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Abstract

This paper provides an in-depth study of the (most) refined best-reply correspondence
introduced by Balkenborg, Hofbauer, and Kuzmics (2009a). We study notions of strict and
weak dominance most appropriate to it, its fixed points, and rationalizability based on it,
and how these concepts are related to well-known concepts such as, among others, Selten’s
(1975) trembling-hand perfection, Kalai and Samet’s (1984) persistent equilibria, and various
refinements of Bernheim’s (1984) and Pearce’s (1984) notion of rationalizability.
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1 Introduction

The minimal refined best-reply correspondence was introduced by Balkenborg, Hofbauer, and
Kuzmics (2009a) in an effort to find the smallest face of the polyhedron of mixed strategy profiles
that can be termed evolutionary stable under some reasonable dynamics. The dynamics found
is a differential inclusion based on the, so termed, minimal refined best-reply correspondence.
In this paper we study this correspondence in detail for all normal form games with a mild
restriction.

The paper proceeds as follows. Section [21defines the very general class of games we study and
defines the minimal refined best-reply correspondence. Section [3] defines notions of dominance,
termed inferiority, more appropriate for the refined best-reply correspondence. This section
also includes two important Theorems, one on the (normal-form) generic equivalence of the
best-reply correspondence and the minimal refined best-reply correspondence, and the other
a full characterization of the minimal best-reply correspondence in two-player games. The
somewhat difficult proves are relegated to appendices. Section Ml places fixed-points of the best-
reply correspondence into the literature by demonstrating its relationship to Selten’s (1975)
trembling-hand perfect equilibria and Kalai and Samet’s (1984) persistent equilibria. Section
relates rationalizability based on the refined best-reply correspondence to other refinements of
Bernheim'’s (1984) and Pearce’s (1984) notion of rationalizability. The paper concludes without
conclusion.

2 Preliminaries

Let I' = (1, S,u) be a finite n-player normal form game, where I = {1,...,n} is the set of players,
S = X;erS; is the set of pure strategy profiles, and u : S — IR" the payoff functiorl]. Let
©; = A(SS;) denote the set of player i’s mixed strategies, and let © = X;c;0; denote the set of
all mixed strategy profiles. Let int(©) = {z € © : z;5 >0 Vs € S; Vi € I} denote the set of all
completely mixed strategy profiles.

For x € © let B;(x) C S; denote the set of pure-strategy best-replies to x for player i. Let
B(x) = X;erBi(x). Let Bi(x) = A(B;(x)) C ©; denote the set of mixed-strategy best-replies to
x for player i. Let B(z) = X;erfi(x).

As in Balkenborg, Hofbauer, and Kuzmics (2009a) we shall restrict attention to games with
a normal form in which the set of mixed-strategy profiles ¥ = {z € ©| B(z) is a singleton}
is dense in ©. We denote this class by G*. This is essentially the restriction to semi-reduced
normal form games (See the appendix in Balkenborg, Hofbauer, and Kuzmics (2009a) for a
detailed discussion).

For games in G* let ¢ : ©® = O be the refined best-reply correspondence as defined in
Balkenborg, Hofbauer, and Kuzmics (2009a) and as follows. For x € O let

Si(x) ={s; € Si| Haw}2y €V iy — xABi(xy) = {si} Vt}.

Then o;(x) = A (Si(z)) and o(z) = Xieroi(z) ¥V x € O.

The function u will also denote the expected utility function in the mixed extension of the game T'.



3 Notions of dominance

This section defines and discusses notions of strict and weak dominance that are appropriate
for the refined best-reply correspondence. We term these notions strict and weak inferiority
They are such that, naturally, every strictly dominated strategy is strictly inferior, every weakly
dominated strategy is weakly inferior, and every strictly inferior strategy is weakly inferior.

Definition 1 A strategy s; € S; is strictly inferior if for every x € © there is a t; € S; such
that w;(s;, x—;) < w;i(ti,x—;). A strategy w; € S; is weakly inferior if for every x € © there is a
t; € Si, t; # w; such that wj(w;, z—;) < ui(ti,x—;) and u;(w;,y—;) < ui(t;,y—;) for some y € O.

For games in G* a strictly inferior strategy s; is such that s; € B;(x) for any = € ©, while a
weakly inferior strategy w; is such that if w; € B;(z) then B;(z) is not a singleton. Note that
every game in G* has at least one strategy for each player which is not weakly inferior.

While in two-player games a strategy is strictly inferior if and only if it is strictly dominated,
for 3 or more player games this is not so for the well known reason that a strategy can be a best
reply to correlated strategy profile of the opponents, but never a best reply to any uncorrelated
strategy profile (see, e.g., Example 5.7 in Ritzberger (2002) for a strategy which is strictly inferior
but not strictly dominated).

While a weakly dominated strategy is weakly inferior, the converse is not necessarily true
even in two-player games. This is demonstrated in Lemma (4] below.

Call x; € ©; a robust best reply against x € O if x; is a best reply against all strategy
combinations in a neighborhood of z. Call z; € ©; a robust strategy if z; is a robust best
reply against some strategy combination z € ©. This terminology is inspired by Okada (1983).

The following lemma, due to Kalai and Samet (1984), is used in the proof of Lemma 2

Lemma 1 Let U be a non-empty open subset of ©. Then two strategies x;,y; € ©; are own-
payoff equivalent (for player i) if and only if w;(x;, z—;) = u;(y;, 2—;) for all z € U.

Lemma 2 A strategy is robust if and only if it is not weakly inferior.

Proof: If s; € S; is not weakly inferior, then there exists an x_; € ©_; such that, for all t; € S,
w; (8, x—;) > i (ti, x—;) or w; (8;,y—i) > w; (t;,y—;) holds for all y_; € ©_;. In the latter case t;
is weakly dominated by s;. By continuity s; is a best reply in a neighborhood of x_; and hence
a robust strategy. Conversely, if s; € S; is robust it is a best reply on a non-empty open set
in ©. Any strategy which is not own-payoff equivalent to s; can, by Lemma [I be a best reply
jointly with s; only on a closed, nowhere dense set. There are only finitely many pure strategies
to consider and any mixed strategy is a best reply only against strategy profiles against which
all pure strategies in its support are also best replies. Thus, there exists a non-empty open set
in ©; such that a strategy of player 7 is a best response against a strategy profile in this set if
and only if it is own-payoff equivalent to s;. Hence s; is not weakly inferior. QED

As an immediate consequence of Lemma 2] we have:

Lemma 3 Let w; € S; be weakly inferior for player i. Then w; € Si(x) (i.e., w; is not a
semi-robust best reply) for any x € ©.

20ur notions of strict and weak inferiority are motivated by, but not identical to, the notion of inferior choices
in Harsanyi and Selten (1988).



In two-player games the following converse statement can be established. Its proof can be found
in appendix Bl

Theorem 1 In a two-player game a strategy is a semi-robust best reply, s; € S;(x), if and only
if it is a best reply, s; € B;(x), and is not weakly inferior.

For two-player games, in fact, we can completely characterize weakly inferior strategies. The
proof is again in appendix [Bl

Lemma 4 In a two-player game a strategy is weakly inferior if and only if it is weakly dominated
or equivalent to a proper mixture of strategies which are not own-payoff equivalent.

Theorem [I] implies the following Proposition.

Proposition 1 Let I' = (I,S,u) € G* be a two-player game with minimal refined best-reply
correspondence o(I'). Then there is a game I = (I',S",u') € G* with I' =1, ' =S, and a
payoff function v’ : S — IR? such that its best-reply correspondence B(I") = o(T).

Proof: Let I be such that, for every i € I, every s_; € S_;, and every weakly inferior w; € S;,
w(wj, s—;) = u;(w;, s—;) — 0 for some § > 0. Then, for this game I no weakly inferior strategy
is ever a best reply. Thus, by Theorem [l o(T") = o(I”) = B(I'). QED

Proposition [ is useful as it tells us that in two-player games, the structure of fixed points of
o is the same as the structure of Nash equilibria. In particular, it implies that, in two-player
games, there are only finitely many components of fixed points of o. More precisely, applying
the results in Jansen, Jurg, and Vermeulen (2002) we have the following.

Corollary 1 LetT' = (1,S,u) € G* be a two-player game with minimal refined best-reply corre-
spondence o. Then the set of fized points of o is the union of finitely many polytopes and hence
the union of finitely many connected components.

F best reply
:Prob(D)
Cc|D D
Aj0]O Al1l]|-1
B|0|O B|-1]0
E F
PI’Ob(B)" F best reply

Game 1 and Figure 1: A game where the refined best reply correspondence is not the best reply correspondence
of a modified game. In Figure [Ilthe regions where strategies E¥ and F' of player 3 are best replies in this game are
indicated in the square of strategy profiles of players 1 and 2. The probability with which player 1 chooses B is
indicated vertically downwards in the graph while the probability of player 2 choosing D is indicated horizontally.
In the shaded area between the two branches of the hyperbola E is the best reply for player 3, outside it is F'.
The lower branch of the hyperbola intersects the square only in the point (B, D), indicating that F' is a best
reply against (B, D), but not semi-robust.



Proposition [l does not extend to games with three or more players, as the 2 x 2 x 2 game
[0 shows. Here and in the following games, player 1 chooses the row, player 2 the column and
player 3 the matrix. In this example we specify the payoffs of player 3 only. As indicated
in Figure[Il note that against opponent strategy profiles (1/24 +1/2B,C), (A,1/2C + 1/2D),
and (2/3A+1/3B,2/3C + 1/3D) (among others) both E and F' are semi-robust best replies.
However, against (A,C) F is the only best reply and against (B, D) E is the only semi-robust
best reply. Nearby the latter strategy profile there is no open set in the square of the opponents’
mixed strategy profiles where F' is a best response.

Now assume there exists another game with the same strategies for which the best response
mapping for player 3 is identical to the minimal refined best response correspondence of the given
game. This implies that player 3 must remain indifferent between E and F' against the strategy
profiles (1/2A+1/2B,C) (A,1/2C +1/2D), and (2/3A +1/3B,2/3C +1/3D). Moreover, F
must be a best response against (A, C'), but not against (B, D). This implies

5 (15 (4,C F) — 3 (A,C,F)) ~ & (us (B,C, B) —us (B, C, F)) = 0
% (us (A, C, E) — ug (A, C, F)) % (us (A, D, E) — us (A, D, F)) = 0
5 (45 (A,C, B) s (A,C, F)) — = (u3 (B,C, B) ~ us (B,C, F))

—g (us (A, D, E) — us (A, D, F)) + % (us (B, D, E) — uy (B, D, F)) = 0

We conclude that ug (B, D, E) —ug (B, D, F) = 0, and, thus F' is a best response against (B, D),
a contradiction.

The following theorem says that for generic normal form games the minimal refined best-
reply correspondence coincides everywhere with the best-reply correspondence, i.e., o = (.
Remember, however, that many games of interest in G* (derived for instance from an extensive
form) are not among these generic normal form games.

Theorem 2 For generic normal form games a strategy is a semi-robust best reply if and only
if it is a best reply (i.e., s; € S; (v) < s; € Bi(x)). Consequently, the best reply correspondence
is minimal (i.e., T; € 0; (z) < x; € B; (x)) in these games.

For the proof see appendix [Al

4 Nash equilibrium versus best-reply refinements

This section provides a few results relating fixed points of the (minimal) refined best-reply
correspondence to (refinements of) Nash equilibria.

Proposition 2 Let I be a finite two-player game in G*. Let x € © be a fized point of the refined
best-reply correspondence o. Then x4, = 0 for every weakly inferior w; € S;.

Proof: Immediate from Lemmal3t Let x € o(z). By LemmaBlw; ¢ S;(z) for any weakly inferior
w; € S;. But then no y € © with y;,, > 0 can be in o(x). QED

Selten (1975) introduced the concept of a (trembling-hand) perfect (Nash) equilibrium. A useful
characterization of a perfect equilibrium in normal form games is given in the following lemma,



which is also due to Selten (1975) (see also Proposition 6.1 in Ritzberger (2002) for a textbook
treatment).

Lemma 5 A (possibly mized) strategy profile x € © is a (trembling-hand) perfect (Nash) equi-
librium if there is a sequence {x¢}72, of completely mized strategy profiles (i.e., each x; € int(©))
such that xy converges to x and x € 3(z¢) for all t.

Not every fixed point of ¢ is necessarily a trembling-hand perfect equilibrium, even in 2-player
games. To see this consider Game 2 taken from Hendon, Jacobson, and Sloth (1996). For this
game o and (3 are identical. The mixed strategy profile z* = ((0,1/2,1/2);(1/2,0,1/2)) is a
Nash equilibrium, hence a fixed point of 3, hence of o, which, as Hendon, Jacobson, and Sloth
(1996) point out is not perfect. Indeed, while the two pure strategies in the support of z3,
i.e., strategies D and F' are not weakly dominated, the mixture z7 is weakly dominated by the
pure strategy E. As weakly dominated strategies in a 2-player game cannot be perfect (see e.g.,
Theorem 3.2.2 in van Damme (1991)), =* is not perfect.

D E F D E F
A100]01]00 Al22]12]1.2
B|20]|21]0,2 B|21]22]0,0
C|02]0,1]20 C 12110022

Game 2: A game in which a fixed point of o Game 3: A game in which a perfect equilib-
is not perfect. rium (and, in fact, KM-stable equilibrium) is

not a fixed point of o.

Proposition 3 Let I' be a 2-player game in G*. Then every pure fized-point, s € S, of the
refined best-reply correspondence, o, is a perfect equilibrium.

Proof: Every pure fixed point of o is undominated by Proposition 2l In two-player games every
undominated Nash equilibrium is (trembling-hand) perfect. QED

The converse of Proposition [B] is not true. Consider Game [B In this game strategy A (and
similarly D) is equivalent to the mixture of pure strategies B and C (E and F respectively).
However, A is a best-reply only on a thin set of mixed-strategy profiles. In fact, A is best
against any x € © in which zop = xop, the set of which is a thin set. Thus, this game is in
G*. In this game (A, D) constitutes a perfect equilibrium. In fact every mixed strategy profile
(v, 1_Ta, 1_70‘), (o, 150‘, 1_To‘)) is a strictly perfect equilibrium, and hence, constitutes a singleton
KM-stable set, where KM-stable is (strategically) stable in the sense of Kohlberg and Mertens
(1986) (a minimal set satisfying their Property S). See next section for a definition. But none
of these equilibria, except the one with o = 0, are fixed points of o, due to the fact that A (and
D) is only best on a thin set (it is a weakly inferior strategy).

Proposition [] cannot be generalized to general n-player games. To see this consider the
following immediate characterization of fixed points of o. For z; € 0; let C(x;) = {s; €
Si|xis; > 0} denote the carrier (or support) of z;.

Lemma 6 Strategy profile x € O satisfies © € o(x) if and only if for all i € I and for all
s; € C(x;) there is an open set U%t C O, with x in the closure of U®, such that s; € B;(y) for
all y € U®.



Suppose z € o(x). Consider player i. Then for all s; € C(x;) let U®# denote this open set in which
s; is best. Now if (., ﬂsiec(mi) U$i # (), then x is also trembling-hand perfect. However, this is
not necessarily the case. We already saw this for the 2-player Game 2l In the fixed point of o,
x* =1((0,1/2,1/2);(1/2,0,1/2)), player 2 uses his pure strategies D and F' only. D is best in the
open set UP = {x € O|z1c > 3}, while F is best in the open set U = {2 € ©|z15 > 5}. There
are no bigger open set with the same property. Yet the two sets have an empty intersection.
Hence, z* is not perfect.

Balkenborg, Hofbauer, and Kuzmics (2009a) prove that CURB sets (Basu and Weibull
(1991)) based on o give rise to absorbing retracts (Kalai and Samet (1984)) and minimal such
sets give rise to persistent retracts. One might think that fixed points of o will have some re-
lation to persistent equilibria (Nash equilibria in a persistent retract, Kalai and Samet (1984)).
This is not true, though. Note first that the mixed equilibrium in the coordination game is not
persistent and is a fixed point of o. Consider Game @ taken from Kalai and Samet (1984). The
equilibrium (B, D, E) is perfect and proper but not persistent as Kalai and Samet (1984) point
out. It is also a fixed point of . To see this, note that F is weakly dominant for player 3 and
that B and D are best (for players 1 and 2, respectively) against all nearby strategy profiles in
which player 2 chooses strategy C' with smaller probability than player 3 chooses F' and player
1 chooses A with smaller probability than player 3 chooses F'.

C D C D
A|11,110,00 A 0,00 10,00
B | 0,0,0 | 0,0,0 B 0,00 | 1,10
E F

Game 4: A game in which a pure fixed point of o is not persistent.

Gameld] taken from Kalai and Samet (1984), demonstrates that there are persistent equilibria
which are not fixed points of 0. The strategy profile (A4, C, F) is persistent (see Kalai and Samet
(1984)) but is not a fixed point of o. To see this note that player 1’s strategy A is never best for
nearby strategy profiles. The one pure strategy combination (of players 2 and 3) against which
A is better than B is (D, F') which for nearby (to (A, C, E)) strategy profiles will always have
lower probability than the outcomes (C, F') and (D, E) against which B is better than A.

C D C D
A[000]001| [A]0,010] 10,0
B[0,1,0|101| [B[101]0,1,0
E F

Game 5: A game in which a pure persistent equilibrium is not a fixed point of o.

5 o0-CURB sets and strategic stability

As already mentioned Balkenborg, Hofbauer, and Kuzmics (2009a) prove that CURB sets (Basu
and Weibull (1991)) based on o give rise to absorbing retracts (Kalai and Samet (1984)) and
minimal such sets give rise to persistent retracts. This equivalence allows us to provide a
relatively simple proof of the fact that every persistent retract contains a KM-stable set.

A set R C S is a strategy selection if R = X;c;R; and R; C S;, R; # 0 for all i. For
a strategy selection R let O(R) = X;crA(R;) denote set of independent strategy mixtures of



the pure strategies in R. A set U C O is a face if there is a strategy selection R such that
U = O(R). Note that © = O(S). Note also that §(z) = ©(B(z)) and o(z) = O(S(z)).

A strategy selection R is a o-CURB set if S(O(R)) C R. It is a tight 0-CURB set if, in
addition S(O(R)) D R, and, hence, S(O(R)) = R. It is a minimal ¢-CURB set if it does not

properly contain another o-CURB set.
Definition 2 Let I' = (1, S,u) be a normal form game. Fori € I let n; : S; — IR be such that
T]Z'(SZ') >0 Vs; €5;

and

Z m(si) < 1.

SiESi
Then n = (n1,...,Mn) is a tremble. Let ©;(n) = {x € O;|x;(s;) > ni(s;) Vs, € Si}. Then
I'(n) = (I,0(n),u) is the n-perturbed game.

The following defines property S of Kohlberg and Mertens (1986) without the requirement
of being a subset of the set of Nash equilibria, before defining Kohlberg and Mertens’s (1986)
concept of strategic stability.

Definition 3 Let ' be a finite normal form game. Let Q C © be a closed subset of the set of
mized strategy profiles. @) is prestable if for all € > 0 there is a § > 0 such that for all trembles
n with n;(s;) < 9 for all s; € S; and for alli € I there is a Nash equilibrium, z", of the perturbed
game I'(n) such that ||x" —z|| < € for some x € Q. Such a set Q is KM-stable if it is prestable
and does mot properly contain another prestable set.

Note that minimality requires that a KM-stable set consists of exclusively perfect equilibria.

Proposition 4 Let I' = (I,S,u) be a normal form game. Every o-CURB set of I' contains a
KM-stable set.

Proof: It is sufficient to show that a o-CURB set is prestable. Let R be a 0-CURB set. Fix
a tremble 7 and the associated perturbed game I'(n) with the set of restricted strategy profiles
©(n). Define ©*(R) = {x € ©(n)|zis = nis if s € R;}, a compact and convex subset of ©(n). For
x € O*(R) let o*(x) = {y € O(n)|yis = mis if s & Si(x)}. Thus, o* is an upper hemi-continuous
correspondence defined on a convex compact set. By Kakutani’s fixed point theorem ¢* has a
fixed point. By the assumption that R is a o-CURB set and the fact that o is upper hemi-
continuous, we have that there is a neighborhood U of ©(R) such that o(U) C O(R). Thus,
as long as 7 is sufficiently close to zero, such that ©*(R) C U, this fixed point of o* is a Nash
equilibrium of the perturbed game. Thus, every sufficiently close perturbed game has a Nash
equilibrium close to the o-CURB set. QED

Note that no such result holds for the two preliminary notions of strategic stability also put
forward in Kohlberg and Mertens (1986). Both hyper-stable and fully stable sets can sometime
include pure weakly dominated strategies. A minimal o-CURB set cannot.

Still, given the interpretation of Balkenborg, Hofbauer, and Kuzmics (2009a) that o-Curb
sets are asymptotically stable sets under the refined best-reply dynamics, this result is reminis-
cent to the result of Swinkels (1993) that every convex asymptotically stable set of states under



some reasonable deterministic dynamics, in which every Nash equilibrium is stationary, con-
tains a hyper-stable set. Of course, not every Nash equilibrium is stationary under the refined
best-reply dynamics.

6 o-Rationalizability

For A C ©let B;(A) = {s; € Si|s; € Bi(z) for some z € A} denote the set of all pure best-replies
for player i to all strategy profiles in set A. Let 3;(A4) = A (Bi(A)) denote the convex hull of
this set B;(A). Let B(A) = x;c1Bi(A). For k > 2 let g¥(A) = B (B*"1(A)). For A =0, g¥(A)
is a decreasing sequence, and we denote 5>°(0) = (72, B*(0). A pure strategy profile s € S is
rationalizable if it is an element of the strategy selection R C S which satisfies O(R) = 5°°(0O)
(Bernheim (1984) and Pearce (1984); see also Ritzberger (2002), Definition 5.3 for a textbook
treatment).

The same can be done with the refined best-reply correspondence o. For A C O let S;(A) =
{si € S; : s; € Si(x) for some x € A} denote the set of all pure refined best-replies for player
i to all strategy profiles in set A. Let 0;(A) = A(Si(A)). Let 0(A) = Xjeroi(A). For k > 2
let 0F(A) = o (6""1(A)). For A = ©, 0¥(A) is again a decreasing sequence, and we denote
o®(0) = 72, 0¥(O). A pure strategy profile s € S is o-rationalizable if it is an element of
the strategy selection R C S which satisfies ©(R) = c>°(0).

Using Theorem [2] we obtain the result that for generic normal form games o-rationalizable
is the same as just rationalizable.

Proposition 5 In generic normal form games a strateqy is o-rationalizable if and only if it
rationalizable.

Proof: This follows immediately from Theorem 2 QED
For general games in G*, by the fact that o(z) C B(x) for all z € O, we obviously have that
the set of o-rationalizable strategies is a subset of the set of rationalizable strategies. However,
we can say more. Suppose we want to compare o-rationalizability with the Dekel-Fudenberg,
or S®W, procedure of Dekel and Fudenberg (1990). We shall call strategies that survive this
elimination procedure Dekel-Fudenberg rationalizable@ This procedure performs one round
of deletion of all weakly dominated pure strategies, and then, iteratively, all strictly dominated
ones. It is immediate that any o-rationalizable strategy is Dekel-Fudenberg rationalizable. There
is an obvious strengthening of the Dekel-Fudenberg procedure. In the first round instead of
eliminating weakly dominated strategies we can eliminate weakly inferior strategies. In later
stages instead of eliminating strictly dominated strategies, we can eliminate strictly inferior
strategies. Let us call pure strategies which survive this latter elimination procedure strong
Dekel-Fudenberg rationalizable.

Strong DF-rationalizability can be seen as original rationalizability for a game in which
payoffs are perturbed slightly. Let ' = (I,S,4) denote the game derived from I' by defining
(i, 8—;) = ui(ss,5—;) — 0, for a fixed positive 9, if s; € S; is weakly, and not strictly, inferior
in I and @;(s;, 5—;) = u;(s;, s—;) otherwise. Every pure strategy which is weakly inferior in T is,
therefore, strictly inferior in L. Let @ denote the best-reply correspondence of . Then we have
the following lemma.

3See Borgers (1994) and Brandenburger (1992) for epistemic conditions under which DF rationalizability is
obtained.



Lemma 7 For T and 3 defined as above we have o(z) C B(x) for all z € ©.

Proof: Follows immediately from Lemma [3 QED

The refined best-reply set o(x) may, for some games I' and some = € O, be a proper subset of
3 (x). To see this consider Game [0, taken from van Damme (1991), Figure 2.2.1; see also exercise
6.10 in Ritzberger (2002). In this game strategies D and F' are strictly inferior for players 2
and 3, respectively. There are no strategies which are weakly but not strictly inferior. Hence,
B(x) = B(x) for any = € ©. Player 1’s strategy B is (the unique) best strategy when players
2 and 3 play D and F', respectively. Both A and B are best when players 2 and 3 play C' and
E, respectively. However, for any (mixed) strategy profile, y € © in which players 2 and 3 play
close to C' and F, A is the unique best reply. Hence, B € S1(z) for any « € O for which z9c =1
and x3p = 1. Therefore, S1(z) = {A} is indeed a proper subset of By(x) = {A, B} for any such
x, and, hence, o(z) is a proper subset of 3 (z) for any such z. In fact, this game is usually used
to illustrate that in 3-player games an undominated Nash equilibrium, (B, C, E), need not be
perfect, as is indeed the case here.

C | D C | D
AlL1,1]1,01| [A[1,1,0]000
B|1,1,1]001| [B]0,1,0]100
E F

Game 6: A game in which for some z € ©, o(x) is a proper subset of 3(z).

Let °° be defined analogously to . Thus a pure strategy s € S is strong Dekel-Fudenberg
rationalizable if it is an element of the strategy selection R C S which satisfies O(R) = 3°°(0).

Proposition 6 Let I' € G*. Fvery o-rationalizable strategy for I' is strong Dekel-Fudenberg
rationalizable.

In two-player games the converse is also true.

Proposition 7 In a two-player game the o-rationalizable strategies are the strategies that sur-
vive one round of elimination of weakly inferior pure strategies followed by the iterated elimina-
tion of strictly dominated strategies.

Proof: This follows from Theorem [Il and the fact that in two-player games strictly inferior
strategies are the same as strictly dominated strategies. QED

Note that Proposition [{ indeed implies that, for two-player games, a strategy is o-rationalizable
if and only if it is DF-rationalizable. In fact for two-player games without pure strategies which
are equivalent to a proper mixture of two or more pure strategies we have that, by Lemma[d], a
strategy is o-rationalizable if and only if it survives the DF-procedure.

Game [0l illustrates that, in games with more than two players, the set of o-rationalizable
strategies, here {A} x {C'} x {E}, may well be a proper subset of the set of DF-rationalizable
strategies, here {A, B} x {C} x {E}.
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There are a variety of refinements of the concept of (uncorrelated) rationalizability of Bern-
heim (1984) and Pearce (1984). The ones we are aware of are cautious rationalizabil-
ity (Pearce (1984)), perfect rationalizability (Bernheim (1984)), proper rationalizabil-
ity (Schuhmacher (1999)), trembling-hand perfect rationalizability, and weak perfect
rationalizability (both Herings and Vannetelbosch (1999)).

Herings and Vannetelbosch (1999) study the relationship between all these concepts. They
find that perfect and proper rationalizability both imply weakly perfect rationalizability and
provide counter-examples to every other possible set-inclusion. We do not want to go into
the various definitions here now, but will just point out how these concepts are related to o-
rationalizability as defined in this paper.

In Game [ all of the above refinements of rationalizability yield the whole strategy set, while
o-rationalizability leads to the smaller set {B,C} x {E, F'}. In Game[8 trembling hand perfect
rationalizability yields, with {A}x{D}, a subset of the set of o-rationalizable strategies, { A, B} x
{D,E}. In the game, derived from Game [§ by replacing C' and F' with strictly dominated
strategies, and not changing the payoffs other strategies obtain against C' and F, the set of
cautiously rationalizable strategies, {A} x {D}, is a proper subset of the set of o-rationalizable
strategies, again given by {A, B} x {D,E}. In Game [ the semi-reduced normal form of a
centipede game, the set of properly rationalizable strategies, {A} x {F'}, is smaller than the set
of o-rationalizable strategies, {4, B, C} x{D, F'}. While we thus have no systematic relationship
between the concepts of cautious, trembling hand perfect, proper, and o-rationalizability, it may
well be the case that perfect and weakly perfect rationalizability, both as defined in Herings and
Vannetelbosch (1999), are, sometimes strictly, weaker criteria than o-rationalizability. This issue
is open.

DIE|F
A 303030
B 43|12 1.2
Cl43]0,1]24

Game 7: The semi-reduced normal form game of a centipede game .

To illustrate that o-rationalizability does not always allow the iterated deletion of weakly
dominated strategies, unlike trembling-hand perfect rationalizability, consider Game [8 from
Samuelson (1992). In this game strategies C' and F' are weakly dominated, and, hence, not
o-rationalizable. In the semi-reduced game without strategies C' and F', strategies B and E are
now weakly dominated, and, hence, not trembling-hand perfect rationalizable. However, B (the
analogue holds for F) is a best reply against completely mixed strategy profiles close to D, in
which the weight on F' is greater than the weight on E. Hence, S1(z) = {A, B} for any such
x € ©. Hence, B is o-rationalizable.

D]E]|F
A1 1,121
B|L1]00]31
Cl12]13]11

Game 8: A game in which the set of o-rationalizable strategies includes an iteratively weakly dominated

strategy.
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In some special contexts o-rationalizability does allow the iterated deletion of weakly dominated
strategies. See Balkenborg, Hofbauer, and Kuzmics (2009b).

A On the generic equivalence of best responses and semi-robust
best responses

This section provides a proof of Theorem[2l Note first that generic normal form games are in the
class G* where all semi-robust responses are pure strategies. The proof of Theorem [2]is organized
in a number of steps: We will first fix some notations for the mappings and various submanifolds
to be considered. Step 1 argues that the embedding of the uncorrelated strategy combinations
into the set of beliefs has nice differentiability properties. Step 2 invokes the transversality
theorem (see Guillemin and Pollack (1974)) to show that for generic payoff functions we obtain
the needed transversality conditions] Step 3 argues that we can restrict attention to completely
mixed strategy combinations of the opponents. If the player is indifferent between several of
his strategies against a given completely mixed strategy combination, step 4 shows how we can
construct an arbitrarily nearby strategy combination, against which the player strictly prefers a
given one among these strategies. Step 5 completes the argument.

For any finite set M let IRM be the vector space of all mappings y : M — IR. The dimension
of IRM is the number of elements in M.

Let q; : H#i IR% — IR~ be the mapping defined by

(i (w-3)) (s—) == [ s (s5) -
J#i
q; describes the first step in the computation mentioned above.
While x_; denotes the usual strategy combination of the opponents, we define y_; to describe

a “correlated strategy of the opponents”, i.e., a belief over S_;.
Let L; be the vector space of all linear mappings

V; RS — IR,

If x_; € R is a belief and s; € S; a pure strategy of player i, then (v; (x_;)) (s;) is the
expected payoff for player i. v; describes for every s; the second step in the computation of the
expected payoff. Any v; € L; corresponds uniquely to a payoff function

u; 0 S — IR

in the standard notation (and this relation is a homeomorphism).

For T; C S; set Z; (T;) = {z € R | Vs, t; € Ty : 2 (s;) = 2 (t;)}. Let Xj := {x; € R |
Zsjesj zj(s;) =1} for j # i and X_; =[], ,; X;.

For T; C S (j # i) and T_; := [],; Tj set

Xj (Tj) = {l’j € Xj | VSj € Tj Ly (sj) = 0}

4This transversality theorem is a straightforward consequence of Sard’s theorem. If one assumes an algebraic
map and uses in its proof in Guillemin and Pollack (1974) the algebraic version of Sard’s theorem in Bochnak,
Coste, and Roy (1998) one obtains a stronger version of the transversality theorem where the conclusion of the
theorem holds outside a lower dimensional semi-algebraic set.
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and
X (To) =[] %5 (my) -
J#
The sets ©_; N X_; (T—;) describe the various faces of the polyhedron ©_;.
Step 1: For all T_; the mapping ¢; : X_; (T_;) — IR%=¢\ {0} is a diffeomorphism onto its image
(in particular ¢; (X_; (T_;)) is a closed submanifold of IR°~i \ {0}).

Proof: X_; (T_;) is a closed affine submanifold in [[, (IRSJ' \ {0}). It is straightforward to
check that

Gijx (1 X (T=;) — IR\ {0}
is well defined, is one-to-one, maps X_; (7_;) to a closed set, and has a derivative dg;|,_, with
maximal rank everywhere
Step 2: Let Z C IR and X C IR%-\ {0} be submanifolds. Then for almost every v; € L; the
mapping v;|x : X — IR\ {0} is transversal to Z.

Proof: The family of linear maps L; defines a mapping
Vi:Li x R — TR (1)
(vi, x=i) +—  vi(x-i) - (2)

The derivative of V; at (v;, x—;) can be computed as

AVilwix_o) t To,Li x T, R° = L; x R®~  — IR (3)
(Vi &) = vi(x=i) +vi(€=i)- (4)

If x.; # 0 we can find for every ¢; € IR% some v; € L; with v (x—i) = ¢. Then
dVi’(vi,x,i) (Vi70) = Cz

Because for x_; € X the tangent space T, , X C IR~ contains the O-vector, dVil (wix_s)
Ty Li xT, X — R is surjective. Thus V; : L; x X — IR is transversal to Z and our claim
follows from the transversality theorem.

By step 1 and step 2 almost every v; € L; satisfies:

For all subsets T; C S; (1 <i <mn) the mapping (v;0¢)|x_,(r_,) 18
transversal to Z; (T5).

For given v; define Y (T;) = {z_; € X_; | (vioq) (x—;) € Z(T;)}. Y (T;) N ©_; is the set of
strategy combinations of the opponents such that player ¢ is indifferent between the strategies
in T; (i.e., they give the same payoff).

Step 3: Suppose v; satisfies ®. For T; C S; let z_; € Y (T;)NO_; and let O_; be a neighborhood
of z_;. Then O_; NY (T;) contains a point in the interior of ©_;.

5The result is well known, e.g., in algebraic geometry: ¢; defines the so-called Segre-embedding. The result
is needed in algebraic geometry to show that the product of projective spaces can itself be embedded into a
projective space, i.e., is projective-algebraic.
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Proof: Suppose z_; is in the boundary of ©_;. For each j # i define T := {s; € S; | z; (s;) = 0}.
If T; = ), x; is in the relative interior of ©;. By assumption T} is not empty for at least one
opponent j. Fix jx # i with T}, # 0 and tj, € Tj.. Set T; := Tj for i # j # j* and
Tj* = T, \ {tjx}. We show that O_; NY (T;) contains some y_; € ©_; N X <T_Z) such that
Tj = {s; € Sj | yj (s;) = 0} for all j # i. In other words: y_; is in the relative interior of the
face ©_; N X (T_Z) The claim then follows by induction.

The transversality conditions imply that the submanifolds X _; (T—;) and Y (T;) N X_; (T_Z)
meet transversely in X_; (T_Z> (See Guillemin and Pollak [1974, exercise 2.3.7.]) Since
X_; (T-;) has codimension 1 in X_; <T_Z) it follows that X_; <T_Z> NY (T3) N{y—i | yjs (tj5) >
0} N O_; intersects the relative interior of X_; <T_Z> noe_,.

Step 4: Suppose v; satisfies ®. For T; C S; with #71; > 2let x_; € Y (T;) be in the interior of ©_;
and let O_; be a neighborhood of z_;. Then we can find for every s; € T; some y_; € O_;NO_;
such that

(v;ioqi) (y—i) (i) > (vioq) (y—;) (t;)  for all t; € T; \ {s;}.

Proof: Because v; o ¢; : X_; — IR% is transversal to both Z (T;) and Z (T; \ {s;}) it follows
that v;oq; : Y (T; \ {si}) — Z (T; \ {si}) is transversal to Z (T;). From this we can deduce the
existence of a tangent vector & € T,,_, (Y (T \ {s;})) with d\|,_, (§) = 1, where X is the function

)\:Y;(Ti\{si})ﬂX_i — IR (5)
y—i — (vioq) (y—i) (si) — (vioq) (y—i) (£:) (6)

defined for arbitrary but fixed t; € T; \ {s;}. We can therefore select a differentiable curve
c: (=€) = Yi(T;\ {si})

with ¢(0) = z_; and (Aoc¢) (0) = 1. For sufficiently small 0 < v < ¢ y_; := c(7) has the
required properties.

Step 5: Suppose s; is a pure best response against x_;. For every neighborhood O_; of z_;
the continuity of the payoff function and the two steps above can be used to find y_; € O_;
such that s; € T; is the unique best response against y_;. Shrinking the open sets we can find a
sequence of such y_;’s converging to x_;. Continuity yields an open set around each element in
the sequence, where s; is the unique best response. s; is the unique best response on the union
of these sets, which is again open. Thus s; is a semi-robust best response against z_;. QFED

B Refined best replies in two-player games

We will restrict attention to the best replies of player 1. Suppose player 2 has K > 2 strategies

s3,--+ sk, It will be convenient to identify the mixed strategies zo € Oy with the vectors

1.2 K-1 K-1
x2:<az2,az2,~',az2 )EIR (7)
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for which 25 > 0 forall 1 <k < K —1 and o := 1 - kK 11 x% < 0. Notice that the zero vector
corresponds to pure strategy sé( .
We define the function f: IR ™! — IR by

[ maxg e ui (s1,22) for x5 € Oy
Flag) = { e for 0

Because wuj is linear in xzo, f is, in the terminology of Rockafellar (1970) a proper convex
polyhedral function. Each strategy z; € ©; defines an affine function a : R¥~! — IR
by a(x2) = uy (x1,22), which, for all 23 € ©q, satisfies the inequality a (z2) < f(z2) and
a(x2) = f (x2) holds if and only if x1 € £y (2).

For a strategy x1 € ©1 we define the set

G(z1) ={(z2,) € O3 xR | x1 € B (x2) and o = uy (w1, 22)} 9)

and the set H (z1) = {z2 € O3 | x1 € B (x2)}, the projection of G (z1) onto O2. H (x1) is the
region where x; is a best reply. x; is robust if H (z1) has non-empty interior H° (x;). We can
now describe the epigraph

F = {(22,0) ) e RE“L X R | £ (20) ) < o} (10)

of f as follows: F' is a polyhedral convex set whose compact faces are precisely the sets G (1)
with 21 € ©1. The non-compact faces are of the form F N (0] x IR), where ©] is a face of ©;.
Because H (x1) is a convex polyhedron the closure of H® (x1) is H (x1) if H° (x1) is non-
empty. Using lemma [2] this implies immediately Theorem [I1
To prove Lemma F] we study the conjugate function f* : RE~! — IR of f defined by

ff(z5) = sup {ziexs— f(x2)} = max {a5exy— f(z2)} < 00, (11)
wQE]R/Kfl T2€O2

where x5 @ x5 denotes the usual scalar product zg; x2 x2 As shown for any convex polyhedral

function in Rockafellar (1970), the conjugate is again a convex polyhedral function and one has
[ (x2) = [ (2).

Any two strategies 1,2} € ©; define the same affine function if and only if the two strategies
are equivalent. Without loss of generality we can thus identify ©1 with a subset of the affine
functions on IR 1,

Any vector (3, ) with 23 € IR" ™! and a € IR defines one and only one affine function on
IR,K_I by

=—a+ Z a3tk (12)

We will identify afﬁne functions With such vectors. For instance, e = (1,...,1) corresponds to
the function a;2 =—-1+ Zk 1 x2 which assigns 0 to the first K — 1 pure strategies and —1
to the last pure strategy of player 2.

Let F* be the epigraph of f*.

Lemma 8 F* is a polyhedral convex set generated by extreme points x1 which are robust best
replies in ©1 and the directions

1 for k=1

else (13)

—ep = (—e,lg,...,—ekK) c R with €}, :{ _0
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fork=1,..., K —1 and
e=(1,...,1) e R¥ (14)

Proof: By definition (z},*) € F* if and only if a* > x5 @ x5 — f* (x2) for all 29 € ©y. v € RF
is a direction in F™* if and only if there exists (23, a*) € F* such that all vectors (23, a*) + Av

with A > 0 are in F*. We can write v = _21{3{:_11 prer + prxe with p1,...,px € IR since
—eq,...,—ex_1,e form a vector basis of IR®. We must show that v is a direction in F* if and
only if all p; are non-negative. Suppose that v is a direction in F*. Let x9 = (0,...,0) € Oa.

The condition that (x3,a*) + Av € F* for all A > 0 yields for this z2 that o™ + Apx > —f (z2)
holds for all A > 0. This can be true only if pxg > 0. For e, € O3 (1 < k < K — 1) we obtain
similarly o + Apg > @5F — A\pp + Apx — f (ex) for all A > 0, which can hold only if py > 0. Thus

only positive combinations of —eq,...,—ex_1, e can be directions in F*. For every combination
v=— 252_11 prer+pre with p1,...,px > 0, every A > 0, every (z5,a*) € F* and every 2 € Og
we have conversely
K—1
o + i > 2wy — Y Aprah + Apx — f (w2) (15)
k=1

which proves that v is a direction in F™.

We have characterized the directions of F* and must now determine the extremal points
of F*. Suppose (#3,4%) is an extremal point. Because F™* has only finitely many extremal
points, these are exposed points by Straszewick’s theorem (Theorem 18.6 in Rockafellar (1970)).
Therefore we can find zo € ©2 such that the hyperplane {z} e 2o = f (z2)} is a supporting
hyperplane which meets F* only in (23, f* (23)). Because F* has only finitely many extreme
points and directions there exists an open neighborhood U of z9 in ©9 for which the hyper-
planes {z5 e yo = f (y2)} are for all yo € U supporting hyperplanes which intersect F"* only in
(3, f*(2%)). This implies that the graph of the affine function (5, f* (#3)) intersects F' in a
K — 1 dimensional face. It is therefore identical to a affine function defined by a strategy z1 in
©, for which H (z1) is full dimensional. Given our identification, (&5, f* (£%)) is consequently a
robust strategy in ©1, which was to be shown. QED

The lemma implies that all extreme points and hence all the points in the compact faces of F™*
are in ©.

However, no points on the compact faces of F* apart from the extreme points are robust
strategies. To see this, notice that a proper mixture z; = ZlL:l pixig (L > 2,p > 0, ZzL:1 pr=1)
of non-equivalent robust strategies in ©7 is not robust. Otherwise there would be an open set in
O on which x7 and hence all strategies x1; were best replies. They would yield identical payoffs
on an open set and were hence (by Lemma([Il) all equivalent, contradicting the assumption.

Finally, consider a strategy in ©1 which is not on a compact face of F*. It can be written
as ¥} = x1 — fo:l prer + pre where 1 is on one of the compact faces of F'* and, hence, in ©1,
and the pg are all non-negative and at least some of them are strictly positive. We obtain

K-1 K-1
uy (24, w2) = wr (w1, 22) — Y prah — pxc <1 -y 96]5) <y (21,22), (16)
k=1 k=1

where this inequality holds as a strict one for the k-th pure strategy of player 2 whenever p; > 0.
Thus | is weakly dominated. It is not a robust strategy because it is a best reply only on a
proper face of ©; (see Pearce (1984)).
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In summary, the only robust strategies in ©; are the extreme point of F'*. All other strategies
are proper mixtures of non-equivalent robust strategies or are weakly dominated and therefore
not robust. In particular, we have proved Lemma [l
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