“H861 ‘SS2IJ BIOSAUUTA JO ANSIDATU() “ZITMINE]

JU]

TUONeuLIo

: usd
PIUOS ] JO JOUOL] UT SABSSH ‘SWISTIB(DIJA OIUOUOJ PUB "SSATIUSIU]

6

On the Existence of a Locally Stable

Dynamic Process with a Statically
Minimal Message Space
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214 MOUNT AND REITER

ural to ask whether that amount of information is also sufficient to allow
the agents to find equilibrium. Reiter (1979) first studied this question in
the setting of an example, specifically an exchange economy with two com-
modities, two agents with quadratic utility functions, and a Walrasian per-
formance function. He considered the class of adjustment processes intro-
duced by Hurwicz, represented by difference equations in the messages of
the agents. He asked whether there is such an adjustment process using a
two-dimensional message space (known to be the minimum size for a static
mechanism in this problem) which is stable (in the sense of Lyapunov) at
an equilibrium. In this example it is seen that if the process is such that the
characteristic equation is defined, then the process must be unstable near
equilibrium. Reiter also gave an adjustment process, with, in effect, a four-
dimensional message space in which the two-dimensional set of equilibrium
messages is embedded, which is locally stable in this example.

Jordan (1982) has considered the informational requirements imposed by
local stability over and above those of static realization, and has obtained
more general results. He introduces a more general kind of dynamical sys-
tem (in differential rather than difference equations) in which there are two
kinds of message variables: state messages, which are the messages of the
Mount-Reiter equilibrium formulation (see Mount and Reiter 1974); and
control messages, which play the role of dynamic adjusters of the state mes-
sages. Jordan introduces this type of process in order to preserve the gen-
erality of the Mount-Reiter equilibrium formulation. In that model it is not
generally possible to associate particular coordinates of the message space
with an individual agent. It is therefore not clear how to define an adjustment
process. (Section 2 of Jordan's paper contains an excellent discussion of the
background of this problem.)

The class of dynamic processes introduced by Jordan is much larger than
the class of adjustment processes heretofore studied. Jordan has pointed out
that the equilibrium message correspondence defined by the stationary mes-
sages of the system need not be a coordinate correspondence, that is, not a
statically E.Zwo«-v_dmmﬂi:m correspondence. This, in light of a certain fea-
ture of the dynamic system, raises the question whether Jordan processes
are privacy preserving. To help answer this question, we give a definition
of privacy applicable to a general dynamic system and a sufficient condition
that a Jordan process be privacy preserving. (Definition 2 and Lemma 2)

The definition of privacy we give applies to dynamic systems in which
at each point of the state space (the message space) the direction of motion,
as in the dynamical systems introduced by Smale, is constrained only to lie
in a given set, rather than to be in a specified direction. This, roughly speak-
ing, defines a correspondence from the space of environments t0 the tangent
space of the message Space. A dynamic system preserves privacy if that
correspondence is a coordinate correspondence. If the differential equations
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of the m«maa determine a vector field, as in a Jordan process, this definition
can .co interpreted as saying that each agent v:é:o_w “consents” to the di-
rection of motion specified by the vector field.

Jordan’s main general theorem applies to the case in which the dimension
of the space of state messages is minimal for the static problem. He shows
that local stability requires the dimension of the space of contro]l messages
to be at least as large as the dimension of the (minimal) static message space;,
equality of these dimensions is a possibility. In this chapter we focus on H:m
case of equality. An argument given at the end of Section 2 supports the
idea that this is an important case related to privacy. Our assumptions and
methods are somewhat different from those of Jordan, especially in the case
where the message space is two-dimensional. The class of dynamic systems
we study is unrestricted as to dependence on parameters but includes those
studied by Jordan.

. .Oso other difference may be noted here. Jordan uses a definition of sta-
bility that requires a process to stabilize all its equilibria in order to qualify
as stable; we use a weaker definition. Since our result is negative, in effect
we say that an unstable process is one that can stabilize no equilibrium
whereas Jordan says a process is unstable if it fails to stabilize some 35”
librium.

In the first of the two cases we study, the statically minimal message
space is two-dimensional. In that case we show that there is no adjustment
process that (locally) stabilizes any of its equilibria. Our analysis is quali-
tative and does not rely on examining roots of the characteristic equation
<.<::o the set of (regular) differential equations with linear part (i.e., 5&
linear terms of the Taylor expansion at the equilibrium point not identically
zero) is dense in the set of all (regular) differential equations, it might well
be true that a dynamic system whose linear parts are all zero is stable and
even ﬁ:‘ocm: in some sense rare and isolated in the set of dynamic ?doommow,
s ?o.o_wo_v\ the one we find of interest. We present the argument for Sm
ﬁ.io-a_aoswmosm_ case in graphic terms; although a formal algebraic analysis
is m.<w:mc_n, the graphic exposition is much easier to follow than the alge-
braic version. Except for a special case, we have been unable to generalize
%.m Emf.::n:ﬁ to higher dimensions.. Second, we present an analysis in higher
dimensions for processes with linear part. There we show, by an algebraic
argument related to the qualitative analysis used in the two-dimensional case
that there must be a positive characteristic root. This, of course, does :om
exclude the possibility of a stable process with zero linear part.

2. Dynamic Systems and Privacy

m:.vvo.mo there are p _mmosa, 1, ..., p, and that the space of environments
Eisgivenby E = E' X ... X E'. We usually shall suppose that the £’ and
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E are Euclidean spaces. Let

G E'x...xEP—>R
be a performance function and suppose that there is a static mechanism with
message space M and equilibrium message correspondence p: E — M, which
realizes G. We are interested in the case in which M is an n-dimensional
Euclidean space.

The kind of dynamic process introduced by Hurwicz is, in differential
equation form, as follows. It is assumed that M is a product

M=M'X...xXM*F

where each space M’ has as coordinates the variables controlled by agent J
Then the response rules of the agents define the dynamic adjustment process

(1) w = fi(me’) j=1,..,p (1.1)

with initial conditions

mQy=mh j=1,....p (1.2)
It is evident that the equilibrium correspondence
vwE—->M

given by
v(e)={m€ M|fi(me)=0 j= 1,...,p}

is a coordinate correspondence and hence privacy preserving in the static
sense.

Jordan (1982) introduced a more general class of dynamic processes. He
does not assume that the message space is a product with different coordi-
nates to be adjusted independently by different agents. Jordan introduced
auxiliary variables, called control messages, which control the adjustment
of the static messages of M, called state messages. Let C' denote the space

of control messages of agent i with elements denoted ¢, i = 1,2 ... q.
Then a Jordan process (f,a) has the form

(2) ¢=fiime)i=1,...,p .1

m = at(c',...cfm) k= 1,2,...,dimM (2.2)

my0) = mek =1, ..., dim M. (2.3)

In this type of process, each agent determines the value of his control vari-
ables in a “privacy-preserving fashion” based on the current state message
m and his parameters. The state message is adjusted as a function of the
current control messages and the current state message. Note that the ad-
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justments 7, do not depend directly on the indi
parameters, but only indir
through the control messages. y indireetly

Substituting from equations (2.1) into (2.2) gives us the dynamic process
3) m = F(m,e) 3.1
m(Q) = my. (3.2)

The equilibrium correspondence of this system is
vr(e) ={m &€ M|F(m,) = 0}.

We consider next a still more general kind of system. A dynamic system
such as EE given by (3), determines for each e € E a vector field on E,
amans_s_am at each point of M a tangent vector m. More generally :6,
M%w_ﬁ.ma might determine at each m a set of vectors in which m is nosm:mima
o lie.

DEFINITION 1. A dynamic system (&,X,M) is given by a correspondence

O XXM—->MXM,
such that

d(x,m) C M X {m},

where M mm_Sm tangent space of M at the origin, and X is a space of
parameters.
Ifo mm. single valued, we call the dynamic system single valued
We can im::@ a single-valued dynamic system whose no:om_uo:_
dence is given by a differential equation such as (3) with that equation.
ummﬁ_doz 2. A dynamic system (®,E\M), E = E' X ... X E", with ®:
E X X E"XM—> M X M,is privacy preserving if there are
&Sw::n systems (¢',E,M) & E' X M — M X M such that
d(e',....e"m) = N, d'(e',m) for all (e,m) in E'X ... XE"XM.
DEFINITION 3. Let ®: X X M — M X M be a dynamic system. The zero
correspondence of ® is given by

Zo(x) = (x, M) ({0} X M) = {m € M|(0,m) € d(x,m)}.

_= b mm. single valued, then Zg(x) = {m € M|®(x,m) = (0,m)}; that
is, Zg is the equilibrium correspondence of the system.

. We show next that a privacy-preserving dynamic system has an equilib-
rium correspondence that is privacy preserving.

] y .
In general M X M would be replaced by the tangent bundle to M and we would require

eAN ’ ,e"\m)
e",m) to lie in the fiber over m. When M is Euclidea we can write 1
n, n [} the angent
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LEMMA 1. Let®: E' X ... X E" XM — M X M be a privacy preserving
dynamic system, and let ® be single valued. Then the equilibrium
correspondence yo = y of the system is privacy preserving, that is, a
coordinate correspondence into M.

PROOF. Since & is a privacy preserving dynamic system, by Definition
2, there exist correspondences ¢ E X M— M X M such that for all e €
Eand m € M, de',....e"m) = d'(e',m) 0 ... 0 d"(e",m). Now, m €
y(e',...,e") if and only if

{(0,m)} = D(e',....e"\m) = dle’,m)yn ... N ¢'e"m)

since, when @ is single valued, ye',....e" = Zy(e',. . .,€"). Therefore (0,m)
€ &'(e',m) foreach i = 1, ..., n. Therefore v(e',....e") C Zy(e) fori =
1, ..., n. Hence y(e',..., €0 C " Zy(e"). Now suppose that (0,m) €

N7, Zyi(e). 1t follows that
0,m) € die',m) N {0} x Mfori=1,...,n

Therefore (0,m) € N°_, &'(e',m) = $(e',....e",m). Since (0,m) € {0} X M,
it follows that

0,m) € Zyle',....€") = d(e',...,e",m) N [{0} x M].

Therefore m € y(e',...e") = Zo(e',. . ..e"), since ® is single valued. We
have shown that

”n
yee'y. . .en = Zy(e).

i=1
REMARK. Lemma 1 states that every single-valued, privacy preserving
dynamic system has a statically privacy preserving equilibrium correspon-
dence. It is also true that there are no other statically privacy preserving,
single-valued equilibrium correspondences than those arising from privacy
preserving, single-valued dynamic systems. To see this, notice that if y: E'
X ... X E"— M is a privacy preserving function, then we can construct a

dynamic process by defining

db'(e'm) = {m € i_inilmmgmm{.ﬂmqfu 1,...,n

where v': E' — M are the coordinate correspondences of .

The Jordan process has a single-valued ®, as seen from equations (3).
But, as Jordan (1982) points out, its equilibrium correspondence is not nec-
essarily privacy preserving. It follows from Lemma 1 and the Remark that
not all Jordan processes are privacy preserving as dynamic systems. Lemma
7 states a sufficient condition that a Jordan process be a privacy preserving
dynamic system.
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Figure 6.1. Commuting Diagram.

rmzmzpm. Let (f,e) be a Jordan process as given by (2). If for each m

a(-,m): C X {m}—> M x {m}
is one-to-one, then (f,a) is (corresponds to i - i
e proges. p ) a privacy-preserving dy-
PROOF. Let f' E' x M — [II’., C' be defined by
Fledm)=Cx ... X CT' X {fitm,e)} x C'™' x ... x CP.
Define
P
%mxklquk
by
g'te'.m) = (f (e ,m),m).
Figure 6.1 shows these maps.

o :. a X ldy mw._. one-to-one, then this diagram commutes, that is, the map
given by N;g' followed by a X Id,, is a coordinate correspondence.

3. Stability in Two Dimensions

Jordan has investigated the implications of local stability for the size of the
space .9, oo.::o_ messages. As we have seen, Jordan’s dynamic process can
be .<<.:.:m= in the form of (3). He studies the local stability of (3) using a
a.mm_:_:o: .OM local stability (Jordan 1982: 2.4 Definitions) that incorporates
(i) a requirement of “Lyapunov stability” where a small displacement of
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equilibrium will not cause the system to move far from equilibrium; (ii) a
requirement of “asymptotic stability” where the system eventually will con-
verge to equilibrium; (iii) a requirement that every equilibrium correspond-
ing to a particular environment be stabilized by the system in the senses of
(i) and (ii); and (iv) a requirement that perturbations of the environment as
well as of the state messages be allowed.

Under the conditions that the f* be continuous (jointly in m and €'), and
for each ¢’ satisfy a Lipschitz condition in m, and that a is Lipschitzian
jointly in its arguments, and under the assumption that (i) E has a subset E°
which is homeomorphic to an open subset of R" where n = dim M ; and (ii)
for any e, ¢’ € E°, p(e) N wle') = ¢ if e # e', Jordan has shown (1982:
2.14 Theorem) that if the adjustment process is locally stable, then dim C
= n = dim M, where C is the space of control messages.

We focus on the case where dim C = dim M, especially where dim C
= dim M = 2. This case is of special interest for at least the following
reason. Jordan has shown that for any process in his class, dim C = dim
M. Since dim M = dim M, his theorem tells us that dim C = dim M. We
know from Jordan’s Assumption | that a(-,m). C X {m} = M x {m} is
continuous and from Lemma 2 that injectiveness of « is a sufficient con-
dition that the Jordan process (f,at) be privacy preserving. It can be shown
that if a is continuous and injective, then dim C =< dim M. This follows
from the propositions (i) that a continuous one-to-one function from a com-
pact space to a Hausdorff space is a homeomorphism, and (ii) that an open
subset of a Euclidean space has the same dimension as the space.

Applying this result to the mapping a(-,m): C X {m} -» M x {mn}, we
see that in the class of cases when the sufficient condition of Lemma 2 is
satisfied, the only case to examine is that in which dim C = dim M.

We consider a broader class of processes than those introduced by Jordan,
in particular, those that correspond to single-valued dynamic systems in the
sense of Definition 1. In that case, the equations of (3) are not required to
have the structure defined by (2), nor is the system required to preserve
privacy. We also use a weaker concept of local stability, which, since our
result is a negative one, gives a stronger theorem.

Let the differential equations m; = h'(m,e) i = 1, ..., n be given. We
may write this system in the form m = h(m,e). In order to guarantee ex-
istence and uniqueness of solutions, we make the following Assumption.
(See Coddington and Levinson 1955: Theorem 7.1, p. 22.)

ASSUMPTION 1. Foreachi = 1, ..., n, h' is continuous on M X E, and

for each ¢ € E, the function h'(*,e) is locally Lipschitzian. That is, for
any m® € M there is a neighborhood M' of m" and a constant K > 0
such that for any m, m' € M',
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Jh'(m,e) = Ki(m',e))| < Klm — m'||.
Next, we define local stability.
DEFINITION 4. For each (m°e% €

1 . M X E consider the differential -
tion (with initial condition) e

m

m(Q0)

h(m,e%
0
m°. (4)
Wow.b% n.?wo € M| (4) has a solution on the entire time domain [0,%]}.
eline my: Do X [0,%) — M, by setting mio(m,t ] i
o (a e Do g myo(m,t) equal to the solution
Letm € _.»A%V. The %Bonmm (4) is locally stable at an equilibrium
m om. the environment ¢° if for each neighborhood V of s there exists
a :o_m:co&ooa Uof mwithU CVand U C Dy and a function w*:
U — M satisfying for each m® € U the conditions:

(@) mp (m°1) € V, for all ¢ (Lyapunov stability)

(b) (a) :o_.am for every environment in E, C E, where E,, is the class
of environments e € E such that m is an equilibrium of e.

f

The distinction between Jordan's definiti
as mo:oim.. First, Jordan studies the variation of equilibria under perturbation
of the environment. We do not. We fix an equilibrium and require that it
be Lyapunov stable for all environments for which it is an equilibrium. Sec-
ond, Jordan requires the process to stabilize all equilibria .
g%. Lyapunov and asymptotic stability; .
stability of a particular equilibrium. Thus it is conceivable that an adjustment
process might stabilize some equilibria of a particular environment but not
others. The case of an environment with multiple competitive equilibria
some of é:mo: are locally stable (with Walrasian price adjustment) and o:_“
ers of which are unstable, illustrates the difference. Jordan's definition re-
quires that this process be called unstable, whereas ours allows it to be called
stable at the right equilibrium.

We now turn to the case n = 2. In that case Jordan's theorem tells us

that dim C = 2. We study the case of equality, that is, dim C = 2. In that
case the system (3) can be written

on of local stability and ours is

e in the sense of
our definition applies to Lyapunov

m,

h'(m,e)

My = h(m,e) (5)

where the ?:.o:o:m H,i=1,2 may each have all components of e as ar-
guments. Define the correspondences by the equations:
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v'(e) = {m € M|h'(m,e) = 0} and
vi(e) = {m € M |h*(m,e) = 0} (6)

Then
y(e) = ¥'(e) N ¥(e).

Since yi(e) is the set of zeroes of h'(*,e), we sometimes refer to it as the
zero-locus of h'(,e).

If (w,M,g) is a static mechanism (realizing a performance function G),
we say that the dynamic process (5) realizes p (and G) if y = u, that is,
if the stationary points of (5) are those given by p.

We assume that for each environment e € E, u(e) is not empty. There-
fore if the dynamic process given by (5) is to realize p, the equations (6)
must have at least one solution for each environment. Geometrically, for
each environment, the sets given by (6) intersect in M at least once.

We take such a point of intersection. Without loss of generality we may,
by a translation of coordinates, take that point to be the origin.

ASSUMPTION 2. In a neighborhood of the origin, the set of zeros of A'(*,e)

is a submanifold. (Golubitsky and Guillemin 1973: Definition 2.7,
p- 9

Note that the function #'(*,e) need not be one of the coordinate functions
that define the submanifold. In particular Assumption 2 does not imply that
H'(-,e) is differentiable.

The zero-locus of A'(,e) might be empty, consist of a finite number of
points, be a curve in R?, or be two-dimensional. The only interesting case
is that in which it is a one-dimensional curve in R?. We confine attention
to that case. Given an equilibrium point, m, there is a subset E, of envi-
ronments which have the same point as an equilibrium. We may, without
loss of generality, take m = 0. Thus, let

E,={e €E E|W(0,e)=0}i=1,2.

Since E, C E, if there is no dynamic process stabilizing O for all environ-
ments in E,, then there is certainly no such process for all environments in
E. We can confine attention to Ej.

It follows from the assumption that ¥'(e), i = 1, 2 is a submanifold, that
for each e € E,, the curve y'(e) has a unique tangent at the origin. In a
neighborhood of the origin on which ¥'(e) is a submanifold, the curve y(e)
divides the space into two regions, which we orient as follows.

Let L(y'(e); m,,m,) be a real-valued continuous function, taking the value
0 at each point of y'(e) and changing sign across y'(e). This function exists
because v'(e) is a submanifold. Thus L(y'(e),m,,m,) is positive for all (m,,m,)
on one side of v'(e¢) and negative on the other.

B s ]
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Let
H'.(e)

AAS_,SNV EM _P Az_.ﬁmv,s.rsuv > 9

H'(e) = {(m;,m)) € M|L (y'(e),m,,m;) < 0}.

We call H',(e) the upper (or positive) half-space and H'.(e) the lower (or
negative) half-space of y'(e). Of course, these regions are literally half-spaces
only when ¥'(e) is a line; generally they will be regions with a curved bound-
ary.

.mo.q e € Ey, let o'(e) denote the unit vector normal to ¥'(e) at the origin
.vo_Mm_:m into H'(e). Thus o E;,— S' i = 1, 2, where S’ is the unit circle
in R%.

Let ¥ denote the class of all functions h: M X E, — R which satisfy
>mmcavzo= I and write ¥, for the collection of all functions h € ¥ with
e a fixed element of E,, that is, h(*,e): M X {e} — R. The collection includes
the right-hand side functions, which we shall refer to as adjustment func-
tions, of dynamic processes given by (5) and, hence, covers the Jordan and
therefore, also the Hurwicz processes. We now introduce an mmw::ﬁ:om

about the way the zero-locus of the function 4’ depends on the environment.
ASSUMPTION 3. The mapping

o= (¢',0); E,—S5'x§!
satisfies the following conditions:

(i) There exists a point w € S' and a neighborhood of (w,w), V(v,w)
€ S' x §' such that o(E,) contains V(w,w)

(ii) the correspondence ¢~ ' is locally threaded at the point (w,w) €
§' x §'. That is, there exists a neighborhood W (w,w) C V(w,w)
C §' x §' and a continuous function & W(w,w) — E; such that
(x,y) € W(w,w) implies &(x,y) € o '(x,y).

. We shall now show there is no dynamic process satisfying our assump-
tions that is locally stable at the origin for all environments in E,.

THEOREM. Let m be a point of R*. There does not exist a dynamic pro-

cess, as given by equations (5) with (h',h’) € ¥, satisfying Assump-
tions 1, 2 and 3, for which m is a locally stable equilibrium.

PROOF. Let (h',h%) € ¥ be the adjustment functions of an arbitrary sys-
tem given by (5). It follows from the continuity of A’ that for i = 1, 2, and
each e € E;, h'(*,e) can change sign only at points of y'(e). That is, h'(-,e)
must have one sign on each half-space H'.(e)and H (e). Let w' € S' be a
point whose existence is guaranteed by Assumption 3(i). We may, without
loss of generality (by permuting coordinates and possibly changing signs),
assume that w' is in the interior of the second quadrant, for example, w' =

(=1/V2,1/\V2).
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By >Ww:BE._o= 3(i) there exists ¢ € Eq such that ﬂmov = AE_..E_V., Since
K is continuous, taking a point m E the interior of lw?%.ﬂ which A ?Tmcv
is, say, positive, and letting e = K(m,ey)/2, there is a neighborhood N'(eo)

such that e € N'(e,) implies h'(m,e) has .:.o same mmm.: as :.?z.m.% and there-
fore has the same sign as H(,eo) on H'.(e)(resp. H_(e)) as h'(-,ey) has on
H'.(ep)(resp. H-(eg)), fori = 1, 2. . _ |
Since £ S X §? — E is continuous on W(w',w’) C .w_ V_A S', for every
neighborhood U(ep) C Eo, there is a neighborhood V(w ,w) C Ww',w')
C S' x S' such that (w',w?) € V(w',w') implies &w',w’) € Ul(eo).
For A > 0, and given w', let

(1 = N\)(=1,0) + Aw'
(1 = N(=1,0) + aw'll]

w'(\) =

Then for every neighborhood V(w',w') C §' x S' there exists 8 > 0 such
that \ — 1] < 8 implies (w',w*(\)) € Viw' wh.
Let U(ey) = N'(eg) N N?(ep). Then for this neighborhood ﬁ?&. there
is Viw'w) C S' x S'and 8 > 0sothat 1 =3 <A<l implies
@ (W' W) € V(W' w'; _ N
B) e(\) = &w',w'(\) € Uley) = N'(eo) N N*(eo); and
v) the slope of ¥*(e(\)) at the origin is positive and greater than the slope
of v'(e(\)) at the origin, which is also positive.

It follows from Assumption 2 that there is a neighborhood of the origin in
M such that v'(e(\)) and v*(e(M)) intersect in that :ammzco&ooa only at the
origin. From now on we shall confine attention to ::m. :w_mzconzooa. and
in our diagrams we shall picture this neighborhood as if it were .En whole
of R2. In this way we can avoid inessential notational complexities.

Since h'(,e(\)) must have one sign on each half-space H.(e(N)) w:a
H' (e(\)), we can partition ¥, into equivalence classes based on the sign
pattern of the A’ functions.

Let

Ale(\) = {H(,e(\) € Hplh(me(N)) >0
form € H'.(e(\)) U H_(e(A\))}

Bi(e(N) = {H(,e(N) E K lh'(m,e(N)) > 0 form € H'.(e(\)
R(m,e(\)) < 0 form € H_(e(\)}

Cite(N) = {H'(.e(\)) € Halh'(m,e(\)) < 0 form € H(e(\))
H(m,e'(\) > 0 for m € H' .(e(\))}
Dite(\)) = {h' € Ko fH (m,e(\)) <O form € H'.(e(\)) U H_(e(M)}.
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It follows that the arbitrary adjustment process we began with must have
its response functions in one of 16 subsets of functions in ¥.,,,, namely,

Ale(N) X A e(N))
Al(e(N) X B¥e(N))

D'(e(\)) X D(e(\)),

generated by the four ways in which signs can be assigned independently
to each of the two adjustment functions.

The two half-spaces H'.(e(\)) and H-(e()\)) for each agent determine four
regions of R? which we may label

Ie(N) = H'.(e(N)) N Hi(e(N))
I(e(N) = H'(e(N) N Hi(e(N))
Ii(e(\) = HL(e(N\) N Hi(e(\)
IV(e(\) = Hl(e(\)) N Hi(e(\).

(If the curves v'(e(\)) and v¥(e(N)) intersected in some other way at the
origin, for instance, if they were tangent there, some of these regions might
be empty.)

Now, each pair of functions (h'(,e(N)), h*(,e(\))) determines a pair of
signs (s,,5,), where 5; € {+,~}, { = 1, 2, on each of the sets I(e(\)), 1I(e(N\)),
IlI(e(N)), and IV (e(N)). Since these are the signs of (m,,m,), to each pair
of functions (4'C¢,e(\)), h2(,e(\))) in an equivalence class of #,..,,, in each
of the regions I(e(A)),...,IV(e(N\)), there is a unique quadrant of directions
in which the vector (m,,m,) must lie at every point of the region. Since
m; = 0 if m € v'(e(\)), we also know the unique direction of (n1,,m,) along
the boundaries of these regions.

Figure 6.2 shows the two curves y'(e(\)) and v*(e(\)) and the four re-
gions into which they partition the plane.

The dynamic process with adjustment functions (h',h%) falls into one of
the 16 equivalence classes 4 '(e(\)) X A%(e(N)), ..., D'(e(N)) X D*(e(\)).
We study the solution path determined by the differential equation (5) from
each initial point of the message space. There are, of course, 16 cases, which
we examine in turn.

Case 1. Suppose (h',h?) € B'(e(\)) X C*(e(\)); that is, h'(,e(\)) > 0
on H'.(e(\)) and h'(,e(A\)) < 0 on H.(e(\)) and h*(,e(\)) < 0 on HA(e(\))
and h2(,e(N)) > 0 on H:(e(\)). We can represent the sign of n1, by an arrow
“—” or “«” showing direction but not magnitude, and similarly m, by “ 1 ”
or * | ". Thus, in Figure 6.3, the arrows in region I1(e(\)), for example,
indicate that (i) at any point interior to that region the motion must be up
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Figure 6.2. Partition.

and to the right, and (i) at any point on the boundary given by v'(e(\)),
except the origin, the motion must be up (m; = 0 on v!'(e(\))), and (iii) at
any point on y*(e())), except the origin, the motion is to the right. There-
fore, if the initial point my # O belongs to region I(e(\)), the solution path
moves away from the origin and does not leave region 1(e(\)). Therefore,
if (h',h?) is in B'(e(\)) X C¥e(\)), the equilibrium corresponding to the
origin must be unstable at the environment e(\). Figure 6.3 shows that the
region IIl(e(N\)) is also a region of instability for (h',h?) in this case.

Table 6.1 summarizes the results for each of the 16 possibilities for (h',h%).
The table lists the case numbers, the sign patterns of the two response func-
tions, and all of the regions of instability. A solution path emanating from
a point of such a region of instability must go off to infinity (leave the
neighborhood), thus violating condition (a) (L.yapunov stability) of Defini-
tion 4. The table also uses the notation @, i = 1, 2, 3, 4 for the four
quadrants, that is, Q, = {(m,,m)lm, = 0, my = 0}, O.{(m,m)lm, =0, m,
= 0}, and so on.

Figures 6.3 through 6.18 show the arrow diagrams for each of these 16
cases. For example, Figure 16.4 shows that at a point m,, which belongs to
region 11(e(\)) and is to the right of the m,-axis, the motion is down and to
the right. A solution path through such a point must either go off to infinity
or hit y¥*(e(\)). If a path hits v’(e(N)), it crosses into region 1(e(A)), which
is a region of instability. Table 6.1 reveals that in 14 of the 16 cases there
is at least one region of instability. In the remaining two cases, Cases 4 and
13, spiral convergence to the origin (or to a limit cycle) cannot be excluded.
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Table 6.1.

Case
Number

Sign Patterns of the Response Functions

h'(e(\)

Hli(e(\)

Hl(e(\)

. W’ ,e(N)
Hi(e(\)) Hi(e(M\) Region of Instability

o NN B W N —

G R —0Ow

(I O Y O A A A A A A A A

L A O A O A A A N A

—

QUQ

(Q N HieMN U QU Q,
QUQ

stability not excluded; see Case 4a
QuUQ

O_ U O., ) On

QUQUQ

Q) U Q: U Q.U (Qy N Hi(e(N))
Q:UQ,

Ou U O.« U On

QUQUQ

Ou U O_‘ U On

stability not excluded; see Case 13a
ON U O,. U On

Q U QU (Q, NHiet)) UQ,
Ou U Ou U O._

D P > > > —> —
P P P > > > ——> — —>

v'(e(n)

L.
ﬁl y'(e(x))

m

]

Figure 6.3. Case 1.
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Figure 6.4. Case 2. Figure 6.6. Case 4.

v (e(r)
L. L.
r H\*_?EV H\|v

] | L

Figure 6.5. Case 3. Figure 6.7. Case 5.
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2 My
y*(e(x) \lmzv
/
\l"
h «_Am?vv h‘ h Y_AmALv
m, ™
Figure 6.8. Case 6. Figure 6.10. Case 8.
2 y¥(e(n) K
v*{e())
y'{e() M

y'(en)

| L ] B ,,

Figure 6.9. Case 7. Figure 6.11. Case 9.
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m m
: y*(eln) N

Y {e(n)

(el y{eln)
m, m
Figure 6.12. Case 10. Figure 6.14. Case 12.
™ {etn) I 7{ets)
v'(e)

L y'(e)

7

Figure 6.13. Case l1. Figure 6.15. Case 13.
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Figure 6.16. Case 14.

Figure 6.17. Case 15.
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Y(e(n)

Figure 6.18. Case 16.

That is, if (h',h% is a member of the equivalence class corresponding to
Case 4 (or 13), then the equilibrium 0 might be stable at the environment
e(A). We show next that in each such case there must be another environ-
ment in £, for which the origin is unstable, thus violating (b) of Definition
4 of local stability.

We first consider Case 4. In that case

h'(m,e(\)) > 0 for all m in H'(e(\)),

h'(m,e(N\)) < 0 for all m in H'(e(\)),
while

\NNASKCLV > 0forallmin \.\wQCLV
and

h*(m.,e(\)) < 0 for all m in H2(e(\)).

Let 1 <X <1 + §; then &(w' ,w¥(X)) = e(X) € N'(ep) N N¥(ey). Tt follows
that

8) the slope of y*(e(R)) at the origin is positive and less than that of y'(e(R)),
and

€) the sign pattern of h'(,e(A))[resp. h’(,e(X)] is the same as that of
x;..m?d?n%. \NNA.KCQ:. Thus, we have the situation shown in Figure
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Figure 6.19. Variant of Case 4.

Figure 6.20. Variant of Case 13.
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16.19, where it can be seen that @, N H' (e(X)) is a region of Lyapunov
instability.?

The argument in Case 13 (see Figure 6.20) is completely analogous to
that of Case 4.

The following examples show that Assumptions 1, 2, and 3 can be sat-
isfied, and a modification of these examples makes it clear that some con-
dition like Assumption 3 is indispensable.

We consider a case with two agents (p = 2) where the environment e =
(e',e) is given by €' = (x,2), €’ = (x',2'), where x, z, x', z' are real num-
bers, and the message space M = R X R is two dimensional. It is known
that there are performance functions for which this message space is stati-
cally minimal. Consider the dynamic process defined by

m, =z - xmy;—m

my =z = x'm — m,. @)

The zero-loci are

y'(e") = {(m,,m;) € M|z = xm; — m, = 0}
vi(e")

which determine the equilibria

{(m;,my) € M|z ~ x'm; — m, = 0} (8)

o z=2'x =z
m; = ~.~3~
1 — xx

®

T - xx!

provided xx' # 1.

Since 1 — xx' # 0, the solution /1, = 0 = sh, holds for the class of
environments with z = 0 = z'. In addition, when xx' = 1, and z = z' = 0,
the two equations in (8) coincide. Because equations (8) are satisfied at the
origin even when they coincide, the class E; is given by

Eo = {((x,2),(x'2)) ER* X R}z = 2' = 0},

which, since x and x' are unconstrained, we may identify with R X R. The
mapping
gRxR—S'x§!

is given by

*Here we take the neighborhood of the origin in M to be sufficiently small to ensure that
v}(e(\)) intersects y'(e(A)) only at the origin.
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o' (x,x") = 8,(1,x)

Q.NA\A.X_V = @NA\A_LV'
where 0, and 8, are scalars chosen to make the norms on:m_. to _,.m:a to
orient the vectors according to the prescribed convention. It is straightfor-
ward to verify that Assumptions 1, 2, and 3 are satisfied.

Now, to see that the dynamic process given by (7) might locally stabilize
the origin if Assumption 3 is not satisfied, let

E)={(xx)ERX R0 < x+x' <1} C Eo
A point on S' may be represented in terms of the central m:mﬂ_o 8, so that .:
has coordinates (cos 8, sin 8). Suppose 6 # ﬂ\_m. If o(x,x') = (8,8), 1t
follows that x = tan 8 and x' = ctn 6. Hence xx° = 1. If 8 = /2, then
x-x' = 0, since in that case cos 8 = 0 so x =0

Thus Assumption 3 cannot be satisfied.
Furthermore, the characteristic roots of (7) are

M=l Vxx'
A\, =1 - Vxx',

which for (x,x') € Eb are always negative. Hence the process given by (7)

oy .. |
locally stabilizes the origin on Ey. . . ,
It may be noted that if we restrict attention to the environments Eq, an

consider, for example, the performance function
G:E,—R
given by
G(x.x") =x+x',
the process

m = —-(m; — x)

my = —(my = S_.x_v (10)

is well defined and is locally stable on E,, but it does not satisfy Assumption

3, since for any equilibrium m = (m,,m;) oﬂ Eo.EOnomm, the set Eg,; of
environments in E, that have 7/ as an equilibrium 1s

Wy
Eon = {(x.x) € R X Rlx =it x' =~}

m

so that
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0'(Eom) = {(1,0)} or {(=1,00},

depending on the orientation of the line /i, — x = 0.

4. Stability in Higher Dimensions

In the proof of the theorem, Assumption 3 was used in Cases 4 and 13 to
produce an unstable configuration. This instability was produced by inter-
changing the normals of the curves v'(e) without changing the signs of the
K. Instability might also result from changing the sign of one of the H. In
the case in which the h' are linear, or in which the Jacobian of (h',hY) is
nonsingular, either of these alternatives changes the sign of the determinant
of the system.

The “folklore” of the subject includes the result that in the n-dimension
nonsingular case, if n is even, then the system is unstable if the determinant
is negative, and if n is odd and the determinant is positive, the system is
unstable. Because the argument is short, we have included it below.

Denote by M the matrix of the system

m; = Da(ij)m,. (in
j=1
The characteristic function of the system (11), det(M — t/d), is a poly-
nomial of degree n with real coefficients which we may write as

(-1t + . +d =D+ .+ (D]

The constant term is of course det(M).
The Fundamental Theorem of algebra says that we may write

(=D x) = (= (D) = r()) Q). QU0

where each r(i) is real and each Q,(¢) is a quadratic with two complex con-
jugate roots. Thus

(—1d(x',. . X = (D). () - g(Dg(D). . .q(v)g(v)
where g(s) and g(s) are the complex conjugate roots of Q). Thus
(=1)d(x',.. x"y = (=1)"r(1)...r(uyq
where g is positive. It follows that
(-D)'detM = (—1)'r(1)...r(u)gq.

Now suppose that 7 is even. The number of nonreal roots is even (since
they arise as conjugate pairs). Thus u is even and
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detM = r(l)...r(u)q.

If detM is negative, then one of the real numbers r(i) must be positive.
Suppose that n is odd. Then u is also odd and we have

-detM = —-r(1)...r(u)gq.

If detM is positive, then not all the real roots r(1)...r(u) can be negative,
We know that if the matrix of the system (11) has a positive real eigen-
value, then the system is unstable.
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