—1)+r, 1 <s<y(n,!), and

n-1 ifs<y(n,!
5) = { fa<d(n)

h if s=y(n,1).
As shown above, the set of allocations attainable for the ith agent by unilateral
deviation from m € M is the budget plane given by the price system (p' - -+ p'™!)
and endowments w, € X,.

Since (g,(m),..., g,(m)),(p* -+ p'~1.1) is a competitive equilibrium by hy-

pothesis, m is a Nash equilibrium. This completes the proof of Theorem 4.2.

51t should be noted that Walrasian allocations do not necessarily exist for all ee £. If
W(e)= @, our claim is vacuous.
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The mechanism presented, like the one in Section 2, has the feature that the set
of Nash equilibria forms an n-(/— 1) dimensional linear manifold within the
message space; it is the intersection of y(n, /) different hyperplanes. We note
that the linear threadedness condition of Theorem 4.1 is satisfied. The basic
intuition underlying our mechanism is that monopolistic behavior has to be ruled
out, i.e., no agent may control the prices at which he trades commodities. To
accomplish this, we first give every agent one message variable with which he
influences the allocation of the jth good. Because of the balancing requirement,
there are only (n—1) independent allocations to be made for any particular
good. Therefore, one message vanable is left to determine the price. In our
mechanism, the nth agent also chooses a number of auxiliary variables. Indepen-
dently of his characteristics, the nth agent has an incentive to choose these
auxiliary variables such that each one of them lies in a given plane with, at
maximum, (n — 1) different price-setting variables, one provided by each of the
remaining agents. Thus, one auxiliary variable can ensure price taking behavior
for at most (n — 1) commodities in an economy with n agents. Accordingly, the
number of auxiliary variables needed depends on the ratio between the number
of commodities and the number of traders.

Though the mechanism presented in Theorem 4.2 is efficient with respect to the
size of the message space, it has the unappealing feature that net trades may not
be balanced if agents fail to reach an equilibrium. In case n > /, this problem can
be avoided by a slight modification of our mechanism. The basic idea is to
allocate the residual quantity of the numeraire good (recall that our mechanism is
balanced for all other goods) among those agents that are not price-setters.
Provided that n >/ there is at least one such agent. It turns out that the residual
quantity is independent of those agents’ messages. Therefore, balancedness can
be achieved through a system of transfer payments that do not affect incentives.
In equilibrium the transfers are zero, since the original mechanism is balanced in
equilibrium.

However, this construction fails if n < /. Some preliminary analysis indicates
that, in case. n = 3 =/, it is impossible to implement Walrasian allocations with a
seven-dimensional strategy space while maintaining balancedness throughout. A
possibility result obtains when the size of the message space is raised to eight
dimensions. This observation suggests that the minimal message space needed for
implementation may change as the set of permissible outcomes is enlarged from
Z to some set Z, where F(E)C Z < Z. For Walrasian allocations (n =3 = /), the
minimal message space decreases by one dimension as the permissible choice set
is expanded from the six dimensional set of balanced net trades to the nine
dimensional set of possible net trades. While this problem remains to be analyzed
in detail, a first insight is gained by observing that the outcome functions g, are
functionally dependent if net trades have to be balanced. As demonstrated in
Sections 3 and 4, the dimensional requirements for implementation depend on
the existence of correspondences y,: M -» E satisfying certain conditions. Since
Y,(m) C (F !0 g,)(m), the y,’s will be constrained further if the g,’s are function-
ally dependent.
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5. PROOFS -

PrOOF OF THEOREM 3.1: Define:
p " (m) ifmeD,
| (Ftog)(m) ifmeD.

i

Y, (m) =

(i) Clearly, Yme M y,(m)C (F ' g,)(m). Hence, e.& <€ y,(m) implies F,(e)
= F,(e). By construction, y,; = -+ =y,=vy for m&€ D. Since (M, g) imple-
ments F, y is onto.

(i) Let ieN, me D, and e€y(m). Then me€p(e) and F(e)R(e,)g,(m_,.m,).
Vm, e M. Now, e€y(m_, m,) implies F,(e)=g(m, m_,), and consequently.
F(é)€ L(e, F(e).

(i) Let me #{.e€ E, and Vi € N: F(v(T,(m))) < L(e,. F(y,(m))). By con-
struction, L(e,, F(y,(m)))= L(e; g,(m)) and F,(y,(T (m))) =g (T (m)). Hence,
m is a Nash-equilibrium at e € £ which implies g(m) = F(e), since (M, g)
implements F.

PROOF OF THEOREM 3.2: Define g2 M — Z by g, = F, o y,. It must be shown
that (a) for every environment Nash equilibria exist and (b) all Nash equilibria
yield desired outcomes.

(a) Given e € E, there exists an m € D such that e € y(m). Condition (it)
implies:

vm, e M,
gl(m) = (EOYI)(m) = E(e)RI(eI)E(Yl(m—I’;'I-l)) =gl(m—l' ml)'
(b) Suppose m € M is a Nash equilibrium for e€ E, i.e,,
gt(m)Rl(e-l)gl(m—ﬂ;n—l) v(’_n-:vm—,)ET,(m)'
This implies that
F(v(T(m)) € L& F(m).
Hence. Condition (ii1) says that g,(m) = F.(¢&).

PROOF OF THEOREM 4.1: Srep I: 1f (M, g) implements W on E. then for any
two points e. e € E:
p(e)np(é)=2.
Suppose to the contrary that two environments have a Nash equilibrium in
common, le., m* €p(e)Np(é). Implementation requires that W(e)= W(e).
Since the Nash correspondence p(-) is a coordinate correspondence, it follows
that: m* € p(é) Vé€E with é € (e, ¢, ). All environments on the “cube”
formed by the e and € have to have m* € M as a Nash equilibrium. Hence.
Wi(e)= W(é) for all é on the cube. However, a straightforward calculation
shows that
Wie)=—{n—1)e/— Y e/| for e€E.

=T

S |-
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These linear equations imply that W/(e)'= W/(&) for all é on the cube formed by
e and e, only if, in fact, e = é.

Step 2: Suppose that M, = =R% and k= Z,_lk =n-(/-1)+k. We have to
show that k > ¢(n, [). By assumption, at the regular environment é € E, referred
to in the statement of the theorem, the Nash correspondence has a linear thread
on some neighborhood O(¢é). Denote this linear thread by ¢! It follows from
Step 1 that :~' is one-to-one and consequently ¢~ !(0(é)) forms a linear
n- (/- 1) dimensional manifold in the message space M. Recall that n- (/- 1) is
the dimension of E. Next, the inverse of the Nash-correspondence y: p(E) » E
has to be a function, because p(-) is injective. Denoting the inverse of 171(-) by
t: V(m) — E, where mi =t7'(€) and V'(im) = t1(O(&)), it follows that y| 5, =1.

For 1gign, let t:V(m)— E denote differentiable threads from the corre-
spondences (y, - - - v,) as defined in Theorem 3.1. To demonstrate that differen-
tiable threads exist, it suffices to show that on some neighborhood O(m) C M the

correspondence
A t(m) if me v(m),
Y;(m)= -1 . —
(Flog)(m) iftmev(m),

has a differentiable thread. Let f: O(m) — V(m) be any differentiable function
such that f,(m)=m if me& V(m) and g,(f,(m)) = g,(m) for all m € O(m). Such
a function f, will always exist, if the Jacobian Dg,(m) has rank / on the
neighborhood O(). Since g,(t~!(e)) = F,(e) for all e € O(&), it follows that
Dg,(m) has rank /, if ¢ is a regular environment. Finally, it is easy to check that
n=(1of):0(m)~ E
is a differentiable thread of ¥, and
tlymy=t forall 1<i<n.
This implies the existence of a k X k matrix 4 which has rank n-(/—1) such
that for each m e V(m):
Dty(m)e A= ---Dt,{(m)o A=Dt(m).
We write the derivative of the linear function #(-) as
Dt(m) =By, B, B,EQ"'”_“-

Then the derivatives of the functions 7,(-) can be expressed uniquely in the form:

k
Dti(m) =B+ Zsjf\j(’") ----- 251{)‘/(’")
j=1 j=1
for all m € V(m). The A/(m) are arbitrary vectors in #"~" and the vectors
{s' -+ s*) span the nullspace of A (recall that by definition k=k-n-(I-1)).
To invoke the first order conditions for Nash equilibrium as stated in (4),
Section 3, we first calculate the gradient of the indirect utility function
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V(m|(t~Y(m)),) = UW,(t"1(m))|(+~'(m)),) which becomes:'®

vU(W, (1~ (m))|(t7(m)),)e DW, (¢~ (m)) = - i‘, W/ (1= (m)) 7’

j=1
where 1/ € 27U~ is the following vector:
-1 1-1 1-1
7/=0---1---0, 0---1---0, ’m)
1 1 i
jth Jjth Jjth

n’ has n 1’s and O’s otherwise. W/(¢~!(m)) is just the Walrasian allocation of the
jth good to the ith agent at the environment ¢~ !(m).

It may be noted at this point that the gradients of the indirect utility functions,
which are elements of #7¢~D, all lie in some (/~ 1) dimensional subspace
spanned by the vectors (7 - - 7'~!). This feature must be considered special to
the Walrasian choice rule and ultimately explains the increase in dimensional
requirements. ,

First-order conditions for the ith agent then read as follows:

©)  ~ T Wi (m)
j=1

k
210,...,0, B 1+ Lt N (m),...,

j=1

k
B + L siM(m),0---0|=[0,...,0].

Jj=1

The columns in Dt,(t7!(m)) that correspond to the ith agent’s messages
(my .1 mg) have to be orthogonal to the gradient of the ith agent’s
indirect utility function.

If the terms involving A/(m) were zero in equation (9), that equation would
imply that the 8’s belong to the orthogonal complement of the space spanned by
{n* -+ 9'71). It is shown in Step 3 that if there are A/(m) satisfying (9), then
there must be fixed vectors A, - - - A such that the k, vectors:

% k
(10) {Bk,_[+l+ Zsl{,_,+lkji""’ﬂk,+ Zsli,A/:
j=1 Jj=1
lie in the orthogonal complement of the space spanned by {7' - -+ n/~!} provided
k;

> k. We denote this (n — 1) - (/ ~ 1) dimensional subspace by L(#! --- 7/ 1) *.

16 This calculation is shown explicitly for the case n =2 =/ in Section 2 and for the case n =3 =/
in the Appendix.



GAME FORMS 683

Step 3: To show that (9) implies the existence of vectors AL /\;,. such that
the &, vectors in (10) lie in L% - 9"t we omit the subscript /, since the
argument can be made for each agent separately.

Define n(m) = L/_iW/(1"'(m))n’ and write

(n=1){-1) 1~2
M(m)=c/(m)n(m)+ 3. &(m)a+ Y c/(m)i*(m)

v=1 v=]

where {7 .- 7"~} are orthogonal to L(n ---%'"!) and the vectors
{(#(m) - 7 ~*(m)} are chosen such that (7' --- 7" "X=Y n(m), §(m). -
#=2(m)) is an orthogonal system. The conditions in (9) require that!’

k

(By,n(m)y + X sfc/(m)(n(m),n(m)) =0,

=1

(11) :
(Bion(m)y + X sic/(m)(n(m).n{(m)) =0.

j=1

Consider first the case k = 1. The first two equations in (11) then read as follows:

{Br,m(m)) + sict(m)(n{m),n(m)) =0,

(Ba.n(m)) +syct(m){n(m),n(m))=0.
Solving the first equation for c'(m) yields:

1 l <ﬁh 71(’")>

ct(m)= —————— |

(n(m),n(m))

(If s} =0 the claim follows immediately.)
Let A be an arbitrary vector such that

B, —stheL(n---q~H)*,

. Substitution into the second equation yields:

T
51

1
(By.n(m)) + ::—22-<0+5{}\,n(m)> =0
2

withde L(ngt -+ 9" Ht.
Since # is orthogonal to n(m) for all m € V(m), it follows that
(B, = A, m(m)) = 0.
Since n(m) covers the entire space spanned by {7 --- 7'"'} as m vares, it
follows that:

By—sihelL(q - q™H)".
The same argument can be made for the vectors 8; - - - B,.

7 Subsequently. ¢ -, ) will denote the inner product.
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For general k, the first k equations in (11) can be expressed in the form:
Bulm)) st - s [Mm)

a2 - =] el

Bz(m) st s c*(m)

with B',.(m)s (B, n(m))/{n(m),n(m)). We can write (12) in more compact
form as:

xlxm -

—B(m)=Soc(m).
Provided that S has full rank (an argument along the same lines can be made,
if this is not the case), we obtain
—S71e B(m) =c(m).

We denote the jth row of S™! by a’/. Let {X' --- A;} be arbitrary vectors such
that

p
(13) - L s/NelL(n 9N, l<ic<k.

/=1

Equation (k + 1) in (11) requires:

(Bropn(m)y + L st c/(m)(n(m),n(m)) =0

J=1

or equivalently,

%
(Bro-n(m)y+ L st (=, B(m)y-(n(m),n(m)) =0,

=1

Pk
(Brrn(m)) = L st (L a/Bi.n(m))y=0.

j=1 i-]

Substituting (13) into the last equation implies
k

% % k
B rrnm)) - zsmza,f[zs,vxv+o,],n<m>>=o,

j=1 1=1 v=1

where again 8, is an arbitrary element of L(y --- n/~')*.
Since the a’ are the coefficients of the inverse of S it follows that

k  k
Y (afst)N =N
gl ]

and

k k ‘
(X a{[ z sz”+0,}. n(m)y = (M, n(m)).

(=1 v=1
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Therefore,

k
(Bis1— Y staNMon(m))=0.
=1
This implies our claim, ie. that 8z, —Ef-lr,f,,l/\fé L(nt -+ 9"+, since
n(m) covers the entire space spanned by {7' - -- 7'~ !}. Again, this argument can
be repeated for Bz,, - Be
Step 4. We consider next the k X k matrix

ﬁl :Bk
1 1
O
F oo gk

consisting of the n- (/= 1) X k matrix {8,,..., 8,] with the k vectors {s* - - 5%}
appended as rows. The matrix B must have full rank &, since {8,,..., 8,]° A has
rank n- (/- 1).

From Step 3 we know that every vector 8, can be written as:

%
(14)  B,=6,- L s}V
Jj=1

where 8, € L(nt --- 7'~!)* and the vth message belongs to agent i.

Substituting (14) into the matrix B, we note that each coefficient m/ appears in
only one column of B. It is then possible to perform elementary matrix oper-
ations which generate 0’s in the last k rows for &k, — k columns. This can be done
for each agent separately. The matrix operations leave the rank of B unchanged.
In the resulting matrix B’ there are, corresponding to each agent i, k,—~k
columns of the form:

6

v

01 with g, L(n' -+ i

0
In order for B and B’ to have full rank, there cannot be more than (n — 1)({ - 1)
(the dimension of L(7* --- #'"!)*) such vectors. Consequently:

n

Y (ki—k)<s(n-1)(1-1)

im=]
or
k—nk<(n-1)(I-1)
or
n(l-1)+k-nk<{n-1)(I-1)
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or
(-1 <(n-1k.

Since y/(n, {) was defined as the smallest positive integer u satisfying (n — 1)u
> (/- 1), it follows that k = (n, !). This completes the proof of Theorem 4.1.

6. CONCLUSION

This paper represents a step toward an integrated theory of incentives and
communication requirements for decentralized allocation mechanisms. In terms
of the size of the message space, Nash implementation is always at least as costly
as decentralized realization. Our general results provide a way of testing whether
a given message space is big enough to implement a social choice rule in Nash
equilibria.

For the case of the Walrasian choice rule we find that it is possible to construct
implementing mechanisms whose set of Nash equilibria forms a manifold of
exactly the dimension needed for realization only. However, this manifold must
be embedded in a message space of higher dimension in order to give the
messages in the manifold, and only those, the Nash property. We do not know
whether this feature is shared by other social choice rules. Lindahl allocations in
public goods economies provide an example of a social choice rule for which
there is no increase in dimensionality. On the other hand, Hurwicz (1979b) has
shown that any Nash implementable performance standard which selects individ-
ually rational and Pareto optimal allocations has to contain all Walrasian
allocations. Thus, our dimensional lower bound applies to the implementation of
any such perforance standard, if one insists on full implementation, i.e., every

_ desired outcome can be supported by some Nash equilibrium.

Our analysis has paid little or no attention to the important issues of balanced-
ness and individual feasibility of nonequilibrium allocations. It remains to
integrate these issues with the theory of dimensionally efficient mechanisms.
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and
Center for Mathematical Studies in Economics and Management Science, North-
western University, Evanston, IL 60201, U.S.A.
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APPENDIX

In this Appendix we reexamine our dimensional forrula in Theorem 4.1 without the line
threadedness assumption. We focus on the case n >/, our conjecture is that a message space
dimension n-(/~1) is not large enough. The mechanism introduced in Theorem 4.2 shows tt
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adding one additional dimension will be sufficient. To keep the notation tractable we confine
ourselves to the case n =13 and /=3, though the reader will see that the argument can be generalized
without substantial change for general n and /,n > /.

Assume, contrary to our claim, that there exists a smooth mechanism which implements W(-) on
E and whose message space is six-dimensional, i.e., M, = R 1<i<?3.

Let v: E— M be a thread of the Nash correspondence. We first show that on a properly chosen
neighborhood v~ ! is a differentiable function. By definition:

(gov)(e)=W(e) forallecE.

W(E) forms a_six-dimensional linear manifold in Z. The differentiable function g: M — Z maps
u(E) onto W(E). Therefore, the set v( E) contains an open set O on which g is1 - 1. Let z* € g(0)
be a regular value of g such that g(m?*) = z* and m* € 0. By O(m*) € O we denote a nexgbborhood
on which g, is a dxﬂ‘eomorphxsm Let m® e 0(m‘) denote a pomt for which g(mP°) is a regular
value of W(:.). If W(e°)=g(m ), then (Wloé' )) ° glomoy = (v~ )|0(,,, ,» on properly chosen
neighborhoods O(e ) and O(m°) where O(m") c O(m*). Thus, (v~ )[o(... y 1s itself a diffeomor-
phism. _
Note that (v™')| 0, = ¢ is a local thread of the correspondence y: M = E as defined in
Theorem 3.1. Let

n(mi, mi, my, md mi, md)=el,
aC)=d o n()=d w()=d

To prove our claim we recall the first-order representation of Theorem 3.1, as given in (4). [t is easily
verified that for all e€ E:

CU(F(e)le;)° DF,(e) = —=1(F!(e), F}(e), F'(e), F*(e). F'(e). F*(e)).

1 2 1 2
Fle)=3(2e - Leb|.  Fie)=3(2el- X
=% et

Multiplication of TU(F,(e)}e)° DF,(e) with the corresponding two columns in the Jacobian of
t(-), as required in (4), leads to the following six equations:

. 31, dey  dig ,;,2 dug de,

Q) Qn-t=6)| 57— T + (2t~ tg)| — * o I =0
l<ig?2

’ adn 9 dtg at,  dt, g

(i) (25-n- 's)( m g'm—*‘a—m—, + (2=t - tg) Eﬂ—‘ﬁua—mfm =
I<ixg4

an 31, dtg ,9,2 3,‘ dtg

(iii) (245 - "':)( Im am +— am, + (-t -t)| — am' + I =0,
S5<i<é

This system of partial differential equations has many solutions, in particular linear solutions
(leading us back to the case considered in Theorem 4.1). We shall show that, subject to a conjecture
about the class of solutions to this system of equations, no solution can be onto, i.e., the rank of its
Jacobian is always less than six. It will be convenient to rewrite the system in the following way:

Bi(m)=1,(m)+15(m) +t5(m),
By=ty+t+ ¢, By =21 —ty3— 15,
Ba=2t3—1,-1g,  Bs=25-1 -1,

Bo=2ta—tg~15.
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Equations (i)~(iii) can then be represented as:

3B, 3B,
Bla ‘ Bdg;"—’E l<i<?
a8, a8,
L+ =0, 3si<4,
Bsam BGBm, Jgix

a8 aB
(B}"’Bs);;:“"(ﬁa*’ﬁs)a—’:so. S<ixgé.

Note that the two systems are equivalent, since the linear transformation between f(-) and B(-) is
one-to-one. We consider, what will be called the reduced system,

L

a(m)m +

]
—
A
A
»

am,

where
a(m) =By (m)/Bi(m),
§(m) =Bs(m)/Bs(m),
e(m) = (Bs(m) + Bs(m))/(Bi(m) + Bs(m)).

If the Jacobian of (B, B,, B4, By, Bs. Bs) has full rank, then the Jacobian of (B84, 8;, a. {, €) has full
rank as well, i.e., rank five. Suppose that (8, 8,. a,{, ¢) is a solution to the reduced system.
We observe that

By 08 B |08
7y = ).

—_—

am; | dm, dIm,

implies that the functions 8, and B, have the same isoquants in (m, m,) space, given (m; - - - mq).
Similarly, B; and B8, have the same isoquants in (m;, m,) space as well as in (mg, mg) space. This
suggests that we consider functions 8, and B, of the form:

B =L (a(m).b(m).c(m))

where [: % =R, 1 <i<2 and a(m), b(m), c(m) are arbitrary functions. (We have no proof that
every pair of functions 8, and B, can be written in this form whenever they have the same isoquants
in the three two-dimensional subspaces.)

Differentiating B, with respect to m; and m, and using the requirement

38, / %, _ 9 |6

Bm,| am, " am,| am;

leads to the equation:

dm, Im | Im,

(15) ([fay + IPhy +[fc)) - ([fa, + [Tb,y + [icy)
= (Ifay + IPhy + [c,) - (Ifay + [fby + [5c,)

where [ =3I /da and a, = da/dm,.
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Multiplying out in {15) yields:
(MEI2 -~ IPTE)a by + (1715 - [ETY ) ages
+(LPIg = TYTE)azhy + (DPTE ~ [ T2) brey
“(I{TY = Tt aye, = (I{TT - [T ) baey = 0.
Collecting terms, (13) takes the form:
(Ff‘r{’-—f{'[’z“)(albz—blaz)+(I’f‘[’:"—[’{[‘f’)(ulc:—a1cl)
+(IP0s =TT ) (brea ~ bacy ) = 0.
We define new variables:
X=Tery-riry.
Y=I¢I{-I{IY.
Z=riry-I7ry,
stf=ayby—bay. sff=ayc; - cay. sis =biey— b,

The next step is to perform the same calculations for (m;. m,) and (mg. m,) respectively, keeping in
mind that

9B, [ 3B, _ By | 3P

dmyj dm, - dmy [ dm,

and

B, /331 3B, /332
ams/ dmg ¢9m5/ Img

This leads to the system of equations:

ab ac bc

sty stz osip ) | X
(16) sgpost st o] v =0

ah ac b

Sse  Ss6  Sse 4

We classify the constraints on (I}, [}, a, b. ¢), according to the rank of the matrix in (16), which
we denote S for brevity.
Case I: Rank (§) =0. Then all entries in § are zero. In this case:

B =T (a(m,my).b(my. my).c(ms.mg))., 1<is2,

is one possible solution to our differential equations system, but there are others.!* It will be shown
that for any solution the rank of the Jacobian of the reduced system is less than five.
First consider the Jacobian of (a. b, ¢):

a, a, ay a, a5 ag
17 Jape=| b1 B2 by by b b

‘* Leo Hurwicz found this solution, and one in which B, and B, are dependent. by a direct
argument based on the observation that 8, and 8, have the same isoquants in the three subspaces
noted above.
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If all entries in § are zero. then there are multipliers (depending on ) (A, AL Ay n,. 1. 049
such that (17) can be expressed as:

a, a3 ay - 4, as e

17 Jre=|Aay Aja, Ayay Ajay Ajas Ay .
u 243 3 14

Mdyr M4 M43 TMda Mds  Mdg

We now consider the Jacobian of (B8, 8,.a.{. ¢). It is readily verified that

_¢9£1__ B, a3, [ 9B,

dmy | dmy, a, Im | dmy
A straightforward, but laborious, caiculation shows that in this case also:

da | 3a ay a¢ a¢ de [ e

dmi/ dmy; a, 3m 3m2=3m1/ amy

Hence, the first two columns in the Jacobian of (B,. . a.¢. €) are proportional. so are the third and
fourth. and fifth and sixth. This shows that the rank can be at most three.

Case [I: Rank (§)=3. The only solution to (16) is ( X. Y. Z) = (0.0,0). This implies that I'; and
I, are functionally dependent since the rank of the matrix

E S
rg réor;
is at most one. Thus, [; = f(I}) and

By (m)=f(Li(a(m).b(m).c(m)Y, =f(Bi(m)).

Hence, 8, and B, are functionally depcndent. implying that the first two rows in the Jacobian of
(B,.B,.a.§. €) are proportional and hence the Jacobian cannot have rank five.

Cuse II1: Rank (S)=2. Assume, for simplicity, that the nullspace of S is spanned by vectors
(1.0.0] and {0.1,0]. It follows that

sih =54 =580 =0 and

sty =3if =58 = 0.

g
Therefore J,,. in (17) can again be expressed in the form given in (17) leading to the same
conc)}usion. A longer argument is needed when the nullspace is an arbitrary two dimensional subspace
of #~°.

Case IV: Rank (S)=1. Suppose the nullspace of § is spanned by the vector [1.0.0). Since
[X.Y¥.Z])is in the nullspace, 1t follows that Y=2Z=0. If X=0, the same reasoning as in Case I
applies. [f X'# 0. we get the following determinant conditions:

det I Flh *0 det Ie F{..)—O det F,” F{‘—O
N )™ o/ e o]

i

These conditions can be satisfied only if [T =[5 = 0. Since [1.0.0] is in the nullspace, it follows also
that

Therefore (17) takes the form

a as ay dy ae dg
Jope =1 M@ Mgy Ajay Aay Ajas Ayag ).
(3 ¢y [ [N [ [

This ieads us back to the analysis in Case I. Though we have no information about the last row in
J, 5. in the present case, the conclusion remains the same since [| =I5 =0. We find again that the
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Jacobian of {B,. 8. a.{. &) has at most rank three since the first and second. third and fourth, and
fifth and sixth columns are respectively proportional.
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