Technical Appendix for:

When Promotions Meet Operations:
Cross-Selling and Its Effect on Call-Center Performance

In this technical appendix we provide proofs for the varicemults stated in the manuscript titled:
“When promotions meet operations: Cross-selling and fesebn call-center performance”.

We begin the technical appendix with a formal constructibnhe sample paths under the
TP[K] control.

A. Sample-path construction

The sample path construction follows a strong approximadijeproach (see for example [7] and
[8]). LetN;(-),i =1,...,11, be independent unit rate Poisson processes. Then, uredEPHH |
control, one can write the system dynamics through theviatlg equations:

QN+ Z2(t) = QN0) + Z7(0) + Na(t) — N, (1), (A1)
Zy(t) = Z3(0) = Np,(t)

t
+ Ligrsoy [/\G (pus / A (“)1{0<Q*(U)SKA}du)
0
t
+ N; (pus / Zf\(“)l{Q*(uFO}du)}
0

t
+ 1{KA<O}N8 (p,us/ Zl)\(u)l{y/\(u)_N/\SKA}du) . (A2)
0

Here, we use a time change of the procedégs) andN;(-) to construct service completions with
cross-selling candidates that are followed by actual esefisng. These two processes are used if
the threshold is non-negative. In this case, a service agtioplis followed by a cross-selling offer
whenever the queue is equaltor when it is greater thahbut smaller than the threshold. We use
N3(+) similarly for the cases in which the threshold is negativethis case, a service completion
is followed by a cross-selling offer if the number of idle sens is less thad*. The processes
Na(t), Np, (t) andNp, () will be defined shortly.



Also, we have that

ZM) = 20+ M (A b 1{zﬁ<u>+zs<u><w}d“>
+ N (Mcsfo Z3 () L@ >o}d“>

— Ly [N (P fy 2201w du) + N (1= plis fy 22 ()L gra=oydu)|

= luosaN7 (pﬂs Jo 22 1{0<Qk(u)<w}du)

- 1{K*<0}/\/’8 (p,us fo 1{YA( )— NASKA}CZU)

— lyocn [Ng (pus fO W)L orcyr ) NA<O}du) + Nio ( P)tts Jo Z3 () 1gor) O}du>]

Here, in addition to the previous processes, we use a tinregehaf\; (-) to construct the arrivals
that occur when some servers are idle. Both proce&§¢s and Ny, (-) are used to construct
service completions with customers that are not crosgigathndidates when the queue is empty.
Ns(-) is used for non-negative thresholds axig(-) is used for negative ones. The procAss-)
is used to construct service completions with cross-getlandidates when the queue is empty (for
negative threshold), and, finally, the proceéés-) is used to construct cross-selling completions
when the queue is positive. Note that the event epochs, ichithere is a service completion that
is followed by admission of a customer to service, are notetemtlabove as these transitions keep
7} unchanged.

We construct the aggregate-arrival process,(t), and the process of cross-selling comple-
tions, N'p, (1), as follows:

t t
Na(t) = M <A /0 1{Z?<u>+zs<u><zvk}du) + N> <A /0 1{Zﬁ<u>+29<u>zm}du)-

t t
NDQ(t) = N3 </~Lcs/; Zz)\(u)l{QA(u)A>0}dU) +/\[4 (,ucs/O Z ( )1{QA O}du)

Here, we useV,(-) to construct arrivals when all servers are busy AAd) to construct cross-



selling completions when the queue is empty. Finally, weshav

t
Np,(t) = 1{}020}/\[5 (pﬂs/ Zl( )1{@ o}du)

+ 1{[@20}/\[6( Z3(u)1gr ) o}du)

+ lgosgNs (pus /O Z3 ()1 {0<@ >ASKA}dU)

+ LigrcopNs (pus/() ZM(u) Lyag)— NA<KA}dU)

+ liorcopNo (pﬂs ; W) LAy (u)— NA<0}dU)

T Lgoreo Mo (( P)iis /0 22 (W) Lior O}du)

+ Ny ( /0 tj\(u)du), (A3)

where the rate function(¢) is set to satisfy that the sum of the instantaneous rates! dfil
processes in (A3) equals Z;\(t) at timet.

This construction follows by noting that all input and outjpuocesses in the system can be
generated through thinning of Poisson processes. By Lemnia §7], there exists a probability
space(), F, P), afiltration{F; };>o and an 11-dimensional Brownian Moti@®, (-), ..., Bi1(-))
such that the random variable

E; == sup Nilt) —t — Bi(t)

, A4
0 log(2Vt) (A%)

has a moment generating function in a neighborhood of thggroand in particular, there exist
constants;, ¢, andI’, such that, foralf = 1,...,11, and allz > 0,

P{& >T + a2} < cre” ™. (A5)
We let€ .= 311 &

As we consider only cases in whict < R + :—p the value of the time change at timé
each of the equations (A1)-(A3) is boundedddy for some positive constant



We now use (A4) to express the dynamics as follows:

QNt) = QM0)+ Z)0) + At — ps /O ZNw)du — ZN(t) + M} o(t)
+ O(log(2V cAt)), (A6)

t t
Z() = 20)— s / 2 (u)du + py, / Zu)du
t
— / ZM) Ly wroogdu + M2, (1) + O(log(2V eAt)), (A7)
0

and

t

t
2Nt = Zf(o)‘F)\/O 1{Z§(u)+zg(u)<zv%}du—us/0 Z3 (u) Liga (uy—oydu
t
- pMs/ Z3(u) Loy wy—nr < s
0

t
T Hes / Zg\(u)l{QA(ubo}du + M}l (t) + O(log(2 V cAt)) (A8)
0

Here,M? ,(-), M7 (-) and M3, (-) are sums of time changed Brownian motions. For example, if
Zz,Q A Z

<)\/ 1{ZA +Z>‘() Nx}du)

0

+ <:ucs/ Z 1{Q/\(u >0}du)
0

K*>0,

M, () =

t
p,us u)1gox ) O}du) — Bg <(1—p)us/ ZM () 1goa) O}du)
0

+ By <p,us/ Z1( )1{0<w(u)—NA§Kk}dU>7
0

whereB;(-),i € {1,3,5,6, 7}, are standard Brnownian motions.
Using the Brownian motion strong law of large numbers (seblem 2.9.3. in [6]) and the
boundcAt on the time change values, we have that, uniformly on congetst

M3 o(t) My, (t) My (1)
( o ZA — )H(O,O,O),&SA—M)O. (A9)
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Put

t
Tf‘(t) = PUs fo l{yx(u) NA>KA}dU T;‘(t = )\fo 1{ZA(U +ZA(U)<NA}dU,
Mt) = s fy Z2 (W) Lior w0y du, T(t) = pres Jy Z3(w)Ligrys0pdu,

Tg(t) ‘= Pl fo Z(u) Loy w)—na<xryd,

and re-write (A6)-(A8) as follows:

QW) = QO+ 2O+ [ 2= 70+ M)

+ O(log(2 Vo eAt)), (Al10)
Z0) = Z30) = s [ B+ [ 22— T200) + 38,0

+ 0(1og(2 v eA)), (A11)
AW = 2O+ B0 - [ Rt BEO 10 - B0

+ My (t)+0(2V log(co)\t)). (A12)

Notational conventions and organization of the appendix. Under aI’ P[K] policy, the process
(EMt), t > 0) defined by
ENt) = (1), Z2(1), Z1(1)),

is a Markov process. We denoteas the state-space @f\(¢) and use the notatiopfor a general
elementinX. For a givert € X we letq(¢), 22(£) andz;(£) be its corresponding coordinates. We
useP:{-} = P:{-|2X0) = ¢} and E¢[-] := E¢[|2*(0) = &]. If v* is the steady-state distribution
of ZX(¢)!, we let P,»{-} be the probability with respect to an initial condition thedistributed
according tov*. E,.[-] is the corresponding expectation. Finally, fore R, we letz~ :=
max{0, —z} andz™ := max{0, z}.

The rest of this appendix is organized as follows. Each ok#wtions B, C, D is dedicated to
the proof of Theorem 3.1 under one of the conditions 1, 2 amdshectively.SE is dedicated to
the proofs of the results i§¢¥ of the main paper. The proofs of some auxiliary results elegated
to §F. Finally, §G provides some numerical examples that were omitted fidrof the paper for
space considerations.

YIn Lemma F.1 we prove the existence of a steady-state ditisibunderT’ P[K | assumingV>* > \/ ;.



B. Asymptotic optimality under Condition 1

Asymptotic optimality under Condition 1 is proved in Cosoly B.1. The main step is the following
theorem.

Theorem B.1 Consider a sequence of systems such that: (a)theystem used* = R + 3R +
vV R + o(+/\) agents for someé < 3 < ZL and, (b) the\ system us€eg P[K*| for control with
a non-negative sequené&*} -, that satisfiess* /v/R — o > 0 as\ — oc. Then,

E[(Q — K*)']
— 0as\ — oo, Al13
VR > (AL3)
and n
B\l
MR — 0as\ — . (A14)

The main challenge in proving Theorem B.1 arises from thadamn the steady-state behavior

rather than on the behavior on compact intervals. Most ok#ution is dedicated to the proof of

this result. We first use Theorem B.1 to prove the asymptdgticrality result for this section:

Corollary B.1 Suppose that Assumptions 3.1 and 3.2 hold. If, in addit\gh~ R > N — R,
then the following is asymptotically optimal in the sensPefinition 3.2:

o Staffing: Staff with/V' agents.

e Control: UseT P[K*| with K* € [0, [AW]].

Proof: By Little’s law:

B _ BIQY _ K+ BI(Q — K]

=< d A15
wA AWA — AWA (A15)
Equation (A13) now implies that
E[W?
li — <1 Al6
imsup == < 1 (A16)

and in particular thal’ P[K*] is asymptotically feasible.



To establish optimality, recall thdt[Z;| = Ny — E[Z}| — E[I*]. Since, by Little’s lawE[Z}] =
A ps = R, (A14) implies that

NcsE[ZQ)\]

—— = _ —~las\ — 0. (A17)
,ch(NQA - R)

For each), ru.( N3 — R) — (C*(N3') — C*(R)) constitutes an upper bound for the (centered) opti-
mal value of the cross-selling problem givenB§(\) := sup,. iy yez, V* (7, N); see formulation
(6) and the discussion below it as well as Definition 3.2.

Equation (A17) now implies that the upper bound is asyme#tliy achieved since, then,

ries E[Z3] — (CH(NG) — CH(R))
rhes(Ng' = R) — (CMN3) — CA(R))

— las\ — oo.

Here we used the fact that, for three sequengeg, {v*} and {¢*} such thata® — oo and
a*/b* — 1as\ — oo, we also have thau* + ¢*)/(b* + ) — 1 as\ — .

Hence, the sequence of palf&Vy', T P[K*])} asymptotically achieves the upper bound and
is, in particular, asymptotically optimal. |

We proceed now to prove Theorem B.1. We prove the theoremaisteps. Proposition B.1 covers
(A13) and Corollary B.2 covers (Al14).

Proposition B.1 Under the conditions of Theorem B.1,

Bl(Q* — K*)*]
VA

— 0as\ — oo. (A18)

We first provide an informal outline of the proof:

1. A constrained Lyapunov function argument: We start by examining the behavior of the
Markov proces$=*(¢), ¢ > 0) initialized, at time0, within the set

Hs

Ad = {ge)c: <zl(g)—i>_ ge)\}. (A19)



We will show that, if=*(0) € A* and@*(0) > M for some constant/ > 0 large enough,
then the proces&Q*(¢),t > 0), decreases at a certain rate. In other words, we require a
negative drift condition, reminiscent of the standard é¢tads used in Lyapunov function
arguments; see e.g. [3]. In contrast to the standard reqgaimge which is imposed on all

¢ € X, we impose this requirement only fére .A>. Hence the ternConstrained Lyapunov
function.

The (constrained) negative drift condition will allow usdbtain bounds on the stationary
gueue length. This bound will depend, however, on the benhafithe queue length when
the proces&*(t) is not inside the set(.

2. Bounding the behavior outside of.A»: We will bound the behavior of the queue length
outside of the setd? by: (a) showing that the stationary distribution is, in asgrconcen-
trated inA? for all \ large enough—see Lemma B.2, and (b) establishing a fluie $caind
on the stationary queue length—see Lemma B.3. This fluice dmalind is weaker than the
diffusion-scale one in (A13), but together with step (a) ailow us to bound the stationary
queue length on states that are notih

Proof of Proposition B.1: We prove the result fokk* = 0. The proof is extended to arbitrary
K* > 0 by replacing@*(-) everywhere wit{Q*(-) — K*)*.

We first establish bounds on the behavior of the queue lersgtiimaing thaE*(0) € A} with
A as in (A19). Fix constant®, T’ > 0, assume thap*(0) > 20 and define the random tirhe

A —int{t > 0: QM) < QN0) — 30/2} A %

Define the set

Q(6,\NT,0) := {w €Q:11- max sup B;(cAt) + &Elog(2 V eAt) — At < @} . (A20)
i=1,...,11 0<t<T

We will be using the sef2*(-, -, -, -) in various proofs in this appendix and set the parameters

5, A\, T, © according to the need of the specific proof. In any of theses;ase will choose the

parameters in a way that will guarantee that the set of sapaphes that we consider has sufficiently

°Note thatr” is a random time but not necessarily a stopping time. Ourraegus are sample-path arguments so
that whether or not* is a stopping time is immaterial for our proofs.



large probability; see Lemma F.2. In the current proof inigportant that we usé/ \ instead of T.
That is we focus on a small time interval and characterizéo#tevior of the queue length there.
To that end, plugging equation (A8) into equation (A6), asihg the fact thaf; (t) = N* — Z\(¢)
wheneveiQ*(t) > 0, we have that of* (5, \, T/\, 0/2)

tATA tATA
QMNtATY) < QMO)HFNEATN) —pus / ZMNu)du—fies / N*—ZMu)du+oMt+6/2. (A21)
0 0

The following lemma provides a handle on the procgsé&) that, in turn, allows us to charac-
terize the behavior af*(¢).

Lemma B.1 Suppose the conditions of Theorem B.1 hold and fix 0 small enough. Assume
that=*(0) € A2. Then, for alle > 0, there exist\’(¢) (independent of the initial conditions) such
that, for allw € Q*(6, A, T/\,©/2),

sup <Z{\(t) - i) i < 2e), (A22)

forall A > \%(e).

Using Lemma B.1 we have that 6t (5, A\, T'//\, ©/2) and for allt < 72,

A= w220~ paZ) = 1 (220 = 1) = (B0 = L)~ e (B2 - Z00))

(A23)

whereﬁ = us N\ jes- HENce,
QMt AT < QMN0) + <5>\ 4 fs€N — Hﬂﬁ)\) tATY)+0/2. (A24)
Letn := —(use + 96 — Hﬁ), chooses and small enough so thaf > 0 and lett* := 20/n.

Ms
Then, as™ is the first time that)*(¢) goes below*(0) — 30 /2 we must have that* < t*/\ on

Q*(6,\, T/, ©/2).
The arguments that lead to equation (A24) can be modifiedaw shat, orn2* (6, A, 7'/ X, ©/2)
the queue will remain beloW*(0) — © after it reache€)*(0) — 30/2 for the first time. That is,
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thatQ*(t) < Q*(0) — © forall t*/)\ <t < T/\. In particular, or2*(5, A\, T/\, ©/2),

Q2" /N —q(§)* _ (9(6) = ©)* —4(§)”

sup sup

< <0, (A25)
€A 1q(£)>20 q(§) £e M iq(£)>20 q(§)

whereA? is as in (A19). Since A (t) < Q*(0) + A*(¢t), itis also the case that

(@ (1)) = (Q1(0))* < 2Q(0)AMN) + (AN (1))?, (A26)
so that, removing the condition that A?, we have that

sup E[Q(2t*/))?] — q(€)°
4()>20 q(¢)

< —O+2E [(© + 2A%2" /A) + (AM2t"/A)?) Lios sanz/ne/2)¢] -
(A27)

In Lemma F.2 we show that {(Q*(6, A, T/\, 0/2))¢} < csec6(©/2-1)/log(2vel) for some positive

constants;; andcs and all\ large enough. We note thati2A*(2t*/\) + (A*(2t*/\)?] < ¢; for

some constant; and all\. Then, applying the Cauchy-Schwartz inequality, and r@esing©

large enough, we have that

E[@ (2t /N)? —q(&)? _ ©

sup < ——. (A28)
geANiq(£)>20 q(§) 2

The crude inequality (A26) also guarantees that

sup  E[QY2t"/0)? = q(€)?] < e, (A29)
geAR:q(6)<20
wherec;y := 4Kcg + ¢9 for some constants, ¢g that are independent of and© so that some
simple manipulations lead to

o€~ EfQ @ /) =

o(€) —cu+ (e = Sal0) ~ BIQ2r /N~ (67) e ¢ 4,
(A30)

wherec;; = ©2 + ¢;o. By definition of stationarity we have that [Q*(0)?] = E,[Q*(2t*/)\)?]

10



wherer” is the steady-state distribution of the procéss(t), ¢ > 0), and in particular,

0= [ _ (€7 - Eel@er /37) M)
gezr

When applied to (A30), this yields

B0 < 20043 (B0 [ (5010 - e+ Bop @2 /07 - 07 11220 ¢ 4]

© ©6
(A31)
To establish a bound ofi,»[Q*(0)] we need to provide bounds féf[Q*(0)1{=*(0) ¢ A}}]
which appears on the right hand side of (A31). The followiwg temmas provide us with the
necessary tools.

Lemma B.2 Under the conditions of Proposition B.1, there exists- 0 such that
P {EX0) ¢ A} < czemca? osBVexD), (A32)

for all \ large enough.

Lemma B.3 Under the conditions of Theorem B.1

lim sup £, {(Qk(o))m} < 00,
A—00 A

for any integerm > 1.

The proof of these lemmas are postpone@Rcand we now use them to complete the proof of
the proposition. To that end, Using Lemmas B.2 and B.3 tagetith the Cauchy-Schwartz
inequality, yields

limsup E,» [(Q*(0))™1{¢ ¢ AX}] = 0. (A33)

A—00

Applying (A33) and (A26) to (A31) we then have that, [Q*(0)] < ci2, for some constant;,
and all\ large enough and, in particular, that

B, [Q0)]

limsup ————= = 0.

A—00 \/X

This concludes the proof of Proposition B.1. [ |
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With the proof of Proposition B.1, we have established thst part of Theorem B.1—equation
(A13). We turn now to prove (A14). First, we show that the nemd idle servers does not exceed
the negative part of the threshold. It applies to both casesO andjg > 0 and will be used also
in the proofs inkC and§D.

Theorem B.2 Consider a sequence of systems such that: (a)theystem used* = R + 3R +
VR + o(vV/A) agents for some < 3 < P=, max(/3,v) > 0 and, (b) the\" system useE P[K*]
for a sequencé K*},~, that satisfied{* /v/R — o € (—o0, 00) as\ — oco. Then,

E[((N* = 2%) — [K*]7) ")

MR — 0as\ — . (A34)

Corollary B.2 below is a special case of Theorem B.2. Indeader the conditions of Theorem
B.1 we have3 > 0 andK* > 0 for all A so that K*|~ = 0. Corollary B.2 proves (A14) and hence
completes the proof of Theorem B.1.

Corollary B.2 Under the assumptions of Theorem B.1,

E[I]
N*—R

— 0as\ — . (A35)

Proof of Theorem B.2: Here we prove the theorem only for the case 0. The cased = 0 is
more involved and is proved &F.

We initialize the\* system with=*(0) distributed according to its stationary distributioh
The procesg=*(t), t > 0) is then stationary. We will show that there exists- 0 such that
E[IM#)]/X — 0asA — oo. Since, by stationaritys, . [I*(t)] = E,[1*(0)] for all t > 0, this
will imply that E,,[I*(0)]/X — 0 asA — oco. Finally, since we assumed that> 0 we have
that NV — R > ¢\ for somec > 0 and all\ large enough. Consequently, we will conclude that
E[1*0)]/(N* = R) — 0 as\ — oo.

We now gradually fill-in the gaps in the above argument. Fiwgt need some characterization
of the fluid-level behavior of the system. Below, the proesds\(¢),i = 1,...,5 are as defined
in §A.
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Lemma B.4 (fluid Limits) Consider a finite interval0, 7'] and suppose that

A A A
(Q )fO)’ Z; )EO)’ Z A<o>) = (Q(0), Z:(0), Z:(0))

AX T A
is tight in D[0, T'] and every subsequen¢a®} .-, contains a further subsequence that converges

Then, under the assumptions of Theorem B.1, the seqt( A : 240). 0. T0 ; _ ..., 5)

in probability to some limit uniformly on compact sets. Mmrer, any such limit process

(Q(t)vzl(t)a ZZ(t); z(t)vl = 17 . 75) )

satisfies the following equations:

20+ Q) = Q)+ Z(0) +1 / 12 (w)du, (A36)
ZZ(t) = Z2(0) = Hes 2(u)du +plu“s/0 Zl)\(u)du - Tl (t)7 (A37)

Zi(t) = Z1(0) + Tu(t) — Ms/o Zy(u)du + Ts(t) + Ty(t) — Ts(t), (A38)

Ti(t)lgus0y = pHsZi(t), (A39)
To(t)lzszmcrisy = 1L, (A40)
T3(t)1{Q(t)>0} = wsZi (1), (A41)
T4(t)1{Q(t)>O} = fesZo(t), (A42)
[5(D10ms0p = O (A43)

Lemma B.5 Fix e > 0 and assumé < (§ < ZL Let

(Q(t)vzl(t)a ZZ(t); z(t)vl = 17 .- 75) )

be a non-negative process that satisfies equaidBs)-(A43). Then, there existS(¢) (independent
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of Z1(0) and Z,(0) ), such that, for alk > t°(¢),

2 - = <e (A44)
Hs
Moreover, there exists > t°(¢), such that
_ 1 _ _
1) = :B 7t~ Zu(t) < e, (A45)

forall ¢t > t*.

Lemmas B.4 and B.5 are proved k. We now use them to complete the proof of Theorem
B.2 under the assumption that > 0. To this end, initialize the\'" system according to its
stationary distribution. Then, using Proposition B.1 anel fact thatZ} + 73 < N* < \/u, +

Ap/ pes, We have that the sequence of steady-state random varigles,, Z1' /X, Z3/)) is tight
and every limit point is of the fornf0, Z(0), Z»(0)). By Lemma B.4, the sequence of processes
(QME)/A, Z2(t)/ X, Z3(t)/ ) s tight and every limit pointQ(t), Z:(t), Z»(t)) satisfies equations
(A36)-(A43). We can thus apply Lemma B.5 to conclude thetexrise oft* such that/(t) < e,

for all ¢t > t*. Since this holds for every limit point, we have that

lirAn_) Sup P, {[ AA(t) > 26} =0. (A46)
Sincel* (t) < N* < M/ usAp/ e we have that

< 3, (A4T)
for all ¢t > t*. Finally, sinceE, . [I1*(t)] = E,[1*(0)], for all t > 0, we have that

< 3e. (A48)
Sincee was arbitrary, this concludes the proof of the theorem feragase3 > 0. The cases = 0

is proved ingF. [ |
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C. Asymptotic optimality under Condition 2

The asymptotic optimality result for this section is statethe following theorem.

Theorem C.1 Suppose that Assumptions 3.1 and 3.2 hold. Also, assume_ thatu,, and

N} — R
lim inf _2/\ > 1.
A—00 {— R

Then, the following is asymptotically optimal in the sensBPefinition 3.2:
e Staffing: Staff with V' agents.
e Control: UseT P|0].

Proof: Proposition C.1 below guarantees the asymptotic featsilofi pairs (N;', TP[0]). The
asymptotic optimality argument is exactly the same as iptbef of Corollary B.1 using Theorem
B.2. |

Proposition C.1 Assume.., > . Consider a sequence of systems such that: (a\theystem
usesI P[0] for control, and (b) the\’ system used’* agents so that

A

lim inf = > 1.
N*—R

A—00 {—

Then, [ A]
E\W
li _ < 1.
PP =

Proof: Recall thathst S(N) is the steady-state waiting time in ad/) /N system with ser-
vice rate) and service ratg@,. Also, letWW* be the steady-state waiting time undepP[0] for a

cross-selling system withV agents, arrival rate, service rate:, and cross-selling rate.,. The

following is a straightforward result.

Lemma C.1 Fix . AssumeV* > R. If u., > p, andTP[0] is used then,

E[WMW* > 0] < E[ngFS(N)\ngFS(N) > 0] = (A49)

Nps — A
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We continue with the proof of the proposition. Fix a sequenfcgtaffing levels{ N* , A > 0} with

A

lim inf = > 1.
Then, by Lemma C.1,
E[WNW? > 0] 1
_ < = ) A50
WX = WANN g — ) (A%0)
By the definition of N}, lim sup, ... 1/(W*(N}us — ) < 1. Hence,
, E[WA WA > 0] 1 WA(NM s — M)
1 - <l — = <1 A51
P WA s lmsup o S W ) S D)
Noting thatE[W*] < E[W*W?* > 0], the proof is complete |
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D. Asymptotic optimality under Condition 3

Our optimality results under Condition 3 are closely radate the results of Gans and Zhou [4].
While [4] considers a system that is essentially differeatf the cross-selling system, we prove
that in this asymptotic regime the two systems are, in someesesquivalent. Specifically, we
prove that the optimal solution in [4] constitutes an uppeurd on the expected profit for the
cross-selling model and that this upper bound is asymtibtiachieved under the appropriate
staffing and control.

To simplify the presentation of the results in which we uss éisymptotic equivalence, we give
first a brief description of the model considered in [4]: Gdes a call center with two types of
jobs: Type-H and Type-L. Type-H jobs arrive at ratg, are processed at ratg; and served FCFS
within their class. A constraint of the forda[I¥’] < W limits the expected delay that these jobs
may face. An infinite backlog of type-L jobs awaits procegsahrateu;. A pool of homogeneous
servers process all jobs, and a system controller tries tomize the rate at which type-L jobs
are processed, subject to the service-level constrainthitype-H jobs. Given a fixed number
of agents, the problem of finding the optimal control is folated as a constrained average-cost
Markov Decision Process (MDP) and the structure of effectivuting policies is determined.
When gy = pp, the suggested policies are globally optimal and have a sienple threshold
structure. We refer to this model as the G&Z model.

To create a basis for comparison of the two models (Crods§ek. G&Z) one may consider
cross-selling transactions against processing of typebk pnd service transactions against pro-
cessing of type-H jobs. Clearly, the dynamics of the two nimdee different. In the cross-selling
system, rather than having an infinite backlog of crossrggtjobs”, these become available only
upon a completion of a service “job”, and if they are not pssesl right away they disappear.
Hence, the processing rate of type-L jobs in the G&Z modektitutes arupper boundon the
cross-selling rate in the cross-selling model. We provefitiimally in Lemma D.1.

These differences also illustrate the relative technicahglexity of the cross-selling model.
While in the G&Z model there is an infinite backlog of type-lbg the availability of cross-selling
“jobs” is tightly related to the number of customers in thevgee phase in our model. The technical
implication of this difference, is that any description bétsystem dynamics of the cross-selling
system must be at least two-dimensional, regardless ofhehgt = 1., or not. Our asymptotic
analysis, however, allows us to reduce the dimensionalitiie@ problem whenevet, = ., and
prove that, undet’ P, the upper bound, as given by the G&Z model, is asymptoticahieved.
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The following is an adaptation of Definition 7 from [4].

Definition D.1 Fix X\. A randomized threshold reservation policy with threshald and prob-
ability p* acts as follows at each event epoch in which there are no ltypalls waiting to be

served:

1. Atype-H customer will enter service immediately uporvatrif there are any idle agents.
2. Upon service completion (of either a type-L or a type-Hjob

o If there are| K| or fewer idle agents, the policy does nothing.

e If there are|K*| + 1 or more idle agents, then with probability — p* the policy
puts enough type-L jobs into service so that exadly| agents are idle, and with
probability p* the policy puts enough type-L jobs into service so that éxakt| — 1
agents are idle.

Note that, if one removes the randomization components fl@rabove definition, the threshold
reservation policy in the G&Z model can be thought of as thectRtrol adapted to the G&Z
model. Denote bWA(NA,p*) the randomized threshold policy of G&Z with threshdld de-
termined through (A52) and with a randomization probapitit. The following is a version of
the optimality result of [4] for the case, = ... We only cite the parts of the Theorem that are

relevant for our results.

Theorem D.1 (Theorem 1 - Gans and Zhou:Lonsider a G&Z model with arrival rate, service

ratesuy = pu, = jis = fes, N> agents and average delay bourid. Then, either
1. the problem is infeasible, or

2. A randomized threshold reservation policy with a thrédhig* < 0 and probabilityp* is
optimal, for some* < [0, 1].

Moreover, the optimal thresholf* is chosen so that

K*(N*) = max {k: € [-N*,0] &(N) < WA} : (A52)

N g — N —

Here&,(N*) = P{Z{CFS(N?) = N Z{(FS(N?) > N* + k} and Z{ (7 (N?) is the steady-
state number of busy servers in afy M/ /N* system with arrival rate\ and service rateu,.
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Given two random variableX andY, we use the notatiotX >, Y to denote that a random
variable X is stochastically greater than. Let C'S™(¢) be the cumulative cross-selling comple-
tions up to timef when the controfr is used. Also, lef’ ™ (t) be the cumulative completion of
type-L jobs up to time in the G&Z model when the contrat is used. LettingZ»™ be the steady-
state number of busy agents in the G&Z model under the contrele have that the steady-state
throughput rate of type-L jobs equals,(E[Z*™]— R). This is a consequence of a straightforward
application of Little’s law as ir§2 of the main paper.

Lemma D.1 Fix \, s, ttes, N and W, Let T, be the optimal control in the G&Z system with
g = ps anduy, = ues. Then, for any policyr € TI( V) we have that

THToe=(t) >, CS™(t), VYt >0. (A53)
In particular, if 7 € TI(/NV) admits a steady-state distribution for the cross-sellipgstem, then

MCS(E[ZAJ] - R) < MCS(E[ZAJT;&Z] - R) (A54)

Proof: Note that this lemma does not require that= u.s. The result follows a sample path
coupling argument that is independent of the specific vabfes,, i..s and A\. We will show
that under our sample path construction the inequality JAfs#8ds a.s. This, in turn, implies the
stochastic ordering in (A53).

We construct the coupled sample paths as follows: fix a comsaomple path of arrivals,
service times and cross-selling times for both systems.ciigaly, let {¢,}2°,, {s,}>>,, and
{en}22, be, respectively, the sequence of arrival times, servioegiand potential cross-selling
times (that is, if cross-selling is exercised on customdris cross-selling time will be,)). Then,
our sample path construction uses the same sequeiges{s, } and{c,} for both systems.

For simplicity of notation label the cross-selling systeynlband the G&Z system by 2. Fix a
scheduling policyr, for system 1 and use the same scheduling policy for systerhi2.ig clearly
possible because whenever system 1 can schedule a custarnesg-sell system 2 can schedule a
type-L job to service. It is now straightforward to show byirction on the event epochs (arrival,

or service completion of any type) that both systems willhexactly the same sample paths, and
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we would have that pathwise
THy, (t) = CSx (1), Vt > 0, (A55)

and
Mcs(E[Z)\Jrl] - R) = Ncs(E[Z)\Jrl] - R) (A56)

Since we fixed the scheduling policy for system 1 we have, itiqudar, that

fes(E[ZVTo%:] — R) > sup  pes(B[ZM™] = R),
™ €T(N)
for any policyr; that admits a steady-state distribution for the crossrhgeflystem. [ |
For future reference |6t (N*) = 7. (E[Z™9¢:] — R) — (CN(N*) — C*(R)), so that// (N*)
is the optimal throughput rate in the G&Z model witi* agents. Now, le{ N* |\ > 0} be a
sequence witliv* > N} for all A and such that

N - R
VR

— 4 >0as\ — oo. (A57)

The existence of such a sequence is guaranteed sing8,df\j2], we have that

N}~ R
VR

— 7, (A58)

for somey > 0. LetY**" be the steady-state overall number of customers in a G&28systith

N* agents and using the contrWA(N*,p*). Also, letY” be the steady-state overall number
of customers in a cross-selling system with agents and usin@ P[K*] with K* determined
through (A52). Accordingly, we leZ* and Z* be the number of busy agents in the above two
systems. Define the scaled variables

YA — NA
NA— R~

YA N

p QR S
N* - R

, andX? = (A59)
For the following result, leD := D|0, o) be the space right continuous processes with left limits
endowed with the/; Skorohod topology. We say that a sequence of proces¥es = z(-) in
D_ if the convergence holds iP[s, T] for each0 < s < T < oco. We letY* " (t),¢t > 0 be the

process representing the overall number of customers in 2 §&tem withV* agents and using
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the controlﬁA(N*,p*). Also, let(Y*(t),t > 0) be the process representing the overall number
of customers in a cross-selling system with agents and usin@ P[K*] with K* determined
through (A52). Define the scaled processes

YN — N

YAt) — N*
N*—R '

N (A60)

XM () ,and X A\(t) =
Proposition D.1 below is the main component in the proof gihgstotic optimality of our
proposed solution under Condition 2. The proposition shibzsthe G&Z system operated under
their optimal threshold reservation policy is asymptdtjcaquivalent to the cross-selling system
operated with the TP rule. Since we established that the G&alighput serves as an upper bound
for the cross-selling rate, the asymptotic equivalencealdw us to prove that the upper bound is

achieved.

Proposition D.1 (Diffusion Limits: ) Suppose tha{N*, X > 0} is a sequence that satisfies
(A57). If, in addition,

XM (0) = X(0), and X*(0) = X(0) asA — oo, (A61)
then,
XM ()= X(-) in D_as\ — oo, (A62)
and
XAy = X(-) inD_as\ — oo, (A63)

Here, X (-) is a diffusion process with infinitesimal drift function

— 0B, z >0
m(z) = Bu (A64)

_(/B_‘_x)l’l/s? -0 <z <0
and infinitesimal variance term? = 2y, andé := §(%, W) is the limit from Lemma D.3.

We prove proposition D.1 at the end of this section and prbt@&ards the proof of asymptotic
optimality. Since our profits are measured in terms of stesddie performance we first have the
following corollary by which the convergence on compactmals can be extended to convergence
of the corresponding steady-state variables.
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Corollary D.1 Assume thati, = u., and that{ N*, X\ > 0} is a sequence that satisfie&57).
Then, for any* € [0, 1],
XM = X, as\ — oo, (A65)

and
X*= X, as\ — oo, (A66)

where X has the steady-state distribution of the diffusion procgss in Proposition D.1. Fur-
thermore, the convergence (A66) also holds in expectation.

The proof of Corollary D.1 is given iffF. Note that undef’ P(N*,0) (i.e. when setting* = 0),
the steady-state number of busy agents in the G&Z systemoteiivy 2| Z*|, satisfies

E[Z* = E[Z{{"°(N*) | Z§, gsFS(N*) > N* + K7, (A67)

Asbs

Since the limit in Corollary D.1 is independent of the precigluep*, the fact thatZ* = N* —
(Y2P" — N~ implies that

E[Z{FS(N*Y) = R ZLFS(N*Y) > N + K = (B[ZY] - R
N>~ R

) — 0as\ — oo, (A68)

provided that the sequence of staffing levelé* , A > 0} satisfies (A57). This observation is
formalized in the following Corollary.

Corollary D.2 Assumeu, = u., and consider a sequence of cross-selling systems suchathat (
the \'* system use&* agents with{ N, \ > 0} satisfying equatioA57), and (b) the\’ system
usesT P[K**] for control with K** determined through equatid52). Then,

E[W?

li = <1 AG9
msup == < 1 (A69)

and
VA(NA,TP[KA])

73 — 1, as\ — oo. (A70)

The following lemma will help us to translate the result ofr@tary D.2 to the more general
asymptotic optimality result that we need.
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Lemma D.2 Assumeu, = ., in addition to Assumptions 3.1 and 3.2. L&t and K** be
determined througlil3) and(14) and assume thét sup,_, . (N3 — R)/(N} — R) < 1. Then,

N*)\ o
lim inf N R > 0, (A71)
A—00 \/E
and
*A R
lim sup —— < oo. A72
I Sup 7R (A72)

Lemma D.2 then shows that the sequence of staffing recommiensia’** given by (13) sat-
isfies that the sequen¢&™* — R)/v/R is bounded. Consequently, it has convergent subsequences.
We can then apply Corollary D.2 to any convergent subseaquierghow thaf” P[ K **| will outper-
form asymptotically any other routing rule over this suhsagce. This reasoning can be applied to
any convergent subsequence to conclude the asymptotioalti of (N**, T P[K**]), as stated
in the following corollary which concludes the proof of agytotic optimality for this section.

Corollary D.3 Assume that, = u., in addition to Assumptions 3.1 and 3.2. Also, assume that

A
lim sup Ny — R

= < 1.
A—00 Nl)\_R

Then, the following is asymptotically optimal for the cresdling system in the sense of Definition
3.2:

e Staffing: Staff withN** agents wheréV** is given by equation&l 3) and (14).

e Control: UseT P[K*(N**)] where K*(N**) is given by equation (14).
We end this section with the proof of the diffusion-limitsudt.

Proof of Proposition D.1: We begin with the sequence of proces§&s'(-) }. We will first prove
the convergence of a certain Birth and Death (B&D) process. WM then show, via coupling,
that this B&D process is asymptotically equivalentxa(-). This will allow us to apply the

convergence together theorem to conclude the convergér{ce’s.)}.
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To this end, consider the B&D process with birth rates rates= ) for all i, wherei is the
number of customers in the system, and

(N 4+ KX+ i), 1<i<—-K*—1
=19 N*us i> K> : (A73)

0 otherwise

where one should recall thaf* is negative in this setting. We denote this proces§By:) and
_ YA(_H_KA

g We now have the following lemma

define its scaled version b’}i%)

Lemma D.3 Assume that,, = p.,, N* satisfies (A57) and(* is defined through (A52). Then,

there exists a functiodi(-, -) such that for all(~, W),

A
% — (9, W) < o0 asi — oc. (A74)

Lemma D.3is proved ifF. We apply it now in the proof of the proposition. To this emmitjalizing
the A" B&D process at stat&*(0) vV (—K*) and using the convergence &F /v/R in Lemma
D.3, the sequenc&*(-), converges weakly t& (-) with the diffusion parameters given in equation
(A64); see for example [8]. To complete the proof we will shibsat for all'T” > 0

d"(X*, XM Lo, asa — oo, (A75)

whered” (-, ) = supy,r [| X*(t) — X*(t)||. The convergence dfX*(-)} will then follow from
the convergence together theorem (see e.g. Theorem 11[40p
In order to evaluaté” (X*, X*), we use a coupling argument and deduce that

S < sp 1220 = (P + ]

(A76)
0<t<T N — R

In Remark F.1 we show that the right-hand side above consedme in probability. Hence, to
complete the proof, it only remains to provide the couplinguanent between the cross-selling
system and the B&D process that we constructed.
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To this end, fixA (and omit it from the notation). Initialize the cross-sedjisystem with all
agents busy and no customer in queue and we initialize the B&bess with— K customers in
system. We generate arrivals from the same Poisson provésgenerate the departures from
the same Poisson process with thinning. ¥e(t) be the value of the state depend@iif//1
process at time. YA(¢), as before, is the number of customers in the cross-selisigs at time
t. We prove by induction that

N

e Y(t)>Y(t) — (N + K), forallt > 0.
o V(1) — (Y(t) = (N + K)) < supge,[Z(t) — (N + K)]~, forallt > 0

By our initial conditions the assumption holds at the firgpakture from the system. Assume
that it holds for the first, — 1 departures and consider th#, let the time of this departure lsg.
By our inductive assumption thé” departure will be a departure in both systemﬁ’( n—) =
Y (t,—) — (N + K) while preserving the ordering. It will be a departure in tHg)//1 system,
and not in the cross-selling system, onlyift,—) > 0 andY (t,—) > Y (t,—) — (N + K) thus
preserving the ordering. It will be a departure in the creslting system and not in th&/ /M /1
queue only ifo = Y'(t,—) > Y (t,—) — (N + K) again preserving the ordering. Also, whenever
Y(t,—) > Y(t,—) — (N + K) > 0 the difference between the two processes cannot increase,
since every departure will necessarily be a departure inVflié//1 system. The difference can
only increase whet = Y (t,—) > Y (t,—)— (N+K), in which casé’ (t,,)— (Y (t,)— (N+K)) =
Y(t,)— N+ K|~ =[Z(t,) — N+ K|, where the last equality follows from the factt) = Z(t)
whenevery'(t) < N. Thus, the second part of the inductive assumption is predeiNote that the
result would still hold as long &g (0) = (Y(0) — (N — K))*.

The proof for the sequenc&**"(-) is much simpler. It is trivial to show through a cou-
pling argument that, for any* € [0, 1], one can construct the sample path of the processes
XA0(), XAPT () XM, so that

XM@) < XMP(t) < XM(t), vt > 0.

Note that forp* = 0 the overall number of customers in the G&Z system has ex#utgame law
as the state dependeit/ ) /1 defined through equation (A73) above. fpor= 1 the same holds
with K* replaced withK* + 1. But, by [8] the scaled versions of these twf/M /1 systems will
have the same limiX (-). The proof is completed by applying the convergence togetiemrem.
|
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E. Proofs for g4

E.1 Proofof Lemma4.1

The argument is straightforward and we only provide a skefdhe proof. For any policyr €
IT1(N') we construct the corresponding sample paths as follows:aNergte arrivals from a Poisson
stream. In addition, we generate an infinite sequence ofcgetimes{s,},~; and cross-selling
times {¢;};>1. When constructing the sample paths, the sergiceill be assigned to the"
customer to begin service and the cross-selling tinwvéll be assigned to thé" customer to begin
cross-selling. Under this construction the procgsgt), Y (¢)) is invariant to the order in which
customers are admitted from the queue. In particatawhich is obtained fromr by admitting
customers to service in a FCFS manner induces the same spatpleinder this construction.
This invariance guarantees (through Little’s Law) thatrifs feasible so will ber’. Moreover,
both controls will admit the same cross-selling rate sileesteady-state number of customers in
cross-sellingZ,, has the same distribution probability law under botiind . [ |

E.2 Proof of Lemma4.2

We use a coupling argument to prove this assertion. Consigecross-selling systems with the
same number of agentd, in both systems. Let system 1 be the system that uses tloy padind
system 2 be the system that usés The latter is the work conserving system. We assume that
both systems are initialized empty and we{lgt,~, and{s;},>1 and{c;},>1 be, respectively, the
sequences of arrival times, service times and cross-g¢iiires in system 1. Specifically, customer

1 arrives at time; and requires a service time gf If cross-selling is exercised at customiehe
cross-selling will require:; units of time. If cross-selling is not exercised on customee set

c; = 0.

We construct the sample path of system 2 from system 1 asvgllave use the same stream
of arrivals, services and cross-selling times. We crofigeseustomeri in system 2 if and only if
we cross-sell to him in system 1. To differ from system 1, upervice completion of customeér
if cross-selling is not exercised, a customer from the qwelide admitted to service (unless the
queue is empty). Let/, j = 1,2, be the time at which customébegins service in system(in
particular, the waiting time of customem systemy; is given byt; — b/).

Let @’ (t),j = 1,2, be the queue length at timien system;. Also, letCS’(t) be the number
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of customers that left systegnup to timet after cross-selling was exercised on them. In order to
prove that the assertion of the lemma holds it suffices to gheviollowing:

1. QY (t) > Q*(t), forallt > 0.
2. CSY(t) < OS%(t).

Indeed, ifQ(t) > Q?*(t), the assumed feasibility of system 1 will imply the feasthibf
system 2. Moreover, i€'S*(t) < CS?(t), then system 2 performs at least as well as system 1 in
terms of cross-selling rate. Since we exercise crossagadin customer in system 2 only if we
exercise cross-selling on this customer in system 1, itesfto prove that for afl > 1, ? < b}.
That is, in system 2 all the customers begin service earlier.

We will now proceed by induction on the customer number toverthat indeed’i > 1,

b? < b}. The conditions clearly holds for the first customer sincéhtgystems are initialized
empty. Assume the condition holds up to customer 1 and consider customer. Specifically
consider the following cases:

e If attimet, there are idle agents in system 2 the customer will be adirtitteervice imme-
diately upon arrival (in system 2) and the inductive assumnmpwill be kept.

e Otherwise, let us consider the tirie ; at which customen — 1 will begin service in system
2 (while he might still be waiting for service in system 1).t Iré be the remaining handling
time of custome# < n — 1 in system;j at timeb? _,. That s,

I S R (#77)

In particular, by our inductive assumptioh < !, Vi < n—1, and by work conservation and
the fact that customerhad to wait in queue, we have that< b2 | +min;<,, 1 {r?|r? > 0})
andb? = b2, + min;<,,_1{r?|r? > 0}. If we can show that for system#, > b | +
min;<,_1{r}|r} > 0}, then we are done.

To see that this indeed the case note that sifice b} for all i < n — 1 and since the
handling times are common for both system, we have that &jm, the overall number
of customers in system 1 is at least as large as the overab@&uofi customers in system 2.

Now, recall that we assumed that all agents are busy in sy&atdrtimet,,—, this implies that
onthe intervalb?_,,t,) all agents are busy (otherwise customevould not have to wait by

27



work conservation). Hence, at tindg_, the number of customers in system 2 (and then in
both systems) will be at leasf. For system 1 this implies that the number of idle agents at
time b2 _, is smaller than the queue length. FormallyZif(¢) is the number of busy agents
in system 1 at time, then we just argued that' (b ;) + Q'(b2_,) > N, and in particular
(B2 _,) < QY(¥2_,), wherel'(t) is the number of idle agents in system 1 at timelence,
even if at timeb? | system 1 admits all waiting customers to service, by therapsion that

t, < U2_; 4+ min<, 1 {rZ|r? > 0} < b2_, + min;<,_1{r}|r} > 0}, customem must find
either a non-empty queue or an empty queue but with all adeersig If he finds an empty
queue with all agents busy he will enter at tilde; + min;<,,_{r}|r} > 0}, otherwise he

will have to wait more. In any case we have that> b2 | + min;<,,_;{r}|r} > 0}.

E.3 Proof of Proposition 4.1

Since we fix\ we omit the superscript from the all the notation. k&t be any feasible policy for
the original cross-selling problem which exists by our asgtion thatN > N;. Definer’ to be

an adaptation of>° to a system where there is a limited number of trunk lidesThe adaptation
of 7° to the system with finite buffer is straightforward. Notetth& (i, j) defines what action to
take in an event epoch when the system is in stateThen, we taker” (i, j) = (i, j), Vi, j :

j < L,z < N. Also, from any feasible policy;”, in the finite buffer the system we can construct
a corresponding policy;?° for the infinite buffer system by setting° (i, j) = 0, Vi, 5 : j > L.

To establish the result of the proposition, it suffices tovshbat: (a) starting from a work
conserving policyr™, the sequence that we construct (which is also work conserving and
hence within the set of possible solutions for the LP), adgeasymptotically the same value, as
L — oo, and (b) that starting from a sequence of polidie$}, the sequence of adapted policies
for the infinite buffer system{=¢°}, achieves asymptotically the same value for the infinitédouf

system. Formally, we want to show that, given 0,
[V(N,7®) = V(N, L,7%)| < ¢, (A78)

and

[V(N,7°) = V(N, L,7")| <e, (A79)



for all L large enough. Herd/ (N, 7>) andf/(N, L, 1) are, respectively, the cross-selling rates
in the infinite and finite buffer systems, equipped with and~’, N agents and. trunk lines (in
the finite buffer system). Then, by definitidf*,»(N, L) = sup,. V(N, L,7%) andV*(N) =
sup,. f/(N, ), where the supremum is taken over feasible policies for sgstem. Recalling that
the cross-selling rate under any policyequalsu.,£[Z5 ], in order to prove (A78) it suffices to
show thatE[ 25| = limy .. E [Z?L};,”L} , WhereZZL;L is the steady-state number of agents busy
cross-selling in the finite buffer system withtrunk lines and using a contraf-.

We first fix a feasible policyr> for the infinite buffer system and prove (A78). Consider the
truncation of the resulting Markov chain to the subspacéefdomain in whicj < L}. Then,

the restricted Markov chain has the same law as the finitebsffstem withr’. Hence,
oo oL - e
Blz5) = B 237" | P{Y™ < L} + BZ5 Lyewsy) (A80)

The feasibility ofr> implies thatE[Q™] < AW. Using Markov’s inequality we have

P{Y™>L}=P{Q">L—-N}< LA_WN (A81)
Using the Cauchy-Schwartz inequality we have that
ElZ5 1gy=oopy) < VE(Z5)IP{Y™" > L}. (A82)
Since, by definitionZ7™ < N, we then have
E[Z] 1yrespy] — 0, @sL — oo. (A83)
Plugging (A81) and (A83) back into equation (A80) we havd tha
E[757] = lim E [ng] . (A84)
This completes the proof (A78). The proof of (A79) is very ganand is omitted. [ |
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F. Proofs of auxiliary results
For the following recall thaE* (t) := (Q*(t), Z3(t), Z}\(t)).

Lemma F.1 Fix A. Assume the system is staffed with> R agents and thal’ P| K] is used for
control with somek > —N. Then, the Markov proceg&*(t), t > 0) admits a steady-state
distribution. Consequently, TP is admissible in the sehat t

lim

t—o0

BlQMt) _ 0. (A85)

Proof: It is immediate to see that the chain is irreducible. Becadheeates are bounded we can
use uniformization and define a related Discrete Time Mafkbain (DTMC). Define the set

C={(i,maz{NVN+K}):0<i<N}

Let 7 be the first hitting time in the se&t. Accordingly, £, [7¢] is the expected hitting time given
that S(0) = z. C is a compact set and it is easy to prove that,cc E.[7¢] < Mo < oo (an
elaborate derivation of the boundl/, would be similar to the proof of Lemma 8 in [4] and we
omit the detailed argument). Stability is now establishgdpplying theorem 10.4.10 from [9].
Equation (A85) follows directly from stability. |

Lemma F.2 Let

Q (6, \T,0) := {w € Q:11- max sup Bi(cAt) + & log(2 V eAt) — dAt < @} :

i=1,..., 11 0<t<T

Then,

PLQ (6, \T,0))) < 11 (2cle—02<@—” bt

wherel’, ¢1, c; are as in(Ab).
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Proof: Fixi =1,...11. Note that

+ P{ sup B;(cAt) — It > %} (A86)

0<t<T

Now we treat each element on the right-hand side separ&n (A5) it now follows that

P {&-log(Q VeAT) > %} < ¢ye—2(§7T)/log(2veT),

The second element on the right hand side of (A86) is boungled%% by a well known result
for negative-drift Brownian motions; see e.g. Exercise33n [6]. [ |
The following auxiliary lemma is used later in the proofs @mhmas B.1 and B.2.

Lemma F.3 Consider a sequence of systems such that: (aj\theystem used’* = R + 3R +
7VR + o(v/A) agents for some < 3 < P=, max(/3,v) > 0 and, (b) the\" system useE P[K*]
for a sequencé K*} 5> that satisfiess* /v/ R — o € (—o0,00) asA — oo. Then, for alle > 0,
there exist’(¢), A\°(¢) (independent of the initial stat*(0)), such that,

A\ -
sup (Zf(t) — —) < €N, (A87)
t9(e)<t<T s

forall w € Q*(0,A,T,eA/8) and XA > X°(¢). Here,t°(¢) = 0 wheneve=*(0) € A},. Conse-
qguently,

e
P{ sup (Zf(t) — —) > EA} < cge”oaM 10g(2VerT) (A88)

t0(e)<t<T s

for two positive constants; andc, and, finally,

sup <Zf(t) — i) _] < 2. (A89)

31



Proof: We fixw € Q*(0, A\, T, ¢\). Assume thaZ}(0) < Hi — e). The other case is treated at the
end of this proof. Define

A= >0:2ZMt) > _ < .
T 1nf{t_0 Z3t) > N s 2)\}
Fixing an intervals, t) with t < 7* and such tha@*(u) = 0 for all u € [s, t) we have, by equation
(AB), that

ZN0) — Z)s) = At — ) — i (Mi - gx) (t = 5) = = mEA(E— 5) — O\

On the other hand for intervals, t) with ¢t < 7* andQ*(u) > K* v 0, for allu € [s,t), we have
by equation (A8) that

Z3(t) = Z3(5) > ftes / t(N* — Z1'(u))du — CA > ucsgw —5) =\,

and finally, on interval$s, t) with ¢+ < 7* and such thab < Q*(u) < K* for all u € [s,t), we

have by equation (A6) that

A €

ZMt) — ZM(s) = —(KMVO0) £ A(L— ) — (/7 - §A) ~OA2 (K VO) A~ 5) A

By assumptionK* /v/R — o € (—o0,00) asA — oco. In particular, there exists > 0 such that
K> < kv for all X large enough. For such valuesofve then have that

ZNEATY) 2 ZY0) 4+ o A pessA(EATY) = O (A90)
Choosing, = ¢/8 and sinceZ;'(0) > 0, we have that
A A € A €
ZMNENTT) Zus/\ucs§)\(t/\7 ) — é)\,
so that, by the definition of*,

(A91)

32



and this holds for allb € Q*(0, A\, T',e\/8). Define now

7 = sup {t > ZMt) > A %A} AT,
and
7 = inf {t > ZM1) < A e)\} AT.

S

We note that, of* (0, \, T, e\ /8), | Z(t) — Z1 (t)| < é\t+e)/8 for somer > 0. This follows from
(A8) and the definition 0f2*(0, \, T, eA/8). Hence,r”* > 7/* on Q*(0,\, T,e)\/8). Repeating
closely the arguments that lead to (A90) we have that

Z20) 2 Z(s5) + s A res At = ) — gA, (A92)

forall 7'* < s < ¢ < 7"*. There are now two cases to considerr'if = 7', thenZ}(t) > 2 —

e\/2, for all t > 7. If, on the other hand;* < T, then by (A92), we must have that*(t) = T
so thatZ{(t) > 2 — e forall t > 7. Consequently, we conclude that, On(0, A, T, €A/8),
Z3(t) > o+ —eAforall > 7. In particular, choosing

we have by (A91) that,
sup (Zf(t) — i) < e, (A93)

t0(e)<t<T s
on Q*(0,\, T, e)\/8). Using Lemma F.2 together with} < N* < \/u, 4+ \p/pies we also have
that

E < €N + chege”aeN log(2VerT) (A94)

A\ -
sup <Zf(t) — —)
10 (e)<t<T Hs

so that there exists large enough to guarantee that the above is smaller2iyan
Finally, the last statement of the lemma follows from thewabby noting that, i£*(0) € A}
thenr’* = 7* = 0 so thatZ}\(t) > \/u, — € forall t > 0. |

Proof of Lemma B.1: Lemma B.1 is obtained as a special case of Lemma F.3, andispkgi
the first part of this lemma, by assuming ti¥at > 0, replacinge/2 and assuming*(0) € A2 so
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thatty(¢) = 0. We note that in Lemma B.1 we focus 6¥i(J, A\, 7'/\, ©) while Lemma F.3 uses

Q*(0, A\, T,eA/8). The proof, however, remains practically unchanged wighréplacement of the

time horizon fromI" to 7'/ A and the replacement of the $&t(0, \, 7", e\ /8) with Q* (5, A, T/ A, ©).
|

Proof of Lemma B.2: Lemma B.2 is a direct consequence of Lemma F.3. Indeedglinéithe
A" system with its steady-state distributioh. Using Lemma F.3 we have that there exists 0
such that

s

P { (Zf‘(t) - i) > e)\} < 036_C4>\/10g(2\/6)\T).

By stationarity of* we have thaZZ*(0) 2 Z*(t) ~ v* for all t hence the result of the lemmall

Proof of Lemma B.3: The proof relies on two building blocks—the analysis of thewug dynamics
and the use of a Lyapunov function along the lines of [3]. éative simplicity is a consequence
of the fact that we are only interested here in fluid-scalealsigin. We provide only a sketch of the
proof.

Towards that end, using the equations for the evolution @fireue length (as in the proof of
Theorem B.1) as well as Lemma F.3, it is straightforward tatadish the existence ¢f > 0 and
strictly positive constants and~ such that

sup 5
£:q(§)>0A e~ x

for some constant > 0. Fix ®*(¢) = 1@/ for all ¢ € X*. Let

v o E@E)
oD = s =N

Then, using the fact th&@*(t) < Q*(0)+ A*¢) forallt > 0, it is straightforward thap*(¢!) < oo
for all A and, moreover, that

lim sup ¢* (t!) < oo.

A—00

It is in establishing this last bound that the restrictioflgad-level bounds simplifies things signif-
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icantly.
Applying now Theorem 5 of [3] we have for allthat

EA[@(EN0))] £ ——=

and by our definition ofo*(-) we have that

. Q*0)
limsup £ |[e » | < .

A—00

The result of the lemma now follows. [ |

Proof of Lemma B.4: We first establish the existence of fluid limits. To this enoterthat’’*(-)
are increasing continuous functions with(0) = 0 and fort > s

S RO g (A95)
i=1

for some constarit > 0. This follows directly from the fact that; (t) + Z3(t) < N* < X/, +
Ap/pes- Invoking the Arzela-Ascoli Theorem (see for example [fbiyether with (A9) we have
that the sequence

T Mie®) MM MY
LD WD WD WD W A

is C-Tight in the sense of Theorem 15.5 in [1]. From equati@i0)-(A12) it then follows that
the sequence

{ <TZ./\(t)7i 5 B0, 230 Q) Mgl M) Méﬁ)) s O}
\ PN WD S WD W

is C-Tight so that every subsequence contains a furtheegulesice that converges to some limit.
It is now straightforward to verify that every limit must &dy equations (A36)-(A38). Consider,
for example, equation (A39): Choose> 0 with Q(t) > 0. It is then possible to chooseg large

enough such that for al > )\, on the subsequena@;\(t)/\ > ¢ for somee > 0 (and this can be
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shown to also hold in some small neighborhood)oin particular for\ large enough and for any
s in some neighborhood af Q*(s) > K* (by the assumption oi*), so thatT}(¢) = ppu,Z (¢).
[

Proof of LemmaB.5: The argument is very simple. Assume that the statefigiit) — i]‘ <e
is violated at time), that isZ;(0) < 1/u,—e¢. By equation (A36), for every intervéd, ¢], on which
Q(u) = 0andZ;(u) < 1/us — e for u € [s,t], we have that

: (Q(t)d: LU Py (A%6)
or equivalently _ _
d Zy

(Q(t)d: (1)) > e, (A97)

Also, by equation (A38), on intervals, t] such that)(u) > 0 andZ, (u) < 1/u, — e foru € [s, ],

we have that B
dZ1 (u)

2 IUCSZ2(U)7 (A98)
du
and since we assumed thég(u) < 1/u, — €, Vu € [s,t], we have thatZy(u) > ﬂ + € on this
interval and _
D e (L 6], (A%9)
U s

Combining equations (A97) and (A99) we have that fortaH 0

PO 2 fenna (246, (A100)
dt [hs

for eachu with Z;(u) < 1/u, — e. In particular, if Z,(0) < 1/us — ¢, we have thab’(e) <
Zl(O)/(us(ﬁ + €) A pse), with Z1(£°(€)) > 1/, — e. Note that by this argume; is increasing
as long as it is below/ i, — ¢, implying that

Zu(t) > 1/ps — €, ¥t > (). (A101)
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Now, we claim that there exists a time> °(¢), such that't > ¢, Q(t) = 0. Indeed, assume that
attimet®(e), Q(t) > 0 and let

Then, for allt®(e) < t <,

WO — o~ Zy(t) = pesZa(t) = ps (Zl(t) - i>_ —Hs <Zl(t) B l>+

< € — fho-

whereji = us A pes. Choosings small enough, we have thél(t) < —n < 0 for somen > 0. In
particulart < Q(#°(¢))/n. Moreover, sincéf)(t) < 0forallt > #°(e), we also have thad(t) = 0
for all ¢t > ¢. We can now set = ¢. Now, since for alk > ¢, Q(t) = 0, we have by equation (A36)
that Z, (t) = 1 — psZ.(t) for all t > ¢ and it is straightforward to show the existence of a time
t°(e) > 1, such that for alt > t°(¢), [ Z1(t) — -] < e.

To prove the second part of the lemma, assume that at sometime°(¢), I(t) > 0. Then,

lettingt = inf{t > ¢, : I(t) = 0}, we have that of,, 7],

1(t) = X = . 20(8) = pesZa(t) + pusZa(2).
But since|Z,(t) — | < eforallt > 1°(¢), we also have that

- 1

](t) Z —Hs€ = Hes <£ + 6) +pu5 (,U_ - 6) . (A103)
Hence, choosing small enough, we have the existence;af 0, such thatl/(t) > n > 0, for all
t > to. In particular, there exists a time at which7(t) = 0. Moreover, by repeating a similar
argument starting at the first time afterin which 7(t) > ¢/2, we have that/(t) < ¢ for all
t>t". |
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Completing the proof of Theorem B.2. The theorem was proved for the case> 0 in §B. It
remains, to provide the proof for the case- 0. Note that, in this caséy* = R+ v R+ o(V/)),
so that we necessarily have that} — ﬁ)Jf < 7R + o(v/R). Consequently, the statement of
Lemma F.3 holds witliZ — )~ replaced with 2 — .
We will assume for the rest of the proof thigt = 0 but the more general case follows similarly
by replacing/*(-) with (1*(-) — [K*]7)* andI* with (I* — [K*]7)* throughout. The remainder
of the proof is similar to, but simpler than, the proof of Pesjtion B.1.
Fix © > 0, ¢ > 0 and assume that(e) in Lemma F.3 i9). We will later remove this last

assumption. Assume further th&t(0) > 26 and let
™ =inf{t > 0: I*(t) < I*(0) — ©}.

Using the identity/*(t) = N* — Z}\(t) — Z5(t) as well as equations (A11) and (A12), we have
that onQ*(0, A\, 7/, ©/2),

tATA tATA tATA

Rt [ Zdu—pn, [ Zw)dure2
’ ’ (A104)

with Q*(-, -, -, -) is as in (A20). From Lemma F.3 we have that,@n0, A\, T/\,0/2), |Z}(t) —

| < exforallt > 0. By definition Z3(t) < N* — Z}(t) for all ¢ > 0. In particular, on

Q0 (0,\,T/X, ©/2), we have from equation (A104) that

TMEATY) < TM0)=AEATN )+ /

TMEATY) < TN0) + (14 p)iase + peseN)(E ATY) — pA(EAT) + 02 (A105)

Letn := (1 + p)use + pese — p and choose small enough so that > 0. Let nowt* = 30/(2n).
Then, we must have that' < t*/\ on Q*(0,\,7/\,©/2). By similar considerations as in the
proof of Lemma F.3, we now have that for &l A <t < T/, I*(t) < I*(0) — ©. From here the
proof follows the proof of Proposition B.1 almost varbatintiwthe appropriate replacements of
Q* with I*. We point out, however, that an analogue of Lemma B.3 is roptired here. Indeed,

the fact that
™M™
limsup £ {(—) < 00,
A—o00 A
for any integenn follows trivially from the fact thatr* < N* < \/p, + Ap/ pies. [ |

The following Remark is used in the proof of Proposition D.1.
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Remark F.1 (Convergence of idleness on compact interval§ he argument that we used in the
proof of Theorem B.2 can to prove convergence of the stetatg-sariables, can be modified
(and simplified) to establish convergence over compactvate provided a proper convergence
is assumed at time. Specifically, we make the following claim: Assume that, dd#ion to the

conditions of Theorem B.2, we have that

I(0)
VA

= 1(0) as\ — .

Then, we have that
(IMt) = [KA7)F

VA

where the convergence is uniform on compact subs€is ob).

= (0 as\ — oo,

The proof of this claim is similar to that of Theorem B.2 and m®vide only a sketch.
As in that proof, we focus initially on a subset of the samgace. Specifically, we focus on
Q (6, )\, T, ev/X\/2), whereQ*(-, -, -, -) is as in (A20)). Using Lemma F.2, we have that

P {(Q*((S, AT, eﬁ/z))c} < e/2

for all A large enough. To establishing the convergence over conrgactals of(0, 77, it then suf-
fices to show that for every < s < T, there exists for alk large enough and € Q*(5, A, T, ev/\/2),

(M) — [K2)*
VA

sup
s<t<T

This is what we prove next. To that end, define the randomtitne inf{t > 0 : I*(¢) < €¢/2V/\}.
Following the arguments in the beginning of the proof of Tieso B.2, paralleling (A105), one
shows that o2* (5, \, T, ev/\/2),

AT < TN0) + (14 P)tsed + fiaseN)(EATY) — pAEA T) + M + gﬁ. (A106)

The convergence df(0)/+/\ allows us to choosg(e) and possibly so tha®{I1*(0) > n(e)VA} <
¢/2 for all X large enough. Let

Qe, 6,0, T) = {w € Q: IN0) > n(e)VA}[ |7 (6, A, T, eV'A/2).
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It is now straightforward to modify the argument in the probfTheorem B.2 to show that there
existst*(¢) such that/*(t) < ev/), for allw € Q(e, 6, A, T) and allt*(¢) /v/A < t < T. Conse-
guently,

P{ sup (1) = [KN)*T > ex/X} <,
0|

JVASEST

for all X\ large enough which, in turn, implies the desired convergens

Proof of Lemma C.1: Since we fixA we omit the superscript throughout the proof of the
Lemma. Recall the state descripteft) = {Z,(t), Y (¢)}. Consider the seft where all agents are
busy, that isA = {(i,j) : j > N, i > 0}. Let S4(¢) be the process one gets when restricting the
Markov chain to the setl (and in particulaQ(¢) = (Y4(t) — N)*). Since the new state space
is clearly irreducibleS(t) is a Markov chain. In particular, we will have thafQ|Y > N| =
E[Q*]. For the restricted Markov chain we can couple the queuethengh anM /M /1 queue
with service rateVy, as follows. LetQ?(t) be the queue length in thi& /A//1 queue. Initiate
Q4(0) = QB(0) = 1. Generate arrivals from the same Poisson process and diegsaftom the
same Poisson process with rate., + Npu., with thinning. Since we assumed that, > ., it

is straightforward to show by induction on the event epoehsv@als and departures), that for all

t>0,QB(t) > Q*(t). But we know thatF[Q”] = Nui-\—k’ which implies that

A

A

and the assertion of the lemma is now obtained by applyirttelstiaw. [ |

Proof of Lemma D.3. Recall the definition ofy and~y from (A57) and (A58). Then, our assump-
tion thatN* > N for all A implies thaty > . Let Y,/ “"*(N*) be the steady-state number of

customers in system in theé" M/ /M /N system and let

YAITEFS(NA) _ N)\
VR '

X{TP5(NY) =

Then, by [5] we have that
Xy P(NY) = xFers, (A107)
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where the convergence holds also in expectationaft” has a density function

;

A\ P(7+2)
fi(z) = (=l aer v =0 (A108)
a(d))e ), x>0,

\

m@(m)_
o(z) |
and cumulative distribution functions. In particular, &rz < 0 the cdf is given

1
where forz > 0, a(z) = [1 + , and¢(-) and®(-) are the standard normal distribution

(5 + 1)

r ()

() = (1 —a(9)) (A109)
and E[(XTCFS)+] = 20). By [2], v is such that' = \/zi;V. Also, by our assumption that
N* > N7 for all A we then have thal[( X 7CF5)*] < ,/ii;W and the inequality is strict whenever
A > .

We now turn to the actual proof of the lemma. Rop 0, define the functions

>

M) 2 €y (N, (A110)

whereh?(z) = h* (v N*) whenz > v/ N*. For any fixed\, h*(-) is a decreasing function. Also
by (A107) and (A109), we have that\(z) — h(z) 2 % as\ — oo. Since these are
non-increasing functions the convergence is locally unif;m z. Re-writing (A52), we have

K*= VN .min{z > M< VIV Al111
x>0 N _)\_W/ Ap, ( )
or
K* . \ L Ny — A

Assume first thaty > ~. Then, we can further boundin the following way. Sincei(x) is
continuous ine with h(x) — «a(%), asz — oo andh(x) — 1, asz — 0, we know that as long as
a(9)/(7) < VIW — /Hise for somee > 0, there exists such thati(z) < /iAW — \/ise.
In particular by the pointwise convergence of the sequéri¢e we have that for every large
enoughh?(7) < \/;TSWAV&. This, together with the monotonicity @f (), allow us to “localize”
equation (A112) so that

41



KA < Nu, — )\}
= -—min{0 <z <FhMNr) W x ——" 1. A113
v SEEELUCE ¥ A9
The locally uniform convergence &f\(-) together with the condition (A57) implies
K .
T i {0 <z <ilh(z) < ﬁW«/_us} . (A114)

h(z) is monotone decreasing inand continuous. Hence, using* = R + O(v/R), we have that

K A A o
so that,
5(5, W) = F;! (1 — o(d) ) . (A116)
YW /1

Recall that we assumed that> ~. We claim that (A115) still holds, however, whén= ~,
and in particular, since by the definition of a(4) = &VAV\/;TS, this would imply thatfj—% — —00.
Indeed, assume that= ~ and

A
liminf — = —§ > —o0.

A—00 \/ﬁ

Then, repeating our previous arguments (and using unifemergence ofD, 25]) we have that
WK VR) = € — h(d) > a(7), (A117)

where the last inequality follows from the definition/of). In particular,

fANf;@_ = - j/’i@y > 3/21)7 > W, (A118)

so that there exists large enough for which the average delay constraint is tedlacontradicting
the definition ofK*. [ |
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Proof of Lemma D.2. By §9 of [2], N} is such that

MR
VT

for somey > 0. In particular, (A71) follows from the fact that** > N} by definition. Assume,
to reach a contradiction, that there exists a subsequénseach that

N* Ak _ Rk
lim =

Jim = (A119)

Also, recall that in the statement of the lemma thatsup, .__(N; — R)/(N} — R) < 1. Hence,
we can choose a further subsequekiteso that( N2™ — R) /(N — R) < 1 for all [ large enough.
We fix such a subsequence.
Using Assumption 3.2 and the definition &% in (12) we also have that
N —R

lim sup —— < 0. A120
mSup 7R ( )

In particular, there exists so that, for all > I*, bothN**" > N} and(N}" — R) /(N —R) <
1. Using the definition ofV}*, we then have that

E[WFCFS(N*Akz)|ZFCFS(N*Akz) > N = E[WFCFS(N*Akz)|WFCFS(N*Akz) > 0] < V_VW,

AR g AFL g PR PUNTR
for all [ > I* and, consequently, thdt™ > 0 with K** as in (14) is the least threshold that

satisfies the service-level constraint. It is trivially trese thaE[Zf,ff:S(N*Akl)|Z§.?55(N*Akl) >
N = N\ s0 that we can replace (13) with

NN = arg max_ 7, (N — R) — CY'(N) — C*'(R), (A121)

N>N}M!

where we always pick the smallest maximizer. The convexityd' (-) and the definition ofV;"
imply that for alll, .,(N — R) — (C*"(N) — C*'(R)) is non-increasing oV, , o0). Recall
that(N;}" — R)/(N}" — R) < 1forall [ > I* and we must have thaf**"" = N} for all \ large
enough, implying that for all > [*. Equation (A120) now leads to a contradiction to (A119) and
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in particular to equation (A72).
[

Proof of Corollary D.1. Let X* andX**" be the steady-state variables defined in (A59). Having
Proposition D.1, the proof of Corollary D.1 requires onlyedishing that the sequencgs*, \ >

0} and{X*?", X\ > 0} are tight sequence of random variables. Once this tighisesgablished,
the convergence in the corollary follows from exactly thguenent in Corollary 2 of [5] which is
by now standard.

To establish tightness we will identify sequences of rand@mables{L*, X\ > 0} and
{U*, X > 0} such that, for each, L* <,, X* < U* and the same holds fox*?". We will
the show that the sequen¢é®, A > 0} and{U*, A > 0} are both tight, thus implying the
tightness off X*, A\ > 0} and{X*?", \ > 0}.

For the lower bound, we will le£* be the steady-state number of customers it/ /N
system (i.e. without cross-selling). The fact that thisigded a lower bound can be proved using
a straightforward coupling argument that is omitted. Fergpper bound, we will let/* be the
steady-state number of jobs in the state depentiefit/ /1 defined in the proof of Proposition D.1.
In that proof, this)\/ /M /1 was already proved to constitute an upper bound for bothagoe? (-
and X" (1),

The fact thaf{ L*, X\ > 0} converges follows directly from Theorem 1 in [5]. As fol/*, A >
0}. Note that the state dependeWit/M//1 queue is just a state space reduction of MheV/ /N
system from [5], and hence can also be shown to converge tigirgesults. Specifically, we have
that

UM L5 | Sh > N - K (A122)

whereS* is the steady-state number of customers in system in thesmonding\//M /N system,
so that by Theorem 1 in [5]
U= S |S>-0, (A123)

whereS is the steady-state distribution of the limit in Theorem I%}f The convergence of the
upper and lower bound sequence implies their tightnessiartdrn, that of{ X*, A\ > 0} and
{XAP7 X >0},

Having the tightness the proof of the corollary is conclubganimicking the argument in the
proof of Corollary 2 in [5]. We omit that argument. [ |
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Proof of Corollary D.3: By Lemma D.2 we can always choose a convergent subsequence of
N**. Assume first that the whole sequence converges. By Lemma®Have that

VAN, ) < rpes(E[ZY] = R) = (CH(N?) = CH(R)), (A124)

where,Z* is the steady-state number of busy agents in the G&Z modetalted byT P(N*, p*).
Moreover, since the limit oK **” is the same regardless of the valuetfwe can use the fact that
(A67) holds for theZ&~Z model to write:

VAN 1) < rpe(BIZESTS(NY) = R| ZESTS(NY) > N + K] - R) (A125)
— (CMN*) = CMR)) + o(N* — R),

where K is determined through equation (A52). In particular, by dieéinition of N**, we have
that

supyr o VAN 1Y) < peg(BIZESFS (N — R| ZESFS(N*) > N** + K*] — R)
+ CMN*) — CMR) + o(N* — R)).
(A126)
By Corollary D.1, equation (A68) and the second part of Asgtiom 3.1 we have now that

A N*)\ TP K)\
liminfv (  TPLE7)

m in YRy — 1, as\ — oo, (A127)

so that the upper bound is achieved. Together with equa&i6f)(this implies thatl’ P[K*] and
N** are an asymptotically optimal staffing and control pair.cBithese arguments can be repeated

. A
for every convergent subsequence the assumptloril’tbgﬁ converges can be removed. W

G. Numerical examples

Here, we augment the numerical study frebnof the paper. In the latter we examined the efficacy
of our prescription of implementation of Section 5.1, butised on cases i. and iv. of that
prescription (i. is the PD regime under Condition 1 of Theoi21, while iv. is the case where
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none of the conditions 1, 2, and 3 holds and hence a searchdaneis needed). It remains to
examine the efficacy of our prescription under cases ii. anagonsistent with Conditions 2 and
3, respectively. We start with Condition 3. This conditi@sames thatvy < N7\, where N} is

as given in (12), and that the service- and cross-sellirgsrate equal, i.g;, = u.s. We return

to the call centers that we examinedsth. A small call center withk = 30 and a medium-sized
one withR = 100. Here we assume that = u.; = 1. For each of these two systems we vary
the staffing level between the least feasible staffing I&Uelas defined in (11), and¥;. For each

of these staffing levels we computé (V) as in (14). We then find the revenue obtained when
using N servers and’P|[K*(N)]. The resulting series is depicted by the solid line in FigBre
In addition, for each staffing level we compute the revenueguthe MDP fromg4. These points
are used to construct the dashed series in Figure 7. Ewd#mdl performance of the prescribed
threshold approaches that of the MDP as the system size ghboivi is reasonably good also for

the small call center.

Performance of prescription when p=p, : R=30 Performance of prescription when p = : R=100

——Revenue with threshold K(N) ——Revenue with threshold K(N)

34 35 36 37 38 39 40 106 107 108 109 110
Staffing Staffing

Figure 7: Performance of the threshold in (14) for call ceweith equal ratesy, = u.,: (a) for
R =30, and (b)R = 100.

We now study the recommendation in Condition 2 of Theorem Blamely, we consider a
case in whichu., = 2 > pu, = 1 and staffing rang@&V;, M] such that\/ is not much larger than
N;—note that the recommendation in condition 2 assumes tmalittan 1 does not hold but still
N, > Ni. Inturn, this implies thatV, — N; = O(v/A). Hence, we usé/ = [N; + +/\]. For the
small call center (with? = 30) this region is almost non-existent for all practical puses since
N, = 40 is already33% greater tharR, so that if N, > N, it is fair to say thatV, > R. Hence,
we focus onR = 100. The results are plotted in Figure 8. The solid series defietsesult when
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Performance of prescription when p 2y, : R=100

45

= Revenue with threshold K=0
40

= =0Optimal Revenue

Best between K=0 and K=10
35

30 ==

s

25

Revenue
\
\
\
\
\

20 =

15

10

110 111 112 113 114 115 116 117 118 119 120
Staffing

Figure 8: Performance of the threshold K=0, fér> N; and.s > i,

using K = 0, as recommended in Theorem 3.1 when Condition 2 holds, addbkhed series
represents the optimal solution from the MDP.

Finally, an interesting question is what is the point of siéion from Condition 2 to Condition
1 of Theorem 3.1. By Theorem 3.1 we expect that, when Comditibolds, thresholds that are
strictly greater thar®) will be feasible and outperform the threshdid = 0. Hence, to identify
the transition point, we compare the performance of thestiolel X' = 0 to the performance with
the best feasible threshold in the rarfge\IW] which is found through a search. We recall that
W = 0.1 so that\IW = 10. As seen in Figure 8, for all staffing levels that are less ttishagents,
the best threshold in this range does not significantly atdpa the performance with = 0. A
transition happens around 115, where we see that the usgghthlds that are strictly greater than
0 leads to a performance improvement. Note that With= 115, u.s(N — R) = 0.3\ so that the
system has the capacity to cross-sell to rougbli of its customers.
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