When Promotions Meet Operations:
Cross-Selling and Its Effect on Call-Center Performance

We study cross-selling operations in call centers. Thefathg question is addressed: How many
customer-service representatives are required (staffing)when should cross-selling opportuni-
ties be exercised (control) in a way that will maximize theeoted profit of the center while
maintaining a pre-specified service level target. We tattkkequestion by characterizing control
and staffing schemes that are asymptotically optimal inith#, las the system load grows large.
Our main finding is that a threshold priority (TP) controlwhich cross-selling is exercised only if
the number of callers in the system is below a certain thidsimasymptotically optimal in great
generality. The asymptotic optimality of TP reduces théisigproblem to a solution of a simple
deterministic problem, in one regime, and to a simple seprobedure in another. We show that
our joint staffing and control scheme is nearly optimal fegéasystems. Furthermore, it performs
extremely well even for relatively small systems.

1. Introduction

Call Centers are in many cases the primary channel of irtteraof a firm with its customers.
Historically, call centers were mostly considered a serdelivery channel. Such service driven
call centers typically plan their operations based on dedlted performance targets. Examples of
such performance measures are average speed of answer, tA8A&gction of customers whose
call is answered by a certain time and the percentage ofmestabandonment. These operational
problems have gained a lot of attention in the literature.

Most firms, however, cannot be considered to be purely sepriaviders. Rather, customer ser-
vice is a companion to one or several main products. For ebantpe core business of computer
hardware companies, like Dell, is to sell computers. Theyhdwavever, have a call center whose
main purpose is to provide customer support after the psehdost banks have call centers that
give customer support while their main business is sellingricial products. For these firms, the
inbound call center can be a natural sales channel. As ogposmitbound tele-marketing calls,
the interaction in the inbound call center is initiated bg tustomer. Once the customer calls the
center, a sales opportunity is generated. When the serait®fpthe call is done, the agent might



choose to exercise this cross-selling opportunity by oftethe customer an additional service or
product.

From a marketing point of view, a call center has a potenfibegoming an ideal sales environ-
ment. Modern Customer Relationship Management (CRM) systeave dramatically improved
the information available to Customer Service Represeem({CSR’s) about the individual cus-
tomer in real time. Specifically, in call centers, once tHiechas been identified, the CRM system
can inform the agent regarding this customer’s transatiigtory, her value to the firm and specific
cross-selling opportunities. As a result, cross-salesyioifjs can be tailored to the particular cus-
tomer, making modern call centers a perfect channel foloouiged sales. Many companies have
identified the revenue potential of inbound call centerdebd, as suggested by a McKinsey report
[11], call centers generate up to 25 percent of total newmaes for some credit card companies
and up to 60 percent for some telecom companies. Moreovgreflimates that cross-selling in a
bank’s call center can generate a significant revenue, alguit/to 10% of the revenue generated
through the bank’s entire branch network.

Although the benefits of running a joint service-and-salt aenter are apparent, there are
various challenges involved in operating such a complexenment. An immediate implication
of incorporating sales is the increase in customer handiimgs caused by cross-sales offerings.
Unless staffing levels are adjusted, the increased hantfimgs will inevitably lead to service
level degradation in terms of waiting times experiencedh®y dustomers. Does this imply that
incorporating cross-selling will necessarily lead to dietation in service levels? What are the
appropriate operational tradeoffs that one should examitiee context of a combined service and
sales call center?

In a purely service driven call center, the manager typjcailempts to minimize the staffing
level while maintaining a pre-determined delay-relatedggenance target. Hence, in this pure
service context the operational tradeoff is clear: Staffiogt versus Service Level. When sales or
promotions are introduced, however, one should consiégratential revenue from these activities
as a third component of this tradeoff. Clearly, if the poevenue is very high in comparison
to the staffing cost, it would be in the interest of the comptmincrease the staffing level and
allow for as much cross-selling as possible. In these casagased revenues from cross-selling
need not come at the cost of service-level degradation. eRatle show that the call center can
simultaneously achieve high cross-selling rates and vergilswvaiting times. There are cases,
however, where the relation between staffing costs and pakeevenues is more intricate and a

more careful analysis is required.



In addition to staffing, the dynamic control of incoming sadind cross-sales offerings is an-
other important component in the operations managemerasabf centers. Specifically, the call
center manager needs to determine when the agent shouldsexarcross-selling opportunity.
This decision should take into account not only the chareties of the customer in service but
also the effect on the waiting times of other customers. Kanwmle, in order to satisfy a delay
target, it would be natural to stop all promotion activitiasthe presence of heavy congestion.
Indeed, a heuristic used in some call centers to determiea whexercise a cross-selling opportu-
nity, is to cross-sell upon service completion only whenrtmber of callers in the queue is below
a certain threshold. Optimal rules, however, are typicatiyas simple. As cross-selling of a cus-
tomer can start only upon his service completion, an opteoatrol is likely to use information
about whether the busy agents are providing service or ga&gel in cross-selling. In particular, a
reduced state description that includes only informatiooud the aggregate number of customers
in the system appears to be insufficient. In reality, howeaber agents may not signal when they
move from the service phase of the interaction to the crelsg phase and, consequently, it is
only the aggregate information that is available to theeystnanager. Hence, a control scheme
that relies on this information only is valuable in practice

The staffing and control issues are co-dependent since eterse@emingly adequate staffing
levels, the actual performance might be far from satisfgotchen one does not make a careful
choice of the dynamic control. Yet, because of the compjeritolved in addressing both issues
combined, they have been typically addressed separatéhg iliterature. To our knowledge, this
paper and its follow up paper [14] are the first to considerstiadfing and dynamic control in a
cross-selling environment jointly, in a single, commonieavork.

The purpose of this work is to carefully examine the majorrapenal tradeoffs in the cross-
selling environment. This is done by specifying how to atlibe staffing level and how to choose
the control in order to balance staffing costs and crossigalevenue potential while satisfying
quality of service constraints associated with delay perémce. Specifically, we provide joint
staffing and dynamic control rules as explicit functionsoé guality of service constraints, the
potential value of cross-selling and the staffing costs. dtwtrol we propose is a Threshold
Priority (TP) rule in which cross-selling is exercised onlgen the number of callers in the system
is below a certain threshold. In contrast with the above4nerd heuristic we identify cases in
which cross-selling should not be exercised even when #rersome idle agents in the system, in
anticipation for future arrivals.

To summarize, we contribute to the existing literature iewa flimensions:
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1. From a modeling perspective, this is the first paper (tegrewith our followup paper [14])
to address the staffing and cross-selling control quesjmngy in one single framework.

2. From a practical perspective - with the objective of mazing profits while satisfying com-
monly used quality of service constraints - we propose alg@pd practical Threshold Pri-
ority (TP) policy together with a staffing rule and rigoropsktablish their near-optimality.

(a) The qualities of the TP policy include:

i. Itis based only on the total number of customers in thessystather than the more
elaborate two-dimensional description that distingusdietween agents providing
service and those engaged in cross-selling.

ii. The simplicity of this policy has allowed us to signifidgnreduce the complexity
of the staffing problem.

(b) The staffing rule we propose is simple, easy to implemedtraveals much about the
regime at which the center should operate: The Profit Drif&i) (versus the Service
Driven (SD) regime.

The rest of the paper is organized as follows: We concludmthaductory part with a literature
review. §2 provides the problem formulation. 8 we introduce the asymptotic framework and
state our key result: the asymptotic optimality of the thidd policy and the corresponding regime
driven staffing rule. A Markov Decision Process (MDP) apgioto identify an optimal control
given any fixed staffing level is described and explore@4n The solution of this MDP is used
as a benchmark in testing the performance of our asymptatiggsed scheme via an extensive
numerical study ir§5. This section also explores implementation issues retefea call center
managersg6 concludes the paper with a discussion of our results aedtibns for future research.
A table of main notation is available immediately followifg.

For expository purposes, our approach in the presentatibie oesults is to state them formally
and precisely in the body of the paper, together with sompatimg discussion, while relegating
the formal proofs to the technical appendix.

1.1 Literature Review

A successful and comprehensive treatment of cross-sefpementation in call centers would
clearly require an inter-disciplinary effort combiningdwledge from marketing and operations
management as well as human resource management and inforteehnology. An extensive
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search of the literature shows, however, that while the ptary literature on cross-selling is quite
rich, very little has been done from the operations pointiefw(the reader is referred to Aksin
and Harker [1] for a survey of some of the marketing literajur

Although the operations literature on this subject is seatise topic of cross-selling has re-
ceived some attention. In the context of cross-selling ih @anters, a significant contribution
is due to Aksin with various co-authors. In Aksin and HarkH the authors consider qualita-
tively and empirically the problems of cross-selling in kisug call centers. They also suggest a
guantitative framework to evaluate the effects of crogkageon service levels, using a proces-
sor sharing model, but they do not attempt to find optimal mdrr staffing levels.Ormeci and
Aksin [21], on the other hand, do pursue the goal of deteimgithe optimal control, while as-
suming that the staffing level is given. In their framewonkstomers’ cross-selling value follows
a certain distribution. The realization of this value canobserved by the call center before the
cross-selling offer is made. Hence, the agent can base tiateon the actual realization of this
value and not only its expected value. However, due to coatjputal complexity, the results in
[21] are limited to multi-server loss systems (customettsegihang-up or are blocked if their call
cannot be answered right away) and to structural resultsatieathen used to propose a heuristic
for cross-selling. Giines and Aksin [13] analyze the peobbf providing incentives to agents in
order to obtain certain service levels and value generafoats. This is indeed a critical issue in
cross-selling environments where the decision of whetherdss-sell or not is often made at the
discretion of the individual agents.

Simplicity of the dynamic control is clearly an importantfar for a successful implementation
of cross-selling. The simplicity of the control might resilowever, in decreasing revenues from
cross-selling. For example, it is intuitive that one carréase revenues by allowing the control to
be based on the identity of the individual customer in addito the number of customers in the
system. Byers and So [9, 10] examine the value of custometitgenformation by comparing
cross-selling revenues under several control schemedlififext with respect to the information
they use. Exact analysis is performed for the single sera®e a [10] and numerical results are
given for the multi-server case in [9].

To position our paper in the context of the literature introeld above, note that previous mod-
els have considered cross-selling decisions that are njaate austomer assignment to an agent.
Our two-phase service model allows this decision to be pos@ until the end of the service
phase when more information about the caller has been gathé&mnother distinctive feature of
our model is our assumptions that the system operates witly4servers and an infinite buffer. In
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contrast, single-server or loss-system assumptions ate mahe existing literature for tractability

purposes. Also note that our paper is the first to considertbaptimally choose both the staffing
level and the control scheme in a cross-selling environménthe staffing decision is ignored

and the staffing level is assumed to be fixed, the only relevadeoff is between service level
(expressed in terms of delay) and the extent to which crelisig opportunities are exercised. In
this setting then, more cross-selling necessarily causesce level degradation. Moreover, the
existing literature suggests that, when the staffing levassumed fixed, it is difficult to come up
with simple and practical control schemes for cross-sglliAs we show in this paper, however,
when one adds the staffing component along with asymptoéilysis, the solution becomes sim-
pler. Indeed, our solution provides conditions under whia staffing level that maximizes the
expected profit from cross-selling simultaneously actsexsdremely low waiting times.

In a follow-up paper [14], the authors use the results of tireemt paper to study the impact of
a heterogeneous pool of customers on the structure of asetiogily optimal staffing and control
schemes. [14] also investigates the value of customer sggtian in such an environment.

Our solution approach follows the many-server asymptaamework, pioneered by Halfin
and Whitt [18]. In particular, we follow the asymptotic aptlity framework approach first used
by Borst et al. [8], and adapted later to more complex sest{ifig], [4], [5], [6], [15] and [19]).
The asymptotic regime that we use has been shown to be exyrevbest even in relatively small
systems (see Borst et al. [8]); Consistent with this findireggiwve strong numerical evidence to
support the claim that this robustness is also typical insmiting. We note however, that the
existing methods of establishing steady-state converggenthis asymptotic framework were not
sufficient for proofs in our framework. Instead, we introdwcproof methodology that was later
formalized in Gurvich and Zeevi [17] through the notion ofrGtrained Lyapunov Functions.

To conclude this review, we mention that, while outside thetext of call centers, there is a
stream of operations management literature that dealsiathmplications of cross-selling on the
inventory policy of a firm. Examples are the papers by Aydid Ziya [7] and Netessine et. al.
[20].

2. Problem Formulation

We consider a call center with calls arriving according tam&son process with rate An agent-
customer interaction begins with the service phase, whossidn is assumed to be exponentially
distributed with rate:,. Upon service completion, if cross-selling is exercishi interaction will



enter a cross-selling phase, whose duration is assumeddgpamentially distributed with rate
1es- If cross-selling is not exercised, either intentionaliydoie to the customer’s refusal to listen
to a cross-selling offer, the customer leaves the systeim.aésumed that all inter-arrival, service
and cross-selling times are independent and that the c#kickas an infinite waiting space.

Not all customers are viewed by the center as cross-selangidates. We assume that the
customer population is divided into two segments so thag anfractionp of the customers are
potential cross-selling candidates. The remaining custerare not considered profitable and are
never cross-sold to. Whether or not a specific customer i®ftgirle candidate is interpreted
from a combination of the information available a-priorathe CRM system and the information
gathered by the agent during the interaction with the customt is important to note that, even
if an agent attempts to cross-sell to a caller, the lattek mat necessarily agree to listen to the
cross-selling offer. We assume that a customer that is ptegevith the option to listen to a
cross-selling offer will agree to do so with probabilify> 0. Assuming that all customers are
statistically identical, we have that = pq is the probability that a customer is a cross-selling
candidateandagrees to listen to the cross-selling offer if faced with.oflge combined parameter
p is sufficient for our analysis so that we will not make addiabreferences to the parameters
p andg. We assume that a cross-selling offer has an expected rewadny and revenues from
different customers are independent.

We say that a customer is in phase 1 of the customer-agenadtiten if he is in the service
phase and in phase 2 if he is in the cross-selling phase. Weghasgeneral notatiom for a
control policy that determines the actions in differentidien epochs and, in particular, determines
whether or not to exercise this cross-selling opportunggrua phase 1 completion of a cross-
selling candidate. We le¥"(¢) be the number of servers providing phasgervice at time,
i=1,2andZ7(t) = Z](t) + ZZ (t) be the total number of busy agents at timender the control
7. Given the number of agentd], I"(t) := N — Z7(t) is the number of idle agents at time
under the controk. The number of customers waiting in queue at tiniedenoted by)™ (¢) and
Y™ (t) is the overall number of customers in the system at tif}é" (¢) = Z™(¢) + Q™ (¢)). Finally,
we letWW7(¢) be the virtual waiting time at time(the waiting time that a virtual customer would
experience if s/he arrived at timg In all of the above, we omit the time indeéxvhen referring
to steady-state variables. Also, we omit the superseriwhenever the control is clear from the
context. Note that under any stationary policy (as defind@2n Page 22]), all transition rates in
the system can be determined using the number of agents baggipg either phase of service
and the queue length. In particuldf;(t) = {Z7(t),i = 1,2;Q™(t)} is a Markov process under
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any stationary policy. Leti(t) be the number of calls arriving by timeand letz], & = 1,2, ...
be equal td if the £ arriving customer ends up going through phased equal td otherwise.
Then, if steady-state exists underwe let P™(cs) be the long-run proportion of customers that go
through cross-selling, i.e,

1

)
P™(cs) :== }E& a0 ;xz,

The control policyr is picked from the following set of admissible contrdlé, s, pics, V).
Admissible Controls: Given a staffing levelV, and parameters, u, 1., We say thatr is an
admissible policy if it is non-preemptive, non-anticipatiand it weakly stabilizes the systém
Non-anticipation should be interpreted here in the stathelay; for a formal definition see e.g.
Definition 4.1 in [16]. In a nutshell, a policy is non-anticipative if a decision at a times only
based on the information revealed by the evolution of théesysip to that time point. When the
parameterg,, andy. are fixed, we will omit them from the notation and use the notdfl(\, NV)
instead. The arrival rat® and number of agent¥ will also be omitted whenever their values are
clear from the context.

Finally, we note that by the PASTA property the steady-statiial waiting time and the
steady-state waiting time at arrival epochs coincide. With) being the staffing cost function,
the profit maximization formulation is then as follows:

maximize rAP7(cs) — C(N)
subjectto E[W™] < W, (1)
N € Zy,m € (s, pres, N).

Here the average steady-state waiting tifj&l’ "] is constrained to be less than a pre-determined
boundlV. We assume that/(-) is convex increasing in the staffing lev&l Further assumptions
are made on the cost function §3, where we construct our asymptotic framework. Note that
customers do not abandon, or balk, nor are they being blotcked

One should note that we used the maximization formulatigralthough the maximum need
not exist. The word “maximize” should be formally intergrdtas taking the supremum over all
staffing levels and admissible control policies.

Weak-stability is defined d$m; ., w = 0. For there to exist a policy that stabilizes the system we need
at the very least, that/u, < N.

2As an alternative to the average-waiting-time constrainé, might consider the commonly used Quality of Service
(Qo9 constraint of the forrP{IW > W} < §. This stipulates that at least a fractibn- 6 of the customers will be
answered withifd?” units of time. One can verify that our analysis can be extdrida straightforward manner for
constraints of this form under the additional assumptia tustomers are served in a First Come First Served (FCFS)
manner.



The following is an immediate consequence of Little’s Lawd &arkov Chain Ergodic theory.
Letting R := \/u, be the offered (service) load we have that, for ang I1(\, V) that admits a
steady-state distribution,

E[Z7] = R, ?)

and

3)

)‘PW(CS) ::U“csE[Zg] = Mes * (E[Zﬂ] _R) < Mes - |:(N_R)/\ )\p} )

,U’CS
where for two real numbers andy, z A y = min{x,y}. Using observations (2) and (3), the

problem (1) may be re-written as

maximize ru.s(E[Z"] — R) — C(N)
subjectto E[W™] < W, (4)
N e Z,, 7 eT(N).

We now introduce the Threshold Priority (TP) control thall W& shown to be nearly optimal

for (4) when combined with an appropriate staffing rule.

Definition 2.1 (The TP control) The Threshold Priority (TP) control is defined as follows:

(1) Upon customer arrival: An arriving customer enters service immediately if there any
idle agents.

(2) Upon phase-1 completion:An agent that completes a phase 1 service with a customer at
a timet will exercise cross-selling if this customer is a crosdhsglcandidate andY (¢) —

N) < K (whereK is a pre-determined integer).

(3) Upon customer departure: Upon a customer departure, the customer at the head of the
qgueue will be admitted to service if the queue is non-empty.

For brevity, we use the notatichP[K | to denotel’ P with thresholdK™ (where KX may take neg-
ative as well as positive values). One should note the fafigwlf X > 0, TP[K] is a control
that uses a threshold on the number of customers in queueifiSaky, upon service completion
with a cross-selling candidate, the agent will exercisssgelling if the number of customers in
queue is at mosk’. Conversely, if’ < 0, T'P[K] is a control that uses a threshold on the number
of idle agents. Specifically, upon service completion wittr@ss-selling candidate, the agent will

exercise cross-selling if the number of idle agents is attldd).



As T'P[K] uses only information on the overall number of customerkénslystem at the time
of service completion, it is a stationary control. Furthere) as TP disallows a positive queue
when there are idle agents, we have tQéat) = [Y (t)— N|" andZ,(¢)+ Z2(t) = N—[Y (t)— N]".
Hence, the evolution of the system—queue length, customeervice and customers in cross-
selling—is captured by the Markov procesg) := {Z-(t), Y (¢)}. Finally, we also establish that
TP is an admissible control (see Lemma F.1 in the appendixugRly speaking, the system
is stable under TP because of its self-balancing nature.cif8faly, whenever the number of
customers in the system exceeds the Igvelall cross-selling activities are stopped. When this
happens, and a8 > R, the system has sufficient capacity to provide service timatiming calls.

We end this section with brief comments on our modeling agsioms.

Customers willingness to listen to a cross-selling offertt is plausible that, in reality, the prob-
ability that a customer would be willing to listen to a crassling offer is not fixed, but rather
depends on the customer experience up to that point (sudh asaiting time, service time, service
quality, etc.). This dependence introduces analyticalplerity because the state space required
to describe such a system is very large (in particular, itldroeed to include for each customer
her current waiting time and service time). Given this comjty we assume in this paper that the
probability of agreeing to listen to a cross-selling offgriisindependenof the customer service
experience. This assumption is reasonable for systemsioghwiaiting times are not too long and
service quality is uniformly good. The independence assiom|is relaxed in Gurvich et al. [14]
where a cruder form of analysis is performed.

Even with the above simplifying assumption, the problempifraally staffing and controlling
the call center requires keeping track of the two-dimeraipnocessS(t) = {Z,(t), Y (¢)}. The
two-dimensional structure makes the problem difficult ttkta with exact analysis. Instead, we
try to identify the structure of nearly optimal solutiong\asymptotic analysis. This is the subject
of the next section.

3. Asymptotic Analysis

In this section we introduce the asymptotic framework andldsh our asymptotic optimality
results. Consider a sequence of systems indexed by thalamate )\, which is assumed to grow
without bound § — oc). The superscriph is used to denote quantities associated withxiie

system. We consider the following optimization problem ethis obtained from (4) by adding the
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dependence oA where needed:
maximize Ties(E[ZM] — R) — CA(N?)
NA 7

subjectto E[WH™] < WA ®)
N* € Z,, 7 € TI(\, N?),

Here and for the rest of the paper, we omit the superstifif@m parameters that are not scaled with
A, such as the service ratgs and ., the expected revenue per customeigand the probability
p. The superscripA is also omitted fromR, since R has a trivial dependency ongiven by its
definition R = X\/u,. In terms of the cost functions, we consider convex increasiinctions
C*-) : Ry — R, with C*(0) = 0.

We define the scaling of the cost functions via a determmrsfiaxation for (5). Specifically,
removing the waiting time constraint and replacifiz™*] with a free decision variable, a deter-
ministic relaxation for the above problem is given

maximize ru.(z* — R) — C*(N?)

N 22
subjectto z* < N*,

N* > R, (6)

fes (2 — R) < Ap,

A >0,N*cZ,.
The constraints in (6) follow from some basic observatiofisst, £[Z™*] < N* by definition.
Also, as we consider only staffing and control solutions thake the system stable, we must have
that N* > R. Finally, the last constraint follows from (3).

Note that any optimal solution to (6) provides an upper boomdhe optimal solution of (5).
Indeed, (6) is obtained from (5) by relaxing the restrici@m the waiting times and the fraction
of cross-sales. We also note that any optimal solutign, N**) to (6) hasz** = N** and, in
particular, the relaxation is equivalently given by

Maximize rpcs - (N* — R) — C*(N?)
N
R<N <R+ 22 (7)
N* e R,.
The formulation (7) has a critical role in differentiatingtiveen the two operating regimes (see

discussion following (21)). For each let N be thesmallestoptimal solution to (7). Then, we
make the following assumption:

Assumption 3.1
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1. There exisp > 0 and~ € R, such that

_ N}-R _ N)—RA+8)
fim —x— =/ and lim NG =7 (8)

In particular, N3 = R + SR + vV R + o(V/R).

2. There exists a ‘minimum wage’ parameter 0 such that for all\ and all N > R,

C*(N) — CMR) > ¢(N — R).

Note that, by definition, we have that) < R + \p/ ., and in particular that < ji,p/pics-
Assumption 3.1 is quite general in the sense that there iga family of naturally occurring cost
functions that satisfy it. For example, any sequence oftidehlinear functionsC*(z) = cz,
for somec > 0, trivially satisfies this assumption. The same holds for gusace of identical
convex functions. However, in order to consider a greatepsdor our results, Assumption 3.1
also allows for functions that do scale with

We impose the following assumption on the scaling of theingitime constraint:

Assumption 3.2 There exists a constafit > 0, such that for all\, W* = W /v/R.

It is important to note that Assumptions 3.1 and 3.2 are netlurs any way in the staffing and
control recommendation that we provide in Section 5. Foseéhene does not have to know the
constantsV/, (3, v andc. Rather, the staffing and control will be given explicitlyterms of cost
function C(-) and the waiting time targdl’. The scaling in Assumption 3.2 is consistent with
many other models in which such square root approximatiems to perform extremely well (see
for example [15] and [8]).

Definition 3.1 Asymptotic Feasibility We say that a sequence of staffing levels and controls
{N* 7} is asymptotically feasible, if when usidg/*, 7*}, we have

. E[WA
1 = <1. 9
i sup == < 9)

Let
VAN, 1) i= rpes (B[ 2] — R) — (C’\(N)‘) — C’\(R)) )
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Definition 3.2 Asymptotic Optimality We say that an asymptotically feasible sequence of staffing
levels and control§ N*, 7*} is asymptotically optimal if for any other asymptoticalbasible
sequencd N*, 7*} we have

V)\(NA 7T)‘

R A, )

A natural notion of asymptotic optimality would stipulateat a sequence of paif&/*, ) is
asymptotically optimal if it is asymptotically feasibledrfor all A large enough, it dominates any

other solution, i.e, .
AN AN
3= e (E[Z2] = R) — C (V)

for any other asymptotically feasible sequerié&, 7). This notion, however, is too weak as it

implies that when the optimal solution involves crossigglto a small fraction of the customers,
and, in particular, that
rhes(B[Z*T] = R) = o(C(R)),

any staffing solution such that* = R+o(R) with any reasonable control would be asymptotically
optimal. Yet, we would like to be able to differentiate beéneifferent staffing and control rules
even in cases when it is optimal to cross-sell to only a smmadition of the customers. Hence,
we normalize around the base cost’&fR) which constitutes a lower bound on feasible staffing
levels.

Before stating our main asymptotic optimality result wedhadew more definitions. Let

N} =min {N € Z, : E[W{{F5(N)] < W™}, (11)

Then, N, is the minimal number of servers required to meet the seten target if no cross-
selling is performed and, in particular, it serves as a ldveemd on the number of servers required
in the system with cross-selling. Also, define

N} = min{N € Z\,N > R: EW{FS(N) |[WECFS(N) > 0] < W}

1
= min{N€Z,,N>R: 7 < W}, (12)
Ms —

where the last equality follows from the fact that, given tw#ie waiting time in an\//M /N
gueue with arrival rate and service ratg, has an exponential distribution with rak&u, — A (see
e.g. §5-9 of Wolff [23]). Also, we will say that two sequencés’} and{y} satisfyz* > ¢*
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if 2% /y» — oo asA — oo. In the following theorem, then, we state the sufficient ctinds for
asymptotic optimality of TP. For each condition we also #iydwow the staffing and the threshold
level will be determined if the condition is satisfied.

Theorem 3.1 Consider a sequence of systems, with- oo, that satisfies Assumptions 3.1 and
3.2. Then, withV}, N} and N3 as defined in (11), (12) and (7) respectively, the followiogdi-
tions are sufficient for asymptotic optimality of TP and theposed staffing levels:

1. N3 — R>> N; — R, then it is asymptotically optimal to use any threshold eaki* in the
interval [0, [AWA]] and N* = N2

2. Condition 1 fails butim inf_, Np-R > 1, andpu.s > ps, then it is asymptotically optimal

No-R
to setK* = 0 and N* = Ny

3. is = pes @ndlimsup,_, % < 1, then it is asymptotically optimal to s@&f* = N*
1
and K* = K**, whereK** := K*(N**) and N** are determined by choosing the smallest

value of N** that satisfies

N = argmaxysya{  rpes(E [Z{TFS(N)| ZLTFS(N) > (N + KX(N)) A N] = R)

—(CHN) = CA(R))},
(13)

where K*(N) in (13) satisfies

KAN) := max {BIQYSTS(N) | ZECF9(N) > (N + K) AN] < AW} (14)

)\7/»145 )‘7“8

Under Condition 1, the value of cross-selling drives theéeysto use a significant amount of extra
staffing to allow for substantial cross-selling. Hence, mdweer this condition is satisfied, we say
that the system operates in tReofit Driven Regimeln contrast, whenever Conditions 2 or 3 hold,
the fraction of customers experiencing cross-sellinglegireely small. Under Condition 2 staffing
is still determined by profit considerations, and the sysgestill considered to be operating in the
Profit Driven regime. Under Condition 3, the focus of thefstgfbecomes the satisfaction of the
quality of service constraint. In that case, we say that yistesn operates in th®ervice-Driven
Regime This regime characterization is further discussedSrnwhere we provide prescription
towards the practical implementation of a staffing and esadlng rule.
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4. The MDP Approach

When either of the Conditions 1, 2 or 3 in Theorem 3.1 is satisfive managed to overcome
the two-dimensional nature of the control problem throughasymptotic analysis, and show that
our proposed scheme that combines a TP threshold controlamiegime-based staffing rule is
asymptotically optimal. But how well does this scheme penfdor a call center of a moderate
size? How well does it perform if neither of the sufficient ddgions of Theorem 3.1 holds? To
address these questions, in this section, we propose d@osodyproach to the control component
of (1) which applies in great generality, beyond the caseermea by Theorem 3.1. Specifically,
following the approach in [12], we consider the solution teelatedMarkov Decision Process
(MDP). First, we truncate the state-space to reduce theitedstate-space problem into a finite
dimensional one. Specifically, we solve the MDP fofirdte buffersystem and show that the
optimal solution to the finite-state-space MDP convergethéooptimal solution of the original
problem, as the buffer size grows without bound. This finitdfdy MDP is solved through a
solution to a linear program (LP). The optimal control asst@al with the solution to the LP is
generally not a TP control. Neverthelessgwe show that TP is nearly optimal by numerically
comparing its performance to that of the optimal controbated from the solution of the LP. Note
that in this section) is fixed and is omitted as a superscript from all notation.

We now turn to the formulation of the Markov Decision Processd its reduction to a solu-
tion of an LP. We start by showing that it suffices to consideubset of all admissible policies.
Specifically, in Lemmas 4.1 and 4.2 we show that, if theretexas optimal control, then there
always exists one that wgork conservingnd serves customerCFS For a fixedV, we re-define
II(N) to be the set of non-anticipative non-preempfeasiblepolicies. That is, given a staffing
level N € Z., TI(N) consists of all policies for which (together withV) steady state exists and
E[WT™ < W. In particular, it is clear thafl(N) will be empty unlessV > N, whereN; is
defined in (11).

Lemma 4.1 Fix A, us, pes @nd N. Then, for anyr € II(V) there exists a policy’ € TI(N) that
serves customers FCFS and performs at least as weill &s particular, 7 admits a cross-selling
rate that is at least as large as that admitted-y

Definition 4.1 Work Conservation:We say that a policy is work conserving if: (i) whenever
a customer arrives to find an idle agent, s/he is immediatdiyitted to service, and (ii) upon
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a departure of a customer from the system, a waiting custaviiebe admitted to service if the
gueue is non-empty.

Note that work conservation implies tha(t) = N wheneverQ(¢) > 0. It does not imply,
however, that the policy gives priority to the customerstingiin queue over cross-selling. In fact,
work conservation does allow exercising cross-sellingnavieen customers are waiting.

The following lemma shows that within the class of FCFS pefit is sufficient to consider
work conserving policies. In turn, it suffices to conside S3vork conserving policies.

Lemma 4.2 Fix A, s, 1es @and N. Then, for any feasible policy € II( V) that serves customers
FCFS, there exists a work conserving feasible poticy II(N) that performs at least as well as
7 and serves customers FCFS. In particutdradmits a cross-selling rate that is at least as large
as that admitted by.

Within the set of work conserving FCFS policies we limit otteation to stationary policies.
Stationary policies are practical, and are typically optimTheir optimality has not been estab-
lished in general in a setting with infinite state space. Thugsimpose the restriction to stationary
policies as an assumption and re-define the set of admiggibigesII(N') accordingly.

Admissible Policies: For a fixedV, the admissible policieH (V) is the set of non-anticipative,
non-preemptivestationary, work-conserving, FCE&asible policies.

Note that Lemmas 4.1 and 4.2 prove that the family of work eoniag FCFS policies is
optimal, but we have not established that the familgtationarywork conserving FCFS policies
is optimal. Instead, we henceforth restrict our attentmithis new set of admissible policies as
defined above.

We are now ready to construct the MDP and the associatediLilregram for a cross-selling
system with dinite buffer We will later prove that, for a buffer size that is large egbuand for
any given admissible policy for the infinite buffer systehere exists a stationary work conserving
and FCFS policy for the finite buffer system that performsadtras well. This implies that the
optimal solution of the constructed LP converges to an agitsolution of the original problem.
For stationary work-conserving FCFS policies, the statidptor { Z,(t), Y (t)} suffices for a
complete Markovian characterization of the system. Indeexk conservation implies that the
identitiesZ, (t) = (Y (t) A N) — Zy(t) andQ(t) = [Y (t) — N|* hold, so that one can characterize
the behavior of the whole system through the two-dimensidescription{ Z»(t), Y (¢) }. Suppose
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that the number of customers in system is bounded above byearfumber of trunk lines], > N.
Customers that find a full buffer upon arrival are blocked daahot enter the system.

Since all transition rates in the system are bounded By Nu, + Npu., we can replace the
analysis of the underlying Continuous Time Markov Chain k) with the analysis of the associ-
ated Discrete Time Markov Chain (DTMC) which is obtainedhirthe CTMC by uniformization.
The construction by uniformization ensures that the stesdie fraction of time that the CTMC
spends in any given state corresponds exactly to the fracfisteps that the corresponding DTMC
spends in that state under its stationary distribution;esge[22, pp. 562-563]. Naturally, we let
the uniformization rate equal the upper boung Ny, + N fics.

By results for constrained long run-average MDP’s (seexan®le section 4.2 of [2]) one can
solve the finite state MDP through an appropriate LP. Notedha to work conservation, in each
state{ Z,, Y'} the action set consists of only two options - cross sell ugonise completion (1) or
do not cross-sell (0). Le&t(i, j, k) be the steady-state probability of being in stgi, Y} = (i, j)
and taking the actioh € {0, 1} (note that a stationary distribution will always exist fors model
due to the finite buffer). The corresponding LP for a systeith Wi trunk lines andV agents is
given by:

Max S5 S ripes (€34, 5,0) + €(i, 5, 1)) (15)

St (A4 Nps + Npes) - (£(2,5,0) + £(2, 5, 1)) = A&(, 7 — 1,0) + £(2, 7 — 1,1))15-101
+us((G+ AN =) (50,5 +1,0) + (1 = p)&(i, 7+ 1,1)) i<y
+pps(J AN — (i —1))E@0E — 1,7, 1)1 1503
es(+1)(EGE+ 1,7+ 1,0) + 66+ 1,5 + 1, 1) 1an<ny i<
+(8(1,5,0) + €(1,5,1)) (N = )pres + (N = (j AN = 0))pis + Myjery)
0<j<L, 0<i<jAN,

(16)
L jAN
DO (665,00 + €64, 1) = 1, (17)
§=0 i=0
and
L N -
j=N i=0

The system of equations in (16) represents the balanceiegsiatf the underlying DTMC, keep-
ing in mind that the action choice only affects the chaingraons immediately following a phase
1 service completion. In particular, for any fixéd ) the right hand side in (16) lists the possible
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transitions from other states inta j, 0) and (i, j, 1), with the corresponding probabilities. Specif-
ically, the first line on the right hand side of (16) corresg®mo transitions due to arrivals. The
second line corresponds to transitions due to phase 1 satwinpletions that are not followed by
a cross-selling phase. The third line corresponds to tiansidue to phase 1 service completions
that are followed by cross-selling. The fourth line cor@sgs to transitions due to phase 2 service
completions and the last line corresponds to transiticos fihe state to itself.

Recall that any feasible staffing level for the original syst(with infinite number of lines)
must be greater than or equalg where

Ny = argmin {N € Z, : EW{"(N)] <W}. (19)

Hs

Let V* p(V, L) be the optimal solution of the LP corresponding to a systeth Wi agents
and L trunk lines (recall thah is fixed). For a fixedV, let V*(N) be the optimal expected profit
in (4), that is

VAN) = sup ries(E[Z7] — R).

m€ll(N):E[WT]<W

Then, we have the following:

Proposition 4.1 AssumeV > N;. Then,

We use the result of Proposition 4.1 in the next section tsithte the good performance of
TP. Specifically, we show numerically that TP achieves aszgmdling rate that is almost identical
to the one obtained through the LP with a large buffer sizds Tridicates that, within the set of
stationary work-conserving FCFS policies, TP is close tinagl.

5. Discussion of Implementation and Performance Analysis

In this section we interpret the results of the asymptotadysis in§3 to come up with a practical
staffing and cross-selling prescription for call centerse Walidate our prescription through nu-
merical examples in which we compare the performance of @ommended policy with that of
the optimal policy found via the explicit solution of the cesponding Markov Decision Process
(MDP) problem with a large enough buffer size.
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5.1 Prescription for Implementation

Our asymptotic optimality suggests that a TP control togethith a proper staffing rule should
perform close to optimality under a set of sufficient corutisi as listed in Theorem 3.1. In those
cases, the TP rule offers significant simplifications towatte solution of the original problem.
The results in Theorem 3.1 are, however, given in asymptetios (for sequences of systems)
and it is not a-priori clear how to verify that the conditidmsld for a given system. Moreover, it
is of interest to examine the performance of our proposeidyuwlhen the conditions of Theorem
3.1 do not hold. In these cases, the simplicity of the TP rliéeva us to construct simple search-
based procedures and compare them to the performance optiheabsolution in cases that are
not covered by Theorem 3.1.

First, we note that a key understanding from our asymptottyasis is the distinction between
the Profit Driven and the Service Driven regimes. Lettiigbe a staffing level that solves the

optimization problem:
Maximize ru.s(N — R) — C(N),

s.t. R<N<R+2E, (21)
N e R4,
we showed that whenever
Ny — R> N, — R, (22)

itis nearly optimal to staff with IV, ] agents and usEP|[K], with anyK € [0, [A\W]]. Here,N; is
as defined in (11). The question is when is it reasonable tthsdy22) holds. Our rule-of-thumb
for regime characterization says that the Profit Drivenmegis the correct regime provided that

there exists: > 0 such thatC’'(R(1 + y)) < ru.s forally € [0, z]. (23)

In words, (23) implies that the marginal capacity cost is lémn the maximum potential marginal
revenue from adding a servernd.,). In particular, we expect that in this case the optimalfisigf
level N, in (21) will satisfy N, >> R. Moreover, if the functiorC'(-) is convex, we will have that
No=inf{zx > R : C'(x) < rpes}-

Above we have implicitly assumed that the derivative exists if not (as staffing levels are
discrete) the regime condition (23) can be re-written as

there exists: > 0 such thatC(R(1+y)) — C(R(1 +y) — 1) < ru. forally € [0, z].

Theorem 3.1 shows that, if (23) holds, the call center caainlgrofit that is almost as high as
the one that could be obtained in the absence of any servieedensiderations. Hence, whenever
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(22) holds, the staffing decisions are essentially drivetnbyprofit rather than by the service-level
constraint. Even if (22) does not hold, the staffing leglmay still be nearly optimal provided
that

- 1 _
No > Np = 1Hf{N€Z+,NZRIm§W}, (24)

and we have fast cross-selling, i), > us. In this case, Theorem 3.1 shows that it is nearly
optimal to useV, with 7" P[ K] with K = 0.

In some cases, the revenue from cross-selling is not highginto justify staffing that is sig-
nificantly above the basic staffing needed for service-lsagkfaction (without cross-selling). In
such cases, more care is needed and the optimal staffingdewele sensitive to the service-level
targetlV. This is the Service-Driven regime which is characterizgdhe conditionN, < N;. In
these cases, even nearly optimal staffing and control salsitio not necessarily exhibit the decou-
pling between profit and service-levels observed in the Rfinre. Hence, it is a more challenging
regime to handle. Whenever the service and cross-selliag aze equal{, = y.s =: i), Theorem
3.1 shows that it is asymptotically optimal to ude for staffing andl" P with thresholdK' (N*)
for cross-selling, withV* and K (N*) chosen as in (13) and (14). Thus, when the service-rates
are equal, while the underlying dynamics are still complex,are able to derive a nearly optimal
solution. The example depicted in Figure 4 §,2) numerically illustrates the regime separation.

When the sufficient conditions of Theorem 3.1 do not hold thgpkcity of the TP based rule
still allows one to use a simple search-based proceduret¢éondime the threshold and the staffing
level. Indeed, focusing on a threshold control only, reduitee problem into a simple search
over these two parameters, where for each @sirk’) performance measures may be obtained by
computing the steady-state distribution or via simulatid#hile the result is not provably optimal
we will show numerically that it performs extremely well. diesigning the search procedure, we
use the following observations: First, it suffices to coesistaffing levels that satisfiy > Nj.
Second, from Theorem 3.1, we know that it suffices to consthdfing levelsN such thatV <
R+ \p/u.s. Indeed, by definition we have thal, < R + \p/u.s and we know thatV, is nearly
optimal if (22) holds. Finally, Theorem 3.1 shows that foaneptimality it suffices to consider
threshold value& € [— N, [AW]]. Hence, the search procedure we propose is as follows:

1. SetN = N;. SetV0 = —(C(N1) — C(R)).
2. WhileN < [R+ A\p/fies|:

(@) SetK = [AW]
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(b) while K > —N:
i. EvaluateE[W] andu.s(E[Z] — R) (by simulation or by solving the balance equa-
tions).
i. If E[W]<W:
A If rus(ElZ] — R) — C(N) — C(R) > Viaw, SEIN* = N and K (N*) = K.
B. SetN = N + 1 and go to back to 2.
ii. If E[W] > W, setk = K — 1 and go back to (b).

To summarize, we provide the following implementation prggion:

i. If (23) holds, then use N, ] for staffing and us€’P[K] for cross-selling, with anyx’ €
[0, [AW].

ii. If cross-selling is faster, on average, than service & u;) and (24) holds, then ugeVs |
for staffing and usé& P|[K] for cross-selling, with" = 0

iii. If (24) does not hold butu; = pu.s, use N* and K (N*) as determined by (13) and (14),
respectively.

iv. In all other cases, perform the search procedure above.

Of course, relying on the search procedure in the cases iohvithe conditions of Theorem
3.1 do not hold, has no performance guarantees. The remadhdleis section is dedicated to
a detailed numerical study of the performance of our propda®e-parameter search procedure.
Particularly, we demonstrate that our scheme performsmdly well, even when it is n@rovably
nearly-optimal.

5.2 Performance Evaluation

This section is divided to two parts. First, we analyze thégemance of the TP rule for different
(but fixed) staffing levels. This part can be regarded asnigalith the problem of finding optimal
cross-selling policies for given staffing levels. In the@®t part we address the joint staffing-
and-control problem and, in the process, provide numesiggport for the distinction between the
Profit Driven and the Service Driven regimes. In both partsampare the resulting performance
against that of the optimal solutions (among all stationaoyk-conserving FCFS policies) as
found via the explicit solution of the associated MDP witlaege enough buffer sizé.

3In each example we increased the buffer size until the poirgre/the effect on the profits was negligible. We
found that a buffer size df00 was sufficient for most examples.
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Performance of TP for given staffing levels: Here we compare the value obtained through the
solution of the original optimization problem via MDP vesdihe performance obtained using TP.
We show that TP performs well beyond the scope covered byuficient conditions and that it
exhibits good performance also in relatively small callteesr We experiment with two different
call centers. The first, with an offered load Bf= 30, representing a relatively small call center.
The second, with an offered load &f= 100, representing a medium-size call center. We assume
that the service-level constraint is given bByiV| < 0.1/us which, in a setting with a mean service
time of 5 minutes, corresponds to an upper bound of 30 seaumtise average waiting time. We
fix us = 1 throughout but allow for different ratios of.,/ 5, ranging from0.1 to 10 where the
extreme cases.; = 0.1 andu., = 10 represent very slow cross-selling and very fast cros#gell
respectively. In all the experimentss assumed to be 1, so that the expected cross-selling revenu
is essentially equal to the cross-selling rate. We williaiy assume also that = 1 but later
(Figure 3) we consider values pf< 1.

We use equation (11) to findl;, the least number of servers that is required to satisfyghece
level in the absence of any cross-selling activity. We firat ff, = 34 for R = 30, andN; = 106
for R = 100. We then vary the staffing levely, in steps of4 in the range{ N, ..., Ny + 40}.
The range of staffing levels that we examine is large enougbyer both operating regimes and a
wide range of optimal thresholds — that are both negativewiiéhe SD regime (see below) and
positive when the staffing levels are sufficiently greatanthv;.

The experiments then proceed as follows: for each valug,@&ndN we find the revenue under
TP and the revenue obtained from the optimal solution of ti¥M-or the former, givep,., and
N, we fix the policy to be TP but vary the threshold, using two methods: a) using our search
procedure described #5.1 (note that this search is limited 16 € [-N, [AW]]) , and b) by an
exhaustive search to find the threshold that maximizes thentee among all possible thresholds.
For each combination gf.,, NV and K, the revenue and the queue length are calculated by solving
the balance equations of the Continuous Time Markov ChaliMC), S(t) := {Zx(t), Y (t)}.

The results are displayed in Figures 1 and 2Ro+ 30 and R = 100, respectively. In each of
these figures, the left-hand graph focuses on slow croBeesél. € {0.1,0.2,...,1}) while the
right-hand graph focuses on fast cross-sellimg € {2, ...,10}). In all graphs there is a separate
curve associated with each staffing level — the staffing lievdisplayed above the relevant curves.
For each value of staffing level, we have three lines. Theaddthe corresponds to the revenue
obtained when using TP and searching for the threshold inteeval [~ N, [AW]]. Whenever
relevant, all values to the right of the marker (a trianglejrespond to values of cross-selling
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rate u.s, such that the staffing levé¥ satisfies:N > R + A\p/pu.s. In particular, those particular
staffing levels are never recommended by our scheme. Tlelswicorresponds to the revenue
when using TP with the best threshold. Finally, the dashexldorresponds to the optimal revenue
obtained from the MDP.

Performance of TP as function of Performance of TP as function of
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Figure 1. Performance of the TP rule for a small-medium catiter 2 = 30)

Performance of TP as function of p Performance of TP as function of p,

Cross-Selling Rate

Figure 2: Performance of the TP rule for a medium-large aiter R = 100)

For almost all of the combinations of parameters examinee,sblid and the dashed lines
agree almost completely—the gaps are less tan(mostly, significantly less). The only case
where there is a visible gap is the curve in Figure 1 that spoads to fast cross-selling (the right-
hand graph) and to the staffing lev€l= N; = 34. When the size of the call center increases (as
in R = 100) this gap virtually disappears. The gap between these tves Jiand the dotted line is
more significant. However, this gap is particularly notdblestaffing values that are greater than
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R+ \p/u.s —these are staffing values that our scheme does not recomusieigd This underlines
the importance of jointly solving for the staffing and cohfpooblems. If staffing is determined
according to our proposed rule, threshold values may beatest to the interval— N, [AIW]]. If
staffing levels are beyond the recommended range a fulllseaear all possible threshold values
is needed.

The case ofR = 100 also serves to emphasize another important point. In tledattion
we mention that using a threshold on the queue length is a @omirauristic, i.e, cross-selling is
exercised upon service completion only when the numberltgrean thequeueis below a certain
threshold. Examining the optimal thresholds generatedHigrexample through our numerical
analysis reveals the need to use thresholds onuah#er of idle agentsin some cases (as allowed
by TP by settingk’ < 0), rather than on the number of customers in queue. Focusinigeocase
R =100 andp.s = 1/3, the optimal thresholds for the different staffing levels given in Table
1 which shows that, for all staffing levels)6 — 122, the optimal threshold is negative. Intuitively,
it is optimal to have a threshold on the number of idle agetisnever the waiting time constraint
will otherwise be violated. In particular, if staffing levislsufficiently low, one has to reserve idle
agents for future arriving calls, in order to satisfy fedgib

Staffing | 106 | 110| 114 | 118 | 122 | 126 | 130| 136 | 142
Threshold| -20 | -10 | -6 -3 -1 1 2 3 4

Table 1: Threshold values fdt = 100

We next examine the performance of TP as a function of théidmaof cross-selling candidates
p. We show that TP performs well also fpr< 1. For this experiment we focus on the smaller call
center withR = 30. We also fixu.s = 0.5 and, as before = 1. We then vary the staffing levels in
{N;=34,...,70} andp € {0.1,...,1}. Figure 3 has, for each staffing level, a curve that displays
the revenues from cross-selling as a functiop ahder both TP and the optimal solution from the
MDP.

In all the cases we have analyzed above the performance affEfarkably good. The results
of these experiments support the claim that TP exhibits gmwtbrmance in great generality for
large as well as moderate size call centers and beyond the sogered by the sufficient conditions
of Theorem 3.1. In the above experiments we have considemgeaous staffing levels. We now
turn to consider the joint staffing and control problem wittoeus on regime selection.
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Performance of TP as function of p

Cross-Selling Rate
5

Figure 3: Performance of the TP rule as a functiop R = 30)

Staffing optimization and regime selection: We now provide a numerical example that illus-
trates the staffing selection procedure and relate it toegeme choice—Profit Driven vs. Service
Driven. Consider the setting = 30, s = 1 andp,. = 1/3, p = 1 andr = 1. We initially
assume that the cost function is linear, i.e, t0&fV) = C' x N. In this case, the optimization
problem (21) has a simple solution (as a function of the cosfficientC): If C' > ru., = 1/3
thenN, = R = 30. If C' < ru.s, thenNy = R+ Ap/u.s = 120. We calculateV; as defined in
(11) to find thatN;, = 34. Hence, ifC' < ru.s we haveN, — R >> N; — R and Theorem 3.1
asserts that the system is in the Profit Driven regime andhieadsymptotically optimal staffing
level would beN3. If C' > r/u.,, Wwe expect the system to be operating in the Service Driven
regime. We now perform a numerical experiment to illustth&estrength of this regime character-
ization result. First, for each value 6f we find the optimal staffing by solving the MDP for each
staffing level and choosing the optimal one. The series tleathtain corresponds to the solid-line
series in Figure 4. In addition, for each valug’ofve find the optimal staffing and threshold levels
assuming a threshold policy, and performing a full seardmtbthe best threshold value and the
corresponding optimal staffing level. The results are dedim the dashed line in Figure 4. The
vertical line represents the critical valae= 1/3.

We make the following two observations with respect to Fegdir First, it shows that the TP
based staffing works extremely well for various cost figuresparticular, the staffing that we
obtain by using TP and a search for staffing is close to thergbtone that we obtain from the
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Figure 4: Optimal number servers as a function of the peresestaffing cost

MDP*. Second, we see that there is, indeed, a very sharp tranitim the Profit Driven regime to
the Service Driven regime whetiapproaches/3, as predicted by our theory. The same theorem
also predicts that in the regia@n < 1/3 the staffing levelV, = 120 should benearlyoptimal (note
that the graph proposes staffing levels in the rafgge130)). In Figure 5 we plot the profit (as a
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Figure 5: Comparison of Asym. Opt. staffing vs. optimal staffior C' < 1/3

function of the coefficien€) when fixing the staffing level at20 for all C' < 1/3 (with threshold
control obtained by fully searching for the best threshatlg) versus the profit obtained when

4The maximal deviation in the graph is 4 servers, obtaindueatalue ofC' = 0.31. Atthe same time the difference
in profits is less than 3%.
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using the optimal staffing level for each value@f(with control as determined by the MDP). As
can be seen, these profits are close, so that using 120 sexsgnoposed by our scheme for the
PD regime, results in a nearly optimal solution. Moreoveereif one does not search for the best
threshold value, but uses an arbitrary valuegkof [0, [AWW]], the performance with 120 servers
is still close to optimal. This can be seen as the dotted haédorresponds to the expected profit
when using 120 servers and a fixed threshigle- 2 < \IW = 3.
We now provide a numerical illustration of this point usihg setting with? = 30 and .., =

1/3. We assume a piecewise linear cost function with 3 breakipoB8pecifically, we assume that

1 X x <40,
Cla) = ¢1 X 40 + ¢ X (z — 40) 40 <z <60
) 1 x40+ ¢y X 20 + 3 X (z — 60) 60 < x < 80

1 X404 o x 20+ ¢3 X 20+ 3 X (x —80) 2 > 80
The convexity is imposed by assuming that< ¢, < ¢3 < ¢4.

We now examine different scenarios for values:of: = 1,...,4, and compare the optimal
profit (obtained through the MDP and a staffing-level seaven$us the one obtained using the
asymptotically optimal staffing obtained from the solutior§7) (denoted byV,) together with TP
(the optimal threshold is found through search). In all et scenarios we assume that 1/3.
The four staffing-cost functions that we consider are degdiat Figure 6 and their parameters and
resulting profits appear in Table 2. We note that one of thenrddiierences between the various
parameter choices in Table 2, is that the switching poinmbfeomarginal cost that is less tha3
to one that is greater than'3 is obtained at a different value. The implication of havirifedent
switching points is thatV, from (21) obtains a different value for each cost functiohisTallows
us to compare the performance of our solution procedureifi@rent staffing levels. The staffing
and profit comparisons in Table 2 illustrate that in the PDmegstaffing usingV, with TP for
cross-selling control results in performance that is ctogbe optimal one.

1 Co c3 ¢y | Optimal Staffing| N, | Optimal Profit| Profit for N,
(@) | 0.25] 0.25| 0.25] 0.25 118 120 6.0835 6.0544
(b)) 0.25| 0.3 | 0.3 | 04 80 80 2.0581 2.0581
(c)] 0.25| 0.3 | 0.4 | 0.55 60 60 1.4425 1.4425
(d)| 0.25| 0.4 | 0.55]| 0.55 40 40 0.3812 0.3812

Table 2. Staffing comparison with piecewise linear cost
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Four piecewise-linear cost functions

Cost

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150
# Servers

-]

Figure 6: The piecewise linear functions

5.3 The Square Root Safety Staffing Rule in a Cross-Selling Emonment

In pure service call centers, in which no cross-sellingvatats are performed, a common rule of
thumb for staffing is th&quare Root Safety staffig§RSS) rule. Specifically, witl® defined as
before, SRSS suggests usiNg= R + vV/R, for somey > 0. SRSS was theoretically supported
by Halfin and Whitt [18], Borst et. al. [8], Armony [4], Guriicet. al. [15], and others.

Our analysis in the current paper suggests that a direceimgrtation of SRSS in a cross-
selling environment may be far from optimal. In particulae have shown that under certain
conditions the safety staffing\( — R) is orders of magnitude greater thgfR. Specifically, we
have shown that if it is deterministically optimal (refexgito (21)) to cross-sell to a fractigif > 0
of the customers, a staffing level of the form

*A s
/ — R+ R (25)
/’LCS ,LLCS

N=R+

is asymptotically optimal.

A direct implementation of SRSS is, hence, inappropriate aross-selling environment. If,
however, we define a different notion of offered lo&tl,:= R + % that takes into account the
optimal amount of cross selling, then we have that it is agptigally optimal to useNV = R’
agents. The asymptotically optimal staffing could then Igarged as a special case of SRSS with
the coefficient of the square-root term being equal.tolhis observation underscores a crucial
difference between the SRSS rule for a pure service calecemtd the one we propose for the
cross-selling call center. While the square-root termitgcat to ensure short delays in pure service
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systems, it would be of little importance in cross-selliygtems where the capacity dedicated
to cross-selling is significant, i.e, in the profit drivenirag. In particular, in the cross-selling

system one may ignore the square root component, since thieeséevel is easily guaranteed

by fine tuning the amount of cross-selling (and the waitingeli by adjusting the threshold level

associated with the TP control.

How do these simple observations relate to call center ipesttin practice, call center man-
agers might regard the observed handling times as corgsistia single phase and ignore the fact
that the observed handling times are not only often compofeb phases but are actually highly
dependent on the cross-selling control used. In partichigher handling times will be observed
when the control leads to increased cross-selling. Basiagtaffing decision on a naive estimate
of the handling times might then lead to inappropriate stgffevels. Interestingly, if a call center
is already cross-selling to its optimal fractigh, its naive estimate of the mean handling time will
be Mi + /f— In particular, the estimate of the offered load will &é = ;% + %, so that using
SRSS will most likely perform rather well under a reasonaiaetrol rule. If, on the other hand,
the call-center starts by operating away from its optimadtion of cross-sold customers, this frac-
tion will remain sub-optimal regardless of the control uséadeed, assume that the call center
usesN = R’ + v/ R’ agents withR’ now equal toR + f\ /., for somef # f*. Then, since an
appropriately chosen square-root term is sufficient to @utae service level satisfaction, the call
center will - under any reasonable policy (and in particulader TP) - cross-sell very close to its
maximum capability which is given by.,(N — R) = A\f + O(v/R'). The new estimate of the av-
erage service time (which is obtained by averaging overualiamers) will then bg}; + Mi +o(1).
Consequently, the call center will continue to perform siplimally. Observe that while thg1)
component in the service time might have some effect on staffis cumulative effect will only
become significant in the very long-run.

6. Conclusions and Future Research

The practice of cross-selling in call centers is becomireyalent and many organizations recog-
nize its revenue potential. Yet, operational aspects afzeelling have so far attracted little at-
tention in the literature. In particular, very few papersligss the control problem of determining
when to exercise cross-selling opportunities, and (to &gt df our knowledge) this work (together
with [14]) is the first to address the staffing problem of deti@ing how many customer service
representatives are needed. Those papers that have déahevcontrol problem all illustrate that
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solving this problem is difficult, which could indeed be tleason why no simple solutions have
been proposed so far. In this paper we have tackled the josbigm of determining staffing and
control by using an asymptotic approach, in which we lookefstaffing level and a control which
might not be optimal for each particular problem instancg,they areasymptoticallyoptimal in
the sense that they perform extremely well, in the limit,teesdrrival rate grows large.

Our approach has allowed us to not only refine the commonlg Useeshold Priority (TP)
control rule, but to also propose a corresponding staffihg. riunder a set of assumptions on
system parameters, the staffing and control rules are asyicglly optimal in the limit as the
system size grows large. We have also shown numerically,ttiey perform well in various
settings for systems with relatively small arrival rate.

A naive approach would be to determine the staffing level igigothe existence of cross-
selling, taking into account only staffing costs, servioeeleeonstraints and service time. This
approach can lead to far from optimal solutions. To properdnage cross-selling, one should take
into account the value of cross-selling and the associatddianal handling time when making
staffing and control decisions. The simple structure of alut®n allows managers to easily
incorporate this data in addition to pre-specified serlésel targets into the staffing and control
decision.

This more comprehensive approach towards staffing and aaofticall centers with cross-
selling can prevent service-level degradation when tanshg a pure-service call-center into one
that combines service and cross-selling activities. Weslgdnown that call-centers with valuable
cross-selling have the capability to provide very shorttimgitimes and, at the same time, obtain
revenues that are close to the optimal revenues obtainbd aisence of waiting-time constraints.

Many questions remain unanswered with respect to the apeahiaspects of cross-selling in
call centers. Particularly, it is unclear how the custormexperience prior to the cross-selling of-
fering affects their tendency to a) listen to the offer anghimchase the product. Clearly, though,
if customers’ experience has a significant effect on theseténwdencies, then one must take this
dependence into account when determining the staffing anttado Empirical and experimen-
tal research can be helpful in determining how callers digtv@spond to cross-selling offerings
depending on factors such as their delay, service time aadalbuality of service. Another in-
teresting question is how to utilize the customer identityew determining whether to exercise a
cross-selling opportunity and what products to attempetb €\ follow-up paper [14] addresses
some of these questions by studying the effect of custonterdgeneity on operational and eco-
nomic controls emphasizing the impact of the firm’s abilitycustomize its decisions based on
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individual customer characteristics.

Table of Main Notation

A

s
/’LCS
R =\ s

arrival rate

service rate

cross-selling rate

offered load

number of servers

fraction of callers who are cross-selling candidates
expected revenue from cross-selling

control policy

number of servers providing service

number of servers performing cross-selling

total number of busy servers

total number of idle servers

queue length

total number of customers in the system

virtual waiting time

upper bound on the expected wait

long run proportion of customers that go through crossrsglli
staffing cost function

threshold priority policy with threshold levél
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