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Abstract

We consider the problem of minimizing queue-length costs in a system with heterogenous
parallel servers, operating in a many-server heavy-traffic regime with non-degenerate slowdown.
This regime is distinct from the well-studied heavy traffic diffusion regimes, namely the (single
server) conventional regime and the (many-server) Halfin-Whitt regime. It has the distinguishing
property that waiting times and service times are of comparable magnitudes. We establish an
asymptotic lower bound on the cost and devise a sequence of policies that asymptotically attain
this bound. As in the conventional regime, the asymptotics can be described by means of a
Brownian control problem, the solution of which exhibits a state space collapse.
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1 Introduction

Many-server approximations are ubiquitous in the modeling of large-scale service systems. A preva-
lent mode of analysis in this context is the Halfin- Whitt heavy traffic diffusion regime [17], also called
the Quality and Efficiency Driven (QED) regime [15]. For the M/M /N queue, a sequence of sys-
tems in heavy traffic (HT), indexed by n, is constructed by letting the number of servers, N", and
the arrival rate, A", grow with n while the service rate y remains fixed, so that the utilization in
the n' system, p" := A" /(N"u™), behaves like
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Customer waiting times in this regime are of the order 1/v/ A" and are thus order of magnitudes
smaller than the service times. It has been argued that this order of magnitude relation renders
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the analysis in this regime relevant for some call centers and certain health-care systems to whose
study it has been applied; see e.g. [1, 20]. The Halfin-Whitt regime is typically contrasted with the
so-called conventional HT diffusion regime. Conventional limits are obtained by fixing the number
of servers (typically 1) and letting both the arrival and service rate scale so that
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In this regime, the waiting time is of the order of 1/y/u™ so that, in perfect contrast with the
Halfin-Whitt regime, the service time is negligible compared to the waiting time.

From a modeling viewpoint, it is desirable to allow for these two important performance mea-
sures to be comparable under the scaling. Gurvich, Mandelbaum and Shaikhet [19], [21], [16] and,
independently, Whitt [24] have identified a many-server regime with this property. Limits for the
M/M/N queue in this regime are obtained by scaling the parameters so that p" and N™ are of the
order of v/ A" and
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One defines the slowdown of a queueing system as the ratio between the sojourn time and the
service time experienced by a typical customer. By the foregoing discussion, among the three
regimes alluded to above, regime (1) is unique in that the slowdown does not degenerate, in the
sense that it does not converge to one of the extreme values, 1 or co. We therefore refer to it as
the Non-Degenerate Slowdown (NDS) diffusion regime. This term was coined in [3], where a queue
with heterogenous servers was analyzed in this regime, and the limiting joint law of waiting time
and service time was identified. Both the conventional and the NDS regimes are often referred to
as Efficiency Driven (ED). We refer the reader to [3] for further discussion of the three regimes
and to [15] for the distinction between QED and ED regimes. The relevance of the NDS diffusion
regime in real-world applications has been argued in [3] by demonstrating that some call centers
do operate with comparable delays and service times; particularly, this is the case for the detailed
empirical study of a call center performed in [11]. This makes a strong case for analyzing these
systems by NDS diffusion approximations (see [3] for further discussion on this modeling issue, and
Whitt [25] for an alternative (ED) regime with comparable delays and service times).

Control of queueing networks under both the conventional and Halfin-Whitt diffusion regimes
(as well as fluid regimes) has been an active research area in recent years. Particularly, the parallel
server model has been studied in this context, where customers of a number of classes are served in
parallel by servers of various types, and a system administrator dynamically controls the routing.
(In the conventional diffusion regime see [18, 7, 8, 22| and in the Halfin-Whitt regime see e.g. [23]
and references therein.) In this paper we study the problem of minimizing queue-length costs in
a parallel server model with renewal arrival processes and exponential service times operating in
the NDS regime. From a control standpoint, a distinctive property of the NDS regime is that
sojourn time cost criteria are meaningful as neither the service time or waiting-time degenerate
asymptotically. Having solved the queue-length problem, we argue (heuristically) how in a simple
case, the sojourn time problem can be reduced to a queue-length problem. This provides further
motivation for the latter. We leave open the rigorization of this argument and the question of how
general this reduction is, as well as the extension of this work to general service-time distributions.



In terms of the asymptotic behavior, the NDS control problem is close to the one in the conven-
tional regime. In particular, the Brownian control problem (BCP) which describes the asymptotics
is the same as the one studied in [18] for the conventional regime. This BCP, under a complete
resource pooling (CRP) condition, undergoes a reduction to a one-dimensional problem. This reduc-
tion is often called a state space collapse. Bell and Williams [7], [8] and Mandelbaum and Stolyar
[22] have studied the parallel server model in conventional heavy traffic and obtained asymptotic
optimality results under the CRP condition. Bell and Williams address linear costs and construct
certain threshold type policies. Mandelbaum and Stolyar consider separable convex (and flat at
the origin) costs and work with policies that obey the generalized-cu rule.

In this paper we aim at a relatively general cost of the form fou C (Q”(t))dt, where we denote by
Q" a properly scaled version of queue-length, and use the term ‘cost’ to mean a random variable
that is to be minimized stochastically. The function C, referred to as the cost function, satisfies an
assumption slightly weaker than convexity (Assumption 2.3), as well as an assumption regarding
the existence of a continuous minimizer (Assumption 5.1). The first main result (Theorem 2.1)
asserts that the BCP value constitutes an asymptotic lower bound on the cost under any sequence
of policies. The second main result (Theorem 5.1) shows that this lower bound is tight. The price
paid for the generality of C' is that cu type policies must be abandoned, and a more complicated
policy has to be used to attain the lower bound. We adopt a tracking type policy, in which a
certain target process (denoted by X™ (82)) is computed, and routing is performed so as to keep
the difference between the actual (scaled) queue-length process Q” and the target, small. The
policy is, in particular, non-interruptible. The techniques turn out to be very different from those
in conventional setting, due both to the general cost and the difference between the regimes.

Theorem 2.1 provides a lower bound that is weaker than what, in the conventional regime,
is referred to as a pathwise bound (as e.g. in [22]). As we discuss in §2, in the NDS regime a
corresponding pathwise lower bound does not hold, and this is the main reason for the complicated
proof of the result as compared to that of the pathwise lower bound in the conventional regime.

The main part of the proof of asymptotic optimality of the proposed policy is showing that
the difference Q” — X" is small. (From that, asymptotic optimality follows rather easily, because
the process Q” can then be shown to behave like the explicit solution to the BCP). This proof
is based on showing that re-balancing of the workload among the queues can occur quickly on
the relevant time scale. This is facilitated by the fact that the workload is evenly divided (in the
sense of order of magnitude) between the queues and the servers and short service times allow to
move significant workload from one queue to the other before the total-workload process changes
considerably. (This explains the similarity to the behavior in conventional heavy traffic, where the
same quick response is possible. On the other hand, such nearly instantaneous re-balancing can
not be performed in the Halfin-Whitt regime in which most of the workload is in service and, to
re-direct a non-negligible fraction of workload from one class to the other requires a large number
of service completions. Indeed, the resulting Brownian control problem there is different [2]).

An analysis of the problem in the case of homogenous servers and interruptible service policies
was carried out in [6]. The asymptotics of the queueing control problem were shown to be governed
by a BCP that is a special case of the one identified in this paper. Thanks to the more special model
and the (easier to handle) interruptible service assumption, it was possible to attain an analogous
result for the headcount process as well as queue-length (in this paper, Theorem 2.1 is proved for



Figure 1: A parallel server system

the queuelength process only).

We use the following notation throughout the paper. For a positive integer d and = € R%, we
write ||z|| for Zflzl |z;], and for f :[0,00) = R%, ||f|ls = supp<s<; ||z(s)||. We denote by Dga the
space of functions from [0, c0) to R? that are right continuous with left limits (RCLL), and equip
it with the usual Skorohod topology. We remove the subscript when d = 1. For a sequence of r.v.s
{X"}, X, with values in R?, or processes with sample paths in Dra, X™ = X denotes convergence
in distribution.

The remainder of the paper is organized as follows. §2 describes the model and states the
result regarding the lower bound. It also contains a discussion of sojourn time costs as well as an
aspect of the lower bound related to pathwise dominance. The definitions of various diffusion-scaled
processes and some preliminary lemmas appear in §3. This section also contains a formulation and
solution of the underlying Brownian control problem. The proof of the lower bound appears in
84. §5 contains the second main result, asserting that the lower bound is tight. This is shown by
constructing a sequence of policies that asymptotically achieves the bound.

2 The model and a lower bound on performance

2.1 Model, scaling, heavy traffic assumptions

We consider a sequence, indexed by n € N, of parallel server systems with I classes of customers
and J pools of servers, an example of which is depicted in Figure 1. The index set for the classes
is denoted by Z and that for the pools by J (thus |Z| =TI and |J| = J).

Arrivals are modeled as independent renewal processes, denoted by (A7, i € Z) so that A?(¢) is
the number of class-i arrivals by time ¢. To construct these processes, let (A4;, i € Z) be independent
(undelayed) renewal processes, where, for each i, the time of the first arrival and the inter-arrival

times are positive i.i.d. random variables with mean 1, variance (Cj, 1,4)2 > 0. We assume that the



inter-arrival times have a finite moment of some order r > 2. The processes A} are defined as time
accelerations of the above, namely

A = A1), >0, i€T,
where the acceleration parameters satisfy lim,, A]'/n = A; > 0, and
AP = V2P — ) = A € (—o0,00), i €T (2)

as n — oQ.

For j € J, NJ' denotes the number of servers in pool j and is assumed to satisfy

NP =vn'/? + O(n'/*), jed, (3)

for some constants v; > 0. We assume that service times are exponentially distributed and denote
by 1/ pi; the mean service time of a class-i customer with a server from pool j (so that Wiy 18
interpreted as the corresponding rate). If servers from pool j cannot serve customers from class i,
write p;; = 0. This property is assumed to be independent of n. Write i ~ j or j ~ 4 if yj’ > 0 (for
all, equivalently, one n). This information is encoded in a graph G whose vertex set is Z U J and
has an edge connecting ¢ € Z and j € J if and only i ~ j. The edge set of the graph is denoted
by &, and thus (7,j) € £ if and only if i ~ j. Denote by K the cardinality of £. When all servers
from pool j are occupied with class-i customers, they jointly serve this class at rate NV J . Further
assume that

iy = pign'? + 0 (4)

so that
_ 1 _
iy =n" NIl = [l i= pijvj, asmn — oo, (5)

and assume that fi;; > 0 whenever i ~ j (clearly, fi;; = 0 otherwise). Also, assume that, for every
i1€Zand j€eJ,

s = nt2 (Al — fuig) = fuj € (—00,00), as n — oo. (6)
Thus, the nominal joint processing rate of pool-j servers for class-i customers (namely NJ”MZ) is
asymptotic to nfi;j. At the same time, the rate of an individual server (namely ,uZ) is asymptotic
to n'/2u;;. The quantities i = (ji;;) will appear in the fluid model, while y = (u;;) will show in
the diffusion model.

Let X denote the set of I x J matrices for which the (i, j) entry is zero whenever i ¢ j. Let =
be the subset of X' of ‘column-substochastic’ matrices. That is, members £ of = satisfy &;; > 0 for
every 4,7, . &; < 1 for every j, and &; = 0 for (4, 7) ¢ £. Following [22], for £ € X, write fi(§) for
the column vector ((€)1, @(§)2,- - ., w(€)1), where

()i =Y fij&ij, i € T. (7)

JjeT

The first order parameters A = (\;) and i = (fi;;) are assumed to satisfy a critical load condition.
To specify it, consider a static fluid model, consisting of I classes of fluid and J processing stations.
For i € Z, fluid of class ¢ enters at rate );. Each station may divide its processing effort so as
to process fluids of different classes simultaneously. A member & € = is said to be an allocation



matriz for the model, representing how the effort is distributed among classes. When the system
operates under a given allocation matrix &, the element &;; represents the fraction of effort devoted
at station j to processing class-i fluid. Consequently, station j processes class-i fluid at rate fi;;&;;.
A system operating under £ is balanced if the balance equation ji(€§) = A holds so that the stations
process the incoming fluid at the rate at which it enters the system.

Consider now the linear program:

Minimize p over £ € = subject to i(§) = A and Z&j <p,jeT,p>0 (8)
i

The following condition asserts that the static fluid model is critically loaded.

Assumption 2.1. (Heavy traffic (HT)). There exists a unique optimal solution (§*, p*) to the
linear program (8). Moreover, 3, 7 &5 =1 for all j € J (and consequently, p* =1).

Following terminology from [18], a pair (4,j) where ¢ ~ j, is called an activity, and an activity
(4,7) is said to be basic if £ > 0. In the static fluid model operating under §*, class-i fluid is
processed at a positive rate by station j if and only if (7, ) is a basic activity. Let G, be the sub-
graph of G, having ZU J as a vertex set, and an edge connecting i € Z and j € J if and only if (4, )
is a basic activity. The edge set of G, will be denoted by &,. We will write &, = £\ &, for the set of
non-basic activities. Fori € Z we let J (i) := {j € J : (i,j) € &} be the set of server pools that are
connected to class ¢ via basic activities and, similarly, for j € J, welet Z(j) :={i € Z: (i,j) € &}
be the set of customer classes connected to server pool j via basic activities.

Assumption 2.2. (Complete resource pooling (CRP) [18]). The graph Gy is connected.

Both Assumptions 2.1 and 2.2 will be in force throughout the paper. In the context of conven-
tional heavy-traffic, the connectedness of the stations via basic activities leads to a high level of
cooperation in that the system asymptotically behaves as if it operates under a single super-server
[8], [22]. As explained in [18] (see also [7], [8], [26]), the CRP condition is related to the so-called
workload process being one-dimensional, and allows for the corresponding Brownian control prob-
lem to admit a one-dimensional solution. It is known from Williams [26] that, under Assumption
2.1, Gy is connected if and only if it is a tree. Both the lower bound and the asymptotic optimality
results build on the tree structure of G.

It will be useful to state an equivalent form of the above assumptions, given by Mandelbaum
and Stolyar [22]. To this end, denote

M={n): £ =}

Note that M is a convex polygonal domain and a subset of ]Ri. It is argued in [22] that the
conjunction of the HT and the CRP conditions is equivalent to the following statement: A is a
mazximal element of M w.r.t. the usual partial order on Ri; the unit outward normal to M at A
is unique; and the matriz £ € = for which p(§) = X is unique. (Note that, because A\; > 0 for all
i € Z, it follows that M is an I-dimensional set, as assumed a-priori in [22]). We will denote the
unit outward normal to M at A by 6. As argued in [22], § must satisfy 6; > 0, i € Z. These facts
will be used in our analysis.



We continue the description of the probabilistic model. We let a complete probability space
(2, F,P) be given, supporting all random variables and stochastic processes defined below. We
write E for expectation w.r.t. P. Let BZ-"]- denote the process representing the number of pool-j
servers working on class-i customers (note that Bl =0 for (i,7) ¢ £). Let X', Q7 and I3 denote,
respectively, the number of class-i customers in the system (the “headcount” process), the number
of class-i customers in the queue, and the number of pool-j servers that are idle. Note that

@”+ZB”, i€l 9)

and

S (10)

We are given standard (unit rate) Poisson processes (S;j, (i,7) € £). The number of service
completions of class-i customers by pool-j servers is constructed by setting

D (t) = Sy (T2 (1)), (11)
where :
TP (t) = M;;./O BY(s)ds. (12)
We then have
X0 = X7+ 470 =3 Dy (18)

Naturally, it is required that for all ¢ > 0,
Xi'(t), Bjj(t), Qi'(t) € Zy, 1€T,j€J. (14)

For each n, the processes (4;, i € I), (Si;, (4,7) € £), and the initial condition ((B;(0), (i, j) €
£)),Q7(0)) are assumed to be mutually independent. We refer to (A4, .S, B"(0), Q"(0)) as the prim-
wtves.

When routing decisions are made in a causal manner based on the observed histories of the
processes involved, namely

n — (XTLjQTL7BTL’ITL’Dn7Tn)’ (15)

the construction of the departure process via (11) and (12) assures that the customers’ service times
are independent, exponential random variables (in particular, this follows from [10], Theorem 16,
p. 41). For the treatment of this paper, it will not be necessary to require any non-anticipating
property of the class of policies we consider (although the exponential property will be lost when the
policy does not satisfy a suitable nonanticipating property). Instead, we use an elaborate definition
of the term ‘policy’, that merely relies on the equations presented thus far. More precisely, any
process II™, of the form (15), possessing RCLL sample paths, will be referred to as a policy for
the nth system, provided that equations (9)—(14) hold, and that the stochastic primitives satisfy our
probabilistic assumptions mentioned above. Given n, the collection of all policies for the nth system
is denoted by P". Note that policies need not satisfy any work conservation condition.



2.2 Cost functional and asymptotic lower bound

Our results will be concerned with asymptotically minimizing a cost associated to the diffusion-
scaled queueing process, defined by

QU (t) =n"12QM¢t), €T (16)

Let a cost function C' : Rfr — R, be given, that is continuous and nondecreasing with respect to
the usual partial order on Ri. Fix w > 0. The cost criterion of interest will be

/O " 0@ (s))ds. (a7)

Note that this criterion is a r.v. for each n. We do not formulate the problem is terms of minimizing
the expected value of (17). Considering (17) allows us to state a result on the asymptotic behavior
of these r.v.s that is stronger than one about their expectation; see Remark 2.1.

Assumption 2.3. The function Ci(-) defined by
Ci(a) =inf{C(q): ¢ R, #g=0a}, a>0, (18)

1S convex.

Clearly, a sufficient condition for the convexity of C, is the convexity of the function C'. However,
it is not necessary. Consider, for example, Z = {1,2} and the cost function C(x1,z2) = 2(z1 +
z2)? — (1 — z2)? for € R? and assume 6 = (1,1). Then C,(y) = 2y? is convex while C is not.

To state our first main result we introduce additional notation: for x € R, 27 = max(z,0) and
x~ = max(—=z,0). The Skorohod map I" : D([0,00) : R) — D([0,00), Ry ) is defined by

rC)(t) = ¢(t) +S£(-C(S))+, t>0. (19)

The process

Xp) =72 (X020 - D€y (20)
J

represents the diffusion-scale deviation of the headcount process from the quantities dictated by
the static fluid model. Throughout, we assume

X"0) = Xo, asn— oo, (21)

where X is a. a.s. finite r.v. Finally,
% - e 1/2 .
&- = )\i — Zuijgij s and g; = ()\iCZIA -+ Zuijﬁij) / 5 1eT.
J J

Theorem 2.1. Fiz an arbitrary sequence {II" = (X", Q",B",I", D", T"),n € N} of policies.
Then {II"} can be coupled on a common probability space with the r.v. Xy and an I-dimensional
Brownian motion W (with drift vector € and diffusion coefficient o) so that W and Xo are mutually
independent and, w.p.1,

n—oo

lim inf /0 CO™(t))dt > /0 C(Q*(t))dt,

where Q* is the (one-dimensional) reflected Brownian motion given by I'[0' Xy + 0'W].



Remark 2.1. A more standard control theoretic setting is one where an expected cost, such as
E[f, C (Q"(t))dt], is to be minimized. An asymptotic lower bound on the expected cost follows
immediately from the above result, on using Fatou’s Lemma, namely lim inf E[ [’ C(Q™(t))dt] >
E[[, C(Q*(t))dt]. The result stated in the theorem is, of course, stronger. .

Remark 2.2. The family P" includes both preemptive and non-preemptive policies. The policy
that we will construct in §5 is non-preemptive but we will prove that it is asymptotically optimal
within the larger family P". .

2.3 Discussion

On sojourn time costs In the NDS regime, unlike in the conventional regime, sojourn time costs
lead to control policies that are distinct from those designed to minimize waiting times. For the case
of a single pool of homogenous servers, we provide here a heuristic argument, showing that sojourn
time costs can be expressed as queue-length (or waiting time) costs. Rigorizing and extending this
viewpoint is subject for future work. This heuristic argument provides further motivation to study
queue-length costs.

For this discussion we remove the superscript n from the notation. For ¢ > 0, ¢ € Z, denote
by A;(t) [resp., X;(t), SOJ;(t)] the properly scaled waiting time [resp., service time, sojourn time]
experienced by the class-i customer to first arrive after time ¢. The scaling is obtained by multiplying
the original quantities by /n (see [3]). We have

SOJZ(t> = Al(t) + Ez<t)
Consider a cost of the form "
J= E[/ S Ci(SOT(1))dt].
0
We have E[C;(SOJ;(t))] = E[R;(t)], where
R;(t) = E[Ci(Aq(t) + Zi())[ A (1)]-

Since the service time of a given customer is independent of the delay it has experienced, it follows
that R;(t) is given by C;(A;(t)), where

(e}
G = [ G+ oiFs@),  yzo
0
Using A;(t) = \iQi(t) (by the snapshot principle) thus shows
u
J~ E[/ S Cin@i()dt].
0
On pathwise lower bounds Note that Theorem 2.1 does not assert that, under the coupling,

w.p. 1,
’ liminf C(Q™(t)) > C.(Q*(t)),  t>0. (22)

n—00



It only provides an integral version of this inequality. In conventional HT, (22) is often called a
pathwise lower bound, and specifically, for the parallel server model, it is shown to hold in [22].

However, in the NDS regime, particularly, under the setting of Theorem 2.1, (22) is a false
statement. In fact, given suitable initial conditions (e.g., zero) one can find constants to > 0 and
¢ > 0 such that, under a suitable policy, Q”(t) = 0 for all t € [to,to + en™ V2], with probability
tending to one. (This clearly shows that under no coupling can (22) hold.) We do not prove this
statement here. A detailed study of an analogous phenomenon in the Halfin-Whitt regime, referred
to as null-controllability, has been studied in detail [4], [5]. Briefly, this phenomenon is described as
follows. Under suitable algebraic conditions on the system parameters, the critically loaded parallel
server model in the Halfin-Whitt regime can be controlled so that all queue-lengths vanish for O(1)
units of time, with probability tending to one. When the mechanisms described in these works
are applied in the NDS regime, they yield vanishing of all queue-lengths, though only for O(nil/ 2)
units of time. (Clearly, such a property could not hold for O(1) units of time in the NDS regime,
since this would contradict Theorem 2.1).

This complication explains why the proof of Theorem 2.1 is more involved than the analogous
lower bound in the conventional regime (as well as the need for tools such as Proposition 4.1 and
Lemma 4.1).

3 Preliminaries

3.1 Diffusion-scale processes

In the present subsection we define some diffusion-scale processes, and develop relations that they
satisfy. Let

Ty =n 150 = 22 [y (23)

24
25

AR =n AN - N, Qe (
S*Z(t) = n"V2(S;(nt) — nt), (1,7) € €, (
By = By —€5Ny, By =By, (
Vi =nV2(DE - T = 82 o T (27

(

)
)
26)
ij> )
J

28

and
w.

0= €+ A0 - 30V (20)
Since > _; £ = 1, we have by (10) that

I+ Bji=0, jedJ, (30)
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and by (9) and (20) that
=Qp +) B
J
Using (11), (12), (13) and (29) we get
XP(t) = X7(0) +n V2A7 =712 " Di(t)

t
= XP(0) + W) + 2t — 02 S syt — Y2 /0 B(s)ds
J J

Since i(¢*) = A, the third and forth terms above cancel out so that letting

n 1/2 n

€ij = Hij — Hig,

we arrive at the following identity:
X0 = K70+ W70 — Yy + ) [ By
Using (31), we obtain
Qut) = X2+ W0~ S + ) [ Bylo)ds — 3 B0
J J
Identities (33) and (34) will be used in the sequel.

3.2 Auxiliary results

(31)

Lemma 3.1. (i) The rescaled primitive processes (A},i € T) and (S’Z,(z,]) € &) and ini-

tial condition X”(O), jointly converge in law, uniformly on compacts, to processes denoted
(Wa,i,i €Z) and (Ws,;, (i,7) € E), and the r.v. Xo, where Wa; [resp., W, ] is a zero mean

Brownian motion with diffusion coefficient )\1-1/2C¢,1A [resp., 1]. Moreover, the I+ K Brownian

motions and the r.v. Xg are mutually independent.

(i) The parameters defined in (28) and (32) satisfy

= b= X — Zﬂijffy and e = 0(n~ 14, as n — oo.

ij
J

(iii) Consequently, the processes

W(t) = 07t + AP (t Z (ai€st), i€l

(35)

(36)

and the initial condition X jointly converge in law to mutually independent processes (Wi, i €
Z) and r.v. Xo, where W; is a Brownian motion starting from zero, with drift ¢; (cf. (35))

and diffusion coefficient

_ x\1/2 .
012,1,4 + Zuz‘jfij) / , ie€l.

11
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Invoking the Skorohod representation theorem, we can, and will, assume throughout that the
convergence statements of the above lemma occur in an a.s. sense.

Remark 3.1. Note that Lemma 3.1 deals with convergence of processes that depend only on the
primitives, and thus the same a.s. limit is attained under any policy. .

Proof. i. It is well-known that a renewal process, scaled in the fashion of (24) and (25), converges
in law, uniformly on compacts, to a Brownian motion with zero mean and diffusion coefficient
as stated [9, Section 17]. The mutual independence of the processes and the independence from
the initial conditions follows the validity of this property for the pre-limit objects. ii. The first
statement follows by (2), (6) and (28). The second follows by (3), (6) and (32). O

3.3 Diffusion model formulations

In this subsection we present two diffusion models, originating from [18] and [22]. We associate
to these models a control problem analogous to the one used above for the queuing network,
and provide a complete solution. The optimum is exactly analogous to the lower bound from
Theorem 2.1. The main point of this analysis is that the problem of identifying a minimizing control
(Proposition 3.1 below) can later be mimicked to construct a policy for the queueing network, that
achieves the lower bound in an asymptotic sense (see §5). Along the way we establish equivalence
of the two diffusion models.

Harrison and Lépez [18] present and analyze a model of controlled diffusion, which stands for the
formal limit of diffusion-scaled processes associated with the queueing model (in the conventional
HT regime). The diffusion model was later used by Bell and Williams [8] as the basis for the
construction of asymptotically optimal policies for the queueing model. This diffusion model, to
which we refer as Model I, consists of the r.v.s Xy ; and BMs W; alluded to in §2, and in addition,
processes (X;, i € Z), (I;, j € J) and (Yjj, (4,7) € ), which satisfy the following relations:

Xi(t) = Xo + Wit) + Y piYij(#) =0,  t>0,i€T, (38)
G

I; :=)_Yi; is non-decreasing and I;(0) >0,  j € J, (39)

Y;; is non-increasing and Y;; < 0, (1,7) € Enp. (40)

(Y;; are further required in [18] to be adapted, but here we take the viewpoint of [8] where this
requirement is dropped). Taking formal limits of the scaled processes from our queueing model
gives rise to the same diffusion model. Indeed, assuming that W" converges to W and that B
converge to zero, noting that X”(O) converge to Xg and €* — 0, and writing Y for a limit of
- B™, equation (38) arises as a limit form of (33) (also of (34)), where X stands for the limit
of X™ (also of Q") The nonnegativity constraint on Xj is clear from that of @™, observing (16).
Similarly, if I; corresponds to a limit of fo I7', then I; should be nondecreasing and, because of
(30), satisfy (39). Finally, (40) represents the fact that BZ > 0 for any nonbasic activity (7, j) due
to (26) and the fact that &, =0 for such an activity. Making the above formal statements rigorous
will be one of the main issues dealt with in §4 and in §5.

12



Mandelbaum and Stolyar [22] construct asymptotically optimal control policies for the parallel
server model in the conventional HT regime, without explicitly alluding to a diffusion model (or a
Brownian control problem). However, their verbal discussion and mathematical treatment of the
diffusion scaled processes suggest the following diffusion model, to which we refer here as Model I1.
In addition to the random vector X and the I-dimensional process W from §2, the model consists
of I-dimensional processes X and Z. These are assumed to satisfy

Xi(t) = Xo,; + Wilt) + Zi(t) > 0, t>0, 1€, (41)
0'Z is non-decreasing and ' Z(0) > 0. (42)

The interpretation of X is the same as in Model I, while Z corresponds to the term j Hij Y
of (38). Below we claim that Model I and Model II are equivalent in a suitable sense, and that
they both achieve the lower bound of Theorem 2.1.

Proposition 3.1. Suppose that Assumptions 2.1 and 2.2 hold and fiz an initial state Xo and a
Brownian motion W as in Lemma 3.1.

(i) Given a pair (X,Y) that satisfies (38)—(40), there exists Z such that the pair (X, Z) satisfies
(41)-(42).

(ii) Given a pair (X,Z) that satisfies (41)—(42), there exists Y such that (X,Y) satisfies (38)—
(40).

(i1i) Let (X,Y,Z) be such that (X,Y) satisfy (38)—(40) and (X, Z) satisfy (41)—(42). Then, with
probability 1, C(X(t)) > C.(Q*(t)) for all t, where Q* is as in Theorem 2.1. Moreover, the

lower bound is attainable: there exist stochastic processes (X,Y,Z) such that (X,Y) [resp.,
(X, Z)] satisfies (38)—(40) [resp. (41)—(42)] and with probability 1,

C(X(t) =C.(Q(1), t=0.

Below the notation X, = is as in §2 and, for £ € ¥, fi(€) is as defined in (7).

Lemma 3.2. Let x € X be such that x;; < 0 for all (i,7) € Enp, and Y, x5 > 0 for all j € J.
Then 0'f(x) > 0. Also, if xij =0 for all (4,7) € Ep and >_; xij = 0 for all j € J then ¢'fi(x) = 0.

Proof. Let us first show that £ := £* — ex is an element of =, provided that ¢ > 0 is sufficiently
small. For (i,j) € Enp, &; =0, and so §;; > 0 by the assumptions of the lemma. For (i,5) € &,
7 > 0, hence &;; > 0 for all sufficiently small € > 0. Finally, since we assumed that > Tij > 0 for

all j € J and since £* € =, we have that
&< &<, jed,
i i

so that & € =. Next, since 6 is an outward normal to the convex set M at A\, we have that
0'(m — X\) <0 for every m € M. Since i(§*) = X and £ € =, we have

0'fi(ex) = 0'(n(€7) — (€)= 0'(A — a(€)) > 0. (43)



Since € > 0, the first claim follows.

For the second part, following [22], we claim that there exist constants z7, j € J such that
Oifiij = z; for all (i,7) € &. Indeed, by (43) 0'A = 0'[i(€*) = supecz 0'fi(§) and, in turn, we must
have that 6;/i;; = maxy, 0y fi; for all (i,7) € &. Define

z; = mkax Or Lk - (44)
Thus, O;ui; = 25 for all (i,j) € &. If x is such that z;; = 0 for all (4,5) € &y and ;&5 = 1 for
all j € J, then £ := £* — ex satisfies &;; = 0 for all (4,j) € & and Y, &; =1 for all j € J and, in
turn,

9’/](6%’) = 9/(/](5*) Z ezﬂz] 5” 523 Z Zgl] Z&J

( 7])€£b

O]

Proof of Proposition 3.1. (i) Suppose that relations (38)-(40) hold. Letting Z; = }; i Yij,
the relation (41) is immediate. To show (42), we must prove that, for 0 < s <,

Z Ouprij (Yij (1) = Yij(5)) >0, [resp., Y OipigYij(t) > 0],
ij
which can alternatively be stated as ¢'fi(z) > 0, where z;; = I/j_l(Yij(t) — Yii(s)) [resp., zi; =
u]-_li/;j(t)]. The properties (39) and (40) of Y and an application of Lemma 3.2 imply 6'(z) > 0,
in both cases, and the claim is proved.
(ii) Assume we are given a solution (X, Z) to (41) and (42). We will construct a process Y so

that the pair (X,Y") satisfies (38)-(40). Fix an arbitrary [ € J and set I; = 0 for all j # [ and
Li(t) = ;’—liH’Z(t) (where z* is as in (44)). Then, given Xo, X, Z and W, let us show there exists a

solution Y to the set of equations

Z pijYiy = Xi—Xio—W;, i€l (45)
J:(4,5)€8
Y. Y = 0¥ eI\{l} (46)
i:(ivj)egb
i:(i,) €& 2

and Y;; = 0 for (4, j) ¢ &. To this end, we first remove one on the I+ .J equations from the system.
Fix ig € Z and assume that (45) holds for all i # ig. Then

YOXi(t) = > 0:Xio+ Y 0Wit)+ Y 0y j1iYij /v

i#£10 %10 i#£ig i#£ig J
- S o T - X Sy 020, )
i#i0 i#i0
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where we used 0;fi;; = 27 for all (i, j) € & (see the proof of Lemma 3.2) and equations (46) and (47).
On the other hand, since (X, Z) solves (41) and (42) we have that 6’ X (t) = 6’ Xo +0'W (t) + 0’ Z(t)
and, together with (48), that

*
Oio Xio (1) = big Xig + 63 Wig () + Z ITJ,Y;‘O]"
; J
J

Substituting 0;/1;; = z; we have thus shown that (45) holds for iy provided that it holds for all
i # ip and provided that (46) and (47) hold. Hence we can remove the equation for i = ip from
(45).

The reduced system of equations has I + J — 1 variables (one for each basic activity) and the
same number of equations. By the discussion on page 348 of [18], these equations are linearly
independent. As a result, given Xy, X, Z and W, there exists a unique solution Y.

Note that (39) and (40) hold by construction.
To establish the lower bound in item (iii) let M (t) := supy<,(6'Xo + /W (t))~ and note that,
by the minimality of Skorohod problem (see e.g. [12, Section 2])
O'X(t)>60'Xo+0'W(t)+ M(t) and 0/ X (t) > 0/ Xo + W (t) + M(t).

Since, C(z) > C.(0'z) for all z € RY, the lower bound is established.

Finally, to show that the lower bound is attained we explicitly construct a pair (X, Z) that
attains the lower bound. A process (X,Y) that attains the lower bound will then be constructed
from (X, Z) as above. To that end, for ¢t > 0, let Q*(t) = 6’ Xy + 0'W (t) + M (t) where M(t) is as
above. Set X;(t) = f*(Q*(t)) where, given a € R, f*(a) := (f{(a),..., fj(a)) satisfies

f*(a) € argmin{C(q) : ¢ € R, #'q = a}.
q=20

f* can be selected to be measurable, as follows from Corollary 10.3 in the appendix of [14], using
the continuity of C(-). Thus 0'X(t) = Q*(t) and C(X(¢)) = C(f*(0'X(t))) = C(f*(Q*(t))) =
Ci(Q*(t)). Setting now Z; := X; — Xo; — W;, the pair (X, Z) satisfies (41) and (42) and attains
the lower bound. O

4 Proof of the lower bound

In this section we prove Theorem 2.1. The main estimate on which the proof is based, Proposition
4.1, is stated in §4.1 where it is also used to prove Theorem 2.1. Proposition 4.1 is then proved in
84.2.

4.1 Proof of Theorem 2.1

An outline of the proof is as follows. Fix u > 0, that will serve as a time horizon. Given a sequence
of policies (II", n € N) we show that up to a certain random time 7,, A u, the cumulative process

15



fg 0'Q"(s)ds is asymptotically bounded from below by the integrated RBM fot Q*(s)ds. We then

show that if 7, < u then 6’Q™ is large on a subinterval of (Tn,u] and thus, with high probability,
is bounded from below by the integrated RBM. The convexity of C(-) is then used in translating
these bounds to bounds on the cost.

We turn to the proof. Denote €}, = max;  [€};], and recall that €}, = O(n~Y*) (Lemma 3.1).
Let us fix a sequence p,, such that

n~ Y89, — 0o, while n %, — 0. (49)
In particular, g, satisfies
nfl/zgn — 0, erron — 0, n71/2(e§(/[)7lgi — 00. (50)

Let a sequence of policies (II"™, n € N) be given and define

t

Tn:inf{t>0:max’/ ij(s)ds) > Qn}/\u. (51)
] 0

Since the conclusion of Theorem 2.1 clearly holds when the function C, is constant, we henceforth

assume that C, is not constant. Denote E"(t) = 6’Q"(t), t > 0. Below Q* is as defined in Theorem

2.1.

Proposition 4.1. There ezist constants ¢, ¢, ¢, a strictly positive sequence {t,} satisfying t,on, —
o0, a sequence of events 2" satisfying 1on — 1 a.s., and processes P*™ and H*™, such that, with

Tn = (Tn +tn) Au,

the following statements hold:
i. P*™ converges to Q* uniformly on [0,u], a.s.
ii. |[H*™(t)| < ¢, for every n and t € [0,u], and

t
‘/ H*’"(s)ds’ <énV?,, t €10, ul. (52)
0
wi. On (2" one has
E"(t) > P*"™(t) + H""(t), for allt € [0,7,); (53)
E"(t) > con, for allt € [1,,Tn), whenever 1, < u; (54)
E"(t) >0, for all t € [T, u], whenever 7, < u. (55)

The proof is deferred to §4.2. Theorem 2.1 will be deduced from the Proposition 4.1, with the
aid of the following lemma for which we define for —co < a < b < o0, for z : [a,b] - R and ¢ > 0,

Wap)(z,0) = sup  [z(s) —z(t)]. (56)
s,t€a,b];|s—t|<o
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Lemma 4.1. Let C; : R — R4 be a nondecreasing, convex function. Let T > 0,0 < A < T/2,
r >0, and functions p,h : Ry — R be given such that

¢
‘/ h(s)ds‘ <, t € 10,7,
0

and
Ip()] + [h(t)] <, te[0,T7].
Then
T T
| ot +nar=> [ cutpled =T = s
0 0
where

2
")/1 == ’LTJ[,T’T] (Cl, Z€>, ’YQ - w[—fr"r} (C17 wT(pJ A))) 73 = 2C1 (r)A

Proof. For t € [0,T — A], using Jensen’s inequality,

t+A t+A
= /t Crlp(r) + h(e))dt > i /t (b(s) + h(s))ds)
1 t+A
> Cy <Z t p(S)dS) - M
> Ci(p(t)) =7 — e
Thus T _—
Clp(s) + hlods = [ Culplt)dt T - T,
0 A
The result follows. O

Proof of Theorem 2.1. Extend C* to R by setting C* = C*(0) on (—00,0). Fix A € (0,u/2).
Let P*", H*™ (2™ 7, be as in Proposition 4.1. Combining Proposition 4.1 and Lemma 4.1 we
have, on 2",

[ ez [7 eqprnw + mr o)+ Culenn) Ga - )
0 0
> [ CPT )t + Clega) (7 ) = fu =2 =25,
0

where

n _ 2&7171/2@71 n _ — *1 n
N = Wrpn,ry] (C*’ T)? Y2 = w[—rn,rn](c*v Wy (P, A)), vy = 2Cx(rn) 4,

=[P + ¢

Since P*™ converge uniformly, a.s., we have that r, converge to a finite-valued r.v. Since C is
a continuous function and n=2p, — 0 (50), 77 — 0 a.s. as n — oo. Moreover, by the uniform
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convergence of P*" to a process with continuous sample paths, we have lima_, lim sup,, _, ., 75 = 0.
It follows that for some v} = v} (A) > 0 satisfying lima_,o limsup,,_,. 74 = 0,

Aﬂxw%mazZf@g%wma+mu@@—Kmﬁ—ng—wqﬁwmg—ﬁ, (57)

holds on 2™, where
K" = sup C.(P*"(t)).
te[0,u]

Now, limsup,, K™ is a finite r.v. On the other hand, one has liminf,_,,, Ci(r)/r > 0 due to the
fact that C is convex, nondecreasing and nonconstant whence Cy(cg,) — 0o grows without bound.
Thus the second term on the r.h.s. of (57) is negative for only finitely many n. Also, if 7" < u then
we have, by definition, that 7" — 7" = t,, and (recalling that ¢,,0, — c0) we have that the second
term on the r.h.s of (57) grows to infinity so that the sum of the second and third terms in (57) is
negative for only finitely many n. Since 1on — 1 a.s., we have thus shown that a.s.,

liminf/ C.(E™(t dt>hm1nf/ C.(P*"™(t))dt = / CL(Q"(t)

n—oo n—oo

Noting that, by definition of C, and E™, (Q” C«(E™(t)), and recalling that u is arbitrary,
completes the proof. ]

4.2 Proof of Proposition 4.1

The result is proved in three major steps, where the first two establish the lower bounds (53) and (54)
for suitably defined processes P*™ and H*™ (note that (55) is immediate from the nonnegativity
of Q™). The third step verifies the statements of Proposition 4.1 with regard to convergence.

Step 1: The interval [0, 7,). In this step we analyze the time interval [0, 7,,), introduce processes
P*™ and H*™ (cf. (71) and (72)), and argue that they satisfy the bound (53).

We will next need a result that is similar to the minimality property of the Skorohod map I
(19) but that allows for a certain kind of perturbations. The minimality property of the Skorohod
map is stated as follows: Let ( € D. Let n € D be non-decreasing, and satisfy n(0) > 0. Assume
¢(t)+n(t) >0, for all t > 0. Then

¢(t) +n(t) = I'](t) = ¢(t) +sup[¢(s)”],  £=0. (58)

s<t

The following lemma provides the variant that we need.

Lemma 4.2. Let u >0 and € > 0, € < u, be given. Let ( € D and assume ((0) > 0. Let

a=C(+n+p,

where n € D is non-decreasing and satisfies n(0) > 0, B € D satisfies

—ﬁgﬁb@@gé te[0,u), (59)
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and ot) >0, t € [0,u]. Then
a(t) = I[C](t) + B(t) — wu(C,€) = 3e, € [0,ul. (60)
Proof. By (58), we have o > I'[¢ + ]. Thus

a(t) = ¢(t) + B(t) +sup[(¢(s) + B(s))7].

s<t

Denote § = wy((, €) + 3e. To prove the claim, it suffices to show that

sup[(¢ + 53)7] = sup[¢T] -0, (61)
[0,¢] [0,¢]

because then a > ¢ + 8 +supp 1[¢7] — 6 = I'[(] + B — d. To this end, consider first ¢ € [0, ¢]. Since
¢(0) > 0 by assumption, we have

sup[¢T] — 0 < wy (¢, €) — 6 = —3e.
[0,¢]

Thus (61) is immediate from the non-negativity of the Lh.s. of that inequality.

Next, fix t € [e,u]. Towards showing that (61) holds in this case as well, note that, for any
s € [e,ul,
inf g < 3e, (62)

[s—e,9]

for otherwise we would have, by (59),
S
3¢ < / B()dr < 2€%.
S—e€

(note that (59) is imposed for all ¢ € [0,u| and, in particular, for t = s — e-we are using that here).
We consequently have

inf ((+8)< sup (+ inf < sup (+3e< inf C—{—(S

[s—e,s] [s—e,s] [s—es [s—e€,3] [s—€,s]

where in the second inequality we used (62) and our choice of § above. Taking the infimum over
€ [e, t], we obtain

inf(C+B) <inf ¢ +9. 63
inf(C-+ ) < inf ¢ (63)
Let us deduce from the above that
infOA (C+ ) <inf OAC+6. (64)
[0,¢] [0,t]

Indeed, if infjg s ¢ > —0d, then the r.h.s. of (64) is non-negative, hence this inequality is valid. If
infjg ;¢ < —d, then inf¢ = inf0 A ¢, hence the claim follows (63). In both cases, (64) holds.
Note that (64) is equivalent to (61). We have thus shown that (61) holds for any ¢ € [0,u]. This
completes the proof. ]
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We proceed with the proof of Theorem 2.1. Recall the equation (34) for Q™ and that E" = 0'Q™.
Writing

n =g’ X"(0)+ 0 W" — /Zee B(s (65)
—/ ZHiuijB?j(s)ds, H" = — ZGZBZ, (66)
0 j i
we have
E"=F"+G"+ H". (67)

We will apply Lemma 4.2, substituting E"(t), F"™(t), G"(t) and H"(t), t € [0, 7], for a, ¢, n, and
B, respectively. To this end, let us verify the assumptions on these processes. First, by (24), (27)
and (29), we have W"(0) = 0. Since X™(0) is assumed to have values in R, we have by (65) that
F™(0) > 0.

Let us show that G is nondecreasing. It suffices to show that, for fixed n and ¢,

]
We do that by invoking Lemma 3.2. Let z € X be defined by z;; = —V;lég(t). By (26)

and the fact that & = 0 for (i,j) € Euw, we have z;; < 0 for (4,j) € Enp. Also, for any j,
>oiTii = —yj_l > BZ(t) = I?(t), by (30). Hence >, x;; > 0. Thus by Lemma 3.2, ¢'fu(z) > 0.
Recalling that fi;; = 5, we obtain (68).

Clearly, G™(0) = 0.

Let us show that H" satisfies a bound of the form (59). By the definition of 7, | fot B?j(s)ds] <
On, for all t < 7,,. Hence by (26),

t
‘/ ij(s)ds‘ <n 2, t € [0,7,),
0

and .
)/ H"(s)ds‘ < con %y, t € [0, 7], (69)
0
some constant cg.
Finally, note that E™(t) > 0 for all ¢, since Q7(t) > 0 for every i and all ¢.

Having verified the hypotheses of Lemma 4.2, we obtain E™(t) > I'[F"|(t) — 6, + H"(t), for all
t € [0, 7,], where

Op = W, (Fp, €,) + 3én, € = 6(1)/2n_1/4gi/2. (70)

Set ) R
P (t) = (LIF"|(t) = 0n)L{t<r,y + D10 X"(0) + OW|(0) 157, (71)
HO™(1) = HY(t)1ycr, . (72)

Then (P*™, H*™) agree with (I'[F"] — d,,, H") on the interval [0, 7,,), and we have shown

E™(t) > P*"(t) + H™(t),  te[0,7). (73)
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Step 2: The interval [7,,,7,). In this step we show that (54) holds on a suitably defined event
2". The argument is based on the following lemma. For x € X denote |z||* = i xfj For the
lemma below recall that X is the set of I x J matrices for which the (7, j) entry is zero whenever
i o4 j. Also, note that in this lemma the uniqueness of £* is used in a crucial manner.

Lemma 4.3. Let x € X be such that x;; < 0 for all (i,7) € Enp, and Y, x5 > 0 for all j € J.
Then
max ig(@) > 1]

where c1 > 0 is a constant that does not depend on x.

Proof. Let
K={¢—a: || =€ 21 0,(i,5) € Ep, Y w5 > 0,5 € T}

A review of the proof of Lemma 3.2 shows that K C =, provided that € > 0 is sufficiently small.
Let such € be fixed. Recall that A = i(£*) and note that £* ¢ K. Thus the uniqueness of £*, stated
in Assumption 2.1, implies that there is no ¢ € K for which fi(¢) = X\. Hence A ¢ M, where M is
the image i(K) of K under fi. Recall that A is a maximal element in M with respect to the usual
partial order in RI. Since A ¢ M, this says

max[\; — ((€));] > 0, for every & € K.

(2

Note that K is a compact set, and that the l.h.s. of the above display depends continuously on &.
Hence there exists § > 0 such

max[A; — (fi(§))i] > 6, for every € € K.

Noting that the conclusion of the lemma holds for x = 0, consider any nonzero member z of X,
satisfying the lemma’s assumptions. Then &* — e||z|| "'z € K. Hence

el mave () = mave e )
= max[p(€) — ple" — elle] )]

= max[i — f(¢" — eflf| )]

> 0.

The claim follows with ¢; = d/e. O

We have already argued that if z € ¥ is defined by setting x;; = —Vj_léfj(t), then x satisfies the
assumptions of Lemma 3.2, equivalently Lemma 4.3. As a consequence, so does y := OT" z(t)dt. By
(51), on the event 7, < u, we have that, for some (i,5) € &, |y;;| = V]-_lgn > 0p, and so [ly|| > on.

Applying Lemma 4.3 yields that there exists i* € Z such that

fix(y) > cllyll = e1on.
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Namely,

Tn

Zﬂi*j/ Bj.;(t)dt < —cion.
: 0

J

Invoking (34) and using the nonnegativity of Qf(O), we obtain

QA;E* (tn) = Wik(ma) + c10n — Z ezn*jgn - ZBzﬁj(Tn% (74)
J J

where we used the fact that | [ B?j(t)dt] < on, by (51). By (3), >, N} < con'/2, for some
constant co > 0. Hence

S OBE) <n P B) <n V2 BE() <nV?Y NP <e, i€l (75)
j j j j

Also, by (50), for n > ng, the third term on the r.h.s. of (74) is bounded by 1, some deterministic
ng. As a result, for a suitable constant c3 > 0, we have, for n > ng,

QA?* (Tn) > Wﬂ (Tn) + c30n.

Recall €}, = max; j |€];| and let ¢, = c3pncy t(€h,)"In"Y2/2 (where t,, = oo if €], = 0). Using (34),
and the bound R
> el Br < caehn!/?,
J

we have

QU (t) > W (1) + c30n — caehyn'?(t — 7,)

Cc3 ~
Z ﬂ(Tn) + 7@717 t € [Tna Tn]v

2

where, as in the statement of Proposition 4.1, 7, = (7, + t5,) A u. By the nonnegativity of Qf and
positivity of 6;, ¢ € Z, we have, with 6,, = min; 6;,

E™(t) > 00" (1) > em(%gn - HW"(Tn)H), t € [T, Tl (76)

This shows that (54) is valid on 2" := {||W"(1,)|| < c30n/4} N{n > ng}.

Step 3: Convergence. We are now in a position to prove all statements of the proposition. By
(69) and (72), (52) is valid. Moreover, it is shown in (75) that B" are bounded above, and it can
similarly be shown that they are bounded below. Hence H*"(t) are bounded uniformly in n and
t. Note that ont, = co2(ey;)"'n~/2, for some constant c¢. by (50), this product converges to co.
Thus, to complete the proof, it remains to argue that 1pn — 1 a.s. and P*" — Q* a.s.

Toward this end, denote

Ti(t) = pij&jt, t>0,(i,j) € €. (77)

Let us first show that B )
T35 — Tijlz, — 0 in probability. (78)
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Indeed, by (23), (26) and (5),

t t
T5(t) = n_l,ugfz‘jN;Lt + n_lu;‘j/o Bl (s)ds = p:&t + n_l,u%/o B%(s)ds.
Hence by (51) and (77),
I T3(8) = Tig()] < b i= il — fijléu+n " uiion ¢ € [0,7). (79)

Using the convergence (5) and recalling that yj; is asymptotic to pign*/2, it follows by (50) that
Sn, defined in the above display, converges to zero. This shows (78).

Recall the process W from Lemma 3.1(iii). We now argue that
W™ —-wl|,, -0 as. (80)

By (27), (29) and (36),

W) = W) = = Y ISE(T) = S5 (A &t)] = = D _ISH(TH (1) — S5(Ti()].

J J

Hence by (79),
Wi (t) = WO < D w0, (S5, 00), tE€ (0,7,
J

where u; = max(; jeg Tij(u) + 1. By Lemma 3.1(i), the processes 5’2 converge, uniformly on com-
pacts, to processes with continuous sample paths. Hence the r.h.s. of the above display converges
to zero. Applying Lemma 3.1(iii), we conclude (80).

It follows from (80) that 1on — 1 a.s.

Next, by definition of I, for any v > 0, the mapping x| ) = I'[z]|[,,] is Lipschitz continuous in
the sup norm, with constant 2. Recalling the definition of P*™ (71), we obtain, for some constant
C?

1P~ Q" < 18] + cllF™ — X0 — 0'W |, + | X"(0) = Xo| + e[/ — WL

We have already argued that the last two terms above converge to zero a.s. (Lemma 3.1 and Remark
3.1(a)). By (65), for some constant c1,

IF™ = 6'Xo = 0'W||r,, < 1| X™(0) = Xoll + et |[W" = Wl + c1efyon =0 as.,

where we used (50) and (80). By (50) and (70), €, — 0, hence the convergence in the above display
implies that 6, — 0 a.s. This shows the convergence of P™* to Q*, and completes the proof. [J
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5 Asymptotic optimality in heavy-traffic

5.1 The tracking policy

In this section we devise a sequence of controls that asymptotically achieve the lower bound in
Theorem 2.1. To construct them and prove their asymptotic optimality we need some further
assumptions. Recall from (18) that

Ci(a) = inf{C(q) : g € R, 0'q = a}. (81)

Assumption 5.1. (Continuous minimizer) There exists a locally Lipschitz function f : Ry —
RL such that 0/ f(a) = a and C(f(a)) = Ci(a) for all a > 0.

We extend the function f to the real line by setting it to zero on (—oo, 0) (note that the extended
function is continuous). In fact, the actual implementation of the policy will be based on small
perturbations of f, that we denote by f". These perturbations are explicitly provided below (see
(84)).

The policies we construct will not use the nonbasic activities at all. It will be convenient, in
terms of notation, to disregard these activities by assuming they do not exist. Thus we assume
(w.l.o.g., as far as the results of this section are concerned) that all activities in the model are basic.
In particular, G = G, and i ~ j means (4,7) is an activity, equivalently, a basic activity. Since
Assumptions 2.1 and 2.2 are still in force, the graph is a tree.

Based on the structure of the control which achieves the lower bound for the diffusion control
problem (Proposition 3.1), we seek control policies for the queueing model having two main prop-
erties. Namely, (i) that the sequence 6’ Q™ converges in law to the RBM Q*, and (ii) that, given
0'Q™ = a, Q" itself is close to the minimizing f in (81). To be more precise about (ii), denote

X" = f™0'X"), and Q" = f7(0'QM). (82)

Further, note by (31) that | X" —Q"|| < || B"||. Then property (i) corresponds to having Q" — Q™ =
0. If B™ = 0 then the above can be achieved by having Q™ — X" = 0. It turns out to be more
convenient to work with the latter, that is, to prove B” = 0 and Q" — X™ = 0.

The proposed policy, to which we refer as the tracking policy, seeks to achieve the convergence
Q" — X™ = 0 by letting Q™ track X™. That is, upon service completion in pool j at time ¢, the
policy assigns to the newly-available server a customer from a class within the set

{iving Qi) > X)), (83)

so as to decrease the difference. This, however, is not a precise description of the policy, as the
choice of the class for service in (83) will not be arbitrary. It will rely on the structure of the tree.
For a precise statement we need some additional notation.

Let V =7 U J denote the vertex set of G. Pick any 79 € Z and designate it as the root. Denote
by d(k) the graph distance of a node k € V from the root. For i € Z\{ip} denote by 7(i) the
neighbor j ~ i that is closer to the root than ¢, and by J (i) the (possibly empty) set of neighbors
j ~ i that are farther from the root than i. We sometimes refer to j(i) and J (i) as the nodes right
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above and, respectively, below i, thinking of the tree as being depicted with the root at the top. For
nodes j € J, define analogously 7(j) and Z(j). Next, fix a labeling of all graph nodes by distinct
numbers between 1 and I+ J, so that members in Z have the labels {1,2,...,I} and those in J
have the labels {I+ 1,1+ 2,..., I+ J}. Identify the set V with {1,...,I+ J} accordingly. The
labeling should satisfy the following additional condition, namely for i1,is € Z,

d(i1) < d(iz) implies 45 > o,

and for j1,72 € J,
d(]l) < d(]g) implies jl > j2.

We let jo = max{j: j ~ip}. Some of our statements preclude the root ig. We write Z_;, = Z\{io}
and, for a vector x € R, we write _; = (21,..., 25 1, Zit1,...,T1).

Perturbed functions: As alluded to earlier, we will work with a perturbed version, f™, of
the function f. Fix a function f that satisfies Assumption 5.1. Let sequences {k,} and {<,} with
Kn/Fn — 0 and K, — 0 be given. For i € 7_;, we set

(16;) L, x €10, Kn),
fH(x) =1 (16;) tky, T € [Kn, Rn), (84)
fi(@)(1 = Rp/x) + (10;) " 'kp, 2 € [Rp,00).

Also set Z’(‘)(x) = (z— Ziﬂo 0i fi())/0i,-

Remark 5.1. (Properties of f") The perturbed functions f™ are such that, for i € Z_;,, fJ* is
“small” but strictly positive in the vicinity of 0 and, important for our analysis, it is constant on the
interval [kp, p). Additional observations regarding f™ will be useful in what follows: f*(z) > &, for
x> kpandi € I_,. Also, fl'(x) > (10;) a for all z € [0, Ky, ) and f7 () > (0;y)'Rn > (10;5) 'R

for all x > Ky, Since 6, f*(z) < x for all i € Z and = > 0, we have that

sup |0 f'(x) — 0, fi(x)| < Rp + sup |0 f"(x) — 6, fi(x)| < 2R, — 0, i € T. (85)
x>0 T>Fn
Finally, it is easy to verify that f™ are locally Lipschitz uniformly in n. .

Recall that I]’f‘(t) is the number of idle servers in pool j at time ¢.

The tracking policy:

i. Upon each arrival of a class-i customer, say at time t, if there are idle servers in one of the
pools 7 € J(i) then it is routed to the pool

min{j € J(i) : [} (t—) > 0}.
Otherwise it is queued (even if there are idle servers in pool 7(7)).

1. Upon each service completion in pool j, say at time ¢, the server admits to service a customer
from class
min KC;(t—),
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where

k(=) = {k € T() : Qplt-) > Xp(t-) }.

provided this set is nonempty. If I;(t—) = 0 but Q’;(j)(t—) > 0 the server admits to service
a customer from class 7(j). Otherwise, the server remains idle.

Remark 5.2. (Work conservation) It is clear that the policy is not work conserving. However,
it is not hard to see that at any given time ¢, all servers in pool 7 must be busy at ¢, provided
Q7(t) > 0 for all i ~ j. Note that this means >, Bj(t) = N; (and, in turn, ), Bz-"j(t) =0). This
property will be useful in what follows. "

The main result of this section is the following. For simplicity, the initial conditions for B" and
Q" are assumed to vanish.

Theorem 5.1. Suppose that Assumptions 2.1, 2.2 and 5.1 hold and that B"(O) = Q"(O) =0 for
all n. Then, under the tracking policy,

(Q"—Q",B"0'Q") = (0,0,Q"), (86)

where Q* is as in Theorem 2.1. Consequently,

| c@wa= [ @
0 0
where Cy(-) is as in (18).

In the rest of this section we prove this result. All symbols with superscript n, such as Q” and
X™, denote the respective processes under the tracking policy.

For sequences a, and b, of positive numbers, satisfying b,/a, > n¢ for some ¢ > 0 and all
large n, we write a,, < b,. Set 0" = n3/16 (satisfying the conditions we put on " in the previous
section). Recall that €}, = max; ; || = O(n~'/%) (Lemma 3.1), by which €7, 0" < 1.

By assumption, the inter-arrival times of all the processes (A;, i € Z) have finite moments of
order r > 2. Let agq = (1/2 — 1/r). Fix sequences py, qn, Tn, Sn of positive numbers, satisfying

a0 VT L pp L g Ky L 8p L 1L (87)

Assume, without loss of generality, that p, is given by n™% where o, is a constant. Let
w : [0,00) — [0,00) be given by w(z) = x*, where a,, € (1/3,1/2) is a constant. We further
assume, without loss of generality, that o, > 2ay.

In (84) ky, and &, are such that

Pn K Kp K qp and s, <€ Ky < 1.

For the remainder of this section we fix the time horizon u. Recall the processes fl”, V™ and
W™ defined in (24), (27) and (29), respectively.
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Lemma 5.1. For every € > 0 there exist K, L > 0 and ng such that for n > ng,
P {there exist 0 < s <t < u such that ||[A"(t) — A"(s)|| > pp + Lw(t — 5)} <€,

and

PIA™w > K} <,
where A™ is any one of the processes A" V™ and W,
Proof. For the processes A" and ", the result follows from strong approximations for renewal
processes (see e.g. Theorem 2.1.2 in [13]) and the Hoélder continuity of Brownian motion paths.

For V™ (and consequently for W™), the result thus follows from (27), using the uniform Lipschitz

property of the processes Tz’; (note that N%anj < ¢n where c¢ is constant). ]

When fixing € > 0 we will, for simplicity of presentation, assume that n > ng(e).

Given € > 0, let L = L, be as in Lemma 5.1. Recall the process G™ (66). We define the following
random times
o" :=inf {t >0:[|B"(t)] > sn} Au,

and

¢" = inf {t >0: G"(s2) — G"(s1) > rp +4Lw(s2 — s1) for some 0 < 51 < 59 < t} Au,

Finally, let 7 be as in (51) and define 7™ = T™(¢) by
TV := 0" NT" A" (88)

Proposition 5.1. Under the assumptions of Theorem 5.1, given € > 0 there exists a constant K
such that

limsupIP’{HQﬁio — X%l > I_(pn} <, (89)
n— oo
and -
timsup P { |H" 1o + || B0 + Q" = Q" ln > Kan } < (90)
n—o0

This result is proved in the next subsection.

Proof of Theorem 5.1: For z : [0,u] — R denote

Osc(z, [s,1]) := <t81£> ., |x(t1) — x(t2)].
SSU1st2>

Fix € > 0 and let

Q" = {|H"jpn + |B" [l + Q" = Q"[lr» < Kau} N {1Q"5, — X7 Il < Kpa}
N{Osc(O'W™,[s,t]) < pp+ Lw(t —s5), 0 < s <t <u}n{|W"], < K}. (91)
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Using Proposition 5.1 and Lemma 5.1,
P{2"} > 1 — 4e, (92)
provided n is sufficiently large. We begin by showing that

T" = u on ™. (93)

Let M = min;ez(I6;)~. Given t > 0, we argue that, on 27, for t < T", and all n sufficiently
large,

~

0'Q™(t) > €, := (1 +2M ') Kq, implies ZBZ(t) =0, for all j. (94)

To see this note that if 8/Q"(t) > €, then, on 27,
(1) = Qi (1) — Kau = f7(0'Q"(1)) — Kan > 2Kqy — Kqu > 0,

where we use the fact that f}'(z) > M(x A Ry) for all 2 > 0; see Remark 5.1. Further, on o,
O'X"(t) = 0'Q™(t) — H™(t) > ¢, — K¢, = 2M'Kq, and ||CA2’EZ-O - XZ'OHT" < Kp, so that, for
1€ I_Z'O, . - . - ~
Q7 (t) = X' (t) — Kpn = f(0'X"(t)) = Kpn = Mkn — Kpy > 0,
where the inequalities follow from the fact that p,/k, — 0, and f*(x) > Mk, for all z > k.
Thus, we have that Q7(t) > 0 for all i € Z and the claim (94) follows by Remark 5.2.

We now argue that G" (66) remains constant when ), Eg(t) = 0 for all j. Given such ¢,
let x € = be defined by z;; = —yjlég(t). Then ), x;; = 0 for all j € J. Recalling that we
do not have non-basic activities, we conclude by the second part of Lemma 3.2 that %G"(t) =

— 2 iy Binig By (t) = 0.

Combining the above argument with (94), we have on 27,

n
/0 L ey e (010" (1)) dG™ (1) = 0. (95)
By (34),
’ 0'Q™(t) = W"(t) + G™(t), (96)
where
Wn(t) = 0/ X"™(0) + 0W"(t) — R"(t) + H"(t), (97)

t
R =% 03 e / B(s)ds (98)
- - 0
i j
and H" is as in (66).

Thus, on 2" and for t € [0,7"], the triplet (¢ Q", W",G") satisfies the following relations.
Namely, G"(0) = 0; as shown in the proof of Proposition 4.1, G" is non-decreasing; and since Q"
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takes values in the positive orthant, Q™ > 0. With these properties, along with (95) and (96), we
are in a position to apply the oscillation inequalities from [27, Theorem 5.1], to conclude that

Osc(0'Q™, [s, t]) + Osc(G™, [s,1]) < 4(Osc(W™, [s,1]) + €n), (99)

for all 0 < s < t < T™. The precise constant in the inequality follows the proof of the one
dimensional case [27, p. 15].

To prove (93) we use the oscillation inequality to show first that 7" = 7". We then show that
7" = u. By the definition of 7", using (51), we have

[R™||7n < J|[]l€}s0" < pn, (100)
and using the definition of 2", we have on 27",
‘Hn|T" < KQn-

By Lemma 5.1 Osc(8'W™, [s,t]) < p, + Lw(t — s). Hence on 27,

Osc(W™, [s,1]) < (2 + K)gn + Lw(t — 5). (101)
Using (99), we then have
Osc(G™, [s,t]) < 4(2 + K)gn + 4Lw(t — 5)) + 4ey,

for s <t < T". Recalling that r,/g, — oo we then must have (" > 7" on Q™. Further, since
|B"™||7n < K@y on 2" and, recalling that g, /s, — 0, clearly ¢™ > T™. We conclude that 7" = 7"
on £2".

To prove (93) it then remains to show that 7" = u. Following the same arguments leading to
(76), on the event that {7 < u} one has 0'Q™(7™) > ¢(p, — K), for some constant ¢ > 0. Recall
that g, — 0o. On the other hand, using (96), (99), and the bounds on R™ and H",

10/ Q" 7 < W™ n + |G < 5([|0]| K + (1 + K)gn) + 4en (102)

on 2" (e). Thus |#’Q™|w is bounded on this event. This shows that 7 = u on 2" for all sufficiently
large n. We have thus proved that T™ = 7" = u on (2", for large n.

Since € is arbitrary, using Proposition 5.1, (92) and (100), we obtain
|H" |y + | B"||w + |Q" — Q"||u + |R"|w — 0 in probability. (103)
Using Lemma 3.1(iii) and arguing along the lines of step 3 of the proof of Proposition (4.1)

(showing, in particular, that 7" — T in probability) gives W" = W. Using (97), (103) and
recalling that we assumed zero initial conditions, we have W" = ¢'W.

We conclude that the process 0’Q" satisfies Q" = W™ + G™ > 0, where W" = 0'W, and G"
is nondecreasing and satisfies, with probability arbitrarily close to one,

/0 - Le,,.00)(0'Q"(t))dG™ (t) = 0.
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It is a standard fact that these properties suffice to characterize the limit behavior, namely that
0'Q" = I'[0'W] = Q* (see e.g. the proof of [27, Theorem 4.1]). By (82), the uniform convergence
of f™ to £, (85) and the continuous mapping theorem, Q" = ¢(Q*). Hence by (103), Q" = q(@Q"),
thus C(Q") = C(¢(Q*)) = C,(Q*). Another application of the continuous mapping theorem gives

| e@ma= [ e

which concludes the proof the theorem. O

5.2 Proof of Proposition 5.1

The key idea in the proof is to 1dent1fy an event occurring with hlgh probablhty on which the policy
self tunes the balance between X" and Q" when the process Xn goes 7out of balance”, namely,
when ||Q” (t) — Xm, o > cp, the occupancy process B" re-adjusts quickly so as to pull the

process Q” back towards Xn,
Throughout the remainder of the analysis we fix e > 0; 7™ is as in (88). Define

= (0K < K),

2y = | max |A™(t) — A" ()| < pn + Lw(t — s5),0 < s <t <u}, (104)
An—An yn

where, with an abuse of notation, K = K(e) and L = L(e) will be chosen (possibly) larger than
the values from Lemma 5.1. Let
0" =07 N2y (105)

Lemma 5.2. Suppose that the assumptions of Theorem 5.1 hold. Then K and L can be chosen so
that P{02"} > 1 — €. Moreover, on 2", and for 0 < s <t <T",

IX"(t) = X" (5)|| < c(min[n' s, (t = ) + pn, ] + w(t = 5)), (106)
where ¢ is a constant not depending on n, s,t.

Lemma 5.2 is proved in Subsection 5.5.

Throughout what follows, K and L are as in the above lemma, and fixed, 2" is as in (105) and
T™ as in (88). Given strictly positive constants {c}.,, k € Z} define the following times:

8e = inf{s >0:]|A¥(s)| > crpn} AT, (107)
e = sup{s < 73 1 |AR(s)| < cxpn /23, (108)
where, throughout,
= Qz —

Let
Qpy = 2" N {rg), <T"}N{AR(15%) > ckpn '}y
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where U is mnemonic for ‘up’, and define analogously (27 ,, with ‘> cipn’ replaced by ‘< —c,}:pn’,

where D is mnemonic for ‘down’. Note that the jumps of Q™ and X" are of order n~'/2 while
pn > n~1/2. Moreover, the initial condition is assumed to be zero. As a result, we have on the
event QZ’U [resp., QQ’D] that 1" € [O,Tgk), and

AX(s) > cipn/2 [resp., < —cipn/2] for all Tk <8 < Ty (109)
The proof of Proposition 5.1 will be based on showing that 75", > T™ on (2" for all k € Z_;,.
This statement is proved inductively.

Proposition 5.2. Suppose that the assumptions of Proposition 5.1 hold. Then the following holds
on the event 2. Let k € I_;, be either 1 or such that, for all | < k,

1A} |7n < ¢fpn, (110)

for some constants cll, Il < k. Then there exists a constant c}c, such that if 73, (107) is defined with
c,lg, then Top = T Consequently, there exist constants c}c, ke Z_;, such that, for allk € I_,;,,

| ARl < ¢ (111)

Recall (87) and assume, without loss of generality, that ¢, = ndp, for some § > 0 such that
gn < 5. Recall that anj = B?j =0ifi 4 j.

The next proposition is where the perturbation f” of the function f is used in an important
way.

Proposition 5.3. Suppose that the assumptions of Proposition 5.1 hold. Then, there exists a
constant v such that, on the event 2",

1B" |7+ < Ygn-

The proofs of Propositions 5.2 and 5.3 appear in subsections 5.3 and 5.4 respectively. Henceforth
we let M, be a uniform Lipschitz constant of f™ on [0, z]. Throughout the proofs we use ¢y, ca, ...
to denote strictly positive constants that do not depend on n.

Proof of Proposition 5.1: Equation (89) follows directly from Proposition 5.2 and the definition
of Q™.

To prove (90), we will first prove that

Q" = X™[l7n < c1n. (112)

To that end, by Proposition 5.3 and the identity (9) we have that

IX" = Q"= < |B"|l7n < c2gn- (113)
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By Proposition 5.2 and the fact that p, < g, we have that

195, — X2yl < e3qn- (114)

_7;0

By definition #X" = ¢’X" whenever #/X™ > 0 and §X™ = 0 otherwise. Using (113) and the
non-negativity of Q", we get that 8’X"(t) > —c4q, for all ¢ < T™ and, in turn, that [§/X™ —
Han‘Tn < C5Qn,- Thus,

| XTI — X < |0'X™ — 0/ X" |pn + || X7, — X7 < codn-
Applying (113) we conclude that ]Q:LO — X%‘Tn < ¢7qp, and, together with (114), that (112) holds.

Next, since |’ X"|7n < K on 2", we have |0'Q"|pn < |0/ X"|n + |H"|7n < 2K. Hence, by
Assumption 5.1 and the definition of Q™ and X™,

X" = Q" [l < Mag|0'Q™ — 0/ X" m < s,
where we used (113). Using this along with (112), we have on 27,
Q" — Q" [~ < cogn. (115)

Finally, recall that —H" =3, , HZBZ so that
|H" |7 < c10n, (116)

by Proposition 5.3. Combining (115), (116), and Proposition 5.3 we conclude that for any e there
exists a constant cj; independent of n, such that

P{|H"|7n + | B"|n + Q" = Q"|7n > c110} < €.
This proves (90). O

5.3 Proof of Proposition 5.2

We begin by stating a sequence of lemmas that provide estimates on various properties of the
dynamics. They are proved in subsection 5.5, along with Lemma 5.2 above. Throughout this and
the next subsection, € is fixed, and the assumptions of Theorem 5.1 are in force. Moreover, the
statements of the lemmas are understood to be on the event 2. For f : [0,00) — RF¥ and 0 < s < ¢,

denote f[s,t] := f(t) — f(s).
The proposition provides estimates concerning the r.v.s 73, that are based on the lemmas
below. At the same time, the proof of the proposition involves choosing the constants c,lc, used to

define these r.v.s. It will therefore be important to specify which of the estimates, stated in the
lemmas (at least those that involve Tgfk), depend on c,lg, and which do not.

Define the processes

t
B (t) = B{Lj(t)—ku%/o Bli(s)ds, i€ZIjeJ. (117)
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Lemma 5.3. Fiz k € Z_;,. Suppose that |A}'|pn < cllpn for alll < k for some constants cll, I <k.
Then there exists a constant 1, not depending on the constant c,lg with which Tgfk is defined, such
that, for all 0 < s <t <T",

[Bls )l < v (n'?su(t = 5) 4 pu+w(t =), j €Tk (118)

Moreover, there exists a constant 2 (that may depend on cj) such that (118) holds for j = 7(k)
and 0 < s <t < Tgfk, with y1 replaced by ~s.

Lemma 5.4. Fiz k € T_;,. Then there exists a constant v (that may depend on ci.) such that for
all 0 < s <t <75,
Q5. ]| < v(n'Psn(t — ) + pp + w(t —5)).

To state the last preliminary lemma, let
Lk)y={ieZ:i<k,i~]k)} (119)

be the set of customer classes that are not higher than k in the hierarchy and are connected to the
parent node j(k). Recall that if 7%, < T, then one of the two events 2! ;, 27! , must occur, and
consequently, one of the two inequalities specified in (109) holds. In the former case, any service
completion in pool j(k) during |1, 75 ) is followed, under our tracking policy, with an admission
of a customer from one of the quéue in the set L(k). In the latter case, no class-k customers are
admitted to pool j(k) on 17"}, 73';). The following lemma is based on these two properties.

Lemma 5.5. Fiz k € Z_;, and let j = j(k). Then there exists a constant v > 0, not depending on
c,lw such that the following holds.
(i) On 2} ; one has

ST OBLs, ] >t —s) — Lw(t—s) —pn, T <5<t < T (120)
leL(k)

(i1) On S} 1, one has

By;[s,t] < —An2(t — 8) + Lo (t — ) + pn, TiE <8<t <1 (121)

Proof of Proposition 5.2: Note that all statements regard the event 2" (105).

It is required to show that there exists a constant c}c, with which 73', is defined, such that
Toe = Th.

To this end, let us analyze the event 2" N {Tan < T"}, considering separately the two sub-

events {2, and (2! ;. The goal is to show that one can choose c,1€ so that the two events are empty,
provided n is sufficiently large.
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We start with the former. Fix k € Z (and note that in the case k = 1, the set £(k) is simply
{1}) and denote j = 7(k). The goal of showing that §2}!;; is empty (for suitable c}, and large n) is
achieved by arguing that there exists a constant ¢, not depending on c,%; or n, such that on 27,

AR(t) < AZ(Tlnk) + ¢cpn, for all t € [Tﬁk,TZk). (122)

To this end, consider any 77", < s <t < 73,. Using (34) and (117) we have

ZQZSt] = ZVVZSt

lel(k leL(k

- Z Z Blnm[svt]

leL(k)meT(l)

- Z Bj[s. 1], (123)

leL(k

where we used the fact that 7(I) = j for any | € L(k). By the assumption of the proposition,
|AMgn < clpn, I < k, by which 7/* = T™ for [ < k. Thus in view of Lemma 5.3, the estimate (118)
is valid for all I < k,and for all 0 < s < t < T"™. Moreover, the constants in this estimate do
depend on cl , | < k, but not on ck, As a result,

S5O Bt < ern2sa(t — )+ po +wlt - 9)), (124)
leL(k) meg(l)

where ¢; does not depend on cj. We bound the first line of (123) using (104), the second line using
(124) and the third line using Lemma 5.5. Here we recall that the constants in Lemma 5.5 do not
depend on c,ﬁ. In turn, we have

Z Qs t] < calpn +w(t —s) +n'2s,(t — s5)) — can'/?(t — s)
leL(k

< —C4n1/2(t —8) + c5(pn +w(t — ), (125)

or positive constants ca, ..., c; that do not depend on c,lg. In the second inequality above we used
the fact that s, — 0. Thus, using Lemma 5.4

> 1Q1 s, 1] < e (0250t = 8) + po +wlt — 5))

I<k

Above, the constant may depend on cll, [ < k, but not on c,lﬁ. Thus by (125) and using the fact
that s, — 0 and applying Lemma 5.2 to bound |X£ [s,t]| we obtain

AR () = Qi (t)

Note that we have

—XP(t) < AR(s) —eun'’?(t — s) + c12(pn + w(t — 5)).
—enn2(t — ) + crow(t — 5) < c13pn (126)

for all sufficiently large n. Indeed, the function v — —ci1n'/2v + c1ow(v) is concave and it is easily

verified that the unique maximum is bounded by ci3n 20-aw). Since oy € (1/3,1/2) the maximum
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is further bounded by c14n~'/* < p,,. Thus, we conclude that (126) holds. Choosing ¢} sufficiently
large we then have that Tzk > T™ must hold on the event QZ7U. In other words, “QI?,U is empty.

Next we consider the event (2,? p- Arguing as above, using the second part of Lemma 5.5, we
have

Qit) = Qp(s) — crs(wlt — s) +n'2s,(t — s)) + crgn/2(t — s).
Bounding X}'[s, t] using (106) as before we have
AR(t) > Ap(s) — car(w(t — ) + pa) + c1sn/2(t — 5)).
Similarly to the above, Ap(t) < Ap(r{')) + ciop, for all ¢t € [, 75;). Re-choosing ¢ > 4egy we

then conclude that T;k > T™ on Q,? D

This proves the first part of the proposition. The second part is argued inductively using the
above. If (110) holds for all [ < k (or for the induction basis & = 1) and since we proved that
Tox = T", the definition of 73, implies that [A}(s)| < cipn for all s < T),. It is not hard to see

that the jumps of both Q" and X™ are O(n~'/2). Recalling that p, > n~'/2, it follows that (110)
holds for k (with a suitable constant c}.). We conclude that there exist constants, that with abuse
of notation we still denote by {c;, k € Z}, such that, on 27, for all k € Z_;,, |A|zn < c}py,. This
concludes the proof.

O]

5.4 Proof of Proposition 5.3

We begin by stating a sequence of auxiliary lemmas that are proved in subsection 5.5. As before, the
statements of the lemmas are understood to be on the event {2 and the assumptions of Theorem
5.1 are in force. Fixing throughout § such that ¢, = ]onn‘S < rp, we let 9, = n= (/279 Below the
constants 27, j € J are as in (44).

The following relates the process B™ to the idleness process.

Lemma 5.6. Fix j € J with j # jo. Suppose that there exists a constant 1 such that

ST 1B [, 1]] < (02 (t — )+ pa + w(t — ),
keZ(j)

for all 0 < s <t <T". Then there exists a constant vo such that |f]"|Tn < Yapn.-

Consequently, if |A}|rn < c,lgpn for k € Z_;, and constants c/,lw k € 1_;, then there exists a
constant o such that ‘I}Z|Tn < Yopn, for all j # jo.

Lemma 5.7. There exists a constant v so that for all s,t < T"™ with |t — s| < Uy,

t
' X"[s,t] — z;fonl/Q/ I%(u)du’ < Yqn,
S
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and
0 X"[s,t] > —ypn-

Lemma 5.8. Fix k € Z_;,. Then there exists a constant v such that for all s,t < T™ with
[t —s| <y
| X% s, t]] < Y-

Lemma 5.9. Fix k € Z_;, and j # jo. Then there exists a constant v such that
| Bl < .

Lemma 5.10. There exists a constant vy such that the following holds. For s,t < T™ with |[t—s| < 9,
and such that 17 (u) > 0 for all u € [s,t), we have

~ . 1 . t
I [s,t] < —X[s,t] + yan < —2%/ I (w)du + Y.
S

Proof of Proposition 5.3: By Lemma 5.9 .., > ;. ’B,Z‘Tn < ¢1¢pn. By Proposition 5.2 and
Lemma 5.6 we have that .. ]fJ”\Tn < ¢app. Thus, using the identity fj” =—>, B,Z and since

Pn < qn We have
Do Bilen < D01 e+ 30 3 1Bl < esgn.
J#Jo J#jo J#£j0 i€Z(j)
To prove the proposition it only remains to show that
12 7 < cadn, (127)

in which case we will have by the same argument that \B[g Jo |7n < ¢5qn. Together with Lemma 5.9,

this would allow us to conclude that | B™|7n < cqn as required.

The remainder of the argument is dedicated to the proof of (127). To that end, fix { > 2v with
~ as in Lemma 5.10 and let

' =inf{t > 0: f;g(t) > 20} NTT,

and
= sup{t < 7' 17 (8) < Can} AT

Argue by contradiction and assume that 7" < T", and, in particular, 7' < T™. Consider the
interval [7f, (7' + ¥5) A 71"). By Lemma 5.10 it holds, for s,t € [7, (7§ + Un) A 71") that

. 1, t,
Iis, 1] < —2zj0n1/2/s I (u)du + vqy. (128)

In particular, f?(u) < (qn + gy for all u € [7f, (7§ + V) A 7{") and it must be the case that
T > 78 + Yy Since f]’g > (qy on [17,7]) and n~Y/2 < 09, we also have by (128) that

1P (7 4+ A(25) 7' Y2) < 2Cqn — 2Cqn + Yan < Van-
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Since 7 +4(z;f0)_1n_1/2 € (74, 7") this contradicts the definition of 7. We conclude that 7{* > 1"
and, since the jumps of I™ are of size O(n~1/?) and n~1/? <« ¢, that \f% |7n < 3(q,. This establishes
(127) and concludes the proof of the proposition. O

5.5 Proofs of auxiliary lemmas

Proof of Lemma 5.2: It follows directly from Lemma 5.1 that P{£25} > 1—¢/2 for a sufficiently
large L. To treat (27, recall that

0'X"(t) = ' X"(0) + 0'W"(t) + G™(t) — R™(¢t). (129)

By the definition of 7™, it is easy to see that |R"|7» and |G"|7» are uniformly bounded. Hence
using Lemma 5.1, K can be chosen so that P{{2{'} > 1 — ¢/2. This shows the first assertion of the
lemma.

By (33)
t
IX7[s )l < W s 8]l + Y 02 (s +€?j)/ |Bjj(s)lds.
ij s
By the definition of £ and the fact that |B™||7» < s, and using Assumption 5.1 to write
IX"[s, 8] < M |6'X"[s,1]], (130)

it follows that }
| X" [s, t]]| < c(v/nsn(t —s) + pn + Lw(t — s)).

To prove the result, it remains to show that
1 X" [s,t]|| < c(rn + Lw(t — 5)). (131)

We use (129) and (130). The increment of W" can be bounded as before, while that of G™ is
bounded using the definition of 7", specifically (™. Thus

IX" s, 8]ll < e(rn + Le(t = ) + [R"[s,1]].

Moreover, by the definition of 7" (51) and R™ (98), we have |R"| < celf; 0" < pp < ry. As a result
(131) holds and the result follows. O

For the proof of Lemma 5.3 we define A};(t) to be the number of class-k customers entering
pool [ by time ¢ and let its centered and scaled version be given by

AR (1) = n~ V2 (AR (8) — pinérmn' /). (132)

Proof of Lemma 5.3: The proof of the lemma proceeds by induction on the class number.
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Induction base, k = 1: For this class all server pools j € J (k) (if there are any) are necessarily
leafs of the tree. Thus if j is such a pool, one has B —I so that, by lemma 5.6, |Bk] |7n < c1Dn.
Thus for s <t < 73,

1Biyls, Al < 1Bislrn 2+ i (= ) < eapn + 0! pa(t = 5))
< ca(pn + nl/ZSn(t —5)), (133)

where we used the fact that s, /p, — co. Note that ca does not depend on c,lf.

Consider next j = (k). Using (34) we have

Bi[s,tl] < |Qk[s tll+ D 1Bils, 6]+ [[W"[s, 1|
leJ(k)

< c3(pn+n'splt — 5) +w(t — 9)),

for s <t < 73, we used Lemma 5.4 and (133). Note that c3 does depend on ..

Induction step, k£ > 1: Assume that the result of the lemma holds for all m < k. Namely, if
m < k is such that |A?|pn < ¢/p, for all [ < m then (118) holds with m replacing k and for all
0<s<t<T"andall j € J(m) with a constant ; that does not depend on c,ln. It holds for

j=7(m) up to Ty, With a constant v, that does depend on cl .

We will show that this holds for k. We thus assume that |A” |7n» < ¢} for all m < k. By the

induction assumption we have the existence of a constant c;, depending on (c.,, m < k) but not

depending on c}, such that (118) holds for all m < k and all [ ~ m. By the argument leading to
(141) we have for all s,t < T" that

> |Anls.tl] < calpn +n'Psp(t — s) + w(t — s)). (134)
m,j<k

Considering a pool [ € J(k), the idleness process satisfies

Pt = Ip(s)—n"2 Y Apyls,t]+n7 12 Diyls. 4]

m<k m<k
= fl”(s)—Zfl st—i—Zuml/B dv+z ls. t].
m<k m<k m<k
In turn,
Al ) <2087+ 3 VAtals il + 3 Wl + S | [ B (135)
m<k m<k m<k
By the induction assumption (118) holds for all classes m € Z(l) so that, by Lemma 5.6,
1P n < cspn, (136)
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for a constant that does not depend on cj. Also, |B?nl|Tn < s, by definition so that

>

m<k

Thus, using (134), (136) and (137) in (135) and applying the definition of 2" to bound the incre-
ments of V", we conclude that

< ety (t — s). (137)

t
Homi / By, (v)dv

|As, ] < es(pn +n'2sn(t — s) +w(t — s)),
where cg does not depend on c;. By (140) we then have that
Bals,t]l < [Als, t]| + [Vij[s, tl]
< co(pn 4+ w(t —s) +n2s,(t — s)),
where, as required, the constants do not depend on c,lC in the definition of T2Tf i (107). This argument

is repeated for each [ € L(k). The argument for the pool j(k) then follows exactly as in the
induction basis and this concludes the proof. ]

Proof of Lemma 5.4: By the definition of TS k> and since the jumps of both Q" and X™ are

O(n~'/?) and recalling that p, > n~'/? we have that |A”|7.2]C < 2¢}pn. The result is thus an
immediate consequence of Lemma 5.2. ]

Proof of Lemma 5.5: Recall that k is fixed and j = j(k). Consider first the event (2. By
(109), A} remains positive on the interval 7, := [1]',73;). By part (ii) of the definition of the
policy, during this interval all service completions in pool j are followed by admission to service of
customers from the classes in £(k). Also note that part (i) of this definition is irrelevant during
this time interval because there are no idle servers at pool j (indeed, the set K; is not empty on
this interval; if there were any idle servers in pool j then they would be immediately assigned to
customers of classes in the set K;). Thus, for s,t € T, s < t, we have

ZBljst = — Y Dpils,f]+ > Dpls,1.

leL(k leL(k) l:l~j

Using (12) and (27) we re-write this as

ZBljSt = —Zul]/Bl] )dv — Zn1/2V”8t

leL(k) leL(k) leL(k)
3 [ B+ 3 s
L:l~j l:l~j

Denote Lé(k) ={le€Z:1~j,1 ¢ L(k)}. After centering and scaling we have

Y Bilstl= > up&ult +Zulj/ Bp(v)dv + Z : (138)

leL(k) lece(k) lil~j lece(k
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Note that i := 7(j) € L(k) so that the first term on the r.h.s. of (138) is bounded below by
pii&iivi(t — s) > an?(t — s). (139)

Since || B™||7n < sn, the second term is bounded, in absolute value, by can'/2s, (t—s). Since s, — 0,
this gives

> Bilst] = cn'/(t = 5) = Vs, 1|
leL(k)

Equation (120) now follows by using the definition of 2" to bound the increment of V™.

Let us now consider {27 ;,. To prove (121), note by (109) that A} < 0 on the time interval 7.
Note that by the first part of the policy definition, new class-k arrivals are not sent to pool j even
if there are idle servers. Moreover, by the second part, upon each service completion, no class-k
customers are admitted into service in pool j during this time (since A} < 0). Hence

t
Biyls.t) = ~Diylsvt] = uy | Biy(o)do-+ nt2Vils.t)
S
or, after scaling and centering,

By;ls,t] = —py;&vi(t — s) + Vils, t].

Exploiting again the bounds for V™ on 2", we have (121). This concludes the proof. O

Proof of Lemma 5.6: Fix j € J, j # jo. For i = ip we will use here, with some abuse of
notation J(ig) = J(ig)\{jo}-

We start with an observation that relates the condition of the lemma to the processes fl”j,
k € Z(j). To that end, note that the process By, satisfies the relation

B (1) = B 0)+ ™ (AL (0) = DRy (6) = Bi5(0) + Ay (0 — i [ B (0)do + VE(0). (140)
Hence, using the definition of 2" to bound the increment of V",
| Al 81| < |BRyls, 1] + c1(pn + w(t — 5)). (141)
In view of this and the assumption of the lemma,
AR [5,t]] < ca(pn + 025t — s) +w(t—s)), ke I()). (142)

Let ¢ =2(j) (note that j € J(i)) and define

Ty = inf¢s>0: Z IM(s) > ypn p AT™,
leJ (i)
o= sups <y Y If(s) < pa/2
leJ (i)
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Note that for all s < t, and each [ € 7,

IAln[SJ] = n1/2 Z kls t +Dl?l[57t])
kik~l
t
= 30 (- At - iy [ Bio)de - Vil ). (143)
k:k~l §

On [r{",73) the tracking policy routes all class-i arrivals to pools in the set J(i). Hence on
[Tlnﬂ 75)7 Zlej(i) AZ [87 t] = A? [57 t]7 and

Z Agls, ] = 12\t Z it 5) + Alls, ] = D'l - ) + Aflsd], (144)
leJg(i leJi

for a positive constant c¢3. The last inequality follows from the following observation: by (2) and
(8) we have that A\ = \;n + O(n 1/ 2) = Elej palpyim + ZZ¢J(i) pa&lvim + O(n'/?). If i # g
then, by Assumption 2.2, 5”() > 0. If i =g then &y > 0. In either case, there exists | ¢ J (i)

with &5 > 0. Hence n='/2(\? — Elej (i) Ha&vin n) > 03n1/2 for a positive constant ¢z as required.
Using || B||zn < sn, (144), (142), and the assumption of the lemma in (143), we have

ST dst] < ca(nsu(t— ) —nt2(t— 5)) + |AP[s, 4] + [V [s, 1]
leJ (i)

IN

—C5n1/2(t —8) + c6(pn +w(t — ),

for all 7* < s <t < 73 Asin (126) we have that —csn'/?(t — -5) + cw(t — s) +c6g(n) < copn for all
s < t and all sufficiently large n and, in turn, that ;. 7 ['[7]",t] < cepn, for ¢ € [7",7]'). Note
that cg does not depend on the constant v. Hence v can be chosen in such a way that 3} > T™.
Since I" = 0, [I7|rn < |3 cc7() Il < cepn. This completes the proof. O

Proof of Lemma 5.7: Recall that
0'X"(t) = 6'X"™(0) + 0'W"(t) + G™(t) — R™(¢t). (145)
We treat separately each of the elements on the right-hand side above. First, by (104) we have

on 2" that ['W™(t) — @W"(s)| < c1(pn + w(t — s)). Recall that a,, > 24 so that w(d,) <
n~(1/200=00w) < p=agtd — ) 3 — g Thus,

W™ (t) — OW"(s)| < caqy. (146)
Next, by the definition of T, using (51), we have that
|R" |pn < J||0]|€h0" < pp- (147)

Recalling that 6;p;; = 2} for all ¢ ~ j and that > anj = —1} for all j € J we have that

t t
=— E Qi,u,ij/ Bl (u)du = E zj/ I3 (u)du, (148)
— 0 . 0
0] J
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from which we also see that G™ is non-decreasing. By Proposition 5.2 |AF|pn < chpy forallk € T_;,
so that, by Lemma 5.6, |I |rn < c3py, for all j # jo. In turn, f I" )du < cqppn 1/2(75 — s) for all
j # jo and for all s, th"

G"(t) — G"(s) — / du‘ < Z / I (u)du < csn V2p,(t — s).

J#jo

Letting t — s = " proves the first part of the lemma. The second part then follows immediately
from (146), (147) and the fact that G™ is non-decreasing. O

Proof of Lemma 5.8: Throughout we fix s, < T™ as in the statement of the lemma. We argue
separately for two cases according to whether there exists u € [s,t) such that 0’ X™(u) > Ry,.

Suppose first that 6/ X™(u) < &, for all u € [s,t). By the properties of the functions f” (see
Remark 5.1) and since k,, < ¢,, we have here that X'[s,t] < (I6;) "'k, < gy as required.

To treat the other case we establish first the following claim. Fix § > 0, then for all sufficiently
large n, if w < T™ has /X" (u) > PR, then QF(u) >0, i € Z.
To see this, note by Proposition 5.2 and the properties of f™ (see Remark 5.1) that 6; Q”( ) >

Hzfl”(G’X”(u)) —c1pn > (10;) Yk — e1pn > 0 for all i € T_;, where we use the fact that p, < K.
For i = io,

0i,Qp (u) = 0'X"(w) - 6:Q7(u) 293
i#io
> HX" ZHX ) — C2Sp, — C3Dn
i#io
= HiOXZ%(u) — cq48p, > 0.

The first inequality follows from Proposition 5.2 and the fact that |[B"||z7» < s, by the definition
of T™. The second inequality follows from p, < s, and from the fact that ¢'X"™ = ¢ X" whenever
@'X"™ > 0. The last inequality then follows from the definition of X", the fact that fi(r) >
(10;,) " (Rn A ) for all z > 0 (see Remark 5.1) and recalling that s, < &.

Having the above we proceed to consider the case in which 6’X "(u) > Ry for some u € [s,t).
Let
T =sup{n < u: 0 X"(u) <

Fn},

N =

and

=inf{n >wu:0'X"(u) < ZFp} At

l\’)\r—t

where we set 7' = s if ¢/ X" (1) > R, for all ) € [s,u). Since the jumps of & X™ are of size O(n~'/?)
we must have that, if 7' < t or 7" > s then 7' < u < 7. Setting § = 1/2 in the argument
above we have that Q7 > 0 on [7§,7]") so that, by Remark 5.2 IA]" =0, j € J on this interval. By
equation (148) we then have that G"(73") — G™(71") = 0. Using (145) and (147) we then have that

0/ X" (") — 0/ X" (r3)] < |OW™(15)) — OW™ (") + capn < c5(pn + w(r5 — 71)). (149)
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It then follows, as in the beginning of the proof of Lemma 5.7, that
0/ X", 75| < cogn- (150)

Since g, < &n we conclude that ¢/ X" > 3, for all u € [r1,7§) which contradicts s < 7§* < 7§ < t.
We conclude that 7{* = s and 73" = ¢ and, by (161), that H’X"[s, t] < ¢7qp. From the local Lipschitz
continuity of f" it then follows that X'[s,t] < cgqy as required. O

Proof of Lemma 5.9: We use the notation w; := wjy, with the latter defined in (56). Recall
also that the index set Z is identified with {1,...,I} and define

be(n) = n®Np, ke{0,1,...,1}. (151)

Note that br(n) = npn = qn.
Fix k € T_;, and let j = j(k). By (34) and using X™(0) = 0 we can write
¢
Biy(®) = —uy [ Bylo)dv+ F'(0), 10, (152)
0
where F"* = F|* + F3,

F(t) = —QR() + Wi,  FP)=— ) ui‘z/o Biy(s)ds — »_ Bp().

leJ (k) leJ (k)

The proof is based on the following estimate (see Lemma 3.4 of [6] and its proof). Let X be the
unique solution to the integral equation

X(t):—,u/OtX(s)ds—i-F(t), t >0,
with > 0 and data F' : [0,00) — D. Then given u > 0 and ¥ € (0,u),
| X | < 2|F|ue™ + @y (F, ). (153)
Thus in view of (152), one can bound Bg] by suitably estimating F™.
If> e 70 |B,?l];m < Bbg—1(n) for some S then, given 9 > 0,
wrn (Fy,9) < erbp—1(n)(1 + 0n'/?), (154)

where ¢; does not depend on n or 9. By Proposition 5.2 we have that ’QZ — X]:”Tn < copn-
Combined with Lemma 5.8 and letting ¥ = ¥, this gives

wWrn (Finv ﬁn) < C3Pn,
for some constant cs (not depending on n). Noting that nt/29, = nd we get

W (F™,0,) < cabp_1(n)n® = eaby(n), (155)
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where we used the fact that n'/2b,_;(n)9, = n’by_1(n) = by(n) (recall that by(n) = n@‘spn).
Noting F™(0) = 0 by our assumptions and using (106) and (104) we also have

|E™|n < e5(rm + 1+ b1 (n)n'/?). (156)
Thus,
Wn (Fn, 19”) < Cﬁbk(n). (157)
and, in turn,
|Bpjlr < |E™ | pne 57 g (F™, 9, ) (1 — e M),

)

Since n'/29,, = n® we have that u}gjﬁn > ¢mn®. Further, since by_1(n) — 0, we have that

n'/2b,_1(n) < cgn'/? so that 7”L1/2z(n)e*"(s — 0. We conclude that

IBE; [l < 207 (™, 9) < cobi(n), (158)
provided that
Z |Byi|rn < Bb_1(n) (159)
leJ(k)

for some £.

The requirement (159) holds trivially if %k is a leaf of the tree, in which case the set J (k) is
empty. It also holds if all pools in J (k) are leafs of the tree by Proposition 5.2 and Lemma 5.6
because in that case |Bkj|Tn = |f]"\Tn for all j € J(k). Thus the fact that it holds for all k£ # g
and j = 7(k) now follows by induction on the class number using (159) and (158).

To bound f?,?j for j # 7(k), by the identity (30) we hAave that |E£]]Tn < ’j}n‘Tn +21e1() | Byjl7n.
The first part of this proof guarantees that ;. 1) |Byj|lr» < c10gn- From Proposition 5.2 and
Lemma 5.6 it follows that |f]n’Tn < c19ppn. This concludes the proof. O

Proof of Lemma 5.10: Let s, < T™ be an interval as in the statement of the lemma. In
particular, I > 0 on [s,?) so that, by Remark 5.2, Qf = 0 on [s,?) and 0;, X [s, 1] = >, BZO][ t].
Thus,

0; B s,t] = 0;, X [s HZOZB s, t] >910X [s,t] — c1Gn,

J#Jo

10J0 [

where the inequality follows from Lemma 5.9.
By Lemma 3.1 and the identity fj’”g =—> anjo it further holds that
‘IAJO [S7t] + BZ)]O 87t]| < Z ’Binjo‘T" < C2¢n,
i#io
so that
Qiojjo [S, t] < _eion% [8, t] + C4qn. (160)

The lemma would then follow from Lemma 5.7 provided that

91-0)2% [s,t] > 0'X"[s,t] — c5qn. (161)
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We next prove (161). By Lemma 5.9 ||Q’j — X” |lrn = Zz’eI_iO,jej |BZ|T71 < ¢6qn and by Propo-
sition 5.2 ||Q_l0 — X", |l < ¢7pn. In turn,

—ip

||X71,0 710HT’A‘ < HQ”%Q 710||T" + ||ano 7z0HT" < C8¢n.-

Using the identity HlOX [s,t] = ' X"[s, t] — D it X7[s,t] we then have that

|920X”[s ] — ' X"[s, ] + ZX”S t]| < cogn. (162)
i#£ig
By Lemma 5.8, Ei#io | X7[s, ]| < c1ogn for all s, < T™ with |t — s| < ¥, which proves (161) and,
thus, completes the proof of the lemma. ]
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