Proofs of auxiliary lemmas for the manuscript titled:

Centralized vs. Decentralized Ambulance Diversion:
A Network Perspective

This document has three parts. In the first part (§T.1) we provide the proofs of the key results that were
stated in the manuscript but not proved in its appendix. Specifically, we prove here Theorems 1, 3, 6 and
7. Also, at the end of §T.1 we prove the existence of optimal solutions to the social planner’s problem as
defined in (5).

In the second part of this report (§T.2) we prove the convergence of (sequence of) steady-state distri-
butions of the the truncated chains to that of the original chain as the truncation parameter increases. This
claim was used to justify the methodology for the numerical experiments in the manuscript.

Finally, §T.3 includes the proofs of auxiliary results that where stated and used within the appendix of
the manuscript but whose proofs where relegated to this document. These are Lemma A.1, Propositions
A.1-A.3 and Corollary A.2.

T.1 Proofs of remaining theorems

T.1.1 Proof of Theorem 1:

The intuition for stability is simple. At times ¢ with Q¥ (¢) > K; vV N;, ED i experiences an arrival rate that
is smaller or equal to \; and the depletion rate of the queue is u/N;. By condition (1), A; < w/N; and this
guarantees that the queue does not “explode”. The argument below formalizes this intuition.

First, it is easily verified that the Markov chain X % () is irreducible. A simple coupling argument shows
that, initializing X*(0) = (0, 0), the process X (-) can be constructed on the same sample space with two
M/M/1 queues M;(-) and Ma(-) so that M;(-) has arrival rate \;, and service rate pN;. Initializing
M1 (0) = M3(0) = 0, XX (t) < K; V N; + M;(t) for all t > 0 almost surely and for i = 1, 2.

Consequently, for all ¢ > 0,

E[XE(t)] < K; V N; + E[M;(t)], i = 1,2. (T1)

Condition (1) guarantees for the M /M /1 queue (by its monotonicity; see e.g. Chapter 9 of Ross [1996])
that E[M;(¢)] is increasing in ¢ and converges to the steady-state mean E[M;(c0)]. Plugging this into (T1)

we have that

sup E[ XX (1)] < o0. (T2)
>0

Since the chain is irreducible all states are either recurrent or transient together. Transience implies that
E[XE () + X ()] — oo as t — oo so that, from (T2), the chain must be recurrent. To show that it is,
in fact, positive recurrent assume, to reach a contradiction, that it is null recurrent. In that case, Py (t) :=
P{XE(t) = y|XK(0) = 2} — 0, forall 7,y € Z2 (see, e.g., Corollary 4.7 in Asmussen [2003]). In turn,
given M > 0, there exists to(M) such that P{ X (t) + XX (t) > M} > 1/2 for all time ¢ > to(M) and,
in particular, E[X{* (t) + X4(t)] > M/2 for all such t. Consequently, sup,soE[X{ (t) + X (t)] = oo



contradicting (T2). We thus conclude that X %(-) is a positive recurrent CTMC.

We next show that given a threshold pair (K7, K3) # 0, X*(-) is reversible if and only if \{ = A = 0.
For one direction note that if A{ = A\§ = 0 the system consists of two independent M /M /N queues, each
of which is reversible (see e.g. Proposition 5.6.1 in Ross [1996]), so that X X () is trivially reversible.

To prove the other direction it suffices to find a number L € Z, and a sequence of states {z™ €
Z%, m = 0,...,L} that satisfy Hﬁlzl Qum—1 gmQyl 40 F Qg0 4L Hﬁlzl qym gm-1 , Where g, ,; is the
transition rate from x* to x7; see, e.g., Theorem 6.33 in Kulkarni [1995].

To that end, fix a threshold pair K = (K, K3) # 0. Assuming Ko > 0 consider the four states

' =(K1+1,Ky—1), 2! = (K1 +2,Ky — 1), 2% = (K; + 2, Ks) and 2 = (K7 + 1, K3). Then,

3
A = H q1'7'L71,"E7”QLB3,LBO - )\111}()\2 + )\%)M((Kl + 2) A Nl)/,L(KQ A NQ),
m=1

while 5
Bi=quogs | domwm-1 = 2+ AD)Ap(Ka A No)u((K1 +2) A NY).
m=1
Note that A = B if and only if \; = A} (i.e.,, A{ = 0). If K3 = 0 but K; > 0, we can similarly choose
the states tobe 2° = (K7 — 1, Ko+ 1), 2! = (K1 — 1, K2 +2), 22 = (K1, Ko +2) and 2® = (K1, Ko + 1)
the equality now holds only if A§ = 0. Thus, the chain is reversible if and only if A{ = A§ = 0. |

T.1.2 Proof of Theorem 3

First, we claim that it suffices to restrict attention to finite and strictly positive threshold pairs. Indeed, infinite
thresholds are ruled out as potential equilibria by Corollary A.1. Thresholds pairs K = (K1, K2) # 0 for
which K; = 0 for one ¢ = 1, 2 are ruled out as potential equilibria by Theorem 2.

To prove the theorem we need to show that, given a finite and strictly positive threshold pair K, there
exists a choice of A\{ and A\§ such that K cannot be an equilibrium. We will prove this by showing that for
all sufficiently small (but strictly positive) A{, ED 2’s best response to K> is to use K; = 0 regardless of
K. An identical argument can be applied to A§ and ED 1.

The proof of the theorem builds on two sub-results: (a) a continuity result that establishes that, as A}
approaches 0 (and, in turn, A} approaches A1), the performance metrics of the network approach those of
a limit network in which A{ = 0 and, (b) a comparison result for this /imit network showing that K; = 0
is ED 1’s best response. In passing, we note that part of the complexity of the argument, especially in the
comparison result (item (b) above), arises because of strict inequalities.

We fix the parameters A1, A3, Ay, N1, N2 and p and set ¢ := A{. We will let ¢ go to 0. To make explicit
the dependence on ¢, we add ( to the superscript. Accordingly, for example, Qf’K is the steady-state queue
length at ED ¢ when the threshold pair is K and A{ = (.

We next state two auxiliary results. The first corresponds to items (a) above.

Lemma T.2 For any finite threshold pair K

XOK = XOK and BIQS™] — EIQY™], i =1,2, as¢ — 0.



The comparison results that we state next corresponds to item (b) in the outline above. Here, we consider
the network with \{ = ¢ = 0 (since ¢ = 0 is fixed we omit it from the notation). We define a Discrete Time

Markov Chain (DTMC) by “sampling” X % (-) at arrival epochs to ED 1, where arrivals are generated by:
e A walk-in arrival to ED 1 (there are no exogenous ambulance arrivals because A{ = 0).
e An ambulance diverted from ED 2.

More formally, letting A} (¢) be the number of walk-in arrivals to ED 1 by time ¢ and letting A§(¢) be the
number of ambulance arrivals from catchment area 2 by time ¢, the number of arrivals to ED 1 by time t are

given by: .
Al(t) = Aqiu(t) —i—/(; ]l{Xl(S) < Kl,XQ(S) > KQ}dA%(S).

Let 7% = inf{t > 0 : A1 (t) = n} so that 7 is the time of the n'”* such arrival. Finally, define

X5(0) = (X{*(0), X5°(0)),
XK (n) = (X{* (7" =), X5 (v"=)), n > L.

The process { X% (n), n € Z,} is a DTMC that is easily verified to be irreducible and aperiodic. Fur-
thermore, as the CTMC XX (-) has a unique steady-state distribution 7, so does X (-) and its (unique)

K

steady-state distribution 7% can be constructed explicitly from 7. Let XX be a random variable with the

distribution 7. The following comparison result shows that (with A% = 0) the number of patients found by

arriving patients to ED 1 is greater under (K, K) than it is under (0, K3).
Lemma T.3 Assume that X}KI’K”(O) > XOK2)(0). Then,

X[ ) 20 X{ (), foralln € 2,

and, consequently,

xR 5 x05), (T3)
Furthermore,
{0 > 1 > p (0% > 51, (T4)
forall j > Nj and, consequently,
B[ - )] > B - )] s)

Note that stochastic ordering does not imply strict inequalities. Hence, (T4) is a strict addition over (T3).
The proof of Lemmas T.2 and T.3 appear at the end of this subsection and we use them now to complete the

proof of Theorem 3.



Proof of Theorem 3: Because service times are exponential the expected waiting time of patients arriving
to ED 1 under a threshold pair (K, K2) is given for the network with A = 0, by

E[(X (KR — Nyt

E[W1(Ky, K»)] = i ; (T6)
and by Lemma T.3, we have that
B (i, ) = P = N0 B N g, 1),
The waiting time can also be computed from the CTMC using Little’s law to get
M = E[W1 (K1, K2)] > E[W1(0, K3)] = w. (T7)
A (K7, Ko) ’ ’ A1(0, Ks)

Lemma T.2 (for the CTMC) guarantees that the inequality in (T7) is preserved for all \{ sufficiently small.
For all such A{, K1 = 0is ED 1’s best response to K5 so that (K7, K5) can not be a Nash equilibrium. W

Proof of Lemma T.2: We fix a threshold pair K throughout and we omit it form the notation.

First, almost identically to the proof of Lemma T.8 it can be argued via a coupling argument that the
family (X<;¢ > 0) is uniformly integrable and, in turn, tight. We omit the detailed argument and refer the
reader to the proof of Lemma T.8.

Tightness allows us to fix a sequence {¢;, [ € Z,} such that (; — 0 and X% = Y for some limit
random variable Y (that may depend on the chosen subsequence). Let 7 be the distribution of Y. Applying
Theorem 1 and Lemma 1 of Whitt [1980] it then follows that 7 is a stationary distribution for the CTMC
XO0(.). The sufficient conditions of Theorem 1 and Lemma 1 in Whitt [1980] apply to general Semi-Markov
Processes and are easy to verify in our setting. By our Theorem 1 X () has a unique stationary distribution
which is also its steady-state distribution. In turn, 7# must be the unique stationary distribution of X0,

Since the same argument can be repeated for every convergent subsequence we conclude, using Pro-
horov’s theorem, that X¢ = XY as ¢ — 0. Finally, the uniform integrability implies the convergence of the

expectations. |

Proof of Lemma T.3: This lemma is concerned with the comparison of a single coordinate of the two-
dimensional Markov chains X (51:52)(.) and X (%K2)(.). Our result is similar in spirit to Theorem 5.2.11
in Miiller and Stoyan [2002] which deals with such partial ordering of Markov chains. Nevertheless, we
provide a self-contained argument that also allows us to get a strict inequality as in the statement of the
lemma.

Key in the proof is establishing the two properties of the chains X (K1.52)(.) and X (0:-5K2)(.),

1. Stochastic monotonicity of X (O’KQ)(-) in its first coordinate: for any i, j,n € Z4 and [ < 7,

P{X"" ) () > j1 X" (0) = i} > PX (1) > j1 X5 (0) = 1), (T8)



Note that with the threshold pair (0, K2) and with A{ = 0 ED 1 does not divert nor does it accept any
diversions from ED 2. Hence, the process X {O’KQ) (+) has the law of an M /M /N queue with arrival
rate A1, service rate p and N; servers. In turn, the monotonicity in equation T8 follows from known
stochastic monotonicity of the M /M /N queue; see e.g. Chapter 9 of Ross [1996].

2. Comparison of the two chains with respect to the first-coordinate transition probabilities: for all
i? j? k? l

P{X R (1) > g, xR (1) = 1 X {7 0) = 4, R (0) = &)
> P{X*52) (1) > 5 X052 () = i} (T9)

The inequality in (T9) is strict when 7 = ¢ and ¢+ < K. That is, for i < K;
P{XR (1) >, xR (1) = x589 (0) = i, X5 (0) = k)
> P{X 52 (1) > 4 X052 () = 4} (T10)

Note that, by the definition of the underlying DTMC (sampling on arrivals) we have (with probability
1) that X’§K1’K2)(n +1) < Xle’KQ)(n) + 1 forall n € Z, so that (T10) becomes equivalent to
LX) (1) =i 4+ 1 XY (1) = (X7 0) = 4, X (0) = k)
> P{X"52) (1) > 4 X052 ) = 4}, (T11)

for ¢ < K. Also, summing over ! € Z, in (T9) we have that

P{X R (1) > j1xFR) 0) = i, XSV (0) = k) > PLX MR (1) > 107 (0) = i),
(T12)

Before proving these two properties we apply them to the proof of the lemma. Using (T8) and (T9), we have



for 7 > 0 that

P{X{"R)(1) > )
= 3 P{XR(0) = 6, XF(0) = kPR (1) > g1 xR 0) = 4, X 0) = k)

(i,k)eZ?.

> S0 P{XIIR(0) = i, X (0) = kYP{XT (1) > 51X (0) = i)
(i,k)€Z2

=Y P{X" ) > 51X 0) = i} Y P (0) = i, X T (0) = k)
=y keZ4

= Y P{x{R(0) = ibp{x (P (1) > 51X (0) = i}
1€2L 4

> 3 P (0) = (yP{X (1) > 41X (0) = i)
i€Z+

= P(X{""(1) > j}

Here, the first inequality follows from (T9). Recall that for two random variables R and Rs, we have that

Ry <4 Ry if an only if E[f(R1)] < E[f(Rz2)] for every non-decreasing function f for which the expec-
& (K1,K2)

tations are defined so that the second inequality above follows from the assumption that X (0) >q
X EO’KQ) (0) and from the fact (implied by (T8)) that the function f}'(-) defined by

£6) =B () > 51X (0) = i) (T13)
is a non-decreasing function of ¢ for every n (and, in particular, for n = 1).
Thus, we have proved that X" (1) >, X(*%2) (1) whenever X% (0) >,, X{®%2)(0). Proceed-
ing by induction we conclude that

XEE) () > XOFD () foralln € Z,. (T14)

To prove the steady-state ordering in (T3) we fix an arbitrary initial state (7, %) and set X (K1.52)(0) =
X(KuK2)(0) = (4,k). This trivially satisfies the condition X'£K1’K2)(O) > X(OK2)(0) so that (T14)
applies. Using the convergence to steady-state as n — oo we conclude that

X(EKLE2) 4oy X(KI’KQ)(n) > lim X(O’KQ)(n) 4 X (K1Kz)

n—oo n—o0

which establishes (T3).
We turn to prove (T4). For this, we initialize both X fo’KQ) () and X 1(K1’K2) (+) at time n = 0 with their
steady-state distributions. In turn, by (T3) we have that Xle’Kz)(-) > X I(O’KQ). The resulting processes

are stationary so that,

X LK) () L X (K1.K2) () and X (OK2) () £ X (0K2)(0) forall n € Z,. (T15)



Given 7 > N; we will identify a fixed time index ng for which
P{XELE2) (o) > 5} > P{X 052 (ng) > j}, (T16)

so that (T4) will then follows from (T15).

To prove (T16) fix i < K1 A Ny and j > Nj and set ng = j — 7+ 1. Note, that the only path to get from
1 to (above) j in ng steps is to have ng consecutive arrivals with no service completions at ED 1. Using the
Markov property we then have that

P{X 5 (ng) > j1 X FVE) (0) = i, IV (0) = k) =
Z P{X{Kl,KQ)(n) =17+ n, XéKl’KQ)(TL) — ln’ n = 1’ o ,no\X(Kl’K2)(O) — 'L‘7X2(K17K2)(0) _ k} _

{ln ,TZST’LO}

n0o
S TIPS ) = i on, XEED () = 2 REED (- 1) = i 40— 1, XD (- 1) = 101,

{I"n<ng}n=1

where the sum is over sequences {I"", n < ng}. For each of the elements in the right-hand-side we apply
(T11) to obtain

P{XEED () = i 4| XE KD (1) = i — 1, XEED (1) = 01y
> P{X"52) () = i + 1| XOE2) (i — 1) = i, }. (T17)

We are now going to use this to conclude the proof of the strict inequality in (T4). Note that
P{XU D () > 5} = SRR (0) = LX) (ng) > j1X T 0) = 1)
l

= P{X"F(0) = (yP{X V) (ng) > XD (0) = i)
+ Y PXE(0) = PRI (ng) > 51XV (0) = 13
1#i
> P{XFR) () = iy p{X O (ng) > 5| XFED (0) = i)

+ 37 PLXR 0) = P{X (ng) > 41X (0) = 1)
1£iK,

= YOPX(0) = BB (o) > X (0) = 1)
l
> DT MI(0) = X (ng) > X (0) = 1)
l
= X" (o) > ).
where the last step follows from the stochastic ordering in (T3) and from the monotonicity of the function
fi°(+); see equation (T13).

This concludes the proof of (T16) and in turn that of (T4). Equation (T5) now follows directly from
(T3) and (T4) using the tail formula for expectation E | (X {KLKQ) — N1)+] =2isN P{X thK?) > j}



and similarly for X fO’KQ).

To complete the proof of the lemma it then only remains to prove (T9). For that purpose, we introduce
a few definitions. Let (D;(¢) ,¢ > 0) be a pure death process with death rate ;ud when in state d and with
initial condition D;(0) = [. Let Dy(s,t) = D;(t) — D;(s) that is D;(s,t) is a random variable that has the
distribution of the change in this death process on the interval (s, ¢]. Between arrivals to ED 1 the number

of patients there evolves like the above pure death process. Formally,

(K1,K>2) _ v (K1,K2)
X, (n+1) =X, (TL)+1—DX{K1,K2)(7L)+1
Note that 71 — 7 is independent of X (K1:52)(n). Also, for K = (0, K3) the only arrivals are those from
catchment area 1 (there are no diversion from ED 2) and also recall that A¢ = 0 by assumption so that there

+1

are not diversion from catchment area 1 to ED 2. Hence, 7”7 — 7" is exponentially distributed with rate

A1. Letting Z® be an exponential random variable with rate A1, we hence have that
&(0,K 1 5(0,K , “ o
LX) (1) > X1 (0) = i} = P{D1(0,2%) < j - i),

for all j < 4. Under the threshold pair K = (K7, K2) there can be arrivals also through diversions from ED
2 so that 7T — 77 <, Z% In turn,

PRI (1) > IR = 6 X = k) = PAD (0, 27) < j—i} = XL (1) > 51X =),
(T18)
where the inequality follows here because with (K, K») an arrival might happen earlier than Z® (a diversion
from ED 2).
To show that the inequality in (T18) is strict for ¢ < K and j = ¢, define

F=inf{t >0: Ay(t) — Ay(t—) = 1, X5 (4—) > K}

(note that 7 is defined using the CTMC X (K1.K2) js the original CTMC rather than the DTMC). In words, 7
is the first time that an arrival from catchment area 2 (a jump of the process As(t) = AY (t) + A5(t)) arrives
after time 0 to find ED 2 above its threshold. If X le’KQ) (0) = i < K7 ED 1 is not on diversion until 7
(the first arrival after time 0) so that this first arrival can be a diverted ambulance from ED 2 at which case
71 = #. Hence, we have that

B{XT 1) > GIx ) = X = k) = PUDa (0,71 2%) <5 - i)

> P{Di41(0,2%) < j—i} = P{X"F) (1) > 4| X% = 43,

The strict inequality follows from the fact that 7 and Z® are independent random variables each with a
support over R so that P{7 < Z®} > 0 (in words, there is a strictly positive probability of an overflow
from ED 2 before an exogenous arrival to ED 1). This concludes the proof of (T9) and, in turn, the proof of

the lemma. [ |



T.1.3 Proof of Theorem 6

We start with preliminary bounds on the steady-state queues in the (N1, Na)-threshold system.
Lemma T.4 For all B >0,andi=1,2,

E[QY] < B+P{Q = B} —~—

The proof of Lemma T.4 appears at the end of this subsection and we proceed with the proof of Theorem

6. Fixing B > 0 we have the following sequence of inequalities for ¢ = 1, 2:

P{QN > B} < P{QY > B} <P{QY > B,QL =0} + P{Qf > 0}
< P{Qf >0} +P{|QY — Q%| > B}, (T19)

N

For the last inequality we used the inclusion of events {QY > B, Q5 = 0} C {|Q% — QE| > B}. We now
bound each of the elements on the last line of (T19). First, recall that Q& = (X£ — Nx)* so that

P{QF > 0} <P{(X{ — Nx)* > 0} = P{W" > 0}. (T20)

Second, by Markov’s inequality

N _ P> B < ElQS — Q% _ E[QS] — E[Q5]
P{‘QE QE‘ZB}S B - B :

where the last equality follows from the fact that Qg >t Qg ; see (A11). Using the first inequality in (A17)
we conclude that
N _ AP~ P 2 U € i p
P{|lQy — Qx| > B} < E#T(E)C(th) + EE[QZ]' (T21)

Combining (T20) and (T21) in (T19) we get
N 2 L
QY > By < (W > 0} + S uT(€)C(p1, ) + EQF] (T22)

Since W ¥ has the distribution of the waiting time in an M /M /N we have that p(As, u, Ny) = P{W? > 0}
where p(-, -, -) is as defined prior to the statement of Theorem 6. Similarly, since W;(0, 0) has the distribution
of the waiting time in an M /M /N queue with parameters \;, u and N;, P{W;(0,0) > 0} = p(X\i, u, N;).
By the assumptions of the theorem p(Ax, i1, Nx) < min{p(\1, i, N1),p(Xa, t, N2)} so that P{W 7’ >
0} <P{W;(0,0) > 0}. Using this together with (T22) and Lemma T.4 we have that

. i 2 € A
N < : A (el o1, p2) + =E[QF] ) ——
E[QY] < B-+P{W;(0,0) > O}MNi T <BuT(e)C(m,pz) + BE[QE]) Ni—n
Ai

= B+E[Qi0,0)] + (;MT(E)C(ﬁl,ﬁz) + ;E[Q§]> Ni— N



Here, the last equality follows from the fact that, Q? has the steady-state distribution of the queue length in
an M /M /N with the parameters \;, pn and N; so that E[QY] = P{W;(0,0) > 0}X;(u;N — \;). Applying

Little’s law we conclude that:

1

Nip— X |’
(123)

where \; := )\;(N1, Na) is the effective arrival rate to ED i under the threshold pair (N1, N2); see equation

B, M) = 2]

E[W;(0,0)] + i (f + ; (2uT(e)C (1, p2) + E[QE))

2

(2). As a function of B > 0 the right hand side of (T23) is convex and optimizing over B we get

(T24)

e \/)\ZQMT(G)C(ﬁl, p2) + €E[QY]
(1Ni — A;) '

In turn,

i Ai [2uT(€)C(p1, p2) + €E[QF]
"E[W;(0,0)] + 2&\/ NN ) : (T25)

By basic properties of the M /M /N queue E[QE] < A/(uN — ) and

E[W;i(N1, Na)] <

> >

NNi . )\z - E[WZ(070)|W1(070) > O] - ]P){WZ(O,O) > 0}7

so that, in (T25), we can replace 1/(uN; — ;) with (uN; — A;) (E[W;(0,0)]/P{W;(0,0) > 0})? to get

i Ai  E[W;(0,0)] 2uT(e)C(p1, p2) €A
E[W;(N1, No)| < —=E[W;(0,0)]+2— N; — N .
WilN o)) < TR0 012 0500 > oy | N~ M) X XN =)
Define
2uT(€)C(p1, p2) 2
52' = Nl - )\z .
\/(M ) ( Ai * Ai(uN = A)
Then,
Ai 0;

E[W;(Ny, No)] < =E[W;(0,0)] [ 1 .

The proof is now concluded by applying Theorem 7 to bound \; /\;. |

Proof of Lemma T.4: Fix B > 0 as in statement of the lemma. Since the threshold pair is fixed to
(N1, No) we omit it from the notation. Note that whenever X (¢) > N; there are no diversions into ED 1.

Letmi(i) =) y 7(i, 7). Multiplying and dividing by the same elements we write

l
m(M+B+1)=m(M+B) []

m=1

(N1 + B +m)
m(Ni+B+m—1)

10



and, in turn,
N Hl T (N1+B+m)
T (N1 + B +1) m=1 ) (N;+B+m—1)
Ni+B+m)
Y 0T N1—|-B—|—k:) 143 1Hm 17rzr1]£/1jr3+mm)1)
(T26)
Consider now the transition rates between the set of states A,,, = {(N + B+4+m,j ),J € Z4} and the set of

states Ay 1 = {(N +B+m+1,j),j € Zy}. Then, by a standard result

D CO I S (7

TEAm YEAm+1 YEAm4+1,2€EAM

P{X\ = Ni+B+1X, > N+ B} =

where ¢, is the transition rate from state x to state y; see e.g. Exercise 5.34 in Ross [1996]. Note that the
only transitions from A,, to A,, 1 be transitions of the form (7, j) — (i + 1, j) and transition in the reverse
direction can be only of the form (i + 1,5) — (¢,7). Also, note that transitions of the latter form happen
at rate NV and transition of the former happen only from state in which j > N, (otherwise the arrival is

diverted). Hence, we have that erAm7y€Am+1 T(2)qey < M Z 7(i,7) and ZyeAm,xeAmH T(Y)dya =
>_j Nipm(i+ 1, 7). Since we can repeat this argument for any mn, we have that for all m > 1,

7T1(N1+E+m) < A1

= < . (T27)
m(Ni+B+m—1) " Nip

We will now use a simple calculus result. Let {ay}n>1,{€n}n>1 be sequences of non-negative numbers.
Let @y, = an(1+ €,), by := [~ an and by, = [, Gy, Then,

> b
Zlo:ol l Zl 0 (T28)
21:1 b~ Zz 0
We omit the proof of this simple claim. For our setting choose ag = by = a9 = by = 1, ay =

T (N1 +B+m)
st (N1+B+mfl)
(T26) and we have that

and @,, = A\1/(Nyu) and let by, and b, be defined from these as above. Then, using

E[(X1 — (N, + B)| X, > Ny + B] = ZZP{X1=N1+B+Z]X1 ZN1+B}

Zgozl Lby Zfoolbl ZZ 0
Z?io by Zz =0 bl Zl =0 bl

A1 ) ( A > A1
— (1- 22 )3y — .
< Nip Z Nip Nip— X
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Finally,

E[Q:] = E[(X1i-N)7]
= E[(X; - N))T|X; < Ny + BJP{X; < N, + B}
+P(X1 > Ny + B} (B+E[X) — (Vi + B)| X, = Ny + B])

A1

< BP{X1 < Ni+ B} + BP{X1 2 N+ B} +P(X1 = N+ Bl -~
1M — A1

which concludes the proof. u

T.1.4 Proof of Theorem 7

The threshold pair is fixed to (N1, N2) and we omit it from the notation. We focus on ED 1 and the proof
is identical for ED 2. The logic of the proof is as follows: since ED 1 does not divert ambulances on time
periods on which its patient count is below Ny, all arrivals (ambulance or walk-ins) from catchment area 1
are routed to ED 1 rather than diverted so that the arrival rate is A\; during these periods. In terms of service

completions, when the patient count is smaller than

ny = L* - fJ, (T29)

the rate of service completions is at most A\; — +/uA;. Consequently, the excursions below the level \; —
VA1 can be bounded, through a coupling argument, by those of an appropriately defined M /M /1 queue
with arrival rate \y — /A1 and service rate \;.

We will use such a coupling argument to show that

(Zl_)\l) < JM gy YoV fh Vi g N gy,
@ I I — (A1 — VA1) /M I VAL I
so that (since for z,y € R,z —y = (z —y)T — (& —y) ) wehave E[Z1] > M/ —E [(Z1 — M /)],

and, in turn, pE[Z1] > A1 — 2¢/A1p. In steady-state, the effective arrival rate is equal to the departure rate
so that

E

Ai(N1, No) = pE[Z1] > A1 — 24/ p,
which will conclude the proof the theorem.

The rest of the proof is the formalization of the coupling argument that leads to (T30). For that purpose,
we use a different (and simpler) construction of the sample paths then the one we used in §A.2.1. The
difference is in terms of the generation of service completions. Here, instead of having a single Poisson
process S(-) from which we construct the service completions, we have two such processes: S1(-) for ED
1 and S5(-) for ED 2 with respective rates ;N7 and p/N2. We have two sequences of i.i.d. Uniform [0, 1]
random variables {U}, n € Z} and {U2, n € Z,}. When S;(-) jumps for the n'" time (let this jump time
be denoted by 7.';) this jump triggers and actual service completion in ED ¢ if Ul €0, 2 (T¢;—)/IN1] and

12



it does not trigger such a completion otherwise. As before we use 7;°, to denote the time of the nt" jump of

the process A%(-). We then write:

Xi(t) = X1(0) + AY(2)
A3(0)
+ Y (UK () < N} + X (=) = Ny, Xa(rfl,—) 2 No})

n=1
Ag(t) S1(t)

+ ) Y Xo(m5,—) = Noy Xu(r8,—) < K1} = > 1{U,) € [0, Zy(r71—)/MN1]}. (T31)
n=1 n=1

We write a similar equation for ED 2. These generate the correct probability law for the CTMC X (-).

We proceed to prove (T30). Note that, by (1), n; < Ny = Kj. Let A;(-) = AP () + AL(-) (.e., Ai(t)
captures the total number of patients arriving from catchment area 1 by time ¢). Let (s, ¢| be an interval such
that X (u) < n; < Kj forall u € (s, t]. Then, by (T31), for all such u,

S1(t)
Xi(u) = X1(s) = A(t) — Au(s) = Y WU} € [0, Zy(v1—)/ M)}

n=1
Si(t)

> Ai(t) = Ai(s) = > {U} € [0,n1/N1]}
n=1

Define a process M (+) as follows:

S1(t) t
M) = M)+ Y Ul e [O,nl/Nl]}—/ 1{Mi (1) > O}dA; (u).

Then, M;(t) — Mi(s) = —(X1(t) — X1(s)) on intervals (s,¢] s.t. Xj(u) < ny forall u € (s,t] so that
almost surely
(X1(t) —n1)” < Mi(t), forallt > 0.

Since n; < Njp and since each ED is work conserving (there can be no positive queue while there are
available beds) we have that (X1 (t) — n1)~ = (Z1(t) — n1)~. In turn,

(Zl(t) — nl)_ = (Xl(t) — nl)_ < Ml(t), for all ¢t > 0. (T32)

Moreover, M;(-) has the law of an M /M /1 queue with arrival rate uny < A\ — /A1 and service rate
A1. It has the utilization p = uny /A < 1. In turn, M;(t) = M; as t — oo where M has the steady-state
distribution of this M /M /1 queue. In turn, taking ¢ — oo on both sides of (T32) and applying expectations

we have that ~ A A1)/
E[(Zy —n1)7] S E[M;] < 1 f p = 1 E (1)\:\/!7;73\{)/1)‘1’

which by the definition of n; establishes (T30) and concludes the proof of the theorem. |
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T.1.5 Existence of optimal solutions

For the following recall that Z; = Z, U {oo}.

Lemma T.5 There exists a threshold pair K* := (K}, K}) € Z2 such that

E[W (K7, K3)] = min E[W (K, K»)].
Ki,K>
Proof: We first extend the definition of E[WW/ (-, )] to allow for instability. To that end, given K = (K7, K»)
define

1 T
BW (K1, K)] = limsup 1~ /0 (QK(s) + QI (s)) ds, (133)

where, as before Ay, = A1 + Ao and where the lim sup maybe infinite. When the CTMC X K (+) is stable this
definition is, by Little’s law and the ergodic theorems, consistent with E[W (K71, K3)] = E[QE]/As. For
purposes of optimality it suffices to consider threshold pairs in the set A := { K € Z3 : E[W (K1, K2)] < oo} .
Note that the set .A may contain also threshold pairs K with K; V Ky = oo.

With these definitions ianeZi E[W (K, K2)] = inf ge 4 E[W (K7, K2)]. By definition,

E[QY E[QY] + E[QY
0< jnt BV (K1, Ko) < Bw(0,0) = s S BALERE oo iy

where the last inequality follows from the fact that Q? is the steady-state queue length in an M /M /N queue
with parameters \;, u and N; and satisfying V; > A;/p by (1); see Remark 2 in the manuscript.
To show that a minimizer exists for inf e 4 E[W (K1, K2)] we define, for B € Z,

AP = {K € 7% : max{K,, K»} < B}.
The set A® is compact and the function E[W (K7, K>)] is trivially continuous on this set. In turn,

AP = argmin E[W (K71, K»)] # 0,
KeAB
and we can construct a sequence of (locally optimal) threshold pairs {K?; B € Z.} by choosing one
element of A*® for each B. By definition, the sequence {E[W (K, K2)]; B € Z.} is non-increasing se-
quence in B and has a limit (which may be infinite). Also, for each finite B, E[QX "] = A\sE[W (KZ, KP)]
by Little’s law so that the sequence {E[QE B], B € Z. } also has a (possibly infinite) limit.
There are two cases to consider. If the sequence { K”; B € Z,} can be chosen so that

sup max{KP KPl <D < 0o
BEZ+
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for some constant D, then, an optimal solution to (5) trivially exists and it is an element of { argmin E[W (K, K»)] } .
KeADP
Consider the case in which any such sequence of locally optimal thresholds has

sup max{KPZ KP} = ~. (T35)
B€Z+
We will show that in this case there exists a minimizer to (5) that has K; = oo for some ¢ = 1, 2 or both.

We will now make use of the following auxiliary lemma whose proof appears at the end of this subsection.

Lemma T.6 Let {K', | € 7.} be a sequence of finite threshold pairs such that

sup E[W (K}, K5)] < E[W(0,0)],
I€Zy

and such that K!' — K € Z%r as | — oo. Then, XK = Yasl — oo, as | — oo, where the random
variable Y has the steady-state distribution, 7' of the CTMC X (.).

An implicit by-product of this result is that a steady-state distribution exists for the CTMC X K (). We
apply it now to conclude the proof of Lemma T.5. Note that if (T35) holds, then there exists a further
subsequence {B;};>1 that converges to a limit (that is possibly infinite). Let K = (K7, K2) be this limit.
Recall that Q¥ = (X — Ny)* + (X — Ny)*. From Lemma T.6 we have that as [ — oo, QIE(BZ = ng,
and, using Fatou’s lemma that

E[QF] < Jim E[Q8™] < E[Q3] < oo.

Applying Little’s law we have that E[W (K1, K»)] < lim_,o E[W (KDt K21)] < 00, so that (K, Ky) is
optimal for (5). This concludes the proof. |

Proof of Lemma T.6: First, note that if max{K7, K3} < oo then, since K; obtains only integer values,
K' — K implies that (K}, K}) = (K7, K>) for all large enough [ so that XK' = XK forall ] large enough
and it trivially follows that X&' = XK.

We only need consider then the case K7 V Ko = oo. From here, the argument is similar in spirit to the
proof of Lemma T.7.

OK' be the generator matrix for the CTMC X ¥ : (t). Theorem 1 and the assumed finiteness of K guar-
antee the existence of a steady-state distribution € " that is the unique non-negative solution to 7€ oK' =0
and > ; ez2 K (i,7) = 1. Similarly, let QX be the generator matrix of the CTMC XX (-).

Kl

We will establish that (a) the sequence 7 is tight (b) every limit point, 7, satisfies 7OK = 0 and

Z(i,j)ezi 7(i,7) = 1 so that 7 is equal to 7%, the steady-state distribution of the chain X*(¢). The
tightness of the sequence Q¥ " follows immediately from the assumption that E[QX l] < E[QY] for all
l € Z,. Since XlKl + XzKl < N1+ No+ ngl the tightness of the sequence XK' follows from that of the
sequence Q% |

We consider only the case that K1 < oo and K = oo (at the end of the proof we indicate how to modify
the argument for the other cases). In this case, for all [ large enough (K}, K}) = (K1, K}). For all large
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enough [ the entries of the generator Q¥ " are equal to those of Q for all states (i,7) € Zi with j < Ki.
Since the entries of the generator are bounded by A + N u we get
sup |[r/(QK' — QM) <4+ Np) Yl o 0asi— oo, (T36)
&:3) (95> K2
where [WZ(QKZ - oK )i, is the (i, j) entry of WI(QKZ — OK) and the convergence follows from the
tightness of the sequence X!, Since 7/Q! = 0 for all [ € Z, we conclude from (T36) that 7' Q% — 0.
Using the tightness, pick now a convergent subsequence {7'*, k € Z,} and let 7 be the limit point of this
subsequence. In particular, 7 satisfies Z(z} ez? 7(i,7) = 1. By the above it also satisfies that 7' ok 0.
Using the bounded entries of the Q% we conclude that 7 is a probability distribution that solves 7Q¥ = 0
with Q being the generator of the CTMC X (-).

Finally, since the CTMC X (-) has bounded transition rates it is, in particular, non explosive and we
may conclude that the CTMC X (+) is ergodic and 7 is its steady-state distribution; see e.g. Theorem 11.4.3
in Asmussen [2003]. Since the same argument can be applied to any convergent subsequence we have, by
Prohorov’s theorem, that X & "= XK g required.

The argument above requires only minor modifications in the case K; = oo and K5 < oo or in the case
that K1 = Ko = co. For the former, the right hand side in (T36) is replaced with 4(\+ N 1) Z(i,j):z‘zK{ 7T§7j
and in the latter it is replaced by 4(A + N ) 3 2; iy.i> k1 >kl 7. |

T.2 Convergence of truncated chains

In §6 of the manuscript, we truncate the state-space to approximate the steady-state distribution of X (-).
The validity of such approximation is justified by a limit argument that shows that as the truncation parameter
B grows, the steady-state distribution of the truncated chain approaches, in an appropriate sense, that of the
original chain. In this section we formally state and prove this result.

Throughout, we add the superscript B to make explicit the dependence on the truncation parameter.
Specifically, X%B(.) = (X 1K By, x 1K "B(.)) is the CTMC corresponding to the truncated chain. When
the superscript B is removed the notation refers to the original non-truncated chain. We note that a unique
steady-state distribution exists for X B (.) by its irreducibility and its bounded state space. We remove the
time argument when referring to steady-state quantities so that X *>Z has the corresponding steady-state
distribution 7/, As before, we define AP := {K ¢ Zi : K1V KsleqB}.

Lemma T.7 Fix a finite threshold pair (K1, K3). Then, as B — oo,
XEB = XK and B[QIP] — EIQK), i = 1,2.
In turn, forany B € Z, as M — oo,
sup [E[QFP] —E[QK]| =0, i=1,2 (T37)

A
KeAB
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Remark T.1 The literature on Markov chains provides numerous sufficient conditions for the convergence
of the (sequence of) steady-state distributions to that of the infinite-state chain; see e.g. Wolf [1980] and
the references therein. These sufficient conditions correspond to tightness of the sequence of steady-state

distributions, 78

, and are often rather involved because of their generality. The structure of our Markov
chain allows us to have a self-contained argument and prove this tightness and its implications from basic

principles rather than applying any of the sufficient conditions provided by the literature. "

A key step then is the following tightness result whose proof appears at the end of this subsection.

Lemma T.8 Fix a finite threshold pair K. Then, the sequence {X*-B B ¢ 7.} is uniformly integrable

and, in particular, tight.

Proof of Lemma T.7: We fix a finite pair K € ZEL and omit is from the notation. Since the sequence X 7
is tight we can choose a subsequence {B;, | € Z, } such that X B! converges to a limit random variable Y.
Denote the distribution of Y by 7. Note that, since 7 is a distribution it satisfies 3, jezz 7(i,5) = 1. We
claim that 7 must then be the steady-state distribution of the (non-truncated) chain X (¢).
To that end, let Q be the generator of the Markov chain X ?(-) expanded to all of Zi by defining ij =

0 for all (¢, 7) with max{é,j} > B. Let Q be the generator matrix of the original (non-truncated) chain.
Similarly, we expand the matrix 75 to all of Z by setting 75 (i, j) = 0 for all (i, j) with max{i,j} > B.
Since transitions happen only to neighboring states and transition rates are bounded by A + N u, we have
that

sup [7”(Q” — Q)](;.j)| < 4(A + Np) > w5 (i, 5),

(4,9) (i,j):i>B/2 OT j>B/2
where |75 (QF — Q)l(i5) is the (4, 7) entry of the matrix 7B(QP — Q). The tightness of X'# guarantees
that the right-hand side converges to 0 as B — oo and, in turn, that

sup [[77(Q% — Q)] ;)| — 0.
)
By definition, 7BigB = foralll € Z, so that 7819 5 0asl — .

Since 7% = 7 and Q has entries that are bounded by A + Ny, we conclude that 7 is a distribution that
satisfies 7Q = Oand }_; .y ez2 7(i,5) = 1. 7. Hence 7 is a stationary distribution for the stable chain X ().
By Theorem 1 there is a unique stationary distribution for X (-), hence, 7 must be this unique distribution.
The same argument can be repeated for every convergent subsequence. Using Prohorov’s theorem (see page
59 of Billingsley [1999]) we conclude that the whole sequence converges. Namely, that X8 = Y as
B — oo where Y is distributed according to the steady-state distribution of the (un)truncated chain X (-).

This concludes the proof of weak convergence. Convergence of expectations then follows from the

uniform integrability in Lemma T.8. Finally, (T37) follows from the finiteness of the set A”. |

Proof of Lemma T.8: The sample path construction that we use here is the one we used in the proof of
Theorem 6 rather then the one introduced in §A.2.1. The only difference is that here we work with truncated
chains so we augment the construction by specifying that when there is a jump of AY'(-) or A{(-) at time ¢ in
which XB(¢t) = M and X2 (t) > N» (or the symmetric case with ED 2), then X () remains unchanged.
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This construction generate the correct probability law for X Z(t).

We now define two M /M /1 queues on the same probability space. Let M;(-) be the process that goes
up by 1 whenever there is a jump of any of the processes A}’(t) or A?(¢) and goes down by 1 whenever
M;(t) > 0 and there is a jump of S;(-). With this construction M, (t) has the probability law of an M /M /1
queue with arrival rate \; and service rate p/V;.

From here it is a matter of a simple coupling argument that is omitted to show that, initializing X (0) =
X2(0) = 0 and initializing M, (t) with its stationary distribution (that of an M /M /1 queue as above)

QB(t) < (K; — Ni)T + M;(t), forallt >0, i = 1,2

Taking t — oo we have that QIB < (K; — N;)™ + M; where M; has the unique steady-state distribution of
(M;(t),t > 0) and, in turn, has a finite expectation by condition (1). Since this bound is independent of the
truncation parameters B, the sequence QF = (QF, QF) is uniformly integrable and, in particular, tight and
sois X because X < N; + Q5. |

T.3 Proofs of auxiliary lemmas and propositions

Proof of Lemma A.1: To prove (A6) consider the following three cases:
1. Let t be such that X;(¢) > N;j and X5(t) < Nj. There are two further cases to consider

(a) Assume first that X5;(¢) > N so that the total number of patients in the network is greater than
N. In this region all the idleness is in ED 2, i.e, I2(t) = I(t) + I2(t). Moreover, we must
have that Q1 (t) > I»(t) (otherwise, we would not have that Xx(¢) > N). Hence, in the case in
which Xx(t) > N,

Zx(t) = N = Ir(t) = Xx(t) A Ny, — Q1(1) A I2(1).

(b) If, on the other hand, Xx(¢) < N then we must have that I>(¢f) > @Q1(¢). Here, we then have
that Zg(t) =Xy — Ql(t) = Xz(t) A Nx, — Ql(t) A Ig(t).

2. Let t be such that X;(¢) < Ny and X5(t) > N,. We then have (by similar arguments) that
Zs(t) = Xx(t) A Ny — Qo(t) A I1(1).

3. Lett be such that X (¢) < N; and X5(t) < Nj or such that both X (¢)
we have that Zx (t) = Xx(¢) A Ny and also that Q1(t) A I2(t) = Q2(t)

Nj and X2(t) > No. Here

>
A Ig(t) =0.

Proof of Proposition A.1: We start with (A9). We will prove that almost surely, Xx(t) > XZ(t) and
Zs(t) < ZE(t) forall t > 0. Since Qx(t) = Xx(t) — Zx(t) this will establish (A9).
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We use an induction on the jumps of A(¢) and S(t) defined in §A.2.1. To that end, put 7o = 0 and define
inductively, for & > 1,

T =inf{t > 0:7,_1: A(t) — A(t—) > 0or S(t) — S(t—) > 0}.

By assumption X£ (0) = Xx(0) and Z£(0) = Xx(0) A Ny > Zx(0) where the last inequality follows
from the properties of the threshold system; see equation (A6). Hence, the ordering holds trivially for all
t < 1. Fix now k& > 1. Assume that the ordering is valid for all ¢ < 7;_1 and consider the time 7. There

are two cases to consider:

1. The event at time 7y is a jump of A(-): In this case the arrival will be an arrival to both systems and
both X (t) and X£ (¢) will increase by one, thus preserving the ordering. As Z& (t) > Zx(t) for all
t < 7,1 we have the following at 7: If Zg (1x—) < N then Zg will go up by one with this arrival
while Zy, will not necessarily go up by one (for example if Z; = N; and the arrival is a walk-in to ED
1). If, on the other hand, ZE (1,—) = N but Zx(7,—) < N then, necessarily, ZE (7,—) > Zx(1,—)

so that the comparison is preserved even if Zx(+) jumps up by one.

2. The event at time 7 is a jump of S(-): If ZE(1,—) = Zx(mx—), since we use the same sequence
{Up}n>1 for both systems, this jump will be an actual service completion in both systems or in none
thus preserving the ordering. If Z§ (tx—) > Zx(1—), this jump might trigger a completion only
in the pooled system in which case we will still have Z£ (7)) > Zw(7;). Note that X£(-) might
decrease at 7j, while Xx:(-) does not. This, however, preserves the inequality X£ (t) < Xx(t).

Since the probability of a simultaneous jump of S(-) and A(+) is O there are no additional cases to consider.
This concludes the proof of (A9) and we turn to prove (A10). Using (A8) and (A5) we have:

S(t)

Xs(t) - XE() =1 {Un € [0, Xg(TgN_E)ANE”— 1 {Un € [0, X' =) AJS;E — Sn_)]}.

n=1

Using (A9) we have, however, that

IL{Un ch. Xs(7"=) A Ny, — C( g—)}} . R{Une 0, XE(rP—) A N — C( £—>]}’

Ng NE

for all » € Z so that

0 < Xs(t)—XE(t)
S(t)
< Y 1{U, € [0, X5 (7)'—) A NuNg]} — I{U, € [0, X{ (77 —) A N — C (7' =) Nx]}.(T38)

n=1

Taking expectations we get
t t
E[Xg(t) —Xg(t)} <E [HN / C’(s)/Ngds} ~E {M / C(s)ds} ,
0 0
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which concludes the proof of the proposition. |

Proof of Proposition A.2: By the stability of the CTMC X (-), we have that for any deterministic initial
condition X(0) = z € Z%, C(t) = C where C(t) is as defined in (A7) and C has the corresponding

steady-state expression, i.e,
C=(NL)H{X e 1} + Q2N L) I{X € Ko}.

To show that E[C'] < C'(p1, p2), it then suffices to fix the initial condition to X (0) = (0, 0) and show that
the weak limit C' of C(t) then satisfies the desired bound. Initializing X (-) with its steady-state distribution
as in the statement of the proposition we then have that C'(¢) 2 C'forallt > 0, and, in turn, that E[C(t)] <
C(p1, p2) forall t > 0.

To complete the details in the above outline, let
C1(t) := (Q1(t) A 12(8))1{ X (t) € K1} and Co(t) := (Q2(t) A L1(2))1{X(2) € K2},
so that C'(t) = Cy(t) + Ca(t). We define two processes M (t) and Ms(t) such that almost surely Cy (t) <
M;(t) and Ca(t) < Ms(t) for all ¢ > 0, and such that M;(t) = M; as t — oo fori = 1,2 where

1 1
E[M E(Ms| < .
MI+ERL < 75 + 107

To that end, let M (-) be the process that evolves as follows:
1. Ml(t) = Ml(t—) + 1if

(a) there is a jump of AY(:),1.e. AY(t) — AY(t—) = 1, orif

(b) there is a jump of S(-), S(t) — S(t—) = 1 and Y™ ¢ [0, N1/Nx| where n is such that ¢t = 77".
(recall the construction of the sample paths in §A.2.1).

2. Ml(t> = Ml(t—) —1if Ml(t—) > 0 and

(a) there is a jump of either AY(t), A5(t) or Af(t), i.e. AY(t) + AS(t) + Af(t) — AY(t—) —
Ag(t—) — Af(t—) =1, or

(b) there is a jump of S(-), S(t) — S(t—) = 1 and Y™ € [0, N1 /Nx| where n is such that t = 77".

In terms of the probability law, M (-) evolves as an M /M /1 queue with arrival rate A}’ + pNo and service

rate £N1 + A{ 4 Ao. Since by assumption /Ué?:i% =: p1 < 1 we have that
M (t) = My, ast — o0 (T39)

where M has the steady-state distribution of the queue length in an M /M /1 queue with the above param-
eters. In particular, E[M;1] < 1/(1 — p1).
We let M5 (-) be the process that evolves as follows:
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1. My(t) — My(t—) = 1if

(a) there is a jump of AY(-),i.e., AY(t) — AY(t—) = 1, orif
(b) there is a jump of S(-), S(t) — S(t—) = 1and Y™ € [0, N1 /Nx] where n is such that t = 7.".
2. Mg(t) — Mz(t—) =-1 ifMg(t) > (0 and

(a) there is a jump of either AY(t), A%(t) or A5(t), i.e., AV(t) + Af(t) + A%(t) — AY(t—) —
Af(t—) — A3(t—) =1, or
(b) there is a jump of S(-), S(t) — S(t—) = land Y™ ¢ [0, N1 /Nx] where n is such that t = 7.

Note that M»(t) has the probability law of an M /M /1 queue with arrival rate \Y + N7 and service

rate Ay + A1 + uNa. Since, by assumption, % =: po < 1,
Ms(t) = My, ast — oo, (T40)

where M has the steady-state distribution of the queue length in an M /M /1 queue with the above param-
eters. In particular, E[M] < 1/(1 — p9).
Initializing at X (0) = (0,0) and M;(0) = M>(0) = 0 we claim that, almost surely,

1 (t) < Ml(t), and Cg(t) < MQ(t) forall ¢t > 0. (T41)
This is proved by a simple coupling argument whose proof appears, for completeness, at the end of this
section. Combining (T41), (T39) and (T40) we have that C(t) = C where

1 1
E[C| < E[M M| < .
(] < B+ 2]_1—/31+1—/32

Equation (A13) then follows from (A6) by which Qx(t) = (Xx(t) — Nx)* + C(2). [ |

Proof of Proposition A.3: The proof is based on a comparison result between the (N7, Na)-threshold
system and a network with randomized routing.

We start by introducing a network with randomized routing. As before, walk-ins are routed to their own
ED. The ambulances are routed randomly as follows: fixing non-negative numbers p;;, i,j € {1,2} such
pi1 + pi2 = 1, ¢ = 1,2 we thin the Poisson process A{(-) and A$(-) according to these probabilities so that
A%(-) is split into two independent Poisson process with rate A{p;; and A{p;2; see e.g. Chapter 5 of Kulkarni
[1995]. In other words, an arrival of an ambulance from catchment area 7 is routed to ED j with probability
pi,j independently of all previous arrivals.

Let XZ-R(t), 1 = 1,2 be the total number of patients in ED ¢ under this randomization scheme. Note
that, starting empty, X/*(¢) has the law of an M /M /N queue with service rate u, N; servers and arrival rate
AP+ Z?:l Ajpji- We claim that with any fixed thinning probabilities p;;, initializing X R0) = X(0) =
(0,0) we have that

Xn(t) s X{(t) + X5¥(t), £ >0, (T42)
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where, X5 (t) is the total number of patients in the (N1, Ny)-threshold system at time ¢. The stochastic
dominance in equation (T42) is established via a coupling argument that is omitted as it is similar to the
argument used in the proof of Proposition A.1. The essence of the coupling is that the threshold system
routes arriving ambulance to an empty bed whenever there is such in the system. The randomized system,
in contrast, can route an ambulance to an occupied ED even if there are available beds in the other one.

The required bounds are then obtained by choosing the probabilities p;; so that

N D IEP LI EPYED SN\ TS VIEED VAP

PN pN2 ~ w(N1+Np)  pNs

=p. (T43)

Such choice of the parameters is possible because of (7). With this choice, the steady-state distribution of
XL (t) is that of an M /M /N queue with service rate y1, N; servers and arrival rate 11pN; so that the result
follows by taking ¢ — oo in (T42). |

Proof of Corollary A.2: By Proposition A.3 Xgm(O) < My, where My, has the distribution 7s;. By
the stochastic monotonicity of the M /M /N queue it is initial condition (see e.g. Chapter 9 of Ross [1996]),
we then have that Xgm(t) <st Xg’ﬁz (t) forall t > 0. Since (z — Nyx)* is a non-decreasing function of x,
we also have that QF _(t) = (X§ (1) = Nx)t <q (X§ () — Ns)* = QF ;,_(t) forall £ > 0 so that the

DN
corollary now follows from the definition of 7'(¢). [

Proof of equation (T41): Here we prove equation (T41) that was used in the proof of Proposition A.2.
We perform a coupling argument to show that C;(t) := Q1(t) A L2(t)1{X(t) € K1} < M (t) for all
t > 0. To that end, note that: (i) @Q1(¢) > 0 implies that Z;(¢) = N; and, since Zx(t) < N, also that
Z1(t)/Zx(t) > N1/Nx, and (ii) when I5(t) > 0 and X (t) € Ky, then Z(t) = Ny so that Z1(t)/Zx(t) =
Ni/(N1+ Zs(t)) > N1/Nx.

We use induction on the time of the event, whether it is a jump of Al (-), A?(-) or S(-). Note that at time
0, C1(0) = 0 since we initialized the system empty so that (T41) holds at time 0. To establish that (T41)
is preserved for all ¢ we now show that M (¢) jumps up whenever C(t) does and that whenever M (¢)
decreases so does C1 () if C1(t) > 0. Assume that the induction assumption holds up to the (n — 1)*"

and consider the n'" jump. Then, assume that X (¢) € K; (otherwise C1(t) = 0)).

jump

1. If the event is a jump of AY(-), i.e. AV(t) — AY(t—) = 1, then C(t) — C1(t—) = 1 and also, by
definition, M (t) — M;(t—) = 1 so that the ordering is preserved.

2. If the event is a jump of S(-), then C1(t) — Cy(t—) = 1 only if Y™ ¢ [0, Z1(t)/Zx(t)] (with n
such that 7' = t). On the other hand, M;(t) — M;(t—) = 1if Y™ ¢ [0, N1/Nx]. As we noted
Z1(t)/Zx(t) > N1/Nx so My(t—) — My(t) = 1 whenever C(t) — C1(t—) = 1 and the ordering is

preserved.

On the other hand, with a jump of S(-), M;(t) — M;(t—) = —1if Y™ € [0, N;/Nyx| whereas
Ci(t) =Ci(t—)—1if Y™ € [0, Z1(t)/Zx(t)]. By our previous observations Z; (t)/Zx(t) > N1 /Ny
so that Cy(t) — C1(t—) = —1if M;(t) — M;(t—) = 1 and the ordering is preserved.
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3. Assume that the jump is of AY(-), A5(-) or A{(-). Then we have both C;(t) — C1(t—) = —1 and
M, (t) — Mi(t—) = —1 (provided they are both positive) and the ordering is preserved.

Note that it suffices to consider individual jumps because the probability of simultaneous jumps is 0.

The argument to show that Mj(t) < Cs(t) for all ¢ > 0 is very similar and is omitted. |
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