Cross-Selling in a Call Center with
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Technical Appendix

Itay Gurvichf Mor Armony* Costis Maglaras

A Introduction

This is the technical appendix accompanying the paper, “Cross-Selling in a Call Center with a
Heterogeneous Customer Population,” [3]. The organization of this appendix is as follows: we
begin in §B with the completion of the proof of Proposition 1, whose sketch was given in §A of
[3]. We continue in §C with some preliminaries required for the performance analysis of (S)-(C).
Specifically, we provide a sample-path construction that uses a collection of independent rate-1
Poisson processes. We also discuss some strong approximation tools. Finally, in §D we prove the
main performance-analysis results which are used in the proof in §A of the main paper [3]. Some

auxiliary results are proved in §E.

B A Detailed Proof of Proposition 1

This section is dedicated to the completion of the proof of Proposition 1 in [3]. Following our proof
sketch in §A of the main paper [3] we show that there exists 5 > 0 such that for any sequence of

initial states {{"} C Z with [£"] — oc:

li 1
1m sup ——
e 17|

Een[|=(1€"](1 + 8]} = 0. (A1)

Whenever this holds we can always find a positive number K, such that for all [¢| > K, (20) holds.

Toward that end, let V(¢) = >~ v;(t) be the amount of residual work in the system. Also, let
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Vs(t) and V;(t) be, respectively, the residual work for the customers in service at time ¢, i.e. Vy(t) =

>_j<n vj(t), and the residual work for the customers in queue at time ¢, i.e. Vy(t) =V (t) — V(1)

SR ().

i=1 i

Set

tll»—\

so that 1/ is the mean customer handling time in case cross-selling is performed. The following

Lemma is the analogue of Lemma 4.3 in Dai [2]. Its proof is the same and is hence omitted.

Lemma 4 Fiz a sequence of initial conditions || with |£™| — oco. Then,

(a) Almost surely, uniformly on compact sets,

lim sup % < N1 -7, (A2)
and
lim sup % <1+ %t, (A3)

(b) For each t > 0, the sequences {%,n > 1} and {%,n > 1}, are uniformly inte-

grable.

Finally, for any fired t > 0

and
lim sup — 1 M < lim sup w < limsup iw (A5)

For the following let D(¢) be the cumulative number of customer departure from the system
up to time ¢. Also, let W;(t) be the virtual waiting time for type-i customers at time ¢. Since
customers are assumed to be served FCFS we have that W;(t) = W;(t) for all i # j. Hence,
we can define W (t) to be the virtual waiting time for all the customers, regardless of their type.
Using the standard notation, we let D?[0,00) be the space of functions f(:) : [0,00) — R? that
are Right Continuous with Left Limits (RCLL). A sequence of processes, X", in D? is said to be



C-tight if, in addition to being tight (as random elements of D?), every convergent subsequence
converges to a limit that is a.s. continuous. The following lemma establishes C-tightness of the

different processes in consideration and identifies important properties of the limit points. We let

maxr __ S CS CS
p"® = max{p®, pi, ..., puE}

Lemma 5 For any sequence of initial conditions {£"} C E with || — oo as n — oo, and on

compact subsets of [1,00), the sequence {(Q(“f:"'), D(||§:|I'), V‘I'(g‘l"), W&éﬁ”)} is C-tight. Moreover,

any limit point (Q(t), D(t), Vy(t), W (t)) satisfies

D(t) < Nu™et, (A6)
T Q(t)
W(t) = Nlumax’ (A7)
1~ _

7@ = Vot), (A8)

for all t > 0. Finally,
i) < [+ -1 (2 —N)T, (49)

1
for allt > 1.
Proof: The proof of C-tightness for the sequence (%, %) is reminiscent of the proof of

Theorem 4.1 in Dai [2] and we omit it. The inequality (A6) is trivial to establish. We proceed then

to prove (A7). The virtual waiting time satisfies the representation

W (t) = inf{s > 0: D(t + s) — D(t) > Q(t)}, (A10)

and in particular,

W (™|t D™ (t+s)) — D(|€"|t "t
(1) iy, 5 0, 20E1es ) DT, QAETYY,
Considering a convergent subsequence {n;} of (Q(|"[t)/|£™], D(|€"|t)/|£™]), we can now apply the
corollary in [9], to conclude that W (|¢™|t)/|¢™| also converges to a limit W (t). Consequently, the
sequence (Q(|&™t)/I1€™], D(|€™|t)/I€™, W (|€™|t)/|€") is also C-tight. Moreover, any limit point
satisfies W (t) > Q(t)/Nu™. The inequality (A8) follows from Lemma 4. Finally, to establish
(A9), fix € > 0 and set 7" := inf{t > 1 : V,(|¢"|t) < €|€"|}. Then, for 1 < ¢ < 7" and by work



conservation
A(l€™t)

V(16" 1) + Va(1€"]8) = Va(I€" 1) + V(€™ 1) = NI" [t = 1)+ Y st (W(m)). (A11)
I=A(€"))

Here 7; is the time of the [ arrival. Consider a convergent subsequence

(Q(Ié"ﬂ'lt) D(|€"|t) W(Ié"jlt))
S N (S N S

Then, we claim that uniformly on compact subsets of [1,7"),

Sty s (W) 4
A" ’%n]‘ — E(t — 1), in probability, as j — oo. (A12)

yr(t) =
To prove this claim, fix 7' > 1 and consider the set

- . n 1 aVq(l€™]t)
= : < - —L— 25,
Qi {w €N 1%?£TW(|£ i) < 5

N'umam

By inequalities (A7) and (A8), P(2") — 0 as j — oo. Then,

- e-nf>ef < p{ o~ fo-o] > @)

+ P{Q"} — 0, asj — oc. (A13)

P sup
1<t<TAT™Y

for any € > 0, where the convergence

A
P sup y"j(t)——(t—l)‘ > €, () — 0, asj— oo,
1<t<TA"d e

follows from the definition of Q™ and a careful application of the strong law of large numbers using
the fact that on (2" )C for t < 7™ and for any € > 0 there exists j large enough so that for all
k> j, Elsi(W(m))] < -5 + €. Now, Let

)= [ + -1 (& - )| v 2e



Combining (A11) and (A13) we then have that for any € > 0,

n; +
P{ sup [M - ﬂ(t)] > e} — 0, as j— oo. (A14)

o<t<rminr L 1€

Define now two random times as follows:
7" =inf{t > 7" : V,(|£"|t) > 2€|¢"|} and 7" = sup{t < 7" : Vo (1€71t) < €&"|}.

Then, we can extend the arguments we used above to show that for any € > 0,

P{ sup [Vq(‘gnjt) - gj(t)r > e} — 0, as j — oo.

7 " AT <t<F"i AT €771

Since for € < €/2,

n; +
{7 < T} C { sup [M — g(t)] > e} ,

7 AT<t<7"3 AT €]

we have that P{7" < T} — 0, as j — oo. In particular, since

Ve(lgt) 7 Ve(lgmt) 17 =y
{sup [W y(t)] >e}§{ sup [ €] y(t)] >€}U{T < T},

0<t<T 0<t<F"IAT

we conclude that for arbitrarily small e,

Vo (|€mit +
P< sup [# —gj(t)} >ep— 0, as j— oo. (A15)
o<t<T | €]
The result of the Lemma now follows since € was arbitrary. [ |

To complete the proof of Proposition 1, note that with 6° = (1 + A/i)(N — R), and since by
Lemma 4, V(1) < 1+ A/fi, we have that

V(1) + (6%) (% — N> <0.

To conclude the argument, we fix an arbitrary sequence of initial conditions {{"}. Consider a

convergent subsequence {n;};>1, of %W. By Lemma 5 each subsequence {n;, } C {n;}



V(€79 | (146%))

such that ] converges satisfies
E Mk l(1 0
i BV )
N
In particular,
E[V,(l€™(1 + &°
lim sup Vo (l€"[ + 7)) _
n—00 134
Since the sequence {£"} was arbitrary the argument is complete. |

C Sample Path Construction, Strong Approximations and Other

Preliminaries

For the rest of our results we replace the sample path construction from Proposition 1 with a
different one that takes advantage of the properties of the Poisson process. This alternative con-
struction follows an approach that is, by now, quite common; see Whitt [4] for an overview. Having
constructed the sample paths using Poisson processes we can use strong approximations to bound
the distance of the underlying Poisson process from their respective rates. This section is divided
then to two subsections. First, in §C.1 we construct the sample path. Then, in §C.2 we introduce

the strong approximation tools that will be required for our proofs.

C.1 Sample-Path Construction

We base the sample-path construction on independent unit-rate Poisson processes A, S1 and S,
i=1,...,k, where k is the last customer class that is cross-sold under the control (C); see §3.1 in
[3]. We generate arrivals of customers using the Poisson process A (t) := A(At). The arrival times
are registered in a dynamic array in which the customers are ordered in order of their arrival times.
Denote the value of this array at time ¢ > 0 by the vector 7 (¢). Let 7 (t) be the process obtained by
setting 7y, (t) = t — T5(t). Whenever a customer leaves the queue to be served he is erased from this
array. We hold an N* dimensional vector w(t) = (w1 (t),...,wya(t)) with w;(t), j =1,...,NA
standing for the registered waiting time of the customer currently in service with agent j. This

value is registered immediately when the customer is admitted to service.

We let S(t) be the set of agents giving service at time ¢, i.e., S(t) contains all the agents that are



not idle and not cross-selling at time ¢. We generate the process of phase 1 (service) completions
with type-i customers using a time change of a unit-rate Poisson process. Specifically, let D{\(t) be

the number of phase 1 completion up to time t. Then, we write

Dpe) =51 (u [ 200pas) (A16)

where Z{(t) is the number of agents giving service at time t. Whenever the process D1 (t) jumps we
generate a discrete random variable with values in S(¢—) to identify the number of the agent that
completed service. Formally, for a subset J of {1,..., N*} we let {es(J,1), I € N} be a sequence
of i.i.d random variables distributed uniformly over J. We will use these to determine the actual
agents that completes services. Also, we let {e.(1), | € N} be a sequence of i.i.d discrete random
variables on {1,..., K} with P{e.(1) =i} = A\;/A. Finally, we let {e.s(I), | € N} be i.i.d uniform

random variables on [0, 1].

The number of service completions followed by a cross-selling phase with a type-i customer,

D;(t), for i < k is then given by

DA (1)
Z Z 1{63 ) ]760(1) = iaecs(l) < %(wj( )) QA( ) < "%A}
I=1 jeS(t-)

Here we used the fact that an agent that completes service will attempt cross-selling to a type-i
customer only if at the time of completion the queue is less than the threshold 772A- The process
DA(t) is then a non-homogenous Poisson process with an instantaneous rate that is bounded from

above by ;
Z% 0)ZMNH1{QM 1) < ).

Finally, for i < k, we generate cross-selling completions by a non-homogenous Poisson process with

an instantaneous rate p$®Z; 2( ) at time ¢, i.e, we write

D2{}2(t) = Si,2 <Mlcs/0 Zz 2( )d > )

where ZZ-/’\2 (t) is the number of type-i customers undergoing cross-selling at time ¢.



The system state is then captured by the multi-dimensional Markov process
ENE) = (20 (1), Zi5 (1), SN (1), w™ (1), @ (#), TH(1); i = 1,...  K). (A17)

We let X be the domain of this process. The following Lemma is a corollary of Proposition 1 and
its proof is easily obtained by expanding the state-space of the Markov process constructed in the
proof of Proposition 1. Although the proof would use a different sample path construction, the
uniqueness of the stationary distribution is invariant to this construction as the probability law is

the same under both constructions.

Lemma 6 Fiz A. Then the process ZM(t) admits a unique stationary distribution ©™ which coin-

cides with the unique limit distribution.

We let € be a general element in X, and for given & we let q(€), 21(£), and z2(£), i = 1,k be
respectively the queue length, the number of agents giving service and the number of agents cross-
selling to a type-i customer in state £&. The notation ¢(§) should not be confused with the integer

q that we will use as a general power nor with the delay sensitivity functions g¢;(+).

We conclude this section with some additional notation. For fixed T" > 0, a positive integer d
and a function y € D?[0,00), we define ||y(-)||7 := SUPg<t<T Zle ly(t)|. We let (2, F, P) be the
probability space which will remain fixed throughout and use the notation w to denote an element
in Q. We let P be the probability distribution under which P (E4(0) =¢) = 1, and put E¢[]
be the expectation operator with respect to to the probability distribution P;. We let P s be the

Ais the unique stationary distribution

probability distribution under which Z4(0) ~ 7 where 7
from Lemma 6 and we define E, 4[] accordingly. Finally for ,y € R, we use the standard notations

xVy=max{z,y} and z Ay = min{x,y} as well as x7 = max{z,0} and 2= = max{—=z,0}.

C.2 Strong Approximations

Time changes of unit-rate Poisson processes, as the ones we have used above, can be approximated
by time-changed Brownian motion plus a logarithmic error term. We refer the reader to Mandel-
baum et. al. [8] and the references therein for a detailed discussion of strong approximations and
their application to Markovian queueing networks. For our purposes, it suffices to know that given

a unit-rate Poisson process A/(-) and an instantaneous bounded rate function 0 < A(t) < A, for



some A > 0, we have that

N (fg A(u)du) — [ Mu)du — B (fot )\(u)du)

_ <C,
ilzllo) log(AtV 2) -
where C' is a non-negative random variable with
P{C >~ + B} < cre” ™7, (A18)

for some strictly positive constants v, 3,¢; and co; see Lemma 9.4 in [8]. Since the rate of service
(or cross-selling completions) is bounded by N (u* Vmax;—;,_ r p*) and since the staffing rule (S)
dictates N = R(1+ %) we can find m large enough so that all the instantaneous rates in the system
are bounded mA. We henceforth fix m to be such a value. We can then define a 3K-dimensional

Brownian motion, B(t), such that

k
2
T =1

< [|B(mA-)|l7 + Clog(mAT Vv 2). (A19)

420 = &+ |20 - [ 20

DY) — e /0 Z8(s)ds

T

Finally, we will be using some basic facts about Brownian motion. Specifically, for a d-

dimensional Brownian motion and a constant m > 0, it can be easily shown that for allz > 0,7 > 0,

12
PLIBmA) - > 2VE} < cg\/ge-c%,

for some strictly positive constants cs and c4; see e.g. Problem 2.8.2 in [7]. Using (A18) we then

have that (A18) for all z > 0
P{HB(mA-)HT + Clog(mAT v 2) > x\/K} <es|1vy)= | el T (A20)
T
for some strictly positive constants cs, cg. Denote by

V(AN T,x) ={we Q:|B(mA-)|r + Clog(mAT v 2) <z}. (A21)



Then, by (A20)

+
NP
P{Q*(A,T7$\/K)} > <1 — C5 (1 V; \/f) G_CSmm{T’_T}) ‘
x

D Performance Analysis for (S)-(C)

The aim of this section is two-fold. First, we want to establish that the queue length is, in some
sense, bounded by the smallest threshold 77;%- Then, fixing € > 0, we want to show that the

steady-state expected number of agents cross-selling type-i customers satisfies

Xigi(0)
s

E[Z{}Q(oo)] - < €A,

for all A large enough. Since € is arbitrary, we will have that

Xiqi(0)
e

E[Z{y(00)] = +o(A),

which is what is used in the proof of Theorem 1 in §A of the main paper [3].

All the subsequent proofs share the same basic ideas. Using the strong approximation construc-
tion we examine the behavior of the system on a subset of the sample paths (such as Q*(A, T, z))
where the stochastic fluctuations generated by the Brownian Motion are bounded. This allows
us to examine a deterministic version of the system dynamics. For the deterministic version, and
with arguments reminiscent of Lyapunov function tools used for stability proofs, we show that the
system is in some sense attracted back into a certain domain. Finally, we remove the conditioning
and apply some arguments from [5] to obtain the steady state bounds. Some of the arguments are
common to several proofs. We abbreviate the proofs whenever this is the case. Throughout we fix

T >0 and e > 0.

Most of the Propositions in this section share a common structure. The first part of each such
proposition states a steady-state bound. The second part essentially states that if the process is
initialized at time O close enough to its steady-state distribution (in a sense to be made precise), it

actually stays there.

Our first result towards our stated goals shows that the number of agents busy giving service

(not cross-selling) is close to the load R. It also shows that the queue length will not exceed, in

10



some sense, the largest threshold, 7]{\. We will use these results to refine the bound on the queue

length process in Proposition 7. For the following we define
X = {E € X [21(6) — Rl < eA,q(6) <ni +eVA} (A22)

Proposition 5 Fiz e > 0 and g > 2. Then,

A €7
_ <
and
-1
s 2| ((Q*) - 1)) | < co. (A24)
A—oo0
for all A large enough and some strictly positive constants c; and Cg Moreover,
sup P {HZ:{\() - RHT > 2eA} < @e‘clo\m, (A25)
fex
and
651125) P {H(QA() — 17{‘)+HT > 26\/K} < 696_010“/K (A26)
€A1

for all A large enough and for some strictly positive constants cg and cig.

Note that with the exception of the customer cross-selling probability being delay sensitive,
whenever the queue-length process exceeds the greatest threshold, 77{&, it behaves just as the queue
length process in the single class model of Armony and Gurvich [1] when it exceeds the unique
threshold there. Moreover, when the queue is above n{\ the delay sensitivity does not play any role
as by the control mechanism (C), no cross-selling will be attempted until the queue goes below 77{&.
The proof of this result will then follow some of the results in [1]. A detailed proof of Proposition
5 would be obtained by expanding the proofs of Lemma B.1 and Proposition B.1 in [1] with the
unique threshold there replaced by 77{&. We postpone the proof of this result to §E. We will also
need the following Proposition which establishes, the otherwise intuitive result, that the number
of agents busy cross-selling to class-i customers cannot exceed \;g;(0)/u® significantly. For the

following we define

Xy 1= (€€ X1t [5a(€) — Ngs(0)/u*| < e, i =1, F}, (A27)

11



where & was defined in equation (A22).

Proposition 6 Fiz e > 0. Then, for all A large enough and all x > 0,

1 +
P { (Z{E(oo) - /\2q2(0)> > EA} <cpe VA =1 K.

CS
7

for some strictly positive constants c; and cg. Moreover,

sup P {H <Zi1,\2(') _ /\¢Qi(0)>+

£eXs MZGS

> ZEA} <epe VA =1 K, (A28)
T
for all A large enough and for some strictly positive constants c11 and cqa.

The proof of Proposition 6 is very similar to the proofs of the estimate for Z{\(t) that were
stated in Proposition 5. The detailed proof is omitted, and we turn now to the finer analysis of the

queue length and waiting time processes.

Towards than end, we let W (¢) be the virtual waiting time for type-i customers at time .
Since customers are served in a FCFS fashion, we have that WA (t) = W]-A(t) for all i # j. Hence,
we may let WA(t) be the common virtual waiting time. Since, by Proposition 1, steady state
exists, the PASTA property guarantees that waiting time as seen by arriving customers is equal in
distribution to the steady-state virtual waiting time. The following proposition shows that using
(S)-(C) the queue length and the waiting time are small and in particular the queue exceeds the

threshold 7; at most by an amount that is o(v/A).

We now turn to a more refined analysis of the queue length process. Towards this end, define
the set
Xy = {€ € Xy : q(€) < m + eV},

where Xy was defined in equation (A27). The following proposition is the most complicated one in
this appendix as it deals with a refined analysis of the queue length behavior and in particular one
that considers the behavior of the queue at an O(1) level. The other results are o(A) result and
are hence much simpler. The more refined analysis for the queue length is however necessary for
the other proofs as well as for the asymptotic feasibility result for the constrained case, as given in

Theorem 3 of the main paper [3].

12



Proposition 7 Fix an integer ¢ > 2. Then,

limsup £ [((QA(OO) - n£)+>q_1] < C,, and limsup VAE[W"(c0)] < o0, (A29)

A—o0 A—o0
for some constant Cy. In particular, for all x > 0 and all A large enough,

C,

P{(Q(00) — )T > zVA} < W (A30)
Also,
sup I, @) =)t = 2eVA} < enpemeeeV, (A31)
and

< 6116_6126\m, (A32)

My + €
sup Py {HWA(-)HT > }
£eXs

for all A large enough and some strictly positive constants ci11,c12 and Ms.

Remark 3 (Lemma 1 and Theorem 3 in [3]) Note that Lemma 1 in the main paper [3] is
covered as a special case of Proposition 7. Moreover, when the threshold 771,%X is chosen according to
the recommendation in §3.2 in the main paper [3], Theorem 3 there is a consequence of Proposition

7 above.

Proof of Proposition 7: Fix a constant K > 1 and define a function ®(z) : Ry — R, as

follows:

O(z) = (x — n£)+ + K.

The proof now proceeds as follows: We first fix the integer ¢ > 2 and establish that there exist
t* >0 and M > 0 so that

s B [2(Q(t/A)"] - 2(a(©)" < —1(a(©)" ", (A33)
£€Xi:q(§)>n2+M

for some v > 0. We will then use Lemma 8 from §E and adapt the argument used in the proof
of Theorem 5.1 in [5] to obtain a bound for the steady-state queue length process. The bound for
the steady-state waiting time will then follow from an application of Little’s law. Finally, we will

establish the bound in (A31) and (A31).

We start, then, by establishing (A33). Towards this end, fix M > 0 and assume that Q*(0) >

13



77]% + M. Fix 0 < n < M/2 and define the random time 7% = inf {t > 0: Q*(¢) < Q*(0) — n}.
Note that on |0, TAANT |, the queue length process QA(t) satisfies

k
QMt) >y, and Q(1) = Q™0) + AN(1) §j 0(1),

where Dé\(t) is the process of service completions not followed by a cross-selling phase, i.e, Dé\(t) =

DMt) — 25:1 DA(t). On [0, 7%] the instantancous rate of D{}(t) can be bounded from below by

k— 1)\ K \;
IAONDIENCETH)ED P E
i=1 i=k

which corresponds to the fact that, by the control (C), as long as the queue length is greater than
ny, all service completions of customers from type i > k are followed by the admission to service of

a customer that is waiting in the queue. Fix now € > 0 and § > 0 and define the set

N

MM:{wGQﬂMNJ—MHgkm'

Xiqi(0)

%

Z() -

H <2, i=1,.. .,1?:} (27 (A, T/A,9),
T

where Q* is as defined in (A21). Then, on Q(A) and for ¢t < 78 AT/A,

k-1
Q') <% +A’5—ZN/ u)du — pi° Zi +Z / (w)du + 6,
=1

Observe that for all ¢ < 77 all servers are busy and consequently 25:1 Z{}2 = N — Z{\. Since, by

definition, N* — R = Z?:l Xigi/p§®, we have, after some straightforward algebra, that on Q(A),
QM ATY) < QMO) + CAe(t A7) = Argi (0) -t ATD + 6, A34
k4k

for t < T/A and for some constant C' > 0. Equation (A34) is the crucial one. It reflects the fact
that once cross-selling to class k is stopped, the capacity of the system is large enough to attract
the aggregate queue back to 7z, and it will do so at a rate of approximately Azgz(0). We can now

choose € small enough so that

QMEATY) < QMO) + 6 — %A},gq,g(m nTh, (A35)

14



where for all i < K, \; := \;/A. In particular, on (A) we have that

Choosing § < 71/2, the same argument shows that on Q(A) and for all 7% < ¢t < t*/A, Q*(t) <
Q™(0) — n/2. Indeed, along the arguments leading to (A35) one can establish that on Q(A), the
queue length is a linearly decreasing process as long as Q*(t) > 77]%. We conclude then that if
QM0) = nt + M,

O(QMt*/A)) — ®(QM0)) < —n/2 (A36)

on Q(A). Since QM (t) < Q*(0) + AM(t), it is straightforward to show that

lim sup sup Ee[®(Q" (t*/A))1{Q}] — (Q"(0)) = 0.
A—oo £eX)

Consequently, we have from (A36) that for all A large enough

sup  Ee[@(Q(t"/A)] - 2(Q0)) < -
geri@(a(e)>M

=3

Let

LA(t") = sup &R Eg [(@(Q(t*/A)) — ®(a(€)))*(2(a() + [2(QY(#*/A)) — 2(a(€)))" ] -

(A37)
Using again the fact that Q*(t) < Q*(0) + AM(t) as well as some basic properties of the Poisson
process we have that limsup, . LA(t*) < Oy for some constant C;. Hence, we have by Lemma 8

in §K that there exists a constant Cy such that

sup E¢[®(QM(t*/A)7] — @(a(€))" < —%Mq(é))q_l- (A38)
£eX1:2(q(§))>Co

Using again the fact that Q™ (t) < Q"(0) + A’ (t), we have that

B [8(QM1/A))7] - B(q(£)°
sup B(q(6)) = (A39)

15



for some C3. In particular,

sup Ee [®(Q Mt /A))1] < Cy,
EEX:(q(€))<Ca

for some C4 > 0. We now adapt arguments from the proof of Theorem 5.1 in Gamarnik and Zeevi
[5], to establish bounds for (Q*(c0) — 77]%)*. Specifically, by the definition of stationarity we have
that

B [2(Q0))7] = Ena [2(Q1(#/A))]. (A40)

and, in particular,

0: /se (®(a(€)7 — Ee[@(Q™(t"/A)) =" (de). (A41)
Combining equations (A38) and (A39) we have that
E[@@QMt*/A)T] = 2(a(§)? < —F2(a(€)1{ € X1} + Ca+ C3@(q(€))11{E ¢ A1},

and, consequently, that for all £ € X,

D(a(€))~ B @(Q (/1)) > (q(€))7 - C1-Cy(a(€))11{€ ¢ X1} + L @(a(€)7 1 1{E ¢ A1},

Plugging back into (A41), we have that

q - q —
/6 _ (Ho@©) ™ - 01— Cs0a(©)71{e ¢ 2} + L)' 1{e ¢ 1)) 7 (dS) < 0.
SS
(A42)
Now, using the bounds on the steady-state queue length from Proposition 5 and applying the

Cauchy-Schwarz inequality yields that both
Eor [2(QY(0)7 ' (1{21(0) ¢ A1}] — 0, as A — oo, (A43)

and

Ea [2(Q0)7(1{Z4(0) ¢ X1}] — 0, as A — co. (A44)

Consequently, (A42) implies that for all A large enough

/ﬁeEA (%Q)(q(@)q—l — 204) WA(dg) <0.
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so that

Note that with ¢ = 2 we have that E[(Q"(c0) — ﬁ,%)ﬂ < (4, for some Cy > 0 and for all A large
enough. Consequently, limsup,_, .. E[(Q™(c0) — n£)+]/\/K = 0, so that the first part of (A29)
is established. Note that we have actually established that E[(Q*(c0) — n]%)*] = O(1), which is
stronger than the statement of the Proposition which requires only that E[(QA(OO)—n,%)JF] = o(\V/A).

The statement about the steady-state waiting time now follows from Little’s law.

We now turn to the proof of equation (A31). To analyze the behavior of the queue length

process over the interval [0, 7], fix > 0 and re-define the set

. +
QM) = {w € Q:||ZE() — R|, < 2A, (232(-) - Ag—(o))

< 2€eA, forallz':l,...,K}
T

(A, T, 6A),

where

QO*(A,T,0A) := {w € Q: sup sup (|B(mAt) — B(mAs)| — §A(t — s) + O(log(mAt Vv 2))) < E\/K} .
0<n<T t—s<n 4

(A45)

One can easily show that P{Q**(A,T,6A)°} < Cse=C%VA for all A large enough and for some

constants C5 and Cg. Indeed, this probability bound follows from a combination of equation (A1)

and a basic result for Brownian motion (see Example 4.3.12 in page 264 of [7]). We now define the

random times

7 = sup {t <T:QMt) < n£ + ex/K} , and 7" = inf {t > QMt) > 77,% + 26\/K} .

By the same arguments preceding equation (A34), we have for all ¢ > 7/ A and by choosing €

small enough that
1
Q e nT™y < QMM - 5 Mk (0) - (t AT — T’A> +0A (t AT - T/A> + i\/K. (A46)

Choosing small enough &, we have by that on Q(A), Q*(-) is smaller than Q(r'™) + ¢/4V/A for all
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t > 7/A4. Consequently, 7" > T on Q(A) so that supg< ;<7 QM (t) > 77]%x + 2ev/A. Hence,

Sup P§ { sup QA(t) > T],éX + 26\/K} < P{Q(A)C} < C?e—C'g\/K7
£eds 0<t<T

for all A large enough where the last inequality follows from Propositions 5 and 6 as well as the
probability bound for Q**(A,T,0A). This establishes equation (A31). The proof of (A32) uses the

following representation for the virtual waiting time:
WA(t) =inf {s > 0: DMt +s) — DM(t) > Q 1)},

where DA (t) is the aggregate number of depletions of customers from the queue up to time t.
Let 78(¢) = inf{s > 0 : Q*(t + s) = 0}. Since while the queue is non-empty every cross-selling
completion is followed by an admission of a customer from the queue, we have that on [, A ()],
k t+s
DMt+s)—Dt) = > DM(t+s)— D) = > s / Z%(u)du — |B(mA(t + s)) — B(mAt)|.
i=1 t

Then, on the set Q(A) and for s < 72(¢),

k t+s k .
DAt 4 s) — D (t) > Z ufs/ Z{}z(u)du —6As>s Z i’ /\quc(so) — CoeAs — 6As — 2\/K,
i=1 t i=1 Hi

for some constant Cg9 > 0. Consequently, for all ¢ > 0,

C A
WA(t) < _w+ - HQ ()”T ’

VA SF Xgi(0) — CeA — 5A
for some constant C,,. The bound for the waiting time in (A32) now follows by choosing § and e
small enough and using the bound in (A31). Note that the virtual waiting time actually depends
on the behavior of the departures slightly after time 7'. This problem is easily overcome, however,

by re-defining (A) using the interval [0, 277 instead of [0, 7. [

In order to analyze the number of cross-sold customers from each class a finer analysis is required.
In particular, we need a handle of the waiting time of the customers that are present in the system
at time 0 (which is assumed to be distributed according to the stationary distribution). For the

following results, we let ZA(t) be the number of customers in the first phase of service or in queue
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that found upon arrival a virtual waiting time that is longer than 2My/ VA, where M, is as given

in Proposition 7. Formally,

ZMNt) = > Huw;(t) > 2MVA}, (A47)

JES(?)

We then have the following Lemma where we use

Xy={{ € Xy : Z(§) < eA}, (A48)
and X3 is as defined in (A29).
Lemma 7 Fizx an integer ¢ > 2 and ¢ > 0. Then,

P {ZA(oo) > 26A} < e (A49)

1
\/K(q—l) ’
Moreover,

sup P {HZA()HT > 26A} < cyge eV, (A50)
£eXs

for all A large enough and for some constant c13 and ci4.

Proof: We define Q™(t) to be the number of customers in queue that found a virtual waiting time
longer than 217]% /A upon arrival. Then, focusing on the number of customers with waiting times

longer then 2n2 /A in queue or in service we have the equation,
g Ui

QM)+ ZMt) = QM0) + ZM0) + /0 t 1{WA(t—) > 2MyVAYdAM(t)

D} (1)
= > > HedS(t-),1) = jw;(t—) > 2MyV/A}. (A51)

=1 jeS(t—)
A
Note that ZlDzll(t) > jesi—) Hes(S(t=),1) = j,2M v/A} is a non-homogeneous Poisson process with

instantaneous rate equal to u*Z(u).

Consider the differential equation (initialized at Z*(0)),

ZMt) = ZM0) - pf /0 t 7N (w)du. (A52)
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Since Z(0) < NM, there exists a finite time ¢* after which EA(t) < eA. Fix the set

A . Ms +€
Q(A) = Q" (A, T,eA) ) {w e [WhO)r < \Q/K }ﬂ {w € Q:|Q )T < nd + 26\/K} :
Subtracting Z*(t) from éA(t), using the fact that fg WA (t—) > 277£/A}dAA(t) =0 on Q(A) and
finally applying Gronwall’s inequality (see, e.g., Problem 5.2.7 on page 287 of Karatzas and Shreve
[7]) we have that
1ZMC) = ZAO)llr < Ce“T(IBmA) |7 + Q™ ()Ir), (A53)

on Q(A). We the have that

Pa{ZMt*) > 2eA} < Pa{Z2(0) ¢ X5} + sup P{C"™" > €A, 1{Q(A)}
£eXs

+  sup Pe{1{Q(A)}} < Cyge= VA, (A54)
£eXs

where C'* is the right hand side in equation (A53) and the last inequality follows from the definition
of Q(A), Proposition 7 and the properties of Brownian Motion enlisted in §C.2. Since under the
steady state distribution Z2(t*) has the same distribution as Z”(c0), we can use Proposition 7
and the bounds from §C.2 to establish equation (A49). The transient bound in equation (A50)
follows a similar argument in which one replaces in equation (A54) the initial distribution 7% with

an arbitrary initial condition within the set Xj. |

We now turn to the analysis of the number of agents busy cross-selling to type-i¢ customers. We
first focus on types i < k — 1. Type k requires a separate analysis which is given in Proposition 9.

We define
Xigi(0)
w®

Xy = {E € Xyt |Zi2(8) —

'<6A,z’:1,...,k‘—1} (A55)

and Xy is as defined in (A48).

Proposition 8 Fix an integer ¢ > 2 and € > 0. Then,

Xig;(0) 1 , _
A - > L -
P { ZZ,Q(OO) ng ‘ > EA} < c15 (\/K)(q—l) , 1 1, - ,k 1, (A56)
and
E [ Z8(00) — AiZ"C(SO) H < €A, (A57)
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for all A large enough and for some constant c15. Moreover,

Xig;(0)

Z() —

sup P {‘

> 261\} <ege VA =1, k-1, (A58)
§EXs

T

for all A large enough and for some constant cig and ci7.

Remark 4 (Proof of Theorem 1 in [3]) Since € is arbitrary, Proposition 8 implies that for
i < k—1, E[Z}(0)] = \igi/15® + o(A). In particular, since E[Z{*(c0)] = R+ o(A) and N =
R+ z;—g:l Niqips®, it suffices to show that E[I*(c0)] = o(A), where T*(t) is the number of idle

agents at time ¢, to conclude that also for k:

E[Z},(c0)] = ALIE o (p).

cs

k

The required result for I*(c0) is established in Proposition 9, which together with Proposition 7

establish (22) and complete the proof of Theorem 1 in the main paper [3].

Proposition 9

E[T"(c0)] = o(A), and E[Z}(c0)] = Aq +o(A), Vi < k. (A59)

The proof of Proposition 9 is postponed until after the proof of Proposition 8.

Proof of Proposition 8: The argument is very similar in nature to the one used in the proof

of Lemma 7. Define first the set

VA
({weQ:|2*) - Rlr < 2eA}[) {w €Q: QY )lr <y + ex/K}, (AG6O)

O() = ATV {w cQ: WA < M} N{we: 12Ol < (e +2)A}

where we choose M so that M < (75_; —77)/2. As Z{}2(t) = 22{\2(0) - Df}z(t) + DM(t), we have on
Q(A) that
t /\2 t _
2500) 2 20— [ 2wt Yo (20 VR) [ 2w~ w)du— B [-+0(0(mATV)).
0 0
(A61)

Here we used the definition of Z* as well as the fact that while Q™(t) < n;_, all service completions
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with type-i customers are followed by a cross-selling offer if the customer agrees to listen. Also,

250 < 285004 [ Zh(dut Tai0) [ 2w~ 2 w)du | B g +0log(mATv2).
’ ’ (A62)

Consider now the differential equation (initialized at ZZ-/’\2 (0)):

_ i s [f 5
Zistt) = Z05(0) + 1 Fa O Rt — i [ Zy(wi (A63)

Then, subtracting Z{}z(t) from Zi["2(t), using the inequalities (A61) and (A62) as well as equation

(A63) and applying Gronwall’s inequality we have that

1Z25() = ZOllr < Ce“T [a(IWAOIT)IZMC) = Rllr v IZ4C)llr
V ([B(mA-)|r + O(log(mAT Vv 2)))].

(A64)

The argument now follows as in the proof of Lemma 7. Re-define the function ®(z) = |z —
Xiqi(0)/ps®|. We first consider the differential equation (A63). Observe that since ZZ-/}Q(O) < NM,

there exists t* so that

Hence,

s

Poa{®(ZM(t7) > 2eA} < Pa{EM0) ¢ X} + sup P{C"" > 2¢A, Q(A)}
£eXy

. C
+ sup P{Q(A)} < =

< — (A65)
gexy (VA) =2

where C"" is the right hand side in (A64) and X, is as defined in (A48). Since <I>(ZZ-‘}2 (t*)) has the
same distribution as <I>(Zi/}2(oo)) when starting with the steady distribution we have established

equation (A56). Equation (A57) follows a similar argument noting that
En[@(Z)5(t))] < N*Pa{EN0) ¢ A3} + sup E¢[®(Z{5(t))]
TEA3

and applying the bounds we have from the previous propositions to show that

NAP A{Z2(0) ¢ X4} — 0, as A — oo
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as well as

sup Eg[(I)(Z{}Q(t*))] < N® sup Pe{Q°} + 2¢A.
EEXAL §€X4

Replacing e with €/2 throughout one has the result. The transient bound is easily obtained using

similar arguments. u

Proof of Proposition 9: Re-define the set

Q) = QAT 0M)[{weQ:||Z]() - R, < 2eA
<2A, Yi=1,...,k—1;

\ T
1Z2() Iz < 2685 WAl < (Mo + €)/VA Y, (AG6)

Aigi
QS
(A

ZH(-) —

where Q** is defined in (A45). Assume that I*(0) > 2eA and set 7% = inf{t > 0 : T*(t) <
I%(0) — eA}. Then, on Q(A),

k-1 tATA
ATy < TN —AGATY + 3 ue / 22 (u)du
i=1 0
+ ¢ (1-g(200/VR)) /OW ZMu) — ZMu)du

tATA k-1
- / N = IMu) = Z8u) =3 ZM5 () | du+6At+ eVA. (A6T)
0 i=1

Some algebra yields that
A ATY) < TM0) + VA — OAL, (A68)

for some constant C' > 0. Starting at I*(0) > 2¢A, then, there exists t* at which T*(t*) < eA.
If, on the other hand, I*(0) < 2¢A, then we claim that I*(t) < 3eA for all t < T. Indeed let
A= inf{t > t* : IMt) > eA} and 77" = inf{t > 7" : IA(t) > 2¢A}. Then, using (A68) we have
that that on Q(A), s T Consequently, on Q(A), there exists t* wich I (#*) < 3eA regardless

of the initial condition. We then have that

E_A[IMN#)] < NAP{EN(0) ¢ Ay} + 3eA + sup P{Q(A)°Y,
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and the proof is completed by noting that
NAP{EA(0) ¢ X5} + sup P{Q(A)°} — 0, as A — co.
£eXs

As explained in Remark 4, with Proposition 9 we conclude the proof of Theorem 1 in the main

paper [3]. We conclude this appendix with Lemma 8 that was used in the proof of Proposition 7.

E Auxiliary Results

In this section we prove Proposition 5 as well as one simple general result that we used in the proof

of Proposition 7. We begin with the latter.

The following Lemma is an adaptation of a result that and appears in [6] and is due to Gamarnik
and Zeevi. We state and prove it here for completeness. Fix A and consider the process =(t) with

the domain X and Let ®(x) be a function ®(z) : X — R,. We fix a subset X C X. We let

L(t) = s O~ UD () Eg [(2(t)) — ©(6))*(2(6) + [D(E(1)) — ()] - (A69)

Lemma 8 Fix an integer ¢ > 2. Assume that there exists K > 0, v > 0 and t* > 0, so that

sup {E[®(E())] - ()} < -, (A70)
LeX:D(E)>K
and that L(t*) is finite. Then,
sup {E[R(E(t))7] - 0(9)"} < T, (AT1)
EEX:B(E)>K'

with K' = max{K, L(t*)(¢ — 1)/~}.

Proof: Using second order Taylor’s expansion of the function 2P around ®(§) we obtain for every
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¢ € X such that ®(¢) > k,

E[®U(E(t")] - 2%(¢) = ¢@T EeEe[®(E(t)) — @ (€)]

(
b D g e + z(@EE) - 2©) 2 @EE)) - 9(©)

< —00(©) + LV page) + wEe) - 2@ 2@EE) - 2(0))
< —rger () + WD a2 (g (A72)

where Z is a random variable with support in [0,1]. When ®(§) > L(t*)(¢ — 1)/, we obtain that

Ee[27(E(t))] - 99(§) < — 577 (&),

Proof of Proposition 5: We now prove the estimates given in Proposition 5 for the number of
agents busy giving service and the queue length. Some of the steps are very similar to those in [1].
The similar parts will be abbreviated and the reader will be referred to the technical appendix of
[1] for the details. The first step is the following Lemma, the first part of which is an analogue of
Lemma B.1 in [1].

Lemma 9 Fiz ¢ > 0. Then, there exists t°(¢) (independent of the initial conditions), such that

P { sup (Z{X(t) - R) > eA} < égéw\/x, (A73)
t0(e)<t<T

for all A large enough and for two positive constants ég and ¢10. Consequently,
P {(Z{X(oo) —R)” >eA} < clge_clg‘/x,

and

sup Pe{I(Z150) = B [lr 2 26A} < epem 0V, (AT4)
1

for all A large enough and for some strictly positive constants co and cig.

Proof: The first part of the Lemma is proved just as in [1] and its proof is omitted. Since the

bound is independent of the initial state, we can in particular initialize the system with its steady
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state distribution in which case we get the bound on this steady state distribution. |

The next step establishes a crude bound for the queue-length process. It shows that the queue

length is essentially of order A. This step is required to obtain later the more refined bound.

Lemma 10 Fixz e > 0. Then,

lim sup E [eXp (QA(OO)H <Oy

A—o0

for some constant Cg.

Proof: We use a Lyapunov type of argument along the lines of Gamarnik and Zeevi [5]. First,

assume that Q*(0) > 2MA for some constant M > 0 and define the random time
= inf{t > 0: Q™(t) < Q*(0) — MA}.

Since the largest threshold, 77{\ satisfies 77{\ = VA, there exists A large enough such that MA > 7]{\.
Consequently, on [0, TA], all service or cross-selling completions will be followed by an admission of

a customer from the head of the queue. The queue length process satisfies then the equation
k
QM ATY) = QM0) + AN (1) Z (AT5)

Using the strong approximation we have that

QMtnTd) < QA(0)+At—,f/ ds—Zu / (s)ds + || B(mA-)|r + O(log(mAT V 2)).
(A76)
Let
QM) = (A, T, eA) [ {w € Q: | Z() — Rlr < €A},

with Q*(A,T,eA) as defined in (A21). We then have after some algebraic manipulation that on

Q(A),
QM AT < QMO) +eA — CA(EATY). (A7)
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We claim now that with ¢* = 3M/(2C") we have that

E Eelexp(Q*(t*) /A)]
EeX:q(E)>eA exp(q(§)/A)

< exp(—M/4). (A7)

We omit the simple argument. We now use equation (A78) to establish a bounds for the steady state
queue length using a result from [5]. Towards that end, note first that since Q*(t) < Q*(t)+ AM(¢),

we have that
Ee [BQA(t*)//\]

sup

S orn = O (A79)

for some constant C7; > 0 and for all A. We can now apply Theorem 5 of [5] to obtain that

B o (202)) < . a0

for some constant Cg and all A large enough. |

In the next Lemma we show that the queue hardly exceeds the greatest threshold, 77{\, as stated

in Proposition 5.

Lemma 11 ¢ > 0 and ¢ > 2. Then,

limsup F |:<(QA(OO) - 77{\)+>q_1] <Cq (A81)

A—oo

for some strictly positive constant Cg. Moreover,

sup P {H(QA() - n{\)JrHT > 26\/K} < cge—cr0eVA (A82)
§eX:

for all A large enough and for some strictly positive constants co and cig.

Proof: The proof follows almost exactly the proof of the Lemma 10 up to equation (A77). The
main difference is that here, like in the proof of Proposition 7, one replaces the time interval
[0, 7] with the time interval [0,7//A]. Once the dynamics of the system above the level of n{ are
established, the proof follows almost exactly as the proof of Proposition 7 with two exceptions:

First, we replace X there with
X ={£e€eX:(21(6) —R)” <eAl.
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Then, the modification of equations (A43) and (A44) is established here using Lemma 10 (rather

than 5). Specifically, by the Cauchy-Schwarz inequality that

A [B(QY ) (L{EN0) ¢ AY] < \/Enl(@ 2(q — 1)]y/Pa{EA0) ¢ 7). (AS3)

By Lemma 10,
lim sup E[(®(Q" (0)))207 ] < CAs-,

A—o0

for some constant C' > 0. By Lemma 9
PA{E20) ¢ X]} < cge VA,

Plugging back into (A83) we have that
A [2(@QM0)TH(1{EM0) ¢ A{}] — 0, as A — cc.

The modification of equation (A44) follows similarly. The remainder of the proof follows almost
exactly the remainder of proof of Proposition 7 with the obvious modifications required by the

replacement of the smallest threshold 7],% with the largest threshold n{\. |

The last component required to complete the proof of Proposition 5 is to establish a two-sided
bound for the difference Z{(-) — R, rather then the one sided bound from Lemma 9. The result is

given in the following Lemma.
Lemma 12 Fiz e >0 and q > 2. Then,

P{|Z{o0) — R| > eA} < (A84)

cr

and

;;lxp P {HZlA() - RHT >2eA} < cge10VA, (A85)
1

for all A large enough and for some strictly positive constants cg and cig.
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Proof: The proof is very similar in nature to the proof of Proposition 8 and is actually simpler.

First, note that Q™ (¢) and Z{(t) satisfy the equation
QMB) + 27 (1) = QM0) + ZM(0) + AN(t) — D (1),
or using the strong approximation decomposition,
t t
QM)+ ZM(t) = QM0)+ 22 (0) — At —p® / ZMs)ds+B <At + uf / ZlA(s)ds> +O0(log(mAtV2)).
0 0
Consider the differential equation (initialized at Z{*(0))

t
ZM0) = ZM0) + At — it / ZMs)ds.
0

Then, subtracting Zi*(t) — Zi*(¢t) and using Gronwall’s inequality we have that

1Z() = Z O)llr < Ce“ IRl + | B(mA-)|r + O(log(mAT v 2))] .

The proof now proceeds as in the proof of Proposition 8 using the bounds for the Brownian

motion from §C.2 and the bound for Q*(-) from Lemma 11 above. [
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