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1. The informational requirements imposed on a resource allocation
process by the necessity of meeting a given performance standard have
been studied in [3] and [5] and the broader motivations for undertaking
such a study was discussed in the introduction to [5]. In [5] attention was
directed to the equilibrium messages. Communication was represented
by a correspondence from the space of environments to the joint message
space, characterizing equilibrium messages. One interpretation of such
a (privacy preserving) message correspondence is that it models a one-step
communication process in which each agent sends the set of all joint
messages that are acceptable to him, given his environmental component.
In such a process the message consists in effect of the entire (equilibrium)
message strategy of each agent for the environment in which he finds
himself, i.e., he sends what he would respond to any message received
from the other agents.

It is natural to consider processes in which communication takes place
by an iterative exchange of messages, each round based on the messages
received in the preceeding one. Hurwicz’s original formulation of adjust-
ment processes was of this type [2]. Iterative communication opens the
possibility of reaching the equilibrium set via a sequence of messages,
each consisting of a single point of the message space rather than a set.?
Thus, iteration may trade-off an increase in the number of messages for a
decrease of the complexity of messages. A long, possibly infinite, sequence
of point-messages may substitute for a single set-message. In this paper
we study the possible advantages in terms of informational size opened

! I am indebted to Leonid Hurwicz for helpful discussions of this paper. This research
was partly supported by The National Science Foundation (GS 31346X) and a grant
from the General Electric Company.

* In Hurwicz’s. formulation the message space (language) was arbitrary, so that the
restriction to point messages was not a consideration.
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up by the use of iteration. We may consider this to be a step in the direc-
tion of a full analysis of the trade-off just referred to.

The possible informational advantages of iteration seem to be of two
kinds. First, suppose that the message space is of minimal informational
size sufficient for a given performance by a (one-step) process using a
message correspondence. Can the size of the message space be further
reduced by using an iterative process? In Section 3 below it is shown that
no such reduction is possible. Thus, an iterative process must use points
of a space having no less information than the minimal space sufficient
for the given performance using a message correspondence.

Second, it may be possible to calculate the next message at each iteration
on the basis of less information than is contained in the message space of
minimal size sufficient for the given performance, even though the message
calculated is itself a point of that space. Such reduction of the information
used is indeed possible, but there is, as might be expected, a lower bound
on the information needed. Lemma 2, which is an application of Lemma 10
of [5] to the case of iteration, characterizes the bound on the possible
reduction of information needed to calculate the next message. Theorem 4
gives a bound for the Euclidean case.

The concept of informational efficiency was proposed by Hurwicz
[2, p. 44] to study the “fineness of perception” (an indicator of informa-
tion) needed to calculate the next message according to a given response
or iteration rule. Here we study the relationship between the concept of
informational efficiency proposed by Hurwicz and that of the informa-
tional size of message spaces given by Mount and Reiter [5].

Hurwicz’s definition of informational efficiency is stated in terms of
partitions and is set-theoretic, while the concept of informational size is
stated in terms of continuous mappings and is topological. It is therefore
necessary to augment the set-theoretic definition with a topological
condition (see Definitions 4 and 5) which has the effect of restricting the
scope of the definition somewhat. We refer to the concept so augmented
as R-efficiency (R for regular). The formalization of an iteration process
involves two message spaces, one in which the incoming messages lie
and another in which the messages emitted lie. The concepts of inforima-
tional efficiency (Definition 3) and of R-efficiency (Definition 5) relate to
the dependence of the message emitted on the message received. These
concepts are stated in terms of properties of the first of those two message
spaces. It is also desirable to be able to state relationships of refinement
among regular partitions in terms of information decreasing maps.
Lemma 1 states such a result. Using the equivalence relation on messages
implied by the response rule of a process, a familiar construction permits
the given process to be replaced by one whose message space (referred
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to as the quotient message space) is a quotient of the given one. Theorem 1
shows that if an iteration rule % is more R-efficient than another, 0, then
the quotient message space corresponding to @ has more Emoﬁbm:o:
than that corresponding to 7.

It is interesting to know whether comparison of informational size of
message spaces is sufficient to ensure comparison according to R-efficiency.
Such a proposition would, if true, be the converse of Theorem 1. An
example is given to show that this is not in general the case. Thus, the
(partial) ordering of iteration procedures according to informational size
of the space of perceived messages is a proper extension of that according
to R-efficiency. However, in the case of finite sets such a converse holds,
as is stated in Theorem 2. Theorem 3, a partial converse of Theorem 1,
shows that comparison of informational size of quotient message spaces
implies comparison according to R-efficiency of certain iteration rules
which have those quotient spaces.

These results lend further support to the view that the concept oH,
informational size introduced in [5] is capable of unifying apparently
diverse informational properties of resource allocation processes.

2. The following notations and structure will be used, except where
alternatives are explicitly given.

Let E =1\ E, X =Tl X% Z, U, and V be topological spaces.
We shall use the same notation for the set X and the topological space X
except where explicit reference to the topology is necessary. Let f: E— Z
be a locally sectioned continuous function. Let 7 = (u, f) be a privacy-
preserving allocation process with message space X realizing fon E; ie.,
p: E— X is a locally sliced coordinate oo:omvo:aosoo and f: X—Z a
continuous function such that wof = f. Since = is privacy preserving,
p is a coordinate correspondence, _o; there exist locally sliced corre-
spondences pf: E*— X such that p = D. TR

DerNITION 1.4 A function 7: EX X—X, 7 = (7%,..., 7"), 7': E* X X—X*
is an iteration rule on (the product space) X if and only if

(i) ='is a locally sectioned continuous function for i = 1,..., n, and

(i) {xeX|x=nle x)} # @ forallee E.

We say 7 is an iteration rule for p: E — X if

(i) p(e) ={xeX|x=nle x)} foralleeE.

8 The relevant definitions from [5] are reproduced here for convenience of the reader.
Footnote and Lemma Numbers are as shown in [5].

1 We use the term “iteration rule” rather than “response rule” to emphasize the
restriction to point messages.
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The message space of an allocation process, especially a minimal space,
is not necessarily a product; however, in what follows, wherever the space
X is assumed to be minimal, it is to be understood as minimal in the class
of product spaces.®

DEFINITION 2.

(i) Let 5 = (y%,..., 7") be an iteration rule on X. Let K, denote the
equivalence relation: x = X (mod =) if and only if n*(¢’, x) = n¥(e*, X) for
all e c Ef and i = 1,..., n. Let &, denote the partition of X determined
by K, . We refer to &, as the partition of X determined by 7.

(i) If oz X — W is a function, we write K, for the equivalence kernel
of «; i.e., K, is the equivalence relation x = X (mod o) if and only if
a(x) = a(%). We write &, for the partition of X determined by X, .

If «: X — W is a function then its equivalence kernal K, determines a
quotient set X/« and a mapping p,: X — X/a which associates to each x
in X its equivalence class in X/o. We shall say that p, represents c. There
is also a unique mapping & X/a — W such that o = &op, (See [4],
pp. 20-23).

When X and X/a are topological spaces the so-called natural map
po: X — X/a may or may not be continuous, depending on the topology
of X/a; p, is continuous in the quotient topology for X, /o In situations of
interest, the space X/o comes with its own topology, not necessarily
related to the quotient topology. However, even with the quotient topology
for X/o, the function p, is not necessarily locally sectioned.

ExampLE. Let P: [0, 11— [0, 1] x [0, 1] be the Peano function. Then
K, is the equivalence relation on [0, 1] given by r=r' (mod K,) iff
P(r) = P(r'). We see that [0, 1] X [0, 1]is [0, 1]/P and hence that p, = P.
Hence p,, is continuous (in the usual topology for [0, 1] x [0, 1]) but not
locally sectioned. (See [5], p. 15 for a proof that P is not locally sectioned.)

DEFNITION 3 ([2], p- 44). Let 5 = (y,..., v™) and 8 = (6%,..., 0") be
iteration rules on X. The iteration rule v is informationally more efficient
than @ if %, is a refinement of &Z,, .

DEFINITION 4. Let 9 = (7},..., 7”) be an iteration rule on X and let Z,
denote the partition of X determined by 7.

& See Definition 1’ below for the case in which X is not assumed to be a product.
The results obtained using Definition 1 apply with suitable reinterpretations when
Definition 1’ is used.
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Let p = p,: X — X/n be the natural map of X onto X/, and let
U = (X/n, ) be a topological space with set X/ and topology 7. We
say that p represents m in U. .

We say &, is regular with respect to U if p is continuous and locally
sectioned.

We now introduce the concept of regular informational efficiency in
place of informational efficiency, and refer to it as R-efficiency.

DerNITION 5. Let y and 0 be iteration rules on X. The iteration rule
n is (at least) as R-efficient as 0 if 2, and &, are regular with respect to
X/n and X/0, respectively and &, is a refinement of £, . (It is understood
that the topologies on X/y and X/6 are given.)

Remark. When E, X, U and ¥ have the discrete topology, all functions
are continuous and locally sectioned, so that R-efficiency and informa-
tional efficiency coincide.

Lemma 1. Let 7: E x X — X and 0: E X X — X be iteration rules on
X and let p: X — U represent n, and 7: X — V represent 0. 7(x) = 7(X)
implies p(x) = p(¥) for all x and X in X, if and only if there exists a mapping
o of V onto U such that p = o °T.

Proof. We show “necessity” first. Construct o: V' — Ubyo=por™
For any v € ¥, and for x, X € 7~*(v) it follows from the hypothesis that
p(x) = p(X) since x, X € 77X(r) implies 7(x) = 7(x). Thus p is constant on
7-1(v); hence ¢ = p o 77} is single-valued. Further o is onto, since p is
onto U and the domain of 7 is X.

We now show sufficiency.

Suppose there exists o: ¥ — U such that g o7 = p. Let x, X € X such
that 7(x) = 7(X). Then o(1(x)) = o(7(X)) since ¢ is single-valued. It follows
that p=(o(7(x))) = p~(o(7(X))). But,p = g o7 implies that y € p~Y(o(7(»)))
for all yeX. Hence, xepo(r(x))) and Xe p~Yo(7(X))). Since
pa(1(x))) = p~o(7(X))), it follows that p(x) = p(x). 1

TueoReM 1. Let 4 and 0 be iteration rules on X and let p: X — U
and 7. X — V represent m and 0 respectively. If 7 is as R-efficient as 0,
then V has as much information as U.

Proof. Define o: V— U by ¢ = peor7'. By Lemma 1, o is single-
valued and maps V¥ onto U. Further, o is continuous, since 7 is continuous
and continuity of = implies that the graph of == is closed. Hence 7~ is
an upper semicontinuous correspondence and, since p is continuous,
p o7t is upper semicontinuous. Since o = po 7! is a function, it is
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continuous. Finally, we show that o is locally sectioned. Since p is locally
sectioned, given u € U, there exists N(u), an open neighborhood of u in U
and a function r,: N(u) — X such that por, is the identity on N(u).
Hence p o7 to7or, is the identity on N(u); ie., s, =Tor, i1s a local
section for o. .

To summarize, o: ¥ — U is a locally sectioned continuous map of V
onto U. Hence ¥ has as much information as U. |}

The concept of informational efficiency registers every ‘“‘aggregation”
of the information needed to calculate the next message according to
one iteration rule as compared to another. Thus, if % is strictly finer
than £, anywhere in the space X, and as fine everywhere, 7 is classified
as strictly more efficient than 6. On the other hand, the comparison of
X/n and X/0 according to informational size recognizes only certain
sufliciently large “‘aggregations” of the information needed to calculate
the next message. Thus, according to Theorem 1, 22, could be strictly
coarser than £, (for regular partitions &, and #;) while U and V have
the same information size. However U could not have strictly less informa-
tion than ¥ when %, is coarser than £, .

Theorem | tells us that the partial ordering of (regular) iteration rules
according to informational size of the space of perccived messages does
not contradict the partial ordering of (regular) iteration rules according
to R-efficiency. The converse of Theorem | would, if true, tell us that the
partial ordering according to R-efficiency includes that according to
informational size. In particular, this would say that the same comparisons
are made according to either concept. However, the converse of Theorem |
is in general false, as the following example shows.

ExaMpLE. Let V= U= R, X = R% Let 7(x;, x3) = (x; + xy)/2

p(xy, X3) = X,

Note that 7: X — V and, p: X — U are continuous and locally sectioned,
and onto. Then o: ¥ — U is the identity, i.e., o(v) = v, for v e R.

But 7(x) = 7(X¥)  (x;+x2)/2 = (%;+X,)/2, while p(x) = p(X) <> x, = X,.

But x = (I, 1), ¥ = (14, $) satisfies (1 + 1)/2 = 1 = (1§ - $)/2, while
X=1#%4=X,.

V has as much information as U, but 7(x) = 7(X) does not imply
p(x) = p(X). Hence 7 is not more R-cfficient than 6.

Theorem 1 is also related to a comment made by Balassa in his discus-
sion of Hurwicz’s paper ([1], p. 533). From Balassa’s comments, he would
find the concept of informational efficiency a more appealing basis of
comparison than the dimension of the (Euclidean) message space, which
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Hurwicz used in the paper Balassa’s comments refer to for the definition
of informational decentralization. If the class of spaces eligible to be
message spaces is Euclidean, then informational size and dimension
agree, (Lemma 2). In that case the contra-positive form of Theorem 1
assures us that comparison according to dimension cannot contradict
comparison according to R-efliciency.

While the converse of Theorem | is not in general true, it is true when
the message spaces are finite sets (with the discrete topology). Theorem 2
states this result.

TugoriM 2.. Let m and 0 be iteration rules on X, let p: X —> U and
7 X — V represent n and U, respectively, and let X, U and V be finite sets
with the discrete topology. If V has as much information as U, then 0 is not
strictly more R-efficient than 7.

Proof. We have already noted that when &, U and V have the discrete
topology, p and 7 are continuous and locally sectioned. Hence in the
present case &, and &, are regular. If 0 is not more R-eflicient than 1),
then it is not strictly more R-efficient than 7.

If 6 is as R-efficient as 7 then, by Theorem 1, U lhas as much information
as V. Therefore it suffices to consider the case in which U and V have the
same information. In that case there exist functions o: V— U, and
o*: U —> V, which map ¥V onto U and U onto V, respectively. Since U
and V are finite, it follows that || U|| = || V||, where || || denotes cardinality
of the enclosed set.

If 0 is as R-efficient as 7, then 2, is a refinement of P, . Applying
Lemuma 1, there exists a function § mapping U onto ¥ such that 7 = 8 o p.
Since || Ul = || V||, 8 is 1-1. Hence 61 V — U is a function mapping V'
onto U. Further, 8107 = 8108 ¢ p = p. Hence, applying the other
half of Lemma 1, it follows that £, is a refinement of Z,, and hence that
n is as R-efficient as 6. It follows that 6 is not strictly more R-efficient
than 7. Thus the theorem is established. 1l

A second result, in the nature of a partial converse for Theorem 1,
is given in Theorem 3, which states that if the quotient message space U
of an iteration rule % has no more information than that, V, of 0, then
there is an iteration rule 5* with the same quotient message space as 7
and with the same responses as 7 to quotient messages, but which is as
R-efficient as 0.

ToeoreM 3. Let n and 8 be iterative rules on X. Suppose p: X—-U
and 7. X — V represent 1 and 0 respectively, and 133 7. E X U— X and
G:Ex V—X satisfy n =10 X p) and 0 = QoI X 7). If V has as
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much information as U, then there exists an iteration rule w* on X, and
a locally sectioned continuous Junction @: X — U, onto U, such that
) n* =17 o(I X @) and (ii) n* is as R-efficient as 0.

Proof.  Since V has as much information as U, there exists a locally
sectioned continuous function o: ¥V — U mapping V onto U. Let Q=gcgorT.
Then ¢ is locally sectioned continuous and onto, since 7 and ¢ have those
properties.

Define n*: E X X — X by n* =14 o( X @). It is immediate that n*
Is an iteration rule on X since @ is locally sectioned and continuous.

By Lemma 1 it follows from ¢ =o00c7 that 7(x) = 7(x) implies
P(x) = @(X). Hence &, is finer than &, . By definition of *, 2, is finer
than &,.. Hence 2, is finer than 2, . Since 7 and ¢ are locally sectioned
continuous and onto, both P, and £,. are regular. Hence n* is as R-
efficient as 6. |

Remark. We have noted above that when X, E, U and V have the
discrete topology, all functions are continuous and locally sectioned, so
that R-efficiency and informational efliciency coincide. In that case
Theorem 1 tells us that if 7 is informationally as efficient as 0, then X/
has as much information as X/n. Similarly, in Theorein 3 the conclusion
may be stated in terms of informational efficiency as well as R-efficiency.

3. Consider a privacy preserving allocation process 7 = (1, f) which is
sufficient for the function S:E—Z and whose message space X has
minimal informational size in the class of (product) spaces sufficient for IA
While no allocation process with message space smaller than X is available,
the use of an iteration rule for p offers other informational advantages
which we shall now study. An iteration rule n on X for u permits each
agent to receive a point of the message space X and to calculate and emit
a point of X* repeatedly, rather than to calculate and emit a subset of X
once. Thus, the message correspondence u might require an agent to
calculate and emit his excess demand function (or correspondence), while
an iteration rule 7 for u might require him to receive a point of the “price-
trade” space and to emit a “price-trade” offer several (perhaps infinitely
many) times.

Since X is of minimal size sufficient for £; it is not possible to use spaces
informationally smaller than Xt i=1,..,n, for the messages of an
iteration rule without impairing performance. (The correspondence v
defined by the stationary messages of such an iteration rule would lie in
an informationally smaller message space than X, resulting in a contra-
diction.) While the use of a sequence of single points of X, rather than a
subset, may in itself be an advantage in some cases, the use of an iteration

)
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rule % offers the further possibility of reducing the space of messages
perceived by the individual agents. As we have shown, this may be
expressed in terms of informational size of the space U in which the
partition &, is represented. A natural question concerns the possible
reduction in size of U as compared to that of X and X:. We copsider each
agent separately and examine the internal computation involved in
calculating his “‘next” message on the basis of his information. Alter-
natively, Lemma 2 (the main result used to characterize the possible
reduction of the space of perceived messages used to compute iteration
rule 4 on X) also follows from the assumption that X? = ni(E¢ x X),
i=1,.,mn ie., that n' is onto X¢, rather than that X is minimal. The
following diagram portrays this situation.

As shown in Fig. 1, agent i can “process” his information, a point of
E* X X, via a locally sliced correspondence v¥ to a topological space Wi

7€ .
Eix x 1 xi
t—.
w-.
:\-.

FIGURE 1

and then, via the continuous function &" to X*. The space Wt is sufficient
for 7" via the process (v, g if n' = gi o v From Lemma 10 of [5], which
is applicable to (v, g?), we see that;

LemMa 2. If Wiis sufficient Jor wi, then Wi has as much information
as X°, (=7n(L* x X)).

4 Special Case. The significance of Lemma 2 emerges more clearly
in the special case in which the space of environments and the message
space X* are Euclidean spaces and in which environmental information
is carried fully to W* We first show that for Euclidean spaces dimension
measures informational size. This case arises, for example, if message are
k-tuples of real numbers and the correspondence vi factors into the
identity and a representation of m in U, as is shown in the diagram in
Fig. 2.

LEMMA 3. Let X and Y be Euclidean spaces. X has as much information
as Y if and only if dim X > dim Y, with equality if and only if 'Y also has
as much information as X.
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Proof. 1f dim X = dim Y, then X and Y are homcomorphic. In that
case X has as much information as ¥ and Y has as much information
as X.

1
Eix X 1 xt

Eix U

FIGURE 2

If dim X > dim Y, the projection of X onto Y is onto, continuous and
locally sectioned. That it is locally sectioned is established as follows.
X is homeomorphic by /i: X — X to a space X whose dimension is that
of X and which contains Y as a subspace. We may define a local section
s, for the projection p of X onto Y by taking an arbitrary element ¥ of
X — Y and defining s5,(7) = (7, X)eX. Thus, po/: X— Y is onto,
continuous and has local section s=*os,: N(y) - X at y, when N(y) is
an open set containing y. This establishes that X has as much information
as Y.

Y does not have as much information as X, since if it did, there would
be a function a: ¥ — X, which is onto X, continuous and locally sectioned.
Let B, be a local section for o at x € X. Then there is dn open set N(x) C X
such that B,(N(x)) C Y is homeomorphic to N(x), since S, is continuous
on N(x) with continuous inverse a. But, this is impossible, since N(x) is
open in X and dim Y < dim X.

Suppose X has as much information as Y. Then the argument just given
shows that dim X > dim Y. If in addition Y has as much information
as X, then the samc argument shows that dim ¥ > dim X, and hence
that dim ¥ = dim X. ]

Here £* X X has as much information as E* x U?, which in turn has
as much information as X*. Let dim A denote the dimension of the
Euclidean space 4. Since dim(E¢ x U') = dim E? + dim U%, and dim X =
i dim X%, it follows that

dim U? = dim X? — dim E?

Thus, the saving of informational size achieved by using the space U’
instead of X is bounded by the difference in dimension between X and E,
ie., Ufcan have smaller dimension than X7 by at most the dimension of E-.
If it is required that U? = U for i = I,..., n, it follows that

dim U > :EEJ [dim X* — dim E?]
-
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If p: X — U is continuous, onto, and locally sectioned, then I¢ x p is
continuous, onto and locally sectioned, with local section given by If o st
where r* is a local section for p. Hence, E¢ x X has as much information
as £¢ x U. Thus, :

dim(£? X X) = dim E? + dim X > dim Ef 4 dim U = dim(E? x U),
or,
dim X > dim U.

Thus, Theorem 4 below is established.

THEOREM 4. Let n = (y',..., n") be an iteration rule on X, where X¢
and L* are Euclidean spaces for i = 1,...,n. Let U be a Euclidean space;
let p: X — U be a continuous locally sectioned mapping of X onto U, and
let g': U— Xt be a continuous function such that the process (I* X p, g%)
realizes 7' on ' X X, for i = 1,..., n. Then,

A p_:ﬂ;s [dim X* — dim Ef] < dim U < dim X.

The message space X of an allocation process, especially the minimal
space sufficient for a given performance, is not necessarily a product.
We now give a definition of a (generalized) iteration rule for a process
with a general message space X.

DrrniTion 1. A function 5 = (9i,..., 3™ is called a generalized
iteration rule on X if:

() 7 E' x Y— X is a locally sectioned continuous function, for

f=1..,n where Y =X x - x X, (n times).

(i) for every e € I there exists y € ¥ such that (e, y) = y.

(iii) if y = 7(e, y) then y = (x,..., x) for some x € X.
We say 7 is a generalized iteration rule for M, if,

(iv) 1If x € p(e), then 5(e, (x,..., x)) = (x,..., x) and,

(v) if n(e, y) =y, then y = (x,..., x) for some x € u(e).

To relate this to the case in which X is a product, ie., X = [Ti, X, we

note that the generalized iteration rule component 7¢ may depend on
proposals of the jth agent referring to other agents. Thus,

1€, ¥) = 74, e, 7), (e, F)ye.., (e, )

where ¥ is the array of messages at a preceeding stage. In the formulation
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given above we restricted attention to iteration rules in which each agent’s
message is a point of his own component space X*. In that case the array
7L,..., 7" is a point of X. More formally, if n = (m%..., 1) is a generalized
iteration rule, we consider the derived rule 7 = (7%,...,7") where
7t = P, o 7, and P;: X — X*is the projection on X*. Thus 7*: E* X X — X*.
Le., atstage ¢, fory, = y€ ¥,

P; - i, PimMeY, 7)) Po(m* (€%, P)s--s Puln™(e™; 7))
= P;- :..Amﬂ.‘ Cﬁw.... %) = kMi
fori=1,..,n.

Remark. We note that if X is not a product space and if the iteration
rule 7 is replaced in the statement of Theorem 4 by a generalized iteration
rule on X, then the conclusion of Theorem 4 becomes;

(Jnax, [dim X — dim Ef] < dim U < dim X.

DerINITION 1. Suppose that X, M, and Z are topological spaces, and
suppose that f: X — Z is a function. A pair which consists of a corre-
spondence p: X — M and a function f: M — Z is said to be compatible
with fif and only if for each x € X, fis constant on u(x) and has value f(x).
Thus if ueu(x), then f(u) = f(x). We shall say that M has sufficient
information for the function f'if there is a pair (u, f) such that p: X — M,

f: M — Z, (u, f) is compatible with £, and y is a locally moomwboa corre-
spondence (see Definition 6 below). We shall say then that (u, /) realizes f.
We call the pair (u, f) a resource allocation process, (briefly, process) with

message space M, and choice function f.

DErFINITION 2. Suppose that X7%,..., X" is a set of topological spaces
and suppose that M is a topological space. A correspondence
p: Xt X - X X"— M is said to be a coordinate correspondence if and
only if there are correspondences p;: X?— M such that for each
Gy, XP) € X1 X oo X X, (e, X™) = pg(X1) O O (™).

DerNITION 3. Let X = [Ti_, X?, M and Z be topological spaces and
let (u, f), where u: X — M and f: M — Z, be a resource allocation process
(with message space M and choice function f). We say that (g, f) preserves
privacy if and only if p is a coordinate correspondence.

LEMMA 5. Suppose that X,..., X", M are topological spaces and
suppose that p = X* X = X X"— M is a correspondence. A necessary
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and sufficient condition (which we shall call the “crossing condition) that u
be a coordinate correspondence is that for each pair of points x = (X1 ,...; Xp,)
and x' = (xyy.., X,) in X* X - X X" and each integer 1 < i< n.

* p(x) O p(x) = p(x" ®; %) N plx @; x).

DEerNITION 6. Suppose the X and Y are topological spaces. If
p: X— Y is a correspondence from X to Y, then we shall say that u is
locally sliced if the following condition is satisfied:

for each p € X, there exists an open set U(p) which
contains p and a function s: U(p) — Y such that for
each u € U(p), s(u) € u(u).

The function s will be called a local slice or slice of p.

Derintmion 7. If X and Y are topological spaces, then an onto function
f: X — Y is said to be locally sectioned if the correspondence f—* from Y
to X is locally sliced.

DERINITION 9. Suppose that X and Y are topological spaces. We shall
say that Y has as much information as X if and only if there exists a locally
sectioned function from Y to X. We shall say that Y has strictly more
information than X, if Y has as much information as X, but X does not
have as much information as Y.
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