Staffing Call-Centers With Uncertain Demand Forecasts:
A Chance-Constrained Optimization Approach

Itai Gurvich* James Luedtkef Tolga Tezcan?

February 13, 2010

We consider the problem of staffing call-centers with midtgustomer classes and agent types
operating under quality-of-service (Q0S) constraints dechand rate uncertainty. We introduce
a formulation of the staffing problem that requires that th@S@onstraints are met with high
probability with respect to the uncertainty in the demard.rélVe contrast thishance-constrained
formulation with the average-performance constraints llase been used so far in the literature.
We then propose a two-step solution for the staffing probladeuchance constraints. In the first
step, we introduce a Random Static Planning Problem (RSRPYiacuss how it can be solved
using two different methods. The RSPP provides us with adirdér (or fluid) approximation for
the true optimal staffing levels angtaffing frontier In the second step, we solve a finite number of
staffing problems with known arrival rates—the arrival sata the optimal staffing frontier. Hence,
our formulation and solution approach has the importan@ny that it translates the problem with
uncertain demand rates to one with known arrival rates. Tiyeub of our procedure is a solution
that is feasible with respect to the chance constraint andyneptimal for large call centers.

1 Introduction

We consider the problem of staffing call centers in which@ungtrs of different classes are served
by agents with varying skills (types). The staffing problesrtraditionally formulated as an op-
timization problem in which the objective is to minimize @al-related costs subject to meeting
pre-specified Quality-of-Service (QoS) targets for theowss customer classes. The input to this
optimization problem is composed of the salary costs, th8 Qanstraints, and various system
parameters such as arrival rates, service times and custgmaéence. Solutions to this optimiza-
tion problem specify two actions: (a) the required numbeagénts with each given skill, and
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(b) a dynamic routing policy that defines how customers asggasd to agents in real time. In
general, coming up with optimal (or even nearly optimal¥fstg and routing solutions for this
optimization problem is an extremely complicated task. His paper we address two important
issues in call-center workforce optimization: (i) the aatirates are forecasted in advance and,
consequently, they are rarely precise, and (ii) differersteamer classes have different quality of
service requirements so that they cannot be treated asla sirgjomer class.

In various settings it is reasonable to assume that thenstoéaalls to the call center during
a given day follows a non-homogenous Poisson process; gedld]. Forecasting procedures
provide a point estimate for the (time-varying) rate of thiscess. While forecasts can be pro-
gressively updated during the day, the inability to instaebusly summon agents implies that the
call center has to schedule agents to shifts in advancereébafty information is obtained about
the actual realization of the demand rates. Of course, iatheal rates ar@erfectly predictable
in the sense that the point estimates precisely predicte¢headd rates, then staffing decisions are
somewhat simpler. This is, however, rarely the case. Eveh abundant historical data, it is
expected that some level of uncertainty remains.

Naturally, the magnitude of the forecasting error depermudis bn the profile of the call center’s
customers and on the sophistication of the forecastinggoiore. Financial-industry call centers
can experience highly unpredictable surges in demandaoipunpredictable events in the stock
market. Other call centers operate in a less volatile envent. Forecasting procedures need to
take into account various factors in translating the hisédrdata into demand predictions. Ob-
vious factors are the day of the week and seasonality eff@t¢te most sophisticated forecasting
procedures provide, in addition to the point estimate, aimese for the distribution of the fore-
casting error, i.e, the gap between the point estimate anddtual realization of the arrival rates
(sees3). Such distribution estimates are extremely valuablecamdbe used in making the staffing
decisions.

With the distribution estimates, the staffing problem forall center with a single customer
class and a single type of agents can be solved via a simplégation-based search that finds the
minimum number of servers that satisfies the QoS constraintler the assumption that service
times are exponentially distributed the search can beceglhy an even simpler solution; sg&

In a multi-class multi-type setting, however, the staffimglgem is significantly more complex.

This is, of course, not surprising. Even with perfectly pcemble rates the staffing and routing
problem for multi-class multi-skill call centers is extrelymcomplicated and closed-form solutions
are not known for all but the simplest cases. Here, the needktt differentiated service levels
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for the different classes prevents treating these as ongefatlass.” The complexity is further
exacerbated by the fact that, with multiple caller streacasrésponding to the different classes),
the forecasting error can be multi-dimensional with pdssitependencies between the different
classes. Simple and efficient search mechanisms cannotgdiiedcapere in a computationally
efficient manner and more sophisticated solutions are eede

We make it our objective to explicitly address these compes<by creating a procedure that
is applicable to general forms of forecast uncertainty agldtively general network structures.
Our solution explicitly models the uncertainty associatgith arrival rate forecasts and considers
the multi-class multi-type structure that is present in ynaall centers. While we are not the
first to consider these two problems jointly, our approach twéo distinguishing features: (a)
we use a chance-constrained formulation that is diffenemhfthe standard average-performance
one (se&2), and (b) our solution exhibits a very desirable propantyhat, in a sense, it inherits
properties from the staffing problem with perfectly predide rates. Specifically, we provide
a solution approach that translates (through mathemairogiramming) the problem of staffing
with uncertain demand rates to one of finding a solution fomdefi(and small) set of staffing
problems with perfectly predictable rates.

Our point of departure in formulating the staffing problenthis observation that when explic-
itly modeling the arrival rate uncertainty, a choice hasemtade with respect to the formulation.
With perfectly predictable rates, a QoS constraint mighune, for example, that at most; of
the callers abandon before being served. If the arrivas rate known, such a constraint can be for-
mally imposed by requiring that the steady-state fractioeb@ndonments is less than the target of
5%. In the presence of arrival rate uncertainty, however, thady-state fraction of customers that
abandon is itself a random variable that obtains differahies, depending on the realization of the
arrival rates. Hence, a different definition of serviceelesonstraints is required. One possibility
is to require that thexpected fraction of abandonmergsless tharb%, where the expectation
is taken with respect to the distribution of the arrival saténother possibility is to require that
the constraint is met on some pre-specified fraction of thigadrate values. This leads to the
chance-constrained formulation that we adopt in this paper

The chance-constrained formulation for the staffing pnwbige roughly as follows: the call-
center's management choosesisk level §, and allows the QoS to be violated on at most a
fraction§ of the arrival-rate realizations. For example, a chanaestrained version of thg%-
abandonment constraint would stipulate that the fractfabandoning customers is less thHgi
on a fractionl — ¢ of the days in a month. In contrast, the expected-valuetcains approach
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would require that the average fraction of abandonments tiemonth is less than 5%. The
chance-constrained formulation has an advantage in tleds ithe manager adapt her formulation
to the way that she is measured and the risk-level that shdlisgnto absorb. Through properly
setting the risk-levelj, the manager may choose her own compromise between stafitgand
“safety” in terms of the likelihood with which the QoS coratits are met. We further discuss the
distinction between the formulations 2.

At the heart of our solution approach is a static approxiamedif the chance-constrained formu-
lation that we refer to as the Random Static Planning ProlfR&PP). This problem is a chance-
constrained analog to the so-called Static Planning Pnokihat is often used to obtain first-order
estimates for the optimal staffing levels and system desigaenvarrival rates are perfectly pre-
dictable (seg3). The RSPP does not explicitly model the QoS targets, amatég the dynamics
of the call center, and hence does not require the selectianmauting policy. Instead, the RSPP
seeks a set of staffing levels that minimize staffing costgstito the requirement that the staffing
levels are sufficient to meet the demand of all classes witlolagbility that is1 — § whered is the
risk level. The output of the RSPP is a staffing solution andtafarrival rate vectors which we
call thestaffing frontier Figure 1 illustrates such a frontier for a call center witlotclasses. The
support of the distribution is the positive orthant and tlumfier, which would be determined by
the RSPP, is the set of arrival-rate vectors that lie on thid boundary of the colored region. The
RSPP chooses the colored region (and its boundary) so thptabability mass within the chosen
region is greater thah — ¢ and so that the chosen region is, in some sense, optimal eggiect
to staffing cost. In the second step we solve staffing probfemthe arrival rate vectors on the
staffing frontier and show how to use the output of this frembased staffing problem to generate
a solution for the original chance-constrained staffindofam.

Most importantly, thestaffing frontierapproach reduces the complex staffing problem with
uncertain rates to one of solving multiple problems withdictable rates. The output is a staffing
and routing solution that is feasible with respect to thenceaconstraint and is nearly optimal (in
fluid scale) for large call centers.

We end this introduction by pointing out that in this work westly focus on stationary (but
uncertain) rates. The extension to one case with time-wgryates is discussed K8 but the
explicit modeling of time variation is postponed to subsatuork.

The rest of the paper is organized as follows§2nwe contrast the chance-constrained formu-
lation with the average-performance formulatidi® contains a review of the relevant literature.

The formal problem formulation is given i#. We treat a certain idealized cas&;th The RSPP
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is introduced and analyzed §6 where we also provide different solution approaches angpce
tational results. Building on the RSPP, we then presef ia methodology to obtain feasible and
nearly optimal solutions for the staffing problem with chawonstraints. We conclude §8 with
some extensions and directions for future research. Aptbefs are relegated to the e-companion.

2 Two alternative formulations of the staffing problem

In this section, we focus on a simple model of a call centerhiictvthere is a single class of cus-
tomers and a single pool of agents. This simplified settingeseto illustrate the motivation for us-
ing a chance-constrained formulation for staffing call eentWe contrast the chance-constrained
formulation with an average-constraint formulation aasilrate some basic properties of the for-
mer.

The single-class, single-pool call center is modeled ag'ah) /M (1) /N+ M (6) queue which,
with perfectly predictable ratd = )\, is often referred to as the Erlang-A model. We assume
that the service ratg and the patience rateare known, but the arrival rat& is stationary but
uncertain to the extent that we know the average arrivalxate/[A] and we have an estimate of
the distribution ofA beyond its mean. The QoS constraint that we consider is atdithits the
steady-state fraction of abandoning calls. If the arrigéé is perfectly predictable and equal to a
constant\ > 0, the corresponding formulation is to minimize the numbeagénts,N, subject
to the constraint that the long-run fraction of customergwbandon is at most. Formally, we



would be looking forN* such that
N* =min{N € Z; : Aa(N, \) < al},

wherea(N, \) is the fraction of abandoning customers in steady state Wieea areV servers and
the arrival rate is\. In the presence of demand-rate uncertainty, however#agg-state fraction

of abandoning customers is itself a random variable, asreifit realizations of the demand radte
will lead to different abandonment fractions. In this segtirequiring that(N, A) < a should be
interpreted as requiring that the constraint holds foreallizations of\, which might be impossible
or, at the very least, extremely conservative (and costignce, an alternative formulation that
takes into account the randomnessa0lV, A) is needed. A natural approach is to average the
fraction of abandonments over the demand-rate distribwtial put a constraint on that expected
value. That is, thaverage constrainiormulation is given by:

N* :=min{N € Z; : Ex[Aa(N,A)] < aE,[A]}, (1)
whereE, is the expectation with respect to the distributiom\oi.e,
Ex[Aa(N, A)] = / (N, \)dFy (M),
0

with F (-) being the cumulative distribution function 4f This problem is relatively easy to solve
by means of a simulation-based search that finds the loneesible staffing level]N*.

An alternative approach is to usel@ance-constrainebrmulation. Here, we pre-specifyresk
level ¢, for the probability that the constrainf N, A) < « is violated. The chance-constrained
formulation is then given by:

N*:=min{N € Z; : PA({a(N,A) < a}) >1-6}, 2)

whereP, ({a(N,A) < a}) = [7 1{a(N,\) < a}dF,()\). The chance-constrained formulation
is straightforward to solve for the Erlang-A queue. Rét= inf{\A > 0: P{A < \*} > 1—-Jand

N(X*) :==inf{N € Z; : a(N,\") < a},

be the minimal staffing level required to satisfy the abamdemnt constraint when the arrival rate
is \*. Since, with all the other parameters fixed, the abandonnagéais increasing in the arrival
rate we have tha/ (\*) is the optimal solution for the chance-constrained forrioiha(2).

There is a conceptual difference between the two formulatthscussed above. We now illus-
trate this by looking at an example with specific numbers.hiithe above Erlang-A setting, set
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u = 6 = 1. Assume that the arrival ratd, is normally distributed withZ[A] = Var[A] = 100.
We then varyx betweenl% and 10%. For each value @fwe compute the optimal staffing level in
(1), N(«), via a simulation-based search. We then calculate theeisd Implied by this staffing
level, i.e, we calculat@®, ({a(N(a),\) > «}). This quantity is the fraction of realizations in
which the abandonment constrair{tV(«), \) < « is violated whenVN («) is used for staffing.
The results are displayed in Table 1. The table shows thale Wie constraint is met on average
(as is expected by the definition &f(«)), there is a significant portion of realizations on which
the abandonment constraint is violated. To interpret #gsilt, consider a call center in which the
performance is measured daily. For such a call center, Tabeuld imply that the abandonment
constraint is violated on more than 30% of the days in eachtimon

Moreover, on days in which the constraint is violated, tiedation is not necessarily negligible.
In the third row of the table, we calculate for eaeland corresponding/ («)) the relative positive
error E, [%} Evidently, the relative errors are not negligible. In atlkerds, under the
average constraint formulation, not only will the congitdie violated on a significant fraction of
the time intervals in consideration, the violation can tsaignificant.

| Targeta [0.01] 0.02] 0.03] 0.04] 0.05] 0.06] 0.07] 0.08] 0.09] 0.1 |

Risk level 0.25/0.28| 0.31| 0.3 | 0.34|0.38|0.34| 0.38| 0.4 | 0.39
Relative positive error 41% | 36% | 33% | 29% | 26% | 30% | 23% | 24% | 22% | 20%

Table 1: Results under average constraint formulation

It is important to emphasize that this examplees notimply necessarily that the average
constraint formulation is inadequate for call centersydhat its adequacy should be judged with
respect to the way the performance is measured in the caércéf) for example, the performance
is measured only on a monthly average basis, then the aveoagéraint would be appropriate.
However, if the performance is measured over significamibyter time intervals, using an average
constraint is inadequate. Rather, the management of theetder should be able to pick its risk-
level based on how it measures the performance. It can cliodse conservative by choosing
small values for or to keep staffing costs lower by selecting a higher valué. o€learly, the
smaller the risk level is, the higher is the staffing that Ww#l required. The chance-constrained
formulation lets the manager tradeoff these two attribbieshoosing the risk level that is most
appropriate for the call center.



3 Related Literature

The call center workforce management process has gainedicgt attention in the literature.
For a detailed literature review on the subject we refer &aeler to the two survey papers [1] and
[22]. We focus here on two portions of that literature that arost relevant for our current work.
The first is the one dealing with staffing and routing whenvatniates are perfectly predictable.
The other stream is more recent and deals with staffing undsartain arrival rates.

The problem of staffing multi-class multi-type call centexsiotoriously hard even when de-
mand rates are perfectly predictable. Consequently, nidiseésolutions in the literature are based
on approximations of various types, simulation-basedrélyns, or combinations of the two. In
the context of approximations, there are numerous papatsife many-server approximation to
solve the staffing problem. Pioneering this stream of litewais [10] which considers staffing the
single-class single-podl/ /M /N queue under various types of costs and constraints whiléygak
use of many-server approximations to simplify that decisithat work was extended to the model
with abandonments (th&//M /N + G queue) in [32].

A multi-class (but single-pool) model of a call center, oftefereed to as the V model, is
considered in [24]. That paper proposes a threshold pyipaticy together with a corresponding
M /M /N-based staffing rule. [2] and [3] consider the symmetric nhodehich a single customer
class is served by multiple server classes, known as thetéa# (or ) model of Skill-Based-
Routing (SBR). More recently [25] and [21] proposed the Hixgueue Ratio (FQR) family of
routing rules together with a corresponding staffing rutenioch more general SBR systems. Un-
der certain conditions, the FQR rule provides an asymgtiyioptimal solution. In general, it
provides a means to construct good feasible solutions.Z2Ppropose a simulation-based opti-
mization engine that utilizes FQR (or its waiting-time ctenpart FWR) together with a Stochastic
Approximations algorithm to solve the problems for whicb]2oes not provide closed form so-
lutions. A simulation-based approach to staffing and sclireglis also introduced in [4, 13].

The approximations literature also includes numerous gajpat focus on routing for given
staffing under different objectives; see e.g. [15] and tlieremces therein. The results of these
papers are important in simplifying the search for goodisigfsolutions. Most notably, some of
the routing rules that are proposed in the approximatidasliure have the desirable property of
being independent of the arrival rate. This is an especaglyealing property in our context of
uncertain arrival rates; see our discussion of admissthlgng rules ink4.

Different approaches to call arrival forecasting have bpeposed in the literature. Some



relevant papers that focus on forecasting are [11, 42, 4843146]. We will assume that the
forecasting procedure provides a point estimate in adtit@ distribution estimate for the forecast
error around the point estimate; such forecasting proesdane developed and tested, for example,
in [42] and [48]. Our paper takes these estimates as giveitapdrformance depends, naturally,
on the quality of the distributional estimates.

The importance of taking the uncertainty of arrival rate® iaccount is underscored in [14]
which analyzes the effect of arrival rate uncertainty onfgrenance. In our work we assume
that the uncertainty model is given and focus only on thenoigaition of the call center. In that re-
spect most relevant are the works on performance analygig@imization of (mostly single-class
single-pools) call centers under random arrival ratesesgd 33, 18]. Most recently, both [23] and
[37] both consider a stochastic programming approach tb stheduling under uncertainty. All
of the above focus on a single-class, single-pool call cemith the average constraint formulation
(sees2).

Some of the recent work on uncertainty uses many-servelykeafiic approximations. [31]
consider the single-class single-type call center witheutaén arrival rates and is, in a sense, an
extension of [32] to a setting with uncertain arrival rat&a.important contribution to the study of
multi-type multi-skill call centers with uncertain demaisanade in the sequence of papers [5, 6, 8]
and the more recent [7]. All of these use a fluid model appre@aphovide solutions for the staffing
problem when arrival rates are time varying and uncertainstMelevant among these is [8] that
considers constraints on the fraction of abandonmentsi§whe others consider abandonment
costs). The formulation used in [8] is the average-constifarmulation (se€2 above) and the
solution approach is a fluid-model based procedure thaslates the staffing problem—via dual-
ization of the constraints and a fluid approximation—to asw@mdor network problem. The fluid
model approach is likely to produce good results in verydargll centers in which the demand
uncertainty is significant. For call centers of medium siad ight abandonment constraints (of
the order of 5%) the fluid model might be too crude.

Our work has several distinguishing features: (a) we useaaadiconstrained formulation, (b)
our solution approach is applicable for general forms oédasst uncertainty and small bounds on
the fraction of abandonments, (c) the solution approactbeamsed for various quality of service
constraints while the fluid model approach seems to be lthideonstraints on the average queues
or the average fraction of abandonments, and finally (d)svafifing frontierapproach has the
desirable property of reducing the complexity of the staffimoblem with arrival rate uncertainty
to that of solving the perfectly-predictable case.
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It is important to emphasize that, in contrast to [8], we do caver explicitly time-varying
rates. Our framework is extendable to the time varying casieusome models of time variation;
sees8. In the greatest generality, a practical approach is ttyapp solution to each time interval
during the day on which the arrival rate can be assumed tcaiersary. This, together with other
directions for future research, is discusseddn

4 Network model and problem formulation

We consider a call center with customer classes anfiserver pools. Servers in the same pool
have the same skills in terms of the set of customer classgdtiby are capable of serving. We
setZ = {1,...,I1}andJ = {1,...,J}. We model the call center asparallel server system
see Figure 2. In the parallel server system customers gadhra single stage of service before
departing from the system.

The arrival rate to each customer class is fixed during the titerval on which we analyze
the system, i.e, clasiseustomers arrive according to a stationary Poisson progglsrate A;,
whereA = (A4,...,A;). When making the staffing decisions the vectois a random variable
with known distribution and its actual realization is noobkm. Our model should be interpreted
as focusing on a single time interval within the workforcaestuling process as described in the
introduction.

If a customer is not admitted to service immediately uponahnissal (or call) he is queued.
Customers from the same class are served in a First ComeSerged (FCFS) manner but we
allow customers to abandon while waiting in the queue. Weehtids by assigning exponential
patience with raté); for class¢ customers. A customer whose patience expires before egteri
services abandons. We assume that all customers have ftigage so that; > 0 forall i € 7.

Agents of different pools have different skills where a lskdrresponds to the subset of the
customer classes that an agent can serve. In terms of thenka®presentation, if pogl-agents
have the skill to serve clagssustomers, an edge connecting clags pool j will appear and we
say that poolj has skilli. We denote by/(i) the set of server pools with skilland by/(j) the
set of skills that poolr agents have. We let be the set of edges, j) such that poolr servers
can serve classeustomers. In Figure 2, for example, pool-1 has both skidsd2 while pool-2
has all skills, 1 to 3. It should be noted that, for varioussoees, we might choose to make some
of the edges inactive. Using the standard terminology froeuging-networks literature, if class-
customers can be served by pgddervers, the paifi, ;) is referred to as an activity. We assume
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that the service-time of a clasgustomer with a pooj-agent is exponentially distributed with rate

i

Figure 2: A multi-class multi-pool call center

The basic structure discussed thus far is rather standaing idgerature on skill-based routing
in many-server parallel server systems; see e.g. [15, kbjtereferences therein. Our model is
different from these papers in terms of the uncertainty weassociate with the arrival ratas

We assume that we are given a point estimate (A, \s,...,\;) for the arrival rates. To
avoid trivialities we assumg is strictly positive. The arrival-rate vector is then a randvariable
A = (Ay,...,A;), whose mean is that point estimateSpecifically, we assume that= \ + Z,
whereZ is an I-dimensional zero-mean random variable truncatezhsure that\ obtains only
positive values. We use the notatiBp(-) for the measure induced b, i.e, for a set3 € R/,

P, (B) :=P{Z € B}.

The dynamics of the underlying queueing system are a fumofids primitives—network struc-
ture, service times, patience rates and arrival rates—atiteaouting rule that is used to assign
servers to customers in real time. A routing rule specifiesdecisions: (a) which server should
be assigned to an arriving customer, if there are multipenggthat are available and capable of
serving that customer, and (b) which customer should bgeadito a newly available server given
that there are customers waiting in several of the queu¢shisaagent can serve.

In general, the control rule should be optimized jointlytwihe staffing levels. As discussed

above, even with known arrival rates and fixed staffing leteésoptimal control policy is very
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difficult to characterize and one may prefer to optimize tiadfing when fixing the routing rule.
As will be evident in the subsequent sections, our approantbe applied to various control rules.
We will use one such routing rule for illustration purposes.

Quiality-of-Service constraints: We focus on constraints on the fraction of abandoning cus-
tomers. Given the risk levél > 0 and the point estimat®, our QoS constraint is given by

Pz(ZZCLZ'()\—FZ,N,?T) Sai,iEI) >1-0,

wherea;(A+z, N, ) is the long run fraction of classeustomers that abandon before being served
when the arrival-rate vector %+ z, the staffing vector iV and the routing rule is. ?
Formally,

T(\, N
a;(\, N, m) = lim sup KGN, 151;{()\)’ ﬂ?

where RT (\, N, 7r) is the number of customer abandonments from quemetime 7' under the
triplet (\, N, ) and A7 ()\) is the number of classcalls by timeT when the arrival rate is.
When the routing ruler is clear from the context we will omit it and use(\, N). When the
routing rulerr admits a steady-state distributiaR! (\, N, ) /AT()\) will converge almost surely
to a constant. If not, the inequality(\, N, 7) < «; should be interpreted as

T
P {lim Sup Ri (AN, )

n T > ai} =0, foralli e Z. 3)

The staffing and routing problem: Our objective is to minimize the total staffing costs subject
to the QoS constraint specified above. We assume that agety{seg incur a salary cost; for
the time interval in consideration. Hence, given the nundfeagentsN = (Ny,..., N,) the
operational cost is given hy- N := Ejej ¢;N;. Clearly, the elements o¥ must be integers.
Our optimization problem is then given by:
min c¢-N
s.t. Pz(z:ai()\+z,N,7T)§ozi,i€I> >1-9, 4)
NeZ], = ell,

The decision variables in this optimization problem arestadfing level,N € Z] and the routing
rule = € II, wherell is the family of admissible routing rules which we will defiskortly. It is

In (4) we use a joint chance constraint that requires allisetargets to met simultaneously with high probability.
An alternative is to introduce individual chance constimitNamely, to require that clasias its abandondment target
met with a probability of at leadt — §;. In this paper we consider only the joint-constraint andsmlution approach
is tailored to that formulation.
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simple to construct a feasible solution ) for (4), for example, by fixing some non-idling policy
and takingV to be sufficiently large for that policy. In particular, thet ®f feasible solutions is
non-empty. Moreover, a§ obtains only integer values, the infimum cost over the féadamily
must be attained as a minimum for some gair, N*).2

The problem (4) can be further simplified by truncating thepsrt of A. Indeed, (4) shares its

optimal solution with the following optimization problerarfsufficiently largeb:

min c¢-N

s.t. Pz<z cmax; z; < ba;(A+ 2, N,m) <, i € I) >1-9, (5)

NeZi, mell

We provide a proof of this claim in the online supplement ($&€1), but the intuition is simple:
given an upper bound on the optimal solution to (4) (obtaimg@ny feasible solution}, can be
chosen large enough so that:ifis such that;; > b for somei, thenany staffing vectorN that
satisfiesi; (A + z, N, m) < a; will necessarily be costlier than the upper bound.

We end this section with a definition of the family, of admissible routing rules. Our discus-
sion below is somewhat informal but sufficient for the pugxosf this paper.

A routing rule is a proces§U (t), t > 0} with U(t) := (ri;(t), si;(t);1 € Z(j),7 € J) such
that a class-arrival at timet will be routed to poolj only if r;;(t) = 1. Similarly, a service
completion at time in pool j is followed by an admission of a claggustomer to service only if
sij(t) = L.

The routing rule may depend on the system primitives—sertioes, arrival rates, patience
rates, staffing level, network design and QoS constraista«#l as on the evolution of the system,
which is captured at time by some stated descriptof(t). Slightly informally, we would have
thatU(t) = f(u, 0, N, E,(X(s),0 < s < o0)) where f is some function and, as beforg, is
the set of edges in the network graph. We say that a routimgrrtias no a priori knowledge of
the arrival ratesif U(t) is not a function of the arrival rate vector or, in other wgrdlss not an
argument of the functiorf(-) above. Also, following standard convention, we say thé non-
anticipativeif it does not depend on the future evolution of the systemm@ioed, these imply
thatU(t) = f(u,0, N, E,(X(s),0 < s < t)). Finally, we say that is amonotone routing rulé,
fixing a staffing vectorV, and two arrival-rate vectors' and\? such that\! < \? componentwise,
we have that;;(\', N, 1) < a;(\%, N, 7).

2The proof of the existence of such a minimizer is very simitathat of Lemma EC1.1 in the e-companion. The
set of staffing vectord/ for which a feasible routing rule exists is a discrete and-ampty set that can be truncated
to be finite without compromise in cost. Thus, an optimal 8oluN* is guaranteed to exist and is taken to be any
policy in II that makes (4) feasible — suchr& must exist otherwis&’* would not be feasible.
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Definition 4.1 (admissible routing rules) We say that a routing rule is admissible if (i) it is
non-anticipative, (ii) it is monotone, and (iii) it has no aiqri knowledge of the arrival rates

realization.

Definition 4.1 is a very natural one. The fact thatloes not see the arrival rates is not restric-
tive. It requires that the router does not have a priori keolgke of the arrival rates, but it allows
for learning of the arrival rate by using, at timeghe information about the evolution of the system
as reflected in the proce$X (s),0 < s < t). As examples of routing rules that are admissible
by our Definition 4.1 we mention the routing rule in [8] thakgdearning of the demand rate, the
routing rule used in [15], and the FWR routing rule that wagpmsed in [25] and that we use for

illustration purposes ig7.

Outline of the solution procedure: Our proposed procedure consists of two main phases.

1. A Random Static Planning Problem: We formulate a chance-constrained optimization
problem that provides a first-order approximation for (dhisToptimization problem, which
we refer to as th&kSPR can be regarded as a fluid approximation of the originafistaf
problem. The RSPP is, in a sense, a random version ddtdie-planning problenthat is
often used in the queueing network literature. The RSPRIyi#iree outputs: (i) a lower
bound on the optimal staffing cost in (4), (ii) a staffing vecty, that corresponds to that
lower bound, and finally (iii) a set of arrival rate vectafs, referred to as ataffing frontier
The RSPP and approaches towards solving it are cover§l in

2. Simulation-based search on the RSPP frontierFixing a routing rule and using the staffing
vector from the RSPP as our starting point, we perform a stiari-based search for a
staffing solution that is feasible to (4). The simulatiornrsbas for a staffing vector that is, in
a sense, close to the RSPP staffing vector, and one thatesatisfiabandonment constraints
for each of arrival-rate vectors on the RSPP frontier. Ngmeé will search for a staffing
vector N such thatu; (A, N, 7) < «; for all A\ € F with F being the staffing frontier that
we obtained in the first step. The staffing vector that is fooypdhis search is shown to be

feasible for the original staffing problem (4). This proceslis the subject of7.

Before laying out the two steps above we discuss an ideasigttthg that serves to highlight

some of the complexities associated with solving (4) diyect
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5 When solutions are known for the predictable case—inheréd
optimality

In this section we focus on the (ideal) case in which one hawracle that, given a staffing level
N, an arrival rate vectok and a routing ruler can detect whether the QoS constraints are met. We
show that, when such an oracle is available, one can cohseady optimal solutions for the case
with uncertain rates by means of a discretized chance+@net problem, with the optimality gap
being a function of the discretization resolution. The dgsion of this idealized scenario serves
three purposes: (a) it illustrates the close relationskigvben the predictable case and uncertain
one, (b) the need for an oracle underscores the difficultyolwirsg the staffing problem with
uncertainty and motivates the search for alternative ghows that do not impose such a strict
requirement, and finally (c) the discretization approadtppres the ground for the alternative
procedure which is the subject of the rest of the paper.

We start by constructing a discretized version of (5), thedated version of (4). To that end,
let A® .= {z € Rfr : max; x; < b} whereb is the truncation constant from (5). We define a
parameter\ which we refer to as theesolutionof the approximation and assume, without loss of
generality, that = LA for someL > 0 (otherwise, we can always increage We then divide
the region.A® into regions as follows: leC(A) = {k € Z! : k; < Lforalli € I} so that
|L(A)] = L' and define

A = {zex[A ki, A (ki+1)}, ke L(A),ieT,

Ay = {x E]Rfr H Max z; > b}.
The setsA,, arel-dimensional hypercubes with edge-lengthhat partition the regiof0, b)’, and
A, covers the remainder @&’ . Next, fork € L(A), let \;(k) = A(k; + 1) fori € Z and

A(K) == (M\i(k), ..., Ar(k)). In addition, letp, = Pz (A € A) for k € L(A) and fork = co. We
then define a discrete random vectoby letting

Pi (A = \(k)) = py for k € £L(A) andP; (A = \(00)) = pee, (6)

where\(oo) is an arbitrary point iA..
To relate the staffing and routing to the service level canstrwe define the function

0 if max (a;(\, N, 7) — ;) <0,
g\ N, 7) = <t )
1 otherwise
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In other words,g(+, -, -) is a function that—given an arrival-rate vectbrand a routing ruler—
identifies whether or not the staffing vectdr is feasible with respect to the service-level con-
straints. Following the key steps 0 we then define the following discretized version of (4).

min c¢-N

st yg(A(k), N, m) <0, k € L(A),
> kec(a) Ykpr = 1 =0, (8)
Yk € {07 1} k€ ‘C<A)7
N ezl mell

To solve (8) we must be able to compute the funcyon, N, 7) by some means, which requires
that we must identify dunctionnot just a number. In the single-class, single-pbblM/ /N + M
queue ofg2, the routing rule isr = FCF'S andg(-, -, -) is given byg(A\, N, 7) = 0if N > N*()\)
and otherwisg(\, N, ) = 1 whereN*(\) = min{N € Z, : a(N,\) < a}.

For the following theorem, let := max;c s ¢;.

Theorem 5.1 Fix A > 0. Let(N*,7*) and (N(A), 7(A)) be an optimal solution t¢5) and (8)
respectively. Then, there exists a const@nt 0 (independent oA and«) such that

lc- N(A) — ¢ N*| < eI v CA. 9)

We note that the right hand side in (9) can be as large as aadnsies the number of
customer classes. Ideally, one would like the differencgettrease with\ to 0. This, however, is
not possible because of the integrality of the staffing kev€here are settings in which increasing
the demand by for each class might require the addition of one server fohetass.

The proof of Theorem 5.1 appears in the e-companion to thpsrpaA key step in the proof
is to establish linear-growth of the optimal cost (5) in tmaval rate vector, i.e, that a shift of
the whole demand distribution k& does not increase the optimal cost by more that. The
main challenge in establishing this property is that thenogitrouting ruler* is abstract rather
than specifically given. To overcome this difficulty, the piéollows a constructive argument, in
which, given an optimal solution to the staffing problem (%) @onstruct a feasible solution for (8)
with a cost that is, at most/ v C'A higher than the optimal cost. In that construction we make
explicit use the fact that* is admissible in the sense of Definition 4.1 and is hence nooot

The requirement in (8) that we have an available charaeti@oiz of the mapping(-, -, -) is
a significant restriction. To be able to handle general gagesntroduce in the next section the
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Random Static Planning Problem (RSPP) and analyze its gregpeThe RSPP will be a powerful
tool in constructing simple and feasible solutions for (4l maintaining reasonable optimality

gaps.

6 The random static planning problem (RSPP)

When the arrival rates are perfectly predictable, a sadaliatic-planning problen{SPP) is of-
ten used to provide first-order approximations for the optistaffing levels and allocations of
customer classes to agent pools; see €4of [25]. Specifically, given the arrival rate vector
A= (\i,..., ), the SPP is given By

min c¢- N
St X ieqe ity = Aill — ), i €T,
ZieI(j) vij < Nj, g€ J,

J 1J
N eR/, veRY

(10)

The quantityy;; can be thought of as the long-run number of servers in semwel jpthat are
allocated to serve claggustomers. The objective of the SPP is to minimize the toadfisg costs
subject to meeting the (approximate) service level targéte SPP ignores the effect of all the
randomness caused by inter-arrival and service times by aisidering a deterministic (fluid)
version of the actual queueing system.

Since we allow for up to a fractiom; of class¢ customers to abandon, we require, in first-order,
that the capacity of the system be only sufficient to sexyé — «;) customers from classper
unit of time. Our use of the term static planning problem (B®Pproblem (10) is somewhat non-
standard; the commonly used SPP only allocates the fluid imgtween pools with pre-specified
staffing levels while (10) also optimizes the staffing lev&lsth a slight abuse of terminology we
refer to this as thdeterministic static-planning probleto distinguish it from the random version
that we discuss next.

For the case of random arrival rates we construct the foligigandom Static-Planning Prob-
lem(RSPP):

min c¢- N
st. Py(AeB(N))>1-34, (11)
N eRY,

3This SPP is slightly different than the one in [25] and takeslieitly into account the permissible abandonment
fractionsay;.
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B(N) = AE R{’_ drv e R{’_XJ with Z HijVij 2 )\2(1 - ai), 1 GI, Z Vij S Nj, ] S j
JET () i€Z(4)

(12)
To simplify exposition of the results, we will assume thrbogt the paper that an optimal solution
to (11) exists. The optimization problem (11) is a chancest@ined optimization problem that
requires the staffing levé¥ to be such thad € B(V) with probability at least — §. The problem
(11) is alinear chance-constrained optimization problem. Furthermaois,a two-stage problem:
for a solutionN to be feasible for (11), we require that, with probability- §, there exists a
(second stagakcoursesolution which satisfies the linear constraints paranmegdrby V.

Chance-constrained optimization problems have beenestughtensively in the optimization
literature, see e.g. [35]. The difficulty in such problemsnes from the fact that, in general, the
feasible region defined by a chance constraint is not corMexeover, evaluating the probability
P, (A € B(N)) for a candidate solutiotV can be, in itself, computationally challenging.

Significant progress has been made in handling chance aonistwith particular structure,
most notably when the randomness is restricted to the Hght side of the constraint, i.e. when
the chance constraint takes the foB{i'z > ¢) > 1 — §, wherez is the decision vectof]" is a
deterministic matrix ang is a random vector; see e.g. [35, 17, 30, 26]. Unfortunatieé/formu-
lation (11) of the RSPP is a two-stage chance-constraingchization problem, and the research
into such problems is relatively scarce. Notable exceptiare [39]—in which a finite discrete
distribution is assumed and the resulting mixed-integeggamming formulation is strengthened
using precedence constraints—as well as [12], [36], [18][@A] which consideconservativesam-
ple approximations of general chance-constrained prab(e@mluding the two-stage case). Recent
approaches for finding exact solutions to more general @aaonstrained problems having a dis-
crete distribution include [28, 45].

Intuitively, a solution of the RSPP identifies, in additianthe staffing vectoV, an “optimal”
subset of the support df, having probability mass at least— ¢, for which a feasible recourse
decision (with respect tdV) exists. It might seem initially that this can be achievedbpyimally
selecting a single point’ € R’ such thatP;(A < \) > 1 — ¢ and then requiring a feasible
recourse decision to exist fof (and hence also for al < \’). While this naive approach would
resultin a feasible solution for the RSPP, limiting attentio solutions generated this way is overly
restrictive as the optimal subset will generally not haveeshapg \ : A < )’} for some)\’. Figure
5, which depicts the optimal frontier for Example 6.1, willistrate this point.
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We will use the RSPP to guide our search for solutions to @is dlso useful that the RSPP
provides a lower bound on the optimal value of (4), and heacebe used to establish the quality
of a proposed solution.

Theorem 6.1 Let (7*, N*) be an optimal solution t¢4) and suppose that the RSRPPL) has an
optimal solution with valuegspp. Then

zrspp < c- N™. (13)

Theorem 6.1 is proved by showing that the constraints in tBERRare necessary constraints for
the original staffing problem (4). In turn, any staffing vectothat is feasible for (4) is necessarily
feasible for (11).

We emphasize that the assumption of existence of an optiohatian to the RSPP is made
for purposes of simplifying the exposition and all subsexstatements in the paper can be made
with respect to the infimum over all feasible solutions rathan with respect to the optimum, if
such an optimum does not exist.

Our approach to solving the RSPP is to use a discrete appativinof the random variablé,
after which the RSPP can be formulated as a mixed-integgramo (MIP) and solved by an off-
the-shelf MIP solver. We consider two approaches for geimgrshe discrete approximation. The
approach ir§6.1 uses a fixed grid and has the advantage of giving a detistiaia priori bound
on the approximation error, and is computationally viatde dall centers with a small number
of customer classes. The approach@2 uses Monte Carlo sampling to generate the discrete
approximation and can be used to find feasible solutionsrdégss of the number of customer
classes, but provides statistical error bounds as oppostxd tdeterministic guarantees obtained
using the fixed-grid approach.

As discussed in the introduction, the output of the RSPPalslb include a set of arrival rate
vectors (a staffing frontier) that will we will subsequentlge in our procedure for obtaining a
solution to the original problem (4). I§6.3 we give the formal definition of a staffing frontier, and
specify how we obtain such a frontier from either the fixed gni sample-based approximations.

6.1 Fixed grid approximation

In many practical applications, the number of customerseass small. In such cases, a fixed grid
can be employed to yield an approximate solution to RSPP.
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The fixed grid discretization is identical to the onesh First, as in the discussion following
(4) we may, without loss of generality, truncate the disttitn to a subseb), b’ of R’ , so that we
can replace3(N) in RSPP with3(N) N {\ € R. : max; \; < b}. With a slight abuse of notation
we use the notatiof$( V) for this intersection. The constaitnight be different from the one in
(5) but we can just take the largest of the two constants amdt & both the staffing problem and
the RSPP. We fix the resolutiah > 0 and define the sef(A) as before. We then approximate
the RSPP with the following discrete version (D-RSPP):

min c¢-N

st. Py (AeB(N)>1-54, (14)
N e RY,

wherelP; (-) is as defined in (6).

Formulation as a Mixed-Integer Program (MIP): A chance-constrained optimization problem
can be formulated as a mixed-integer program when the yndgmistribution has finite support,
see e.g. [39]. Following this approach, we exploit the fisit@port ofA to formulate (14) as a
mixed-integer program. To do so, we introduce binary vades, for k € L(A) wherey, = 1
indicates thai (k) € B(V). This leads to the following MIP formulation of D-RSPP:

min ¢ - N

st Y v >y (1 - ), i€ keL(A), (15a)
JEIT (1)
Y UE<N;, jed ke L), (15b)

i€Z(y)

S e >1-96, (15¢)
keL(A)

N eR], y, €{0,1}, V" e R k € L(A).

The constraints (15a) and (15b) ensure th@t) € B(NV) if y, = 1. The constraint (15c¢) ensures
that V is such that\(k) € B(V) for sufficiently many points so that the chance constraintés.

Next, we propose several additions to the initial formwalatf D-RSPP which will improve its
computational efficiency.

Adding dominance constraints: For a givenN, if A(k) € B(N) then\(l) € B(N) for any
A(l) < A(k). Thus, we can strengthen this formulation by adding theuaétiesy, > vy, for
all [,k € L(A) with A(I) < A(k). Moreover, using the grid structure of our discrete disititn
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we can obtain the same effect with many fewer inequalitiegdging the inequality only for
immediate neighbors. To that end, we defiti¢) to be the index set of the smaller “immediate
neighbors” of cell. Formally,

d(k) == {1 € L(A) : Fj st A1) = \i(k) Vi # 5 and); (1) = A, (k) — A}

The number of elements (k) is at most/. We then add to D-RSPP the constraipts> v, only
for | € d(k) for eachk. It is clear that these constraints are as strong as havengahstraints
y >y forall k€ L(A) with A(1) < A(k). Indeed, if\(I) < A(k) there will exist a sequence of
points between\ (/) andA(k) which are immediate neighbors of each other, whose cornepg
inequalities which we do enforce would imply > ;.

Fixing and removing variables: It is also possible to a priori fix some of the binary variables
Yk, k € L1101 and use this to remove some of the second-stage variabkesdo so, define

G = {keE(A): > pl>5}.

leL(A):ND)>N(k)

A lattice point is in the se@ if and only if the probability that a random arrival rate domtes
it is larger thand. Thus, if a pointt € G is not covered, the chance constraint cannot hold, and
hence we can fiy, = 1. (Formally, ify, = 0, theny, = 0 for all | € L(A) with A(I) > A(k)
and hence the constraint (15c) cannot be satisfied.) Thusniyeneed binary variableg, for
ke D:=L(A)\ G, andfork € G we can sef, = 1 and replace the constraints (15a) with

vk = Nk)(l-aq), i€l (16)
JET (1)
Hence, we can remove the variablgdor k£ € G and replace the inequality (15c¢) with:
> pe=1-0—7,
keD

wherey := >, . pi. Finally, let€ be the set of nondominated pointsgni.e,

£ = {1 €G:Hk e GstAk) > A1), Ak) # )\(l)}.

We can then eliminate the variabl@;together with the constraints (16) and (15b) foriadl G\ £.
Indeed, for eaclh € G \ &, there will be a poink € £ with \(k) > A(l) for which the variables
v}, and constraints (16) and (15b) will be in the model, and bsea(k) > A(I) these imply
feasibility of the corresponding constraints for the paint
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Final improved formulation:  Combining the above observations we arrive at the folloviimg
proved MIP formulation of D-RSPP which we refer to as MIP-RSP

min ¢+ N
st Y vl > (k)1 - aw), i€IkeD, (17a)
JET(4)
> vl = M(k)(1— i), i€TkEE, (17b)
JET (1)
v >yk, L€dk), keD, (17c¢)
Y <N, jeJ.keDUE, (17d)
1€Z(4)
> ek =1-6-7, (17e)
keD

NeR], y€{0,1}, ke D, /" e RY ke DUE.

MIP-RSPP has an optimal solution because it is a binary mixedjer program with objective
bounded from below. We now provide an estimate of the gapdmmtvthe RSPP and its approxi-
mation in MIP-RSPP. As in Theorem 6.1 we assume the RSPP @kl optimal solution with

COStZRSPP .

Theorem 6.2 Fix A > 0 and an optimal solutionV(A) for the MIP-RSPP with resolution.
Then, N(A) is feasible for the RSPP and there exists a constarfindependent ofA and of
N(A)) such that

c- N(A) < zgspp + CA.

The proof of Theorem 6.2 is rather intuitive. Roughly spegkicompared to the RSPP, the MIP-
RSPP has a demand distribution which is shifted up by (at )@bstBecause of the linear con-
straints within the chance constraint one expects thdistpthe RSPP solution by some (carefully
chosen) multiple ofA will produce a feasible solution for MIP-RSPP.

We discuss the computational properties of MIP-RSPE6id. First, in the next section we

introduce a different solution approach to the RSPP.

6.2 Sample-based approximation

Relying on [29], we use Monte Carlo sampling to obtain a discapproximation of\. In par-
ticular, we generate an independent sample of &izegom the distribution ofA. Let this sam-
ple be\(1),...,A(K) and assign a probability mass bf K to each point (as in constructing
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the empirical distribution). Each of these sample pointgself a vector of dimensiod, i.e,
Ak) = (M(k),..., (k). Then, as in the fixed-grid approximation, we construct a kéiu-
lation of the approximate problem by introducing binaryiabtesy, wherey, = 1 will indicate
that \(k) € B(N). This leads to the following sample-based formulation \whige refer to as
S-RSPP:

==minc-N
Y gk >yl - o), i€ k=1, K, (18a)
FISVAQ)
<N, jeJk=1,.. K (18b)
ZEI(]
Zyk > K(1-9), (18c)

NeR], y€{0,1}, v  eRY k=1,... K.

Because the resulting optimal valg® and the corresponding staffing lev€F are a function of
the sample, they amandom Given the sample, the above formulation is almost idehtac¢éhe
MIP-RSPP that we introduced for the fixed grid approximatioth the exception that we do not
include the dominance constraints because the samplespdintno longer have a grid structure,
and hence the concept of immediate neighbors does not gppiypminance constraint could still
be included between pairs of realizations where one doesriae other, but we did not find this
beneficial in our experiments.)

The sample approximation approach is attractive becanskerumild assumptions, the sample
size that is required for a reasonable approximation gravisslmearly with the dimension of the
decision space [29]. The results in [29] can be used to darpsori estimates on the sample size
required to obtain solutions with a desired level of accuratowever, these a priori estimates are
conservative leading to a suggested sample size that iatgeflor practical use. Thus, we instead
use a modified approach that was introduced by [34] and expetied with in [29]. The idea is
to solve S-RSPP multiple times, each time with a differemyga. Specifically, we generafe
different samples, each of a sizg which is fixed in advance. For each sample 1,..., M, we
solve the corresponding S-RSPP problem, obtaining an aptiatuez™*, and solutionV"%. We
then define the value

[A/M:min{é””’K r=1,..., M}, (19
and, as discussed in [29], this value provides a lower boartke true problem RSPP with prob-
ability at leastl — (1/2)M. So, forM = 10, L™ is a valid lower bound with probability at least
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0.999. Because the solution& X are based on a random sample, they are not guaranteed to be
feasible for the original RSPP. In the next section, we wdtdss how we use these solutions as a
starting point to construct a staffing frontier and corregpog solution that are feasible with high
confidence.

6.3 RSPP staffing frontier

We now define a-feasible staffing frontiewhich, along with the approximately optimal RSPP
staffing vectorN, will be useful in constructing staffing solutions for (4)irdg, for any set of
pointsF C R! we introduce the notation

MF)=J{reR - A< N}

NeF

which represents the set of points dominated by some poift in

Definition 6.3 (a /-feasible staffing frontier.) A set of pointsF = {\(k) : k € F'}, whereF'is
a finite index set, is called &feasible staffing frontieif

Pz{A c M(f)} >1— (5,
and for every poinf € F there does not exist anothat € F such that\’ > .

Thed-feasible frontier will be key in our solution for the origihstaffing problem (4). To check
feasibility of a candidate solutidnV, 7) to (4), one simply checks via simulation whether (3) holds
for all of the arrival rate vectors in the staffing frontier. If soetimonotonicity requirement of
admissible routing rules implies the solution is feasildethe chance constraint in (4); sg&1.
The simulation work required for this verification is proponal to the size of the frontier, and
hence it is advantageous to keep the frontier as small agpms®/e next discuss how we obtain
ad-feasible staffing frontier from both solution approachete RSPP.

Fixed grid approximation. Let (IV, 7) be a solution for (17). For such a solution, defiieas
follows
F*={\k)| k€ Eork € Dandy, = 1}.

Then, the associatedfeasible staffing frontier is constructed by removing tleenthated points
in F*:
F={\cF | AN e Frwith X £\ N > AL
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(@) (b)

Figure 3: Construction of a staffing frontier from sample rapgmation solution.

Feasibility of the solutioty to the inequality (17e) implies th&f is ad-feasible staffing frontier. In
the typical case whe#f (in the definition of the chance constraint) is small, the sifzthe staffing
frontier will be much smaller than the size of the discrei@maused to approximate RSPP, that is,
we expect thatF| < |L£(A)].

Sample-based approximation. Constructing a-feasible staffing frontier from a solutic(mV ,7)
to the sample approximation S-RSPP requires more care. ideres feasible solutionﬁN, y) of
the S-RSPP that satisfies the chance constraint:

P(B(N)) > 1 6. (20)

It then seems natural to construct a staffing fronfieby including every\(k) such thaty, = 1,
and then discarding the dominated points (similar to thestrantion based on a solution of the
fixed grid approximation). Sincg, = 1 implies that\(k) € B(NN), we have that

M(Fy) € B(N).

Unfortunatelythis inclusion may be stritince there can be poinise B(N) which do not satisfy
A < A(k) for anyk with g, = 1. Thus, even if (20) holds, this does not imply ttfatis ad-feasible
staffing frontier. Figure 3(a) illustrates this difficultyy the figure, the dots represent the selected
points in the random sample, the light shaded area rep&ﬁmﬂBeiB(N), and the dark shaded
area represents the regior (7).

One can overcome this difficulty using a simple update meashamhat will generate a-
feasible staffing frontier, as the one illustrated in Fig8(k). In the appendix we describe one
relatively simple approach for obtaining a feasible frenti.e, for moving from 3(a) to 3(b). The
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approach is based on adding points that lie in the “gaps” &etuM (F;) and B(N) and then
scaling the points up until we obtain a séwith P(M(F)) > 1 — 4. The approach allows one to
trade-off solution accuracy with time; by adding more psiatetter approximation is obtained at
the cost of more expensive simulations when using the sgdffomtier to find a feasible solution.
We remark that there may be better ways to finéifaasible staffing frontier that approximates
B(N); the important point is only that we obtain such an approxioma

Recall from§6.2 that when using the sample-based approximation we 8dlirestances based
on independent random samples to obtain a statistical lbaend. We run the above procedure
on each of the resulting solutions, and for each we obtairr@sponding staffing solutioW by
scaling up the original solutiofY by the same amount that we scaled up the points in the frontier
We then select thé-feasible staffing frontier such that the correspondingtsmh N has minimum
cost. The selectetifeasible staffing frontier and corresponding solutionvainat we subsequently

use to obtain a solution to the original problem (4).

Statistical test of /-feasibility of a staffing frontier. Checking whether a set of poinis is

a ¢-feasible staffing frontier can be done using a simple stedistest using a single very large
sample of arrival rate vectors(k), k = 1,....K’. If A\(k) € M(F) for at least a fraction
1 -0+ €K', 3,0) of the pointsf\(k) for k = 1,..., K’, then we can say with a confidence
level 1 — /3 that the set of point§ is indeed &-feasible staffing frontier, wherg K, 3,0) =
[(25/K")In(1/3)]"/2. (This confidence estimate is based on the Chernoff inegusdie [40] page
394.) In our experiments, for example, we usé = 200,000, = 0.01, § = 0.1, and obtain
(K, 3,6) = 0.0022.

6.4 Computational experience with solving RSPP

Solving the RSPP is a crucial step in our solution approacthforeal staffing and routing problem
of interest (4). Hence, while computational efficiency i$ tiee focus of this paper, we show via
some numerical examples that the discrete approximatibiedRSPP we have proposed can be
solved in a reasonable amount of time using an off-the-dE¥f solver.

Example 6.1 Consider a system with two customer classesZi.e. {1, 2}, and three agent groups
J = {1,2, F'} such that agents in pool: = 1,2 are trained to serve only clasgustomers but
so that agents in podl’ are generalists and can serve both customer classes; sge EigThis
setup is known as the M model of skill-based routing. We take= 1 andf, = 6, = 1. Also, we
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Figure 4: The M model of call centers

fix the same abandonment constraint= o, = 4% for both customer classes anddet 0.1 so
that the chance constraint bounds- ¢, is equal td).9. We assume that the point estimate is given
by (A1, A\2) = (120, 80) and that the errot/, has a bivariate normal distribution (truncated so that
A = ) + Z is positive) witho? = 820, 03 = 460 and correlatiorp = —0.25.4

Finally, we assume that the agent costs are given,by ¢ = 1 andcy = 1.1 so that the
flexible agents cost0% more.

Table 2 gives results for different values &ffor example 6.1 solving the problem using the
original MIP formulation (15) and improved formulation MIRSPP given by (17). These results
were obtained on a 2.13 GHz machine with 2 GB RAM using CPLEXt8.solve the MIP for-
mulations. We used a time limit of one hour; a ‘Lim’ entry irettable indicates the time limit
was reached, in which case the final percent gap between stestleition and lower bound is
reported. Itis clear from Table 2 that the improved formolatields significantly improved solu-
tion times, especially as the resolution parameétgrets small. Also, for relatively large resolution
A the obtained solutions are more costly and conservative\{lolation probability) but ag\ is
decreased, we obtain solutions with reduced cost, and \watation probability closer to the target
0 = 0.1. (The exception ig\ = 1, where a significant optimality gap remains, suggestingttiea
best solution found within the time limit of one hour is sifycantly suboptimal.) We also observe
from Table 2 that the number of points in the staffing fronti&i|, remains small, even for small
A when|L(A)| gets large.

4The choice of negative correlation has no meaning in our raxest. We use both negative correlation and
positive correlations in our examples—see Example 6.2).
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Original MIP (15)

MIP-RSPP (17)

A |[L(A)] Time (s) |D| Time (s) Cost Viol. Prob. |F]|

10 169 2.4 70 0.2 24438 0.084 5
8 256 17.3 110 0.5 2435 0.082 8
6 441 2393.5 197 2.8 2433 0.086 9
4 961 Lim (1.3%) 451 17.4 240.0 0.097 15
2 3721 Lim (4.6%) 1831 Lim (0.3%) 238.7 0.100 29
1 14641 Lim (38.0%) 7384 Lim (8.0%) 241.0 0.087 34

Table 2: Computational results for solving RSPP for exanggle
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Figure 5: Staffing frontier for example 6.1.

For comparison, we also solve this example using the sangpeogimation S-RSPP as in
§6.2. We used a sample size &f = 300, and solvedV/ = 10 problems. The total time to solve
all 10 problems was 200.3 seconds, and the total time to wanst-feasible staffing frontiers
from each of these solutions was less than 90 secondsi-Teeesible staffing frontier with lowest
cost corresponding solution had 38 points, and the correlipg solution had cost 240.3. The
minimum of the ten optimal values'? is equal to 232.5 and, as explaineds#.2, provides a
lower bound on the true optimal value of the RSPP with prdiglait least 0.999.

Figure 5 depicts the staffing frontier selected by the fixad-gpproach withA = 4, and
the §-feasible staffing frontier obtained from the sample-agjpnation approach, along with the

complete set oh(k) points that were selected in the solution of the S-RSPPrinstthat yielded

this frontier. =
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Figure 6: A call center with 4 customer classes and 6 agenipgro

Example 6.2 We now provide an example with 4 customer classes and 6 agess s0 thal =
{1,...,4} andJ = {1,...,6}. In this example, the service rates are independent of aipesH,
i.e.,w; = p; forall j € J(7). The service rate vector is given jpy= (1,1.5,1.4,1.3). The targets
a;, i = 1,...,4 are given bya = (0.05,0.04,0.03,0.05) and the chance constraint risk-level
is 0.1. The costs are given by the vector= (1,1.1,1.2,1.25,1.1,1). Finally, we assume that
the point estimate i& = (120, 80, 100, 150), the variance are given by = (820, 460, 700, 400)
and the correlations am@ » = p21 = 0.25, p34 = ps3 = —0.35 andp, . = 0 otherwise. The
connectivity in the network is as depicted in Figure 6.

We solved this example using the sample approximation @gpragain usindd = 300 and
M = 10. The minimal objective value of all ten instances was 415Hichy, in turn, by our
discussion ir6.2 and by Theorem 6.1 is a lower bound on the optimal valuleebtiginal staffing
problem (4) with probability 0.999. Solving the ten instaat¢ook a total of about 63 minutes. The
time for solving each individual instance ranged from 3—2Qutes, with most of them solved
in less than six minutes. The time to generat&faasible staffing frontier using the procedure
described ir6.3 was about one minute for each instance, leading to adbgalother ten minutes
of computation time. Of the tefifeasible staffing frontiers constructed, the one with daest cost
was selected; this frontier had 182 points in it and the cb#te corresponding feasible staffing
vector was 442.0, about 6.5% higher than the statisticaétdwund. The cost of the best feasible
staffing vector found—as tested by the a priori test, butreedpplying the procedure to construct
a feasible frontier—was about 427.5, suggesting that ni@me half of the 6.5% error gap can be
attributed to the approximation introduced by the need  dif-feasible staffing frontier.
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Finally, to demonstrate that the additional procedure targutee feasibility is indeed neces-
sary, we observe that the frontij obtained (without our additional procedure) from the ins&
that yielded the least cost feasible solution has a vialgtimbability of P{A € M (F;)} ~ 0.34,
so this set would have been far frond-deasible staffing frontier. =

These computational results indicate that the RSPP problemindeed be solved approxi-
mately in a reasonable amount of time with an off-the-sha® Bblver, using a fixed-grid approach
if |Z| = 2, or using the sample approximation approach with more custelasses. In addition,
certain specialized new techniques for solving chancestcamed optimization problems could be
used if necessary to reduce the computational burden ostéps For example, the appraoch in
[28] was able to solve instances of the RSPP with as many asigl@roer classes and sample
size K = 3000 to optimality in less than two minutes. A final important poime make is that
the number of points in the staffing frontier produced by tI$"R is small whefZ| is small, and
can be kept reasonable (potentially with an accuracy todfyder larger |Z|. We will return to
a discussion of computational efficiency§in.2 after adding the last step of our approach, which
uses the frontier information to construct a solution fa ¢iginal staffing problem (4).

7 Back to the staffing problem

The RSPP serves as a first-order approximation for the sjaffwblem but cannot be used directly
to determine the staffing levels for the call center as it igadhe effect of the stochastic behavior
of the queue length. In this section we propose a simple amgpuatationally efficient simulation-
based search procedure that builds on the RSPP outputsaio alfeasible solution to the original
staffing problem (4). The resulting feasible solution casthewn to have provably low optimality
gaps (see the discussiongd).

The methods we present here are intentionally simple. Orpgse is to show that feasible
solutions can easily be obtained from the solution and staffiontier obtained from the RSPP.
In particular, the most important feature of the suggesfgat@ach is that, through the RSPP, it
translates the staffing problem with uncertain rates to éselging a number of staffing problems
with predictable rates corresponding to each of the amratalvectors of the RSPP staffing frontier.
It is plausible that one can find more sophisticated seard¢hads that build on the RSPP solution
frontier as the starting point, but are more computatigrefficient than our simple heuristic below.
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7.1 A feasible solution via the RSPP’s frontier

In this section we take as given an approximately optimaltsmh to the RSPP problem (111,
that satisfies
C'N S Zrspp + € (21)

for somee > 0, as well as a-feasible staffing frontie = {\(k) : k € F'} that corresponds to
N. The pair(N, F) may be obtained using one of the approaches that we desanitjéd If the
fixed-grid approximation with resolutioA is used, this pair is obtained as describedaril with

e = CA; see Theorem 6.2. If the sample-based approximation is, USésl the besb-feasible
staffing frontier andV is the solution corresponding to this frontier. In this gake approximation
error is given by = ¢- N — LM whereL™ is the statistical lower bound given by (19). Recall that
the lower bound and the feasibility of thiefeasible staffing frontier are statistically verified and
hence do not hold deterministically. To simplify expositiave will assume for the remainder of
this section that we are in the (highly probable) case in tvthe feasibility of the staffing frontier
and validity of the lower bound do hold.

Our point of departure for the algorithm that we propose &-ths the RSPP serves aftusd
approximationof the original staffing problem—we expect the optimal soluto (4) to be a per-
turbation, in some sense, of the RSPP solution. This is etligthe case for the simple case of the
M/M/N + M queue. In this case, discussed ) the RSPP is given by

min N
st. Py, <,uN > A(1— a)> >1-4,
N €R,.

Trivially then, the solution of the RSPP is given By = \*(1 — )/u where\* := inf{\ >
0: Pz{A < A} > 1—6}. Thus the staffing frontier is composed of the single poihand
N* =min{N € Z, : a(\*, N) < «} is feasible for (4). Moreover, in this simple cad® is also
optimal for (4). Becaus&'* > N, N* is equivalently defined by

N*=min{N € Z,, N> N :a(\*,N) < a}. (22)

In the multi-class multi-pool setting the single frontieipt A* in the above example is replaced
by a set of points — a frontier. As in the single-class, sifgglel case, a staffing level that satisfies
the service-level constraints for each point in the frantidl also be feasible for the staffing
problem (4). This single-class case also suggests thdtoutia significant compromise in costs,
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one may restrict attention to staffing levélsthat are in the neighborhood of the RSPP staffing
level N. Hence, a multi-class analogue of (22) is the following fatation:

min c¢-N

st ai(Ak),N,7m) <y, i €L,k €F, (23)
N;>N;, je J,

N eZ],mell
It is important that, unlike the single-class single-poase, it is no longer guaranteed that
(23) will be optimal for (4). Hence, one should regard (23pasgay to generate reasonably good
solutions for (4). In the followingV* is an optimal staffing solution to (4), and recall that we have
assumedV satisfies (21).

Theorem 7.1 Let (N, 7) be a feasible solution t23). Then,(N, 7) is feasible fo(4). Moreover,

e N—c-N* | <e+ ) ¢IN;— Njl. (24)
JjeJ

The bound in (24) can be interpreted as saying that the optyngap is composed of two com-
ponents: (1) the erroe, introduced by solving the RSPP approximately, and (2) gréupbation
around the RSPP solution required to obtain a solution thifees the service level targets. In
particular, one can judge the quality of a solution for (2@uking the RSPP cost NV as a bench-
mark. Theorem 7.1 is a direct consequence of Theorem 6.1hendefinition of the frontier—the
detailed argument appears in the e-companion.

Optimizing with a fixed routing rule:  In general, optimal solutions for (23) are not known,
even when the frontier consists of a single point in whicled@8) reduces to a staffing problem
with perfectly predictable rates. Consequently, one nézdse heuristics to solve (23).

An issue in solving (23) is finding the routing rute If one starts from a fixed routing rule
simulation-based optimization can be used to find the staffiee e.g. [4, 13].We will follow this
approach by fixing the routing rule to be the Fixed-WaitingiB (FWR) rule that was proposed in
[25]. Itis important to emphasize that the scheme we prasg@neric and can be applied to other
routing rules such as priority overflow rules [47, 13], thadbw-routing rule of [44], occupancy-

tracking policies [8, 9] or a variety of index-based routmites that are implemented in call-center

SAlthough, in contrast with these papers, we will have a seirafal-rate vectors rather than a single one.
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software. A useful property of FWR in our context is its simjy and independence of the rule’s
parameters and the actual realization of the arrival rates.

The FWR rule has several versions, each designed to meeteaedif type of service-level
target (see [25, 21]). We focus on the version aimed to yagisandonment constraints. For the
introduction of FWR, leti?/"(¢) be the accumulated waiting time of the customer at the head of
the class-queue and);(t) denote the number of customers in quéag¢timet. In the following,
whenever the setrgmax contains more than one element we pick the one with the higesx.

e A type-j agent that becomes available at time will serve the next the customer from
gqueuei* such that

W(t)
Z = Imax argmaX
1€1(5):Q4(t)>0 az/e

e A class4 customer that arrives at time ¢ will be routed to the server in a pogle J(i) that
has been idle for the longest time.

e Customers within each class are served in a FCFS manner.

Fixing = = FW R, the simulation-based procedure is iterative; it starts Wi—the staffing
levels found from the RSPP and, for edclke F, it simulates the call center with staffing levels
N and the given scheduling policy, As soon as it finds & € F (and the corresponding arrival-
rate vector\(k)) such that;(A(k), N, 7) > «; for somei € Z (i.e. the abandonment constraints
are not met), it increases the staffing level using a simptatgomechanism and then re-runs the
simulations. The algorithm stops when a staffing leVeis found such that,;(A(k), N, 7) < «;
foralli € 7 andk € F. This staffing levelV is necessarily feasible for (23).

The update mechanism of the staffing level is again simplereesis added to a single pool
j € J so that the relative sizes of the server pools remain as @sggossible to those sug-
gested by the RSPP, i.e., to the veatdtV) given byw;(N) := N,/ >, N;. Namely, letN* be
the staffing vector at the beginning of thé iteration. Then N**! is constructed by adding an
agent to one of the agent pools so as to minimize the differéetweens(N) andw(N *1) :=
(NFFE/ S NFRL o NERL SN We will refer to this procedure as thientier-based sim-
ulation search procedun® distinguish it from the exhaustive search by simulatiat tve perform
in the following example to obtain some benchmarks.

Example 7.1 (An M model with common service rateg To be able to assess the performance
of our proposed solution in terms of optimality we requireetting in which, at the very least,
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reasonable lower and upper bounds on the optimal perforenzarcbe found. Using these bounds,
we can then perform an exhaustive search to find the optinhati@o. That optimal solution will
serve as a benchmark for our RSPP-based solution.

For that purpose, we use the M-model from Example 6.1 butlgyripby setting the service
rates to be common to all pools and customer classes, sp;that 1, and letting both customer
classes have the same patience rateflj.es 6§, = 1. Also, we set the abandonment targets to
a; = ap = 4%. As in example 6.1, we set = 820, o5 = 460 andp = —0.25.

With the common service rates, patience rates, and abarefdgreonstraints, a clear lower
bound (which can be easily formalized by a coupling arguinisnthe M /M /N + M staffing
problem in (2) with arrival ratéy = A; + Ao, service rate, = 1, patience raté = 1 anda = 0.04.
Following the solution for the\/ /M /N + M outlined in§2, we find the numbe235. In turn, a
lower bound on the number of servers (but not on the cost) o model is235 servers and
this bound is independent of the routing rule. To obtain apeagpound one can use a simple
heuristic that determines the total staffing by considemuividually each of the classes (the
detailed description of the simple heuristic appears inexglx B). For this model, the heuristic
generates the solutias; = 165 and N, = 115 so that the total cost &30 (recall thatc; = ¢, = 1
andcp = 1.1). Clearly, the true optimal solution must lie in between.

To find the best solution (with routing rule fixed to FWR), itmmauffices to perform an ex-
haustive simulation-based search over all possible caatibims of staffing level§N,, N, N,) in
N :={N €Z%: Ny+ Np+ Ny, > 235, Ny + Np > 155, Np + N, > 108}. To further decrease
the running time of the exhaustive search, we let the staliéivgjs change in steps of 2 rather than
one, i.e., the staffing levels we check have at least two masemless agents than the next closest
point. Therefore, the best solution found is at most 1.1 afn@y the optimal staffing level under
the FWR routing rule. It is important that even after theseifications, the running time of the
exhaustive search is several days. This is because, to thetbasibility of the chance constraint
for a given staffing vector, one has to randomize a large nuoflarival-rate vectors and simulate
the underlying queueing system for each of these.

The exhaustive search procedure yields two staffing vectotisns, N = (98,79,60) and
N = (82,99, 54). This in turn, implies that the cost of the optimal solutiorder FWR cannot be
less thar243.8.

We now use the optimal solution of the exhaustive search tehreark our frontier-based
solution. We first solved the RSPP using the fixed-grid apgrosith A = 4 to get N =
(115.2,57.6,61.44) with a cost of240 (with A = 2 the cost is238.2). Using the frontier points
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from the RSPP witl\ = 4, fixing the routing rule to FWR, and using the frontier-basedulation
search procedure we obtain the staffing vedfos (123, 62, 65) with an associated cost 856.1.
This cost is5% away from the lower bound df43.8 and8.5% better than the solution obtained
from the simple heuristic considering the customer clagséspendently. The running time of
this procedure on a 1.6GHz machine with 4GB of RAM is 2 minutélse overall running time
(together with the time to solve the RSPP) is less than 3 regwusing the MIP-RSPP.

Finally, if we apply directly the RSPP solution for staffingdesimulate the system, we find that
the QoS constraint is satisfied on less than 80% of the réalza indicating that the RSPP does
not produce a solution that is feasible directly to (4) (astenot under FWR) and the additional
steps that we introduced in this section are required.

Example 7.2 (Back to Example 6.2 We return to the network in Example 6.2. The network data
remains unchanged but we specify in addition the patienanpeaterd) = (1,1.3,1.1, 1.4) (which

are not needed for specifying the RSPP). As in Example 7.1lfirstieused a single-class based
heuristic (see Appendix B) to obtain an upper bound with & 06$24.2. The corresponding
staffing vector i171,82, 0,0, 110, 142).

Applying our approach, we usedl andF obtained using the sample-based approach to the
solution of the RSPP and applied the frontier-based sinomarocedure using FWR as the routing
rule. This yielded the staffing vectot41, 64,27,32,79,116) which is feasible to (4) and has a
total cost 0f482.2, an8% improvement over the simple heuristic solution. Recalt,thg Theorem
6.1, the RSPP serves as a lower bound for the true optimai@olof (4) and can be thus used
as a crude benchmark. The true optimal solution would liesitwvieen the RSPP solution and our
proposed solution. The feasible solution we constructedhi® RSPP using the sample approach
had a cost oft42—i.e., within 8.3% of our staffing solution. It is importait tecall that this cost
of 442 corresponds to the feasible RSPP solution obtained aftémiVated” the solution to have
a feasible frontier; se€5.3. Theinfeasiblelower bound we obtained for the RSPP wa$s.0 (see
Example 6.2) which is 13.9% from the cost of the staffing solutve obtained. Hence, it is hard
to know what is the true gap between our staffing solution Aedptimal solution, but it must be
smaller than 13.9%.

In this problem the RSP#feasible staffing frontier (corresponding to the cost4if) consists
of 182 points. Letting the time horizon for each realizati@n100 time units (which translates to
an order of magnitude of 10000 arrivals per simulation) rthretime of the simulation part is less
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than 15 minutes on a 1.6 GHz machine with 4GB RANIhis running time should be added to
the approximately 75 minutes it takes to solve the RSPP anérgte a staffing frontier using the
sample-based approach to get a total of 90 minutes. Thertotaing time is dominated by the
time it takes to solve the RSPP. In particular, expected avgaments in the running time of the
RSPP (see the discussion at the engléodl) will lead to a significant decrease in the total running

time. =

Remark 7.2 (A decomposition approach Yet another approach to obtaining feasible solutions
to (23) is to decompose it intd”| individual staffing problems such that th& problem is one
with predictable rate\(k):

min c¢- N

1. ; < oy, ©

s.t az()\(k:)_,N,‘w) <1 €T, (25)
Nj 2 va YRS jv
N eZi,

Let (N*, 7%) be a solution to (25) fok € F. If simple (e.g. closed-form) solutions are available
for (25), such a decomposition can be valuable. To be comdfet” = 7 < II, then any staffing
vector that dominates each §N*, k € F'} is necessarily feasible for (23). In particular, letting

N

» = maxzer N, we have thaf N, 7) is feasible for (23). WhileV might be somewhat conser-

vative, there could be significant efficiency gains if one aaa distributed computing to solve the
problems (25) in parallel, or if simple solutions are ind&adwn to each of the problems (25)=

7.2 Complexity of the overall procedure

We now discuss the complexity of our solution procedure,ianghrticular compare this with the
complexity of performing an exhaustive simulation-basearsh on the possible staffing solutions
(using a fixed routing policy).

Recall that our procedure consists of two phases: (i) foathurh and optimization of the RSPP,
and (ii) a simulation-based search procedure that findssableasolution for (4) using the RSPP
frontier as an input. The RSPP is a two-stage chance-camsti@ptimization problem that is
approximated by solving a mixed-integer program based ors@aatization of the arrival-rate
distribution. Solving this MIP has worst-case exponert@hplexity, but in practice it can often
be solved efficiently provided that the size of the discedton is not too large by using specialized
optimization approaches as in [28]. We presented two digeteon approaches. The fixed-grid

5The simulation is implemented using a Matlab search codectils a C++ simulation code to test the various
staffing levels during the run of the procedure.
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approach yields a discretization with size that grows erptially in the number of customer
classed, and is hence practical only for systems with a small numbetasses. The sample-
based approximation partly overcomes this limitation leeghe required sample size grows only
linearly with the size of the decision space (number of agjeantd is independent of the number of
customer classes. The main challenge in the sample-bapsakapation is the construction of the
o-feasible staffing frontier. Here it is possible to tradéafcuracy and computational efficiency
by placing a bound on the number of points in this frontier. tlhes dimension of the arrival-rate
vector grows such a bound will lead to less accurate appratkoms for the true optimal value of
the RSPP. Thus, our approach towards the solution of the R8RPBe applied safely to systems
with a moderate number of customer classes but may leadde epproximations if the number of
customer classes is very large. However, most call certtathiave been modeled in the literature
have fewer than 10 classes in each connected sub-systera.¢segl7, 8, 9]), which would be
considered to be of moderate size for our purposes.

In the second phase of our approach, we search for a feasdffiemg solution in the neigh-
borhood of the RSPP solution. The key operation in this $e@rchecking whether a candidate
solution satisfies the chance constraint on the servicetmarg@iven the staffing frontier from the
RSPP, we can perform this search efficiently by simulatiegsystem with each of the arrival rate
vectors on the frontier; e.g., in Example 7.2 we had to siteuldath 182 arrival rate vectors.

To put the above in perspective it is important to emphasiat tn contrast with our approach,
in a direct simulation-based optimization, thienulationcomplexity is significant. Indeed, check-
ing feasibility requires first sampling a large number ofvairrate vectors, then simulating the
system with each of these. For example, obtaining the saas#biéty confidence and precision
as we obtained for oui-feasible staffing frontier requires a sample of 200,000alrrate vectors
(see the end 0§6.3). This large sample does not constitute a problem in dnéext of finding a
feasible staffing frontier for the RSPP because we only neetléck whether each of the sampled
vectors is dominated by a vector in the frontier. Such a hugebrer is very significant when a
simulation, which requires more than a second to performegsired for each vector.

The way in which the efficiency depends on the number of agedtcaistomer types also
differs when comparing direct simulation-based searclh wiir approach. The complexity of
direct simulation-based search would grow exponentiaiti tihe number of agent types. In con-
trast, our approach has little dependence on the numberenit agpes. On the other hand, a
direct simulation-based search does not depend signiffcantthe number of customer classes
(although more customer classes will increase the alreadyelbsome simulation time discussed
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above) whereas the need to construct a feasible staffingdrdimits our approach to a moderate
number of customer classes.

8 Discussion

In this paper we propose a new chance-constrained forraalgdr the problem of staffing a multi-
class multi-type call center facing demand uncertainty. phdvide a detailed solution procedure
for this complex problem. Our solution approach for thisniatation is based on the ability to
translate the problem of staffing-with-uncertain-deméécasts to one of solving a small set of
problems with perfectly predictable demand-rate vectdrse “translation” is achieved via the
introduction of a random version of the static-planninggheon—the RSPP introduced §86.

This reduction of the uncertain case to the predictable isasgportant. It is plausible that op-
timal or nearly optimal solutions for the predictable-satase can be translated via our approach
(or a modification thereof) to optimal or nearly optimal s@us for the case with uncertainty.
For example, it is plausible that diffusion-scale asymp#ily-optimal staffing solutions for the
perfectly-predictable case, as in [25], can be used to onactsdiffusion-scale asymptotically op-
timal solutions for the uncertain case. Unfortunately, iggults in [25] are restricted to a certain
subset of models, and consequently, an extension to thetaimcease is likely to share this re-
striction. This underscores the importance of improving tinderstanding of the (simpler) case
with predictable rates. Improved solutions for these cam the translated to stronger optimality
results for the case with uncertainty.

In terms of the formulation, we have argued that in certainagions the chance-constrained
formulation can be more appropriate than the formulatiosedeaon an average constraint. How-
ever, one may also conceive of alternative formulationsdh&in a sense a compromise between
these two approaches. There has been significant work,iabpét the context of financial en-
gineering, about alternatives to the Value at Risk (VaR)yaagh - which is essentially a chance
constraint applied in a portfolio optimization context. Apgular alternative is known as Condi-
tional Value at Risk (CVaR) (see e.g. [38]) which has two adages over VaR: (1) it yields a
convex formulation and (2) it limits thenagnitudeof the losses instead of just the fraction of time
losses occur as in VaR. We leave this approach as in integemstea for future research.

Time varying arrival rates The arrival-rates during the day are, of course, not statipbut
rather time varying. The standard approach to staffing acealler is, however, to divide the day
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into time intervals (of 15 or 30 minutes) and staff each timiernval as if arrivals are stationary
during that interval. Our approach in this paper can be pmeted as corresponding to the staffing
problem of such a single interval.

Applying our approach repeatedly, each time for one infezaa be too computationally ex-
pensive. Fortunately, for one model of time varying and utade arrival rates, our approach can
be applied directly with a solution efficiency that is almastgood as the single-interval case.

Specifically, the literature suggests (see, e.g., [11]) itha reasonable to assume that, over
the time horizon|0, 7] (which may be regarded as a single day) the multi-dimensiamival
process is doubly stochastic Poisson with (random) ratetfon vector(A(¢);0 < t < T) :=
(A1(t), Aa(t),...,Ar(t);0 <t <T). Inother words, given the realization of the multi-dimemsil
function A(¢), the arrivals of different classes follow independent ih@mogeneous Poisson pro-
cesses with the respective realized rate functions.

We will assume a specific case of the above general model wiaistbeen itself used in the
literature (see, e.g., [23]). There exist (known deterstio) functionsf (t) := (fi(t),..., fi(t))
such that\;(t) = A, f;(t) and so tha]fOT fi(t)dt = 1. A; is interpreted a the daily clags/solume
and the functiory;(¢) represent how this volume is distributed throughout the ttayhis special
model, then, the variability is decomposed into the predlet variability (captured by the func-
tions f;(t), ¢ € 7) and the stochastic variability that is captured by themedt= (A, ..., A)).
This model has been shown to be valid for various datasetalandised in [23]. It is thus encour-
aging that our approach can be applied in this case withwelsimplicity and efficiency.

To apply the RSPP-based approach to this time-varyingadsrimodel one divides the day into
a discrete set of smaller time intervals,= {1,...,7}. We then have a matrid = (a;, i €
7,1 € T) whereay = sup(_qy,<i<i, fi(t) and L is the size of the time interval (say half and
hour). Because the uncertainty is still captured by only @atmensional vecton (recall that/
is the number of customer classes), the RSPP-based sotatjaires only little modification. In
particular, the dimension of the sétin the fixed-grid approximation and the size of the sampled
vectors in the sample-based approach areistillhe changes are restricted to the definition of the
setB(NN) which we define differently to take care of the various timeimals. Specifically, let
N be now anJ x T" matrix whereN; will represent the number of agents of typeequired in
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intervall. The set3(V) is now given by

B(N) := {A eRL:Iv e RV Twith Y piyvg = Maa(l — ), i €T, 1 €7,
JET (@)
> v <Np, jeT LET}. (26)
i€Z(7)
Importantly, we are still choosing from R’ (and not from a higher dimension). Given a
solution N := {N;, j € J,l € T} of the RSPP one can use, as before, a simulation based
approach, as ifi7.1 using/V as a starting point.

We now highlight some potential directions for future resba

Other sources of uncertainty In this paper we restricted our attention to uncertaintyhig ar-
rival rates. One may wish to explicitly take into accountastbources of uncertainty such as service
times—which corresponds to uncertainty in estimating twametersy,;, i € Z(j),j € J)—or
the magnitude of agent absenteeism. The latter corresporitds fact that the number of agents
who show up for work will often be different from the numbehesduled to a shift. Conceptually,
these forms of uncertainty (and potentially also others) lwa incorporated in our framework at
the expense of increasing the dimension of the problem artdrm, the computational burden.

Asymptotic optimality in heavy-traffic  The RSPP based approach can be shown to be asymp-
totically optimal in fluid scale, in the sense used in [8], wiiee arrival rates and systems size grow
large. Hence, the RSPP-based approach provides a sohwios feasible and nearly optimal in an
appropriate sense. A refined analysis of asymptotic opitiyrath both fluid and diffusion scale—

will most likely provide insight into the choice of routingles as well as into the choice of various
parameters in our approach such as the size of the disd¢retiactorA in the construction of the
fixed-grid discretized version of the RSPP.
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Appendix A Update procedure for feasible frontier

To overcome the difficulty highlighted i§6.3 with respect to getting&feasible frontier from the
sample approximation, we make use of the condition (20) tsdikely to hold at least approxi-
mately for a solution to a sample approximation problem, ateimpt to find aj-feasible staffing
frontier that is a close approximation BiN). Here there is a trade-off between computational
time and solution accuracy. If we use more points in the feonive can get a better approximation
to B(N) but at the expense of requiring more work to subsequentigickelution feasibility using
the frontier. Our procedure for constructing-deasible staffing frontier that approximatBéN)
begins with the set of point; and proceeds in three steps.

1. The first step, illustrated in Figure 7(b), is to scale ugheaf the points inF; as much as
possible while still remaining in the sﬁ(N). Specifically, for each’ € F; we calculate

G = max{f | BN € B(N)} (by solving a simple linear program) then replacey 3’V
yielding a setF, with the same cardinality a8, and such that(F,) C B(N) still holds.

2. Inthis step, illustrated in Figure 7(c), we add more poiotobtain a closer “inner” approx-
imation of B(V). The result will be a new set of points; which is initialized asF,. To
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(@) (b)

(©) (d)

Figure 7: Construction of a staffing frontier from sample rapgmation solution.

limit the size of the resulting frontier, we fix in advance themberp, of points we will add;

we usedp = |]:"2| so that we double the number of points. We obtain these pbyntaking
random samples of. For each sampled point we check whethek € B(N) \ M(Fs); if

not, we rejecﬁ\ and continue, if yes, we scale lipas much as possible while remaining in
B(N) (as in the previous step), and add it to the &gt We terminate once we have added
the maximum number of points. As long@as= P{A € B(N)\ M(Fs)} is not very small,

we will not need to sample too many times before successdultiing a point. On the other
hand, if we do sample a very large number of times withoutasssftlly adding a point, this
would provide evidence that is very small, and hence we could stop because we already
have a good approximation #(V). Because we restricted the number of points added to
be small, this latter stopping condition was not needed meaperiments.

. The final step is illustrated in Figure 7(d). Here, we siymgdale up all points by a value
3 > 1 such thatP{A € M(BF;)} > 1 — ¢ holds with high confidence, as checked using
a statistical test based on a very large sample (describin &nd 0f56.3). We choose a
minimal 5 such that this condition holds (which can be found by a birsgarch). The set

44



F = (F; is the final result of the procedure and ig-éeasible staffing frontier with high
confidence.

The motivation for using random sampling in step 2 to chobegbints to add is that this will tend
to add points in regions d§(N) \ M F;) that have more probability mass. The staffing frontier
F constructed by the above procedure does not sati$fyr) C B(N). However, it does satisfy
M(F) C B(BN) where( is from step three of the procedure. We therefore define theiso

N = 3N to be the solutiorrorrespondingo the constructed staffing frontier. Becau%(]:“ ) C
B(N), the solutionV is feasible to RSPP with confidence at least as high as thedemé thatF

is ao-feasible staffing frontier.

Appendix B A simple heuristic and an upper bound

In practice, assuming that service rates depend only onl#iss of the customers, i.e, such that
wi; = i, initial staffing calculations are often made for each coioclass separately. With a
perfectly predictable arrival-rate vectaythis corresponds to finding for each class

Mi = mlH{N € Z+ : CL(N, )\Z-,,ui,@i) < Oéi},

wherea(N, \;, 15, 6;) is the fraction of abandoning customers indi A /N + M queue withV
servers, arrival rate;, service ratg:; and patience raté.

In a second step, one solves an allocation problem thatrdigtes how to allocate the total
required capacity ., IV, between the agent pools. This can be done by solving a veo$ite
static planning problem with the requiremen{s

min c¢- N

s.t. Zjej(i) wivi; > N;, 1 €T,
Diery Vi S Nj, j€ T,
N eRy{, veRY

(27)

In real time, one would then exploit the benefits of Skill-BddRouting to gain some of the
efficiencies of cross-training. A possible translationfo$ to the chance constraint setting is to use

N, := min {N €7, Py (a(N, N+ 2 i, 0) < ai) >1- 5/1} ,

whered /I is used to guarantee that the joint chance-constraint holds

45



e-companion for:

Staffing Call-Centers With Uncertain Demand Forecasts:

A Chance-Constrained Optimization Approach

This e-companion contains the proofs for the theorems anthigs in the paper. The proofs of the
different results appear in the their order of appearantiedapaper.

EC1 Proofs

Proof of the transition from (4) to (5): We need to prove that (4) and (5) share the same set of
optimal solutions.
To this end, fixz € Ri be such thaP;(z : = < z) > 1 — 4. Then, consider the optimization

problem
min c¢- N
st a(A+zZ,N,m) <, i €7 (EC1)
NeZ],mell

Let (N (z), ) be an optimal solution. Such an optimal solution exists yftitlowing lemma.
Lemma EC1.1 There exist an optimal solutidiV(z), 7) for the optimization probler(EC1).

The simple and detailed proof is postponed to the end of thaepanion. Obviously;- N(z)
is an upper bound for the optimal solution to (4). Lét= max{} N, : N € Z{,c- N <
c- N(z)}. Then, any optimal solutionY*, to (5) will have} .., N; < N. We now use this
observation to bound the region of the arrival rates that @exrto consider.

To this end, lefi = max;cz(;) jes 1ij- Then, the output rate under any optimal solutiénfor
(4) is at mostN. In particular, any arrival ratg that is covered under the optimal solution (i.e.
such thati; (A, N*, ) < a;, i € Z) mustsatisfyd ", _; \i(1— ;) < Nj. Putting,a = max;ez a;,
we then have that any arrival rakethat is covered by N*, 7*) must satisfyi| A\|| < bforalli € 7
with b = aN/(1 — a). Consequently, any optimal solutig?v*, 7*) for (4) is feasible for (5).
Since (5) is an upper bound for (4)-because we need to sHiesfyhance constraint by using only
arrival rate vectors iff), b)’~we can conclude that they share the same set of optimaicswut B

Proof of Theorem 5.1: Fix A > 0. Let N* and N be, respectively, optimal solutions for (5) and
(8). Obviously,N is also feasible for (5) so that N* < ¢- N. Consider now a perturbed version
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of (5) in which the chance constraint is replaced byxgjerturbed” chance constraint, i.e, consider
the problem
min c¢- N
st. Py(z:max;z; <ba(A+z+AN)<a;, 1€Z)>1-19, (EC2)
NeZ], mell
An optimal solution(N*(A), 7*(A)) exists for (EC2) by the same arguments that guarantee the
existence of such solutions for (5); sgk The outline of the rest of the proof is as follows: we will
first show that N*(A), 7*(A)) is feasible for (8). This will imply that- N* < ¢- N < ¢- N*(A).
We will then conclude the proof by showing that N*(A) —c¢- N*| < CA v el for some constant
C' as in the statement of the theorem.
First, we show thatN*(A), 7*(A)) is feasible for (8). To do this we have to show that fixing
the staffing toN*(A) and the routing tor*(A) we can choose a vectdy,, k € L£(A)} so that
> kec(a) Yepe = 1 — 0 and such thag(A(k), N*(A), 7*(A)) < 0 for all k with y, = 1. To this
end, let
A(A) :={z e RL s aq;(x + A, N*(A)) < oy, i € T}.

In words, A(A) is the set of arrival-rate vectors that are covered/&By(A), 7*(A)). We construct
avector(y,, k € L(A)) by settingy, = 1if A, A(A) # 0 andy, = 0 otherwise (withA,, as
defined in§6). To see that the constructed vecidnas the desired properties, fixwith ., = 1.
SinceA;, A # 0, the assumed monotonicity of the routing rule implies th@t) € A(A) and,
in particular, thai;(A(k), N*(A), 7*(A)) < a4, for all ¢ € Z. Finally, we can assume, without
loss of generality that, for each € A(A), x; < bfor all i € Z; see§4. In particular, by the
construction of the vectay we also have that_, . 1) yxpr > P(A(A)) > 1 —4.

Hence, we have shown th@at*(A), N*(r)) is feasible for (8) and, in particular, that

c-N*<c¢-N<c-NYA) (EC3)

To obtain (9), it remains to bound the distanice N* — ¢ - N*(A)|. To establish this bound we
will show that, given an optimal solutiofx*, N*) for (5), we can construct a feasible solution for
its A-perturbed version in (EC2) with a cost that is larger thav* by at mostC'A. Equation (9)
will then follow from (EC3).

We will initially construct the feasible solution for (EC2nder the assumption that, with
(N*,7*), the chance constraint in (5) is met with a strict inequaligy that

Pz<z smaxz; < ba;(A+ 2z, N 71%) <y, i € I) >1-—0. (EC4)
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We will remove this assumption at the end of the proof.

To construct now a feasible solution for (EC2) fradv*, 7*), we will create virtual server
pools and thin the arrival streams so that some customer®ared immediately upon arrival to
these server pools. Specifically, for each clas® arbitrarily pick a pooj € J(i) and denote this
pool by j(i). We then define a new staffing vectdrby settingV; = N;+ [A i g] if 5 = (i)
for somei, ande = N} otherwise. Heres > 0 is a constant that we will later choose explicitly
and it will be independent ai\. We will not use the added servers in the same way that we use
the original N; servers. Rather, we will separate these additional sefrerstheir pool to create
a new pool, denote by(i), that consists of kA /s ;] servers. We will let this pool have its own
gueue. We then augment as follows: when a classeustomer arrives, he is routed to the queue
in front of poolj (i) with a certain probability; (to be defined shortly) and is sent to the (regular)
classé queue with probability — 7;.

The thinning probabilities are determined from an estinoétbe realized arrival rate. For this,
we fix a time7T" > 0. Until time 7" we use the original routing rule*. At time 7" we register
the number of classarrivals up to that moment, denoted Hy(T). We let),(T) := A,(T)/T
be an estimate of the arrival rate. We then set the thinniogpability for class: to ben;, =
min(QA/S\i, 1). Beyond this thinning of the streams, we keep usihdor routing. Customers in
the added queues; (i), i € 7) are served on a FCFS basis.

Denote byr be the resulting routing rule. The actual valueypbnly depends on the number
of arrivals until timeT’, hence the new policy is admissible, because is admissible. If we show
that (7, N) is feasible for (EC2), the proof is complete since this waoigly that there exists a
constant”' > 0 such thafc- N* — cN*(A)| < CA.

To establish the required feasibility, fix> 0 and let

E(T,€) := sup P{2MA/N(T) ¢ [A,4A], for somei € T}
X€E[e,b]!

Given \ € e, b)!, with probability 1 — £(T', ¢) the arrival rate of class-customers to the (new)
queue in front of pooj (i) is at leastA so that the arrival rate of these customers to the (original)
classt queue is at most;. Hence, given € [e, b]/,

ai(A+ AN, 7) < (1 - &(T,€) [ai(A, N, 7%) + 62 (5, N)] (EC5)

whered?(k, \) is the fraction of class-customers that abandon from the (new) qugfie. We
used here the assumed monotonicity of the routing rule tolade that the fraction of abandoning
class¢ customers from the (original) clagstueue is at most like the fraction of abandonments if
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the arrival rate to that queue Js. Applying probabilities with respect to the distributiohtbe
arrivals, we have that

Py(a;(A+ A, N, 7)< a;, i €T) >
(1=&(T, )Pz (A€ [e,b);a:(\, N*, 7%) < ;367 (k,\) < o, i €T).  (ECH)

We claim thatP(\ € 62 (k,\) < ;) — 1 ask — oo, uniformly in X € [0, b]!. Intuitively, the
thinned pools have an arrival rate of at mésat served by capacity ofA /., ; which for  large
enough entails a small fraction of abandonments; this médly proved in Lemma EC1.3 below.
Also, in Lemma EC1.2 we show th&t7',¢) — 0 asT — oo. Hence, giverz > 0, we can choose
T'(e) andx(¢€) large enough so that

(1 —=&(T(e),¢))Py ()\ € [e,0); ai(\, N*, ) < ;02 (k(e),\) <y, i € I)

> Py (A€ [6,b) s a;(\ N*, 7%) < i € T) — i (EC7)

Finally, from the assumed slack in (EC4) of the statementetheorem it follows that

]P)Z ()\ € [67 b]l;ai()‘aN*vﬂ-*) S O‘iai € I) 62)0 ]P)Z ()\ € [Ovb]l;a'i()\vN*aﬂ-*) S A,y (NS I)
> 1-4, (EC8)

Combining (EC6)-(EC8) and choosiag> 0 small enough we have that
Py(ai(A+2+AN)<aq;, iel)>1—04.

This shows that, N) is feasible for (EC2) and concludes the proof of the theorewteu the
slack-assumption (EC4).

To complete the proof it remains then to remove the assumptigEC4). To this end, define
the staffing vectoN by N; = N7 +1if j = j(i) andN = N; otherwise. Theng: N—c-N*| < ¢I.
Moreover, using the same construction with thinning as ebae can now show that there exist a
routing ruler so that

IP’Z<z:masz- §b,ai()\+z+¢,]§7,fr) < ay, iEI) >1-9,

for some¢ > 0. Using the monotonicity of the routing rule (and the facttteaor is Normally
distributed), we then have that

IPZ(z:maxzi Sb,ai(A+z,N,ﬁ) Sai,i€I> >1-4.
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Hence, a strict inequality holds fCéIN,fr). We can now repeat our proof usim@,ﬁ) as our
reference solution (replacingV*, 7*)) to obtain thatic - N*(A) — ¢- N| < & vV C'A which, in
turn, implies, thatc - N* —c- N*(A)| < ¢l + ¢l v CA. [ |

Lemma EC1.2 Givene > 0, &(T,¢) — 0 asT — oc.

Proof: LetV;(-) be a unit-rate Poisson process. Using strong approxinsfg@e e.g. Lemma 3.1
in [27]), we have that, for giveff’, z,, x5 > 0, \; > ¢,

% )\ZT - )\ZT — ; —
: (N(wfrizp ¢ [~ (1V VAT), 25(1V JX—T)]) < e (AR < o (ercg)

for all T' large enough and some constant 0 that is independent of;, 7', z; andx,. By the

definition of \;,

PAAMD) ¢ a) < p (BT 0L o [0 /AT 5 VAT )

Combining this with (EC9) we have that (A5— o)

sup P (2)\ZA/5\Z-(T) ¢ [A,4A]> — 0 ask — .

AE[e,b]!

Lemma EC1.3 Fix A > 0. Then,

sup 02(k,\) — 0, ask — oo.
A€[0,b]

Proof: The argument is straightforward and we provide only thectke®bserve that® (k, \) is
the fraction of customers abandoning from/ii)/ /s + M queue with arrival rate that is at most
4A, service rate equal fo, ;, abandonment ratg, ands = [kA/p; ;| servers. Also the probability
of abandonment from this queue is at most as the probabfldglay from an)//M /s queue with

p < 4A/kA. Assume thak > 4, this M /M /s queue is stable and the probability of delay is
smaller tharp (this follows from basic properties of the stationary disition for the M /M /s
gueue). Because the throughopt,is independent ofA and A, the fraction of abandonments

decreases to zero asncreases uniformly ir\. [ |



Proof of Theorem 6.1: We show thatV*, the optimal solution to (4), is a feasible solution of
RSPP (11). To do so, we prove that, for any non-anticipatoigy =, fixed arrival rate vectox,
and staffing levelV, if (3) holds then

B(N,\) = {u ERVY Y vy > Nl —aw), i €T, > vy <Nj, j€ j} £ ().(EC10)
JET €L
Hence, ag N*, 7*) satisfy (3) with probability at least — ¢ (according to the constraint in (4)),
N* is a feasible solution for RSPP.
We prove this claim by contradiction. Assume that for allsskes (3) holds buB(N, \) is
empty. Lethl) (t) be the number of clagscustomers that are served by servet ih pool j and
Ti(j") (t) denote the total time spent by th¢h server in poof by timet. For allt > 0

D) = s (19 1)

whereS7; is a Poisson process with ratg. Also, we define

Di(t)y=>" Z D(t).

J€J n=1

We have, for any > 0,
Qi(t) = Qi(0) + Ay(t) — Ri(t) — Dy(t). (EC11)

Because the number of customers in the system is boundee@ &lyoar M/ /M /oo system with
service rate equal tmin, ; /4;; A min; y;, and the latter is clearly positive recurrent, we have

t1Qi(t) — 0 (EC12)
a.s. ag — oo. Also, by functional strong law of large numbers tas oo
tTLA(®) — Aandt ™SI (1) — (EC13)

foralli € Z, j € J, andn < N;. Letting Q2 be the sample space, we restrict our attention to
w € Q) that satisfy (EC12) and (EC13).

By our assumption (3), fap € Q c Q, with P(Q) = 1, there exists a subsequence{of},
which we denote again bit, }, such that, — oo ask — oo and

Ri(ty)) (Ai(ty) V1) = aq; < o
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Also, sinceA;(ty)/t, — \; ask — oo, we have

ask — oo.

Let ¢, be an increasing sequence such that> co. LetT = (T.@) cieZ.jeJ,n<N;).

ij
(n) -
SinceT”T(t) < 1,forallt > 0, for anyw € 2, we can find a subsequence denoted hy again

for notational simplicity, such that

T(ty)
i

— X
for somexr = (x(-@ rie€Z,jeJ,n<N;), ask — oo. This with SLLN implies that

ij
n (n) (p(n)
ng ) S (TW (tk)> (n)
_ et (EC15)
ty, ty, J

a.s. as — oo. Also, becausg_, Ti(j")(t) <t forallt, >, xﬁj") < 1landso

Nj
YoXwp <N

i€ n=1
for all j € J. This with the fact that3(/V, \) is empty, there exists at least one class,sa&ych
that

Nj

jeTJ n=1
for somee > 0.
For anyw € ), by (EC11), (EC15) and (EC16)
lim ¢, ' R;(ty) = Jim ot A (t) — lim t Dy(tr) > i + €.

k—o0

This clearly contradicts (EC14). [ |

Remark EC1.4 The above proof would be valid also if the definition of fegigjtfor given \ is a
weaker version of (3). Specifically, it suffices to assumie tha

, R;(t) B :
llrltris:ij { A0 > al} =0, foralli € 7. (EC17)
In this case we can find a sequer{eg} T oo such that
—«a; | — 0, forall A EC1
(Ai(tn) a,) 0, forall: € Z, (EC18)

a.s. ast — oo. Then the same arguments in the proof can be used to comipéepedof.
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Proof of Theorem 6.2: We first show thatV(A) is feasible to the RSPP (11). L&t = {k €
L(A) : M(k) € B(N(A))}. Feasibility of N(A) to (MIP-RSPP) implieg_, _-pr > 1 — 0. Then,
sinceA(k) € B(N(A)) impliesA € B(N(A)) forall A € A;, we obtain

Pz(A€BN(A)) =Y Pr(A) =D =136

keF keF

and soN (A) is feasible to (RSPP).

Next, letN* be an optimal solution to (11), so thatspp = ¢- N*. Let L*(A) = {k € L(A) :
A, N B(N*) # 0}. Now defineN by N; = N + A" (1/pu;;) for j € J. We show thatV
is feasible to (MIP-RSPP). To do so, we first demonstratextvat € B(N) for eachk € L£*(A).
Consider anyc € £*(A) and let\ € A, N B(N*). As X € B(N*) there existss € RZ*7 such
that

Z pijvig > Ni(1 — i), i € I, Z vij < Nj, jeJ.

JEJT(4) i€Z(j

Let’ be defined by;; = vi; + A/pu;;. Then

Z,Lbijl/;j = Z,uijl/ij +A>N(1—a;) + A > N(k)(1 — ),
€T JjeTJ
for eachi € 7 and

1 1 _
Z ZVZ]+AZ_§NJ*+AZ_:NJ
i€T i€T iez Hii iz Hii
for eachj € J. Thus,\(k) € B(N). Then we have
P;(A > Y p= Y PuAeA) =Py (AeB(NT)) =14,

keL*(A) keL*(A)
where the last inequality follows from feasibility ¢f* to (11) and the second-to-last follows
becauseB(N*) C Uger-a)Ax. Thus, we have proved tha¥ is feasible to (MIP-RSPP) and
therefore

¢c-N>c-N(A)

by optimality of N(A) to (MIP-RSPP). Therefore,

chNj(A) -2 < chNj —ch-N* ZCJAZ

jeET jeET JET jeT i€l ””

whereC := 3", ;> . 7 ¢i/ - .



Proof of Theorem 7.1: First we show the feasibility aV. Fork € F we define

BecauseV is feasible if the arrival rate vector is equalXg, it is feasible for all\ € B, by the
assumed monotonicity of admissible policies. Hence, tobahility that/V is feasible is

P (UrerBi) > 1 -4,

by the definition of the frontier so thaX is feasible with respect to the chance-constraint. Fipally
using Theorem 6.1, we have

c-(N=N")=c- (N=N)+c-(N— N

< ¢(N = N)+ (2gspp — 2*) + € < ¢(N — N) +¢,

where the first inequality follows becaugé satisfies (21). Feasibility oV then implies that
¢- (N — N*) > 0 completing the proof of (24). [ |

Proof of Lemma EC1.1: Let Z(z) C Z7 be the set of staffing vector], for which a feasible
routing ruler exists. In other words, we say that is in Z(z) if there exists a policyr such
thata;(A + z, N,7m) < o for all i € Z. We will now shot thatZ is non-empty. Choosing then
N € Z, we have that solving (EC1) is equivalent to solving the peobminycz ¢ - N subject to
the constraint - N < ¢- N. This is an optimization problem over a compact set and hitzes
an optimal solutionV(z).

Hence, it only remains to identify a pdiV, 7) that is feasible for (EC1). This will guarantee
then thatZ is non empty. We do this as follows: Igtbe a policy that satisfies the following two
properties: (i) it is work conserving policy, i.e, it doestmdle an agent while there is a customer
waiting in one of the queues that can be served by that agert)(ii) it is Markovian with respect
to the state-descriptat(t) = (Q;(t), Z;;(t);i € Z(j),j € J) whereQ;(t) is the class-queue
length at timet and Z;;(t) is the number of typg-server serving classeustomers at time. A
simple example for a potential choice is a policy that semdaraving customer to any available
server that can serve this customer and under which a newaliable server serves the customer
from the longest queue among those queues that he is cafjaele/mg.

Let N be suchthatV;, = N, = ... = N, = M and putN (M) := (M, M, ..., M). We will
show that

a;(A\+ 2, N(M),7) — 0, asM — oo, foralli e 7. (EC19)
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Choosing choos@/, large enough(N (M), ) will be such thatV (M,) € Z thus establishing
that Z is non-empty.

Hence, we turn to establish (EC19). To that end Nett) := Qi(t) + >_ ;) Zi;(t) be the
number of clasg-customers in the system at timeOne can construct sample pathsXg{¢) so
that X;(t) < Y;(¢) for all ¢t > 0 whereY;(¢) is the number of customers in ad /M /oo queue
with arrival rate); + z; and service ratenin{6;, Hi} whereﬁi = minjez() pij. Moreover, one
can construct the sample path so that the bounding infieitees processes; (), ..., Y;(t) are
independent.

E () XiA+z N(M), 7)—M)*

i€l(j)

<E[Zy M]

where X;(\ + Z, N(M),fr) andY; have the steady-state distribution &f(¢) andY;(t). Since
(D ier Yi—M)* L 0asM — oo and sincgY; — M)* <Y, we have by dominated convergence
that & [(ZZEI(])Y M)* } — 0asM — oo. Inturn,

ZX + 2, N(M),7)— M)*| =0, asM — oo,

and this holds for eachie J. Next we relate this result to the abandonments. Becau$e efark
conservation ofr, we have thad ", ;) Qi(A + 2, N(M), %) < (3 ,e;5 Xi(A + 2, N(M), 7) —
M), therefore

i€l (j)

S E [Q, N (M), ﬁ)] 0, asM — oo, (EC20)

1€Z(4)

forall j € J. By an application of Little’s law, we have

(i + Z)ai(A + 2, N(M), 7) = 6,8 [ Qu(A+ 2, N(M), 7)]
so that (EC20) implies, in particular, that

a;(A+z,N(M),7) — 0, asM — oc.

This establishes (EC19) and concludes the proof of the lemma [ |
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