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Motivated by call center co-sourcing problems, we consider a service network operated under an overflow mechanism.

Calls are first routed to an in-house (or dedicated) service station that has a finite waiting room. If the waiting room is

full, the call is overflowed to an outside provider (an overflow station) that might also be serving overflows from other

stations. We establish approximations for overflow networks with many-servers under a resource-pooling assumption

which stipulates, in our context, that the fraction of overflowed calls is non-negligible. Our two main results are (i) an

approximation for the overflow processes via limit theorems and (ii) asymptotic independence between each of the in-

house stations and the overflow station. In particular, we show that, as the system becomes large, the dependency between

each in-house station and the overflow station becomes negligible. Independence between stations in overflow networks

is assumed in the literature on call centers, and we provide a rigorous support for those useful heuristics.
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1. Introduction

This work is motivated by call center applications and, in particular, call center outsourcing. Even though

call centers often serve as a primary channel of interaction of firms with their customers, not all firms

manage their call-center operations in-house. Some firms outsource their call-center operations entirely,

while others choose to serve a significant share of the customers in-house, and route only some of the calls

to an outside provider/outsourcer. The latter policy is sometimes referred to as co-sourcing; see the detailed

discussion in Zhou and Ren [2010]. A network with co-sourcing can be modeled by a queueing system

with multiple queues overflowing some of the calls to an outsourcer. Figure 1 is a schematic depiction of

two such networks. The outsourcer may provide a dedicated pool to each input stream, as in Figure 1(a) –

which is prevalent in practice – or use a multi-class (and possibly multi-pool) configuration with Skill-Based
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Routing (SBR) as in Figure 1(b).

 

λ1 λ2 λ 

(a) (b) 

Figure 1 A network with in-house call centers and an outsourcer: (a) overflow is served by dedicated pool (b) overflows are

served in a multi-class multi-pool system with SBR

Call overflow is a simple mechanism by which to divide the calls in real time between the in-house call

center and the outsourcer. An arriving call is overflowed to the outsourcer when the queue length (found by

this arrival) exceeds a pre-specified threshold. Hence, the in-house call center operates as a queue with a

finite waiting room. In this work we are primarily interested in the performance analysis of such overflow

networks.

Our performance analysis should be placed in the context of, and is motivated by, optimization problems

that emerge in the management of such distributed systems, with call center outsourcing being a primary

example. In some settings (as studied, e.g., in Chevalier et al. [2004]; see §2) there may be a central planner

that makes the capacity planning and real-time control decisions for the entire network with the objective

of minimizing total network costs subject to some Quality-of-Service (QoS) targets. Such a central plan-

ner/controller will be informed about the parameters across the network (exogenous parameters as well as

decision variables) and may also have access to the real-time information about the state of each of the

queues. Given the complexity of the network, the central planner faces a difficult optimization problem and

it is desirable to have simple prescriptions that utilize the information that is available to the planner.
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Figure 2 Different coordination schemes for outsourcing: (a) overflow with dedicated outsourcer (b) pooled network with

dedicated outsourcer (c) overflow with pooled outsourcer (d) pooling with pooled outsourcer

When the network is managed in a decentralized manner (as is often the case in outsourcing), such

information may not be readily available to “local” planners and controllers. In addition to practical pre-

scriptions, one is interested in means to compare the performance of various coordination schemes for the

decentralized network. Such comparisons are conducted in Gans and Zhou [2007]; see §2. Given a Quality

of Service (QoS) constraint that is placed on all customers – served in-house or overflowed, one can then

ask what is the best outsourcing coordination mechanism that will guarantee that the constraint is met at a

minimal capacity cost.

Coordination mechanisms may differ in the way in which information is shared, and the way in which

queues are pooled. Different coordination mechanisms will result in different queueing systems as depicted

in Figure 2. Figures 2(a) and 2(b) are the non-coordinated and coordinated versions of Figure 1(a), whereas

Figures 2(c) and 2(d) correspond to the setting in Figure 1(b) in which the outsourcer uses a common system

to serve multiple (in this case, two) input streams.

Figures 2(a) and 2(c) depict cases in which there is no pooling. The in-house call centers use some policy

to overflow calls to the outsourcer who guarantees to meet a service level target. No queues are pooled and

no real-time information is shared between the parties. Partial coordination can be achieved by sharing real-

time information. In the multiple-streams case, depicted in Figure 2(c), real-time information about the state

of the queues in the in-house call centers may allow the outsourcer to intelligently choose his prioritization

rule and, in turn, decrease his capacity costs. The level of coordination can be increased further by having
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joint virtual queues so that calls are pulled from a common queue (by either in-house or an outsourcer

agents). The resulting pooled systems are as depicted in Figures 2(b) and 2(d), and are referred to in the

literature as the inverted-V (or
∧

) and M models, respectively.

To compare the various schemes one needs to evaluate the performance of the overflow network with

respect to various QoS metrics. While some metrics (such as the Average Speed of Answer (ASA)) are

separable via Little’s law, most QoS metrics require knowledge of the joint distribution of the queues.

Furthermore, for practical purposes, it is desirable to have accurate (but simple) approximations for the

overflow processes and the queueing-system dynamics. Such approximations may facilitate solutions for

the respective optimization problems of both the in-house call centers and the outsourcer. Our performance

analysis, and the simplifications it introduces, has implications for decision making in both the centralized

and decentralized settings. We conduct the performance analysis in a many-server heavy-traffic regime with

resource pooling.

In the context of outsourcing, the resource-pooling condition can be interpreted as corresponding to non-

negligible co-sourcing, namely, to settings in which the capacities of the in-house centers require that a

non-negligible fraction (but not all) of the calls be overflowed. The survey ICM [2006] indicates that the

percentage of call centers that fall in this category is significant, and that a relatively small percentage of

firms rely on an outsourcer to handle most or all of their call volume. There may be multiple reasons for

this prevalence. Vendors, for example, may charge a minimal fixed cost (say, for hiring and training costs)

that renders it profitable for the client to outsource more than a negligible fraction of his calls. Also, clients

may face physical constraints on their in-house capacity that limit the volume of calls that can be handled

in-house in busy days. The explicit economic modeling of this choice is beyond the scope of this paper.

Rather, we impose this “non-negligible overflow” as an assumption; see §3.2 for the formal definition of

this requirement.

Our main results are summarized below:

1. The overflow process: In the Markovian setting, the overflow process is a renewal process having

an inter-arrival time distribution that can be identified explicitly by means of Laplace transforms; see §2.

We improve the understanding of this process by using many-server approximations instead. Building on
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regenerative-process arguments, we prove limit theorems for the overflow process. We show that the over-

flow process can be approximated by a drifted Brownian motion whose mean and variance terms we identify

as explicit functions of the capacity of the in-house call center. Interestingly, the instantaneous drift of this

Brownian motion does not depend on the actual state of the in-house station or on the time point t. Rather,

for each time t, the instantaneous drift depends only on the long-run probability of blocking in the in-house

pool. That phenomenon is caused by an Averaging Principle (AP), which is a consequence of a separation

of time scales, further discussed below.

Our results in this context have both theoretical and practical implications: first, the characterization of

the limit provides insight into properties of the overflow process and, specifically, into the way in which its

variability depends on the capacity of the in-house call center. Second, a simplified (closed form) character-

ization of the overflow process is useful for purposes of capacity and prioritization optimization in overflow

networks.

2. Characterization of the joint distribution: In terms of detailed analysis of the network, one would

ideally be able to characterize for each t (or at least in steady-state) the joint distribution of the number-in-

system processes. For example, we are interested in the joint distribution of (XI(t),XO(t)), where XI(t)

and XO(t) are the head-counts in the “in-house” station and the “outsourcer” station, respectively, at time t.

Since a network with overflow does not have, in general, a product-form distribution, this joint distribution

can be identified only via brute-force computation.

Simplifications in heavy-traffic are often achieved via a reduction of dimensionality, typically referred to

as State-Space Collapse (SSC). In our setting, the corresponding SSC result implies that, under appropriate

diffusion scaling, XI(t) is approximated by a deterministic constant, whereas XO(t) is stochastic. It thus

may seem that, through SSC, we achieve a great simplification for computing the joint distribution above.

However, this SSC result is somewhat crude and deceiving since, if both XI(t) and XO(t) are scaled

in the same manner, meaningful information regarding XI(t) is lost. To gain a better understanding of the

system, we must conduct a more refined analysis and consider the in-house station without any scaling, so

that no part of the network degenerates in the limit. We then prove that, under the resource pooling condi-

tion, the in-house station is asymptotically independent of the outsourcer station, i.e., that the dependency
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between the stations diminishes as the size of the system increases. In particular, we show that the joint

distribution above “approaches” a product-form structure as the system size grows, for each time t and not

only in steady-state. Such independence, as we formally prove here, is assumed heuristically in multiple

papers that consider optimization problems for call centers with overflow; see §2.

The asymptotic independence is not implied directly by the SSC mentioned above. Rather, it requires a

different analysis that builds on the fast oscillations of the in-house queue about the threshold determining

the buffer size. These oscillations are not only relatively small – as reflected by the SSC result – but they are

also sufficiently fast, so that a separation of time scales occurs in the limit. In particular, the in-house queue

operates in a faster time scale than that of the outsourcer, so that, relative to the outsourcer, the in-house

queue approaches its steady-state instantaneously at each time point t, a phenomenon typically referred to

as “pointwise stationarity”.

3. Implications to outsourcing: Our performance analysis has the following implications for the com-

parison of the different coordination schemes in Figure 2: (i) The complexity of the overflow network in

Figure 2(c) is no greater than that of three independent queueing systems: two simple ones (with a sin-

gle customer class and a single agent group), and one that corresponds to a multi-class single-pool system

(often referred to as the V model). (ii) The overflow networks with and without real-time information shar-

ing are, in a sense, equivalent. This strong statement follows from our result that the absence of real-time

information on the state of the stations, has at most negligible effect on the optimal prioritization chosen

by the outsourcer and on his corresponding capacity costs. As a result, comparing the overflow network in

Figure 2(c) (without real-time information sharing) to the pooled network in Figure 2(d) is equivalent to

comparing a centrally controlled V model to the centrally controlled pooled system.

Finally, while results in the spirit of our separation of time scales (and the resulting pointwise stationarity

and AP) are often complicated to prove, the specific structure of the network that we study allows us to

provide relatively simple proofs, so that mathematical complexity does not obscure the underlying intuition.

2. Literature Review

Four streams of literature are directly related to our work: (i) queueing models of call centers, (ii) queueing

systems with blocking, (iii) call-center outsourcing and (iv) pointwise stationarity and averaging principles
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in queueing systems.

The literature on queueing aspects of call centers is now vast and we refer the reader to the three survey

papers Akşin et al. [2007], Gans et al. [2003] and Koole and Pot [2006]. The latter focuses specifically on

multi-class multi-skill call centers. Below we discuss only the papers that are most relevant to our work.

For a survey on service outsourcing and, more specifically, on call-center outsourcing, we refer the reader

to Zhou and Ren [2010]. Most of that literature focuses on settings in which the firm outsources all of its

calls. Co-sourcing is studied in Gans and Zhou [2007], taking into account the queueing effects. The focus of

that paper is on the comparison of different outsourcing schemes with respect to the way in which capacity

and control are coordinated in the network. A combination of dynamic programming and simulation is used

to draw conclusions about the performance of the different schemes. In essence, the paper is concerned with

the tradeoff between the level of coordination (information sharing or pooling) and the cost of capacity in

the absence of such coordination. The model studied in Gans and Zhou [2007] is different than the one we

study here: In their model, the in-house call center serves two classes of customers of which only the lower-

priority calls may be overflowed and the overflow is based on the number of idle servers in the in-house call

center rather than on the buffer space. The analysis in Gans and Zhou [2007] underscores the difficulty in

evaluating coordinating schemes given the relative intractability of the underlying overflow network. Our

results facilitate such analysis for the family of models discussed in §1. It is likely, but yet to be proved, that

results of similar spirit holds for the model Gans and Zhou [2007].

Approximations and bounds for overflow queues have been proposed both in the queueing literature and,

more specifically, in the context of call centers. Two notable examples being the papers Koole and Talim

[2000] and Frankx et al. [2006]. These papers also contain an account of earlier heuristic approximations and

bounds. In Koole and Talim [2000] the overflow process is approximated by a Poisson process. In Frankx

et al. [2006] the approximation is improved by using, instead, a renewal process with hyper-exponential

inter-arrival times. The authors study the loss probability in a call center with sequential overflows. In

addition to the overflow approximation, the different stations are treated heuristically as being independent.

In fact, in most papers that study call centers with overflow, independence between the stations is employed

(explicitly or implicitly) in the construction of approximations for the overflow processes; see e.g. Frankx
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et al. [2006], Avramidis et al. [2009], Chevalier and Van den Schrieck [2008], Chevalier and Tabordon

[2003], Bhulai and Roubos [2010] and references therein.

Two other papers that are closely related to ours are Chevalier et al. [2004] and Chevalier and Tabordon

[2003]. These papers consider a pure-loss multi-station system (there is no queueing in any station) having

a set of dedicated stations and one pool of generalists (fully flexible servers). The focus in those papers is

on using heuristics, based on the Hayward’s approximation, to compute the probability of blocking and to

provide staffing recommendations.

Loss queues, and more generally loss networks, have received significant attention in the queueing sys-

tems literature outside of a specific application context. Most papers focus on identifying blocking probabili-

ties in such networks. For all but the simplest Markovian networks, the analysis of the blocking probabilities

is complicated so that many papers resort to heavy-traffic approximations. Examples in the single queue

context are Massey and Whitt [1996], Whitt [1984] and, in the network context, Heyman [1987], and Hunt

and Kurtz [1994]; see also references therein.

One of our main results is concerned with approximations for the overflow process. Exact analysis of

the inter-arrival time of the overflow renewal process via Laplace transforms are given, for example, in

van Doorn [1984]. In addition, various heuristic approximations have been proposed; see e.g. Pourbabai

[1987] and references therein. We take neither of these approaches. Instead, we achieve simplification by

considering heavy-traffic limits. In the Halfin-Whitt regime, also referred to as the Quality and Efficiency

Driven (QED) regime, limits for the M/M/N/K queue (having a Poisson arrival process, exponential

service times, N agents and a finite buffer of size K) have been studied in several papers; see Pang et al.

[2007] and references therein. There are also various papers considering limits for theM/M/N +M queue

(with abandonment but without blocking; the +M stands for exponential abandonments) in various heavy-

traffic regimes; see e.g. Whitt [2004] and references therein.

The optimality of a threshold-based overflow in an outsourcing setting has been established, for example,

in Koçağa and Ward [2010]. There, the authors consider the in-house call center in isolation and prove that

a threshold-based overflow policy is asymptotically optimal for a call center in the Halfin-Whitt (QED)

many-server regime that seeks to minimize the combined costs of overflow, waiting time and customer
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abandonment. It is important that in the QED regime the fraction of overflowed calls is negligible. We, in

contrast, study the network comprising of both the in-house call centers and the outsourcer, and analyze the

interaction between the two under the assumption that the fraction of calls overflowed is non-negligible.

Finally, in terms of the relevant technical literature, results in which a process is approximated at each

time point by a long-run average behavior of a related (“fast”) process are often said to exhibit an Averaging

Principle (AP). An AP appears in the limit whenever (at least) one of the processes evolves in a faster

time scale than the other processes considered, so that the prelimit “fast” process is replaced by a simpler

process, whose parameters reflect long-run average quantities. In our paper, the AP is useful in simplifying

the system performance analysis. There are several papers that deal with AP results in queueing systems,

and we review the most relevant among these.

In Hunt and Kurtz [1994], functional law-of-large-numbers (FLLN) (or “fluid limits”) are considered

for large loss networks (with overflows between the various stations), and an AP-type result is established

for the idle-capacity process. In the context of multi-class multi-pool systems with Skill-Based Routing

(SBR), our work is closely related to the sequence of papers Perry and Whitt [2010a,b,d,c] and Perry and

Whitt [2009]. The latter reference considers a network of two customer classes with two server pools, and

proposes a threshold-based routing policy to minimize convex holding costs. The proposed policy induces

an AP. The sequence of papers Perry and Whitt [2010a,b,d,c] provides the technical support for Perry and

Whitt [2009] by establishing corresponding functional limit theorems (FLLN as well as FCLT). Our model

is different than that of Perry and Whitt [2009] in that we have overflow (customers are routed upon arrival)

rather than routing (customers being “pulled” from queues), but there are some important similarities. In

both models it is the fast oscillation around the thresholds that creates the AP.

The AP is related to pointwise stationary approximations (see e.g. Bassamboo et al. [2009], Whitt [1991],

Perry and Whitt [2010b] and references therein) as both phenomena are driven by a separation of time

scales. Whereas the former, however, is concerned with process approximations, the latter is concerned with

fixed times t. In the diffusion limit, the AP “replaces” a fast-time-scale process, whose instantaneous drift

and variance are state-dependent, with a process whose instantaneous parameters are constants and in which

the instantaneous drift is, at each time point, equal to the original process’s long run average. The pointwise
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stationarity result focuses on a given time point t and is concerned with the fast process achieving its steady

state instantaneously, again at each time point.

For most of the paper we will focus on the simpler setting in Figure 1(a), but in §EC.2 we will show

how our results extend to the setting with SBR in Figure 1(b). When we discuss the SBR setting we will

highlight how, with our results, analysis of the outsourcer station can draw on established results provided

the SBR protocol has certain properties. The Queue-and-Idleness Ratio (QIR) controls, studied in Gurvich

and Whitt [2009b,a, 2010], is one family of routing rules that has the desired properties, but many other

controls are possible; see §EC.2.

Contribution to existing literature. Our contribution is four-fold: First, we provide a simple, yet rigor-

ously justified, approximation for the overflow process in large systems, when the proportion of overflowed

customers is non-negligible. Second, we establish an (a-typical) asymptotic independence result showing

that the complex overflow network exhibits an “asymptotic” product form distribution. This result justifies

some of the heuristics used in the existing literature, as reviewed above. Third, we provide tools that can be

used to explicitly take into account the queueing effects when optimizing overflow networks or analyzing,

for example, contracts and outsourcing schemes. Finally, in our setting, the separation-of-time-scales phe-

nomenon carries useful implications to the management of the underlying service-system. To the best of

our knowledge, ours is the first instance where such separation of time scales leads to a pointwise stationary

product-form distribution. Moreover, the mathematical analysis in this paper is simpler than in some of

the papers reviewed above, especially in terms of the AP. This relative simplicity makes the instantaneous

stationarity and fast averaging phenomenons more accessible and revealing.

Organization of the remainder of the paper: We introduce the model in §3, starting with the simple

setting in Figure 1(a). This allows us to discuss outsourcing problems more formally. Those problems are

used to motivate the main results, which are stated in §4. Some concluding remarks appear in §5. All the

results are proved in the e-companion where we also analyze the extension to the multiclass setting, as the

one in Figure 1(b).
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3. The Model

We initially consider a system consisting of a single in-house station, which we refer to as station I , and an

outsourcer station to which we refer as station O. Station I has NI servers and a finite waiting room of size

KI ≥ 0. In turn, there can be at most KI customers in queue and at most a total of NI +KI customers in

the station at any given time. Exogenous arrivals follow a Poisson process A= {A(t), t≥ 0} with rate λ.

A customer that arrives to find less than NI +KI customers in station I (waiting or being served) enters this

station. The service discipline is First Come First Served (FCFS), and the service time is exponential with

rate µI . Customers that find exactly NI +KI customers in the station upon their arrival are overflowed to

station O. We denote by AO(t) the number of calls that arrived by time t (inclusive) and were overflowed.

The process AO = (AO(t), t≥ 0) is the overflow process.

For most of the paper, the overflow station is itself a single-class single-pool system to which the sole

input stream consists of the overflows from station I; see Figure 1(a). The overflow station has NO servers

and an infinite waiting space, the service discipline is FCFS and service times are exponential with rate µO.

This setup thus corresponds to an outsourcer serving each input stream through a dedicated facility; see

Figure 1(a). In §EC.2 we will show how the analysis extends to the setting in Figure 1(b) where multiple

overflow streams are served in one facility with SBR.

Finally, customers (callers) may abandon at any point during their wait in station I or station O. We

assume that customers have exponential patience with rate θ > 0. A customer abandons the queue if his

patience expires while waiting to be served. With the above assumptions, station I is anM/M/NI/KI+M .

Marginally, station O operates like a GI/M/NO + M queue where the arrival process is the overflow

process AO. Considered jointly, the arrival process to station O depends on the evolution of station I .

State descriptors: We let QI(t) and ZI(t) be, respectively, the number of customers in queue and in

service in station I at time t. We denote by XI(t) :=QI(t) +ZI(t) (where := stands for equality in defi-

nition) the corresponding total number of customers in station I (in service or waiting) at time t. Similarly,

QO(t), ZO(t) and XO(t) :=ZO(t)+QO(t) are the corresponding processes for station O. We let VI(t) and

VO(t) denote, respectively, the offered wait at time t in stations I and O. The offered wait is the time that
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an infinitely patient customer, arriving at time t, would have to wait before entering service; see Mandel-

baum and Zeltyn [2009]. The corresponding virtual waits for a customer arriving at time t, until he enters

service or abandons, are then given by WI(t) := VI(t)∧ τ and WO(t) := VO ∧ τ , where τ is an exponential

random variable with rate θ that is independent of the other random variables and stands for the customer’s

patience. The virtual waiting time for a customer arriving to the system at time t then depends on whether

that arriving customer is overflowed or not, and is given by

W (t) =WI(t)1{XI(t)<NI +KI}+WO(t)1{XI(t) =NI +KI}. (1)

3.1. A Motivating Example – Call Center Outsourcing

We start by considering the setting in Figure 2(a), i.e., we consider one in-house pool having a dedicated

service pool operated by an outsourcer. We assume that the capacity of the in-house pool is fixed and equal

to NI and the threshold is specified to be KI . The firm is interested in satisfying a constraint of the form

E [f(W (t))]≤ α that applies to all customers – served in-house or overflowed.1

Using (1) we have that

E [f(W (t))] =E [f(WI(t))1{XI(t)<NI +KI}] +E [f(WO(t))1{XI(t) =NI +KI}] . (2)

Given the capacity and threshold of the in-house call center, one can compute the first element on the right-

hand side of (2). Say it is equal to β ≤ α. To guarantee that the global QoS target is met, the outsourcer then

has to solve
minNO CO

s (N0)

s.t. E [f(WO(t))1{XI(t) =NI +KI}]≤ α−β,
NO ∈Z+.

(3)

Here, CO
s (·) is the capacity cost function for the outsourcer, and Z+ is the set of nonnegative integers. The

QoS constraint in (3) places a bound on a performance metric of the customer waiting time. Note that the

constraint depends on the joint distribution of stationsO and I . If the queues were pooled, as in Figure 2(b),

one would be solving (3) with the original constraint E [f(W (t))]≤ α and this would be an optimization

1 One may replace the requirement of time stable performance (i.e, for all t ≥ 0) with averages over finite horizons (see e.g.
Corollary 4.4). Under reasonable conditions one expects both constraints to be equivalent by PASTA.
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problem over a single-class multi-pool queueing system (known as the inverted-V model) as studied, for

example, in Armony [2005]. To compare the settings, we need to be able to solve (3).

In practice, the outsourcer would rarely solve a problem as in (3). In fact, it is more likely that the in-house

call center, given its parameters (λ,µI ,NI ,KI), would calculate the expected steady-state blocking proba-

bility pb := P{XI(∞) =NI +KI} and subsequently require from the outsourcer to satisfy the constraint

E[f(WO(t))] ≤ (α− β)/pb. In the special case in which the constraint is on the average wait (f(x) = x)

and the system is stationary (i.e, has the same distribution for each t), this simplification is, in fact, correct.

Indeed, by virtue of Little’s law, we then have that E[W (t)] = (1− pb)E[WI(t)] + pbE[WO(t)] for each t.

However, such a simplification is unlikely to provide the desired result for more general QoS metrics or for

non-stationary settings. Specifically, choosing NO to be the optimal solution to

minNO CO
s (N0)

s.t. E [f(WO(t))]≤ α−β
pb
,

NO ∈Z+,

(4)

does not guarantee that the global constraint E[f(W (t))]≤ α is met. Moreover, even if the solution to this

simplified problem is feasible with respect to the global constraint, the replacement of (3) with (4) may lead

to an increase in costs. In other words, the question raised is whether obtaining information about the joint

distribution (that allows to solve (4)), the outsourcer can reduce capacity costs compared to (4).

Information may carry more value in settings as in Figure 1(b), where the outsourcer serves multiple

customer classes and can use this information to determine the optimal prioritization of customers. For con-

creteness, assume that, exactly as in Figure 1(b), the outsourcer is serving two input streams from in-house

pools 1 and 2, having α1 and α2 as their QoS targets, and having capacity and threshold parameters Ni,I

andKi,I , such that βi :=E [f(Wi,I(t))1{Xi,I(t)<Ni,I +Ki,I}] , i= 1,2. (where we added the superscript

i to denote the respective in-house call center.) Let W1,O(t) and W2,O(t) be the virtual waiting times at the

outsourcer for input streams 1 and 2. Let Π denote a family of admissible prioritization policies. A prioriti-

zation policy π ∈Π specifies which customer class should a newly available agent serve, given that there are

customers waiting in both queues. We add a superscript π to the processes, to denote their dependence on

the prioritization policy. Then, in the non-pooled system (depicted in Figure 2(c)), the outsourcer’s problem

(3) becomes
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minN0
CO
s (N0)

s.t. E
[
f(W π

i,O(t))1{Xπ
i,I(t) =Ni +Ki}

]
≤ αi−βi, i= 1,2,

N ∈Z+, π ∈Π

(5)

One may be interested in two comparisons: First, one may examine how information sharing allows for

better prioritization rules and, in turn, lower capacity costs; Second, one can study the impact of pooling

by comparing the non-pooled system in Figure 2(c) with the pooled system in Figure 2(d). The latter is a

two-class three-agent-group system, with one pool serving both classes, often referred to as the M model of

SBR.

Our performance analysis will facilitate comparisons as those discussed above. Specifically, returning

to the notation of the simpler setting in Figure 1(a), we will show (see Theorems 4.3 and 4.4) that the

head count processes,XI(t) andXO(t), exhibit asymptotic independence, which further implies asymptotic

independence of the waiting times, namely,

E [f(W (t))]≈E [f(WI(t))]P{XI(t)<NI +KI}+E [f(WO(t))]P{XI(s) =NI +KI}. (6)

The asymptotic independence allows to replace the constraint in (3) by the simpler constraint

E [f(WO(t))]P{XI(t) =NI +KI} ≤ α−β.

Moreover, we will prove a pointwise stationarity result by which, for each t > 0 (and not only in sta-

tionarity), P{XI(t) = N + K} can be approximated by the steady-state probability of blocking in the

corresponding M/M/NI/KI +M queue.

Notably, even with this independence, the problem (3) is non-trivial since the input stream to the out-

sourcer’s queue (the overflow process) is a renewal process with a complicated inter-arrival-time distribu-

tion. We will provide an approximation for the overflow process via limit theorems; see Theorem 4.1. Our

approximation is characterized explicitly and in a simple way via the parameters λ,µI and NI ,KI of the

in-house call center. The overflow approximation will allow us to study the value of real-time state infor-

mation in the context of the optimization problem (5). We will show that the benefit of such information

towards the optimal cost in (5) is negligible; see §EC.2.
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We prove our results under the condition that the amount of overflow is non negligible. Namely, under

the condition that (µINI + θKI)/λ< 1. This is a special case of what is referred to in the queueing heavy-

traffic literature as a resource pooling condition. The assumption of non-negligible overflow is formalized

in the next section.

3.2. Heavy-Traffic Scaling and Main Assumptions

We consider a sequence of systems, indexed by the arrival rate λ, and study the properties of the sequence

as λ grows. To make the dependence on the index explicit we add the superscript λ to all quantities and

processes. The service rates µI and µO and the abandonment rate θ are held fixed and we omit the superscript

from these. Then, Nλ
I , Nλ

O and Kλ
I stand, respectively, for the staffing levels in stations I and O, and the

maximal buffer space in station I in the λth system. These three quantities are assumed to be non-negative

and to satisfy the following assumption.

ASSUMPTION 1. (a resource pooling condition) The sequence {(Nλ
I ,K

λ
I )} satisfies

(1) lim
λ→∞

µIN
λ
I + θKλ

I

λ
= ν < 1 as λ→∞, and

(2) Nλ
O =Rλ

O + ς
√
Rλ
O + o

(√
Rλ
O

)
, where Rλ

O =
λ−µINλ

I − θKλ
I

µO
, −∞< ς <∞,

where, for a family of numbers
{
aλ; λ≥ 0

}
, aλ = o(f(λ)) if limsupλ→∞ |aλ/f(λ)|= 0. The first item in

Assumption 1 is the formalization of the resource pooling condition. It requires that the fraction of incoming

calls that have to be overflowed (out of the total arrival rate) is non-negligible. Indeed, since θKλ
I +µIN

λ
I

is the maximum rate of departures from station I (via service completions or abandonment), the volume

of overflowed calls will be at least λ− µINλ
I − θKλ

I . Observe that we do not impose additional scaling

restrictions on the threshold beyond the requirement that, together with the staffing, the resource pooling

condition is satisfied.

The quantity Rλ
O can be thought of as the offered load to station O. Item (2) in Assumption 1 then

requires that station O is staffed according to the so-called “square root safety staffing rule”. In fact, a

weaker condition suffices for our analysis, namely that

lim inf
λ→∞

Nλ
O

Rλ
O

≥ 1, (7)
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or, in words, that station O has sufficient capacity to serve a majority (but not necessarily all) of the over-

flowed calls. The square-root safety staffing is one particular choice that satisfies (7). We impose the more

restrictive square root rule to make our statements cleaner. Remark 4.5 explains how our results are extended

to the general case.

Scaled processes: We introduce the following scaled processes:

X̂λ
I (t) :=

Xλ
I (t)− (Nλ

I +Kλ
I )√

λ
, Q̂λ

O(t) :=
Qλ
O(t)√
λ
, X̂λ

O(t) :=
Xλ
O(t)−Rλ

O√
λ

,

and

ÂλO(t) :=
AλO(t)− (λ−µINλ

I − θKλ
I )t√

λ
.

Per our previous discussion, it is natural to center Xλ
O(t) around the offered load Rλ

O and center AλO(t)

about its first order estimate (λI − µINλ
I − θKλ

I )t. We will show that this centering indeed gives rise

to meaningful limits. As mentioned in the introduction, for our asymptotic independence results we will

consider the (unscaled) process Xλ
I rather that its scaled version defined above.

Some notational conventions: Following standard conventions we use Z+ to denote the nonnegative inte-

gers, and use R and R+ to denote, respectively, the real numbers and the non-negative real numbers. For an

integer d≥ 1, we let Rd denote all d-dimensional vectors with components in R and let ‖ · ‖ be the usual

euclidean norm on Rd.

We use d
= to denote equality in distribution and ⇒ to denote convergence in distribution (i.e., weak

convergence of random variables or random processes). For a family of random variables
{
Y λ
}

in Rd we

write Y λ ⇒ Y when the sequence of random variables Y λ converges in distribution to a limit random

variable Y .

We remove the time index from processes when referring to the whole process rather than its value at a

specific time point. For example, we write Xλ
I for the process (Xλ

I (t), t≥ 0). We let e denote the identity

function, namely, e(t) = t for all t≥ 0.

We letDd :=Dd[0,∞) be the space of functions that are Right-Continuous with Left Limits (RCLL) from

[0,∞) to Rd (when d= 1 we remove the superscript), endowed with the usual Skorohod J1 topology. All
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underlying processes are assumed to be constructed as RCLL functions. If {xλ} is a sequence ofDd-valued

processes, we will write xλ⇒ x to denote convergence in distribution in Dd[0,∞). We will write that the

convergence is in Dd(0,∞) when the convergence holds on compact subsets of (0,∞) (i.e., excluding the

point 0). Since all our established limits are continuous, convergence in any of the common non-uniform

metrics on Dd is equivalent to uniform convergence.

Finally, following standard notation, for a family of numbers
{
aλ; λ≥ 0

}
, we write aλ = O(f(λ)) if

limsupλ→∞ |aλ/f(λ)|<∞ and write aλ = o(f(λ)) if limsupλ→∞ |aλ/f(λ)|= 0. In particular, aλ = o(1)

if aλ → 0 as λ→∞. Analogously, for a sequence Gλ of random variables we write Gλ = OP (f(λ))

if the sequence {‖Gλ‖/f(λ)} is tight (see Billingsley [1968]). We say that Gλ = oP (f(λ)) whenever

‖Gλ‖/f(λ)⇒ 0. For a sequence of stochastic processes {Y λ}, we say that Y λ = op(f(λ)) if, for each T ,

the sequence of random variables Gλ := sup0≤s≤T ‖Y λ(s)‖ satisfies Gλ = oP (f(λ)).

4. Main Results

In this section we state our main results. Theorem 4.1 is concerned with a Brownian approximation for

the overflow process. Theorem 4.3 is concerned with the asymptotic independence of stations I and O

and Corollaries 4.4 and 4.5 are concerned with the implications of asymptotic independence to the virtual

waiting time and related averages. Throughout, Assumption 1 holds, and ν is as defined in item (1) of that

assumption.

A key role in our results is played by the process Dλ
I = {Dλ

I (t), t≥ 0} defined for each t by

Dλ
I (t) :=Nλ

I +Kλ
I −Xλ

I (t). (8)

This process captures the difference between the number of customers present in station I , Xλ
I , and the

maximum space in this station, Nλ
I +Kλ

I . Hence, Dλ
I is a non-negative process taking integer values in

[0,Nλ
I +Kλ

I ]. We refer to Dλ
I as the availability process since a customer enters station I if Dλ

I (t) > 0

and is overflowed otherwise. The amount of time on [0, t] in which customers cannot enter station I is then

given by the process Cλ
I defined for each t by

Cλ
I (t) :=

∫ t

0

1{Dλ
I (s) = 0}ds. (9)
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4.1. Limit Approximations for the Overflow Process

THEOREM 4.1. (FCLT for the overflow process) Suppose that Assumption 1 holds and that

X̂λ
I (0)⇒ X̂I(0) as λ→∞. (10)

Then (
ÂλO, X̂

λ
I ,C

λ
I

)
⇒ (σBO,0e, (1− ν)e) in D as λ→∞,

where σ=
√

1 + ν and BO is a standard Brownian motion.

REMARK 4.1. (implications) It follows from Theorem 4.1 that, under the resource pooling condition, the

overflow process satisfies

AλO = (λ−µINλ
I − θKλ

I )e+
√
λσBO + oP (

√
λ).

It is useful to note that the same approximation applies to a renewal process with mean inter-arrival time

1/(λ−µINλ
I − θKλ

I ) and squared coefficient of variation (SCV) for the inter-arrival times given by

λσ2

λ−µINλ
I − θKλ

I

≈ σ2

(1− ν)
≥ 1,

where ν is as in Assumption 1. Hence, Theorem 4.1 can be interpreted as stating that the overflow process

is asymptotically equivalent to that renewal process.

Observe that, as ν approaches 0, the SCV approaches 1, which is the SCV for a Poisson process. This

is to be expected since, as ν approaches 0, almost all calls are overflowed, so that the overflow process

becomes practically equal to the exogenous Poisson arrival process Aλ. If, on the other hand, ν approaches

1 (which corresponds to negligible overflow), the coefficient of variation grows proportionally to 1/(1−ν).

In short, the greater the overflow the smaller the corresponding variability relative to the mean.

Recall that the process Xλ
I evolves as the number of customers in an M/M/Nλ

I /K
λ
I + M queue. In

particular, for each λ, Xλ
I (t)⇒Xλ

I (∞) as t→∞, where the limit Xλ
I (∞) has the steady-state distribution

of a M/M/Nλ
I /K

λ
I +M queue with parameters λ,µI , θ. The following result is obtained as a corollary

of Theorem 4.1 after showing that the scaled sequence of random variables X̂λ
I (∞) indeed converges as
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λ→∞. For the following, we let pλb be the steady-state probability of blocking in this queue. From PASTA

it holds that

pλb := P{Xλ
I (∞) =Nλ

I +Kλ
I }.

COROLLARY 4.2. Suppose that Assumption 1 holds. If Xλ
I (0)

d
=Xλ

I (∞), then condition (10) is satisfied

and the result of Theorem 4.1 holds. Moreover, the sequence {pλb } satisfies

pλb =
λ−µINλ

I − θKλ
I

λ
+ o

(
1√
λ

)
= (1− ν) + o(1). (11)

One expects the long-run rate of overflows to be equal to λP{Xλ
I (∞) = Nλ

I +Kλ
I }. Theorem 4.1 and

Corollary 4.2 show that this rate actually holds for each t > 0. This “instantaneous steady-state” result is a

consequence of an averaging principle (AP), as explained in the following remark.

REMARK 4.2. (an AP)

Focusing first on long-run averages, Corollary 4.2 shows that 1 − ν is approximately the steady-state

(and, in turn, the long-run) fraction of time that station I is full (and the process Dλ
I spends at state 0). That

is, for each λ, we have that

P{Xλ
I (∞) =Nλ

I +Kλ
I }= lim

t→∞

1

t

∫ t

0

1{Dλ
I (s) = 0}ds= 1− ν+ o(1),

with the o(1) term converging to zero as λ grows large. The uniform convergence of Cλ
I to (1−ν)e implies

something stronger. This convergence holds on any time interval [t0, t1), t0 < t1 and without any time and/or

space scaling. In other words, on any time interval, no matter how small, the average availability coincides

with the long-run average one. This phenomenon, in which the cumulative process Cλ
I is replaced in the

limit by its (deterministic) long-run average behavior, is an instance of the AP.

4.2. Asymptotic Independence

Theorem 4.1 shows that X̂λ
I ⇒ 0 in a suitable sense. This can be interpreted as a state-space collapse (SSC)

result whereby the two dimensional network is reduced to a one dimensional limit. We will later show (see

Lemma EC.1.2) that there is, in fact, a joint convergence of station I and O in the sense (X̂λ
I , X̂

λ
O)⇒

(X̂I , X̂O) over compact intervals of (0,∞) where X̂I ≡ 0e. Hence, the sequence {(X̂λ
I , X̂

λ
O)} exhibits a
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trivial form of independence under diffusion scaling. This trivialization is a consequence of scaling the

centered Xλ
I and Xλ

O by the common factor
√
λ, rather than scaling each by its “natural” scale that will

produce non-trivial limits.

The natural scaling factor for Xλ
O is
√
λ. Indeed, marginally, Xλ

O evolves as an GI/M/Nλ
O +M queue in

the Halfin-Whitt regime, for which diffusion limits have been established; see e.g. Whitt [2005], Dai et al.

[2010]. However, this is not true for Xλ
I . In fact, as we show in our proofs (see Lemma EC.1.2), Xλ

I “lives”

in a neighborhood of o(
√
λ) around Nλ

I +Kλ
I so that, in particular, Dλ

I is a process of magnitude o(
√
λ).

Thus, the limit of X̂λ
I gives no valuable information for the pre limit. The following example illustrates

further why using a common scaler can “wash away” the dependency structures.

EXAMPLE 1. Consider two sequences of random variables, {Xn}n≥1 and {Y n}n≥1, where Y n = 1 with

probability (w.p.) 1/2, and Y n = 0 otherwise. Let Xn =
√
n if Y n > 0 and Xn = 0 otherwise. Consider

first the (sequence of) scaled variables X̂n := Xn/
√
n and Ŷ n := Y n/

√
n. Since Ŷ n converges to the

deterministic limit 0, (X̂n, Ŷ n)⇒ (X̂, Ŷ ) (see, e.g. Theorem 11.4.5 in Whitt [2002a]), where X̂ = 1 w.p.

1/2 and X̂ = 0 otherwise, and Ŷ = 0 w.p.1. Clearly, the limit is such that X̂ is independent of Ŷ . However,

the dependency between X̂n and Ŷ n does not diminish as n grows. In particular, 1/2 = P{X̂n > 0, Ŷ n >

0} 6= P{X̂n > 0}P{Ŷ n > 0} = 1/4, for all n, no matter how large. To capture the dependency in the

limit, one has to consider, instead, the sequence {(X̂n, Y n)} (with Y n not scaled). In that case, for each n,

(X̂n, Y n) is equal to (1,1) with probability 1/2 and equal to (0,0) otherwise.

Based on these observations we pursue a refined analysis of the system, in which each of the processes

is scaled by its natural scaling, so that nontrivial limits emerge. This will allow us to prove a stronger

asymptotic independence between Dλ
I and X̂λ

O that will also imply the asymptotic independence of the

waiting times in the different stations. Our notion of independence is implicitly defined within the following

theorem.

THEOREM 4.3. (asymptotic independence) Suppose that Assumption 1 holds and that

(X̂λ
I (0), X̂λ

O(0))⇒ (X̂I(0), X̂O(0)) as λ→∞. (12)
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Then Dλ
I and X̂λ

O are asymptotically independent for all t > 0. That is, for q ∈R and d∈Z+,

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}

= P
{
X̂λ
O(t)> q

}
P
{
Dλ
I (t) = d

}
+ o(1), t > 0.

Also, for all such q and d,

P
{
Q̂λ
O(t)> q,Dλ

I (t) = d
}

= P
{
Q̂λ
O(t)> q

}
P
{
Dλ
I (t) = d

}
+ o(1), t > 0.

REMARK 4.3. (intuition) The asymptotic independence of Dλ
I and X̂λ

O is driven by a separation between

the time scales of the (unscaled) process Dλ
I and the (scaled) process X̂λ

O. The process Dλ
I approaches

steady-state almost instantaneously so that, for fixed t, ε > 0 and all λ large enough, Dλ
I (t+ ε) is “almost”

independent of the “initial state” at time t, Dλ
I (t). To prove this instantaneous steady-state limiting result

we will show that the excursions of Dλ
I above 0 (which correspond to excursions of Xλ

I below Nλ
I +Kλ

I ),

are similar to the positive excursions of a very fast M/M/1 queue with traffic intensity ν < 1. As λ grows,

this M/M/1 queue will have an increasing number of busy cycles over any interval [t, t+ ε) so that, in

the limit, it converges to its steady-state instantaneously; see (EC.5) in Theorem EC.1.4. The asymptotic

independence will then follow from the fact that the steady-state of an ergodic Markov chain is independent

of its initial condition.

The time scale of X̂λ
O is “slower”. Specifically, the process X̂λ

O(t) corresponds to a diffusion-scaled

GI/M/Nλ
O +M queue in the Halfin-Whitt regime and hence converges to a continuous process; see The-

orem 3.1 of Whitt [2005]. In turn, over a small interval of size ε, X̂λ
O “hardly” moves, so that X̂λ

O(t+ ε)≈

X̂λ
O(t). It follows that, since Dλ

I (t+ ε) is “almost independent” of both Dλ
I (t) and X̂λ

O(t), it is also “almost

independent” of X̂λ
O(t + ε). The proof of the asymptotic independence result is a formalization of this

intuition.

To state the results for the waiting-time metrics we introduce the following notation: We let wλk be the

waiting time of the kth customer to arrive (whether overflowed or not). We let wλk,O be the waiting time of

the kth customer that is overflowed upon arrival and wλk,I be the waiting time of the kth customer to enter

station I . Note that wλk = wλl,O for some integer l if the kth customer to arrive was overflowed. Similarly,
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wλk =wλl,I for some integer l if the kth customer to arrive was not overflowed. Finally, we let AλI (t) be the

number of customers admitted to station I by time t, i.e, AλI (t) :=Aλ(t)−AλO(t).

We focus on the case in whichKλ
I is of the order of

√
λ. Since stationO uses a square-root safety staffing,

one expects that both WI(t) = O(1/
√
λ) and WO(t) = O(1/

√
λ). Hence, to get meaningful results, as is

typical in critically loaded many-server queues, the waiting times are scaled up by a factor of
√
λ. Accord-

ingly, we let Ŵ λ(t) :=
√
λW λ(t) and we similarly define Ŵ λ

I (t) =
√
λW λ

I (t) and Ŵ λ
O(t) =

√
λW λ

O(t).

COROLLARY 4.4. Let f :R+→R+ be a bounded continuous function and assume thatKλ
I /
√
λ→ K̄I ≥ 0

as λ→∞. Then, under the conditions of Theorem 4.3, it holds for all t > 0 that

E
[
f(Ŵ λ(t))

]
=E

[
f(Ŵ λ

I (t)
]

(1− pλb ) +E
[
f(Ŵ λ

O(t)
]
pλb + o(1),

and

E

 1

Aλ(t)

Aλ(t)∑
k=1

f(
√
λwλk )

= (1− pλb )E

 1

AλI (t)

AλI (t)∑
k=1

f(
√
λwλk,I)

+ pλbE

 1

AλO(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

+ o(1).

COROLLARY 4.5. (limits for waiting-time metrics) Suppose that the conditions of Corollary 4.4 hold.

Then, uniformly on compact subsets of (0,∞), (Ŵ λ, Ŵ λ
I , Ŵ

λ
O)⇒ (Ŵ , ŴI , ŴO) as λ→∞, where ŴO

is the diffusion limit of the virtual waiting time process in the GI/M/Nλ
O +M queue, and ŴI ≡ K̄I/ν.

Moreover, for all t > 0,

lim
λ→∞

E
[
f(Ŵ λ(t))

]
= νE

[
f(ŴI(t)

]
+ (1− ν)E

[
f(ŴO(t))

]
,

and

lim
λ→∞

E

 1

Aλ(t)

Aλ(t)∑
k=1

f(
√
λwλk )

= ν
1

t

∫ t

0

E
[
f(ŴI(s))

]
ds+ (1− ν)

1

t

∫ t

0

E
[
f(ŴO(s))ds

]
.

The second limit in Corollary 4.5 can be viewed as an asymptotic finite-horizon ASTA (arrivals see time

averages) result.

REMARK 4.4. (discontinuous functions f) Corollary 4.5 requires that the function f(·) be continuous. In

fact, it suffices to require that f is such that the limit processes ŴO and ŴI satisfy∫ ∞
0

1

{
{ŴI(s)∈ disc{f}

}
ds=

∫ ∞
0

1

{
ŴO(s)∈ disc{f}

}
ds= 0 w.p. 1,
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where disc{f} is the set of discontinuity points of the function f . One case of special interest is f(x) =

1{x> T}, which corresponds to the common performance metric P{Ŵ λ(t)>T}. The result of Corollary

(4.5) continues to hold for this indicator function f provided that Kλ
I /
√
λ→ K̄I 6= νT , as λ→∞.

We conclude this section with a remark about the relaxation of item (2) in Assumption 1.

REMARK 4.5. (when station O does not use a square root rule) As pointed out in §3.2, the assumption

that station O uses a square-root staffing rule is not necessary and it suffices that (7) holds. In that case

Theorem 4.3 continues to hold with the following minor modifications: let γ be such that

Nλ
O =Rλ

O + ς(Rλ
O)γ + o

(
(Rλ

O)γ
)
.

Note that ς may be negative but by (7) ς < 0 necessarily implies that γ < 1. Define

bλ :=

{
Rλ
O if ς > 0 or γ ≤ 1/2,

Nλ
O +

µO|ς|(RλO)γ

θ
otherwise,

and cλ :=

{
0 if ς > 0 or γ ≤ 1/2,
µO|ς|(RλO)γ

θ
otherwise.

Then, one defines

X̂λ
O(t) =

Xλ
O(t)− bλ√

λ
, and Q̂λ

O(t) =
Qλ
O(t)− cλ√

λ
.

With these new definitions, the proofs of all the results remain unchanged. Clearly, the staffing rule for

station O does not affect Theorem 4.1, as that theorem focuses solely on station I . As for the asymptotic

independence results, the proofs reveal that all that we require regarding station O, is that, given (12), the

sequence of processes {X̂λ
O} is C-Tight (see Section 15 of Billingsley [1968]). Such tightness is guaranteed,

for example, if the sequence {X̂λ
O} converges to a continuous limit, as is indeed the case under the modified

definition of X̂λ
O and for any of the parameter combinations of γ and ς considered above. This convergence

follows from the fact that stationO is, in isolation, aGI/M/Nλ
O+M , and the application of existing results

from the literature. Specifically, for γ ≤ 1/2 the convergence follows, e.g., rom Theorem 7.6 in Pang et al.

[2007]. For ς < 0 and 1/2<γ < 1 such convergence is proved as in Theorem 2.1 of Whitt [2004]. Whereas

the result there is for γ = 1 similar arguments apply to any 1/2< γ ≤ 1. Finally, if ς > 0 and γ > 1/2, the

GI/M/Nλ
O +M queue is equivalent (asymptotically) to an GI/M/∞ queue, so that the fact that there is

convergence to a continuous limit follows from Whitt [1982].
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EXAMPLE 2. (a numerical example) We consider the network depicted in Figure 1(a). We use simulation

to illustrate our two key asymptotic results: (i) the approximation for the overflow process in Theorem 4.1

and (ii) the asymptotic independence in Theorem 4.3.

We simulate several instances of this network varying in size (arrivals and capacity). As a base example,

we consider a moderately-sized network, having a total capacity of 42 servers. The largest system we

consider has a total of 321 servers. To simplify the presentation of the results and choice of parameters, we

assume that there are no abandonments, i.e, that θ = 0, and that the service rates µI and µO are the same

and equal to 1.

When increasing the capacity and the arrival rate we keep a few constants fixed (in alignment with our

mathematical results). The constant ν, which represents the “fluid” proxy for the fraction of λ that can be

served in-house, is held fixed and equal to the value in the base case of 30/39. Also, the staffing in stationO

satisfies a square-root rule as in Assumption 1 with ς = 1. The “fluid” proxy for the overflow rate is λ−NI ,

so that the approximate load to station O is RO = λ−NI . We also keep constant the ratio KI/
√
λ (where

KI is, as before, the size of the buffer in station I) as well as the ratio q2/
√
NO where q2 is the value for

which we will measure P{QO(t)< q2}. Both KI and q2 are rounded to obtain integer values.

We sample the system at a time tS after initialization (all networks are initialized with all servers busy

but with no customers in either queue). To be consistent across instances, we let tS ≈ 3000/λ so that tS is

roughly the time it takes until 3000 customers have arrived to the system.2

We created the simulation in ARENA and ran 10,000 replications for each of the four parameter combi-

nations. The simulation output is rounded up to the 4th decimal number. The results are reported in Table

1. There are 6 columns in the simulation output. The value p1 corresponds to P{QI(tS) < q1} and the

value p2 to P{QI(tS) < q2}. The value reported in the column Joint corresponds to the joint probability

P{QI(tS)< q1,QO(tS)< q2}. By Theorem 4.3 we expect that, at least for large systems,

p1 · p2 = P{QI(tS)< q1}P{QO(tS)< q2} ≈ Joint. (13)

2 The scaling of the sampling time has a strong justification within the analysis: recall that the process Dλ
I evolves as a “fast”

underloadedM/M/1 queue that reaches steady-state within a time proportional to 1/λ. Thus, to capture all systems in the sequence
at a similar stage of their dynamics, one has to scale the sampling-time point by λ.



Author: Overflow Networks
Article submitted to Operations Research; manuscript no. (Please, provide the mansucript number!) 25

The column Sim. σ reports the standard deviation of the random variablesAO(tS)− (λ−NI)tS . The last

column reports σ :=
√

1 + ν
√
λtS . By Theorem 4.1 we expect that, at least for large systems,

Sim. σ≈ Th. σ. (14)

Table 1 Simulation Results

Input Output
# λ NI NO K q1 q2 tS p1 p2 Joint p1 · p2 Sim σ Th. σ
1 39 30 12 5 4 6 50 0.5603 0.6431 0.3878 0.3603 8.2255 8.3066
2 78 60 23 7 6 9 39 0.5841 0.7222 0.4390 0.4218 11.3639 11.7473
3 156 120 42 10 9 12 20 0.5884 0.6731 0.4088 0.3960 16.23576 16.6132
4 312 240 81 14 13 17 10 0.67 0.588 0.4415 0.4278 23.4415 23.4946

The simulation output is encouraging in terms of the applicability of the result to systems of moderate

sizes. The asymptotic independence (13) and the standard deviations of the overflow processes (14) that the

theory predicts hold convincingly even for systems of moderate size.

EXAMPLE 3. (back to the staffing problems (3) and (4)) Using the setting of Example 2, we next consider

the staffing problem (3) with t=∞ (i.e, in steady-state) and the performance function f(x) := 1{x > 0}.

In that case E[f(W λ(∞))] = P{W λ(∞)> 0} captures the expected fraction of callers experiencing delay

before being served. As in §3.1, given a fixed staffing NI in station I , we then ask what is the minimal

staffing level NO in station O that guarantees that P{W λ(∞) > 0} ≤ α. If Kλ
I = 0, a call that finds all

servers busy is overflow so that E[f(W λ(∞))1{Xλ
I (∞) < Nλ

I +Kλ
I }] = 0. It is also useful to note that

1{W λ
O(t)> 0}= 1{X̂λ

O(t)≥ 0} (customers have to wait only if all servers are busy).

With this choice of the function f , problems (3) and (4) become

minNO CO
s (Nλ

0 )

s.t. P{X̂λ
O(∞)≥ 0,Xλ

I (∞) =Nλ
I +Kλ

I } ≤ α,
NO ∈Z+,

(15)

and
minNO CO

s (Nλ
0 )

s.t. P{X̂λ
O(∞)≥ 0} ≤ α/pλb ,

NO ∈Z+,

(16)

In §3.1 we argued that our mathematical results will allow us to relate (15) to the simpler problem (16).
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In contrast to (15), the problem in (16) is a staffing problem for a GI/M/N queue for which simple

asymptotic solutions exist. Let ς∗ be such that ς̃ = 2ς∗/(1 + 1+ν
1−ν ) solves [1 + ς̃Φ(ς̃)

φ(ς̃)
]−1 = α/(1 − ν) and

φ(·),Φ(·) are, respectively, the standard normal density and distribution functions. Then, given our Theorem

4.1, it follows from Theorem 4 in Halfin and Whitt [1981] that the sequence {N̂λ
O} defined through

N̂λ
O = dRλ

O + ς∗
√
Rλ
Oe,

is asymptotically feasible for (16), i.e, limsupλ→∞ P{X̂λ
O(∞)≥ 0} ≤ α. It is also asymptotically optimal

in that any other asymptotically feasible sequence can be at most o(
√
Rλ
O) smaller than N̂λ

O.

To establish the connection between (15) and (16) we observe that with the (sequence of) staffing lev-

els {N̂λ
O}, it holds that X̂λ

O(∞)⇒ X̂O(∞) for a well defined limit. This again follows from our Theo-

rem 4.1 and from Theorem 4 in Halfin and Whitt [1981]. Moreover, it follows from Corollary 4.2 that

Xλ
I (∞)/

√
λ⇒ X̂I(0). (In fact, Theorem EC.1.4 in the e-companion shows that D̂I(0) = 0.) In turn, Con-

dition (12) is satisfied when initializing the network with its steady-state distribution, so we can apply

Theorem 4.3 to conclude that

P{X̂λ
O(∞)≥ 0,Xλ

I (∞) =Nλ
I +Kλ

I }= P{X̂λ
O(∞)≥ 0}P{Xλ

I (∞) =Nλ
I +Kλ

I }+ o(1)

= P{X̂λ
O(∞)≥ 0}pλb + o(1) = P{X̂λ

O(∞)≥ 0}(1− ν) + o(1)≤ α+ o(1),

where the last two equalities follow from Corollary 4.2 and the last inequality follows from our construction

of the sequence {N̂λ
O}. Thus, the sequence {N̂λ

O} of staffing levels is not only asymptotically optimal for

(16) (in that it is within o(
√
Rλ
O) from the optimal), but is also asymptotically feasible for (15) in the sense

that limsupλ→∞ P{X̂λ
O(∞)≥ 0,Xλ

I (∞) =NI +KI} ≤ α.

In fact, repeating the same argument for values of ς < ς∗ shows that N̂λ
O is asymptotically optimal for

(15). We omit the detailed argument and illustrate the strength of the proposed solution via a numerical

experiment. For the experiment we use the target α= 0.1. Specifically, we consider the system in Figure 1(a)

with λ= 312, µI = µO = 1, NI = 240 and no abandonment. Note that here ν = 240/312≈ 0.77. Using the

procedure outlined above we obtain ς∗ = 1.6 which yields (recall thatRO = 72) N̂λ
O = d72+1.6

√
72e= 86.

We use t= 1000 so as to be close to steady-state. We then simulate 10000 replications of the real system
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with the above parameters, and find that the joint probability satisfies P{X̂λ
O(t)≥ 0,Xλ

I (t) =Nλ
I +Kλ

I }=

0.0992. Thus, the asymptotic independence and the overflow approximation allowed us to obtain a nearly

optimal solution for (15), using relatively simple means.

5. Concluding Remarks

Motivated by call-center outsourcing applications, we study an overflow network in which firms oper-

ate their own in-house service stations, but route a non-negligible fraction of the customers to an outside

provider. Our FCLT for the properly scaled overflow processes and our asymptotic independence results

produce a significant reduction in complexity, which is advantageous in large systems where exact anal-

ysis is intractable. In fact, many of the heuristic approximations that were previously considered in the

literature on optimization of overflow networks assume such independence of the stations as their starting

point. An important contribution of our analysis is in showing that, under a resource pooling condition, such

assumptions have in fact a sound mathematical basis.

Our proofs rely on identifying a separation-of-time-scales phenomenon in which the actual state of the

in-house queue is “replaced” with its long-run average behavior, resulting in pointwise stationarity (alterna-

tively, pointwise AP). Due to the fast oscillations of the in-house queues, the drift of the limiting overflow

process is determined (at each time point) by the deterministic long-run fraction of time that the in-house

buffer is full (an AP result) and which equals asymptotically to 1− ν. Hence, one can loosely argue that

“the outside provider sees a steady-state long-run average behavior of the in-house systems at each time

point” so that dependencies on the actual states of the in-house pools are negligible. However, as Theorem

4.1 and Remark 4.1 show, the coefficient of variation of the the overflow process is greater than one would

get from a Bernoulli thinning (with probability 1− ν) of the exogenous arrival process A(t).

In the outsourcing context, the asymptotic independence simplifies the staffing decision of the outside

provider. Furthermore, in a multi-class setting with SBR, the asymptotic independence implies that real-

time information about the state of the in-house stations carries little benefit for the outside provider in

solving his optimal control (or prioritization) problem. In fact, for both the staffing and control decisions it

is sufficient for the outside provider to know, for each of the in-house call centers, its exogenous arrival rate

λ and the “proxy” λ−µINI − θKI for the overflow rate.
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The outsourcing example that we used for motivation in §3.1 is simple in terms of the relationship

between the in-house call center and the outsourcer. The fact that, at least under the resource pooling condi-

tion, the queueing dynamics become tractable in the heavy-traffic limit, suggests that it may be possible to

rigorously study various outsourcing and contracting schemes while taking the queueing effects explicitly

into account.

Finally, whereas the overflow mechanism we considered is widely used in practice, alternative rules

can also be considered. One may consider, for example, a time-based overflow rule in which customers

are overflowed once their waiting times exceed some pre-specified level. With such an overflow rule, the

queue-length process in the in-house pool is no longer Markovian and this introduces new challenges. It is

likely, however, that our key finding regarding the diminishing dependencies will continue to hold for such

alternative overflow rules.
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Proofs and extensions

This e-companion is divided into two sections. In §EC.1 we prove all the results that appears in the body of

the paper. In section EC.2 we consider the extension of the base model to a multi-class setting as the one in

Figure 1(b) of the paper.

EC.1. Proofs

We start by introducing some additional notational conventions. For two random variables X and Y we

write X ≤st Y when stochastic ordering holds in the standard sense. Namely, when E [f(X)] ≤ E [f(Y )]

for every non-negative non-decreasing function f(·) for which the expectations are defined. If X and Y are

twoD-valued stochastic processes we will write {X(t), t≥ 0} ≤st {Y (t), t≥ 0)} to denote the fact that the

processes are ordered. In other words, that there exists a construction of the sample paths of X and Y such

that, almost surely, X(t)≤ Y (t) for all t≥ 0.

The rest of the section is divided into two subsections. Subsection EC.1.1 establishes important properties

of the (sequence of) availability processes Dλ
I , as defined in (8). Building on these, we then proceed to

§EC.1.2 where we prove the main results sated in §4. The proofs of several auxiliary lemmas are relegated

to §EC.1.3.

EC.1.1. The Availability Process

We first establish upper and lower bounds (in appropriate probabilistic sense) for the processDλ
I , by relating

it to simple M/M/1 queues; see Lemmas EC.1.1 and EC.1.3. These bounds are then used to establish the

pointwise stationarity of Dλ
I – see Theorem EC.1.4. A FCLT via an AP for an appropriately scaled version

of the related cumulative process Cλ
I in (9) is stated and proved in Theorem EC.1.6.

We start with a useful comparison result. For the following, let Q+
ε = (Q+

ε (t), t≥ 0) have the law of the

number of customers in an M/M/1 queue with arrival rate ν + ε and service rate 1, where ε is taken to be

small enough ensuring that the process Q+
ε is ergodic, i.e., that

ρ+
ε := ν+ ε < 1 for all ε small enough, (EC.1)
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where ρ+
ε is the utilization of this M/M/1 queue. We add the subscript d to denote the initial value at time

0. That is, Q+
ε,d(t) corresponds to the queue length at time t of the M/M/1 queue initialized (at time t= 0)

in state d. The initial condition can be random.

Note that Dλ
I is a Birth-and-Death (BD) process with death rate λ and birth rate in state d equal to

µI(N
λ
I − (d−Kλ

I )+) + θ(Kλ
I − d)+. Since µINλ

I + θKλ
I = νλ+ o(λ) we have that

µI(N
λ
I − (d−Kλ

I )+) + θ(Kλ
I − d)+ ≤ λ(ν+ ε) = λρ+

ε (EC.2)

for all λ large enough and all d ∈ Z+. Hence, if we scale the birth (arrival) and death (service) rates of Q+
ε

by λ, then both Q+
ε and Dλ

I have the same death rates, but the birth rates of Q+
ε are larger than those of Dλ

I .

Scaling the rates of Q+
ε is tantamount to scaling its time argument by a factor of λ. We can thus prove the

following ordering result using standard coupling arguments for BD processes (see, e.g., Lemma 1 in Whitt

[1991]). The detailed proof is omitted. To simplify notation, we let

Yd :=Dλ
I (0) and Yq :=Q+

ε (0). (EC.3)

LEMMA EC.1.1. (upper bound for Dλ
I ) Fix ε > 0 and λ large enough so that (EC.2) holds, and assume

that Yd ≤st Yq. Then, {
Dλ
I (t), t≥ 0

}
≤st

{
Q+
ε,Yq

(λt), t≥ 0
}
.

The above ordering allows us to upper bound the sequence Dλ
I by a single (time scaled) M/M/1 queue.

The following auxiliary result is proved in §EC.1.3.

LEMMA EC.1.2. (SSC in diffusion limit) Suppose that (10) holds. Then, for all η,T > 0,

lim
a→∞

limsup
λ→∞

P
{

sup
0≤s≤T

Dλ
I (s)≥ a

√
λ

}
= 0 and lim

a→∞
limsup
λ→∞

P
{

sup
η≤s≤T

Dλ
I (s)≥ a logλ

}
= 0.

Consequently,

λ−1/2(Qλ
I −Kλ

I )⇒ 0 in D[0,∞) as λ→∞.

Note that the final conclusion of the lemma implies, in particular, the convergence X̂λ
I ⇒ 0e in Theorem

4.1. We interpret this result as a state-space collapse result. It shows that, in the diffusion limit the state in
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station I is constant so that the station O captures the state of the network. However, as explained in the

introduction and further discussed in §4.2, this SSC result is not sufficient for our needs (see Example 1).

In addition to Q+
ε (t), which serves as a sample-path stochastic-order upper bound for Dλ

I , we introduce

a process, Q−ε , which corresponds to the queue-length process in a M/M/1 queue with service rate 1 and

arrival rate ν− ε and will serve as lower bound. The process Q−ε provides a weaker bound than the sample-

path stochastic-order upper bound provided byQ+
ε . That weaker bound is, however, sufficient for our needs.

Below we choose ε sufficiently small so that both ρ+
ε < 1 (as defined in (EC.1)) and ε < ν. As before, we

add a subscript to make explicit the dependency on the initial condition at time 0. Recall the definition of

Yd in (EC.3).

LEMMA EC.1.3. (lower bound for Dλ
I ) Assume that (10) holds and that Y λ

d = OP (
√
λ). Then, given

T > 0, there exists a non-negative sequence ελT such that ελT → 0 as λ→∞ and so that for all d1 ∈Z+,

P
{
Dλ
I (t)≥ d1

}
≥ P

{
Q−
ε,Y λ

d

(λt)≥ d1

}
− ελT , for all t∈ [0, T ].

Note that the conditions of the lemma are satisfied, in particular, if Y λ
d = b

√
λ for all λ and a non-random

constant b≥ 0.

Since Q−ε and Q+
ε have birth and death rates that do not scale with λ, one expects that Q−

ε,Y λ
d

(λt) and

Q+

ε,Y λ
d

(λt) are close, in a sense, to their steady-state random variables Q+
ε (∞) and Q−ε (∞) for all λ large

enough and all t > 0. Since these steady-state random variables are also “close” to each other (for small

values of ε), one expects the same to hold for the process Dλ
I , i.e., that Dλ

I (t) has approximately the distri-

bution of Q−ε (∞) (or Q+
ε (∞)) for λ large enough and for all t > 0. The following theorem formalizes this

intuition in showing that Dλ
I (t) converges to a local steady state instantaneously (pointwise, for each t > 0)

as λ→∞.

THEOREM EC.1.4. (pointwise stationarity) Fix a sequence Y λ
d =OP (

√
λ). Then, for all t1 > t0 and all

d1 ∈Z+,

P
{
Dλ
I (t1)≥ d1

∣∣∣Dλ
I (t0) = Y λ

d

}
⇒ νd1 in R as λ→∞. (EC.4)
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In particular, fixing t0 = 0 and assuming (10), we have for all t > 0 that,

Dλ
I (t)⇒Qb(∞) in R as λ →∞, (EC.5)

where P{Qb(∞)≥ d1}= νd1 .

Note that the convergence in (EC.4) is convergence in distribution, since, for each fixed λ, the conditional

probabilities are random variables rather than numbers.

To prove Theorem EC.1.4 we will need the following lemma, whose proof appears in §EC.1.3.

LEMMA EC.1.5. Let Y λ
d =Op(

√
λ). Then, for any t > 0,

lim
λ→∞

P
{
Q+

ε,Y λ
d

(λt)≥ d1

}
= P

{
Q+
ε (∞)≥ d1

}
and lim

λ→∞
P
{
Q−
ε,Y λ

d

(λt)≥ d1

}
= P

{
Q−ε (∞)≥ d1

}
.

Proof of Theorem EC.1.4: Since the process Dλ
I is Markovian it suffices to prove (EC.4) for t0 = 0 and

t := t1− t0. We start by fixing δ > 0. We will show that, given ε, δ > 0, it holds for all sufficiently large λ,

that

P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Q−ε (∞)≥ d1

}
− δ
}
≥ 1− ε, (EC.6)

and

P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≤ P

{
Q+
ε (∞)≥ d1

}
+ δ
}
≥ 1− ε. (EC.7)

The steady-state distribution of Q+
ε is continuous in ε in the sense that Q+

ε (∞)⇒Qb(∞) and Q−ε (∞)⇒

Qb(∞) as ε ↓ 0, and where Qb(∞) has the steady-state distribution of a M/M/1 with service rate 1 and

arrival rate ν; see e.g. Lemma 9.8 in Perry and Whitt [2010b] (where the statement is proved for a more

general quasi-birth-and-death (QBD) process. Note that α denotes the steady state distribution in that refer-

ence). In particular, for all sufficiently small ε

∣∣∣P{Q+
ε (∞)≥ d1

}
−P{Qb(∞)≥ d1}

∣∣∣≤ δ and
∣∣∣P{Q−ε (∞)≥ d1

}
−P{Qb(∞)≥ d1}

∣∣∣≤ δ.
Plugging this into (EC.6) and (EC.7) we then have that

lim inf
λ→∞

P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P{Qb(∞)≥ d1}− 2δ

}
≥ 1− ε
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and

lim inf
λ→∞

P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≤ P{Qb(∞)≥ d1}+ 2δ

}
≥ 1− ε.

Since δ and ε are arbitrary we may conclude that P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
converges in probability

(and thus in distribution) to the constant P{Qb(∞)≥ d1} and, because the distribution is discrete, the

convergence is, in fact, uniform over compact subsets of Z+. In passing we note that the arguments to prove

(EC.6) and (EC.7) can be repeated for any sequence of initial conditions Y λ
d =O(

√
λ).

The remainder of the proof is dedicated to establishing (EC.6) and (EC.7), starting with the former. Note

that

P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Q−ε (∞)≥ d1

}
− δ
}

= P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Q−ε (∞)≥ d1

}
− δ; Y λ

d > b
√
λ
}

+P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Q−ε (∞)≥ d1

}
− δ; Y λ

d ≤ b
√
λ
}

≥ P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Q−ε (∞)≥ d1

}
− δ; Y λ

d ≤ b
√
λ
}
.

From the monotonicity ofDλ
I in its initial condition, see, e.g., Chapter 9 in Ross [1996], we have that almost

surely

P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = 0

}
, (EC.8)

and we note that, while the LHS of the inequality is a random variable, the probability on the RHS is a

constant. We thus have

P
{
P{Dλ

I (t)≥ d1 | Dλ
I (0) = Y λ

d } ≥ P
{
Q−ε (∞)≥ d1

}
− δ; Y λ

d ≤ b
√
λ
}

(EC.9)

= P
{
P{Dλ

I (t)≥ d1 | Dλ
I (0) = Y λ

d } ≥ P
{
Q−ε (∞)≥ d1

}
− δ

∣∣∣ Y λ
d ≤ b

√
λ
}
P
{
Y λ
d ≤ b

√
λ
}

≥ 1
{
P{Dλ

I (t)≥ d1 | Dλ
I (0) = 0} ≥ P

{
Q−ε (∞)≥ d1

}
− δ
}
P
{
Y λ
d ≤ b

√
λ
}

≥ 1
{
P{Q−ε,0(λt)≥ d1}− ελT ≥ P

{
Q−ε (∞)≥ d1

}
− δ
}
P
{
Y λ
d ≤ b

√
λ
}
.

Here, the first inequality follows from (EC.8) and noting that, conditioned on Dλ
I (0) = 0, the condi-

tional probability becomes a constant, specifically, it is equal to either 0 or 1, so that it can be replaced
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with the indicator. Using Lemma EC.1.5 we have, for all λ large enough, and for a fixed δ > 0, that

P
{
Q−ε,0(λt)≥ d1

}
−ελT ≥ P{Q−ε (∞)≥ d1}−δ (because ελT → 0 as λ→∞), so that the indicator in (EC.9)

is in fact 1 for all λ large enough. Also, by the assumption of the theorem, there exists b > 0 such that for

any given ε > 0 and for all λ large enough, P
{
Y λ
d ≤ b

√
λ
}
≥ 1− ε. Hence, it follows from (EC.9) that for

all λ large enough,

P
{
P
{
Dλ
I (t)≥ d1

∣∣∣Dλ
I (0) = Y λ

d

}
≥ P

{
Q−ε (∞)≥ d1

}
− δ
}
≥ 1− ε,

This establishes (EC.6).

The arguments for establishing (EC.7) are very similar. We replace (EC.9) with

P
{
P{Dλ

I (t)≥ d1 | Dλ
I (0) = Y λ

d } ≤ P
{
Q+
ε (∞)≥ d1

}
+ δ; Y λ

d ≤ b
√
λ
}

≥ 1
{
P{Dλ

I (t)≥ d1 | Dλ
I (0) = b

√
λ} ≤ P

{
Q−ε (∞)≥ d1

}
+ δ
}
P
{
Y λ
d ≤ b

√
λ
}

≥ 1
{
P{Q+

ε,b
√
λ
(λt)≥ d1} ≤ P

{
Q−ε (∞)≥ d1

}
+ δ
}
P
{
Y λ
d ≤ b

√
λ
}
.

Here, the first inequality follows again from the monotonicity of the process Dλ
I and from the fact that,

conditioned on Dλ
I (0) being equal to a constant, the conditional probabilities become constants. The last

inequality above follows from Lemma EC.1.1. Together with Lemma EC.1.5, (EC.7) is established. �

Next, we establish stochastic-process limits for the cumulative (in)availability process as defined in equa-

tion (9). We define the related scaled and centered process

Ĉλ
I (t) =

√
λ

(
Cλ
I (t)− (λ−µINλ

I − θKλ
I )

λ
t

)
, t≥ 0.

Theorem EC.1.6 below shows that this scaling leads to meaningful limits, by establishing a FCLT for Ĉλ
I via

the AP discussed in Remark 4.2. We note that, even though the AP is related to the pointwise stationarity in

Theorem EC.1.4, it is not directly implied by it (nor does the AP imply Theorem EC.1.4). Both phenomena

are closely related being consequences of the separation of time scales that is caused by the fast oscillations

of Dλ
I .

THEOREM EC.1.6. (FCLT via the AP) Suppose that the conditions of Theorem 4.1 hold. Then Ĉλ
I ⇒ σ̌B

in D[0,∞) as λ→∞, where B is a standard Brownian motion and σ̌2 = 2ν.
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The fact that (time-scaled) cumulative processes associated with regenerative processes converge to

Brownian limits under proper scalings of time and space is not new; see Glynn and Whitt [1993]. The

important thing to observe here is that, in contrast to the results in Glynn and Whitt [1993], we do not scale

time to get the Brownian limit. As the proof reveals, this is due to the fast oscillations of the process Dλ
I ,

which completes O(λ) (regenerative) cycles over any finite time interval. See also Perry and Whitt [2010c].

The proof of Theorem EC.1.6 builds on two steps: (i) transformation of the fast oscillations of the process

Dλ
I over intervals of length [0, T ) to oscillations of a related “slowed-down” process Ds,λ

I over intervals of

length [0, λT ) (see (EC.10) below), and (ii) applying arguments in the spirit of Glynn and Whitt [1993] in

the proof of the FCLT for the “slower” process Ds,λ
I .

We first define the “slowed down” processDs,λ
I . To that end, recall that the processDλ

I has the probability

law of a single-server queue with state-dependent arrival rates. Specifically, the service rate is λ, while the

arrival rate is µ(Nλ
I − (d−Kλ

I )+) + θ(Kλ
I − d)+ when in state d ∈

{
0,1, . . . ,Nλ

I +Kλ
I

}
. We then define

the “slowed down” processes for each λ

Ds,λ
I (t) :=Dλ

I (t/λ), t≥ 0. (EC.10)

Then Ds,λ
I has the probability law of a state-dependent M/M/1 queue with service rate λ/λ= 1 and state-

dependent arrival rate λ−1(µ(Nλ
I − (d−Kλ

I )+) + θ(Kλ
I − d)+). Moreover,

Cλ
I (t) :=

∫ t

0

1
{
Dλ
I (s) = 0

}
ds=

1

λ

∫ λt

0

1
{
Ds,λ
I (s) = 0

}
ds, t≥ 0.

By Assumption 1, the arrival rate of Ds,λ
I is bounded by (µIN

λ
I + θKλ

I )/λ= ν + o(1) where ν < 1 so that

Ds,λ
I is (for all λ large enough) a stable queue. We define ρλd to be the steady-state probability that the server

is busy in this state-dependent M/M/1 queue.

The following theorem restates Theorem EC.1.6 in terms of the slowed-down processes Ds,λ
I .

THEOREM EC.1.7. Under the conditions of Theorem 4.1,

√
λ

(
1

λ

∫ λ·

0

1
{
Ds,λ
I (u) = 0

}
du− (1− ρλd)e

)
⇒ σ̃B in D[0,∞) as λ→∞,

where σ̃2 = 2ν. Furthermore,
√
λ ((1− ρλd)− (λ−µINλ

I − θKλ
I )/λ)→ 0 as λ→∞, so that

√
λ

(
1

λ

∫ λ·

0

1
{
Ds,λ
I (u) = 0

}
du− λ−µIN

λ
I − θKλ

I

λ
e

)
⇒ σ̃B in D[0,∞) as λ→∞.
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Proof: To formally define the underlying regenerative process let τλ−1 = 0, and for k≥ 0, define recursively

τλk := inf
{
u≥ τλk−1 :Ds,λ

I (u−) 6= 0, Ds,λ
I (u) = 0

}
.

For k≥ 0, define

Ψλ
k :=

∫ τλk

τλ
k−1

(
1
{
Ds,λ
I (u) = 0

}
− (1− ρλd)

)
du.

For k ≥ 1, T λk := τλk − τλk−1 is then the length of the kth busy cycle (the busy cycle consists of the busy

period and the idle period). Since
{
T λk , k≥ 1

}
are IID, we will use T λ1 to denote a general random variable

with the distribution of a busy cycle.

Let
{
ξλk , k≥ 1

}
be IID exponential random variables with rate (µIN

λ
I + θKλ

I )/λ, corresponding to the

time spent at state 0 during a busy cycle and define T̄ λk := τλk − τλk−1− ξλk . Then
{
T̄ λk , k≥ 1

}
are IID with

each having the distribution of the busy period of this state-dependent M/M/1 queue. We can thus write

Ψλ
k = ξλkρ

λ
d − (1− ρλd)T̄ λk , k≥ 1, (EC.11)

where Ψλ
0 = 0 by definition. We define the corresponding (possibly delayed) renewal process

Rλ(t) := sup
{
k≥ 0 : τλk ≤ t

}
.

Since Ψλ
0 = 0, we can write

1

λ

∫ λt

0

1
{
Ds,λ
I (u) = 0

}
du− (1− ρλd)t=

Rλ(λt)∑
k=1

Ψλ
k

λ
+

1

λ

∫ λt

τ
Rλ(λt)

(
1
{
Ds,λ
I (u) = 0

}
− (1− ρλd)

)
du.

(EC.12)

From here the argument follows very closely the standard proof of the FCLT for regenerative processes.

Some care is needed because the IID random variables
{

Ψλ
k

}
k≥1

are indexed by both k and λ. This entails

replacing some parts of the standard proof with an FCLT for triangular arrays. It also entails establishing

bounds to identify the asymptotic variance terms.

First, using (EC.11), we write

√
λ

Rλ(λt)∑
k=1

Ψλ
k

λ
=

1√
λ

Rλ(λt)∑
k=1

ρλdξ
λ
k −

1√
λ

Rλ(λt)∑
k=1

(1− ρλd)T̄ λk
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=
1√
λ

Rλ(λt)∑
k=1

(
ρλdξ

λ
k −

λρλd
µINλ

I + θKλ
I

)
− 1√

λ

Rλ(λt)∑
k=1

(1− ρλd)
(
T̄ λk −E

[
T̄ λk
])

+
1√
λ

Rλ(λt)∑
k=1

(
λρλd

µINλ
I + θKλ

I

− (1− ρλd)E
[
T̄ λk
])
. (EC.13)

The next two lemmas identify asymptotic expressions of the expectation and variance terms of the cycle-

related random variables. These expressions are applied to establish an FCLT for the partial sums in (EC.13).

The proofs of Lemmas EC.1.8 and EC.1.9 appear in §EC.1.3.

LEMMA EC.1.8. As λ→∞,(dλ·e∑
k=1

V ar

(
ξλk√
λ

)
,

dλ·e∑
k=1

V ar

(
T̄ λk√
λ

)
,
Rλ(λ·)
λ

)
⇒
(

1

ν2
e,

1 + ν

(1− ν)3
e, ν(1− ν)e

)
in D[0,∞). (EC.14)

Consequently, as λ→∞, 1√
λ

Rλ(λ·)∑
k=1

(
ρλdξ

λ
k −

λρλd
µINλ

I + θKλ
I

)
,

1√
λ

Rλ(λ·)∑
k=1

(1− ρλd)
(
T̄ λk −E

[
T̄ λk
])⇒ (EC.15)

(√
ν(1− ν)B1,

√
ν(1 + ν)B2

)
in D2[0,∞), where B1 and B2 are two independent standard Brownian motions.

LEMMA EC.1.9. Under the conditions of Theorem 4.1,

√
λ

(
ρλd

µINλ
I + θKλ

I

− (1− ρλd)E
[
T̄ λ1
])
→ 0 as λ→∞.

In turn,

1√
λ

Rλ(λ·)∑
k=1

(
ρλd

µINλ
I + θKλ

I

− (1− ρλd)E
[
T̄ λ1
])
⇒ 0 in D[0,∞) as λ→∞. (EC.16)

Proceeding with the proof of the theorem, if

1

λ

∫ λt

τ
Rλ(λt)

(
1
{
Ds,λ
I (u) = 0

}
− (1− ρλd)

)
du⇒ 0 as λ→∞, (EC.17)

then the theorem is established by replacing the sum in (EC.12) with its version in (EC.13) and then replac-

ing the right-hand side (RHS) in (EC.13) with (EC.15) and (EC.16), and noting the sum of the variance of
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the Brownian motions B1 and B2 in (EC.15) is σ̃2 = 2ν. It thus remains only to establish (EC.17). We first

note that for all u≥ 0, |1
{
Ds,λ
I (u) = 0

}
− (1− ρλd)| ≤ 2 so that, to show (EC.17), it suffices to show that

2√
λ

(
τλRλ(λt)+1− τ

λ
Rλ(λt)

)
⇒ 0 as λ→∞.

To that end, from the convergence of the variance terms in Lemma EC.1.8, it follows that E [(T λk )2]≤C for

all λ large enough and a constant C that does not depend of λ. By Markov’s inequality, P
{
T λk > ε

√
λ
}
≤

C/(ε2λ) for all λ large enough. In turn, for any constant M > 0,

λ−1/2 max
1≤k≤λM

T λk ⇒ 0 as λ→∞. (EC.18)

(See e.g. the proof of Lemma 2.3.1 in the online appendix to Whitt [2002a].) It follows from (EC.14) and

(EC.18) that for any fixed T > 0 and for MT to be specified shortly,

P
{

sup
0≤t≤T

1√
λ

max
1≤k≤Rλ(λt)+1

T λk > ε

}
≤ P

{
1√
λ

max
1≤k≤λMT

T λk > ε

}
+P

{
sup

0≤t≤T
Rλ(λt) + 1>λMT

}
.

Indeed, the first element in the RHS above converges to 0 by (EC.18), and the second element converges

to 0 by (EC.14), provided that MT > ν(1− ν)T . Hence T λ
Rλ(λt)+1

/
√
λ⇒ 0 in D[0,∞) as λ→∞. This

concludes the proof of the theorem. �

EC.1.2. Proofs of Main Results

In this section we prove the main results stated in §4 in the order of their appearance.

Proof of Theorem 4.1: The overflow process is the number of arrivals by time t that findXλ
I equal toNI+

KI upon arrival or, equivalently, findDλ
I = 0 when they arrive. Let tλk be the arrival time of the kth customer

to arrive (the kth jump of the exogenous arrival process Aλ(t)). Then,AλO(t) =
∑Aλ(t)

k=1 1{Dλ
I (tλk−) = 0} or,

in simpler form, AλO(t) =
∫ t

0
1{Dλ

I (s−) = 0}dAλ(s). In turn, the scaled process (see §3.2) satisfies

ÂλO(t) =

∫ t
0
1
{
Dλ
I (s−) = 0

}
dAλ(s)−λ

∫ t
0
1
{
Dλ
I (s−) = 0

}
ds

√
λ

+
λ
∫ t

0
1
{
Dλ
I (s−) = 0

}
ds− (λ−µINλ

I − θKλ
I )t

√
λ

(EC.19)

We treat each of the elements on the RHS of (EC.19) separately. For the first element define

M̂λ(t) :=
1√
λ

(∫ t

0

1
{
Dλ
I (s−) = 0

}
dAλ(s)−λ

∫ t

0

1
{
Dλ
I (s−) = 0

}
ds

)
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=
1√
λ

(∫ t

0

1
{
Dλ
I (s−) = 0

}
d(Aλ(s)−λs)

)
.

Note that the process M̂λ(t) is a square integrable martingale with respect to the filtration Fλ =

(Fλt )t≥0, where Fλt = σ
{

(Dλ
I (s),Qλ

O(s),Aλ(s)); s≤ t
}

; having a predictable quadratic variation process

〈M̂λ〉(t) =
∫ t

0
1{Dλ

I (s−) = 0}ds; see, e.g., Lemma 3.2 in Pang et al. [2007]. By Theorem EC.1.6 we have

that

λ
∫ ·

0
1
{
Dλ
I (s−) = 0

}
ds− (λ−µINλ

I − θKλ
I )e

λ
⇒ 0 in D[0,∞) as λ→∞.

By Assumption 1, (λ−µINλ
I − θKλ

I )/λ→ (1− ν) as λ→∞, so that

〈M̂λ〉(·) =

∫ ·
0

1
{
Dλ
I (s−) = 0

}
ds⇒ (1− ν)e in D[0,∞) as λ→∞.

From here it follows by the Martingale FCLT (see, e.g., Theorem 8.1 in Pang et al. [2007]) that∫ ·
0
1
{
Dλ
I (s−) = 0

}
dAλ(s)−λ

∫ ·
0
1
{
Dλ
I (s−) = 0

}
ds

√
λ

⇒
√

(1− ν)B1 in D[0,∞) as λ→∞.

For the second element on the RHS of (EC.19) we have by Theorem EC.1.6, that

λ
∫ ·

0
1
{
Dλ
I (s) = 0

}
ds− (λ−µINλ

I − θKλ
I )e

√
λ

⇒
√

2νB2 in D[0,∞) as λ→∞.

The convergence of ÂλO now follows from these last two limits and from the continuity of the addition

mapping at continuous limits.

Finally, by Lemma EC.1.2 we have that X̂λ
I ⇒ 0 in D(0,∞) as λ→∞. The marginal convergence of

ÂλO, X̂λ
I and 〈M̂λ〉 now implies their joint convergence because X̂λ

I and 〈M̂λ〉 have deterministic limits;

see e.g. Theorem 11.4.5 in Whitt [2002a]. �

Proof of Corollary 4.2: Recall that Xλ
I (∞) has the distribution of the steady-state number of customers

in an M/M/Nλ
I /K

λ
I +M queue with arrival rate λ, Nλ

I servers, service rate µ and waiting room of size

Kλ
I . Also

X̂λ
I (t) =

Xλ
I (t)− (Nλ

I −Kλ
I )√

λ
=−D

λ
I (t)√
λ
≥ 0.

We will show that

E[|X̂λ
I (∞)|]→ 0 as λ→∞, (EC.20)
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so that, in particular, X̂λ
I (∞)⇒ 0. This would imply that, initializing station I at time t= 0 with its steady-

state distribution, {X̂λ
I (0)} satisfies (10) so that the convergence of the scaled overflow process follows

from Theorem 4.1. In fact, (11) also follows from (EC.20). Indeed, since inflow=outflow in steady-state we

have λ(1− pλb ) = µE[ZλI (∞)] + θE[Qλ(∞)] where ZλI (∞) has the steady-state distribution of the number

of busy servers in station I . By work conservation in station I we have that ZλI (∞) = Xλ
I (∞) ∧Nλ

I and

Qλ(∞) = (Xλ
I (∞)−Nλ

I )+. Then, by (EC.20),

E[ZλI (∞)] =Nλ
I −E[(Xλ

I (∞)−Nλ
I )−] =Nλ

I − o(
√
λ)

and

E[Qλ(∞)] =E[(Xλ
I (∞)−Nλ

I )+] =Kλ
I + o(

√
λ)

and, in turn, that λ(1− pλb ) = µIN
λ
I + θKλ

I + op(
√
λ). Equation (11) is now obtained by dividing by λ.

To conclude the proof it remains to prove (EC.20). This, we claim, follows immediately from Lemma

EC.1.1. Indeed, from that lemma we have that for every ε > 0 we can find λ large enough, so that

Dλ
I (∞)≤st Q+

ε (∞), where Q+
ε (∞) has the steady-state distribution of an M/M/1 queue with utilization

ρ+
ε < 1, for ρ+

ε in (EC.1). Hence,

E
[
Dλ
I (∞)

]
≤st E

[
Q+
ε (∞)

]
=Op(1) = oP (

√
λ).

In turn, after dividing by
√
λ we get E

[
|X̂λ

I (∞)|
]

= E
[
Dλ
I (∞)/

√
λ
]

= o(1). This concludes the proof.

�

Proof of Theorem 4.3 Define for every λ the filtration Fλ = (Fλt )t≥0 by

Fλt = σ
{
Dλ
I (s),Xλ

O(s); s≤ t
}
,

and consider the filtered probability space (Ω,Fλ, (Fλt )t≥0,P) (where Fλ is the σ-algebra over Ω, and Fλt ⊂

Fλ for all t≥ 0).

First we claim that, from the pointwise stationarity of Dλ
I (see Theorem EC.1.4), it follows that for each

t > 0 and δ ∈ (0, t), and d∈Z+,

P
{
Dλ
I (t) = d

∣∣∣Fλt−δ}⇒ P{Qb(∞) = d} , as λ→∞. (EC.21)
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In words, Dλ
I (t) is asymptotically independent of Fλt−δ. Indeed, for all 0 ≤ s < t, Dλ

I (t) − Dλ
I (s)

depends only on the arrivals on the interval (s, t], the abandonments and the service completions on that

interval, all of which, conditioned on Dλ
I (s), are independent of Fs. Note also that Dλ

I is Markov, so

that E
[
1
{
Dλ
I (t) = d

} ∣∣∣Fλt−δ]= E
[
1
{
Dλ
I (t) = d

} ∣∣∣Dλ
I (t− δ)

]
. By Lemma EC.1.2, sup0≤s≤t−δD

λ
I (u) =

OP (
√
λ), so that the (EC.21) follows from Theorem EC.1.4.

We next show how the statement of Theorem 4.3 follows from (EC.21). For all strictly positive T, ε and

δ define

ET :=ET (λ, δ, ε) =

{
ω ∈Ω : sup

s,t≤T :|t−s|≤δ
|X̂λ

O(t)− X̂λ
O(s)| ≤ ε

}
.

We denote by Ec
T the complement of Ec

T , i.e., Ec
T := {ω ∈Ω : ω /∈ET}. (We omit the dependency of X̂λ

O

on ω to simplify notation, with the understanding that X̂λ
O(t) = X̂λ

O(t,ω).) From the C-Tightness of X̂λ
O

(see e.g. Theorem 3.1 of Whitt [2005] for the convergence of the underlying sequence of GI/M/Nλ
O +M

queues to a continuous limit), it follows that

lim
δ→0

lim inf
λ→∞

P{ET (λ, δ, ε)}= 1. (EC.22)

We write

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}

= P
{
X̂λ
O(t)> q,Dλ

I (t) = d,1{ET}
}

+P
{
X̂λ
O(t)> q,Dλ

I (t) = d,1{Ec
T}
}
.

(EC.23)

From (EC.22) it then follows that

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}

= P
{
X̂λ
O(t)> q,Dλ

I (t) = d,1{ET}
}

+ o(1). (EC.24)

Note that for all ω ∈ET , t≤ T and q ∈R+

{
X̂λ
O(t− δ)> q− ε

}
⊂
{
X̂λ
O(t)> q

}
. (EC.25)

By the same argument that leads to (EC.24) we have that

P
{
X̂λ
O(t− δ)> q− ε,Dλ

I (t) = d,1{ET}
}

= P
{
X̂λ
O(t− δ)> q− ε,Dλ

I (t) = d
}

+ o(1),
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so that, by (EC.25),

P
{
X̂λ
O(t)> q,Dλ

I (t) = d,1{ET}
}
≥ P

{
X̂λ
O(t− δ)> q− ε,Dλ

I (t) = d
}

+ o(1)

=EE
[
1

{
X̂λ
O(t− δ)> q− ε

}
1
{
Dλ
I (t) = d

} ∣∣∣Fλt−δ]+ o(1)

=E
[
1

{
X̂λ
O(t− δ)> q− ε

}]
E
[
1
{
Dλ
I (t) = d

} ∣∣∣Fλt−δ]+ o(1).

The last equality above follows from the fact that, X̂λ
O(t− δ) is measurable with respect to Fλt−δ. Using

(EC.24) and applying (EC.21), we have that for all ε > 0,

lim inf
λ→∞

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}
≥ lim

δ→0
lim inf
λ→∞

P
{
X̂λ
O(t− δ)> q− ε

}
P
{
Dλ
I (t) = d

∣∣∣Fλt−δ}
= lim

δ→0
P
{
X̂O(t− δ)> q− ε

}
P{Qb(∞) = d}

= P
{
X̂O(t)> q− ε

}
P{Qb(∞) = d} .

The equalities above follows from the convergence of the sequence {X̂λ
O} to a continuous limit X̂O (see

Theorem 3.1 in Whitt [2005]) and the continuity of the projection mapping in continuous limits (see e.g.

§14 of Billingsley [1968]). In fact, the limit process in Whitt [2005] is a diffusion process with continuous

drift and constant diffusion coefficients. In turn, for each t > 0, the random variable X̂O(t) has a density

(see, e.g., pages 368-369 in Karatzas and Shreve [1991]) so that

lim inf
λ→∞

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}
≥ lim

ε→0
P
{
X̂O(t)> q− ε

}
P{Qb(∞) = d}

= P
{
X̂O(t)> q

}
P{Qb(∞) = d} .

(EC.26)

To prove the other direction, note that on the set ET ,
{
X̂λ
O(t)> q− ε

}
⊂
{
X̂λ
O(t− δ)> q

}
. Arguing as

before we have

limsup
λ→∞

P
{
X̂λ
O(t)> q− ε,Dλ

I (t) = d
}
≤ lim

δ→0
limsup
λ→∞

P
{
X̂λ
O(t− δ)> q

}
P
{
Dλ
I (t) = d

}
= P

{
X̂O(t)> q

}
P{Qb(∞) = d} ,

So that, upon taking limits with ε ↓ 0, we get from the C-tightness of X̂λ
O that

limsup
λ→∞

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}
≤ P

{
X̂O(t)> q

}
P{Qb(∞) = d} . (EC.27)

It follows from (EC.26)-(EC.27) and (EC.5) that for all q > 0 and d∈Z+,

lim
λ→∞

P
{
X̂λ
O(t)> q,Dλ

I (t) = d
}

= P
{
X̂O(t)> q

}
P{Qb(∞) = d}

= lim
λ→∞

P
{
X̂λ
O(t)> q

}
P
{
Dλ
I (t) = d

}
.
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The independence with Q̂λ
O(t) replacing X̂λ

O(t) follows from the above argument noting that Q̂λ
O(t) =

[X̂λ
O(t)− (Nλ

O −Rλ
O)/
√
λ]+ where, by Assumption 1, Nλ

O −Rλ
O = ς

√
(1− ν)/µO

√
λ+ o(

√
λ). This con-

cludes the proof. �

Proof of Corollary 4.4: We first consider the virtual wait in stations I and O. To that end let LλI (t) and

LλO(t) be the number of abandonments from station I and station O, respectively, by time t. Let SλI (t) and

SλO(t) be the number of service completions at stations I and O, respectively by time t. Recall that Aλ(t) is

the number of exogenous arrivals to station I by time t and AλO(t) is the number of overflows by time t that

correspond, in turn, to arrivals to station O. Following Talreja and Whitt [2009], given t≥ 0 and u≥ 0 we

define Sλ,tI (t+ u) and Lλ,tI (t+ u) to be the service completion and abandonment by time t+ u assuming

that the arrival process Aλ is stopped at time t. Similarly we define Sλ,tO (t+ u) and Lλ,tO (t+ u). Then, the

virtual waiting time at a fixed time t satisfies

W λ
I (t) = inf

{
u≥ 0 : Sλ,tI (t+u)−Sλ,tI (t) +Lλ,tI (t+u)−Lλ,tI (t)≥Qλ

I (t)
}

W λ
O(t) = inf

{
u≥ 0 : Sλ,tO (t+u)−Sλ,tO (t) +Lλ,tO (t+u)−Lλ,tO (t)≥Qλ

O(t)
}
,

Due to the exponential service times and patience, W λ
I (t) depends on the past only via Xλ

I (t) and Qλ
I (t).

Similarly, W λ
O(t) depends on the past only via Xλ

O(t) and Qλ
O(t). Since Qλ

O(t) = [Xλ
O(t) − Nλ

O]+ and

Qλ
I (t) = [Xλ

I (t)−Nλ
I ]+, the dependence is in fact only viaXλ

O(t). Theorem 4.3 shows that X̂λ
O(t) is asymp-

totically independent of Dλ
I (t) so the same is true for Ŵ λ

O(t). Consequently, we have for every bounded

continuous function f that

E
[
f(Ŵ λ(t))

∣∣∣Dλ
I (t) = 0

]
=E

[
f(Ŵ λ

O(t))
]
P
{
Dλ
I (t) = 0

}
+ o(1). (EC.28)

By Theorem 4.1, and under the condition of the corollary, we have that Q̂λ
I ⇒ K̄ in D[0,∞), where K̄ is

defined in the statement of the corollary. Also, by Theorem 4.1 it holds that AλI /λ=Aλ/λ−AλO/λ⇒ νe

in D[0,∞) and it is easy to show that, under the condition of the corollary, SλI /λ+LλI /λ⇒ νe. Applying

Theorem 3.1 in Talreja and Whitt [2009]3 we have that

Ŵ λ
I ⇒ ŴI = K̄/ν in D[0,∞). (EC.29)

3 We note that Theorem 3.1 in Talreja and Whitt [2009] is not stated for queues with finite waiting room and, moreover, it requires
that both SλI /λ and LλI /λ converge and not just the sum. Nevertheless, it is easy to verify that the result does apply here.
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Consequently,

E
[
f(Ŵ λ

I (t))1{Dλ
I (t)> 0}

]
=E[f(Ŵ λ

I (t))]P
{
Dλ
I (t)> 0

}
+ o(1). (EC.30)

Combining (EC.28) and (EC.30) we have that

E
[
f(Ŵ λ(t))

]
= E

[
f(Ŵ λ(t))

∣∣∣Dλ
I (t)> 0}

]
P
{
Dλ
I (t)> 0

}
+E
[
f(Ŵ λ(t))

∣∣∣Dλ
I (t) = 0

]
P
{
Dλ
I (t) = 0

}
(EC.31)

= E
[
f(Ŵ λ

I (t))
]
P
{
Dλ
I (t)> 0

}
+E

[
f(Ŵ λ

O(t))
]
P
{
Dλ
I (t) = 0

}
+ o(1).

Noting that, by Theorem EC.1.4 and Corollary 4.2 we have P
{
Dλ
I (t) = 0

}
= pλb + o(1) for all t > 0, we

conclude that

E
[
f(Ŵ λ(t))

]
= E

[
f(Ŵ λ

I (t))
]

(1− pλb ) +E
[
f(Ŵ λ

O(t))
]
pλb + o(1).

We turn to prove the second part of the corollary. To that end, write

E

 1

Aλ(t)

Aλ(t)∑
k=1

f(
√
λwλk )

 = E

 1

Aλ(t)

AλI (t)∑
k=1

f(
√
λwλk,I)

+E

 1

Aλ(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

 ,(EC.32)

Considering first the second element on the right hand side, note that

E

 1

Aλ(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

 = E

AλO(t)

Aλ(t)

1

AλO(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

 .
By Theorem 4.1 and the strong law for renewal processes we have that, for each t > 0,∣∣AλO(t)/Aλ(t)− pλb

∣∣⇒ 0, and the convergence also holds in expectation since AλO(t)/Aλ(t) ≤ 1 for each

t > 0. Using the fact that f is bounded we have that

E

∣∣∣∣AλO(t)

Aλ(t)
− pλb

∣∣∣∣ 1

AλO(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

= o(1)

and, in turn, that

E

AλO(t)

Aλ(t)

1

AλO(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

= pλbE

 1

AλO(t)

AλO(t)∑
k=1

f(
√
λwλk,O)

+ o(1).

A similar analysis applies then to the first element on the right hand side of (EC.32). �
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Proof of Corollary 4.5: Note that by the functional strong law of large numbers applied to the Poisson

processAλ we have thatAλ/λ⇒ e inD[0,∞). By Theorem 4.1 we have thatAλO/λ⇒ (1−ν)e inD[0,∞).

In turn, we also have that AλI /λ⇒ νe. Finally, by Theorem 5.2 of Talreja and Whitt [2009] we also have

that Ŵ λ
O⇒ ŴO = [X̂O]+/(1− ν) where X̂O is the limit for the scaled and centered head-count process in

the associated sequence of GI/M/Nλ
O +M queues as in Theorem 3.1 of Whitt [2005]. In fact, Theorem

5.2 in Talreja and Whitt [2009] is for the M/M/N +M queue but the result applies identically for the

GI/M/N +M replacing the appropriate limits for the head-count process of the M/M/N +M queue

(Theorem 5.1 there) with those of the GI/M/N +M in Whitt [2005].

Combining all of the above and since all but Ŵ λ
O converge to non-random limits we can conclude (see

Theorem 11.4.5 in Whitt [2002a]) the joint convergence(
AλI
λ
,
AλO
λ
, Ŵ λ

I , Ŵ
λ
O

)
⇒
(
νe, (1− ν)e, K̄/ν, ŴO

)
in D4[0,∞) as λ→∞. (EC.33)

From here the proof of the corollary follows from Corollary 4.4 by applying results in stochastic integration.

Note first that we can write

1

AλI (t)

AλI (t)∑
k=1

f(
√
λwλk,I) =

1

AλI (t)

∫ t

0

f(Ŵ λ
I (s−))dAλI (s),

and

1

AλO(t)

AλO(t)∑
k=1

f(
√
λwλk,O) =

1

AλO(t)

∫ t

0

f(Ŵ λ
O(s−))dAλO(s).

We will next use the following general result (whose proof appears in §EC.1.3)

LEMMA EC.1.10. Fix t > 0. Let {(Ψλ, Y λ)} be a sequence of processes in D2[0, t] such that, for all λ,

Y λ is increasing with Y λ(0) = 0 and such that (Ψλ, Y λ)⇒ (Ψ, Y ) as λ→∞ in the J1 metric where Y is a

continuous process. Let f :R→R+ be such that∫ t

0

1{Ψ(s−)∈ disc{f}}dY (s) = 0 almost surely, (EC.34)

where disc{f} is the set of discontinuity points of the function f . Then for any s∈ [0, t],∫ s

0

f(Ψλ(u−))dY λ(u)⇒
∫ s

0

f(Ψ(u−))dY (u), as λ→∞.
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Proceeding with the proof of Corollary 4.5 and fixing t, define for 0 ≤ s ≤ t, the processes Y λ
I (s) :=

AλI (s)/AλI (t) and Y λ
O (s) = AλO(s)/AλO(t). By the strong law for renewal process we then have that, uni-

formly over compact subsets of [0, t], both Y λ
I ⇒ e(·)/t and Y λ

O ⇒ e(·)/t. Also, by the first part of the

corollary, we have that Ŵ λ
I ⇒ ŴI and Ŵ λ

O ⇒ ŴO. Since the limit processes are continuous this implies

convergence together inD2[0, T ] and, in particular, that each of the sequences {(Ŵ λ
I , Y

λ
I )} and {(Ŵ λ

O, Y
λ
O )}

satisfies the conditions of Lemma EC.1.10. Moreover, since the function f in the corollary is assumed to be

continuous (EC.34) holds trivially. Consequently, we conclude that

1

AλI (t)

∫ t

0

f(Ŵ λ
I (s−))dAλI (s)⇒ 1

t

∫ t

0

f(ŴI(s−))ds=
1

t

∫ t

0

f(ŴI(s))ds,

where the equalities hold almost surely using the boundedness of f , and similarly

1

AλO(t)

∫ t

0

f(Ŵ λ
O(s−))dAλO(s)⇒ 1

t

∫ t

0

f(ŴO(s−))ds=
1

t

∫ t

0

f(ŴO(s))ds.

Since the function f is bounded and since AλI (s)/AλI (t)≤ 1 and AλO(s)/AλO(t)≤ 1 for all s≤ t, the conver-

gence also holds in expectations. The proof of the corollary is thus complete. �

EC.1.3. Proofs of auxiliary results

Proof of Lemma EC.1.2: Given the ordering in Lemma EC.1.1, the claim of the lemma is implied by the

following result for M/M/1 queues: Fix ε > 0 such that (EC.1) and (EC.2) hold. Then

lim
a→∞

limsup
λ→∞

P
{

sup
0≤s≤T

Q+

ε,Y λ
d

(λs)≥ a
√
λ

}
= 0 and (EC.35)

lim
a→∞

limsup
λ→∞

P
{

sup
η≤s≤T

Q+

ε,Y λ
d

(λs)≥ a logλ

}
= 0, for all η > 0. (EC.36)

To establish (EC.36) it suffices to show that for any given ξ > 0, there exist b(ξ) such that

lim
a→∞

limsup
λ→∞

P

{
sup

b(ξ)/
√
λ≤s≤T

Q+

ε,Y λ
d

(λs)>a logλ

}
≤ ξ. (EC.37)

At the end of the proof we will show how (EC.35) also follows from (EC.37).

Now, for m∈R+, let

τλm(Y λ
d ) := inf

{
t≥ 0 :Q+

ε,Y λ
d

(λt)≤m
}
∧T. (EC.38)
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We have that

P

{
sup

b(ξ)/
√
λ≤s≤T

Q+

ε,Y λ
d

(λs)>a logλ

}
≤ P

{
sup

τλm(Y λ
d

)≤s≤T
Q+

ε,Y λ
d

(λs)>a logλ

}
+P

{
τλm(Y λ

d )>
b(ξ)√
λ

}
.

(EC.39)

We now treat each of the elements on the Right-Hand Side (RHS) of (EC.39), starting with the first element.

We claim that

P

{
sup

τλm(Y λ
d

)≤s≤T
Q+

ε,Y λ
d

(λs)>a logλ

}
≤ P

{
sup

0≤s≤T
Q+
ε,m(λs)>a logλ

}
. (EC.40)

Indeed, if τλm(Y λ
d )>T , the set of times

{
s : τλm(Y λ

d )≤ s≤ T
}

is empty so that the inequality holds trivially.

For the other case, letting Ỹ λ
d :=Q+

ε,Y λ
d

(λτλm(Y λ
d )) (this is the state at the random time defined in (EC.38)

and we set it to∞ if τλm(Y λ
d )>T ), we have that

P

{
sup

τλm(Y λ
d

)≤s≤T
Q+

ε,Y λ
d

(λs)>a logλ; τλm(Y λ
d )≤ T

}

= P

{
sup

0≤u≤T−τλm(Y λ
d

)

Q+

ε,Y λ
d

(λ(τλm(Y λ
d ) +u))>a logλ; τλm(Y λ

d )≤ T

}

≤ P
{

sup
0≤u≤T

Q+

ε,Y λ
d

(λ(τλm(Y λ
d ) +u))>a logλ; τλm(Y λ

d )≤ T
}

(a)
= P

{
sup

0≤u≤T
Q+

ε,Ỹ λ
d

(λu)>a logλ; Ỹ λ
d ≤m

}
(b)
= P

{
sup

0≤u≤T
Q+

ε,Y λ
d
∧m(λu)>a logλ

}
.

where Equality (a) uses the strong Markov property of the M/M/1 queue and Equality (b) follows from

the fact that, on the event {Ỹ λ
d ≤m}, we have that Ỹ λ

d = Y λ
d ∧m. From the well-known monotonicity of

the M/M/1 queue in its initial condition (see e.g. Chapter 9 of Ross [1996]), we then have

P

{
sup

τλm(Y λ
d

)≤s≤T
Q+

ε,Y λ
d
∧m(λs)>a logλ

}
≤ P

{
sup

0≤s≤T
Q+
ε,m(λs)>a logλ

}
,

which establishes (EC.40). To bound the right hand side of (EC.40), we have by Chapter VI.4 of Asmussen

[2003], in particular by Problem 4.2 and Example 4.3 there, that

lim
a→∞

limsup
λ→∞

P
{

sup
0≤s≤T

Q+
ε,m(λs)>a logλ

}
= 0. (EC.41)
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We note that in Asmussen [2003] the cycles of the M/M/1 queue are started in 0, but the same applies if

one considers a cycle as the time between consecutive visit to state m. We conclude from (EC.40) that

lim
a→∞

limsup
λ→∞

P

{
sup

τλm(Y λ
d

)≤s≤T
Q+

ε,Y λ
d

(λs)>a logλ

}
= 0. (EC.42)

This covers the first element on the right hand side of (EC.39), and we turn to the second element. To that

end, fix ξ > 0 and note that

P
{
τλm(Y λ

d )>
b(ξ)√
λ

}
≤ P

{
τλm(Y λ

d )>
b(ξ)√
λ

;Y λ
d ≤ c

√
λ

}
+P

{
Y λ
d > c

√
λ
}
. (EC.43)

By the assumptions of the lemma, given ξ we can choose c(ξ) so that P
{
Y λ
d > c(ξ)

√
λ
}
≤ ξ. By the

monotonicity of the M/M/1 queue in the initial condition we have that, on the event
{
Y λ
d ≤ c(ξ)

√
λ
}

,

τλm(Y λ
d )≤st τλm(c(ξ)

√
λ). Namely,

P
{
τλm(Y λ

d )>
b(ξ)√
λ
,Y λ

d ≤ c(ξ)
√
λ

}
≤ P

{
τλm(c(ξ)

√
λ)>

b(ξ)√
λ

}
.

recall that Q+
ε is an M/M/1 queue with arrival rate ν + ε < 1 and service rate 1. By basic results for the

M/M/1 queue, see e.g., Proposition 3.3.1 in Meyn [2008] (note that T ∗(x) in that proposition is defined in

(3.5), page 63 of that reference),

E
[
τλm(c(ξ)

√
λ)
]
≤ 1

λ

c(ξ)
√
λ

1− ν− ε
=

c(ξ)√
λ(1− ν− ε)

,

where the division by λ in the inequality above is due to the time being scaled by a factor λ. Then by

Markov’s inequality,

P
{
τλm(c
√
λ)>

b(ξ)√
λ

}
≤ c(ξ)

b(ξ)(1− ν− ε)
.

We can now choose b(ξ) large enough so that P
{
τλm(Y λ

d )> b(ξ)/
√
λ,Y λ

d ≤ c(ξ)
√
λ
}
≤ ξ for all λ large

enough. Plugging this into (EC.43) we then have that

limsup
λ→∞

P
{
τλm(Y λ

d )>
b(ξ)√
λ

}
≤ 2ξ. (EC.44)

Since for each ξ > 0 we can find such b(ξ), we can plug (EC.44) together with (EC.42) into (EC.39) to

conclude the proof of (EC.37). We turn now to prove (EC.35).
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To that end, we note that

P
{

sup
0≤s≤T

Q+

ε,Y λ
d

(λs)≥M
√
λ

}
≤ P

{
sup

b(ξ)/
√
λ≤s≤T

Q+

ε,Y λ
d

(λs)≥M/2
√
λ

}

+P

{
sup

0≤s≤b(ξ)/
√
λ

Q+

ε,Y λ
d

(λs)≥M/2
√
λ

}
.

The first element on the RHS was treated in (EC.37). For the second element we can use a crude bound.

Note that for all s ≤ b(ξ)/
√
λ, Q+

ε,Y λ
d

(λs) ≤st Y λ
d + N (λ(ν + ε)b(ξ)/

√
λ), where N (·) is a unit rate

Poisson process (i.e, the state at time s is smaller than the initial condition plus all the arrivals up to time

b(ξ)/
√
λ≥ s). Since both Y λ

d =OP (
√
λ) and N (λ(ν+ ε)b(ξ)/

√
λ) =OP (

√
λ) it follows that

lim
M→∞

limsup
λ→∞

P

{
sup

0≤s≤b(ξ)/
√
λ

Q+

ε,Y λ
d

(λs)≥M/2
√
λ

}
= 0.

�

Proof of Lemma EC.1.3: Let τ̌λM(Y λ
d ) := inf

{
t≥ 0 :Dλ

I (t)≥M
√
λ
}
∧ T. Recall that Dλ

I is a state-

dependent BD process with state space d∈
{

0,1, . . . ,Nλ
I +Kλ

I

}
, having death rate λ and birth rate (in state

d) µ(Nλ
I − (d−Kλ

I )+) + θ(Kλ
I − d)+ so that for all d≤M

√
λ+ 1

µ(Nλ
I − (d−Kλ

I )+) + θ(Kλ
I − d)+ ≥ λ(ν− ε).

The process Dλ
I (t) can be constructed on the same sample space with the M/M/1 queue, Q−

ε,Y λ
d

so that

Dλ
I (t)≥Q−

ε,Y λ
d

(λt), for all t≤ τ̌λM(Y λ
d ).

The comparison does not necessarily hold after τ̌λM(Y λ
d ). The simple coupling argument is omitted and we

refer the reader to the proof of Lemma EC.1.11 where a very similar argument is used. Note now that for

t≤ T ,

P
{
Dλ
I (t)≥ d1

}
= P

{
Dλ
I (t)≥ d1, T ≤ τ̌λM(Y λ

d )
}

+P
{
Dλ
I (t)≥ d1, T > τ̌

λ
M(Y λ

d )
}

≥ P
{
Q−
ε,Y λ

d

(λt)≥ d1, T ≤ τ̌λM(Y λ
d )
}

≥ P
{
Q−
ε,Y λ

d

(λt)≥ d1

}
−P

{
τ̌λM(Y λ

d )<T
}
.
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To conclude the proof we only need to show that for all t≤ T ,

lim
M→∞

limsup
λ→∞

P
{
τ̌λM(Y λ

d )<T
}

= 0. (EC.45)

This, however, follows by noting that

lim
M→∞

limsup
λ→∞

P
{
τ̌λM(Y λ

d )<T
}
≤ lim

M→∞
limsup
λ→∞

P
{

sup
0≤s≤T

Dλ
I (s)≥M

√
λ

}
≤ lim

M→∞
limsup
λ→∞

P
{

sup
0≤s≤T

Q+

ε,Y λ
d

(λs)≥M
√
λ

}
= 0,

where the second inequality follows from Lemma EC.1.1 and the last equality follows from (EC.36). �

Proof of Lemma EC.1.5: We prove the result only of Q+
ε . The proof is identical for Q−ε . To that end, let

τλm(Y λ
d ) be defined as in (EC.38) and note that

P
{
Q+

ε,Y λ
d

(λt)≥ d1

}
= P

{
Q+

ε,Y λ
d

(λt)≥ d1, τ
λ
m(Y λ

d )≤ b
}

+P
{
Q+

ε,Y λ
d

(λt)≥ d1, τ
λ
m(Y λ

d )> b
}
.

Since, for any b > 0, limsupλ→∞ P
{
τm(Y λ

d )> b
}

= 0 (see equation (EC.44) and the argument leading to

it), we have that

P
{
Q+

ε,Y λ
d

(λt)≥ d1

}
= P

{
Q+

ε,Y λ
d

(λt)≥ d1, τ
λ
m(Y λ

d )≤ b
}

+ o(1),

so that it suffices to consider P
{
Q+

ε,Y λ
d

(λt)≥ d1, τ
λ
m(Y λ

d )≤ b
}

. By the strong Markov property of the

M/M/1 queue we can write

P
{
Q+

ε,Y λ
d

(λt)≥ d1, τ
λ
m(Y λ

d )≤ b
}

= P
{
Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))≥ d1, τ

λ
m(Y λ

d )≤ b
}

= P
{
Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))≥ d1

}
+ o(1),

where Ỹ λ
d is the state at the random time τλm(Y λ

d ), i.e, Ỹ λ
d =Q+

ε,Y λ
d

(τλm(Y λ
d )). The last equality follows again

from the fact that P
{
τλm(Y λ

d )> b
}
→ 0. Now,

P
{
Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))≥ d1

}
= P

{
Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))≥ d1, Ỹ

λ
d ≤ 2m

}
+ P

{
Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))≥ d1, Ỹ

λ
d > 2m

}
.
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Since P
{
τλm(Y λ

d )> b
}
→ 0 we also have that P

{
Ỹ λ
d > 2m

}
→ 0. In turn, it suffices to consider the first

element on the RHS above. Since τλm(Y λ
d )≤ T by definition and since we consider the event on which the

initial condition Ỹ λ
d ≤ 2m (which does not change with λ) we have that as λ→∞,

Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))⇒Q+

ε (∞),

and in turn that

P
{
Q+

ε,Ỹ λ
d

(λ(t− τλm(Y λ
d )))≥ d1, Ỹ

λ
d ≤ 2m

}
→ P

{
Q+
ε (∞)≥ d1

}
.

This concludes the proof. �

Proof of Lemma EC.1.8 We start with the proof of (EC.14). The first part is straightforward. Indeed,

since ξλk is exponential with rate (µIN
λ
I + θKλ

I )/λ we have that

V ar(ξλk/
√
λ) =

1

λ

λ2

(µINλ
I + θKλ

I )2
,

so that, for each t > 0,

lim
λ→∞

dλte∑
k=1

V ar(ξλk/
√
λ) = lim

λ→∞

dλte
λ

λ2

(µINλ
I + θKλ

I )2
=

1

ν2
t, (EC.46)

where we used the fact that, by our assumptions (µIN
λ
I + θKλ

I )/λ→ ν. Note that, since both the pre-

limit functions above are monotone increasing and since the limit is continuous, the pointwise convergence

implies uniform convergence. For the second part of (EC.14) we have the following auxiliary result whose

proof appears at the end of this section.

LEMMA EC.1.11. As λ→∞,

√
λ

(
E
[
T̄ λ1
]
−
(

1− µIN
λ
I + θKλ

I

λ

)−1
)
→ 0, (EC.47)

√
λ

(
(1− ρλd)− λ−µIN

λ
I − θKλ

I

λ

)
→ 0, (EC.48)

and

V ar[T̄ λ1 ]→ 1 + ν

(1− ν)3
, (EC.49)
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and consequently
dλ·e∑
k=1

V ar

(
T̄ λk√
λ

)
⇒ 1 + ν

(1− ν)3
e, (EC.50)

in D[0,∞).

Using (EC.46) and (EC.50) we have immediately that
dλ·e∑
k=1

V ar

(
T λk√
λ

)
⇒
(

1 + ν

(1− ν)3
+

1

ν2

)
e, (EC.51)

in D[0,∞), which proves (EC.14). We can now apply the FCLT for double arrays (see e.g. Theorem 2.3.9

in the internet supplement to Whitt [2002a]) to conclude that, as λ→∞,

1√
λ

dλ·e∑
k=1

(
T λk −E

[
T λk
])
⇒ σ̌B as λ→∞,

in D[0,∞) where σ̌2 = 1+ν
(1−ν)3

+ 1
ν2

. By Theorem 1 of Iglehart and Whitt [1971] the convergence of the

partial sums implies convergence of the corresponding renewal process so that

1√
λ

(
Rλ(λ·)−λ/E

[
T λk
]
·
)
⇒
√
ν(1− ν)σ̌B as λ→∞,

in D[0,∞). From here it also follows directly that, uniformly on compact subsets,

Rλ(λ·)/λ− ·/E
[
T λk
]
⇒ 0 as λ→∞,

inD[0,∞). Since E [T λk ]→ 1/ν+1/(1−ν) = 1/(ν(1−ν)), we have thatR(λ·)/λ⇒ ν(1−ν)e inD[0,∞).

The convergence in (EC.14) now follows from the marginal convergence of the components because all

limits are non-random (see Theorem 11.4.5 in Whitt [2002a]). We now use (EC.46), (EC.50) and (EC.48)

and apply the FCLT for double arrays to each of the two (independent) processes

1√
λ

λ·∑
k=1

(
ρλdξ

λ
k −

λρλd
µINλ

I + θKλ
I

)
, and

1√
λ

λ·∑
k=1

(1− ρλd)
(
T̄ λk −E

[
T̄ λk
])

to obtain the joint convergence of(
1√
λ

λ·∑
k=1

(
ρλdξ

λ
k −

λρλd
µINλ

I + θKλ
I

)
,

1√
λ

λ·∑
k=1

(1− ρλd)
(
T̄ λk −E

[
T̄ λk
])
,
R(λ·)
λ

)
⇒(

B1,

√
1 + ν

1− ν
B2, ν(1− ν)e

)
,

in D[0,∞) where B1 and B2 are standard independent Brownian motions. Equation (EC.15) now follows

from the random time change theorem; see e.g. §17 of Billingsley [1968]. �



ec26 e-companion to Author: Overflow Networks

Proof of Lemma EC.1.9 The first part follows from (EC.47) and (EC.48) after basic algebraic manipu-

lations. Equation (EC.16) than follows since Rλ(λ·)/λ⇒ ν(1− ν)e as proved within the proof of Lemma

EC.1.8. �

Proof of Lemma EC.1.10: Consider first the (sequence of) processes Mλ(s), 0≤ s≤ t defined by

Mλ(s) :=

∫ s

0

Ψλ(u−)dY λ(u), 0≤ s≤ t,

and let M(s) =
∫ s

0
Ψ(u−)dY (u). Then, from Theorem 0 in ? it follows, under certain conditions to be

discussed shortly, that Mλ⇒M in D[0, t]. The conditions in that theorem refer to a certain UT property

of the process Y λ (see the discussion in ? immediately after the statement of Theorem 0 there). However,

this condition holds trivially when (as in our case) Y λ is, for each λ, an increasing process and such that

Y λ ⇒ Y , which implies, in particular, that the sequence Y λ is stochastically bounded. In addition, the

martingale condition in Theorem 0 in ? holds trivially, as one can always use the self filtration of the process

(Ψλ, Y λ), for each λ. The process Ψλ is then adapted to this filtration and, being an increasing process, Y λ

is a semi-martingale with respect to this filtration. Thus, it indeed holds that Mλ→M .

We next show that the convergence holds if one replaces the integrand Ψλ(s−) with f(Ψλ(s−)), where

f satisfies (EC.34). Note that, for all λ, t > 0 and Borel measurable set B, we have that

Mλ(B) :=

∫ t

0

1{Ψλ(s−)∈B}dY λ(s)

is a (random measure) on R; see e.g. ?. By the first part of this proof it holds that∫ t

0

f(Ψλ(s−))dY λ(s)⇒
∫ t

0

f(Ψ(s−))dY (s),

for every continuous function f : R → R+. Thus, the sequence of random measures Mλ(·) converges

weakly toM(·), where

M(B) =

∫ t

0

1{X(s−)∈B}dY (s).

The condition (EC.34) implies that M(·) assigns zero measure to the family of discontinuity points of f

so that, from the generalized version of continuous mapping theorem (see, e.g., Theorem 3.4.3 in Whitt

[2002b]), we deduce the convergence∫ t

0

f(Ψλ(s−))dY λ(s)⇒
∫ t

0

f(Ψ(s−))dY (s),
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for all functions f that satisfy condition (EC.34). �

Proof of Lemma EC.1.11 Recall that T̄ λ has the distribution of the length of a busy period of the process

Ds,λ
I (·), i.e, T̄ λ = T λ− ξλ for T λ that has the distribution of the busy cycle and ξλ that has the distribution

of the idle period. To obtain bounds for the busy period we will couple the processDs,λ
I (·) with two queues.

Specifically, let Ť λ have the distribution of a busy period in an M/M/1 queue with service rate 1 and

arrival rate (µIN
λ
I + θKλ

I )/λ. Let ρ̌λ be the utilization in this M/M/1 queue. Let T̃ λ have the distribution

of a busy period in an M/M/1 queue with service rate 1 and arrival rate (µIN
λ
I /λ+ θKλ

I − 2K log(λ))/λ

(note that for all λ large enough this is a positive number and it is also strictly smaller than 1). Let ρ̃λ be the

utilization in this M/M/1 queue and let M̃λ be a random variable with the distribution of the busy-period

maximum in such an M/M/1 queue.

We will next use a coupling argument to show that

E
[
T̃ λ1

{
M̃λ ≤K log(λ)

}]
≤E

[
T̄ λ
]
≤E

[
Ť λ
]

(EC.52)

and similarly that

E
[
(T̃ λ)2

1

{
M̃λ ≤K log(λ)

}]
≤E

[
(T̄ λ)2

]
≤E

[
(Ť λ)2

]
. (EC.53)

Let Q̌λ(t) be the queue length of theM/M/1 queue with service rate 1 and arrival rate (µIN
λ
I +θKλ

I )/λ

and let Q̃λ(t) be defined similarly with the arrival rate (µIN
λ
I /λ+ θKλ

I − 2K log(λ))/λ. Then, we start

at time 0 all the queues with the server busy and zero customers in queue. Namely, set Q̌λ(0) = Q̃λ(0) =

Ds,λ
I (0) = 1. Then, we will couple them until the first of them hits 0. We generate “events” using a Poisson

process with rate bλ := 1 + (µIN
λ
I + θKλ

I )/λ. We determine whether an event is an arrival or a service

completion using the same sequence of uniform [0,1] random variables for all the three queues (for each

event we use a different uniform random variable and these uniforms are IID). The kth event trigger an

arrival in Ds,λ
I when in state d if Uk ∈ [0, ((µ(Nλ

I − (d − Kλ
I )+) + θ(d ∧ Kλ

I ))/λ)/bλ). It is a service

completion if Uk ∈ [1−1/bλ,1] andDs,λ
I stays in its state d otherwise. Similarly, an event triggers an arrival

in Q̌λ
1 if Uk ∈ [0, ((µIN

λ
I + θKλ

I )/λ)/bλ). It trigger a service completion if Uk ∈ [1− 1/bλ,1] and it stays

put otherwise. Finally, an event triggers an arrival in Q̃λ
1 if Uk ∈ [0, ((µIN

λ
I + θKλ

I − 2K log(λ))/λ)/bλ).

It triggers a service completion if Uk ∈ [1− 1/bλ,1] and it stays put otherwise.
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Let τ̃λ = inf
{
t≥ 0 : Q̃λ(t) = 0 or Q̃λ(t)≥K log(λ)

}
. Then with the above sample-path construction is

necessarily holds that:

(i) for all t≥ 0, Ds,λ
I (t)≤ Q̌λ(t) and

(ii) for all t≤ τ̃λ, Q̃λ(t)≤Ds,λ
I (t)≤ Q̌λ(t).

From here it also follows that, under this construction

T̃ λ1
{
M̃λ ≤K logλ

}
≤ T̄ λ ≤ Ť λ

almost surely. Taking squares and applying expectations on both sides (ny Proposition 8.10 in Asmussen

[2003] these expectations are finite), we have (EC.52) and (EC.53).

We next use (EC.52) and (EC.53) to complete the proof of the lemma. By known results for the busy

period of the M/M/1 queue (see e.g. Proposition 8.10 in Asmussen [2003]) we have

E
[
Ť λ
]

=
1

(1− (µINλ
I + θKλ

I )/λ)
and E

[
T̃ λ
]

=
1

(1− (µINλ
I + θKλ

I − 2K log(λ))/λ)
,

so that
√
λ
(
E
[
Ť λ
]
−E

[
T̃ λ
])
→ 0, and, to establish the first part of the lemma, it suffices to show that

√
λE
[
T̃ λ1

{
M̃λ >K log(λ)

}]
→ 0, as λ→∞.

By Holder’s inequality

E
[
T̃ λ1

{
M̃λ >K log(λ)

}]
≤
√

E
[
(T̃ λ)2

]√
P
{
M̃λ >K log(λ)

}
.

It is known (see again Asmussen [2003]) that E
[
(T̃ λ)2

]
= (1 + ρ̃λ)/(1− ρ̃λ)3 so that, since ρ̃λ→ ν < 1

by Assumption 1, we have limsupλ→∞E
[
(T̃ λ)2

]
<∞. Note that M̃λ ≤stMλ := supn≥0S

λ
n where Sλn is

random walk (starting at 1) that increases by one with probability

φλ =
(µIN

λ
I + θKλ

I − 2K log(λ)/λ)

λ+ (µINλ
I + θKλ

I − 2K log(λ)/λ)

and decreases by one with probability 1−φλ. This is a Gambler’s-ruin type problem and from basic argu-

ments is follows that

P
{
Mλ >K log(λ) + 1

}
=

(
φλ

1−φλ

)2K logλ

;
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see e.g. Chapter 7.3 of Ross [1996]. By Assumption 1, φλ→ 1/(1 + ν)< 1. In turn, there exists a constant

c < 1 such that P
{
Mλ >K log(λ) + 1

}
≤ c2K logλ for all λ large enough. Recalling that M̃λ ≤stMλ and

choosing K large enough, we conclude that

√
λ

√
P
{
M̃λ >K log(λ)

}
→ 0.

Similar arguments are applied to the variance terms. The only difference is that when applying Holder’s

inequality we will use the fact that, since ρ̃λ→ ν, the sequence {E[(T̃ λ)4], λ≥ 0} convergence so that, in

particular, limsupλ→∞E
[
(T̃ λ)4

]
<∞. The fact that the moments converge follows from the convergence

of the characteristic function together with its derivatives at 0 of all orders as λ→∞ and ρ̃λ → ν. The

convergence of the characteristic function is easily verifiable using the explicit expressions; see Proposition

8.10 of Asmussen [2003].

To conclude the proof we show that (EC.48) follows from (EC.47). Indeed, by basic regenerative process

arguments (applied to the regenerative process Ds,λ
I ) we have that

ρλd =
E
[
T̄ λ
]

E
[
T̄ λ
]

+E [ξλ]
.

Recalling that E [ξλ] = 1

(µIN
λ
I

+θKλ
I

)/λ
and using (EC.47) the result by basic algebraic manipulations. �

EC.2. The Multi-Class Setting

Thus far we considered a setting in which the outside provider uses a dedicated pool of servers for the

overflow input. With this configuration, analyzing a system with multiple in-house call centers is identical

to analyzing multiple independent subsystems consisting of an in-house call center and its dedicated station

at the outside provider’s facility.

In this section we consider the case in which the outside provider serves multiple input streams in a

common facility. Station O can then be thought of as a call center with multiple customer classes and

possibly multiple agent pools. An example having a single agent pool is depicted in Figure 1(b). More

specifically, each overflow stream can be thought of as a customer class. There might be different agent

groups that differ by their skills set, and hence have different levels of flexibility. In such a multi-class multi-

pool configuration, the outsourcer needs to determine the policy for real-time prioritization of customers.
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For the system in Figure 1(b), the controller has to determine: (i) what to do with an arriving call if there is

an available agent upon its arrival (admit it to service or reserve the capacity for other customer classes), and

(ii) which customer to admit to service when an agent becomes available and there are customers waiting

in multiple queues. We refer the reader to Gurvich and Whitt [2010] for a more detailed description of the

underlying queueing network.

Fortunately, our results for the base model extend to this more complex setting. Below we highlight what

are the corresponding mathematical statements and what are the assumptions that have to be imposed on the

prioritization rule in station O. To formally state the results, we letM := {1, . . . ,M} be the set of in-house

centers, i.e, the sources of overflows for stationO. The processAm is then the Poisson process of exogenous

arrivals to (in-house) center m∈M, with rate λm. We denote the aggregate arrival rate by λ=
∑

m λm. As

before, we add the superscript λ to all quantities that change along the sequence of systems. We will assume

that λm/λ= am > 0, i.e., the fractions am do not scale with λ.

The service rate at station m is given by µm and we let θm be the patience rate of the customers arriving

to station m. Let (Nλ
m,K

λ
m) be the capacity and threshold pair for station m ∈M. The resource pooling

condition (item (1) in Assumption 1) is assumed to hold for each of the in-house centers, i.e,

lim
λ→∞

µmN
λ
m + θKλ

m

λm
= νm < 1, m∈M. (EC.54)

Let Aλm,O be the overflow process from station m, and define the scaled process

Âλm,O(t) =
Aλm,O(t)− (λm−µmNλ

m− θmKλ
m)t

√
λm

.

For state descriptors, we use Xm,I(t) to denote the number of customers present in station m ∈M at time

t. In station O there is a queue for each overflow stream (for each customer class) and we let Xm,O(t) and

Qm,O(t) be, respectively, the total head count of “class-m” customers in stationO at time t, and the number

in queue there. As in Assumption 1, we will assume that station O uses a square-root safety staffing rule.

For in-house station m ∈ M we define the scaled and centered process X̂λ
m,I := (Xλ

m,I − (Nλ
m +

Kλ
m))/
√
λ. For station O and class k we denote by Q̂λ

m,O the scaled queue length process and by X̂λ
m,O

the scaled and centered head-count process. The square-root staffing rule, as well as the centering of the
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head-count processes Xλ
m,O, need to be defined carefully in the multi-class multi-pool setting. Such details

are not central for our results below and we refer the reader to §2.1 of Gurvich and Whitt [2009]. We will

be assuming, analogously to (12), that the initial conditions converge, i.e, that

(Q̂λ
m,O(0), X̂λ

m,O(0), X̂λ
m(0);m∈M)⇒ (Q̂m,O(0), X̂m,O(0), X̂m(0);m∈M) as λ→∞. (EC.55)

Since the in-house call centers are independent of each other, Theorem 4.1 immediately generalizes to

the multiclass setting and the proof requires no modification, i.e,

(Âλ1 , . . . , Â
λ
M)⇒ (σ1B1, . . . , σMBM) in DM as λ→∞, (EC.56)

where B1, . . . ,BM are M independent standard Brownian motions, and σ2
m = 1 + νm, m∈M.

The asymptotic independence in Theorem 4.3 continues to hold in the multi-class setting for each pair

of in-house call center and outsourcer. The proof of that theorem reveals that the only requirement is that

the processes in station O are C-tight. (See also the intuition in Remark 4.3.) In the multi-class settings,

such tightness holds, in particular, if the sequence {(X̂λ
1,O, . . . X̂

λ
M,O)} converges to a continuous limit. This

is satisfied, for example, by the QIR family of controls studied in Gurvich and Whitt [2009]. The same is

true for other policies that try to maintain certain proportions between the queues; see Atar [2005] and Atar

et al. [2004]. However, not all routing rules satisfy this property. For example, the bang-bang type rule in

Harrison and Zeevi [2004] does not produce continuous heavy-traffic limits.

If the C-tightness holds, then the corresponding result is a direct extension of Theorem 4.3 – requiring

again no modification of the proof, as the analysis can be applied to each m ∈M separately. The corre-

sponding asymptotic independence statement is then

P
{
X̂λ
m,O(t)> q,Dλ

m,I(t) = d
}

= P
{
X̂λ
m,O(t)> q

}
P
{
Dλ
m,I(t) = d

}
+ o(1), t > 0, q ∈R, d∈Z+,

where Dλ
m,I :=Nλ

m +Kλ
m −Xλ

m,I . Corollaries 4.4 and 4.5 also extend to the multi-class case without any

changes to their proofs.
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EC.2.1. Optimization in the Multi-class Setting

As we pointed out in the introduction, one may wish to study the value of real-time information about the

state of the in-house call centers for optimization problems of the outside provider. We will now show that

such information carries at most marginal benefit. For ease of presentation we focus on a relatively simple

setting, but the results hold for more general models. Specifically, we focus on the case in which the outside

provider has a single pool of servers serving all customer classes (overflow streams). A two-class example

is depicted in Figure 1(b). The queueing network in station O is then the so-called V model; see Gurvich

et al. [2008] and Atar et al. [2004].

In serving multiple input streams in one facility, the outside provider’s problem is now a staffing-and-

routing optimization problem. Specifically, the outside provider’s problem (5) may become

min Cs(NO) +
∑
m∈M

E
[∫ ∞

0

e−γsCm(Q̂π,λ
m,O(s))ds

]
(EC.57)

s.t. NO ∈Z+, π ∈Πλ,

where Πλ is the family of admissible routing rules, and the superscript π makes explicit the dependency of

the queue length process on the control being employed. Normally, as in (5), the outside provider would

have a constraint on the waiting time rather than holding costs, but one may think about that problem as a

dualization of such constraints. In fact, it suffices to fix NO and consider the control problem

min
∑
m∈M

E
[∫ ∞

0

e−γsCm(Q̂π,λ
m,O(s))ds

]
s.t. π ∈Πλ. (EC.58)

Assuming that (EC.57) has an optimal staffing-and-routing solution (N∗,λO , π∗,λ) and that, for each NO,

(EC.58) has an optimal control π∗,λ(NO), one can solve (EC.57) by using π∗,λ(NO) and optimizing only

over NO.

We further assume that the functions Cm(·) are twice continuously differentiable with strictly positive

second derivatives, and that these functions have at most polynomial growth, i.e, that there exist constant
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Mm and lm such that Cm(x)≤Mm(1 + |x|lm). These assumptions will allow us to interpret directly some

results in Atar et al. [2004].

To show that the real-time state information does not carry significant value we first formalize the notion

of information with respect to the optimization problem (EC.58). To that end, we define Sλm,O(t) to be the

number of class-m customers that departed from station O by time t after completing service, and Lλm,O(t)

be the number of class-m customers that abandoned station O by time t. We assume that, regardless of

whether information is shared or not, the outside provider knows the state of his local queues, as reflected

in the processes Xλ
m,O and Qλ

m,O, as well as the local history up to the time of the decision. Namely, when

making a decision at time t, the outside provider knows the evolution of the processes (Xλ
m,O,Q

λ
m,O),

m∈M up to time t, as well as that of the processes Aλm,O, Sλm,O and Lλm,O.

The information-sharing and no-information-sharing settings differ with regards to whether or not the

outside provider has access to the real-time state information of each of the in-house queues as captured by

the process (Xλ
1,I , . . . ,X

λ
M,I). Without information sharing the outside provider has to make its prioritization

decisions based only on his local information. Define the filtrations

Fλt = σ
{
Aλm,O(s), Sλm,O(s),Lλm,O(s),Xλ

m,O(s),Qλ
m,O(s),Zλm,O(s),Xλ

m,I(s);m∈M, s≤ t
}
.

and

F̌λt = σ
{
Anm,O(s), Sλm,O(s),Lλm,O(s),Xλ

m,O(s),Qλ
m,O(s),Zλm,O(s);m∈M, s≤ t

}
.

Note that Fλt contains also the information about Xλ
m,I which is not contained in F̌λt . We then let Πλ be

the family of policies that are “adapted” to (Fλt )t≥0, and Π̌λ be the subset of Πλ that is adapted to (F̌λ)t≥0.

We refer the reader to Atar et al. [2004] for a more formal discussion. The control problem for the outside

provider can then be defined by

min
∑
m∈M

E
[∫ ∞

0

e−γsCm(Q̂π,λ
m,O(s))ds

]
s.t. π̌ ∈ Π̌λ, (EC.59)
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and this should be contrasted with (EC.58), where the larger family of policies Πλ is admissible. Let

Cλ(π,x) be the cost under policy π when the initial state is x. By state we mean the state throughout the sys-

tem (in-house stations and outside provider). Let V λ(x) = infπ∈Πλ C
λ(π,x) and V̌ λ(x) = inf π̌∈Π̌λ C

λ(π̌, x)

be the optimal costs to (EC.58) and (EC.59), respectively.

One expects the optimal value of (EC.59) to be strictly greater than that of (EC.58), i.e, that V λ(x) <

V̌ λ(x). The main result of this section shows that the reverse inequality also holds asymptotically. Namely,

that in a context with resource pooling, the additional information about the in-house call centers does not

carry significant benefits.

THEOREM EC.2.1. Assume that (EC.54) holds. Let xλ = (Q̂λ
m,O(0), X̂λ

m,O(0), X̂λ
m,I(0) : m ∈ M) and

suppose that the sequence {xλ} satisfies (EC.55) where the limit x= limλ→∞ x
λ is nonrandom. Then,

V̌ λ(xλ)≤ V λ(xλ) + o(1).

Our approximation of the overflow process in (EC.56) is key in establishing the above result. In fact, given

that approximation, the proof of Theorem EC.2.1 (see below) is a direct corollary of the analysis and the

results in Atar et al. [2004]. Theorem EC.2.1 adds to our discussion of outsourcing-scheme comparisons in

§3.1, where we argued how our asymptotic-independence results allow to simplify the outsourcer problem

to one that does not require knowledge of joint distributions. Here we show that even real-time information

carries, at most, negligible benefit for the outside provider.

Outline of the proof: We provide only an outline of the argument, assuming familiarity of the reader with

the terminology and notation in Atar et al. [2004]. First note that, due to the convergence of the overflow

processes (which would be the input processes in the model of Atar et al. [2004]), one can follow the steps in

§2.5 there to “guess” the Brownian control problem. This Brownian control problem should be interpreted

in our setting as focusing on the V model in station O. Hence, it uses only local information about station O

as we do in defining the family Π̌λ of policies. Due to our restrictions on the cost functions Cm(·), m∈M,

Assumptions 1-3 of Atar et al. [2004] hold. In turn, the requirements of Theorem 1 there are satisfied, and

the Brownian control problem has an optimal Markov control policy. In fact, due to our restrictions on
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the cost functions, it also follows from Proposition 3 there that the Markov control function h is locally

Hölder continuous (see the statement of Theorem 2 there). Atar et al. [2004] then uses this Markov control

in proposing a sequence of controls for the original sequence of queueing system (see §2.6 there).

By Theorem 2 in Atar et al. [2004] it follows that the policies constructed there are asymptotically optimal

for (EC.59) that we defined. It remains to argue that these are actually asymptotically optimal for (EC.58).

In our setting this follows from our convergence results for the overflow process (see Theorem 4.1) and

repeating precisely the steps in the proof of asymptotic optimality in §4 of Atar et al. [2004]. In following

that proof, one should note that, given the convergence of the overflow processes to a drifted Brownian

motion that is independent of the in-house processes, the arguments remain unchanged when the larger

information set is being employed. �
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