Proof of Theorem 2 in
”Stochastic Evolutionary Stability in Extensive

Form Games of Perfect Information”

by Christoph Kuzmics

To prove Theorem 2 I establish interim results for the new limiting con-
ditions, which are analogous to the ones needed for the proof of Theorem

1.

Lemma 6 Leti € N be an arbitrary node and x € A(i) an arbitrary action
available to individuals at node ©. Then there is a k € IR and there is a
o such that for all (u,o,m;) with o < ¢ with p < o and pm; > § where
0eRy:

T (Ag’z> < ko (39)

Proof: In the proof of Lemma 1 I established inequality (23), which is given

again here:
; 1
Ty (Agw) < (40)
max>1{pPro}
while for all £ < m;
Pk+1,0 pAz + U(l - /1') (41)

po L—p(l—2X) "

which is less than 1 for small p provided o < 1. Hence, max;>1{pro} = p1o
under these conditions.

By equation (18) we have

poo = (1= p(l = Az))™ (42)

and

p1o = (1 —p(1—=Az)) = =)




Given um; > § we have

po = [(1—p( =2
< [a-na-ai
< [e_(l_M)r
< e M) <,

Given p < o there is an a € IR such that

P10 < ao

provided o < & and & is small enough.

Hence, there is a k € IR4 and there is a ¢ such that for all (u,o,m;)

with 0 < & with y < ¢ and pum; > 6 where § € IR

2,2
T (AO ) < Ko.

(49)

QED

A few corollaries, analogous to Corollaries 1, 2, and 3, follow immedi-

ately.

Corollary 4 Let i € N be an arbitrary node and x € A(i) an arbitrary

action available to individuals at node i. Let § € IR.

lim (A7) = 0.

T
L 0,0-0,mip>s 7
o

Corollary 5 Let ¥ be defined as in Corollary 2. Then

lim m. (U) =0.
£—0,0-0,m;u>8 VieN s

Corollary 6 Leti € N be a final decision node. Then

lim e, (Ci) =o.

£—0,0-0,m;p>6 VieN

(52)



The next lemma is the one additional piece of help I need to proof Lemma,

8 below and hence Theorem 2.

Lemma 7 Let A C Q be such that 7', (A) < ko for some k € IRy and
for all 0 < & for some @ > 0. Let (Q x Q', P) be a probability space with
P, i, ntt) = 1o (w0) iy (@), o where 1= 3] Let Ny(A)
denote the number of periods t € {1,...,l} such that w, € A. Then for all

n e (0,1):

p(ngA)z@ <% (53)

T
Proof: For a positive integer T let <Q X (Ql> ,P) be a probability space
with P(wo, w1, ...,wir) = w5 (wo) iﬁl( ma) . Let N/ denote the
u? /"”7 Wt—l,wt
number of periods ¢ € {l(7r — 1) + 1,...,7l} such that w; € A. Let Ny =
Z:I N7, i.e. Np denotes the number of periods in which the state is in A
for the whole process up to period IT. By the properties of ergodic Markov
chains we know that % — 5 (A) in probability when 7 — oco. As % € [0,1]
it must be true that F (%) < ko for all 7 > 7 for some 7. Of course,
E (JZVTO) = % ZZ:1 E (ﬁ) By the properties of the invariant distribution,
however, the distribution of Nj” must be the same as the distribution of NlT/
for all 7,7/ € {1,...,T}. Hence, E(]ZV—TO) =F (M) with NV;(A) defined
Ni(A)

as in the statement of the lemma. Hence, we have F (T) < ko. By

Markov’s inequality we then get the result. QED
Lemma 8 Leti € N be a node such that

lim WITU (C’;i) =0.
£—0,0-0,m;u>8 VieN "7

Then for any € € (0,1):

lim " (B =1. 54
£-0,0—-0,m;pu>5 ViEN ”"’< ) (54)



Proof: Let {Q x QZ,P} denote a probability space, where P is such that

P(@) = m, (wo) I, ( Zlo_) for all & = (wp, wi...,w;) € Q x Q! where
’ W 1,wt

I = [1]. Define U : Q x Q' — {0,1,...,m;} such that U(®) is the number

of individuals at population M (i) who play b’ in state wg. Similarly let

V:QxQ — {0,1,...,m;} be a random variable such that V(@) is the

number of individuals at population M (i) who play b’ in state w;. Note that
{wo € QU (wp, ..., w)) = k} = {w; € QV (wo, ..., wy) = k} = AL

Let Z: Qx Q' — {—m;,—m; +1,...,—1,0,1,...,m;} denote a third random
variable such that Z(@) is the "addition” of b'-players at population M (i)
in the transition from state wg to w;. Obviously Z (@) = V(@) — U ().

As in the proof of Lemma 4 we have E(U) = E(V') and, hence, E(Z) = 0.
Let z = 2. Then

E(z) = P<w2n>E<z‘w2n>+ (55)
+ %P(U—k/\Nl(ngi)<n>E<zU—kANl(fgi)<?7>
k=0

v

= P(Nl(lqw n)E(z 7 Zn)—i— (56)
+ %P(Uzk)E(zU:kANl(lqi)<n>—

k=0
- %P(U:MNI(C;") U:k:ANl(Cg")<n>.

> 77) E <z ]
k=0

Now, 1 > E(z|-) > —1 whatever the conditioning is on. Of course,

P (U =k)=n7, (A\). We then have

0=E(z) > —2P<W>n>+

+ % T (A;’;’bi) E (z
k=0

U=FkA l'<n>. (57)



< 77). Rearranging then yields

2P (N (leZ > n) > Z (A’ bz) (58)

By Lemma 7 P <w > 77> — 0 under our limiting conditions. Hence
the right hand side of inequality (58) must tend to zero as well.

Let ki« = [(1 — €)m;]. By Lemma 9 below there is an & > 0, an o > 0, a
& >0, and a ¢ > 0 such that for all k < k,, for all ¢ < &, and for all £ < ¢
we have that ap > & — an. Also then oy > —an for all k, in particular also
for all k > k..

Hence, for these parameter values,

ko

gi T, (Az’bi) > Z (@ —an)my, (Al b ) + Z —anm,, (Al ,b* )
k=0 k=0 fe=k.+1
> (a—an)mr (Bis,) —anmy (BL,,) (59)
> (@a—an)m, (B”)—gn(l—ﬂ (B”)) (60)
> am, (Bé;ﬁl) —an (61)

Combining inequalities (58) and (61), we obtain

s (Bis,) —an < i oy, (M) < 2P <w > n) - (62)
k=0

Taking 0 — 0 while £ — 0 and m;u > 6 > 0 in inequality (62), we

obtain
li ™ (B, < naja. 63
—>O ,o—0 gLIZlM>5 VieN Mo ( €,m> B 77@/@ ( )
This must be true for all 5 € (0,1). Hence, (BZ o ) — 0. QED

Lemma 9 Let k., = |(1 — €)m;|. There is an @ > 0, an « > 0, a & > 0,
and a ¢ > 0 such that for all k < ks, for all 0 < &, and for all L < ¢ we

have that oy > & — an. Also then oy > —an for all k.



Proof: Let Z!(©) denote the addition in b*-players at node i in the transition
from w;_1 to w. Then Z = Zizl Zt. Let 2t = nZTi Let ht = 7% + Z;Zl 2t
By the law of iterated expectations we get:

-1 . .
N Cli N CZ,L'
t=1

(64)

In fact the law of iterated expectations can be applied [ — 1 times so that

ay, is the sum of | expected one-step net increases in the proportion of b'-

players each conditional on the fraction of b’-players in the previous period.

In each period ¢, now, the state w; is either in C’Zi or its complement. By

the fact that w < n we know that the proportion of periods in which

the state is in Cgi is less than 7. The question now is for which sequence

of states in Cgi or its complement that satisfies w < 7 is the expected
proportional increase of bi-players minimal for k < k.

I claim that for all k£ < k, this expected increase is minimal if all states

w; for the initial I, = | (1 — n)l] periods are in C%;, while all the remaining

states are in its complement. Let T; C Q x Q! be the set of states in which

U=kAw €C:Vted{0,...,j —1}. Then I claim that

ar > E (i ( m*)> + (65)

t=1

+FE Tl*

E ( Zl: (zt ‘h’* Awg € OVt € {1y, .yl — 1}))
t=l.+1

To prove this claim note that

B (0 = hAwi € ) = [o(1 = ) + (1 = M)] (1= h) = gy,
as in the proof of Lemma 5, or alternatively

E (zt\ht_l =hAwi1 € Cif) = Bo — bk, (66)



where Gy = o(1 — ) + pu(1 — A\yi) and By = o(1 — p) + p. Similarly
B (207 = h Awr € Chi) > p(1 = X)(1 = h) = hlo(1 = ) + py]

The right hand side of the above inequality is the expected number of ad-
ditional b’-players when b® is not a best reply. For some states w;_1 € C%,
however, b’ is a best reply, but not the unique one. In this case the expected
number of additional b*-players can only be greater. Hence, the inequality.

Note that the expected one-step proportional increase of bi-players in
both cases is the smaller the greater h. Also as in the proof of Lemma 5

E (zt|ht_l =hAwi1 € C’igc> > 0 if and only if

o1 —p) +p = Ayi)

h <
o(l—p)+p

(67)

Hence, provided that after the first [, periods the new proportion of bi-

w, then the claim must

o(1—p)+u
be true. It remains to be shown, therefore, that indeed A’ < %

players, denoted by h', satisfies A’ <

To show this I need to calculate

E (Z (- m*)) |

For any j € {1,..., 1.} let

er(j) =E <§j: (Zt |Tj>) : (68)

t=1

Let e;(0) = 0. By the law of iterated expectation

-1 ,
ex(j)=F Z (zt +FE (zj ’hj_l ANwj_1 € C’lf) Tj> , (69)
t=1
which, by equation (66), is given by
. k .
i) = o~ i+ (1= B)ex(j — 1) (10)

)



l—1 (1 — Ak
ex(ly) = (ﬂo - Bl%) Z(l — By = (ﬂo - ﬂl%) %, (71)

or in terms of the original parameters,
k [\ ]
L)y=1-(1-0(1- Bl(1-—) - —"2 1. 2
) = [1=(=ot=p+n*]|(1- ) - 7] ()
Note that for all k < k, we have that e(l.) > ey, (I). As I, = [1=2] and

k. = [(1 — €)m;] we have that
ek (L) = (1= e (7). (73)

Note that A’ = Hemlii(k) < (1 — ee*(lfn)) for all k < k., and indeed h' <

0(17“)4’“(17)‘172)
o(l—p)+p

Hence, for all k < k, thereisaa >0,ana >0,a5 >0,anda ¢ >0

in the limit as anticipated.

such that for all k < ky, for all ¢ < &, and for all £ < ¢ we have that the

first term in the upper bound for «j in inequality (65) satisfies,

We could pick @ = (1 — 2e~1)e for instance.

The second term of inequality (65) is easily found to be bounded by
—nlo(1 = p) + pAy]. As 1= |1] there is an a > 0 such that
—nlo(1 — p) + pAyi] > —an. This proves the first part of Lemma 9. To
prove the second note that for all k&

o(1—p)+p(l = Ay)
- ol

ag —1—pry —nlo(1 = p) + pAyl, (74)

and hence ay > —amn for the same « as before. Inequality (74) is due to
the fact that the worst case scenario is when U = m; and the state is in

C’Z;C for the first (1 — 7))l periods, and in C!, thereafter. In this case the



o(1—p)+p(1-XN)
o(1—p)+u

which expected increases in bi-players are again positive and from there

fraction of b-players at most may drop from 1 to , below
will never drop by more than pMy. In the remaining periods where b' is
not necessarily a best reply the fraction will never decrease more than by
another nl [o(1 — p) + pAyil. QED

With all these ingredients the proof of Theorem 2 is now exactly the
same as the proof of Theorem 1. QED



