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Abstract

In recent years, growth in the demand for emergency medical services along with decline in the num-
ber of hospitals with emergency departments (EDs) has led to overcrowding. In periods of overcrowd-
ing, an ED can request the Emergency Medical Services (EMS) agency to divert incoming ambulances
to neighboring hospitals, a phenomenon known as “ambulance diversion”. The EMS agency will accept
this request provided that at least one of the neighboring EDs is not on diversion. From an operations
perspective, properly executed ambulance diversion should result in resource pooling and reduce the
overcrowding and delays in a network of EDs. Recent evidence indicates, however, that this potential
benefit is not always realized. In this paper, we provide one potential explanation for this discrepancy
and suggest potential remedies. Using a queueing game between two EDs that aim to minimize their
own waiting time, we find that decentralized decisions regarding diversion explain the lack of pooling
benefits. Specifically, we find the existence of a defensive equilibrium, wherein each ED does not accept
diverted ambulances from the other ED. This defensiveness results in a de-pooling of the network and, in
turn, in delays that are significantly higher than when a social planner coordinates diversion. The social
optimum is, itself, difficult to characterize analytically and has limited practical appeal as it depends on
problem parameters such as arrival rates and length of stay. Instead, we identify an alternative solution
that is more amenable to implementation and can be used by the EMS agencies to coordinate diversion
decisions even without the exact knowledge of these parameters. We show that this solution is approx-
imately optimal for the social planner’s problem. Moreover, it is Pareto improving over the defensive
equilibrium whereas the social optimum, in general, might not be.

Keywords: emergency department, ambulance diversion, game theory, queueing networks.

1 Introduction
In many regions of the US, emergency departments (EDs) can declare “diversion” status (a request to di-

vert incoming ambulances), if they are overcrowded. The local emergency medical system (EMS) agency

may respond by re-routing ambulances to other neighboring EDs if they are available to accept additional

patients. From an operations perspective, if properly executed, ambulance diversion can help to balance

capacity and demand in a network by re-routing ambulances away from overcrowded EDs to less crowded

ones. In other words, it has the potential of achieving reduced waiting times through increased resource

pooling. Yet, anecdotal [Chidester et al. 2009] and preliminary empirical evidence [Mihal and Moilanen

2005, Kowalczyk 2009] suggests that ambulance diversion has no beneficial impact on waiting times at

EDs. This lack of benefit together with adverse effects such as delays in patient transport [Schull et al.
∗Kellogg School of Management (s-deo@kellogg.northwestern.edu)
†Kellogg School of Management i-gurvich@kellogg.northwestern.edu)
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2003] and poorer health outcomes for patients [Schull et al. 2004] has motivated regulators in many places

to place restrictions on ambulance diversion. A recent notable example is the complete ban on ambulance

diversion in Massachusetts [Kowalczyk 2009].

One potential explanation for the discrepancy between operations management theory predicting re-

duction in waiting times and the empirical evidence indicating no such effect is the decentralized decision

making by EDs. The purported operational benefits of ambulance diversion presuppose centralized coordi-

nation that can match excess capacity and excess demand. In practice, however, diversion decisions are often

made by ED administrators (e.g. nurse or physician in-charge) with the objective of mitigating overcrowding

at their own location, while keeping the number of diverted patients at reasonable levels.

The ED administrator assesses crowding in terms of the total number of patients in the ED or the number

patients who are awaiting admission to the inpatient department (boarding patients) or some aggregation of

the two and requests diversion status when this crowding measure exceeds a predetermined threshold. The

EMS agency accepts the diversion request if neighboring EDs are also not on diversion. Otherwise, diver-

sion requests are ignored and each ED is forced to accept its own ambulance arrivals. This coordination

guideline, frequently referred to as “All on Diversion, Nobody on Diversion” (hereafter “ADND”), is com-

monly employed by EMS agencies [Fatovich et al. 2005, Chidester et al. 2009, Mihal and Moilanen 2005,

MARCER 2007].

To formally investigate the impact of decentralized decision making, we develop a stylized queueing-

network model comprising two EDs each receiving two arrival streams – walk-ins and ambulances – and we

embed this queueing network within a static non-cooperative game. Here, each ED administrator chooses a

diversion threshold based on the number of patients in the ED with the objective of minimizing the average

waiting time at her location. The threshold diversion policy and the ADND guideline create a feedback

structure which renders the game intractable for detailed analysis. Nevertheless, we find the existence

of a defensive equilibrium in which both EDs choose a threshold of zero, ambulances are not diverted at

all and consequently, the potential benefits of resource pooling are not realized. However, contrary to a

priori intuition, we find that being defensive is not a dominant strategy due to the aforementioned feedback

structure. We find that the defensive equilibrium described above persists as a Nash equilibrium in a model

variant, in which we allow each ED to impose an upper bound on the number of ambulances “lost” due

to diversion. This accounts for constraints that ED administrators might impose to prevent excessive lost

revenues from diversion or to maintain a certain level of utilization.

To benchmark the equilibrium outcomes and suggest potential policy interventions, we consider a cen-

tralized system. Here, a benevolent social planner coordinates the threshold choices of the ED administrators

with the objective of minimizing the average waiting time across the entire network. To make a fair compari-

son with the decentralized setting, we do not include other potential costs borne by society such as increased

travel times, patients prevented from seeing their own physician in their local ED, reduced ambulance avail-

ability etc. Optimal solutions to the social planner’s problem are difficult to characterize analytically and

depend on all problem parameters: arrival rates, service rates and ED capacities.

We propose a simpler solution, where each ED uses its capacity (the number of beds) as its diversion

threshold. This solution has several benefits. First, we prove that these capacity-based thresholds perform
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almost as well as the social optimum. Second, we prove that the expected waiting time in each ED under

this approximate optimal solution is at most marginally higher compared to that under the defensive equi-

librium. In fact, in all our numerical experiments, we find that the approximate optimal solution is (strictly)

Pareto improving. Finally, our numerical results suggest that this approximate solution can be induced as an

equilibrium using a relatively transparent regulation: EDs with available beds cannot declare diversion.

Comparison of the decentralized equilibrium with the (centralized) socially optimal solution allows us

to synthesize two disparate observations from practice. First, anecdotal and empirical evidence [Sun et al.

2006, Allon et al. 2009] suggests that EDs overuse diversion, a practice referred to as defensive diversion or

the network effect of diversion. Our result that decentralized decision making leads to a defensive equilibrium

provides a theoretical support for this observation. Second, preliminary observations [Kowalczyk 2009]

indicate that the waiting times in Massachusetts did not increase following the recent ban on ambulance

diversion. This has been attributed to internal process improvements at EDs. Our results provide one

alternative explanation in suggesting that one should not expect an increase in waiting time if the EDs were

in a defensive equilibrium before the ban.

The remainder of the paper is organized as follows: §2 reviews the relevant literature. We describe

the ED network model and provide initial characterization of the underlying queueing dynamics in §3. We

analyze the decentralized setting in §4 and the centralized setting in §5. Numerical results are presented in

§6 followed by concluding remarks in §7. All the proofs appear in the appendix.

2 Literature Review
Our work is related to two distinct streams of literature: the emergency medicine (EM) literature and the

operations management (OM) literature. We contribute to the former by providing one explanation for

the phenomenon of defensive diversion and proposing possible remedies. We contribute to the latter by

formulating a theoretical model of ambulance diversion that incorporates both the nature of decision making

(decentralized vs. centralized) and the queueing-network dynamics. Our model of decentralized admission

control contributes to recent work on service competition, which has focused mostly on price and capacity.

Although there is extensive work in the EM literature on ambulance diversion [Hoot and Aronsky 2008,

Pham et al. 2008, Moskop et al. 2009], only few papers provide evidence for the network effect of ambulance

diversion or defensive diversion. Sun et al. [2006] find that diversion hours at neighboring EDs in LA county

are correlated. Similarly, Allon et al. [2009] find that EDs that have more EDs in their proximity spend

more hours on diversion, after controlling for their own congestion level. Vilkes et al. [2004] and Mihal and

Moilanen [2005] provide evidence from San Diego and Los Angeles, respectively, that EDs use defensive

diversion to protect themselves from getting ambulances from their neighboring EDs. We add to this stream

by presenting the first theoretical model of queueing-network aspects of ambulance diversion.

There is extensive OM literature on ED operations that uses queueing theory to optimize patient flow

within hospitals [Cochran and Roche 2009, Vassilocopoulos 1985, Bagust et al. 1999]. However, only

few papers in this literature explicitly model the admission control decision associated with ambulance

diversion [Allon et al. 2009, Ramirez et al. 2009, Enders et al. 2010] with only the latter modeling interaction

between neighboring EDs. Enders et al. [2010] develop a simulation model incorporating multiple details
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of the patient-flow dynamics. They conduct extensive numerical analysis to study various mechanisms

to signal delay between EDs and the EMS agencies. In contrast, we abstract away from these details,

explicitly model the game between EDs and derive theoretical results pertaining to equilibrium and social

optimum. Hagtvedt et al. [2009] also consider a non-cooperative game of ambulance diversion but use

reduced form specifications for the payoff function of the EDs. The payoffs in our model, in contrast, are

direct consequences of the underlying queueing-network dynamics.

Game-theoretic queueing models have been studied extensively in the OM literature. Most of these

models focus on settings in which the firms’ decision is either price and/or capacity [Levhari and Luski

1978, Cachon and Harker 2002, Kalai et al. 1992, Cachon and Zhang 2007, Allon and Federgruen 2007].

In these models, the choice of these two variables determines the (state independent) arrival rate for each

firm. In our model, in contrast, the effective arrival rate to each ED is state dependent due to diversion

decisions, which correspond to admission control1. This admission control results in multi-dimensional

queueing dynamics that are difficult to analyze. Chen et al. [2008] consider dynamic routing of customers to

one of many servers that compete on the basis of price and real-time delay. They use heavy-traffic analysis to

replace the original game with an approximate one that reduces the dimensionality of the queueing dynamics

and simplifies the analysis. Such heavy-traffic approximations do not provide reduction in dimensionality

in our model and hence we do not pursue this direction.

The literature on the optimal (centralized) routing in queueing networks is also quite extensive. Some

relevant examples in the context of parallel server networks with multiple servers per server group (as the

one we study here) Atar [2005], Gurvich and Whitt [2009], Tezcan [2008], Stolyar [2005], Adan et al.

[1994]. The latter three are the closest to our ambulance diversion model in that they study settings in which

routing decisions are made upon customer/patient arrival and once the customers are assigned to a queue

they cannot be re-routed.

Finally, our work is related also to the vast literature on resource pooling, which has primarily focused

on the operational benefits of pooling under centralized decision making (Akşin et al. [2007] contains a rich

reference list on this literature, albeit focused on call centers). In contrast, we show that all the benefits of

pooling are lost due to the divergence between the incentives of the decision makers.

3 The network model
In this section, we define the model primitives, provide a formal description of the ambulance diversion

policies and characterize the underlying Markov chain for a stylized network comprising two EDs.

3.1 The primitives: Patient arrivals, length of stay and ED capacity

We consider a network consisting of two EDs (i = 1, 2) as depicted in Figure 1. With no diversion, ED

i faces two independent stationary arrival streams: ambulances arrive according to a Poisson process with

rate λai > 0 and walk-ins according to a Poisson process with rate λwi > 0 resulting in total arrival rate

λi := λwi + λai . These “potential” arrivals correspond to patients for whom ED i is the preferred ED due

1[Lin 2003] also analyzes a model of decentralized routing, significantly different from ours, that generalizes the model of [Naor
1969] by considering multiple points of entry (or gatekeepers) to a single queue.
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Figure 1: A network with two EDs

to insurance coverage, preferred physician, physical proximity from their residence or any combination of

these factors. We refer to these as the arrivals from catchment area i. While EDs have to accept all walk-in

arrivals according to the US federal law [General Accounting Office 2003], ambulances may be diverted.

Thus, the “effective” ambulance arrivals can differ from the “potential” arrivals; see §3.2 below.

We assume that the length of stay of a patient is exponentially distributed with mean 1/µ in both EDs.

The length of stay is independent across patients. ED i has Ni beds, hereafter referred to as the capacity of

ED i. We assume that each ED has sufficient capacity to serve its potential arrivals if required to do so, i.e.,

Ni >
λi
µ
, for i = 1, 2. (1)

3.2 Diversion policy and routing guideline

We now describe the mechanism through which EDs declare diversion status and the local EMS agency

(partially) coordinates diversions in real time. ED administrators request to be “on diversion” or declare

“diversion status” if they assess that crowding at their location can compromise patient care. We assume

that ED administrators use the total number of patients in the ED (waiting or being attended to) as a primary

measure of crowding and go “on diversion” if this number exceeds a pre-specified threshold. In accor-

dance with the US federal law and the diversion guidelines circulated by several EMS agencies in the US

[MARCER 2007, NYBEMS 2006, PEHSC 2004], we assume that the ED administrators do not account for

overcrowding at neighboring EDs.

More formally, the threshold policy is as follows: The administrator at ED i declares “diversion status”

at time t if the number of patients in the ED, Xi(t), is greater than or equal to a threshold Ki, hereafter

referred to as the diversion threshold for ED i. Thus, a diversion threshold of 0 is equivalent to the ED

always being on diversion whereas a diversion threshold of∞ implies that the ED is never on diversion.

The local EMS agency, in its turn, has access to the real-time diversion status of each ED in the region

and uses this information to partially coordinate the transport of ambulances: If none of the EDs is on

diversion, the “effective” instantaneous ambulance arrival rate to ED i is equal to its “potential” ambulance

arrival rate, i.e., to λai . If only ED i is on diversion (and ED j 6= i is not), then ambulances from catchment
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area i are routed to ED j so that the “effective” instantaneous ambulance arrival rate to ED j becomes

λ̂aj = λai + λaj while that of ED i is 0 (walk-ins still continue to arrive). Finally, if both EDs declare a

diversion status, the “All on Diversion, Nobody on Diversion” (ADND) guideline [Asamoah et al. 2008,

Mihal and Moilanen 2005, MARCER 2007] is imposed by the EMS agency and ambulance arrivals are

routed to their designated EDs so that λ̂ai = λai , i = 1, 2. All possible outcomes are shown in Table 1.

Table 1: Effective arrival rates depending on diversion statuses

ED 1
Diversion
(X1(t) ≥ K1)

No Diversion
(X1(t) < K1)

E
D

2

Diversion
(X2(t) ≥ K2) (λ̂a1 = λa1, λ̂

a
2 = λa2) (λ̂a1 = λa1 + λa2, λ̂

a
2 = 0)

No Diversion
(X2(t) < K2) (λ̂a1 = 0, λ̂a2 = λa1 + λa2) (λ̂a1 = λa1, λ̂

a
2 = λa2)

Thus, given a threshold pair K = (K1,K2), the instantaneous arrival rate to ED i at time t is:

λ̂i(X1(t), X2(t)) := λwi + λai (1− 1{Xi(t) ≥ Ki, Xj(t) < Kj}) + λaj1{Xi(t) < Ki, Xj(t) ≥ Kj}.

We end this section with a discussion of key the modeling choices and assumptions we have made thus far.

1. Exponential service and inter-arrival times: In our model we assume that the arrivals follow a Pois-

son process and service times are exponentially distributed. While Poisson arrivals (possibly doubly

stochastic) is a widely acceptable assumption for service systems (see e.g. Maman [2009] and the

references therein), there is recent evidence that service times are not exponentially distributed (see

e.g. Gans et al. [2010], Yom-Tov [2009] and references therein). Our proofs do rely on the Markovian

assumptions but we conjecture that the essence of our results extends also to non-Markovian settings.

2. Stationarity: We assume that both arrival streams are stationary. While we believe that the stationary

setting captures the key features of the network effect of ambulance diversion, it may be of interest to

explore a more realistic model with non-stationarity.

3. Prioritization of patients within each ED: Since our objective function for each ED corresponds to

the waiting time averaged over all patients served in this ED (see §4), it is immaterial how service is

prioritized amongst patients. Our only restriction on the assignment of patients to beds is that it is

done in a work-conserving manner.

4. All ambulances are divertible: For simplicity, our definition of the effective arrival rates assumes that

diversion has an all-or-nothing effect on ambulances. When ED i is on diversion but ED j is not, ED

i will not receive any ambulances. However, in reality, ED i may continue to receive some fraction

of the pre-diversion ambulance arrivals owing to patient preferences, legal requirements or medical

6



reasons such as availability of a specific specialist or a specific medical equipment. These can be

modeled by appropriately increasing λw1 and decreasing λa1.

5. Threshold policies: Threshold policies are abstractions from more complex workload measures of

ED crowding proposed in the emergency medicine literature, which account for additional factors

such as staffing and patient severity [Reeder and Garrison 2001, Weiss et al. 2004, Bernstein et al.

2003, Epstein and Tian 2006]. Recent research shows that ED occupancy predicts overcrowding as

well as these workload measures [Hoot et al. 2007] and correlates well with the staff’s perception of

overcrowding [McCarthy et al. 2008].

6. Patient boarding: There is evidence that some hospitals base their diversion thresholds on the number

of boarding patients, i.e., patients who are awaiting transfer to the inpatient department [Allon et al.

2009, Ramirez et al. 2009]. To maintain analytical tractability, we do not consider these policies here.

3.3 The underlying Markov chain

The variable X(t) = (X1(t), X2(t)) captures the number of patients in each ED at time t. Under our

assumptions on the primitives, the process X(·) = (X(t), t ≥ 0) is a Continuous Time Markov Chain

(CTMC). We write XK(·) instead of X(·) to make the dependence of the dynamics on the threshold pair

K explicit. With the exception of K = (0, 0), the steady-state distribution of XK(·) is intractable for

closed-form characterization as shown in the following theorem.

Theorem 1 Suppose that (1) holds. Then, for any finite threshold pair K = (K1,K2), the CTMC XK(·)
has a unique steady-state distribution. Also, for all K 6= (0, 0), the CTMC is not reversible.

Using Theorem 1, whenever K is finite, we use XK = (XK
1 , X

K
2 ) to denote a random variable that is

distributed according to the unique steady-state distribution of XK(·).

In the absence of diversion, stability is trivially guaranteed by condition (1). In the presence of diversion,

the “effective” instantaneous arrival rate at ED i, λ̂i(XK
1 (t), XK

2 (t)) may be greater than µNi in some parts

of the state space so that stability is not automatically guaranteed. With finite thresholds, however, when the

queue at ED i is long (so that the total number of patients is greater than the threshold Ki), it faces at most

an arrival rate λi which is, by assumption (1), less than its capacity µNi.

Unfortunately, since XK(·) is not a reversible CTMC, it is not clear if there exist non-trivial parameters

such that (with K 6= (0, 0)) the steady-state distribution is of product form. Yet, we are able to analytically

establish key properties of the equilibrium and the social optimum without explicitly characterizing the

steady-state distribution. We compute this distribution for our numerical experiments; see §6.

Each ED uses a work conserving policy in serving its arriving patients, i.e, there can be no available

beds in ED i while there are patients waiting in its queue. Hence, the steady-state queue length at ED i, QKi ,

satisfies QKi = max{0, XK
i − Ni}. Using Little’s Law, the expected steady-state waiting time in ED i is

then defined by E[Wi(K1,K2)] = E[QKi ]/λ̄i(K) 2, where λ̄i(K) is the steady-state effective arrival rate to

2When steady-state does not exist for XK(·), we replace the right hand side with the expected long run average

E
[
lim sup
t→∞

1

Ai(t)

∫ t

0

(XK
i (s)−Ni)

+ds

]
, where Ai(t) is the number of arrivals to ED i by time t. When steady-state does

exist Little’s law applies and the two definitions coincide; see e.g, Theorem 2.1 of Whitt [1991].
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ED i when the threshold pair is K = (K1,K2) and is given by:

λ̄i(K) := E[λ̂i(X
K)] = λwi + λai (1− P{XK

i ≥ Ki, X
K
j < Kj}) + λajP{XK

i < Ki, X
K
j ≥ Kj} (2)

Next, we consider two systems that differ in how the threshold pair K is determined. In §4, ED ad-

ministrators choose the thresholds to minimize expected waiting time at their own location. In §5 a central

planner chooses the thresholds so as to minimize the average patient wait across the network.

4 Decentralized setting
In the decentralized setting, the administrator of ED i chooses a threshold Ki with the objective of minimiz-

ing expected waiting time at her location. Waiting time is related to other measures of delay previously used

in the OM literature [Allon et al. 2009, Green 2002] and in the EM literature [Weiss et al. 2004, Bernstein

et al. 2003, Epstein and Tian 2006]. It has also been described as reflecting the EDs’ mission [Schull et al.

2002, Franaszek et al. 2002]. We do not include the cost and time of ambulance travel in objective function

since EDs do not have direct control over and do not internalize these factors.

The waiting time at ED i depends not only on the threshold choice of ED i but also on the threshold cho-

sen at ED j 6= i through ambulance diversion. Hence, we model the choice of thresholds in the decentralized

setting as a static, non-cooperative game between the EDs, formally defined below.

Definition 1 The Diversion Game is the two-player game with payoffs Πi(K1,K2) := E[Wi(K1,K2)]

i = 1, 2 and strategy space Z+ × Z+.

Figure 2 depicts the two-dimensional payoff function for one set of parameters. Evidently, the game’s
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Figure 2: The function E[W1(·, ·)] for (λ1, λ2, N1, N2, µ) = (4.32, 5.3, 5, 6, 1), λai = 0.25λi

payoff functions do not satisfy any monotonicity or convexity properties. From Figure 3, we see that the

average waiting time at ED 1 is not a strictly increasing function of the threshold K1 for a given threshold

K2 of ED 2. As a result, choosing a threshold of 0 is not a dominant strategy. Indeed, there exist values of

K2 for which the best response of ED 1 is to choose a strictly positive threshold, thus occasionally accepting

patients that are diverted from ED 2.

The fact that ED i’s pay-off is not monotone in its threshold is a result of the “non-linearity” of the
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Figure 4: Best response dynamics for λ1 = 4.32, λ2 = 5.3, N1 = 5, N2 = 6

queueing-network dynamics. By accepting some of ED 2’s patients when ED 2 is crowded (but ED 1 is

not), ED 1 helps decrease the crowding in ED 2. Being less crowded, ED 2 will go on diversion less

frequently and this might allow ED 1, when it is itself crowded, to divert more ambulances to ED 2. This

nonlinear feedback makes it beneficial for ED 1 to occasionally accept diverted ambulances from ED 2.

The ADND guideline, designed by the EMS agency, plays an important role here since when both EDs

are on diversion, each ED gets its own arrivals. ED 1 can then accept some ambulances knowing that when

it is itself very crowded (and on diversion), it will not have to receive arrivals from ED 2.

Figure 4 depicts the best response functions for the two EDs for one instance of arrival rates and capac-

ities. The “diamond” series represents the best response of ED 2 to different thresholds of ED 1. On a scale

rotated at 90 degrees, the “square” series represents the best response of ED 1 to different thresholds of ED

2. As can be observed from the figure, despite Ki = 0 not being a dominant strategy for ED i, K = (0, 0)

is a Nash equilibrium. The following theorem proves that this numerical observation holds in general.
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Theorem 2 Suppose that (1) holds. Then,

E[W1(0, 0)] < E[W1(K1, 0)] and E[W2(0, 0)] < E[W2(0,K2)] ∀K1,K2 > 0. (3)

In particular, K = (0, 0) is a Nash equilibrium in the diversion game.

Thus, starting at (0, 0), any unilateral deviation by one of the EDs strictly increases its waiting time.

While it is clear that the queue length of ED 1 will be larger under (K1, 0) than under (0, 0) for K1 > 0,

it does not follow immediately from Little’s Law that the steady-state waiting time will also be larger since

the effective arrival rate also increases for K1 > 0. In the proof we show that the queue length increases, in

a sense, more than the arrival rate when moving from (0, 0) to (K1, 0) for K1 > 0.

Remark 1 (“Defensive” Diversion) The equilibrium (0, 0) literally implies that the EDs are always on

diversion status. While this is not observed in reality, we interpret the threshold value of 0 as reflecting a

choice of small thresholds which, in turn, can be interpreted as defensive behavior of the EDs. Since the

payoff functions are fairly flat in a large enough neighborhood of Ki = 0 for small enough thresholds of

ED j (see Figure 3), any choice of thresholds in this neighborhood will result in payoffs (waiting times)

that are similar to those under the threshold pair (0, 0). In this light, the equilibrium (0, 0) supports the

anecdotal and preliminary empirical evidence that EDs overuse diversion in a defensive manner to avoid

getting significant numbers of ambulance arrivals from other EDs.

Remark 2 (“De-pooling” effect) At the (0, 0) equilibrium both EDs are always on diversion status which,

due to the ADND policy, implies that no ambulances are actually diverted. Consequently, with decentralized

decision making, the ED network loses all operational pooling benefits of ambulance diversion. We label

this as the de-pooling effect of decentralized decision making. With no ambulances being diverted, the

two EDs operate like independent M/M/N queues so that the equilibrium waiting time in the network

with decentralized decisions is identical to that in a network in which diversion is formally disallowed.

In turn, our equilibrium result provides one possible explanation (that does not hinge on internal process

improvements) that the ED waiting times in Massachusetts did not significantly increase after diversion was

banned completely in January 2009.

4.1 Uniqueness and refinement

It is worth noting that, by Theorem 2, (0, 0) is an equilibrium regardless of the respective arrival rates or

any other system parameters. In fact, as stated in Theorem 3, even if there exist multiple equilibria for the

diversion game, (0, 0) is the only one that has this invariance property.

Theorem 3 For any pair K = (K1,K2) 6= 0, there exist values of λa1, λ
a
2 > 0 for which K is not a Nash

equilibrium in the diversion game.

To gain some intuition into the result, we note that if λa1 is small (but positive), ED 1 is expected to gain

less from diverting its own ambulances compared to avoiding other EDs’ ambulances. Hence it is likely

that K1 = 0 will be ED 1’s best response to any threshold K2 chosen by ED 2. Showing that ED 1’s best

response is to pick K1 = 0 when λa1 is small constitutes the main step in the proof of Theorem 3. The proof

of Theorem 3 that appears in the appendix is a formalization of the above intuition.
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The uniqueness of (0, 0) as an equilibrium with arrival-rate invariance has useful implications for ambu-

lance diversion. As EDs experience frequent changes in their arrival rates in the course of the day and over

the week, it is an expensive task for ED administrators to continually recalculate their equilibrium strategies

and communicate these to the staff for implementation. It thus seems reasonable that if EDs are looking for

a simple (and stable) rule-of-thumb for threshold choices, (0, 0) would be the resulting equilibrium.

The game theory literature discusses the notion of “simple equilibrium” to account for players capa-

bilities [Baron and Kalai 1993]. They contend that simplicity is important in characterizing focal points

(introduced by Schelling [1958]) in the case of multiple equilibria. From this perspective, our result in

Theorem 3 can be interpreted, informally, as one that characterizes (0, 0) as the unique simple equilibrium.

While Theorem 3 shows that (0, 0) is the unique equilibrium with this property, we are not able to prove

analytically that it is also unique in the standard sense, i.e, for given arrival rate parameters. Our numerical

experiments (see §6), however, show that the equilibrium is not only unique but also globally stable under a

Tatônnement scheme [Vives 2001, chapter 2.6] for a wide range of problem parameters.

4.2 A formulation with revenue considerations

In our analysis thus far, we have assumed that the objective of each ED is to minimize the average waiting

time of its incoming patients. In some cases, however, hospital administrators may be concerned about the

impact of diversions on lost revenue. Accordingly, we augment the original formulation by placing a lower

bound on the effective arrival rate to each ED. This constraint reflects that the hospital administrator does

not want to lose too many arrivals due to diversion. In this new formulation, given the threshold Kj of ED

j 6= i, ED i solves the problem

minKi∈Z+ E[Wi(Ki,Kj)]

s.t. λ̄i(Ki,Kj) ≥ λi(1− η),
(4)

where the parameters η ∈ [0, 1] captures the hospital administrators’ tolerance to losing arrivals. For special

case of η = 1 we return to our original diversion game. Definition (1) of the diversion game is now changed

to incorporate these constraints. Naturally, an equilibrium in the constrained version of the diversion game

is a pair (K1,K2) such that no ED has a feasible move that would decrease its waiting time. Note that

(0, 0) is feasible for this game since at (0, 0), λ̄i(0, 0) = λi for i = 1, 2. Also, a move by ED 1 to K1 > 0

is feasible (since K2 = 0, the effective arrival rate to ED 1 increases from this move). At the same time

we have already shown in Theorem 2 that any such move would strictly increase the waiting time in ED 1.

Hence, ED 1 does not have a profitable deviation. A symmetric argument applies to ED 2. Thus, (0, 0) is an

equilibrium also for the constrained diversion game.

Remark 3 (Alternative modeling of revenues) The constrained formulation considered above allows for

revenue/reputation concerns by constraining the number of diverted ambulances. It is, however, most ap-

propriate in settings in which ambulance diversion is primarily driven by overcrowding in the ED and is

not fine-tuned to maximize revenues. This seems consistent with the common practice (see e.g. Franaszek

et al. [2002]). Nevertheless, one could consider an alternative model in which revenues are explicitly mod-

eled into the objective function by assigning weights to revenues and waiting times. The resulting model is
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less tractable but, more importantly, the outcome of such a model would most likely depend on the specific

values of the weights, which are difficult to estimate.

5 Centralized setting
To evaluate the inefficiency in the decentralized setting described in §4, we consider a setting where the

social planner chooses a threshold pair K∗ = (K∗1 ,K
∗
2 ) to minimize the average waiting time across all

patients in the network. To that end, let QKΣ be the steady-state total queue length across the network under

the threshold pair K = (K1,K2). By Little’s law, the social planner’s problem is given by:

min
K∈Z2

+

E[W (K1,K2)] := min
K∈Z2

+

E[Q
(K1,K2)
Σ ]

λ1 + λ2
, (5)

where Z+ = Z+ ∪ {∞}3. To be consistent with the decentralized setting, we do not include the impact of

ambulance diversion on transportation and other social costs. Henceforth, we use the notation (K∗1 ,K
∗
2 ) to

denote an optimal solution. The statements of our results are unaffected by whether or not multiple optimal

solutions exist to the social planner’s problem.

Remark 4 (Alternative centralized routing policies) Restricting attention to threshold policies has the

important benefit of allowing us to perform a clear comparison between the centralized setting and the

decentralized one. Clearly, the social planner can do better with other routing policies that take into account

real-time queue-length or waiting-time information for both EDs, such as the “Join the Shortest Queue”

policy [Adan et al. 1994, Whitt 1986]. While these policies are not necessarily optimal in our setting

because of multiple servers in each queueing system and because only part of the arrivals (ambulances) can

be actively controlled, it is possible that they perform better than the best threshold policy; see §6.

As argued in §4, the function E[W (·, ·)] is not amenable to exact analysis. Instead, we develop a lower

bound and an upper bound to the social planner’s problem. The lower bound is given by a perfectly pooled

system with instantaneous rerouting and the upper bound is given by a system where the threshold pair is

K = (N1, N2) – capacity-based thresholds. Figure 5 depicts the system configuration for the upper bound

and lower bound in addition to the decentralized and the centralized settings.

5.1 A perfectly pooled system with instantaneous re-routing (lower bound)

We now introduce an artificial construct which is obtained by relaxing the social planner’s problem. Specif-

ically, we make the following allowances in patient routing:

(i) The planner has complete freedom in routing ambulances and walk-ins and is not restricted to threshold-

type policies.

(ii) The planner can instantaneously re-route waiting patients (walk-ins and ambulances) from one ED

to the other. For example, if ED 2 has available beds, a patient waiting in ED 1 can be moved

instantaneously to ED 2.
3A priori, the social planner might choose to set one threshold or both thresholds to infinity which is not covered by Theorem 1.

This is overcome by appropriately replacing the steady state expectation with long run averages.
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Figure 5: From equilibrium to perfectly pooled. The inequalities denote the ordering of total waiting times under
different scenarios.

We refer to this as the perfectly pooled system since the instantaneous re-routing disallows having simulta-

neously empty beds in one ED and waiting patients in the other. In doing so, it essentially pools the queues

and avoids the wastage of capacity in the network. Note that the perfectly pooled system is an unfair bench-

mark for the ED network since it has two significant degrees of freedom that the original ED network does

not have: it allows for rerouting of walk-ins (and not only of ambulances) and it allows for rerouting of

patients after they have been waiting in a queue. With identical service rates, any non-idling routing policy

for the perfectly pooled system will induce the same distribution for the total number of patients in system,

that of an M/M/N queue with arrival rate λΣ = λ1 + λ2, service rate µ and NΣ = N1 +N2 servers.

More formally, let XP (t) = (XP
1 (t), XP

2 (t)) denote the number of patients in each ED in the perfectly

pooled system at time t and we let XP (·) = (XP (t), t ≥ 0) be the corresponding stochastic process. We

denote by QPΣ(t) the corresponding total queue length at time t and we let QPΣ be a random variable with

the corresponding steady-state distribution. Then, QPΣ has the steady-state distribution of the number of

customers in an M/M/N queue with arrival rate λΣ, service rate µ and NΣ servers. This steady-state exists

since condition (1) implies that λΣ < µNΣ.

In turn, E[WP ] := E[QPΣ ]/λΣ is the expected waiting time in this M/M/N queue and is the same (and

minimal) under all non-idling policies. Let

ρ̃1 :=
λw1 + µN2

µN1 + λ2 + λa1
, ρ̃2 :=

λw2 + µN1

µN2 + λ1 + λa2
, and C(ρ̃1, ρ̃2) :=

[
1

1− ρ̃1
+

1

1− ρ̃2

]
. (6)

Note that max{ρ̃1, ρ̃2} < 1 if, for example,

µN1 ≤ λ1 + λa2 and µN2 ≤ λ2 + λa1. (7)

Theorem 4 Suppose that (7) holds. Then, given 0 < ε < 1, there exists T (ε) that depends, in addition, only
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on µ and the aggregate parameters λΣ and NΣ such that

E[WP ] ≤ E[W (K∗1 ,K
∗
2 )] ≤ E[WP ]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
. (8)

The constant T (ε), defined explicitly in equation (A14) of the appendix, is the time that it takes the

expected queue length in an M/M/N queue, initialized at time 0 with a carefully chosen distribution, to

approach its steady-state mean. Importantly, as stated in the theorem, T (ε) depends only on the aggregate

parameters λΣ and NΣ and on the service rate µ. Also, for reasonably large systems T (ε)/(λΣ/µ), is

provably orders of magnitude smaller than E[WP ]. See Remark A.1 in the appendix for more details.

Theorem 4 shows that, under proper conditions, the social optimum is fairly close to the lower bound.

Moreover, it provides an indication of potential dependencies of the gap between the social optimum and

its lower bound on different system parameters. Fixing ρ̃1 and ρ̃2, the bound becomes tighter as the overall

system size, as reflected in the parameters λΣ andNΣ, increases. For a given system size, the bound becomes

tighter as the parameters ρ̃1 and ρ̃2 and, in turn, C(ρ̃1, ρ̃2), become smaller. Note that small values of ρ̃1

and ρ̃2 correspond to a large fraction of ambulances (out of the total incoming patients). Intuitively, with

sufficient ambulance load, a stream of ambulances will be routed from one ED to the other, thus quickly

removing the “inefficiency” of having a queue in one ED simultaneously with available beds at the other.

5.2 Capacity-based static thresholds (upper bound)

We consider the case where K = (N1, N2), i.e., each ED uses its number of beds as its threshold. Here,

when ED 1 has available beds but ED 2 has waiting patients, all (newly) arriving ambulances are di-

verted to ED 1. Our motivation for considering this threshold pair is that it mimics, to the extent possible

within threshold policies, the response mechanism of the perfectly pooled system to local inefficiencies.

When there are available beds in one ED simultaneously with queued patients at the other, it routes all the

“routable” patients to the ED with available beds. Since walk-in and patients that are already queued are not

“routable” in the real ED network, the extent to which this can re-balance the system is less than that in the

perfectly pooled system. However, the next result shows that, despite this restriction, the diversions here are

sufficient to capture most of the gap between the social optimum and the idealized system.

Theorem 5 Fix ε > 0. Suppose that the conditions of Theorem 4 hold and let T (ε) be as defined there.

Then,

E[W (K∗1 ,K
∗
2 )] ≤ E[W (N1, N2)] ≤ E[W (K∗1 ,K

∗
2 )]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
.

By our discussion following Theorem 4, one expects (N1, N2) to perform well for reasonably large

systems4. Our numerical experiments in §6 show that the gap between E[W (K∗1 ,K
∗
2 )] and E[W (N1, N2)] is

small for relatively small systems too. In addition to being close to the true social optimum, the approximate
4Heavy-traffic analysis, as the one in Tezcan [2008] can, in fact, show that the threshold policy with the threshold pair (N1, N2)

is nearly optimal for (5). The driving force in the near optimality result as in our bounds, is the relatively quick “re-balancing”
driven by ambulance re-routing.
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social optimum has several advantages from an implementation perspective, which we discuss below.

Remark 5 (Implementation) The pair (N1, N2), unlike the social optimum, does not require the knowl-

edge of the system parameters (λai , λ
w
i ), i ∈ {1, 2} and µ. Moreover, the simplicity of the solution makes

it useful for coordination purposes. Specifically, rather than trying to enforce specific threshold values, the

coordinating body (e.g. the local EMS agency) could devise the following policy: “EDs are not allowed to

divert when there are empty beds.” In Figure 3, we observe that E[Wi(K1,K2)] is decreasing in Ki for any

threshold Kj ≥ Nj of the other ED. Based on this numerical observation, we note that the threshold pair

(N1, N2) will be supported as an equilibrium for a diversion game in which bed reservation is disallowed.

This numerical observation, together with our near optimality result in Theorem 5 suggests that such a reg-

ulation can induce an equilibrium that is also nearly optimal for the social planner’s problem. Theorems

6 and 7 below show that (N1, N2) has additional appealing properties. This discussion presumes that ED

administrators have correct information about the number of busy beds and that they do not manipulate this

information (by purposefully delaying transfers to inpatient departments).

Theorem 5 is concerned with the waiting time averaged over all patients in the network. The next

theorem is concerned with the waiting time in each ED separately. It compares the waiting times under the

threshold pair (N1, N2) and under the defensive equilibrium (0, 0). Below, p(λ, µ,N) is the probability of

delay (i.e. of all servers being busy) in an M/M/N queue with arrival rate λ, service rate µ and N servers.

Formally, p(λ, µ,N) := P{WM(λ),M(µ),N > 0}, whereWM(λ),M(µ),N is the steady-state distribution of the

waiting time in an M/M/N queue with parameters λ, µ and N that satisfy λ < µN .

Theorem 6 (Pareto improvement) Let (λ1, λ2, N1, N2) be such that

p(λΣ, µ,NΣ) ≤ min{p(λ1, µ,N1), p(λ2, µ,N2)}. (9)

Fix ε and let T (ε) be as in Theorem 4. Then,

E[Wi(N1, N2)] ≤ E[Wi(0, 0)]

(
1− 2

√
µ

λi

)−1(
1 + 2

δi
P{Wi(0, 0) > 0}

)
, i = 1, 2, (10)

where δi :=

√
(µNi − λi)

(
2µT (ε)C(ρ̃1,ρ̃2)

λi
+ ελΣ

λi(µNΣ−λΣ)

)
.

The condition on the M/M/N delay probabilities in equation (9) requires that (µ, λ1, λ2, N1, N2) are

such that pooling two independent M/M/N queues with the respective parameters into a single M/M/N

queue improves the delay probability for everyone. This holds for many, but not all, parameter combinations.

In particular, it is not likely to hold in settings in which there is significant asymmetry between the EDs with

respect to their parameters. For example, for the case µ = 1, and N1 = N2 = 10, this condition holds for

λ1 = 7.5 and λ2 = 9 but it does not hold if λ1 = 6 and λ2 = 9.

When condition (9) is satisfied, Theorem 6 implies that the expected waiting time in each ED does not

increase significantly if moving from the (0, 0) equilibrium to the capacity-based threshold pair (N1, N2).
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Note that δi ≤

√
1− ρi
ρi

2µT (ε)C(ρ̃1, ρ̃2) + ε
λΣ

λi
, where ρi = λi/µNi is the utilization of ED i in the ab-

sence of diversion. Thus, the bound on the right hand side of (10) is tight provided that ED i has a sufficiently

high load, λi is not negligible compared to λΣ and T (ε) is not large. In our numerical experiments in §6 the

bound is tight and the waiting time of each ED strictly decreases when moving from (0, 0) to (N1, N2).

The next result completes our analysis of the threshold pair (N1, N2). It shows that the EDs do not

experience a significant decrease in their arrival rate under (N1, N2) compared to that under the (0, 0)

equilibrium.

Theorem 7 (Effective arrivals under capacity-based thresholds) Recall that the effective arrival rate

λ̄i(N1, N2) is given by (2). Then, λ̄i(N1, N2) ≥ λi − 2
√
µλi, i = 1, 2.

Note that Theorem 7 does not impose any restrictions on the network parameters. Naturally, the bound

is trivial unless λi > 2
√
µλi.

Remark 6 (Re-visiting the constrained formulation) Note that given η > 0, Theorem 7 guarantees that

the threshold pair (N1, N2) is feasible for (4) for all λi sufficiently large (which requires, by (1) that Ni be

sufficiently large). Thus, the implications from the analysis of (N1, N2) also carry over to the constrained

formulation of the diversion game introduced in §4.2. In particular, in the context of the constrained version

of the diversion game, the pair (N1, N2) is Pareto improving and nearly socially optimal.

6 Numerical results
Our numerical study has three main objectives. First, we study the impact of key system parameters on the

outcomes under defensive equilibrium, socially optimal thresholds and (approximately optimal) capacity-

based thresholds and on the relationship between the three. We explore the following questions: (i) how

does the total safety capacity in the network impact the extent of inefficiency introduced to the system by

the decentralized equilibrium (§6.3), and (ii) how does the difference in safety capacity between the EDs

affect this inefficiency (§6.4). Second, for each parameter set we study the performance of the threshold pair

(N1, N2) (§6.5). Third, we complement our results regarding the equilibrium (0, 0) in Theorems 2 and 3 by

numerically testing for its global stability (§6.6).

6.1 Methodology

For the numerical experiments we explicitly calculate the stationary distribution of the underlying Markov

chain. To numerically compute the stationary distributions, we truncate the state space by removing all states

with queue length above a very large number B. We choose B to be large enough so that the numerical

results do not change with further increase in its value. More formally, we truncate the CTMC XK(·) to the

state space AB := [0, B] × [0, B]. The truncation is done by removing all edges between states x ∈ AB
and y /∈ AB . The resulting process, XK,B(·), is an irreducible Markov chain on a bounded state space

and hence a unique steady-state distribution trivially exists and can be numerically computed by means

of solving the balance equations πBQB = 0 with QB being the generator of the truncated chain. These

computations are performed using a MATLAB code that solves the underlying system of linear equations.

As expected, πB converges weakly to π as B → ∞, where π is the unique steady-state distribution of the
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original (non-truncated) chain XK(·) and, moreover, the corresponding expectations converge. The proof

of this fact is based on showing that the (family) of XK,B of steady-state variable is tight in the proper

sense (see appendix). This convergence, together with a choice of large enough truncation parameter B,

guarantees that our results are representative of the original network.

6.2 Choice of parameters

We use two sets of parameter combinations. The first set is designed to investigate the impact of total safety

capacity in the network. Here, we fix N1 = 5 and N2 = 6, µ = 1 and we choose arrival rates λ1 and

λ2 so that the utilization (with no diversion) is equal in both EDs (i.e. λ1/N1 = λ2/N2 = ρ). We then

we vary the value of ρ on {0.5, 0.6, 0.7, 0.8, 0.9}. The second set is designed to investigate the impact of

differences in safety capacity between the two EDs. Here, we fix N1 = N2 = 10, µ1 = µ2 = 1 and total

arrival rate λΣ = λ1 + λ2 = 18. We then split the total arrival rate between the two EDs into different

combinations of λ1 and λ2 so that the pair of (no-diversion) utilizations ρ1 := λ1/N1 and ρ2 := λ2/N2,

takes the values: {(0.81, 0.99), (0.828, 0.972), (0.846, 0.936), (0.882, 0.918), (0.9, 0.9)}. For all parameter

combinations, we fix λai = 0.25λi in accordance with empirical evidence [Falvo et al. 2007].
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Figure 6: Waiting time as a function of utilization parameters: (a) Case of equal utilizations (b) Case of unequal
utilizations

6.3 Impact of total safety capacity

Figure 6(a) shows the expected waiting time in the defensive equilibrium (0, 0) (the decentralized network),

the social optimum (the centralized network), the approximate social optimum (N1, N2), the “Join the

Shortest Queue” policy (JSQ)5, and the perfectly pooled system for different values of the total utilization

ρ, where both EDs have equal utilization.

As expected, the waiting time under all scenarios increases with ρ. Moreover, the gap between the social

optimum and the equilibrium increases with ρ. This can be explained via the connection to pooling / de-

pooling. It is known, that the benefits of pooling two independent M/M/N queues with identical service

rates increases with the utilization (see, e.g., [Benjaafar 1995]). Since the equilibrium leads to complete de-

pooling while the social optimization is fairly close to a perfectly pooled system, one expects that the benefit
5The performance of JSQ is obtained using an ARENA simulation model.

17



of social optimization will increase with an increase in ρ. Figure 6(a) also shows that the performance of

the approximate and the true social optimum (restricted to static thresholds) is very close to that of the JSQ

policy. The waiting time is slightly higher under JSQ for the low utilization values ρ = 0.5 and ρ = 0.6 and

it is slightly lower than the social optimum otherwise.

Table 2 displays the socially optimal thresholds, K∗1 and K∗2 . These were found by brute force enumer-

Table 2: Socially optimal thresholds – Equal utilizations

ρ 0.5 0.6 0.7 0.8 0.9

K∗1 4 4, 5 5 6 7, 8

K∗2 5, 6 6 6 7 9

ation of all possible combinations of thresholds for values that are below the truncation level B. We note

that the socially optimal thresholds are equal to the respective capacities for low utilization values but are

higher than the capacity for higher system utilization. Thus, the social planner chooses higher thresholds in

more congested systems. It is also interesting to note that the socially optimal threshold for the smaller ED

is lower for all values of system utilization.

6.4 Impact of differences in safety capacity

Figure 6(b) displays the results for parameter combinations in which we keep the total utilization ρ =

λΣ/NΣ constant and equal to 0.9 but vary the individual utilizations ρ1 = λ1/N1 and ρ2 = λ2/N2 (recall

that µ = 1 throughout) thus introducing asymmetry in the network.

We find that the benefit of social optimization increases as the network becomes more asymmetric, i.e.,

as the difference in safety capacity between EDs decreases. This again can be explained via the connection

to pooling. Since the centralized setting closely imitates the perfectly pooled system, it is fairly indifferent

to the local safety capacity in each ED and depends only on the total safety capacity in the network. In the

decentralized setting, however, the total waiting time decreases as the EDs become more symmetric. These

numerical results are suggestive of interesting research questions regarding the impact of relative asymmetry

of the network to the magnitude of pooling benefits, which to the best of our knowledge, has not been studied

before in the literature.

Similar to §6.3, the performance of the approximate and true social optimum (restricted to static thresh-

olds) is very close to JSQ policy. In fact, the performance gap between the two is less than 10% for all

combinations of utilizations in our numerical experiments. Table 3 show that the socially optimal thresholds

are above capacity, i.e. K∗i ≥ Ni. Moreover, the socially optimal thresholds are higher for EDs with more

safety capacity thus enabling better resource pooling.

6.5 Role of the approximate social optimum

In this section, we make important observations regarding the performance of the approximate social op-

timum (N1, N2), which are common to both set of experiments under various conditions of total safety

capacity and relative safety capacity described above.
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Table 3: Socially optimal thresholds – Unequal Utilizations

(ρ1, ρ2) (0.810,0.990) (0.828,0.972) (0.846,0.954) (0.864,0.936) (0.882,0.918) (0.9,0.9)

K∗1 16 15 14 13 13 12

K∗2 11 11 11 11 12 12

1. The pair (N1, N2) as an approximation to the optimal solution: Figure 6 contains waiting times

corresponding to the equilibrium (E[W (0, 0)]), the true social optimum (E[W (K∗1 ,K
∗
2 )]), and the

approximate social optimum (E[W (N1, N2)]). The prescription of (N1, N2) performs extremely well

for most parameter values. From Figure 6(b), we note that its performance deteriorates slightly with

the asymmetry in the network

2. Pareto Improvement: As shown in Tables 4 and 5, both EDs gain in terms of waiting times under

the approximate social optimum compared to the equilibrium. Such a Pareto improvement does not

always hold for the social optimum (K∗1 ,K
∗
2 ). Indeed, in the first three parameter combinations

in Table 5, ED 1 has a longer waiting time under the socially optimal threshold pair than under

equilibrium, i.e., E[W1(K∗1 ,K
∗
2 )] > E[W1(0, 0)]. In these first three sets ρ1 is relatively low and it

seems that the social optimization exploits this fact so that the more congested ED 2 gets greater share

of the pooling benefit obtained from social optimization. Under (N1, N2) ED 2 still gets more benefit,

but ED 1 does not experience degradation in its waiting times compared to (0, 0). As argued in §5,

this observation may be important for coordination purposes because ED managers are more likely to

accept coordination mechanisms that do not hurt them compared to the equilibrium.

3. Patient inflow: As stated in Theorem 6, the total inflow of patients to each ED does not differ signif-

icantly between (N1, N2) and (0, 0). Indeed, the ratio λ̄i/λi is less than 102% in Table 4 and is less

than 105% in Table 5. Moreover, this ratio increases with the asymmetry in the network.

Table 4: Effective arrival rate and average waiting time for two EDs – Equal utilization case

Equilibrium Approximate Social Optimum Social Optimum
ρ E[W1] E[W2] λ̄1 λ̄2 E[W1] E[W2] λ̄1 λ̄2 E[W1] E[W2] λ̄1 λ̄2

0.5 0.05 0.03 2.50 3.00 0.03 0.02 2.55 2.95 0.03 0.02 2.33 3.00
0.6 0.12 0.08 3.00 3.60 0.07 0.05 2.95 3.65 0.07 0.05 3.00 3.60
0.7 0.25 0.19 3.50 4.20 0.15 0.12 3.53 4.17 0.15 0.12 3.60 4.17
0.8 0.55 0.43 4.00 4.80 0.35 0.29 4.02 4.78 0.35 0.28 3.97 4.75
0.9 1.52 1.23 4.50 5.40 1.01 0.85 4.49 5.41 0.88 0.82 4.47 5.43

6.6 Stability of the equilibrium

As seen from Figure 4, if ED j chooses a threshold Kj > Nj , ED i’s best response is to choose a threshold

Ki = Ni. However, for this choice of ED i, ED j’s best response is to choose zero, to which ED 1’s
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Table 5: Effective arrival rates and average waiting time for two EDs – Unequal utilizations

Equilibrium Approximate Social Optimum Social Optimum
(ρ1, ρ2) E[W1] E[W2] λ̄1 λ̄2 E[W1] E[W2] λ̄1 λ̄2 E[W1] E[W2] λ̄1 λ̄2

(0.81,0.99) 0.23 2.90 8.10 9.90 0.23 0.76 8.71 9.29 0.37 0.44 8.93 9.07
(0.828,0.972) 0.28 2.17 8.28 9.72 0.25 0.67 8.76 9.24 0.36 0.43 8.16 9.74
(0.846,0.954) 0.34 1.59 8.46 9.54 0.29 0.59 8.61 9.39 0.37 0.43 9.07 8.93
(0.864,0.936) 0.42 1.16 8.64 9.36 0.32 0.52 8.81 9.19 0.37 0.42 9.07 8.93
(0.882,0.918) 0.52 0.87 8.82 9.18 0.36 0.46 8.87 9.13 0.38 0.4 8.95 9.05

(0.9,0.9) 0.67 0.67 9.00 9.00 0.41 0.41 9.00 9.00 0.39 0.39 8.97 9.03

best response is zero too thus yielding an equilibrium (0, 0). We numerically validate this Tatônnement

stability result for each of the parameter combinations by initializing the game at several finite threshold

pairs (K1,K2); see Chapter 2.6 of Vives [2001] for an explanation of Tatônnement stability. For our 11

parameter sets, the maximum number of plays to reach (0, 0) is equal to 2. The global stability of (0, 0) as

observed in these numerical examples strongly suggests that (0, 0) is unique.

7 Concluding remarks
In this paper, we propose a stylized queueing-network model of two EDs to study the network effect of

ambulance diversion. Each ED aims to minimize the expected waiting time of its patients (walk-ins and

ambulances) and chooses its diversion threshold based on the number of patients at its location. We model

the decentralized decision making in the network as a non-cooperative game. Analysis of the game reveals

that, in equilibrium, EDs declare diversion status defensively to avoid getting arrivals from each other. This

equilibrium undermines all potential pooling benefits of ambulance diversion, a phenomenon we label as

the de-pooling effect. These results provide one potential explanation for the evidence regarding defensive

diversion and the impact of canceling ambulance diversion in Massachusetts in Jan 2009.

Given the pessimistic predictions of the equilibrium and the difficulty in characterizing the true socially

optimal solution, we propose and analyze an alternative solution to the social planner’s problem in which

the diversion thresholds are set to be equal to the EDs’ respective capacities. When there are available beds

in one ED simultaneously with queued patients at the other, this policy routes all the “routable” patients to

the ED with available beds and thus recovers most of the pooling benefits. In addition to its being easier to

implement than the true social optimum, it is also a Pareto improvement over the equilibrium, i.e., it reduces

the expected waiting times of both EDs.

Obvious extensions of our work include relaxing the model assumptions and choices discussed in §3.2

such as non-Markovian distributions, non-stationary arrivals, patient priorities and patient boarding. Here,

we propose two directions for future research that, we believe, can significantly improve our understanding

of ambulance diversion and its effective management.

Travel time: We do not explicitly model ambulance travel times, which is reasonable if the differences

in travel times to the different EDs are negligible compared to the waiting times in the EDs. Significant travel
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time heterogeneity may, however, limit the ability to divert some ambulances due to the potential impact of

the increased travel time on patients’ health. While it is likely that (0, 0) will remain an equilibrium in

this case, the social planner’s ability to extract pooling benefits from centralized diversion might be limited

because travel times would delay the impact of diversion.

Optimal trigger for diversion: Motivated by the literature, we used the number of patients in the

ED as a measure for ED crowding. Others have proposed and used number of boarding patients for this

purpose. However, both measures capture only one aspect of reality and are interdependent outcomes of

underlying capacity constraints in the ED and in inpatient department. Several complex workload measures

have been proposed in the emergency medicine literature to measure crowding but their potential implication

on ambulance diversion has not been studied. This would be an important step in the design of good

crowding measures for EDs.

Appendix
This appendix includes the proofs of the key results in the paper. In §A.1 we prove Theorem 2 and in §A.2

we prove Theorems 4 and 5. The proofs of Theorems 1, 3, 6 and 7 as well as those of auxiliary lemmas

and propositions that are stated within this appendix are relegated to a technical report [reference to authors’

website would be given here]. In the technical report the reader will also find the proof of existence of

solutions to the social planner’s problem (5) and the proof of convergence of the truncated chains that were

used in our numerical experiments in §6.

We first specify the notational conventions that will be used throughout the appendix.

State descriptors and threshold notation: Given a threshold pair K = (K1,K2), XK
i (t) stands for the

number of patients (in beds or waiting) in ED i at time t and we let XK(t) = (XK
1 (t), XK

2 (t)). The CTMC

XK(·) = (Xk(t), t ≥ 0) then captures the two dimensional behavior of the ED network. For i = 1, 2, we

letQKi (t) and ZKi (t) be, respectively, the queue length and the number of occupied beds in ED i at time t so

that XK
i (t) = ZKi (t) +QKi (t). The notation IKi (t) = Ni − ZKi (t) then stands for the number of available

(idle) beds in ED i at time t.

We add the subscript Σ to denote aggregate network quantities. For example, QKΣ (t) = QK1 (t) +QK2 (t)

is the total number of patients in queue in both EDs at time t when the threshold pair K is used.

As in §5 of the manuscript, we add the superscript P to distinguish quantities corresponding to the

perfectly pooled system from those corresponding to the threshold system. For example, QPΣ(t) stands for

the total number of patients in queue in the perfectly pooled system at time t.

For brevity, we use the term “the (K1,K2)-threshold system” when referring to the ED network operat-

ing under the threshold mechanism with the threshold pair (K1,K2) and use the term “the pooled system”

when referring to the ED network operating under the perfectly pooled mechanism.

Two threshold pairs are of special interest and will appear repeatedly in this appendix. These are (0, 0)

and (N1, N2). We will abbreviate and use the superscript 0 when the threshold pair is (0, 0) and use the

superscript N when the threshold pair is (N1, N2).

Steady-state quantities: When steady-state exists for the CTMC XK(·), steady-state quantities (queue

length, number of patients etc.) appear without the time argument t. Accordingly, XK
i stands for the steady-
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state number of patients at ED i. The vector πK = (πK(i, j), (i, j) ∈ Z2
+) is then the distribution of

XK = (XK
1 , X

K
2 ). That is, for (i, j) ∈ Z2

+, πK(i, j) = P{XK
1 = i,XK

2 = j}. We let πKi be the marginal

steady-state distribution of ED i, i.e., πKi (j) = P{XK
i = j} for j ∈ Z+.

Other notational conventions: For x, y ∈ R we use x ∧ y = min{x, y} and x ∨ y = max{x, y}. We use

⇒ to denote weak convergence of random variables in Rd. The dimension d of the random variable will be

clear from the context. This should be distinguished from→ which we use to denote convergence of series

of deterministic vectors.

Finally, we use ≤st to denote stochastic ordering. For two random variables R1 and R2 with values in

Z+, R1 ≤st R2 if P{R1 > j} ≤ P{R2 > j} for all j ∈ Z+. This is equivalent to having E[f(R1)] ≤
E[f(R2)] for all non-decreasing functions f(·) for which the expectations are defined; see e.g. §A4 of

Asmussen [2003].

A.1 Proofs for §4
A.1.1 Proof of Theorem 2

In establishing (3) we focus on ED 2. The proof for ED 1 is identical. First, observe that using Little’s law we

can write E[W2(0,K2)] = E[Q
(0,K2)
2 ]/λ̄2(0,K2). It is intuitively clear that E[Q

(0,K2)
2 ] ≥ E[Q

(0,0)
2 ] because

the arrivals to ED 2 will increase but it will not be able to divert ambulances to ED 1 because K1 = 0. This

can be formalized by a simple coupling argument but to prove that E[W2(0,K2)] ≥ E[W2(0, 0)], one also

needs to rule out the possibility that λ̄2(0,K2) is “too big” compared to λ̄2(0, 0). Specifically, we would

have to show that
λ̄2(0,K2)

λ̄2(0, 0)
≤ E[Q

(0,K2)
2 ]

E[Q
(0,0)
2 ]

.

Furthermore, at least one of the inequalities (for the queue or for the arrival rate) has to be strict in order to

prove our result. Hence, comparison of queues through coupling will not suffice.

Instead, we work directly with expressions for the steady-state distribution of XK(·). This is simplified

by a specific characteristic of thresholds of the form K = (0,K2). For such a threshold, the evolution of

XK
2 (t) follows a one-dimensional Birth-and-Death (BD) process so that the marginal distribution ofX(0,K2)

2

can be computed in closed form. Specifically, with K = (0,K2), the state transition diagram for XK
2 (·) is

as depicted in Figure 7. We use this BD process to compare E[W2(0,K2)] = E[Q
(0,K2)
2 ]/λ̄2(0,K2) with

 

 

 

 

 

0 1 2  𝐾2 

𝜆2 + 𝜆1
𝑎  𝜆2 + 𝜆1

𝑎  𝜆2 + 𝜆1
𝑎  𝜆2 + 𝜆1

𝑎  𝜆2 𝜆2 

𝜇 2𝜇 3𝜇 (𝐾2 ∧ 𝑁2)𝜇 ((𝐾2 + 1) ∧ 𝑁2)𝜇 

Figure 7: The Birth and Death (BD) process for ED 2 under (0,K2)

E[W2(0, 0)] = E[Q
(0,0)
2 ]/λ̄2(0, 0). For the rest of the argument we fix K2 > 0. To simplify notation we let

π0
2 = π

(0,0)
2 and πK2 = π

(0,K2)
2 .

For the argument we fixK2 < N2 but it will be easy to see that the argument works for arbitraryK2 > 0.

22



We let λ̌ := λ2 + λa1 and introduce the following notation:

d(l) :=

(
λ2

N2µ

)l
, l ≥ 1, d̄K2 :=

N2∏
j=K2+1

(
λ2

jµ

)
, d̄N2 :=

λ/(N2µ)

1− λ/(N2µ)
.

For all l ≤ N2 we let

f(l) :=
l∏

j=1

1

jµ
,

and set f(0) = 1. Then, by considering the balance equations for the BD in Figure 7 we have that

(λ2 + λa11{l < K2})πK2 (l) = µ ((l + 1) ∧N2) ,

so that

πK2 (l) =


πK2 (0)λ̌K2f(K2)d̄K2d(l −N2), l ≥ N2,

πK2 (0)λ̌lf(l), l ≤ K2,

πK2 (0)λ̌K2λl−K2
2 f(l), otherwise

(A1)

and (using K2 = 0) that

π0
2(l) =

{
π0

2(0)λN2
2 f(N2)d(l −N2), l ≥ N2,

π0
2(0)λl2f(l), otherwise.

(A2)

Then,

E[W (0, 0)] =

∑
l≥N2

(l −N2)π0
2(l)

λ2
∑∞

l=0 π
0
2(l)

, and E[W (0,K2)] =

∑
l≥N2

(l −N2)πK2 (l)∑K2−1
l=0 λ̌πK2 (l) +

∑∞
l=K2

λ2πK2 (l)
,

so that E[W (0,K2)]/E[W (0, 0)] = A ·B, where

A :=

∑
l≥N2

(l −N2)πK2 (l)∑
l≥N2

(l −N2)π0
2(l)

, and B :=
λ2
∑∞

l=0 π
0
2(l)∑K2−1

l=0 λ̌πK2 (l) +
∑∞

l=K2
λ2πK2 (l)

.

The required result will be proved if we show that A ·B ≥ 1. To that end, note that

A =
πK2 (0)

∏K2
j=1

(
λ̌
jµ

)
π0

2(0)
∏K2
j=1

(
λ2
jµ

) =
πK2 (0)

π0
2(0)

(
λ̌

λ2

)K2

,

and

B =
π0

2(0)

πK2 (0)

λ2
∑∞

l=0
π0

2(l)

π0
2(0)∑K2−1

l=0 λ̌
πK

2 (l)

πK
2 (0)

+
∑∞

l=K2
λ2

πK
2 (l)

πK
2 (0)

,
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so that

E[W (0,K2)]

E[W (0, 0)]
= A ·B =

(
λ̌

λ2

)K2

·
λ2
∑∞

l=0
π0

2(l)

π0
2(0)∑K2−1

l=0 λ̌
πK

2 (l)

πK
2 (0)

+
∑∞

l=K2
λ2

πK
2 (l)

πK
2 (0)

.

Letting

C :=

(
λ̌

λ2

)K2

and D :=
λ2
∑∞

l=0
π0

2(l)

π0
2(0)∑K2−1

l=0 λ̌
πK

2 (l)

πK
2 (0)

+
∑∞

l=K2
λ2

πK
2 (l)

πK
2 (0)

,

we have that A ·B = C ·D. To treat D let

MK2+1 :=

N2∑
l=K2+1

l∏
j=K2+1

(
λ2

jµ

)
,

and note that, by (A1) and (A2), we have that

∞∑
l=K2+1

πK2 (l)

πK2 (0)
= λ̌K2f(K2)MK2+1,

∞∑
l=K2+1

π0
2(l)

π0
2(0)

= λK2
2 f(K2)MK2+1,

and
∞∑

l=N2

πK2 (l)

πK2 (0)
= λ̌K2f(K2)d̄K2 d̄N2 ,

∞∑
l=N2

π0
2(l)

π0
2(0)

= λK2
2 f(K2)d̄K2 d̄N2 .

Thus, letting E := MK2+1 + d̄K2 d̄N2 and decomposing the sums in the numerator and denumerator of D

and using (A1) and (A2) we have, after some simplifications, that

D =
λ2 + λ2

∑K2
l=1 λ

l
2f(l) + λ2λ

K2
2 f(K2)E

λ̌+ λ̌
∑K2−1

l=1 λ̌lf(l) + λ2λ̌K2f(K2) + λ2λ̌K2f(K2)E
.

In turn, we have that

C ·D =
λ2

(
λ̌
λ2

)K2

+ λ2

(
λ̌
λ2

)K2 ∑K2
l=1 λ

l
2f(l) + λ2λ̌

K2f(K2)E

λ̌+ λ̌
∑K2−1

l=1 λ̌lf(l) + λ2λ̌K2f(K2) + λ2λ̌K2f(K2)E
.

Letting F := λ2λ̌
K2f(K2)E and decomposing the second sum in the numerator we have

C ·D =
λ2

(
λ̌
λ2

)K2

+ λ2

(
λ̌
λ2

)K2 ∑K2−1
l=1 λl2f(l) + λ2

(
λ̌
λ2

)K2

λK2
2 f(K2) + F

λ̌+ λ̌
∑K2−1

l=1 λ̌lf(l) + λ2λ̌K2f(K2) + F
≥ 1,

where the last inequality follows by noting that the ith summand in the numerator is greater or equal than

the ith summand in the denominator whenever K2 ≥ 1. Actually, the inequality is strict whenever λ̌ > λ2

i.e. when λa1 > 0. �

A small modification of the above proof also establishes the following result which we use in the proof

of Theorem 3.
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Corollary A.1 Fix K1,K2 > 0. Then, we have that E[W2(∞,K2)] > E[W2(∞, 0)] and E[W1(K1,∞)] >

E[W1(0,∞)]. A threshold pair (K1,K2) where Ki = ∞ for some i = 1, 2 is not an equilibrium for the

diversion game.

Note that, with K = (∞,K2), the evolution of XK
2 (·) is that of a stable Birth and Death process so that, via

Little’s law, the expectation E[W2(∞,K2)] is well defined. A similar argument applies to E[W1(K1,∞)].

The corollary follows from the proof of Theorem 2 since if K1 = ∞ and K2 > 0, the (state-dependent)

arrival rate to ED 2 is λ2 = λa2 + λw2 whenever ED 2 is in state i < K2 and it is λw2 < λ2 whenever i ≥ K2.

Hence, replacing, in the proof of Theorem 2, λ̌ with λ2 and λ2 with λw2 establishes the desired result.

A.2 Proofs for §5
This section has two subsections. In §A.2.1 we introduce a construction of the sample paths of the threshold

system. The construction is then used in the proofs of Theorems 4 and 5 that appear in §A.2.2. The proofs

of auxiliary results (Lemma A.1, Propositions A.1-A.3 and Corollary A.2 appear in the technical report

[reference to authors’ website would be given here].

A.2.1 A sample-path construction

Here we introduce a sample path construction for the threshold system and the perfectly pooled system using

dynamic thinning of Poisson process. This construction is instrumental in our proofs of Theorems 4, 5 and

6 in the manuscript.

To generate arrivals, for i = 1, 2, let Awi (·) be a Poisson process with rate λwi and let Aai (·) be Poisson

processes with rate λai . Then, A(t) =
∑2

i=1(Aai (t) + Awi (t)) is the total number of arrivals (ambulances

and walk-ins) by time t to both EDs. We denote by τni,a the time of the nth jump of the process Aai (·), i.e,

τni,a := inf{t ≥ 0 : Aai (t) = n}.
To generate service completions, we introduce a Poisson process S(·) with rate µNΣ. We introduce two

infinite sequences {Un, n ∈ Z+} and {Yn, n ∈ Z+} of i.i.d uniform [0, 1] random variables. The nth jump

of S(·) is an actual service completion in the network if Un ∈ [0, ZKΣ (τns −)/NΣ], where τns is the time of

that nth jump of the process S(·), i.e, τns := inf{t ≥ 0 : S(t) = n}. The sequence {Yn, n ∈ Z+} is then

used to determine which ED is the one in which the service completion happens. Specifically, if S(·) jumps

at time t and Un ∈ [0, ZKΣ (t−)/NΣ] then the resulting service completion is at ED 1 if, in addition, Yn ∈
[0, ZK1 (t−)/ZKΣ (t−)]. It is a service completion in ED 2 otherwise. The sequences {Yn}n≥1, {Un}n≥1 are

constructed as independent of each other and of the Poisson processes (Awi (·), Aai (·); i = 1, 2), and S(·).

All Poisson processes introduced thus far are assumed to have right continuous sample paths.

We call (Aw1 (·), Aa1(·), Aw2 (·), Aa2(·), S(·), {Un}n≥1, {Yn}n≥1) the primitives. Given an initial condition

(Q1(0), Q2(0), Z1(0), Z2(0)) and a realization of the primitives we can explicitly construct the patient-flow
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dynamics. Specifically, for a threshold pair K = (K1,K2) we write

XK
1 (t) = X1(0) +Aw1 (t)

+

Aa
1(t)∑
n=1

(
1{XK

1 (τn1,a−) < K1}+ 1{XK
1 (τn1,a−) ≥ K1, X

K
2 (τn1,a−) ≥ K2}

)

+

Aa
2(t)∑
n=1

1{XK
2 (τn2,a−) ≥ K2, X

K
1 (τn2,a−) < K1}

−
S(t)∑
n=1

1{Un ∈ [0, ZKΣ (τns −)/NΣ]}1{Yn ∈ [0, ZK1 (τns −)/ZKΣ (τns −)]}. (A3)

Here, the first line corresponds to walk-in arrivals. The second line corresponds to ambulance arrivals from

catchment area 1 that are not diverted to ED 2 and the third line to arrivals of ambulances from catchment

area 2 that are diverted to ED 1. The last line corresponds to service completions. A similar equation is

constructed for XK
2 (t). This construction generates the correct probability law for XK(·).

Since each ED is work conserving (no patients are in queue while there are available beds) we have

that ZKi (t) = XK
i (t) ∧ Ni. In turn, the equations (A3) for i = 1, 2 completely define the dynamics of the

threshold system. Summing (A3) over i = 1, 2 one gets

XK
Σ (t) = XK

Σ (0) +A(t)−
S(t)∑
n=1

1{Un ∈ [0, ZKΣ (τns −)/NΣ]} (A4)

We next construct the sample paths of the total number of patients in the perfectly pooled system

XP
Σ (t) = XP

1 (t) + XP
2 (t) using the same primitives. Note that, in the pooled system, there is no idleness

while there is queue so that ZPΣ (t) = XP
Σ (t)∧NΣ for all t ≥ 0. Then, given an initial state (XP

1 (0), XP
2 (0))

such that ZPΣ (0) = XP
Σ (0) ∧NΣ, we write

XP
Σ (t) = XP

Σ (0) +A(t)−
S(t)∑
n=1

1{Un ∈ [0, (XP
Σ (τns −) ∧NΣ)/NΣ]. (A5)

As expected, these dynamics are equal in law to the dynamics of an M/M/N queue with arrival rate λΣ,

service rate µ and NΣ servers.

In our proofs we will sometimes initialize the threshold system and the pooled system with the stationary

distribution of the former. In those cases, the pooled system might be initialized in a state in which the

condition ZPΣ (0) = XP
Σ (0)∧NΣ is violated. We will then assume that there is instantaneous re-shuffling at

time 0 so that, after the reshuffling, Ij(0+) = (Ij(0) +Qi(0)) ∧Nj and Qi(0+) = Qi(0)− Ij(0) ∧Qi(0)

and so that ZPΣ (t) = XP
Σ (t) ∧NΣ for all t > 0.
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A.2.2 Proof of Theorems 4 and 5

We prove both theorems simultaneously by showing that

E[WP ] ≤ E[W (K∗1 ,K
∗
2 )] ≤ E[W (N1, N2)]

≤ E[W (K∗1 ,K
∗
2 )]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
≤ E[WP ]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
.

Through most of the proof we fix the threshold pair to be K = (N1, N2) and omit the threshold superscript

from all relevant quantities.

The proof proceeds in two main steps. The first step, stated in Proposition A.1, bounds the distance

betweenQΣ(·) andQPΣ(·) on finite intervals in terms of a process C(·) that we explicitly define. The second

step, Proposition A.2, provides a bound for the steady-state mean of C(·).

Recall that in the pooled system ZPΣ (t) = XP
Σ (t) ∧ NΣ for all t > 0. The threshold system does not

satisfy this property since there might be times at which there is positive queue in one ED and available

beds at the other. A somewhat weaker relation does hold for the (N1, N2)-threshold system as stated in the

following lemma.

Lemma A.1 Let K1 := {x : x1 ≥ N1, x2 < N2} and K2 := {x : x1 < N1, x2 ≥ N2}. Then, for all t ≥ 0,

ZΣ(t) = XΣ(t) ∧NΣ − C(t), and QΣ(t) = (XΣ(t)−NΣ)+ + C(t), (A6)

where

C(t) := (Q1(t) ∧ I2(t))1{X(t) ∈ K1}+ (Q2(t) ∧ I1(t))1{X(t) ∈ K2}. (A7)

Lemma A.1 shows that the process C(t) captures the “inefficiency” of the threshold system at time t.

Using (A6) we re-write (A4) as follows

XΣ(t) = XΣ(0) +A(t)−
S(t)∑
n=1

1{Un ∈ [0, (XΣ(τns −) ∧NΣ − C(τns −)) /NΣ]}. (A8)

Equations (A5) and (A8) are starting points for the comparison between the pooled system and the (N1, N2)-

threshold system. We state three propositions that correspond to key steps in the proof of Theorem 4.

Proposition A.1 Fix x ∈ Z+ and assume XΣ(0) = XP
Σ (0) = x and that QPΣ(0) = (x−NΣ)+. Then,

XP
Σ (t) ≤ XΣ(t), and QPΣ(t) ≤ QΣ(t) for all t ≥ 0, almost surely, and (A9)

E[XΣ(t)−XP
Σ (t)] ≤ E

[
µ

∫ t

0
C(s)ds

]
, for all t ≥ 0. (A10)

An immediate corollary of (A9) is that, taking t→∞, we have the ordering of the steady-state quantities
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as follows:

XP
Σ ≤st XΣ, and QPΣ ≤st QΣ. (A11)

The next proposition bounds the expectation of the process C(t) in steady-state.

Proposition A.2 Assume that max{ρ̃1, ρ̃2} < 1 and suppose that (X1(0), X2(0)) is distributed according

to the unique steady-state distribution π of X(·). Then,

E[C(t)] ≤ C(ρ̃1, ρ̃2) :=
1

1− ρ̃1
+

1

1− ρ̃2
, for all t ≥ 0. (A12)

Consequently, by (A6)∣∣∣E[QΣ(t)]− E[(XΣ(t)−NΣ)+]
∣∣∣ ≤ C(ρ̃1, ρ̃2) , for all t ≥ 0. (A13)

LetMi, i = 1, 2 be two independent random variables with the steady-state distribution of an M/M/N

queue with service rate µ, Ni servers and arrival rate ρµNi where ρ = λΣ/(µNΣ).

By basic expressions for the M/M/N queue P{Mi ≥ Ni + q|Mi ≥ Ni} = ρq; see e.g. Chapter 3 of

Asmussen [2003]. Let M̄i, i = 1, 2 be independent random variables wit the distribution P{M̄i ≥ Ni +

q} = ρq. In particular,Mi ≤st M̄i, i = 1, 2. Define the sumsMΣ =M1 +M2 and M̄Σ = M̄1 + M̄2.

Hence,MΣ ≤st M̄Σ. Let ν̄Σ be the distribution of M̄Σ.

In the next proposition we initialize X(·) and XP (·) at time t = 0 with the steady-state distribution of

the former. We augment the notation and add the superscript π to all processes to make explicit the fact that

the system is initialized at time 0 with the steady-state distribution π. Recall that throughout this section the

threshold pair is fixed to K = (N1, N2).

Proposition A.3 Assume that (X1(0), X2(0)) = (XP
1 (0), XP

2 (0)) ∼ π. Then, for all t ≥ 0, XP
Σ,π(t) ≤st

XΣ,π(t) ≤stMΣ ≤st M̄Σ.

Note that the first inequality in the proposition follows Proposition A.1. The proof of second inequality

appears at the end of this section.

An immediate implication of Proposition A.3 is that initializing both the (N1, N2)-threshold system

and the pooled system with the stationary distribution of the former, the total number of patients in the

pooled system is stochastically bounded, at all times, by M̄Σ whose distribution, ν̄Σ, has the sole parameter

ρ = λΣ/(µNΣ).

LetQPΣ,ν̄Σ
(t) be the queue length in the pooled system at time t if the pooled system is initialized at time

0. Then, XP
Σ (0) ∼ ν̄Σ andQPΣ(0) = (XP

Σ (0)−NΣ)+. LetQPΣ be a random variable with the distribution of

the steady-state queue-length in the pooled system–this is the distribution of the queue length in anM/M/N

queue with parameters λΣ, µ and NΣ.

Corollary A.2 Let

T (ε) := inf
{
t ≥ 0 : E[QPΣ,ν̄Σ

(s)] ≤ E[QPΣ ](1 + ε), ∀s ≥ t
}
∨ 1

µ
. (A14)
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Then, for all t ≥ T (ε).

E[QPΣ,π(t)] ≤ E[QPΣ,ν̄Σ
(t)] ≤ E[QPΣ ](1 + ε). (A15)

Remark A.1 Note that T (ε) depends on the rate of convergence of the (time-dependent) expected queue-

length in an M/M/N queue to its steady-state value. Convergence to steady-state is often stated in terms of

total-variation bounds that require, in a sense, that the whole distribution converges; see e.g. §5 of Meyn and

Tweedie [1993]. Several papers consider convergence to steady-state of the stable M/M/N queue. Most

recent among these is Gamarnik and Goldberg [2010] that studies this question for the M/M/N queue in

the Halfin-Whitt regime. Gamarnik and Goldberg [2010] and some of the references therein are concerned

with identifying the exact rate of convergence to steady-state in a total variation sense. Our requirements are

different and concerned with the convergence rate of the expectations. In this regard, a Lyapunov criteria for

exponential ergodicity ofM/M/N queue length can be established that would imply, in turn, an exponential

rate of convergence of the (time dependent) queue length mean to the steady-state mean; see §6 and 7 of

Meyn and Tweedie [1993]. Studying the dependence of this convergence rate on the system parameters is

beyond the scope of our paper.

We do remark that for a sequence of M/M/N queues in the Halfin-Whitt many-server heavy-traffic

regime, as studied in Gamarnik and Goldberg [2010], it can be shown that – with the initial distribution ν̄Σ

carefully chosen as above – T (ε) is bounded by a constant that does not grow with the system size. We

hence expect the term T (ε)/λΣ, that appears on the right hand side of our bounds in Theorem 4, to be small

for large systems.

Completing the proof of Theorems 4 and 5: Initialize the (N1, N2)-threshold system with its steady-

state distribution π. We initialize the pooled system with XP
Σ (0) = XΣ(0) and so that QPΣ(0) = (XP

Σ (0)−
NΣ)+. Beyond this, how the patients are distributed between the EDs is immaterial to our proof.

Using Propositions A.1 and A.2 we have E[XΣ(T (ε)) − XP
Σ (T (ε))] ≤ µT (ε)C(ρ̃1, ρ̃2), and, in par-

ticular, E[(XΣ(T (ε)) − NΣ)+ − (XP
Σ (T (ε)) − NΣ)+] ≤ µT (ε)C(ρ̃1, ρ̃2). Using the fact that QPΣ(t) =

(XP
Σ (t)−NΣ)+ for all t > 0 together with (A13) we have that:

E[QΣ(T (ε))−QPΣ(T (ε))] = E[(XΣ(T (ε))−NΣ)+ −QPΣ(T (ε))] + E[QΣ(T (ε))− (XΣ(T (ε))−NΣ)+]

≤ µC(ρ̃1, ρ̃2)T (ε) + C(ρ̃1, ρ̃2).

By definition T (ε) ≥ 1/µ so that

E[QΣ(T (ε))−QPΣ(T (ε))] ≤ 2µT (ε)C(ρ̃1, ρ̃2). (A16)

Combining (A15) with (A16) we get

E[QΣ]− E[QPΣ ] ≤ 2µT (ε)C(ρ̃1, ρ̃2) + εE[QPΣ ] ≤ 2µT (ε)C(ρ̃1, ρ̃2) + εE[QΣ], (A17)
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where the last inequality follows from Proposition A.1. By Little’s law

E[W (N1, N2)] =
E[QΣ]

λΣ
≤

E[QPΣ ]

λΣ
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ
+ εE[W (N1, N2)].

Hence,

E[W (N1, N2)] ≤ E[WP ]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
. (A18)

By definition, E[W (K∗1 ,K
∗
2 )] ≤ E[W (N1, N2)]. Also, for any threshold pair (including a socially optimal

one), the total expected steady-state queue length is greater than that in the perfectly pooled system. This

simple observation is proved identically to the first part of Proposition A.1. Indeed, we note that the proof

of (A9) there does not hinge on the specific value of the thresholds being (N1, N2) rather than arbitrary

(K1,K2). In turn we have that E[WP ] ≤ E[W (K∗1 ,K
∗
2 )] ≤ E[WP ]. Plugging this into (A18) we finally

have that

E[WP ] ≤ E[W (K∗1 ,K
∗
2 )] ≤ E[W (N1, N2)]

≤ E[W (K∗1 ,K
∗
2 )]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
≤ E[WP ]

1− ε
+

2µT (ε)C(ρ̃1, ρ̃2)

λΣ(1− ε)
.

This concludes the proof of Theorems 4 and 5. �
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