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Abstract

Existing envelope theorems apply to fixed choice sets or to convex maximiza-
tion programs (Milgrom and Segal 2002). We derive envelope theorems for
parametrized choice sets without imposing any convex or topological struc-
ture on the choice sets. We show that the traditional envelope theorem
formula hold at any point where the generalized Lagrange multipliers and
the derivative of the constraint are continuous. We provide conditions under
which the value function is differentiable or absolutely continuous. We apply
these theorems to topological spaces and mechanism design problems.
JEL Classification Numbers: C60, D86
Keywords: Envelope theorems, constrained maximization, differentiability,

value function



1 Introduction

In Milgrom and Segal 2002, it was shown that to obtain the envelope theorem
formula, no structure had to be imposed on the choice set nor continuity
of the maximand with respect to the choice variable. More precisely, the
differentiability of the parametrized program
V(t) =sup f (s,2), (1)
zeX
was established without condition on the structure of X nor on the differ-
entiability of x — f (s,x). The intuition underlying this results is that the
supremum of a function is independent of the labelling of the choice set.
With parametrized choice sets, the problem becomes
Vi(s)= sup f(z). (2)
z€X(s)
where X (s) is usually defined as X (s) = {z € X : g(s,z) <0} for some
function g. The main purpose of this paper is to generalize the conditions
imposed by the existing envelope theorems for the optimization programs of
type (2).
Contrary to the program with fixed choice set, one cannot simply dispense
with conditions on the structure of the choice set or on the regularity of f (z).

The reason is that the program (2) can be re-written via an onto mapping

U(s,.): X (s,) = X (s) as

Vi(s)= sup f(¥(s,x)).

$€X(Sc)
This formulation is similar to the program (1) with a fixed choice set with

the important difference that the maximand depends on s indirectly through
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the choice variable. The case of a discrete choice set X illustrates clearly
the difference between the two cases: in the program (1), V is typically
continuous and piecewise differentiable whenever f is differentiable in ¢. In
the program (2), V' will be piecewise constant and discontinuous.

The envelope theorem for parametrized choice set has been established
for convex programs only. In this case, the envelope formula state that
Vs (80) = Ags (%o, So) Where z, is a solution of (2) at s = s,, and \ is the
Lagrange multiplier of the program, i.e. the saddle point of the associated
Lagrangian. Without convexity condition, the Lagrangian may not have a
saddle point. However, A can be defined more generally via the following
family of programs:

Wis,c)= sup f(z).

9(s,)+c<0

More precisely, whenever the Lagrangian has a saddle point (), z,) at s = s,,
Ao = %—Vg (80, =0) and V; (s,) = %—Vg (86,0) % (s,). Hence, the differentiabil-
ity of W with respect to c is clearly a necessary condition for the envelope
formula to hold. One of the main conclusion of this paper is that the existence
of %—Iﬁ/ and %, together with some continuity condition, are sufficient.

In particular, we do not necessarily need to impose a metric or topolog-
ical structure on X. Of course, such a structure may help to establish the
regularity of W is sufficiently smooth in ¢ but it is not needed if the underly-
ing economic problem guarantees the regularity of W, as in the case in some
applications as we shall argue.

Section 2 lays out the notations and introduce the generalized lagrange

multiplier. Section 3 states general results on the differentiability and ab-

solute continuity of V' and section 4 derives some applications.



2 Notations

Unless stated otherwise, the set of admissible parameters S is an open bounded
interval of R. X is the domain of the maximand f. We are interested in the

regularity of the parametrized program:

Vi(s)= sup f(x), (3)

z€X(s)

where X (s) is defined as the lower contour sets of a function g:
X (s) ={r € X;9(s,x) <0}. (4)
Whenever they exist, we denote the solutions of (3) as follows:

X'(s) = {zeX(s): f(z) =V ()},
X* = UsGSX*(S)-

2.1 Differentiability: definitions

For any map ® : T" x Y where T" C R and Y is some arbitrary space, we

denote

i O(t+hy)—o(t
O (t4,9) = lim inf (t+hy) (t,y)

AN h ’
P -9
q)iup (t+, y) — llm Sllp (t + h> y) (t7 y) ,
NG h

and likewise for ®" (t—,y) and " (t—,y). Whenever they exist, ; (¢,7)
will denote the partial derivative of ® w.r.t. ¢ at (t,y) and @, (t+,y) (resp.
®; (t—,y)) its right-hand (resp. left-hand) directional derivative.



If Y is a topological space, we will say that ®; is continuous at (¢,,y,) if
® is differentiable w.r.t. ¢ in a neighborhood of (t,,y,) and ®; is jointly con-
tinuous in (¢,y) at (f,,v,). We will say that ®; is continuous at (t,—,¥,)
(resp. (to+,9,)) if the restriction @~ of ® to (T'N]—o00,t,]) X Y (resp.
(T'N [ty, +00[) x Y) is such that ®; is continuous at (t,, Yo)-

On top of absolute continuity (see e.g. Royden 1988), we will use the

following notions which were introduced in Milgrom and Segal 2002:

Definition 1 A family of function (® (., y)),cy is equidifferentiable int at t,
if (%;W)yey converges uniformly as t — t,. It is equidifferentiable
on T if it is equidifferentiable for all t € T.

A family of function (® (.,y)),ey is uniformly absolutely continuous if for all

y €Y, ®(.,y) is absolutely continuous and there exists a measurable function

b:T — R such that for all y and almost all t, | P, (t,y)] < b ().

As shown in Milgrom and Segal 2002, equidifferentiability is implied by

the equicontinuity of {®; (.,y)} and uniform absolute continuity is the

yeyY

key ingredient to ensure the absolute continuity of the program (1).

2.2 Generalized Lagrange Multipliers

Traditional envelope theorems factor in the variations of the choice set X (s)
in the value function via the Lagrange multipliers, i.e. the saddle points of
the Lagrangian. However, when the choice sets X (s) are not convex and the
function f is not quasi-concave, the min-max theorem does not apply and
the Lagrange multipliers may not be well defined. To extend the notion of

Lagrange multiplier to non convex programs, we define the following family



of maximization program:

Wi(s,c)= sup f(x), (5)

9(s,)+c<0

and the choice sets and solutions of (5) are denoted

X (s,¢) = {z:9(s,2)+c<0},
X*(s,¢) = {z e X (s,¢): f(x)=W(s,0)}.

By definition, V (s) = W (s,0) and W is non increasing in c. As such, it is
differentiable in ¢ almost everywhere.

When the maximization problem is convex and the Lagrangean has a
unique saddle point (x, \), W is differentiable in ¢ and W, (s,0) = A. Existing
envelope theorems state that when the Lagrangian has a unique saddle point,
gs is continuous in both argument and x € X* (s), then V' (s) = Ag; (s, x) or
equivalently, V' (s) = W, (s,0) gs (s, z).! Hence, the existence of the deriva-
tives W, and g, are clearly necessary for the envelope theorem to hold. Our
results will show that the existence and smoothness of W, and g, are ac-
tually sufficient. Even though no convexity or norm structure need to be
imposed on the set X for our general results, we will show in section 4 that
the regularity conditions easier to check in well behaved spaces.

Although the map W is not a primitive of the problem, we will see in
subsection 4.3 that in some cases, W has an economic interpretation and the
regularity conditions that we will impose on W to establish our results have
an intuitive meaning. When X is a linear space, one can show that whenever

Ve f(x)

the following derivatives exist, W, = 7 In general, there is no compact

T Vag(s,z

1See e.g. Milgrom and Segal 2002, Corollary 5.



formulation of W, as a function of the primitives f and g. Nevertheless, using

the following notations

X (s,0-) = {()yen € X' g (5,0) e} (6)

XN(s,c4+) = {(xn)neN e XN —g(s,z,) \ c} ,
we have:
Remark 1 If there exists x, € X* (s,,¢,) such that g (s,,xo) = ¢,, then

W (5, b)) = max (lim sup —— () =/ (%0) > 7

(In)neNEXN(SmCO"‘) n—oo { (507 xn) —4g <5m IO)

If there exists x, € X* (s,,¢,) such that g (s,,xg) = ¢o, then either W (s,,.)

18 locally constant to the left of ¢, or

WinE (s,, co—) = min (lim inf ——J () = J (o) ) (8)

(@) en€XN (80,¢0—) n—oo (S, xn) — g (S, o)

Proof. See appendix. m

3 General Results
3.1 Directional Derivatives
Lemma 1 Let s, s’ € S, v € X*(s) and 2’ € X* (¢') then
V(Sl) - V<S) S w (57 —g (57 .T,)) -W (57 —9g (Sla xl)) ) (9)

and

V(s') =V(s) 2 W (s', =g (s,2)) =W (s', =g (', ). (10)



Proof. By definition of V" and W/,
V()< sup fly) =W (s, —g(s,2)), (11)
9(s,y)<g(s,a')
and since g (s',2") <0,
V(s)= sup  f(y)=W(s,—g(s2')). (12)
9(s,y)<g(s',z")
Substracting (12) to (11), we get (9). By switching the role of (s, x) and
(s',2") we get (10). m
The next two propositions prove that the envelope theorem formula hold
at any point where V,, W, and g5 exist. The first proposition imposes an

additional regularity condition on W..

Proposition 1 Let z, € X*(s,), if W, is continuous at (s,c) = (s,,0), then

whenever the following derivatives exist, we have

‘/s(so_) S Wc<3070)xgs(30;x0)7

Vi(Sot) = We(56,0) X gs(So, To)-

If V is differentiable, the above inequalities hold with equality.

Proof. Suppose first g (s,,z,) = 0. Let s, \, s,. Using successively

equation (10) in lemma 1 and Taylor’s theorem, we get

V(Sn) B V(SO) _W (Snv _g (Snu x())) - W <8n7g (87 'To))
Sn — So - Sn — So
SnyLo) — S, Zo
Sn — So

for some g, € [0, g (s, x,)]. Taking the limit, we get the first inequality. The

second inequality obtains by considering s,, " s,.
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Suppose now g (S,,%,) < 0. This implies that W is constant in ¢ on
[0, —g (S0, 70)], SO W, (85,0) = 0. Since g is continuous in s at (s,,x,), T, €
X (s) for s sufficiently close to s,. Hence, whenever they exist, Vi(s,—) < 0
and V,(s,+) > 0, so the inequalities of the proposition still hold. =

The second proposition imposes an additional regularity condition only

on the primitive g5, but requires X to be a topological space.

Proposition 2 If there exists s, /" S, Tn € X* (8,,) such that x,, — z, and
g and gs are continuous at (s,—,x, ), then whenever the following derivatives
exist,

Vi(s0—) = We (50,0) X gs(50, 7, ).

If there exists s, "\, So, Tn € X* (s,,) such that x,, — x} and gs is continuous

at (so+,x}), then whenever the following derivatives exist
Va(soF) < We (50,0) X gs(S0, 27 ).

If V is differentiable and gs(so, x,) = gs(So, ), the above inequalities hold
with equality.

Proof. Consider the case s, \, s,. Without loss of generality, suppose
g (S0, ) — 1 € RU{£oo}. Since g is continuous at (s,, ), g (Sn,xn) — [,
so [ < 0. Suppose first [ = 0. Using successively equation (9) in lemma 1
and Taylor’s theorem, we get
V(Sn) - V(So) < _W (Soa Y (3n> xn)) -W (Sm Y (Sm xn)) g (3n> xn) —4g (Soa xn)

Sn — So B g (Sn7 xn) —g (Soa xn) Sn — So

= _W<SO’_g (Sn,l’n)) _W(S,—g (S,xn)) 3’ xT
- 9 (Snv'xn) —4g (So,l‘n) s ( no n) )




for some s/, € [s,, $,]. Since W, exists and g, is continuous at (s,+, ), the
right-hand side tends to W, (s,,0) X gs(s,, z}).?

Suppose [ < 0. If V (s,) is not constant for n > N for some N € N,
necessarily there exists two subsequences p,o € NY such that V (p(n)) <
V (0 (n)), and 50 g (Sp(n), Zo(m)) > 0 for all n. Since g is continuous at (s, z),
g (sp(n),xg(n)) — [ > 0, a contradiction. So V (s,) is constant for n > N
and V;(s,—) = 0. Since g (S, ) — I, W (s,, ¢) is constant in ¢ on [0, —I, so
W. (80,0) = 0 and the equation of the proposition holds. m

The next proposition combines regularity conditions on both g and W
to establish the directional differentiability of V. It does not impose any

structure on X nor on the convergence of X* (s) as s — s,.

Proposition 3 If X* (s) # 0 for alls € S, g (s,,.) and gs(so,.) are bounded,
W, is continuous at (s0,0) and (g (.,x)),cy- 5 equidifferentiable (see defin-
ition 1), then V' is left-hand and right-hand differentiable at s, and for any

selection z* (s) € X* (s),

%(SO_) = WC (8070) sh/Hle 98(8071:* (S))7

Vi(so+) = WC(SO,O)Sli\nsl gs (S0, " (5)).

Proof. Let s/, \, s, s \, s, , € X*(s)) and 2!/ € X*(s!'). Sup-
pose without loss of generality that s/, < s for all n and either for all n,
g(S;;,ZC;:) 7£ g(S;wa) or for all n, g(slrivxlri) = g(‘S;wx;;) Since 9(3071‘;1)7

g (s0,21), gs (80, 2)) and g (o, ) are bounded, we can restrict attention to

converging subsequences. We denote their limit ¢/, ¢”, ¢. and g respectively.

2Note that if g (sp,z,) = g(s,x,) for all n > N for some N, then by continuity,
gs (s,x) = 0. Moreover g (s,x,) < 0sox, € X (s) for alln > N, which implies V; (s+) <0

and the inequality of the proposition still holds.
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Suppose first that g (s?, z) # g (s),, z) for all n. By equidifferentiability

n»'n n»r'n

of g, g(sl,,2”) and ¢ (s, z) both converge to ¢”. Let us first consider the

n»r'n n»'n

case ¢ = 0. Since W, is continuous at (s,,0),

w (Slm -9 (S;w ZL’Z)) - W (S;w —9g (S;;7 ZL‘Z))

g (ng ZL’%) —4g (S/na I%)

W, (s,0). (13)

Since g is equidifferentiable,

g (3;;, l’;;) -9 (S;wx;;)

"o o
Sn Sn

= Gs (507x;;)+0(|5;;_50| + |S{n_50|) _>g;/‘ (14)

Combining (13) and (14) with (9),

V(s") — V(s
lim sup (S;"B — (50) < W.(s,0) x g7. (15)

Suppose now that ¢” < 0. As argued in the proof of proposition 2, necessarily,
lim% =0 and W.(s,0) =0, so (15) still holds.
/! /!

Finally, if g (s”,2!) = g(s,z") for all n sufficiently large, then z! €
X (s)) so V(s.) >V (s) and limsup L=V () < 0 Moreover, by equidif-

" 7
Sp—5n

ferentiability of g, ¢ = 0, so (15) still holds.

With the same reasoning as above, (10) implies that if g (s, 2!,) # g (s, x)

n*r'n

for all n,

V (8;;) -V (S;’L) > W (SZ7 —g (S;w 'T:m)) -W (3;;, -9 (827 l’;z)) g (Sg7 l’;z) -9 (S;za 'r;’L

) .

Sp =8 g (sn, ) — g (sp,27) Sn = Sn

If ¢ = 0, taking the limit we get

Vilsn) = V() gy (5,0) % g. (16)

lim inf m p
Sn — Sn

If ¢ < 0, for the same reason as above, lim Vsu)=Vsa) — () and W, (s,0) =0,

so (16) still holds.
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Finally, if g (s}, 2},) = g (s, ) for all n, then 2/, € X (s) so V (s7) >
V (s],). Moreover, by equidifferentiability of ¢, g, = 0 so (16) still holds.
To conclude the proof, observe that by inverting the role of s/, and s/, we

get from (15) and (16) that

Vi(s+) = W.(s,0) x g7 =W, (s,0) x g.

3.2 Absolute Continuity

In this subsection, we establish a set of conditions that guarantee the ab-
solute continuity of V. The following lemma is a straightforward corollary of

Theorem 2 in Milgrom and Segal 2002.

Lemma 2 If there exists Y C X and (h(.,x)),oy uniformly absolutely con-
tinuous such that for all s € S,
V(s) =sup f (z) = h(s,z),
zeY

then V' is absolutely continuous.

When the maximization program is convex, the function g (s,x) itself,
times its Lagrange multiplier A (s), can play the role of h in lemma 2. The
next proposition gives a condition under which & (s,x) = C'max (0, g (s, ))

does the job for some C' > 0.

Proposition 4 Ifsup, g ‘w

is bounded asc /' 0 and (g (., %)) ,cy
is uniformly absolutely continuous (see definition 1), then V is absolutely

continuous.
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Proof. Let h (s,z) = max (0, g (s,z)). Since 0 and g (s, z) are absolutely
continuous for all x, so is h (s,z). The integrable bound condition of defini-

tion 1 clearly holds, so h is uniformly absolutely continuous. We denote

O (s,c) = sup f(x)—Ah(s,x).

2EX (5,¢)
By construction, for all A > 0,¢ < 0and all s € S, Q, (s,¢) > V (s). Suppose
first that there exists A, > 0, ¢, < 0 such that for all s, Q,, (s,¢,) = V (s).
Since ¢ is uniformly absolutely continuous, there exists ¢ > 0 such that
|s" — s| < e implies that for all x € X, |g (s',x) — g (s,2)| < —c,. This shows

that for all s, € S, and all s € [s, — ¢, 5, + €],
X (s) C Usrelso—e,s0+e] X (s) C Nsrelso—e,s0+e] X (s, ¢o) - (17)
If we denote Y = Uyc[s,—e,5,4X (8'), (17) implies that for all s € [s, — €, 5, + €],

V (5) < sup £ (2) = Aoh (5,) < Dy, (5, 0)

zeY

Since V' (s) = Q,, (s, ¢,), the above inequality holds with equality and lemma
2 implies that V' is absolutely continuous on [s, — ¢, s, + ¢] for all s,, and
therefore on S.

Suppose now that for all A > 0,¢ < 0, there exists s € S such that
Q) (s,c) > V(c). Then there exists two sequences s, and x, such that

g(s,z,) \ 0 and f (z,) —ng (sn,x,) >V (s,). Therefore, for all n
w (Sm -9 (Sm xn)) -W (Sm 0) > —ng (Sna xn) )

which is impossible under our assumptions. =
Since absolute continuity implies differentiability almost everywhere, by
combining proposition 1 and 4 we get the integral form of the envelope the-

orem:
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Corollary 1 Let x*(s) be a selection of X*(s) for almost all s. If W, is
continuous on S X [—e,g| for some ¢ > 0, gs(s,z*(s)) exists for almost
all s € S and (9(.,x)),cx 18 uniformly absolutely continuous, then V is

absolutely continuous and for all s,s' € S,
V(s') = V(s) / W, (5,0) x g(s, 2" (5))ds.

Proof. If W, is continuous on S x [—¢, 0], then ‘w is bounded

on C' x [—¢,0] for any compact subset C' of S. From proposition 4, for all
s,s" € S,V is absolutely continuous on [s, s'] and as such, almost everywhere

differentiable. From proposition 1, at any such point s, Vi(s) < W, (s,0) x

gs(s,2%(s)). m

4 Applications

4.1 Topological Spaces

In this subsection, we derive an envelope theorem when the choice set is a

second countable topological space.?

Lemma 3 Suppose T is a separable topological space* and T’ is second count-
able, and S is a subset of T x T", then the set of isolated points of S (for the

product topology) is at most countable.

3 A topological space is second countable if it has a countable base. In particular, any
separable metric space is second countable. Examples include Euclidean spaces and the

space of continuous functions on a compact space.
4 A topological space is separable if it contains a countable dense subset.
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Proof. Let (B,,),cy be a countable base of 7" and let Z = {(x;,2}) : i € I}
be a set of isolated points of S. For all © € I there are open sets O; C T" and
O} C T" such that O; x O, NZ ={(x;,«})}. Since B is a base, there exists
n (i) € N such that o} € B,; and B, C O;. Thus O; x B,;yNZ = {(z;, 2})}.
Let I (n) = {i €1 :n(i) =n}. By construction, the points {z; :i € I (n)}
are isolated in T'. Since T is separable, I (n) must be countable, and so does

I as the countable union of countable sets.” m

Proposition 5 If X is second countable and x* (s) is a selection of X* (s)
such that g and gs are continuous at (s, z* (s)) for almost all s, then at almost

all points where these derivatives exists, Vi(s) = W.(s,0) x gs(s, ).

Proof. S endowed with the lower limit topology® is separable. Let
G ={(s,2*(s)) : s € S} be the graph of a selection z* (.) € X*(.). From the
previous lemma, for almost all s, (s,2*(s)) is not isolated in G, i.e. there
exists s, /' s and z* (s,) — x*(s). A similar argument holds for the upper

limit topology. Proposition 2 completes the proof. m

4.2 Continuous Functions on Compact Sets

In this section, X is a compact set and S is a closed bounded interval.

>This is true only under the axiom of countable choice. Alternatively, if T is the real
line, the projection of I on T has Lebesque measure 0, which is all we need to derive our

results.
6The lower limit topology is the topology generated by the intervals of the form ]a, b]

and ]a, ] for a < b. In particular, a sequence x,, is converging if and only if z,, " [.

14



Lemma 4 Suppose f is upper semi-continuous and g is continuous, then if
V' is continuous at s, X*(.) is compact valued and upper hemi-continuous at

S.

Proof. Compactness is immediate. To show upper hemi-continuity, let
Sp — S, T, € X* (s,) and x,, — x. By continuity of g, g (s,z) < 0. So by de-
finition of V', f (x) <V (s). By upper hemi-continuity of f, limsup V (s,) <
f(x). By continuity of V|, V (s,) — V (s). Therefore, V (s) = f(x) and
reX*(s). m

Proposition 6 If g and g; are continuous on S X X and W, is continuous
on S x[—€,0] for some e > 0, then V is absolutely continuous. If furthermore

f is upper semi-continuous, for all s € S,

Vs(s+) = W.(s,0) zg(ig%s) gs (s, 1),

Vi(s—) = W.(s,0) 12)1(@((5) gs (s,).

V' is differentiable if and only if {gs (s,x) : x € X*(s)} is a singleton.

Proof. Since X x S is compact, by continuity gs is bounded on X x §
and thus absolutely continuous in s for all z. Likewise, since S X [—¢, 0] is
compact, W. is bounded. Hence the condition of proposition 4 are satisfied
and V' is absolutely continuous.

As noted in subsection 2.1, by continuity of gs, (g (., )),c - is equidiffer-
entiable. Since f is upper semi continuous, X* () is non empty and compact.
Therefore, from proposition 3, the directional derivatives exist.

Since V' is absolutely continuous, it is continuous. From lemma 4, the

compactness of X and the continuity of g, for any selection x* (s) € X* (s),

15



and any s, € S,

1‘ 1 f S ) * > 1 S 0 )
im inf g, (s,2" (s)) > Jin g (S0, )

and since W. < 0, from proposition 3,

Vs (o) < We(s0,0) min g (S0, ).
z€X*(s0)

From proposition 1, the opposite inequality holds, which proves the first
equality. The second equality is proven similarly. The last points follows

immediately. m

4.3 Mechanism Design

Establishing the integral representation of the agents utility in principal agent
problems is a key step in characterizing the optimal mechanism. This can be
done by applying the envelope theorem to the maximization program of the
agent (Mirless 1971, Myerson 1981). The previous theorems can be applied
to mechanism design problems in which the type of the agent enters in the
constraint of his utility maximization program.

To illustrate the applicability of our results, we will use them to character-
ize group strategy-proof mechanisms for two players. Let N = {1,2} denote
the set of players, X the set of possible alternatives, {U; (6;,.) : Vi € N,0; € ©;}
the set of admissible utility functions of the agents. We will say that a set
of pay-off profiles {U; (0;,.) : Vi € N,0; € ©,} is regular if for all i € N, ©;
is an open interval of R, for all §; € ©;, U, (0;,x) is uniformly absolutely
continuous in #;. A mechanism ® maps a profile of type # into an outcome

® (0) for all # € ©. The range of the mechanism is denoted Rg.
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Definition 2 A mechanism ® is strategy-proof if for alli € N, 6;,0; € ©;,
and 0_; € ©_;,

Ui (0, @ (0;,0-3)) > Ui (05, ®(6;,0_)) .
It is group strategy-proof if for all 01,07 € Oy, 0,0, € O,

Ul(eluq)((gl?eQ)) Z U1<917(I)<9/179/2));
OTU2(927(I)(01792)) > U2<627(D<6,17012))

It has a smooth range if for all ¢ > 0, the Pareto frontier on the range of the

mechanism:

U; (0,U;) a:eR@:(IJIjl(a@};m)zUj Ui (0:, )

is differentiable w.r.t. U; and its derivative is bounded and continuous in

(0;,U;) on {U; : Uj < sup,ep, U; (0;,x) —c}.

Geometrically, the smooth range condition means that the Pareto frontier
on the range of the mechanism has a continuous and bounded slope at any
interior point in the utility space (Uy, Us). The usual envelope theorem allows
to characterize strategy-proof mechanism. It shows that the value function
Vi (0) = U; (0;,® (6;,0_;)) under a strategy-proof mechanism ® on a regular

set of payoff profile is absolutely continuous in ¢; and

9% oU,
Vi (0) = V; (6,,0_) + YT (t,® (t,0_;))dt. (18)
0, i

Our envelope theorems allow to characterize group strategy-proof mechanism
with a smooth range. By comparison to the traditional approach, we show

that the value function V; is absolutely continuous in the other players’ types.
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Proposition 7 Let ® be a group strategy-proof mechanism with a smooth
range defined on a regqular set of admissible pay-off profiles, then for alli # j,
Vi is absolutely continuous in ; and either V; is locally constant in 0; or j

is a dictator at 0, i.e. V;(0) = sup,cp, Uj (0;,7).

Proof. Let i = 1,5 = 2 and fix ;. Since ¢ (0) is group strategy-proof,

it solves the following program:

V1(0) = max Uy (01, 2), (19)

2€Rp:Va(0)—Us (02,2)<0
By construction, there exists a solution for all . Since ® is strategy-proof,
using (18), for almost all s, the constraint of (19) is differentiable w.r.t. 5.
For all (0s,¢) such that {z € Ry : V5 (0) — Uz (02,2) + ¢ <0} # 0, we
define
Wy (0,c) = max Uy (01,2),

CL‘ER@:VQ(Q)fUQ(QQ,I)*FCSO
This program is well-defined (i.e. has a non empty choice set) in a neighbor-
hood of (62, 0) if player 2 is not a dictator at f,. In this case, since ® has a
smooth range, % is continuous at (62, 0). From what precedes, proposition

1 implies that at any 0, such that player 2 is not a dictator and g—g; (0) and

g—gj (0) exists, we have:
Vi oW, A% oU,
) = 7 —(0) — == (02,2 =9 (0)) ) .
e (0= 0.0 x (G2 0) - G2 (trr = 00))
From (18), the second term is zero whenever it is defined. Since g—gj exists

for almost all 8,5, we have proven that for almost all 05, if player 2 is not a

: VL s v
dictator and 97 exists at 0q, then F71 (0) = 0.

Let [QQ,EQ} C ©3 be such that for all #, € [Q2,52], player 2 is not a

dictator. Since ® has a smooth range, aggl is bounded on [QQ,%} x R~
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so from Taylor’s theorem, sup,, [0, ] w is bounded as ¢ 7 0.
From (18) V4 is absolutely continuous and Uj (62, z) is uniformly absolutely
continuous, so the constraint of (19) is uniformly absolutely continuous as
well. From theorem 4, V; () is absolutely continuous in #,. In particular,
for almost all 65, g—‘@/zl exists and from what precedes, g—‘e/; = 0. Since V] is
absolutely continuous, it must be constant on [ngg}. [ |

In words, proposition 7 shows that for a mechanism to be group strategy-
proof, at any point of its domain, it must be either constant or some player
must be a local dictator. To characterize the set of group strategy-proof
rules, it suffices then to fix a (smooth) range Re and determine the regions
of the type space in which player 1 or 2 are dictators or the mechanism is
constant. The border of these region in the type space must be compatible
with strategy-proofness.

As an immediate corollary, proposition 7 characterizes strategy-proof
Pareto efficient mechanisms for two players on regular sets of pay-off profiles
such that the unrestricted Pareto frontier has a smooth frontier. Proposition
7 can also be generalized to characterize pairwise strategy-proof mechanisms

for more than two players by assuming that the option set of two player ¢
and j:
RY@0)={reX:x=0(0,0,0_;).0; € 0,0, € ©,}

2] i

has a smooth Pareto frontier in the sense of definition 2.
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5 Appendix

In this appendix, we prove remark 1. We first prove (7). Let z € X*(s,¢)
be such that g (s,z) + ¢ =0 and let (z,), .y € X" (s, ¢o+). By definition of
W, W(s,—g(s,x,)) > f (z,). Moreover, —g (s, z,) + g(s,z) > 0 so

Wis,—g(s,2n) = f2) o [lza) = f(2)
—g(S,Z‘n)—I—g(S,l') N —g(S,l‘n)—i-g(S,I).

Since —g (s,2,) \\ ¢, * € X* (s,¢) and g (s,z) + ¢ = 0, taking the limit, we

have

f(xn) — f(x)
g(s,zn) —g(s,2)
We now prove the opposite inequality. Let ¢, \, ¢ and z, € X (s,¢,) such

W3 (s, c+) > limsup — (20)

that
f(@n) =W (s, c)

C, —cC
Since 0 < ¢, — ¢ < —g (s,2,) —cand f (z,) < W (s, —g (s, 24)),

flan) =W (s o) _ flzn) =W (s, ) _ W(s,=g(s,2)) =W (s,0)
Cph — C -~ —g(s,xn)—c — —g(s,z,) —c '

— WS (s, ¢4) . (21)

(22)

If limsup g (s, z,) < —c, then W (s,,.) must be constant on |c,, ¢, + ¢[ for
some ¢ > 0 and it has a downward jump to the right of ¢,. In this case,
WS (s,,c,4) = —oo and (7) holds. Now suppose that g (s,z,) /" —c, by
definition of WS (s, c+), the limit of the left hand-side of (22) is bounded
by WS (s, c+) while from (21), the limit of the right hand-side of (22) is
WS (s, ¢+). Therefore, (22) implies

flan) =Wisie) _ FE)=f@) | pewig oy 23)

—g(s,2a) —c  g(s,2) —g(s,2)

which proves (7).
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We now prove (8). Let (2,),.y € X" (s,c—). By definition of W,
W(s,—qg(s,z,)) > f (z,). Moreover, —g (s, z,) + g (s,z) < 0 so,

Ws,—g(s,20) = f(2)  _ [flza) = [ (2)
—g(S,CEn)—i—g(S,ZL’) B —g(s,xn)—i—g(s,x)'

Since —g (s,x,) / ¢, v € X*(s,¢) and g (s,z) + ¢ = 0, taking the limit, we

have

g(s,2a) = g(s,2)
We now prove the opposite inequality. Let ¢, /" ¢ and z,, € X*(s,¢,) be

Wit (s, c—) < liminf —

such that
f(x,) —W(s,c)

Cp —C

— Wit (s,c—). (25)

Since W is weakly decreasing in ¢, one can choose x,, such that W (s,c) <
f (x,). Observe that if W is not locally constant to the left of ¢ at (s, c¢),
then for all n, —¢, < g(s,z,) < —¢ so g(s,z,) \, —c¢. Moreover, ¢, — ¢ <
—g(s,xn) —c<0and W(s,c) < f(z,) < W (s,—g(s,2)), S0

flan) =Wsie) | flza) =W(s,c)  W(s,—g(s,2)) =W (s, )

Cn — C — —g(s,x,) —c —g(s,x,) —c
The limit of the right hand-side of (26) is bounded below by W™ (s, c—)
while from (25), the left hand-side of (26) tends to W (s,c—). Therefore,
(26) implies

f(x,) — W (s,c) _ f (@) = f(2) Wit (5, c). (27)

—g(S,In)—C g(S,l‘n)—g(S,l’)

(26)
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