
Technical Appendix for:

When Promotions Meet Operations:
Cross-Selling and Its Effect on Call-Center Performance

In this technical appendix we provide proofs for the variousresults stated in the manuscript titled:

“When promotions meet operations: Cross-selling and its effect on call-center performance”.

We begin the technical appendix with a formal construction of the sample paths under the

TP [K] control.

A. Sample-path construction

The sample path construction follows a strong approximation approach (see for example [7] and

[8]). Let Ni(·), i = 1, . . . , 11, be independent unit rate Poisson processes. Then, under theTP [K]

control, one can write the system dynamics through the following equations:

Qλ(t) + Zλ
1 (t) = Qλ(0) + Zλ

1 (0) + ÑA(t) − ÑD1(t), (A1)

Zλ
2 (t) = Zλ

2 (0) − ÑD2(t)

+ 1{Kλ≥0}

[

N7

(

pµs

∫ t

0

Zλ
1 (u)1{0<Qλ(u)≤Kλ}du

)

+ N5

(

pµs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

)]

+ 1{Kλ<0}N8

(

pµs

∫ t

0

Zλ
1 (u)1{Y λ(u)−Nλ≤Kλ}du

)

. (A2)

Here, we use a time change of the processesN7(·) andN5(·) to construct service completions with

cross-selling candidates that are followed by actual cross-selling. These two processes are used if

the threshold is non-negative. In this case, a service completion is followed by a cross-selling offer

whenever the queue is equal to0 or when it is greater than0 but smaller than the threshold. We use

N8(·) similarly for the cases in which the threshold is negative. In this case, a service completion

is followed by a cross-selling offer if the number of idle servers is less thanKλ. The processes

ÑA(t), ÑD1(t) andÑD2(t) will be defined shortly.
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Also, we have that

Zλ
1 (t) = Zλ

1 (0) + N1

(

λ
∫ t

0
1{Zλ

1 (u)+Zλ
2 (u)<Nλ}du

)

+ N3

(

µcs

∫ t

0
Zλ

2 (u)1{Qλ(u)>0}du
)

− 1{Kλ≥0}

[

N5

(

pµs

∫ t

0
Zλ

1 (u)1{Qλ(u)=0}du
)

+ N6

(

(1 − p)µs

∫ t

0
Zλ

1 (u)1{Qλ(u)=0}du
)]

− 1{Kλ≥0}N7

(

pµs

∫ t

0
Zλ

1 (u)1{0<Qλ(u)≤Kλ}du
)

− 1{Kλ<0}N8

(

pµs

∫ t

0
Zλ

1 (u)1{Y λ(u)−Nλ≤Kλ}du
)

− 1{Kλ<0}

[

N9

(

pµs

∫ t

0
Zλ

1 (u)1{Kλ<Y λ(u)−Nλ≤0}du
)

+ N10

(

(1 − p)µs

∫ t

0
Zλ

1 (u)1{Qλ(u)=0}du
)]

Here, in addition to the previous processes, we use a time change ofN1(·) to construct the arrivals

that occur when some servers are idle. Both processesN6(·) andN10(·) are used to construct

service completions with customers that are not cross-selling candidates when the queue is empty.

N6(·) is used for non-negative thresholds andN10(·) is used for negative ones. The processN9(·)
is used to construct service completions with cross-selling candidates when the queue is empty (for

negative threshold), and, finally, the processN3(·) is used to construct cross-selling completions

when the queue is positive. Note that the event epochs, in which there is a service completion that

is followed by admission of a customer to service, are not modeled above as these transitions keep

Zλ
1 unchanged.

We construct the aggregate-arrival process,ÑA(t), and the process of cross-selling comple-

tions,ÑD2(t), as follows:

ÑA(t) := N1

(

λ

∫ t

0

1{Zλ
1 (u)+Zλ

2 (u)<Nλ}du

)

+ N2

(

λ

∫ t

0

1{Zλ
1 (u)+Zλ

2 (u)≥Nλ}du

)

.

ÑD2(t) := N3

(

µcs

∫ t

0

Zλ
2 (u)1{Qλ(u)λ>0}du

)

+ N4

(

µcs

∫ t

0

Zλ
2 (u)1{Qλ(u)=0}du

)

.

Here, we useN2(·) to construct arrivals when all servers are busy andN4(·) to construct cross-
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selling completions when the queue is empty. Finally, we have

ÑD1(t) = 1{Kλ≥0}N5

(

pµs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

)

+ 1{Kλ≥0}N6

(

(1 − p)µs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

)

+ 1{Kλ≥0}N7

(

pµs

∫ t

0

Zλ
1 (u)1{0<Qλ(u)λ≤Kλ}du

)

+ 1{Kλ<0}N8

(

pµs

∫ t

0

Zλ
1 (u)1{Y λ(u)−Nλ≤Kλ}du

)

+ 1{Kλ<0}N9

(

pµs

∫ t

0

Zλ
1 (u)1{Kλ<Y λ(u)−Nλ≤0}du

)

+ 1{Kλ<0}N10

(

(1 − p)µs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

)

+ N11

(
∫ t

0

λ̂(u)du

)

, (A3)

where the rate function̂λ(t) is set to satisfy that the sum of the instantaneous rates of all the

processes in (A3) equalsµsZ
λ
1 (t) at timet.

This construction follows by noting that all input and output processes in the system can be

generated through thinning of Poisson processes. By Lemma 9.4 in [7], there exists a probability

space(Ω, F, P ), a filtration{Ft}t≥0 and an 11-dimensional Brownian Motion(B1(·), . . . , B11(·))
such that the random variable

Ei := sup
t≥0

Ni(t) − t − Bi(t)

log(2 ∨ t)
, (A4)

has a moment generating function in a neighborhood of the origin and in particular, there exist

constantsc1, c2 andΓ, such that, for alli = 1, . . . , 11, and allx ≥ 0,

P{Ei ≥ Γ + x} ≤ c1e
−c2x. (A5)

We letE :=
∑11

i=1 Ei.

As we consider only cases in whichNλ ≤ R + λp
µcs

, the value of the time change at timet in

each of the equations (A1)-(A3) is bounded bycλt for some positive constantc.
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We now use (A4) to express the dynamics as follows:

Qλ(t) = Qλ(0) + Zλ
1 (0) + λt − µs

∫ t

0

Zλ
1 (u)du − Zλ

1 (t) + Mλ
Z,Q(t)

+ O(log(2 ∨ cλt)), (A6)

Zλ
2 (t) = Zλ

2 (0) − µcs

∫ t

0

Zλ
2 (u)du + pµs

∫ t

0

Zλ
1 (u)du

− pµs

∫ t

0

Zλ
1 (u)1{Y λ(u)−Nλ>Kλ}du + Mλ

Z2
(t) + O(log(2 ∨ cλt)), (A7)

and

Zλ
1 (t) = Zλ

1 (0) + λ

∫ t

0

1{Zλ
1 (u)+Zλ

2 (u)<Nλ}du − µs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

− pµs

∫ t

0

Zλ
1 (u)1{0<Y λ(u)−Nλ≤Kλ}du

+ µcs

∫ t

0

Zλ
2 (u)1{Qλ(u)>0}du + Mλ

Z1
(t) + O(log(2 ∨ cλt)) (A8)

Here,Mλ
Z,Q(·), Mλ

Z1
(·) andMλ

Z2
(·) are sums of time changed Brownian motions. For example, if

Kλ > 0,

Mλ
Z1

(t) = B1

(

λ

∫ t

0

1{Zλ
1 (u)+Zλ

2 (u)<Nλ}du

)

+ B3

(

µcs

∫ t

0

Zλ
2 (u)1{Qλ(u)>0}du

)

− B5

(

pµs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

)

− B6

(

(1 − p)µs

∫ t

0

Zλ
1 (u)1{Qλ(u)=0}du

)

+ B7

(

pµs

∫ t

0

Zλ
1 (u)1{0<Y λ(u)−Nλ≤Kλ}du

)

,

whereBi(·), i ∈ {1, 3, 5, 6, 7}, are standard Brnownian motions.

Using the Brownian motion strong law of large numbers (see problem 2.9.3. in [6]) and the

boundcλt on the time change values, we have that, uniformly on compactsets,

(

Mλ
Z,Q(t)

λ
,
Mλ

Z2
(t)

λ
,
Mλ

Z1
(t)

λ

)

→ (0, 0, 0), asλ → ∞. (A9)
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Put

T λ
1 (t) := pµs

∫ t

0
Zλ

1 (u)1{Y λ(u)−Nλ>Kλ}du, T λ
2 (t) := λ

∫ t

0
1{Zλ

1 (u)+Zλ
2 (u)<Nλ}du,

T λ
3 (t) := µs

∫ t

0
Zλ

1 (u)1{Qλ(u)>0}du, T λ
4 (t) := µcs

∫ t

0
Zλ

2 (u)1{Qλ(u)>0}du,

T λ
5 (t) := pµs

∫ t

0
Zλ

1 (u)1{0<Y λ(u)−Nλ≤Kλ}du,

and re-write (A6)-(A8) as follows:

Qλ(t) = Qλ(0) + Zλ
1 (0) + λt − µs

∫ t

0

Zλ
1 (u)du − Zλ

1 (t) + Mλ
Z,Q(t)

+ O(log(2 ∨ cλt)), (A10)

Zλ
2 (t) = Zλ

2 (0) − µcs

∫ t

0

Zλ
2 (u)du + pµs

∫ t

0

Zλ
1 (u)du − T λ

1 (t) + Mλ
Z2

(t)

+ O(log(2 ∨ cλt)), (A11)

Zλ
1 (t) = Zλ

1 (0) + T λ
2 (t) − µs

∫ t

0

Zλ
1 (u)du + T λ

3 (t) + T λ
4 (t) − T λ

5 (t)

+ Mλ
Z1

(t) + O(2 ∨ log(cλt)). (A12)

Notational conventions and organization of the appendix. Under aTP [K] policy, the process

(Ξλ(t), t ≥ 0) defined by

Ξλ(t) := (Qλ(t), Zλ
2 (t), Zλ

1 (t)),

is a Markov process. We denoteX as the state-space ofΞλ(t) and use the notationξ for a general

element inX . For a givenξ ∈ X we letq(ξ), z2(ξ) andz1(ξ) be its corresponding coordinates. We

usePξ{·} = Pξ{·|Ξλ(0) = ξ} andEξ[·] := Eξ[·|Ξλ(0) = ξ]. If νλ is the steady-state distribution

of Ξλ(t)1, we letPνλ{·} be the probability with respect to an initial condition thatis distributed

according toνλ. Eνλ [·] is the corresponding expectation. Finally, forx ∈ R, we let x− :=

max{0,−x} andx+ := max{0, x}.
The rest of this appendix is organized as follows. Each of thesections B, C, D is dedicated to

the proof of Theorem 3.1 under one of the conditions 1, 2 and 3,respectively.§E is dedicated to

the proofs of the results in§4 of the main paper. The proofs of some auxiliary results are relegated

to §F. Finally,§G provides some numerical examples that were omitted from§5 of the paper for

space considerations.

1In Lemma F.1 we prove the existence of a steady-state distribution underTP [K] assumingNλ > λ/µs.
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B. Asymptotic optimality under Condition 1

Asymptotic optimality under Condition 1 is proved in Corollary B.1. The main step is the following

theorem.

Theorem B.1 Consider a sequence of systems such that: (a) theλth system usesNλ = R + βR +

γ
√

R + o(
√

λ) agents for some0 < β ≤ pµs

µcs
and, (b) theλth system usesTP [Kλ] for control with

a non-negative sequence{Kλ}λ≥0 that satisfiesKλ/
√

R → % ≥ 0 asλ → ∞. Then,

E[(Qλ − Kλ)+]√
R

→ 0 asλ → ∞, (A13)

and
E[Iλ]

Nλ − R
→ 0 asλ → ∞. (A14)

The main challenge in proving Theorem B.1 arises from the focus on the steady-state behavior

rather than on the behavior on compact intervals. Most of thesection is dedicated to the proof of

this result. We first use Theorem B.1 to prove the asymptotic optimality result for this section:

Corollary B.1 Suppose that Assumptions 3.1 and 3.2 hold. If, in addition,Nλ
2 − R � Nλ

1 − R,

then the following is asymptotically optimal in the sense ofDefinition 3.2:

• Staffing: Staff withNλ
2 agents.

• Control: UseTP [Kλ] with Kλ ∈ [0, dλW̄ λe].

Proof: By Little’s law:

E[W λ]

W̄ λ
=

E[Qλ]

λW̄ λ
≤ Kλ + E[(Qλ − Kλ)+]

λW̄ λ
. (A15)

Equation (A13) now implies that

lim sup
λ→∞

E[W λ]

W̄ λ
≤ 1, (A16)

and in particular thatTP [Kλ] is asymptotically feasible.
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To establish optimality, recall thatE[Zλ
2 ] = Nλ

2 − E[Zλ
1 ] − E[Iλ]. Since, by Little’s lawE[Zλ

1 ] =

λ/µs := R, (A14) implies that

µcsE[Zλ
2 ]

µcs(N
λ
2 − R)

→ 1 asλ → ∞. (A17)

For eachλ, rµcs(N
λ
2 −R)−(Cλ(Nλ

2 )−Cλ(R)) constitutes an upper bound for the (centered) opti-

mal value of the cross-selling problem given byV ∗(λ) := supπ∈Π,N∈Z+
V λ(π, N); see formulation

(6) and the discussion below it as well as Definition 3.2.

Equation (A17) now implies that the upper bound is asymptotically achieved since, then,

rµcsE[Zλ
2 ] − (Cλ(Nλ

2 ) − Cλ(R))

rµcs(Nλ
2 − R) − (Cλ(Nλ

2 ) − Cλ(R))
→ 1 asλ → ∞.

Here we used the fact that, for three sequences{aλ}, {bλ} and {cλ} such thataλ → ∞ and

aλ/bλ → 1 asλ → ∞, we also have that(aλ + cλ)/(bλ + cλ) → 1 asλ → ∞.

Hence, the sequence of pairs{(Nλ
2 , TP [Kλ])} asymptotically achieves the upper bound and

is, in particular, asymptotically optimal. �

We proceed now to prove Theorem B.1. We prove the theorem in two steps. Proposition B.1 covers

(A13) and Corollary B.2 covers (A14).

Proposition B.1 Under the conditions of Theorem B.1,

E[(Qλ − Kλ)+]√
λ

→ 0 asλ → ∞. (A18)

We first provide an informal outline of the proof:

1. A constrained Lyapunov function argument: We start by examining the behavior of the

Markov process(Ξλ(t), t ≥ 0) initialized, at time0, within the set

Aλ
ε :=

{

ξ ∈ X :

(

z1(ξ) −
λ

µs

)−
≤ ελ

}

. (A19)
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We will show that, ifΞλ(0) ∈ Aλ
ε andQλ(0) > M for some constantM > 0 large enough,

then the process(Qλ(t), t ≥ 0), decreases at a certain rate. In other words, we require a

negative drift condition, reminiscent of the standard conditions used in Lyapunov function

arguments; see e.g. [3]. In contrast to the standard requirement, which is imposed on all

ξ ∈ X , we impose this requirement only forξ ∈ Aλ
ε . Hence the termConstrained Lyapunov

function.

The (constrained) negative drift condition will allow us toobtain bounds on the stationary

queue length. This bound will depend, however, on the behavior of the queue length when

the processΞλ(t) is not inside the setAλ
ε .

2. Bounding the behavior outside ofAλ
ε : We will bound the behavior of the queue length

outside of the setAλ
ε by: (a) showing that the stationary distribution is, in a sense, concen-

trated inAλ
ε for all λ large enough–see Lemma B.2, and (b) establishing a fluid scale bound

on the stationary queue length–see Lemma B.3. This fluid scale bound is weaker than the

diffusion-scale one in (A13), but together with step (a) will allow us to bound the stationary

queue length on states that are not inAλ
ε .

Proof of Proposition B.1: We prove the result forKλ ≡ 0. The proof is extended to arbitrary

Kλ > 0 by replacingQλ(·) everywhere with(Qλ(·) − Kλ)+.

We first establish bounds on the behavior of the queue length assuming thatΞλ(0) ∈ Aλ
ε with

Aλ
ε as in (A19). Fix constantsΘ, T > 0, assume thatQλ(0) > 2Θ and define the random time2

τλ = inf{t ≥ 0 : Qλ(t) ≤ Qλ(0) − 3Θ/2} ∧ T

λ
.

Define the set

Ω∗(δ, λ, T, Θ) :=

{

ω ∈ Ω : 11 · max
i=1,...,11

sup
0≤t≤T

Bi(cλt) + Ei log(2 ∨ cλt) − δλt ≤ Θ

}

. (A20)

We will be using the setΩ∗(·, ·, ·, ·) in various proofs in this appendix and set the parameters

δ, λ, T, Θ according to the need of the specific proof. In any of these cases, we will choose the

parameters in a way that will guarantee that the set of samplepaths that we consider has sufficiently

2Note thatτλ is a random time but not necessarily a stopping time. Our arguments are sample-path arguments so
that whether or notτλ is a stopping time is immaterial for our proofs.
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large probability; see Lemma F.2. In the current proof it is important that we useT/λ instead of T.

That is we focus on a small time interval and characterize thebehavior of the queue length there.

To that end, plugging equation (A8) into equation (A6), and using the fact thatZλ
2 (t) = Nλ−Zλ

1 (t)

wheneverQλ(t) > 0, we have that onΩ∗(δ, λ, T/λ, Θ/2)

Qλ(t∧τλ) ≤ Qλ(0)+λ(t∧τλ)−µs

∫ t∧τλ

0

Zλ
1 (u)du−µcs

∫ t∧τλ

0

Nλ−Zλ
1 (u)du+δλt+Θ/2. (A21)

The following lemma provides a handle on the processZλ
1 (t) that, in turn, allows us to charac-

terize the behavior ofQλ(t).

Lemma B.1 Suppose the conditions of Theorem B.1 hold and fixδ > 0 small enough. Assume

thatΞλ(0) ∈ Aλ
ε . Then, for allε > 0, there existλ0(ε) (independent of the initial conditions) such

that, for all ω ∈ Ω∗(δ, λ, T/λ, Θ/2),

sup
0≤t≤T/λ

(

Zλ
1 (t) − λ

µs

)−
≤ 2ελ, (A22)

for all λ ≥ λ0(ε).

Using Lemma B.1 we have that onΩ∗(δ, λ, T/λ, Θ/2) and for allt ≤ τλ,

λ − µsZ
λ
1 (t) − µcsZ

λ
2 (t) = µs

(

Zλ
1 (t) − 1

µs

)−
− µs

(

Zλ
1 (t) − 1

µs

)+

− µcs

(

1+β
µs

− Zλ
1 (t)

)

≤ µsε − µ

(

(

Zλ
1 (t) − 1

µs

)+

+ 1+β
µs

− Zλ
1 (t)

)

≤ µsελ − µ β
µs

λ,

,

(A23)

whereµ = µs ∧ µcs. Hence,

Qλ(t ∧ τλ) ≤ Qλ(0) +

(

δλ + µsελ − µ
β

µs
λ

)

(t ∧ τλ) + Θ/2. (A24)

Let η := −(µsε + δ − µ β
µs

), chooseε andδ small enough so thatη > 0 and lett∗ := 2Θ/η.

Then, asτλ is the first time thatQλ(t) goes belowQλ(0) − 3Θ/2 we must have thatτλ ≤ t∗/λ on

Ω∗(δ, λ, T/λ, Θ/2).

The arguments that lead to equation (A24) can be modified to show that, onΩ∗(δ, λ, T/λ, Θ/2)

the queue will remain belowQλ(0) − Θ after it reachesQλ(0) − 3Θ/2 for the first time. That is,
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thatQλ(t) ≤ Qλ(0) − Θ for all t∗/λ ≤ t ≤ T/λ. In particular, onΩ∗(δ, λ, T/λ, Θ/2),

sup
ξ∈Aλ

ε :q(ξ)>2Θ

Qλ(2t∗/λ)2 − q(ξ)2

q(ξ)
≤ sup

ξ∈Aλ
ε :q(ξ)>2Θ

(q(ξ) − Θ)2 − q(ξ)2

q(ξ)
≤ −Θ, (A25)

whereAλ
ε is as in (A19). Since AsQλ(t) ≤ Qλ(0) + Aλ(t), it is also the case that

(Qλ(t))2 − (Qλ(0))2 ≤ 2Qλ(0)Aλ(t) + (Aλ(t))2, (A26)

so that, removing the condition thatξ ∈ Aλ
ε , we have that

sup
q(ξ)>2Θ

Eξ[Q
λ(2t∗/λ)2] − q(ξ)2

q(ξ)
≤ −Θ+2E

[(

Θ + 2Aλ(2t∗/λ) + (Aλ(2t∗/λ)2
)

1(Ω∗(δ,λ,T/λ,Θ/2))c

]

.

(A27)

In Lemma F.2 we show thatP {(Ω∗(δ, λ, T/λ, Θ/2))c} ≤ c5e
−c6(Θ/2−Γ)/log(2∨cT ), for some positive

constantsc5 andc6 and allλ large enough. We note thatE[2Aλ(2t∗/λ) + (Aλ(2t∗/λ)2] ≤ c7 for

some constantc7 and allλ. Then, applying the Cauchy-Schwartz inequality, and re-choosingΘ

large enough, we have that

sup
ξ∈Aλ

ε :q(ξ)>2Θ

Eξ[Q
λ(2t∗/λ)2] − q(ξ)2

q(ξ)
≤ −Θ

2
. (A28)

The crude inequality (A26) also guarantees that

sup
ξ∈Aλ

ε :q(ξ)≤2Θ

E[Qλ(2t∗/λ)2 − q(ξ)2] ≤ c10, (A29)

wherec10 := 4Kc8 + c9 for some constantsc8, c9 that are independent ofλ andΘ so that some

simple manipulations lead to

q(ξ)2 −Eξ[Q
λ(2t∗/λ)2] ≥ Θ

2
q(ξ)− c11 +

(

c11 −
Θ

2
q(ξ) − Eξ[Q

λ(2t∗/λ)2 − q(ξ)2]

)

1{ξ /∈ Aλ
ε },

(A30)

wherec11 = Θ2 + c10. By definition of stationarity we have thatEνλ [Qλ(0)2] = Eνλ [Qλ(2t∗/λ)2]
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whereνλ is the steady-state distribution of the process(Ξλ(t), t ≥ 0), and in particular,

0 =

∫

ξ∈Ξλ

(

q(ξ)2 − Eξ[Q
λ(2t∗/λ)2]

)

νλ(dξ).

When applied to (A30), this yields

Eνλ [Qλ(0)] ≤ 2c11

Θ
+

2

Θ

(

Eνλ

[(

Θ

2
Qλ(0) − c11 + EΞλ(0)[Q

λ(2t∗/λ)2 − Qλ(0)2]

)

1{Ξλ(0) /∈ Aλ
ε }
])

(A31)

To establish a bound onEνλ [Qλ(0)] we need to provide bounds forE[Qλ(0)1{Ξλ(0) /∈ Aλ
ε }]

which appears on the right hand side of (A31). The following two lemmas provide us with the

necessary tools.

Lemma B.2 Under the conditions of Proposition B.1, there existsT > 0 such that

Pνλ

{

Ξλ(0) /∈ Aλ
ε

}

≤ c3e
−c4λ/ log(2∨cλT ), (A32)

for all λ large enough.

Lemma B.3 Under the conditions of Theorem B.1

lim sup
λ→∞

Eνλ

[(

Qλ(0)

λ

)m]

< ∞,

for any integerm ≥ 1.

The proof of these lemmas are postponed to§F and we now use them to complete the proof of

the proposition. To that end, Using Lemmas B.2 and B.3 together with the Cauchy-Schwartz

inequality, yields

lim sup
λ→∞

Eνλ

[

(Qλ(0))m1{ξ /∈ Aλ
ε }
]

= 0. (A33)

Applying (A33) and (A26) to (A31) we then have thatEνλ [Qλ(0)] ≤ c12, for some constantc12

and allλ large enough and, in particular, that

lim sup
λ→∞

Eνλ [Qλ(0)]√
λ

= 0.

This concludes the proof of Proposition B.1. �
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With the proof of Proposition B.1, we have established the first part of Theorem B.1–equation

(A13). We turn now to prove (A14). First, we show that the number of idle servers does not exceed

the negative part of the threshold. It applies to both casesβ = 0 andβ > 0 and will be used also

in the proofs in§C and§D.

Theorem B.2 Consider a sequence of systems such that: (a) theλth system usesNλ = R + βR +

γ
√

R + o(
√

λ) agents for some0 ≤ β ≤ pµs

µcs
, max(β, γ) > 0 and, (b) theλth system usesTP [Kλ]

for a sequence{Kλ}λ≥0 that satisfiesKλ/
√

R → % ∈ (−∞,∞) asλ → ∞. Then,

E[
(

(Nλ − Zλ) − [Kλ]−
)+

]

Nλ − R
→ 0 asλ → ∞. (A34)

Corollary B.2 below is a special case of Theorem B.2. Indeed,under the conditions of Theorem

B.1 we haveβ > 0 andKλ ≥ 0 for all λ so that[Kλ]− = 0. Corollary B.2 proves (A14) and hence

completes the proof of Theorem B.1.

Corollary B.2 Under the assumptions of Theorem B.1,

E[Iλ]

Nλ − R
→ 0 asλ → ∞. (A35)

Proof of Theorem B.2: Here we prove the theorem only for the caseβ > 0. The caseβ = 0 is

more involved and is proved in§F.

We initialize theλth system withΞλ(0) distributed according to its stationary distributionνλ.

The process(Ξλ(t), t ≥ 0) is then stationary. We will show that there existst̃ > 0 such that

Eνλ [Iλ(t̃)]/λ → 0 asλ → ∞. Since, by stationarity,Eνλ [Iλ(t)] = Eνλ [Iλ(0)] for all t ≥ 0, this

will imply that Eνλ [Iλ(0)]/λ → 0 asλ → ∞. Finally, since we assumed thatβ > 0 we have

thatNλ − R > cλ for somec > 0 and allλ large enough. Consequently, we will conclude that

Eνλ [Iλ(0)]/(Nλ − R) → 0 asλ → ∞.

We now gradually fill-in the gaps in the above argument. First, we need some characterization

of the fluid-level behavior of the system. Below, the processesT λ
i (t), i = 1, . . . , 5 are as defined

in §A.
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Lemma B.4 (fluid Limits) Consider a finite interval[0, T ] and suppose that

(

Qλ(0)

λ
,
Zλ

1 (0)

λ
,
Zλ

2 (0)

λ

)

⇒
(

Q̄(0), Z̄1(0), Z̄2(0)
)

.

Then, under the assumptions of Theorem B.1, the sequence
(

Qλ(t)
λ

;
Zλ

1 (t)

λ
;

Zλ
2 (t)

λ
;

T λ
i (t)

λ
, i = 1, . . . , 5

)

is tight in D[0, T ] and every subsequence{λk}k≥1 contains a further subsequence that converges

in probability to some limit uniformly on compact sets. Moreover, any such limit process

(

Q̄(t); Z̄1(t); Z̄2(t); T̄i(t), i = 1, . . . , 5
)

,

satisfies the following equations:

Z̄1(t) + Q̄(t) = Q̄(0) + Z̄1(0) + t −
∫ t

0

µsZ̄1(u)du, (A36)

Z̄2(t) = Z̄2(0) − µcs

∫ t

0

Z̄2(u)du + pµs

∫ t

0

Zλ
1 (u)du− T̄1(t), (A37)

Z̄1(t) = Z̄1(0) + T̄2(t) − µs

∫ t

0

Z̄1(u)du + T̄3(t) + T̄4(t) − T̄5(t), (A38)

˙̄T1(t)1{Q̄(t)>0} = pµsZ̄1(t), (A39)

˙̄T2(t)1{Z̄1+Z̄2< 1+β
µs

} = 1, (A40)

˙̄T3(t)1{Q̄(t)>0} = µsZ̄1(t), (A41)

˙̄T4(t)1{Q̄(t)>0} = µcsZ̄2(t), (A42)

˙̄T5(t)1{Q̄(t)>0} = 0. (A43)

Lemma B.5 Fix ε > 0 and assume0 < β ≤ pµs

µcs
. Let

(

Q̄(t); Z̄1(t); Z̄2(t); T̄i(t), i = 1, . . . , 5
)

,

be a non-negative process that satisfies equations(A36)-(A43). Then, there existst0(ε) (independent
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of Z̄1(0) andZ̄2(0) ), such that, for allt ≥ t0(ε),

∣

∣

∣

∣

Z̄1(t) −
1

µs

∣

∣

∣

∣

≤ ε. (A44)

Moreover, there existst∗ ≥ t0(ε), such that

Ī(t) :=
1 + β

µs
− Z̄1(t) − Z̄2(t) ≤ ε, (A45)

for all t ≥ t∗.

Lemmas B.4 and B.5 are proved in§F. We now use them to complete the proof of Theorem

B.2 under the assumption thatβ > 0. To this end, initialize theλth system according to its

stationary distribution. Then, using Proposition B.1 and the fact thatZλ
1 + Zλ

2 ≤ Nλ ≤ λ/µs +

λp/µcs, we have that the sequence of steady-state random variables
(

Qλ/λ, Zλ
1 /λ, Zλ

2 /λ
)

is tight

and every limit point is of the form
(

0, Z̄1(0), Z̄2(0)
)

. By Lemma B.4, the sequence of processes
(

Qλ(t)/λ, Zλ
1 (t)/λ, Zλ

2 (t)/λ
)

is tight and every limit point(Q̄(t), Z̄1(t), Z̄2(t)) satisfies equations

(A36)-(A43). We can thus apply Lemma B.5 to conclude the existence oft∗ such thatĪ(t) ≤ ε,

for all t ≥ t∗. Since this holds for every limit point, we have that

lim sup
λ→∞

Pνλ

{

Iλ(t)

λ
> 2ε

}

= 0. (A46)

SinceIλ(t) ≤ Nλ ≤ λ/µsλp/µcs we have that

lim sup
λ→∞

Eνλ [Iλ(t)]

λ
≤ 3ε, (A47)

for all t ≥ t∗. Finally, sinceEνλ [Iλ(t)] = Eνλ [Iλ(0)], for all t ≥ 0, we have that

lim sup
λ→∞

Eνλ [Iλ(0)]

λ
≤ 3ε. (A48)

Sinceε was arbitrary, this concludes the proof of the theorem for the caseβ > 0. The caseβ = 0

is proved in§F. �
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C. Asymptotic optimality under Condition 2

The asymptotic optimality result for this section is statedin the following theorem.

Theorem C.1 Suppose that Assumptions 3.1 and 3.2 hold. Also, assume thatµcs ≥ µs, and

lim inf
λ→∞

Nλ
2 − R

N̄λ
1 − R

≥ 1.

Then, the following is asymptotically optimal in the sense of Definition 3.2:

• Staffing: Staff withNλ
2 agents.

• Control: UseTP [0].

Proof: Proposition C.1 below guarantees the asymptotic feasibility of pairs (Nλ
2 , TP [0]). The

asymptotic optimality argument is exactly the same as in theproof of Corollary B.1 using Theorem

B.2. �

Proposition C.1 Assumeµcs ≥ µs. Consider a sequence of systems such that: (a) theλth system

usesTP [0] for control, and (b) theλth system usesNλ agents so that

lim inf
λ→∞

Nλ − R

N̄λ
1 − R

≥ 1.

Then,

lim sup
λ→∞

E[W λ]

W̄ λ
≤ 1.

Proof: Recall thatW FCFS
λ,µs

(N) is the steady-state waiting time in anM/M/N system with ser-

vice rateλ and service rateµs. Also, letW λ be the steady-state waiting time underTP [0] for a

cross-selling system withN agents, arrival rateλ, service rateµs and cross-selling rateµcs. The

following is a straightforward result.

Lemma C.1 Fix λ. AssumeNλ ≥ R. If µcs ≥ µs andTP [0] is used then,

E[W λ|W λ > 0] ≤ E[W FCFS
λ,µs

(N)|W FCFS
λ,µs

(N) > 0] =
1

Nµs − λ
(A49)
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We continue with the proof of the proposition. Fix a sequenceof staffing levels{Nλ , λ ≥ 0} with

lim inf
λ→∞

Nλ − R

N̄λ
1 − R

≥ 1.

Then, by Lemma C.1,
E[W λ|W λ > 0]

W̄ λ
≤ 1

W̄ λ(Nλµs − λ)
. (A50)

By the definition ofN̄λ
1 , lim supλ→∞ 1/(W̄ λ(N̄λ

1 µs − λ)) ≤ 1. Hence,

lim sup
λ→∞

E[W λ|W λ > 0]

W̄ λ
≤ lim sup

λ→∞

1

W̄ λ(N̄λ
1 µs − λ)

W̄ λ(N̄λ
1 µs − λ)

W̄ λ(Nλµs − λ)
≤ 1, (A51)

Noting thatE[W λ] ≤ E[W λ|W λ > 0], the proof is complete �
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D. Asymptotic optimality under Condition 3

Our optimality results under Condition 3 are closely related to the results of Gans and Zhou [4].

While [4] considers a system that is essentially different from the cross-selling system, we prove

that in this asymptotic regime the two systems are, in some sense, equivalent. Specifically, we

prove that the optimal solution in [4] constitutes an upper bound on the expected profit for the

cross-selling model and that this upper bound is asymptotically achieved under the appropriate

staffing and control.

To simplify the presentation of the results in which we use this asymptotic equivalence, we give

first a brief description of the model considered in [4]: Consider a call center with two types of

jobs: Type-H and Type-L. Type-H jobs arrive at rateλH , are processed at rateµH and served FCFS

within their class. A constraint of the formE[W ] ≤ W̄ limits the expected delay that these jobs

may face. An infinite backlog of type-L jobs awaits processing at rateµL. A pool of homogeneous

servers process all jobs, and a system controller tries to maximize the rate at which type-L jobs

are processed, subject to the service-level constraint forthe type-H jobs. Given a fixed number

of agents, the problem of finding the optimal control is formulated as a constrained average-cost

Markov Decision Process (MDP) and the structure of effective routing policies is determined.

WhenµH = µL, the suggested policies are globally optimal and have a verysimple threshold

structure. We refer to this model as the G&Z model.

To create a basis for comparison of the two models (Cross-Selling vs. G&Z) one may consider

cross-selling transactions against processing of type-L jobs and service transactions against pro-

cessing of type-H jobs. Clearly, the dynamics of the two models are different. In the cross-selling

system, rather than having an infinite backlog of cross-selling “jobs”, these become available only

upon a completion of a service “job”, and if they are not processed right away they disappear.

Hence, the processing rate of type-L jobs in the G&Z model constitutes anupper boundon the

cross-selling rate in the cross-selling model. We prove this formally in Lemma D.1.

These differences also illustrate the relative technical complexity of the cross-selling model.

While in the G&Z model there is an infinite backlog of type-L jobs, the availability of cross-selling

“jobs” is tightly related to the number of customers in the service phase in our model. The technical

implication of this difference, is that any description of the system dynamics of the cross-selling

system must be at least two-dimensional, regardless of whetherµs = µcs or not. Our asymptotic

analysis, however, allows us to reduce the dimensionality of the problem wheneverµs = µcs and

prove that, underTP , the upper bound, as given by the G&Z model, is asymptotically achieved.
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The following is an adaptation of Definition 7 from [4].

Definition D.1 Fix λ. A randomized threshold reservation policy with thresholdKλ and prob-

ability p∗ acts as follows at each event epoch in which there are no type-H calls waiting to be

served:

1. A type-H customer will enter service immediately upon arrival if there are any idle agents.

2. Upon service completion (of either a type-L or a type-H job):

• If there are|Kλ| or fewer idle agents, the policy does nothing.

• If there are |Kλ| + 1 or more idle agents, then with probability1 − p∗ the policy

puts enough type-L jobs into service so that exactly|Kλ| agents are idle, and with

probabilityp∗ the policy puts enough type-L jobs into service so that exactly |Kλ| − 1

agents are idle.

Note that, if one removes the randomization components fromthe above definition, the threshold

reservation policy in the G&Z model can be thought of as the TPcontrol adapted to the G&Z

model. Denote byTP
λ
(Nλ, p∗) the randomized threshold policy of G&Z with thresholdKλ de-

termined through (A52) and with a randomization probability p∗. The following is a version of

the optimality result of [4] for the caseµs = µcs. We only cite the parts of the Theorem that are

relevant for our results.

Theorem D.1 (Theorem 1 - Gans and Zhou:)Consider a G&Z model with arrival rateλ, service

ratesµH = µL = µs = µcs, Nλ agents and average delay bound̄W λ. Then, either

1. the problem is infeasible, or

2. A randomized threshold reservation policy with a threshold Kλ ≤ 0 and probabilityp∗ is

optimal, for somep∗ ∈ [0, 1].

Moreover, the optimal thresholdKλ is chosen so that

Kλ(Nλ) = max

{

k ∈ [−Nλ, 0]

∣

∣

∣

∣

ξk(N
λ)

Nλµs − λ
≤ W̄ λ

}

. (A52)

Hereξk(N
λ) = P{ZFCFS

λ,µs
(Nλ) = Nλ |ZFCFS

λ,µs
(Nλ) ≥ Nλ + k} andZFCFS

λ,µs
(Nλ) is the steady-

state number of busy servers in anM/M/Nλ system with arrival rateλ and service rateµs.
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Given two random variablesX andY , we use the notationX ≥st Y to denote that a random

variableX is stochastically greater thanY . Let CSπ(t) be the cumulative cross-selling comple-

tions up to timet when the controlπ is used. Also, letTHπ′
(t) be the cumulative completion of

type-L jobs up to timet in the G&Z model when the controlπ′ is used. LettinḡZλ,π′
be the steady-

state number of busy agents in the G&Z model under the controlπ′, we have that the steady-state

throughput rate of type-L jobs equalsµcs(E[Z̄λ,π′
]−R). This is a consequence of a straightforward

application of Little’s law as in§2 of the main paper.

Lemma D.1 Fix λ, µs, µcs, N andW̄ λ. Let π∗
g&z be the optimal control in the G&Z system with

µH = µs andµL = µcs. Then, for any policyπ ∈ Π(N) we have that

THπ∗
g&z(t) ≥st CSπ(t), ∀t ≥ 0. (A53)

In particular, if π ∈ Π(N) admits a steady-state distribution for the cross-selling system, then

µcs(E[Zλ,π] − R) ≤ µcs(E[Z̄λ,π∗
g&z ] − R). (A54)

Proof: Note that this lemma does not require thatµs = µcs. The result follows a sample path

coupling argument that is independent of the specific valuesof µs, µcs and λ. We will show

that under our sample path construction the inequality (A53) holds a.s. This, in turn, implies the

stochastic ordering in (A53).

We construct the coupled sample paths as follows: fix a commonsample path of arrivals,

service times and cross-selling times for both systems. Specifically, let {tn}∞n=1, {sn}∞n=1, and

{cn}∞n=1 be, respectively, the sequence of arrival times, service times and potential cross-selling

times (that is, if cross-selling is exercised on customern, his cross-selling time will becn). Then,

our sample path construction uses the same sequences,{tn}, {sn} and{cn} for both systems.

For simplicity of notation label the cross-selling system by 1 and the G&Z system by 2. Fix a

scheduling policyπ1 for system 1 and use the same scheduling policy for system 2. This is clearly

possible because whenever system 1 can schedule a customer to cross-sell system 2 can schedule a

type-L job to service. It is now straightforward to show by induction on the event epochs (arrival,

or service completion of any type) that both systems will have exactly the same sample paths, and
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we would have that pathwise

THπ1(t) = CSπ1(t), ∀t ≥ 0, (A55)

and

µcs(E[Z̄λ,π1] − R) = µcs(E[Zλ,π1] − R). (A56)

Since we fixed the scheduling policy for system 1 we have, in particular, that

µcs(E[Z̄λ,π∗
g&z ] − R) ≥ sup

π1∈Π(N)

µcs(E[Zλ,π1] − R),

for any policyπ1 that admits a steady-state distribution for the cross-selling system. �

For future reference let̄V (Nλ) = rµcs(E[Z̄λ,π∗
g&z ]−R)− (Cλ(Nλ)−Cλ(R)), so thatV̄ (Nλ)

is the optimal throughput rate in the G&Z model withNλ agents. Now, let{Nλ , λ ≥ 0} be a

sequence withNλ ≥ Nλ
1 for all λ and such that

Nλ − R√
R

→ γ̂ > 0 asλ → ∞. (A57)

The existence of such a sequence is guaranteed since, by§9 of [2], we have that

Nλ
1 − R√

R
→ γ, (A58)

for someγ > 0. Let Ȳ λ,p∗ be the steady-state overall number of customers in a G&Z system with

Nλ agents and using the controlTP
λ
(Nλ, p∗). Also, let Y λ be the steady-state overall number

of customers in a cross-selling system withNλ agents and usingTP [Kλ] with Kλ determined

through (A52). Accordingly, we let̄Zλ andZλ be the number of busy agents in the above two

systems. Define the scaled variables

X̄λ,p∗ =
Ȳ λ,p∗ − Nλ

Nλ − R
, andXλ =

Y λ − Nλ

Nλ − R
. (A59)

For the following result, letD := D[0,∞) be the space right continuous processes with left limits

endowed with theJ1 Skorohod topology. We say that a sequence of processesxλ(·) ⇒ x(·) in

D− if the convergence holds inD[s, T ] for each0 < s < T < ∞. We let Ȳ λ,p∗(t), t ≥ 0 be the

process representing the overall number of customers in a G&Z system withNλ agents and using
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the controlTP
λ
(Nλ, p∗). Also, let(Y λ(t), t ≥ 0) be the process representing the overall number

of customers in a cross-selling system withNλ agents and usingTP [Kλ] with Kλ determined

through (A52). Define the scaled processes

X̄λ,p∗(t) =
Ȳ λ,p∗(t) − Nλ

Nλ − R
, andXλ(t) =

Y λ(t) − Nλ

Nλ − R
. (A60)

Proposition D.1 below is the main component in the proof of asymptotic optimality of our

proposed solution under Condition 2. The proposition showsthat the G&Z system operated under

their optimal threshold reservation policy is asymptotically equivalent to the cross-selling system

operated with the TP rule. Since we established that the G&Z throughput serves as an upper bound

for the cross-selling rate, the asymptotic equivalence will allow us to prove that the upper bound is

achieved.

Proposition D.1 (Diffusion Limits: ) Suppose that{Nλ, λ ≥ 0} is a sequence that satisfies

(A57). If, in addition,

X̄λ,p∗(0) ⇒ X̄(0), andXλ(0) ⇒ X̄(0) asλ → ∞, (A61)

then,

X̄λ,p∗(·) ⇒ X̄(·) in D− asλ → ∞, (A62)

and

Xλ(·) ⇒ X̄(·) in D− asλ → ∞. (A63)

Here,X̄(·) is a diffusion process with infinitesimal drift function

m(x) =











−βµs, x ≥ 0

−(β + x)µs, −δ ≤ x ≤ 0
(A64)

and infinitesimal variance termσ2 = 2µs andδ := δ(γ̂, Ŵ ) is the limit from Lemma D.3.

We prove proposition D.1 at the end of this section and proceed towards the proof of asymptotic

optimality. Since our profits are measured in terms of steady-state performance we first have the

following corollary by which the convergence on compact intervals can be extended to convergence

of the corresponding steady-state variables.
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Corollary D.1 Assume thatµs = µcs and that{Nλ, λ ≥ 0} is a sequence that satisfies(A57).

Then, for anyp∗ ∈ [0, 1],

X̄λ,p∗ ⇒ X̄, asλ → ∞, (A65)

and

Xλ ⇒ X̄, asλ → ∞, (A66)

whereX̄ has the steady-state distribution of the diffusion processX̄(·) in Proposition D.1. Fur-

thermore, the convergence in(A66) also holds in expectation.

The proof of Corollary D.1 is given in§F. Note that underTP (Nλ, 0) (i.e. when settingp∗ = 0),

the steady-state number of busy agents in the G&Z system, denoted byE[Z̄λ], satisfies

E[Z̄λ] = E[ZFCFS
λ,µs

(Nλ) |ZFCFS
λ,µs

(Nλ) ≥ Nλ + Kλ]. (A67)

Since the limit in Corollary D.1 is independent of the precise valuep∗, the fact thatZ̄λ = Nλ −
(Ȳ λ,p∗ − Nλ)− implies that

E[ZFCFS
λ,µs

(N∗λ) − R |ZFCFS
λ,µs

(N∗λ) ≥ N∗λ + Kλ] − (E[Z̄λ] − R)

Nλ − R
→ 0 asλ → ∞, (A68)

provided that the sequence of staffing levels{Nλ , λ ≥ 0} satisfies (A57). This observation is

formalized in the following Corollary.

Corollary D.2 Assumeµs = µcs and consider a sequence of cross-selling systems such that (a)

theλth system usesNλ agents with{Nλ, λ ≥ 0} satisfying equation(A57), and (b) theλth system

usesTP [K∗λ] for control withK∗λ determined through equation(A52). Then,

lim sup
λ→∞

E[W λ]

W̄ λ
≤ 1, (A69)

and
V λ(Nλ, TP [Kλ])

V̄ λ(Nλ)
→ 1, asλ → ∞. (A70)

The following lemma will help us to translate the result of Corollary D.2 to the more general

asymptotic optimality result that we need.
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Lemma D.2 Assumeµs = µcs in addition to Assumptions 3.1 and 3.2. LetN∗λ and K∗λ be

determined through(13)and(14) and assume thatlim supλ→∞(Nλ
2 − R)/(N̄λ

1 − R) < 1. Then,

lim inf
λ→∞

N∗λ − R√
R

> 0, (A71)

and

lim sup
λ→∞

N∗λ − R√
R

< ∞. (A72)

Lemma D.2 then shows that the sequence of staffing recommendationsN∗λ given by (13) sat-

isfies that the sequence(N∗λ−R)/
√

R is bounded. Consequently, it has convergent subsequences.

We can then apply Corollary D.2 to any convergent subsequence to show thatTP [K∗λ] will outper-

form asymptotically any other routing rule over this subsequence. This reasoning can be applied to

any convergent subsequence to conclude the asymptotic optimality of (N∗λ, TP [K∗λ]), as stated

in the following corollary which concludes the proof of asymptotic optimality for this section.

Corollary D.3 Assume thatµs = µcs in addition to Assumptions 3.1 and 3.2. Also, assume that

lim sup
λ→∞

Nλ
2 − R

N̄λ
1 − R

< 1.

Then, the following is asymptotically optimal for the cross-selling system in the sense of Definition

3.2:

• Staffing: Staff withN∗λ agents whereN∗λ is given by equations(13)and(14).

• Control: UseTP [Kλ(N∗λ)] whereKλ(N∗λ) is given by equation (14).

We end this section with the proof of the diffusion-limits result.

Proof of Proposition D.1: We begin with the sequence of processes{Xλ(·)}. We will first prove

the convergence of a certain Birth and Death (B&D) process. We will then show, via coupling,

that this B&D process is asymptotically equivalent toXλ(·). This will allow us to apply the

convergence together theorem to conclude the convergence of {Xλ(·)}.
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To this end, consider the B&D process with birth rates rates:λ̂i = λ for all i, wherei is the

number of customers in the system, and

µ̂λ
i =























(Nλ + Kλ + i)µs 1 ≤ i ≤ −Kλ − 1

Nλµs i ≥ Kλ

0 otherwise

, (A73)

where one should recall thatKλ is negative in this setting. We denote this process byŶ λ(·) and

define its scaled version bŷXλ(·) = Ŷ λ(·)+Kλ

Nλ−R
. We now have the following lemma:

Lemma D.3 Assume thatµs = µcs, Nλ satisfies (A57) andKλ is defined through (A52). Then,

there exists a functionδ(·, ·) such that for all(γ, Ŵ ),

Kλ

√
R

→ δ(γ̂, Ŵ ) < ∞ asλ → ∞. (A74)

Lemma D.3 is proved in§F. We apply it now in the proof of the proposition. To this end,initializing

theλth B&D process at statêXλ(0) ∨ (−Kλ) and using the convergence ofKλ/
√

R in Lemma

D.3, the sequencêXλ(·), converges weakly tōX(·) with the diffusion parameters given in equation

(A64); see for example [8]. To complete the proof we will showthat for allT > 0

dT (X̂λ, Xλ)
P→ 0, asλ → ∞, (A75)

wheredT (·, ·) = sup0<t≤T ‖X̂λ(t) − Xλ(t)‖. The convergence of{Xλ(·)} will then follow from

the convergence together theorem (see e.g. Theorem 11.4.7 of [10]).

In order to evaluatedT (X̂λ, Xλ), we use a coupling argument and deduce that

dT (X̂λ, Xλ) ≤ sup
0<t≤T

[Zλ(t) − (Nλ + Kλ)]−√
Nλ − R

. (A76)

In Remark F.1 we show that the right-hand side above converges to 0 in probability. Hence, to

complete the proof, it only remains to provide the coupling argument between the cross-selling

system and the B&D process that we constructed.
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To this end, fixλ (and omit it from the notation). Initialize the cross-selling system with all

agents busy and no customer in queue and we initialize the B&Dprocess with−K customers in

system. We generate arrivals from the same Poisson process.We generate the departures from

the same Poisson process with thinning. LetŶ λ(t) be the value of the state dependentM/M/1

process at timet. Y λ(t), as before, is the number of customers in the cross-selling system at time

t. We prove by induction that

• Ŷ (t) ≥ Y (t) − (N + K), for all t ≥ 0.

• Ŷ (t) − (Y (t) − (N + K)) ≤ sup0≤s≤t[Z(t) − (N + K)]−, for all t ≥ 0

By our initial conditions the assumption holds at the first departure from the system. Assume

that it holds for the firstn − 1 departures and consider thenth, let the time of this departure betn.

By our inductive assumption thenth departure will be a departure in both systems ifŶ (tn−) =

Y (tn−) − (N + K) while preserving the ordering. It will be a departure in theM/M/1 system,

and not in the cross-selling system, only ifŶ (tn−) > 0 andŶ (tn−) > Y (tn−) − (N + K) thus

preserving the ordering. It will be a departure in the cross-selling system and not in theM/M/1

queue only if0 = Ŷ (tn−) > Y (tn−) − (N + K) again preserving the ordering. Also, whenever

Ŷ (tn−) > Y (tn−) − (N + K) > 0 the difference between the two processes cannot increase,

since every departure will necessarily be a departure in theM/M/1 system. The difference can

only increase when0 = Ŷ (tn−) > Y (tn−)−(N+K), in which casêY (tn)−(Y (tn)−(N+K)) =

[Y (tn)−N +K]− = [Z(tn)−N +K]−, where the last equality follows from the factY (t) = Z(t)

wheneverY (t) ≤ N . Thus, the second part of the inductive assumption is preserved. Note that the

result would still hold as long aŝY (0) = (Y (0) − (N − K))+.

The proof for the sequencēXλ,p∗(·) is much simpler. It is trivial to show through a cou-

pling argument that, for anyp∗ ∈ [0, 1], one can construct the sample path of the processes

X̄λ,0(·), X̄λ,p∗(·), X̄λ,1(·), so that

X̄λ,0(t) ≤ X̄λ,p(t) ≤ X̄λ,1(t), ∀t ≥ 0.

Note that forp∗ = 0 the overall number of customers in the G&Z system has exactlythe same law

as the state dependentM/M/1 defined through equation (A73) above. Forp∗ = 1 the same holds

with Kλ replaced withKλ + 1. But, by [8] the scaled versions of these twoM/M/1 systems will

have the same limit̄X(·). The proof is completed by applying the convergence together theorem.

�
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E. Proofs for §4

E.1 Proof of Lemma 4.1

The argument is straightforward and we only provide a sketchof the proof. For any policyπ ∈
Π(N) we construct the corresponding sample paths as follows: We generate arrivals from a Poisson

stream. In addition, we generate an infinite sequence of service times{si}i≥1 and cross-selling

times {ci}i≥1. When constructing the sample paths, the servicesi will be assigned to theith

customer to begin service and the cross-selling timeci will be assigned to theith customer to begin

cross-selling. Under this construction the process(Z2(t), Y (t)) is invariant to the order in which

customers are admitted from the queue. In particular,π′ which is obtained fromπ by admitting

customers to service in a FCFS manner induces the same samplepath under this construction.

This invariance guarantees (through Little’s Law) that ifπ is feasible so will beπ′. Moreover,

both controls will admit the same cross-selling rate since the steady-state number of customers in

cross-selling,Z2, has the same distribution probability law under bothπ andπ′. �

E.2 Proof of Lemma 4.2

We use a coupling argument to prove this assertion. Considertwo cross-selling systems with the

same number of agents,N , in both systems. Let system 1 be the system that uses the policy π and

system 2 be the system that usesπ′. The latter is the work conserving system. We assume that

both systems are initialized empty and we let{ti}i≥1 and{si}i≥1 and{ci}i≥1 be, respectively, the

sequences of arrival times, service times and cross-selling times in system 1. Specifically, customer

i arrives at timeti and requires a service time ofsi. If cross-selling is exercised at customeri the

cross-selling will requireci units of time. If cross-selling is not exercised on customeri we set

ci = 0.

We construct the sample path of system 2 from system 1 as follows: we use the same stream

of arrivals, services and cross-selling times. We cross-sell to customeri in system 2 if and only if

we cross-sell to him in system 1. To differ from system 1, uponservice completion of customeri,

if cross-selling is not exercised, a customer from the queuewill be admitted to service (unless the

queue is empty). Letbj
i , j = 1, 2, be the time at which customeri begins service in systemj (In

particular, the waiting time of customeri in systemj is given byti − bj
i ).

Let Qj(t), j = 1, 2, be the queue length at timet in systemj. Also, letCSj(t) be the number
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of customers that left systemj up to timet after cross-selling was exercised on them. In order to

prove that the assertion of the lemma holds it suffices to showthe following:

1. Q1(t) ≥ Q2(t), for all t ≥ 0.

2. CS1(t) ≤ CS2(t).

Indeed, ifQ1(t) ≥ Q2(t), the assumed feasibility of system 1 will imply the feasibility of

system 2. Moreover, ifCS1(t) ≤ CS2(t), then system 2 performs at least as well as system 1 in

terms of cross-selling rate. Since we exercise cross-selling on customeri in system 2 only if we

exercise cross-selling on this customer in system 1, it suffices to prove that for alli ≥ 1, b2
i ≤ b1

i .

That is, in system 2 all the customers begin service earlier.

We will now proceed by induction on the customer number to prove that indeed∀i ≥ 1,

b2
i ≤ b1

i . The conditions clearly holds for the first customer since both systems are initialized

empty. Assume the condition holds up to customern − 1 and consider customern. Specifically

consider the following cases:

• If at time tn there are idle agents in system 2 the customer will be admitted to service imme-

diately upon arrival (in system 2) and the inductive assumption will be kept.

• Otherwise, let us consider the timeb2
n−1 at which customern−1 will begin service in system

2 (while he might still be waiting for service in system 1). Let rj
i be the remaining handling

time of customeri ≤ n − 1 in systemj at timeb2
n−1. That is,

rj
i =

[

si + ci − [b2
n−1 − bj

i ]
+
]+

. (A77)

In particular, by our inductive assumptionr2
i ≤ r1

i , ∀i ≤ n−1, and by work conservation and

the fact that customern had to wait in queue, we have thattn < b2
n−1+mini≤n−1{r2

i |r2
i > 0})

andb2
n = b2

n−1 + mini≤n−1{r2
i |r2

i > 0}. If we can show that for system 1b1
n ≥ b2

n−1 +

mini≤n−1{r1
i |r1

i > 0}, then we are done.

To see that this indeed the case note that sinceb2
i ≤ b1

i for all i ≤ n − 1 and since the

handling times are common for both system, we have that at time b2
n−1 the overall number

of customers in system 1 is at least as large as the overall number of customers in system 2.

Now, recall that we assumed that all agents are busy in system2 at timetn−, this implies that

on the interval[b2
n−1, tn) all agents are busy (otherwise customern would not have to wait by
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work conservation). Hence, at timeb2
n−1 the number of customers in system 2 (and then in

both systems) will be at leastN . For system 1 this implies that the number of idle agents at

time b2
n−1 is smaller than the queue length. Formally, ifZ1(t) is the number of busy agents

in system 1 at timet, then we just argued thatZ1(b2
n−1) + Q1(b2

n−1) ≥ N , and in particular

I1(b2
n−1) ≤ Q1(b2

n−1), whereI1(t) is the number of idle agents in system 1 at timet. Hence,

even if at timeb2
n−1 system 1 admits all waiting customers to service, by the assumption that

tn < b2
n−1 + mini≤n−1{r2

i |r2
i > 0} ≤ b2

n−1 + mini≤n−1{r1
i |r1

i > 0}, customern must find

either a non-empty queue or an empty queue but with all agentsbusy. If he finds an empty

queue with all agents busy he will enter at timeb2
n−1 + mini≤n−1{r1

i |r1
i > 0}, otherwise he

will have to wait more. In any case we have thatb1
n ≥ b2

n−1 + mini≤n−1{r1
i |r1

i > 0}.

�

E.3 Proof of Proposition 4.1

Since we fixλ we omit the superscript from the all the notation. Letπ∞ be any feasible policy for

the original cross-selling problem which exists by our assumption thatN ≥ N1. DefineπL to be

an adaptation ofπ∞ to a system where there is a limited number of trunk lines,L. The adaptation

of π∞ to the system with finite buffer is straightforward. Note that π∞(i, j) defines what action to

take in an event epoch when the system is in statei, j. Then, we takeπL(i, j) = π∞(i, j), ∀i, j :

j ≤ L, z2 ≤ N . Also, from any feasible policy,πL, in the finite buffer the system we can construct

a corresponding policy,π∞
L for the infinite buffer system by settingπ∞

L (i, j) = 0, ∀i, j : j > L.

To establish the result of the proposition, it suffices to show that: (a) starting from a work

conserving policyπ∞, the sequence that we constructπL (which is also work conserving and

hence within the set of possible solutions for the LP), achieves asymptotically the same value, as

L → ∞, and (b) that starting from a sequence of policies{πL}, the sequence of adapted policies

for the infinite buffer system,{π∞
L }, achieves asymptotically the same value for the infinite buffer

system. Formally, we want to show that, givenε > 0,

|Ṽ (N, π∞) − V̂ (N, L, πL)| ≤ ε, (A78)

and

|Ṽ (N, π∞
L ) − V̂ (N, L, πL)| ≤ ε., (A79)
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for all L large enough. Here,̃V (N, π∞) andV̂ (N, L, πL) are, respectively, the cross-selling rates

in the infinite and finite buffer systems, equipped withπ∞ andπL, N agents andL trunk lines (in

the finite buffer system). Then, by definitionV ∗
LP (N, L) = supπL V̂ (N, L, πL) andV ∗(N) =

supπ Ṽ (N, π), where the supremum is taken over feasible policies for eachsystem. Recalling that

the cross-selling rate under any policyπ′ equalsµcsE[Zπ′

2 ], in order to prove (A78) it suffices to

show thatE[Zπ∞

2 ] = limL→∞ E
[

ZL,πL

2B

]

, whereZL,πL

2B
is the steady-state number of agents busy

cross-selling in the finite buffer system withL trunk lines and using a controlπL.

We first fix a feasible policyπ∞ for the infinite buffer system and prove (A78). Consider the

truncation of the resulting Markov chain to the subspace of the domain in which{j ≤ L}. Then,

the restricted Markov chain has the same law as the finite buffer system withπL. Hence,

E[Zπ∞

2 ] = E
[

ZL,πL

2B

]

P{Y π ≤ L} + E[Zπ∞

2 1{Y π∞>L}]. (A80)

The feasibility ofπ∞ implies thatE[Qπ] ≤ λW̄ . Using Markov’s inequality we have

P{Y π > L} = P{Qπ > L − N} ≤ λW̄

L − N
(A81)

Using the Cauchy-Schwartz inequality we have that

E[Zπ∞

2 1{Y π∞>L}] ≤
√

E[(Zπ∞

2 )2]P{Y π∞
> L}. (A82)

Since, by definition,Zπ∞

2 ≤ N , we then have

E[Zπ∞

2 1{Y π∞>L}] → 0, asL → ∞. (A83)

Plugging (A81) and (A83) back into equation (A80) we have that

E[Zπ∞

2 ] = lim
L→∞

E
[

ZL,πL

2B

]

. (A84)

This completes the proof (A78). The proof of (A79) is very similar and is omitted. �
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F. Proofs of auxiliary results

For the following recall thatΞλ(t) := (Qλ(t), Zλ
2 (t), Zλ

1 (t)).

Lemma F.1 Fix λ. Assume the system is staffed withN > R agents and thatTP [K] is used for

control with someK ≥ −N . Then, the Markov process(Ξλ(t), t ≥ 0) admits a steady-state

distribution. Consequently, TP is admissible in the sense that

lim
t→∞

E[Qλ(t)]

t
= 0. (A85)

Proof: It is immediate to see that the chain is irreducible. Becausethe rates are bounded we can

use uniformization and define a related Discrete Time MarkovChain (DTMC). Define the set

C = {(i, max{N ∨ N + K}) : 0 ≤ i ≤ N}.

Let τC be the first hitting time in the setC. Accordingly,Ex[τC ] is the expected hitting time given

that S(0) = x. C is a compact set and it is easy to prove thatsupx∈CEx[τC ] < MC < ∞ (an

elaborate derivation of the bound,MC , would be similar to the proof of Lemma 8 in [4] and we

omit the detailed argument). Stability is now established by applying theorem 10.4.10 from [9].

Equation (A85) follows directly from stability. �

Lemma F.2 Let

Ω∗(δ, λ, T, Θ) :=

{

ω ∈ Ω : 11 · max
i=1,...,11

sup
0≤t≤T

Bi(cλt) + Ei log(2 ∨ cλt) − δλt ≤ Θ

}

.

Then,

P {(Ω∗(δ, λ, T, Θ))c} ≤ 11
(

2c1e
−c2(Θ−Γ) + e−

δΘ
√

λ
2c

)

,

whereΓ, c1, c2 are as in(A5).
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Proof: Fix i = 1, . . . 11. Note that

P {(Ω∗(δ, λ, T, Θ))c} ≤ P

{

Eilog(2 ∨ cλT ) >
Θ

2

}

+ P

{

sup
0≤t≤T

Bi(cλt) − δλt >
Θ

2

}

(A86)

Now we treat each element on the right-hand side separately.From (A5) it now follows that

P

{

Eilog(2 ∨ cλT ) >
Θ

2

}

≤ c1e
−c2(Θ

2
−Γ)/(log(2∨cλT ).

The second element on the right hand side of (A86) is bounded by e−
δ
√

λΘ
2c by a well known result

for negative-drift Brownian motions; see e.g. Exercise 4.3.13 in [6]. �

The following auxiliary lemma is used later in the proofs of Lemmas B.1 and B.2.

Lemma F.3 Consider a sequence of systems such that: (a) theλth system usesNλ = R + βR +

γ
√

R + o(
√

λ) agents for some0 ≤ β ≤ pµs

µcs
, max(β, γ) > 0 and, (b) theλth system usesTP [Kλ]

for a sequence{Kλ}λ≥0 that satisfiesKλ/
√

R → % ∈ (−∞,∞) asλ → ∞. Then, for allε > 0,

there existt0(ε), λ0(ε) (independent of the initial stateΞλ(0)), such that,

sup
t0(ε)≤t≤T

(

Zλ
1 (t) − λ

µs

)−
≤ ελ, (A87)

for all ω ∈ Ω∗(0, λ, T, ελ/8) andλ ≥ λ0(ε). Here, t0(ε) = 0 wheneverΞλ(0) ∈ Aλ
ε/2. Conse-

quently,

P

{

sup
t0(ε)≤t≤T

(

Zλ
1 (t) − λ

µs

)−
> ελ

}

≤ c3e
−c4λ/ log(2∨cλT ), (A88)

for two positive constantsc3 andc4 and, finally,

E

[

sup
t0(ε)≤t≤T

(

Zλ
1 (t) − λ

µs

)−
]

≤ 2ελ. (A89)
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Proof: We fix ω ∈ Ω∗(0, λ, T, ζλ). Assume thatZλ
1 (0) < λ

µs
− ελ. The other case is treated at the

end of this proof. Define

τλ = inf
{

t ≥ 0 : Zλ
1 (t) ≥ λ/µs −

ε

2
λ
}

.

Fixing an interval[s, t) with t ≤ τλ and such thatQλ(u) = 0 for all u ∈ [s, t) we have, by equation

(A6), that

Zλ
1 (t) − Zλ

1 (s) ≥ λ(t − s) − µs

(

λ

µs

− ε

2
λ

)

(t − s) − ζλ = µs
ε

2
λ(t − s) − ζλ.

On the other hand for intervals[s, t) with t ≤ τλ andQλ(u) > Kλ ∨ 0, for all u ∈ [s, t), we have

by equation (A8) that

Zλ
1 (t) − Zλ

1 (s) ≥ µcs

∫ t

s

(Nλ − Zλ
1 (u))du− ζλ ≥ µcs

ε

2
λ(t − s) − ζλ,

and finally, on intervals[s, t) with t ≤ τλ and such that0 < Qλ(u) ≤ Kλ for all u ∈ [s, t), we

have by equation (A6) that

Zλ
1 (t)−Zλ

1 (s) ≥ −(Kλ ∨0)+λ(t−s)−µs

(

λ

µs
− ε

2
λ

)

− ζλ ≥ −(Kλ ∨0)+µs
ε

2
λ(t−s)− ζλ.

By assumption,Kλ/
√

R → % ∈ (−∞,∞) asλ → ∞. In particular, there existsk > 0 such that

Kλ ≤ k
√

λ for all λ large enough. For such values ofλ we then have that

Zλ
1 (t ∧ τλ) ≥ Zλ

1 (0) + µs ∧ µcs
ε

2
λ(t ∧ τλ) − ζλ. (A90)

Choosingζ = ε/8 and sinceZλ
1 (0) ≥ 0, we have that

Zλ
1 (t ∧ τλ) ≥ µs ∧ µcs

ε

2
λ(t ∧ τλ) − ε

8
λ,

so that, by the definition ofτλ,

τλ ≤
1
µs

− ε
4

(µs ∧ µcs)ε/2
, (A91)
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and this holds for allω ∈ Ω∗(0, λ, T, ελ/8). Define now

τ ′λ = sup

{

t ≥ τλ : Zλ
1 (t) ≥ λ

µs

− ε

2
λ

}

∧ T,

and

τ ′′λ = inf

{

t ≥ τ ′λ : Zλ
1 (t) <

λ

µs

− ελ

}

∧ T.

We note that, onΩ∗(0, λ, T, ελ/8), |Zλ
1 (t)−Zλ

1 (t)| ≤ c̃λt+ελ/8 for somẽc > 0. This follows from

(A8) and the definition ofΩ∗(0, λ, T, ελ/8). Hence,τ ′′λ > τ ′λ on Ω∗(0, λ, T, ελ/8). Repeating

closely the arguments that lead to (A90) we have that

Zλ
1 (t) ≥ Zλ

1 (s) + µs ∧ µcs
ε

2
λ(t − s) − ε

8
λ, (A92)

for all τ ′λ ≤ s < t ≤ τ ′′λ. There are now two cases to consider: ifτ ′λ = T , thenZλ
1 (t) ≥ λ

µs
−

ελ/2, for all t ≥ τλ. If, on the other hand,τ ′λ < T , then by (A92), we must have thatτ ′′λ(t) = T

so thatZλ
1 (t) ≥ λ

µs
− ελ for all t ≥ τλ. Consequently, we conclude that, onΩ∗(0, λ, T, ελ/8),

Zλ
1 (t) ≥ λ

µs
− ελ for all t ≥ τλ. In particular, choosing

t0(ε) =

1
µs

− ε
4

(µs ∧ µcs)ε/2
,

we have by (A91) that,

sup
t0(ε)≤t≤T

(

Zλ
1 (t) − λ

µs

)−
≤ ελ, (A93)

on Ω∗(0, λ, T, ελ/8). Using Lemma F.2 together withZλ
1 ≤ Nλ ≤ λ/µs + λp/µcs we also have

that

E

[

sup
t0(ε)≤t≤T

(

Zλ
1 (t) − λ

µs

)−
]

≤ ελ + cλc3e
−c4ελ/ log(2∨cλT ), (A94)

so that there existsλ large enough to guarantee that the above is smaller than2ελ.

Finally, the last statement of the lemma follows from the above by noting that, ifΞλ(0) ∈ Aλ
ε

thenτ ′λ = τλ = 0 so thatZλ
1 (t) ≥ λ/µs − ελ for all t ≥ 0. �

Proof of Lemma B.1: Lemma B.1 is obtained as a special case of Lemma F.3, and specifically

the first part of this lemma, by assuming thatβ, δ > 0, replacingε/2 and assumingΞλ(0) ∈ Aλ
ε so
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that t0(ε) = 0. We note that in Lemma B.1 we focus onΩ∗(δ, λ, T/λ, Θ) while Lemma F.3 uses

Ω∗(0, λ, T, ελ/8). The proof, however, remains practically unchanged with the replacement of the

time horizon fromT toT/λ and the replacement of the setΩ∗(0, λ, T, ελ/8) with Ω∗(δ, λ, T/λ, Θ).

�

Proof of Lemma B.2: Lemma B.2 is a direct consequence of Lemma F.3. Indeed, initialize the

λth system with its steady-state distributionνλ. Using Lemma F.3 we have that there existst > 0

such that

P

{

(

Zλ
1 (t) − λ

µs

)−
> ελ

}

≤ c3e
−c4λ/ log(2∨cλT ).

By stationarity ofνλ we have thatZλ(0)
D
= Zλ(t) ∼ νλ for all t hence the result of the lemma.�

Proof of Lemma B.3: The proof relies on two building blocks–the analysis of the queue dynamics

and the use of a Lyapunov function along the lines of [3]. Its relative simplicity is a consequence

of the fact that we are only interested here in fluid-scale behavior. We provide only a sketch of the

proof.

Towards that end, using the equations for the evolution of the queue length (as in the proof of

Theorem B.1) as well as Lemma F.3, it is straightforward to establish the existence oft1 ≥ 0 and

strictly positive constantsδ andγ such that

sup
ξ:q(ξ)>δλ

Eξ

[

e
Qλ(t1)

λ

]

e
Qλ(0)

λ

≤ e−γ,

for some constantγ > 0. Fix Φλ(ξ) = eq(ξ)/λ for all ξ ∈ X λ. Let

φλ(t) := sup
ξ∈Xλ

Eξ(Φ
λ(Ξλ(t1)))

(Φλ)(ξ)
.

Then, using the fact thatQλ(t) ≤ Qλ(0)+Aλ(t) for all t ≥ 0, it is straightforward thatφλ(t1) < ∞
for all λ and, moreover, that

lim sup
λ→∞

φλ(t1) < ∞.

It is in establishing this last bound that the restriction tofluid-level bounds simplifies things signif-
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icantly.

Applying now Theorem 5 of [3] we have for allλ that

Eνλ [Φλ(Ξλ(0))] ≤ eδφλ(t1)

1 − e−γ
,

and by our definition ofΦλ(·) we have that

lim sup
λ→∞

E

[

e
Qλ(0)

λ

]

< ∞.

The result of the lemma now follows. �

Proof of Lemma B.4: We first establish the existence of fluid limits. To this end, note thatT λ
i (·)

are increasing continuous functions withT λ
i (0) = 0 and fort > s

5
∑

i=1

|T λ
i (t) − T λ

i (s)|
λ

≤ c̃(t − s), (A95)

for some constant̃c > 0. This follows directly from the fact thatZλ
1 (t) + Zλ

2 (t) ≤ Nλ ≤ λ/µs +

λp/µcs. Invoking the Arzelà-Ascoli Theorem (see for example [1])together with (A9) we have

that the sequence

{(

T λ
1

λ
, ...,

T λ
5 (t)

λ
,
Mλ

Z,Q(t)

λ
,
Mλ

Z1
(t)

λ
,
Mλ

Z2
(t)

λ

)

, λ ≥ 0

}

is C-Tight in the sense of Theorem 15.5 in [1]. From equations(A10)-(A12) it then follows that

the sequence

{(

T λ
i (t)

λ
, i = 1, .., 5;

Zλ
1 (t)

λ
;
Zλ

2 (t)

λ
;
Qλ(t)

λ
,
Mλ

Z,Q(t)

λ
,
Mλ

Z1
(t)

λ
,
Mλ

Z2
(t)

λ

)

, λ ≥ 0

}

is C-Tight so that every subsequence contains a further subsequence that converges to some limit.

It is now straightforward to verify that every limit must satisfy equations (A36)-(A38). Consider,

for example, equation (A39): Chooset ≥ 0 with Q̄(t) > 0. It is then possible to chooseλ0 large

enough such that for allλ > λ0, on the subsequence,Qλ(t)/λ > ε for someε > 0 (and this can be
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shown to also hold in some small neighborhood oft). In particular forλ large enough and for any

s in some neighborhood oft, Qλ(s) > Kλ (by the assumption onKλ), so that ˙̄T1(t) = pµsZ̄1(t).

�

Proof of Lemma B.5: The argument is very simple. Assume that the statement[Z̄1(t)− 1
µs

]− ≤ ε

is violated at time0, that isZ̄1(0) < 1/µs−ε. By equation (A36), for every interval[s, t], on which

Q̄(u) = 0 andZ̄1(u) < 1/µs − ε for u ∈ [s, t], we have that

d
(

Q̄(t) + Z̄1(t)
)

dt
≥ 1 − µs(1/µs − ε), (A96)

or equivalently
d
(

Q̄(t) + Z̄1(t)
)

dt
≥ µsε. (A97)

Also, by equation (A38), on intervals[s, t] such thatQ̄(u) > 0 andZ̄1(u) < 1/µs− ε for u ∈ [s, t],

we have that
dZ̄1(u)

du
≥ µcsZ̄2(u), (A98)

and since we assumed thatZ̄1(u) < 1/µs − ε, ∀u ∈ [s, t], we have that̄Z2(u) ≥ β
µs

+ ε on this

interval and
dZ̄1(u)

du
≥ µcs

(

β

µs
+ ε

)

. (A99)

Combining equations (A97) and (A99) we have that for allt ≥ 0

dZ̄1(t)

dt
≥
[

µsε ∧ µcs

(

β

µs
+ ε

)]

, (A100)

for eachu with Z̄1(u) < 1/µs − ε. In particular, if Z̄1(0) < 1/µs − ε, we have that∃t̃0(ε) ≤
Z̄1(0)/(µs(

β
µs

+ ε) ∧ µsε), with Z̄1(t̃
0(ε)) ≥ 1/µs − ε. Note that by this argument̄Z1 is increasing

as long as it is below1/µs − ε, implying that

Z̄1(t) ≥ 1/µs − ε, ∀t ≥ t̃0(ε). (A101)
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Now, we claim that there exists a timet̃ ≥ t̃0(ε), such that∀t ≥ t̃, Q̄(t) = 0. Indeed, assume that

at timet̃0(ε), Q̄(t) > 0 and let

t = inf
{

t ≥ t̃0(ε) : Q̄(t) = 0
}

.

Then, for allt̃0(ε) ≤ t ≤ t,

dQ̄(t)
dt

= 1 − µsZ̄1(t) − µcsZ̄2(t) = µs

(

Z̄1(t) − 1
µs

)−
− µs

(

Z̄1(t) − 1
µs

)+

− µcs

(

1+β
µs

− Z̄1(t)
)

≤ µsε − µ

(

(

Z̄1(t) − 1
µs

)+

+ 1+β
µs

− Z̄1(t)

)

≤ µsε − µ β
µs

,

(A102)

whereµ̄ = µs ∧ µcs. Choosingε small enough, we have that˙̄Q(t) ≤ −η ≤ 0 for someη > 0. In

particular,t ≤ Q̄(t̃0(ε))/η. Moreover, since˙̄Q(t) ≤ 0 for all t ≥ t̃0(ε), we also have that̄Q(t) = 0

for all t ≥ t. We can now set̃t = t. Now, since for allt ≥ t̃, Q̄(t) = 0, we have by equation (A36)

that ˙̄Z1(t) = 1 − µsZ̄1(t) for all t ≥ t̃ and it is straightforward to show the existence of a time

t0(ε) ≥ t̃, such that for allt ≥ t0(ε), |Z̄1(t) − 1
µs
| ≤ ε.

To prove the second part of the lemma, assume that at some timet0 ≥ t0(ε), Ī(t) > 0. Then,

letting t̄ = inf{t ≥ t0 : Ī(t) = 0}, we have that on[t0, t̄],

˙̄I(t) = λ − µsZ̄1(t) − µcsZ̄2(t) + pµsZ̄1(t).

But since|Z̄1(t) − 1
µs
| ≤ ε for all t ≥ t0(ε), we also have that

˙̄I(t) ≥ −µsε − µcs

(

β

µs
+ ε

)

+ pµs

(

1

µs
− ε

)

. (A103)

Hence, choosingε small enough, we have the existence ofη > 0, such thatdĪ(t) ≥ η > 0, for all

t ≥ t0. In particular, there exists a timet∗ at which Ī(t) = 0. Moreover, by repeating a similar

argument starting at the first time aftert∗ in which Ī(t) ≥ ε/2, we have that̄I(t) ≤ ε for all

t ≥ t∗. �
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Completing the proof of Theorem B.2. The theorem was proved for the caseβ > 0 in §B. It

remains, to provide the proof for the caseβ = 0. Note that, in this case,Nλ = R+γ
√

R+ o(
√

λ),

so that we necessarily have that(Zλ
1 − λ

µs
)+ ≤ γ

√
R + o(

√
R). Consequently, the statement of

Lemma F.3 holds with(Zλ
1 − λ

µs
)− replaced with|Zλ

1 − λ
µs
|.

We will assume for the rest of the proof thatKλ ≡ 0 but the more general case follows similarly

by replacingIλ(·) with (Iλ(·) − [Kλ]−)+ andIλ with (Iλ − [Kλ]−)+ throughout. The remainder

of the proof is similar to, but simpler than, the proof of Proposition B.1.

Fix Θ > 0, ε > 0 and assume thatt0(ε) in Lemma F.3 is0. We will later remove this last

assumption. Assume further thatIλ(0) > 2Θ and let

τλ = inf{t ≥ 0 : Iλ(t) ≤ Iλ(0) − Θ}.

Using the identityIλ(t) = Nλ − Zλ
1 (t) − Zλ

2 (t) as well as equations (A11) and (A12), we have

that onΩ∗(0, λ, T/λ, Θ/2),

Iλ(t∧τλ) ≤ Iλ(0)−λ(t∧τλ)+µs

∫ t∧τλ

0

Zλ
1 (u)du+µcs

∫ t∧τλ

0

Zλ
2 (u)du−pµs

∫ t∧τλ

0

Zλ
1 (u)du+Θ/2,

(A104)

with Ω∗(·, ·, ·, ·) is as in (A20). From Lemma F.3 we have that, onΩ∗(0, λ, T/λ, Θ/2), |Zλ
1 (t) −

λ
µs
| ≤ ελ for all t ≥ 0. By definition Zλ

2 (t) ≤ Nλ − Zλ
1 (t) for all t ≥ 0. In particular, on

Ω∗(0, λ, T/λ, Θ/2), we have from equation (A104) that

Iλ(t ∧ τλ) ≤ Iλ(0) + ((1 + p)µsελ + µcsελ)(t ∧ τλ) − pλ(t ∧ τλ) + Θ/2. (A105)

Let η := (1 + p)µsε + µcsε − p and chooseε small enough so thatη > 0. Let nowt∗ = 3Θ/(2η).

Then, we must have thatτλ ≤ t∗/λ on Ω∗(0, λ, T/λ, Θ/2). By similar considerations as in the

proof of Lemma F.3, we now have that for allt∗/λ ≤ t ≤ T/λ, Iλ(t) ≤ Iλ(0)−Θ. From here the

proof follows the proof of Proposition B.1 almost varbatim with the appropriate replacements of

Qλ with Iλ. We point out, however, that an analogue of Lemma B.3 is not required here. Indeed,

the fact that

lim sup
λ→∞

E

[(

Iλ

λ

)m]

< ∞,

for any integerm follows trivially from the fact thatIλ ≤ Nλ ≤ λ/µs + λp/µcs. �

The following Remark is used in the proof of Proposition D.1.
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Remark F.1 (Convergence of idleness on compact intervals) The argument that we used in the

proof of Theorem B.2 can to prove convergence of the steady-state variables, can be modified

(and simplified) to establish convergence over compact intervals provided a proper convergence

is assumed at time0. Specifically, we make the following claim: Assume that, in addition to the

conditions of Theorem B.2, we have that

Iλ(0)√
λ

⇒ Î(0) asλ → ∞.

Then, we have that
(Iλ(t) − [Kλ]−)+

√
λ

⇒ 0 asλ → ∞,

where the convergence is uniform on compact subsets of(0,∞).

The proof of this claim is similar to that of Theorem B.2 and weprovide only a sketch.

As in that proof, we focus initially on a subset of the sample space. Specifically, we focus on

Ω∗(δ, λ, T, ε
√

λ/2), whereΩ∗(·, ·, ·, ·) is as in (A20)). Using Lemma F.2, we have that

P
{

(Ω∗(δ, λ, T, ε
√

λ/2))c
}

≤ ε/2

for all λ large enough. To establishing the convergence over compactintervals of(0, T ], it then suf-

fices to show that for every0 < s < T , there exists for allλ large enough andω ∈ Ω∗(δ, λ, T, ε
√

λ/2),

sup
s<t≤T

∣

∣

∣

∣

(Iλ(t) − [Kλ]−)+

√
λ

∣

∣

∣

∣

≤ ε.

This is what we prove next. To that end, define the random timeτλ = inf{t ≥ 0 : Iλ(t) ≤ ε/2
√

λ}.

Following the arguments in the beginning of the proof of Theorem B.2, paralleling (A105), one

shows that onΩ∗(δ, λ, T, ε
√

λ/2),

Iλ(t ∧ τλ) ≤ Iλ(0) + ((1 + p)µsελ + µcsελ)(t ∧ τλ) − pλ(t ∧ τλ) + δλt +
ε

2

√
λ. (A106)

The convergence ofIλ(0)/
√

λ allows us to chooseη(ε) and possibly so thatP{Iλ(0) > η(ε)
√

λ} ≤
ε/2 for all λ large enough. Let

Ω̃(ε, δ, λ, T ) := {ω ∈ Ω : Iλ(0) > η(ε)
√

λ}
⋂

Ω∗(δ, λ, T, ε
√

λ/2).
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It is now straightforward to modify the argument in the proofof Theorem B.2 to show that there

existst∗(ε) such thatIλ(t) ≤ ε
√

λ, for all ω ∈ Ω̃(ε, δ, λ, T ) and allt∗(ε)/
√

λ ≤ t ≤ T . Conse-

quently,

P

{

sup
t∗(ε)/

√
λ≤t≤T

(Iλ(·) − [Kλ]−)+ ≥ ε
√

λ

}

≤ ε,

for all λ large enough which, in turn, implies the desired convergence.

Proof of Lemma C.1: Since we fixλ we omit the superscriptλ throughout the proof of the

Lemma. Recall the state descriptorS(t) = {Z2(t), Y (t)}. Consider the setA where all agents are

busy, that isA = {(i, j) : j ≥ N, i ≥ 0}. Let SA(t) be the process one gets when restricting the

Markov chain to the setA (and in particularQA(t) = (Y A(t) − N)+). Since the new state space

is clearly irreducibleSA(t) is a Markov chain. In particular, we will have thatE[Q|Y ≥ N ] =

E[QA]. For the restricted Markov chain we can couple the queue length with anM/M/1 queue

with service rateNµs as follows. LetQB(t) be the queue length in thisM/M/1 queue. Initiate

QA(0) = QB(0) = 1. Generate arrivals from the same Poisson process and departures from the

same Poisson process with rateNµs + Nµcs with thinning. Since we assumed thatµcs ≥ µs, it

is straightforward to show by induction on the event epochs (arrivals and departures), that for all

t ≥ 0, QB(t) ≥ QA(t). But we know thatE[QB] = λ
Nµs−λ

, which implies that

E[QA] ≤ λ

Nµs − λ
,

and the assertion of the lemma is now obtained by applying Little’s law. �

Proof of Lemma D.3. Recall the definition of̂γ andγ from (A57) and (A58). Then, our assump-

tion thatNλ ≥ Nλ
1 for all λ implies thatγ̂ ≥ γ. Let Y FCFS

λ,µ (Nλ) be the steady-state number of

customers in system in theλth M/M/N system and let

XFCFS
λ,µ (Nλ) :=

Y FCFS
λ,µ (Nλ) − Nλ

√
R

.

Then, by [5] we have that

XFCFS
λ,µ (Nλ) ⇒ XFCFS, (A107)
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where the convergence holds also in expectation andXFCFS has a density function

fγ̂(x) =











(1 − α(γ̂))φ(γ̂+x)
Φ(γ̂)

, x ≤ 0,

α(γ̂))e−(γ̂x), x > 0,
(A108)

where forx ≥ 0, α(x) :=
[

1 + xΦ(x)
φ(x)

]−1

, andφ(·) andΦ(·) are the standard normal distribution

and cumulative distribution functions. In particular, forall x ≤ 0 the cdf is given

Fγ̂(x) = (1 − α(γ̂))
Φ(γ̂ + x)

Φ(γ̂)
, (A109)

andE[(XFCFS)+] = α(γ̂)
γ̂

. By [2], γ is such thatα(γ)
γ

=
√

µsŴ . Also, by our assumption that

Nλ ≥ Nλ
1 for all λ we then have thatE[(XFCFS)+] ≤ √

µsŴ and the inequality is strict whenever

γ̂ > γ.

We now turn to the actual proof of the lemma. Forx ≥ 0, define the functions

hλ(x)
4
= ξd−x

√
Nλe(N

λ), (A110)

wherehλ(x) ≡ hλ(
√

Nλ) whenx ≥
√

Nλ. For any fixedλ, hλ(·) is a decreasing function. Also

by (A107) and (A109), we have thathλ(x) → h(x)
4
= α(γ̂)

1−Fγ̂(−x)
, asλ → ∞. Since these are

non-increasing functions the convergence is locally uniform in x. Re-writing (A52), we have

Kλ = −
√

Nλ · min

{

x ≥ 0

∣

∣

∣

∣

hλ(x)

Nλµs − λ
≤ Ŵ/

√
λ

}

, (A111)

or

Kλ

√
Nλ

= −min

{

x ≥ 0

∣

∣

∣

∣

hλ(x) ≤ Ŵ × Nλµs − λ√
λ

}

. (A112)

Assume first that̂γ > γ. Then, we can further boundx in the following way. Sinceh(x) is

continuous inx with h(x) → α(γ̂), asx → ∞ andh(x) → 1, asx → 0 , we know that as long as

α(γ̂)/(γ̂) ≤ √
µsŴ − √

µsε for someε > 0, there exists̄x such thath(x̄) <
√

µsγ̂Ŵ − √
µsγ̂ε.

In particular by the pointwise convergence of the sequencehλ(·) we have that for everyλ large

enoughhλ(x̄) ≤ √
µsγ̂Ŵ γ̂. This, together with the monotonicity ofhλ(x), allow us to “localize”

equation (A112) so that
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Kλ

√
Nλ

= −min

{

0 ≤ x ≤ x̄|hλ(x) ≤ Ŵ × Nλµs − λ√
λ

}

. (A113)

The locally uniform convergence ofhλ(·) together with the condition (A57) implies

Kλ

√
Nλ

→ −min
{

0 ≤ x ≤ x̄|h(x) ≤ γ̂Ŵ
√

µs

}

. (A114)

h(x) is monotone decreasing inx and continuous. Hence, usingNλ = R + O(
√

R), we have that

Kλ

√
R

→ −δ(γ̂, Ŵ )
4
= {x|h(x) = γ̂Ŵ

√
µs}, (A115)

so that,

δ(γ̂, Ŵ ) = F−1
γ̂

(

1 − α(γ̂)

γ̂Ŵ
√

µs

)

. (A116)

Recall that we assumed thatγ̂ > γ. We claim that (A115) still holds, however, whenγ̂ = γ,

and in particular, since by the definition ofγ, α(γ̂) = γ̂Ŵ
√

µs, this would imply thatK
λ

√
R
→ −∞.

Indeed, assume thatγ̂ = γ and

lim inf
λ→∞

Kλ

√
R

= −δ̂ > −∞.

Then, repeating our previous arguments (and using uniform convergence on[0, 2δ̂]) we have that

hλ(Kλ/
√

R) = ξdKλe → h(δ̂) > α(γ), (A117)

where the last inequality follows from the definition ofh(·). In particular,

√
λ

ξKλ

Nλµ − λ
→ h(δ̂)√

µsγ
>

α(γ)√
µsγ

> Ŵ , (A118)

so that there existsλ large enough for which the average delay constraint is violated, contradicting

the definition ofKλ. �
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Proof of Lemma D.2. By §9 of [2], Nλ
1 is such that

Nλ
1 − R√

R
→ γ,

for someγ > 0. In particular, (A71) follows from the fact thatN∗λ ≥ Nλ
1 by definition. Assume,

to reach a contradiction, that there exists a subsequenceλk such that

lim
k→∞

N∗λk − Rk

√
Rk

= ∞. (A119)

Also, recall that in the statement of the lemma thatlim supλ→∞(Nλ
2 − R)/(N̄λ

1 − R) < 1. Hence,

we can choose a further subsequenceλkl so that(Nλkl

2 −R)/(N̄λkl

1 −R) < 1 for all l large enough.

We fix such a subsequence.

Using Assumption 3.2 and the definition ofN̄λ
1 in (12) we also have that

lim sup
λ→∞

N̄λkl

1 − R√
R

< ∞. (A120)

In particular, there existsl∗ so that, for alll ≥ l∗, bothN∗λkl ≥ N̄λkl

1 and(Nλkl

2 −R)/(N̄λkl

1 −R) <

1. Using the definition ofN̄λkl

1 , we then have that

E[W FCFS
λkl ,µs

(N∗λkl
)|ZFCFS

λkl ,µs
(N∗λkl

) ≥ N ] = E[W FCFS
λkl ,µs

(N∗λkl
)|W FCFS

λkl ,µs
(N∗λkl

) > 0] ≤ W̄ λkl ,

for all l ≥ l∗ and, consequently, thatK∗λ ≥ 0 with K∗λ as in (14) is the least threshold that

satisfies the service-level constraint. It is trivially thecase thatE[ZFCFS
λkl ,µs

(N∗λkl )|ZFCFS
λkl ,µs

(N∗λkl ) ≥
N∗λkl ] = N∗λkl , so that we can replace (13) with

N∗λkl
= arg max

N≥N̄λkl
1

rµcs (N − R) − Cλkl (N) − Cλkl (R), (A121)

where we always pick the smallest maximizer. The convexity of Cλkl (·) and the definition ofNλkl

2

imply that for all l, µcs(N − R) − (Cλkl (N) − Cλkl (R)) is non-increasing on[Nλkl

2 ,∞). Recall

that(Nλkl

2 −R)/(N̄λkl

1 −R) < 1 for all l ≥ l∗ and we must have thatN∗λkl = N̄λkl

1 for all λ large

enough, implying that for alll ≥ l∗. Equation (A120) now leads to a contradiction to (A119) and
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in particular to equation (A72).

�

Proof of Corollary D.1. LetXλ andX̄λ,p∗ be the steady-state variables defined in (A59). Having

Proposition D.1, the proof of Corollary D.1 requires only establishing that the sequences{Xλ, λ ≥
0} and{X̄λ,p∗, λ ≥ 0} are tight sequence of random variables. Once this tightnessis established,

the convergence in the corollary follows from exactly the argument in Corollary 2 of [5] which is

by now standard.

To establish tightness we will identify sequences of randomvariables{Lλ, λ ≥ 0} and

{Uλ, λ ≥ 0} such that, for eachλ, Lλ ≤st Xλ ≤ Uλ and the same holds for̄Xλ,p∗. We will

the show that the sequence{Lλ, λ ≥ 0} and{Uλ, λ ≥ 0} are both tight, thus implying the

tightness of{Xλ, λ ≥ 0} and{X̄λ,p∗, λ ≥ 0}.

For the lower bound, we will letLλ be the steady-state number of customers in anM/M/N

system (i.e. without cross-selling). The fact that this is indeed a lower bound can be proved using

a straightforward coupling argument that is omitted. For the upper bound, we will letUλ be the

steady-state number of jobs in the state dependentM/M/1 defined in the proof of Proposition D.1.

In that proof, thisM/M/1 was already proved to constitute an upper bound for both processXλ(·)
andX̄λ,p∗(·).

The fact that{Lλ, λ ≥ 0} converges follows directly from Theorem 1 in [5]. As for{Uλ, λ ≥
0}. Note that the state dependentM/M/1 queue is just a state space reduction of theM/M/N

system from [5], and hence can also be shown to converge usingtheir results. Specifically, we have

that

Uλ d
= Sλ

∣

∣ Sλ > Nλ − Kλ , (A122)

whereSλ is the steady-state number of customers in system in the correspondingM/M/N system,

so that by Theorem 1 in [5]

Uλ ⇒ S | S > −δ , (A123)

whereS is the steady-state distribution of the limit in Theorem 1 of[5]. The convergence of the

upper and lower bound sequence implies their tightness and,in turn, that of{Xλ, λ ≥ 0} and

{X̄λ,p∗, λ ≥ 0}.

Having the tightness the proof of the corollary is concludedby mimicking the argument in the

proof of Corollary 2 in [5]. We omit that argument. �
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Proof of Corollary D.3: By Lemma D.2 we can always choose a convergent subsequence of

N∗λ. Assume first that the whole sequence converges. By Lemma D.1we have that

V λ(Nλ, πλ) ≤ rµcs(E[Z̄λ] − R) − (Cλ(Nλ) − Cλ(R)), (A124)

where,Z̄λ is the steady-state number of busy agents in the G&Z model controlled byTP (Nλ, p∗).

Moreover, since the limit of̄Xλ,p∗ is the same regardless of the value ofp∗, we can use the fact that

(A67) holds for theG&Z model to write:

V λ(Nλ, πλ) ≤ rµcs(E[ZFCFS
λ,µs

(Nλ) − R |ZFCFS
λ,µs

(Nλ) ≥ N + Kλ] − R)

− (Cλ(Nλ) − Cλ(R)) + o(Nλ − R),
(A125)

whereKλ is determined through equation (A52). In particular, by thedefinition ofN∗λ, we have

that

supNλ,πλ V λ(Nλ, πλ) ≤ µcs(E[ZFCFS
λ,µs

(N∗λ) − R |ZFCFS
λ,µs

(N∗λ) ≥ N∗λ + Kλ] − R)

+ Cλ(N∗λ) − Cλ(R) + o(Nλ − R)).

(A126)

By Corollary D.1, equation (A68) and the second part of Assumption 3.1 we have now that

lim inf
λ→∞

V λ(N∗λ, TP [Kλ])

V̄ λ(N∗λ)
→ 1, asλ → ∞, (A127)

so that the upper bound is achieved. Together with equation (A69) this implies thatTP [Kλ] and

N∗λ are an asymptotically optimal staffing and control pair. Since these arguments can be repeated

for every convergent subsequence the assumption thatN∗λ−R√
R

converges can be removed. �

G. Numerical examples

Here, we augment the numerical study from§5 of the paper. In the latter we examined the efficacy

of our prescription of implementation of Section 5.1, but focused on cases i. and iv. of that

prescription (i. is the PD regime under Condition 1 of Theorem 3.1, while iv. is the case where
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none of the conditions 1, 2, and 3 holds and hence a search procedure is needed). It remains to

examine the efficacy of our prescription under cases ii. and iii., consistent with Conditions 2 and

3, respectively. We start with Condition 3. This condition assumes thatNλ
2 ≤ N̄λ

1 , whereN̄λ
1 is

as given in (12), and that the service- and cross-selling rates are equal, i.e,µs = µcs. We return

to the call centers that we examined in§5. A small call center withR = 30 and a medium-sized

one withR = 100. Here we assume thatµs = µcs = 1. For each of these two systems we vary

the staffing level between the least feasible staffing levelN1, as defined in (11), and̄N1. For each

of these staffing levels we computeKλ(N) as in (14). We then find the revenue obtained when

usingN servers andTP [Kλ(N)]. The resulting series is depicted by the solid line in FigureG.

In addition, for each staffing level we compute the revenue using the MDP from§4. These points

are used to construct the dashed series in Figure 7. Evidently, the performance of the prescribed

threshold approaches that of the MDP as the system size grows, but it is reasonably good also for

the small call center.
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Figure 7: Performance of the threshold in (14) for call centers with equal rates:µs = µcs: (a) for
R = 30, and (b)R = 100.

We now study the recommendation in Condition 2 of Theorem 3.1. Namely, we consider a

case in whichµcs = 2 ≥ µs = 1 and staffing range[N̄1, M ] such thatM is not much larger than

N̄1–note that the recommendation in condition 2 assumes that condition 1 does not hold but still

N2 ≥ N̄1. In turn, this implies thatN2 − N̄1 = O(
√

λ). Hence, we useM = dN̄1 +
√

λe. For the

small call center (withR = 30) this region is almost non-existent for all practical purposes since

N̄1 = 40 is already33% greater thanR, so that ifN2 ≥ N̄1 it is fair to say thatN2 � R. Hence,

we focus onR = 100. The results are plotted in Figure 8. The solid series depictsthe result when
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Figure 8: Performance of the threshold K=0, forN ≥ N̄1 andµcs ≥ µs

usingK = 0, as recommended in Theorem 3.1 when Condition 2 holds, and the dashed series

represents the optimal solution from the MDP.

Finally, an interesting question is what is the point of transition from Condition 2 to Condition

1 of Theorem 3.1. By Theorem 3.1 we expect that, when Condition 1 holds, thresholds that are

strictly greater than0 will be feasible and outperform the thresholdK = 0. Hence, to identify

the transition point, we compare the performance of the thresholdK = 0 to the performance with

the best feasible threshold in the range[0, λW̄ ] which is found through a search. We recall that

W̄ = 0.1 so thatλW̄ = 10. As seen in Figure 8, for all staffing levels that are less than115 agents,

the best threshold in this range does not significantly outperform the performance withK = 0. A

transition happens around 115, where we see that the using thresholds that are strictly greater than

0 leads to a performance improvement. Note that withN = 115, µcs(N − R) = 0.3λ so that the

system has the capacity to cross-sell to roughly30% of its customers.
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