
Pricing and Dimensioning Competing Large-Scale
Service Providers

The literature on many-server approximations provides significant simplifications towards the op-
timal capacity sizing of large-scale monopolists but fallsshort of providing similar simplifications
for a competitive setting in which each firm’s decision is affected by its competitors’ actions. In
this paper, we introduce a framework that combines many-server heavy-traffic analysis with the
notion of epsilon-Nash equilibrium and apply it to the studyof equilibria in a market with multiple
large-scale service providers that compete on both prices and response times. In an analogy to
fluid and diffusion approximations for queueing systems, weintroduce the notions offluid game
anddiffusion game. The proposed framework allows us to provide first-order andsecond-order
characterization results for the equilibria in these markets. We use our results to provide insights
into the price and service-level choices in the market and, in particular, into the impact of the
market scale on the interdependence between these two strategic decisions.

1. Introduction

In various service industries, an important attribute of the service experience is the delay experi-

enced by customers who are waiting to be served. As a result, customers may consider both the

price and the delay guarantees in choosing which provider topatronize. The purpose of this paper

is to study the equilibria that emerge in markets in which large-scale service providers compete

on both prices and service-levels. We focus on understanding the impact of the market size on the

way in which different firms make their pricing and service-level choices.

Towards that end, we analyze a model of competition with multiple large-scale service providers

in which the demand faced by each firm depends on the prices andthe service levels offered by all

firms in the market. Quantitatively, our goal is to characterize the capacity and pricing choices of

the firms in the market. Qualitatively, we wish to understandhow the strategic positioning of the

firm depends on its own characteristics vis-à-vis those of its competitors.

To address these issues, we must first examine the firm’s capacity decision. When service

levels are measured through delays, a decision to improve the service level requires an investment

in increased capacity. Hence, in positioning itself in the market, a firm must weigh the benefits of

high service levels against the associated capacity costs.The benefits of improved service levels

are not, however, independent of other competitors’ actions and hence the task of determining the

tradeoff between efficiency and service quality is a non-trivial one.
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This tradeoff is a non-trivial one even for a monopolist. Indeed, when capacity is adjusted

by determining the number of service representatives (rather than by adjusting the service rates)

the problem of optimizing capacity costs vs. waiting-time-related costs is a complex optimiza-

tion problem. While it can often be solved numerically, numerical solutions fail to provide any

structural insights. An alternative to the exact numericalsolutions is the use of approximations.

Many-server approximations provide a simplified means to approach this problem; see e.g. Borst

et al. (2004)–additional references are provided in§2. In this type of analysis, one considers a

sequence of queueing systems with growing demand (and with capacity that grows accordingly to

satisfy this demand). One then identifies solutions that areasymptotically optimal as the demand

grows. The asymptotically optimal solution is nearly optimal for a given system provided that the

demand it faces is large enough.

The literature on many-server approximations not only provides a tractable way to characterize

nearly-optimal capacity and price decisions for monopolists; it also relates a firm’s operational

regime to the relative significance the firm ascribes to service levels as opposed to capacity costs;

see the discussion of Borst et al. (2004) in§2. The firm’s operational regime dictates how the

firm should optimally respond to an increase in market size. Some firms should use their growth

to increase their utilization (and thus their cost efficiency) without improving their service level.

These firms are said to operate in theEfficiency Driven(ED) regime. Their emphasis on efficiency

results in a situation in which (when the market is large) almost all customers experience some de-

lay before being served. Some firms will sacrifice efficiency for quality. In response to an increase

in market size, these firms will match an increase in utilization with yet a greater improvement

in service levels. These operate in theQuality Driven (QD) regime. In this regime, almost all

customers are immediately served. An intermediate regime is the Quality and Efficiency (QED)

regime–also known as the Halfin-Whitt regime after the authors that first formalized it (see§2)–

that corresponds to firms for which efficiency and quality areof similar importance. These firms

will match the increase in efficiency with a comparable increase in the quality of service. In this

regime, a non-trivial fraction (but not all) of the customers begins to receive service immediately,

without any delay, but, at the same time, the efficiency is very high.

The regime-characterization results are proved in the literature for service providers that are

monopolists in their respective markets. For a monopolist,the many-server approximations pro-

vide a tractable way to characterize its optimal capacity choices. The competitive setting is, how-

ever, more complex. Not only does the discrete nature of the capacity choice make the task of

identifying equilibria and obtaining quantitative and qualitative results more arduous, the task is
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further complicated by the fact that the demand the firm experiences is not fixed, nor does it de-

pend solely on the firm’s own pricing and service-level choice. Rather, the demand depends on the

choices made by all firms in the market. It seems plausible, however, that many-server approxima-

tions can be embedded within a game theoretic analysis to characterize equilibria in these markets.

We pursue this direction by constructing a formal frameworkthat draws on many-server approxi-

mations, as developed for monopolists, and by applying it tothe study of equilibria in competitive

markets.

Two fundamental questions are central to the study of equilibria in competitive markets: (a)

existence:do Nash equilibria exist in the market?, and (b)characterization:given some sort of

existence, is it possible to characterize the set of equilibria in order to obtain qualitative insights

into the market outcomes? Starting with existence, we note that the concept of Nash equilibrium

may be too restrictive for describing service-market behavior. It is known that Nash equilibria

need not exist even under the most common demand functions, such as Multinomial Logit, and

the simplest supply systems, such as theM/M/1 queue (see e.g. Cachon and Harker (2002)).

This non-existence is often driven by economies of scale butis further exacerbated by the lumpy

nature of the capacity in settings where the capacity choices are made in a discrete manner, by

adjusting the number of service representatives. Non-existence of Nash equilibria does not rule

out the possibility to say something meaningful about the market outcomes. It is desirable in these

cases to find a less stringent framework that will allow for some characterization of the market

outcomes.

The mathematical framework we propose is designed to address two concerns: (a) in terms

of existence, we want to overcome the restrictive nature of the Nash equilibrium in addressing

relatively general demand functions as well as supply facilities that are more general than the

M/M/1 queue, and (b) in terms of characterization, we want to handle the complex nature of the

service system by combining approximations for the queueing dynamics with a game theoretic

framework.

Our framework stands on three pillars: (i)ǫ-Nash (or approximate) equilibria, (ii) many-

server approximations, and (iii) market replication. The introduction of approximate equilibrium is

aimed, initially, to overcome the non-existence of Nash equilibria. Its eventual benefits, however,

go beyond this initial objective when combined with market replication and many-server approxi-

mations. We examine the behavior of equilibria, not on a single market, but rather on a sequence

of markets with increasing aggregate demand – these are referred to as replicated markets. We

emphasize that, when characterizing the equilibrium behavior in these markets, we assume that the
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set of firms is given; in other words, we do not consider the possibility of firms exiting or entering

the industry.

Our framework can be thought of as a formalization of the use of fluid and diffusion models of

queueing systems in a competitive setting. In the optimization of queueing systems, the original

system is often replaced by a deterministic approximation –a fluid model– whose analysis sheds

light on first-order properties of the underlying queueing system–such as its stochastic stability. In

a second step, the original queueing system is replaced by a (more refined) stochastic model which

is often referred to as adiffusion modelof the queueing system. The latter is often more tractable

than the original queueing system and can be used to identifyproperties that are asymptotically

correct for the original queueing system. In particular, the diffusion model can be used to construct

nearly optimal solutions for optimization problems that are intractable for the original queueing

system.

Analogously, our framework constructs approximate games for the game played among the

service providers. We first introduce afluid gamethat is obtained from the original game by

disregarding the stochastic nature of congestion. Building on the analysis of the fluid game, we

then introduce a more refineddiffusion game. This game is obtained from the original one by

replacing each of the service providers with its many-server diffusion approximation. We then

relate the equilibria of this new game with the outcomes of the original market. As in many-

server approximations, the idea is to show that the equilibria of the diffusion game are, in a sense,

asymptotically correct for the original game.

The notion ofǫ-Nash equilibrium plays a key role in rigorously establishing these approxima-

tions. The approximate equilibrium concept provides a formal way to constructenvelopesfor the

profits of the firms in the market. While a Nash equilibrium might not exist and the market might

oscillate, theǫ-Nash identifies a region within which theprofitsof all the firms in the market must

reside. The ultimate goal of this paper is, however, to understand market positioning in terms of

theactionsof the different firms, i.e, the prices and service levels that the firms choose. The chal-

lenge is, then, to use the envelopes on the profit functions toconstruct corresponding envelopes –

in the action space – around the approximate price and service-level choices. To our knowledge,

there are no general results that, given anǫ-Nash equilibrium, identify the maximum that the firms

can deviate in theiractionswithout causing a deviation in theprofits that would compromise the

approximate equilibrium. Such results, that characterizethe maximal oscillations of the prices

and service-levels around some point are thus unique, and are obtained through the framework

that we develop by employing the concepts of replicated markets in conjunction with heavy-traffic
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queueing theory.

Having constructed the analysis framework, we use it to provide an analytical characterization

of the approximate equilibria in the market with multiple service providers. The characterization

is then used to obtain some insights into the market outcomes. Our insights are concerned with the

relationship between the price and service-level choices and, in particular, between the functions

in the firm that make these choices – marketing and operations.

We identify a one-sided decouplingphenomenon by which the firms can be fairly close to

optimality by allowing the price-setting function to “lead,” and the operations function to “follow.”

The approximate equilibria–in both the fluid and diffusion level–exhibit a sequential structure: one

can first pretend that the customers in the market are entirely insensitive to service levels and solve

a simple price competition game. The real price and service level choices, in the approximate

equilibrium, are then a function of this “naive” price vector but are, otherwise, independent of

each other. This independence allows the marketing function to set the “naive” price vector as an

initial estimate for the optimal price and leave for the operations function the task of setting the

service levels and adjusting the prices that are eventuallyoffered to the customers.

The analysis of the diffusion game provides a refined understanding of the operational regime

of a firm and the implication of this regime on the firm’s price choices. We show that both the

Quality and Efficiency Driven (QED) and the Efficiency Driven(ED) regimes can emerge in equi-

librium, thus, we appear to be the first to show how these different regimes emerge in a competitive

market and, in particular, how different demand structureslead to the different regimes. We show

that, while the actual choices of service level and price depend on the characteristics of all firms

in the market, the operational regime of a firm is determined solely by its own intrinsic proper-

ties. Consequently, when different firms have different sensitivities, they may operate in different

operational regimes, and thus position themselves differently in the face of increased market size.

We also find that the operational regime of a firm determines the degrees of freedom it has in

pricing. We show that, compared with firms that operate in theED regime, firms operating in the

QED regime have greater freedom in choosing the prices they charge. Their freedom is reflected

by the fact that they have a larger set from which they can choose their prices with hardly any

compromise to their profits. Thus, firms in the QED regime can keep the one-sided decoupling in

the sense that the marketing function can pay less attentionto the operational side in determining

the prices. Firms operating in the ED regime need to pay greater attention to their price choices. For

these firms, the decoupling is weaker and a feedback mechanism is required between the manner

in which the firm operates (i.e. the operational regime), andits pricing.

5



2. Literature review

Our work builds on two streams of literature: (a) game theoryand its application to competition

analysis, and (b) queueing theory and its application to thestudy of large-scale service systems.

These two streams are not disjoint, and some recent work liesat the intersection of the two.

The literature on competition in service industries dates back to the late 1970s; see e.g. Levhari

and Luski (1978). While it initially focused on a single attribute – priceor service level (or a

simple aggregation of the two), more recent work treats the prices and waiting-time standards as

fully independent attributes. We follow Allon and Federgruen (2007) in considering a model with

differentiatedservices, (i.e., a model in which other service attributes matter along with the full

price) and in treating delay and price as independent attributes. We refer the reader to Allon and

Federgruen (2007) for a systematic discussion of existing results in this context and to Hassin and

Haviv (2003) for a general survey of queueing models with competition.

Allon and Federgruen (2007) and others focus on providing full analytical characterization of

the Nash equilibria that arise in a market in which the marketsize is fixed. In contrast, we focus on

understanding the impact of the market scale on the prices, service levels, and interdependencies

between the two. Furthermore, our framework significantly expands the family of models that can

be studied. This expansion is in two directions: (i) First, most of the literature on competition in

services models the supply side viaM/G/1 queues which implies, in turn, that capacity choices

are made continuously by adjusting the service rates. We, incontrast, allow the service provider to

adjust its capacity by increasing or decreasing the (integer-valued) number of service representa-

tives, giving rise to an M/M/N queue, whereN is a decision made by the firm. This is a common

method of capacity management of service providers and one that renders Nash equilibrium in-

tractable for characterization.(ii) Second, in terms of the demand model, our framework allows for

significant generality in modeling the customers’ sensitivity to service levels and prices.

From the game theoretic perspective, the notion ofǫ-Nash equilibria that we use has been used

extensively in the economics literature. For the basic definition we rely on Tijs (1981). Dixon

(1987) uses the idea of market replication in the context of price competition. While our form of

replication is different, our analysis is inspired by his concept. Previous work in game theory has

focused on four types of sequences of games: (i) sequences ofgames in which the action space

is getting increasingly finer, and while each game has discrete action space, the limiting game has

continuous action space (see e.g. Whitt (1980)), (ii) sequences of games in which the number of

agents grows (Lu et al. (2007)), (iii) sequences of discretetime games in which the time between
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periods shrinks to zero along the sequence, and (iv) a sequence of replicated markets with growing

market size (wee Dixon (1987)). We use the fourth framework.

The application ofǫ-Nash in the operations literature is rare. Lu et al. (2007) use this concept

in a setting where Nash equilibrium does exist but theǫ-Nash equilibrium concept still helps in

characterizing the equilibrium in the game when the number of players is large and approaches a

continuum. Dasci (2003) uses this concept in the context ofǫ-subgame-perfect equilibrium. We

appear to be the first to combine the concepts ofǫ-Nash, market replication and heavy-traffic in the

context of operational settings. This combination allows us to discuss both stability and trends in

markets of competing service providers.

With respect to the relevant queueing literature, our work builds on the literature about many-

server approximations of monopolists, starting with the seminal work of Halfin and Whitt (1981).

While many-server approximations existed before, the result of Halfin and Whitt (1981) made such

approximations relevant for various applications, such ascall-center operations (see the survey

papers by Gans et al. (2003) and Akşin et al. (2007)) and, more recently, health-care operations;

see e.g. Jennings and de Véricourt (2008), Mandelbaum and Yom-Tov (2009).

Halfin and Whitt (1981) consider a sequence ofM/M/N queues and show that, as the demand

rateΛ grows, the probability of delayP{W > 0} converges to a number strictly between0 and

1 if and only if the number of agents grows withΛ according to asquare-root safety staffing rule,

i.e, if and only if

N = R + β
√
R + o(

√
R), (1)

whereR := Λ/µ is the offered load andβ is a strictly positive constant. In particular, a service

provider that uses the square-root safety-staffing rule to determine his capacity will utilize his

servers very efficiently and, at the same time, have a non-trivial fraction of its customers enter

service immediately upon their arrival. This combination of high efficiency and high service level

provides the justification for the nameQuality and Efficiency Driven(QED) regime.

While Halfin and Whitt (1981) identified this regime, Borst etal. (2004) placed many-server

approximations within a broad economic framework that considers the problem of minimizing ca-

pacity and waiting time costs. They show how the QED regime emerges as the optimal economical

choice in some cases but also identify conditions under which other regimes, namely the Quality

Driven (QD) and Efficiency Driven (ED) regime, emerge as the optimal choices. A key idea in the

framework developed in Borst et al. (2004) is to replace the original optimization problem which

involves the integer-valued number of servers by a tractable continuous and convex optimization

problem. Using similar ideas, we will construct a continuous and tractable game–thediffusion
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game–that will serve as an approximation for the original, relatively intractable, one. Recently,

Kumar and Randhawa (2008) extended the work of Borst et al. (2004) to a setting in which the

customers are price-and-delay sensitive and consequentlythe demand is not fixed. Their work

shows how different operational regimes emerge depending on the convexity (or concavity) of the

delay-cost function. Similar dependencies will also emerge within the competitive setting that we

study in this paper.

Additional examples of work that provides staffing and pricing recommendations for large-

scale monopolists facing delay-and-price sensitive customers are the papers by Armony and Maglaras

(2004), Whitt (2003) and Maglaras and Zeevi (2003, 2005).

All the work mentioned above considers a monopolist with a demand rate that may depend

only on the congestion experienced and the price charged by this single player. Our paper appears

to be the first to show how the different operational regimes emerge in a competitive setting with

multiple players and to identify the dependencies between the operational regimes and the price

choices of the various players in the market.

3. The model

We consider a market with a setI = {1, . . . , I} of competing service firms, each operating as

anM/M/N facility and serving arriving customers in a First Come First Served (FCFS) manner.

Firm i positions itself in the market by selecting a pricepi and a delay guaranteeTi. We restrict

our attention to service-level guarantees that are given interms of the customers’ delay rather than

their whole sojourn time in the system. Having chosen the delay targetTi, the service provider

guarantees that the following Service Level (SL) constraint will be satisfied:

P{Wi > Ti} ≤ φ, (2)

whereWi is the steady-state delay with theith provider and0 < φ < 1 is the satisfaction prob-

ability. This form of SL constraint is consistent with the industry practice that commonly uses

φ = 0.2 (corresponding to80% of the service requests being answered within target; see e.g. An-

ton (2001)).1 In this paper we study a model of competition where both the prices and the service

levels are set simultaneously. We can show that our results continue to hold if the strategies are

chosen sequentially (price first or service-level first).

1Our results are easily extended to the case whereφ is allowed to vary between different firms.
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Service rates are assumed to be fixed and equal toµi for firm i, and the capacities are adjusted

through the choice of the number of agents (or service representatives), denoted by the integer-

valued decision variableNi. We assume that there is an upper boundT̄ > 0 on the acceptable

service levels. For example, in call centers, it is clear that waiting time of more than a day is

unacceptable. Firms chooseTi ∈ [0, T̄ ] and need to adjust their capacity,Ni, so as to guarantee

that the SL constraint is satisfied for the chosen target. We letΘ := ×I
i=1[0, T̄ ].

Given the targetTi and the demand rateλi, the required capacity for firmi is given by

Ni = min {N ∈ Z+ : P{W (λi, µi, N) > Ti} ≤ φ} ,

whereW (λi, µi, N) is the steady-state delay in anM/M/N queue with arrival rateλi, service rate

µi andN servers.2 We write

Ni = Ri + êi(λi, Ti), (3)

whereRi := λi/µi is the offered load given the demandλi faced by firmi, andêi(λi, Ti) := Ni−Ri

is the excess capacity required to satisfy the service-level target. Naturally, we definêei(λi, Ti) = 0

wheneverλi = 0 but we note that̂ei(·, ·) must be positive wheneverλi > 0 to guarantee stability.

The two terms in (3) represent the two components of the required capacity: the offered-load is the

volume-based capacity, namely; it is the base capacity ensuring that the service process is stable.

The second component ensures that the desired service levels are achieved and is referred to as the

service-based capacity.

Firm i incurs a costci per customer served and a costγi per agent, per unit of time. This

corresponds to the cost of capacity being linear in the number of agents.3 The pricepi is chosen

from a compact interval[pmin
i , pmax

i ] , i ∈ I. As each firm will select a pricepi which results in a

non-negative gross profit marginpi − ci − γi/µi, we assume, without loss of generality, that

pmin
i = ci +

γi

µi

, i ∈ I. (4)

The upper bound,pmax
i , is allowed to obtain any value in[pmin

i ,∞). We setPi := [pmin
i , pmax

i ] and

P := ×I
i=1Pi. In full generality, the demand rates are specified as general functions ofall prices

and delay guarantees, i.e.,λi ≡ λi(p, T ) wherep = (p1, . . . , pI) andT = (T1, . . . , TI).

Assumption 3.1 (regularity assumptions on the demand functions for differentiated services)

For eachi ∈ I, the functionλi(·, ·) : P×Θ 7→ R+ is strictly positive, continuous and differentiable

in all arguments and strictly decreasing inpi andTi.

2Ni can be calculated by iteratively using the Erlang-C formula. Freeware calculators can be found, for example,
at http://iew3.technion.ac.il/ serveng/ 4CallCenters/ Downloads.htm or http://www.cs.vu.nl/ koole/ ccmath/ ErlangC.

3See§8 for a discussion of more general capacity-cost models.
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Firm-i’s long-run-average profitΠi, as a function of the prices and service levels in the market,is

then given by

Πi(p, T ) = λi(p, T )(pi − ci) − γiNi,

which, using (3), is re-written as follows:

Πi(p, T ) = λi(p, T )

(

pi − ci −
γi

µi

)

− γiêi(λi, Ti) . (5)

The assumption of large-scale service systems is introduced by considering a family of markets

indexed by a market-scale multiplierΛ ≥ 0 so that the demand grows with the market-scale

multiplier in a natural way. Specifically, we let

Λi(p, T ) := Λ · λi(p, T ), (6)

be the demand facing firmi in theΛth market. The profit functions in theΛth market are then given

by

ΠΛ
i (p, T ) = Λi(p, T )

(

pi − ci −
γi

µi

)

− γiêi(Λi, Ti) , i ∈ I. (7)

For future reference we make the following formal definition

Definition 3.1 (the market game) TheΛth market game is theI-player game with profit functions

{ΠΛ
i (·, ·), i ∈ I} and strategy spaceP × Θ.

As is the case in heavy-traffic analysis, the key idea of our market procedure is to embed the real

market (with fixed market size) into a sequence of markets with growing demand. If one is able

to get meaningful results for the sequence of markets, thesecan be applied to a market with fixed

size as long as the size is large enough. Looking at the sequence of markets, we are interested in

understanding how the stability of the market and the marketoutcomes change with the increase

in market size. Following conventional notation we let

(p, T )−i = ((p1, T1), . . . , (pi−1, Ti−1), (pi+1, Ti+1), . . . , (pI , TI)).

We denote byT ∗,Λ
i (p, T ) andp∗,Λi (p, T ), respectively, the delay and price components of firm’si

best response to(p, T )−i in theΛth market game. The existence of a best response for any actions

(p, T )−i follows from the continuity of the demand functions and the compactness of the strategy

space. When the best response is not unique, we arbitrarily choose one best response. The way

this best response is chosen will be immaterial for our results.
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As discussed in the introduction, the market game is intractable for direct Nash equilibria

analysis. This is a consequence of the complexity of the expressions for the service-based capacity,

the discreteness of this capacity and the concavity of the capacity-cost function.4 Instead, we take

an indirect approach that exploits the benefits of large-scale asymptotic analysis within anǫ-Nash-

equilibrium framework.

3.1 ǫ-Nash equilibria

The notion ofǫ-Nash equilibria is adopted from Tijs (1981). Rather than defining it in general

terms, we provide the definition as it applies to our setting.To this end, given(p, T ) ∈ P × Θ and

(p̃i, T̃i) ∈ Pi × [0, T ], we let

(p̃i, T̃i) ↑ (p, T )−i = ((p1, T1), . . . , (pi−1, Ti−1), (p̃i, T̃i), (pi−1, Ti−1), . . . , (pI , TI)).

Definition 3.2 (ǫ-Nash equilibrium for the Λth market game) Fix Λ ≥ 0. Let ǫ = (ǫ1, . . . , ǫI)

be a positive vector. We say thatx ∈ P × Θ, is anǫ-Nash equilibrium of theΛth market game if,

for eachi ∈ I and anyx̃i ∈ Pi × [0, T̄ ],

ΠΛ
i (x̃i ↑ x−i) ≤ ΠΛ

i (x) + ǫi .

Nash equilibrium is a special case ofǫ-Nash in whichǫ = 0. The generalization from Nash toǫ-

Nash allows us to construct an “envelope” around the market outcomes and thus obtain key insights

about the market behavior even in cases in which Nash equilibria do not exist. The ability to

construct such “envelopes” is useful also in cases in which Nash equilibria do exist but are difficult

to characterize. In these cases, ifǫ is small enough, the characterization of theǫ-Nash equilibria

can shed light on the Nash equilibrium. We will be formally constructing such “envelopes” as well

as analyzing the gaps between theǫ-Nash and Nash equilibria whenever the latter exist.

Notational conventions and organization of the paper: for two sequences of positive vectors

{aΛ, Λ ≥ 0} and{bΛ, Λ ≥ 0} with elements inRd
+ we say thataΛ = O(bΛ) if lim supΛ a

Λ
i /b

Λ
i <

∞ for i = 1, . . . , d. We say thataΛ = o(bΛ) if lim supΛ a
Λ
i /b

Λ
i = 0 for i = 1, . . . , d. Finally, we say

thataΛ ∼ bΛ if aΛ = O(bΛ) butaΛ 6= o(bΛ). For a vectorx ∈ R
d, we let‖x‖ =

∑d
k=1 |xk|. When

4It is possible to construct continuous versions of the service-based capacity–see e.g.§4 of Borst et al. (2004).
This, however, this would still leave the market game intractable for exact analysis

11



applied to a vectorx ∈ R
d, the absolute value operation should be interpreted componentwise, i.e.,

|x| = (|x1|, . . . , |xd|). Similarly, the square-root operator should be interpreted componentwise,

i.e, for x ∈ R
d
+,

√
x = (

√
x1, . . . ,

√
xd). The notation “→” stands for convergence asΛ → ∞

unless explicitly stated otherwise. We will often use0 to represent the0 vector inR
d and the

dimension of the vector will always be clear from the context.

The rest of the paper is organized as follows:§4 is concerned with regime characterization.

In §5 we introduce and characterize the fluid game and then discuss its implications. In§6 we

turn to the diffusion game which is concerned with a refined understanding of the firms’ choices.

In §7 we provide a detailed illustration of our results using a linear demand model. Conclusions

and directions for future research are discussed in§8. The appendix contains additional numerical

examples as well as generalizations to some of the results in§5 and 6.

Our approach in presenting the results is to state them formally within the paper, accompanied

by various examples for illustration. Most of the detailed proofs are relegated to the e-companion.

4. Regime characterization

In this section we discuss the optimal operational regimes of the firms in the market and relate this

regime choice to the underlying demand models. The firm’s operational regime characterizes how

the firm behaves in the face of an increased market size. The literature identifies three possible

regimes: (i) firms are said to operate in theEfficiency Driven(ED) regime if they use demand-

growth to increase their utilization (and thus their cost efficiency) without improving their service

level; (ii) firms are said to operate in theQuality Driven(QD) regime if, in response to an increase

in market size, they match the increase in utilization with yet a greater improvement in service

levels, and finally (iii) firms are said to operate in theQuality and Efficiency Driven(QED) regime

if they match the increase in efficiency with a comparable increase in the quality of service. A

firm’s operational regime is the outcome of the firm trading off its capacity cost and the service level

it provides. For a monopolist, this tradeoff is solely a function of the firm’s own scale economies.

In an oligopolistic setting, however, the value of a servicelevel for a given firm depends on its

competitors’ decisions, thus making the tradeoff more subtle.

The outcome of this initial analysis will be a mapping from firm i’s demand structure to a

quantifierrΛ
i . This quantifier characterizes the order of magnitude of theoptimal service-level

choice for firmi. Some firms will haverΛ
i = 1/

√
Λ and we will show that, for these firms, it is

optimal to use a service-based capacity that is of the order of
√

Λ. Consequently, these firms will
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operate (in equilibrium) in the QED regime. Other firms will haverΛ
i which is significantly larger

than1/
√

Λ. These firms will optimally use a service-based capacity of amagnitudeo(
√

Λ) and

will operate in the ED regime.

To motivate our results of regime characterization, note that, given a price vectorpΛ and the

service-level choicesTΛ
−i of its competitors, firmi’s best service-level choice is given by

TΛ
i ∈ argmax

x∈[0,T̄ ]

ΠΛ
i (pΛ, TΛ

−i, x) = argmax
x∈[0,T̄ ]

Λi(p
Λ, TΛ

−i, x)

(

pΛ
i − ci −

γi

µi

)

− γiêi(Λi, x).

Here and henceforth we use(p, T−i, Ti) to denote the vector(pi, Ti) ↑ (p, T )−i. Equivalently,

TΛ
i ∈ argmax

x∈[0,T̄ ]

[

Λi(p
Λ, TΛ

−i, x) − Λi(p
Λ, TΛ

−i, 0)
]

(

pΛ
i − ci −

γi

µi

)

− γiêi(Λi, x). (8)

The order of magnitude ofTΛ
i is determined, then, by optimally balancing the loss of market

share due to customer delays–which we informally refer to asthe “delay cost”–and is given by

Λi(p, T−i, x)−Λi(p, T−i, 0) and the service-based capacity costγiêi(Λi, x)
5. Assumption 4.1 below

provides us with some control of the delay cost and Lemma 4.1 provides estimates on the order of

magnitude of the service-based capacity.

Lemma 4.1 Fix a sequence{(pΛ, TΛ), Λ ≥ 0} such that(pΛ, TΛ) ∈ P × Θ for all Λ ≥ 0. Then,

êi(Λi, T
Λ
i ) ∼ min

{

1

TΛ
i

,
√

Λ

}

.

Assumption 4.1 (behavior around T = 0 ) For eachi ∈ I there existsαi > 0 such that

lim sup
x→0

sup
p,T−i

λi(p, T−i, 0) − λi(p, T−i, x)

xαi
<∞, and lim inf

x→0
inf

p,T−i

λi(p, T−i, 0) − λi(p, T−i, x)

xαi
> 0.

Note that, returning to (8) and using Assumption 4.1 and Lemma 4.1, we have (informally) that

TΛ
i ∼ argmax

x∈[0,T̄ ]

[

−Λxαi − min

(

1

x
,
√

Λ

)]

.

Hence, we should have thatTΛ
i ∼ rΛ

i where

rΛ
i := argmin

x∈
[

1√
Λ

,T̄
]

Λxαi +
1

x
.

5Here, the loss of market share parallels the role of the delaycost in the monopolist setting of Borst et al. (2004).
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A simple calculation then yields

rΛ
i = max

{

1

Λ
1

1+αi

,
1√
Λ

}

, (9)

so thatrΛ
i = 1/

√
Λ for all αi ≤ 1 andrΛ

i = Λ
− 1

1+αi otherwise.

Assumption 4.1 requires that, in the vicinity ofT = 0, the demand volume of a firm decreases

proportionally tosomepower of its delay guaranteeTi. The power may be different for different

firms. This assumption is satisfied by most known demand models, but may not be satisfied in

general; see the discussion and examples at the end of this section.

The quantifierrΛ
i , which depends on Assumption 4.1 through (9), plays an important role in

determining the operational regime of a firm. As suggested bythe informal discussion so far,rΛ
i

provides an order-of-magnitude estimate for the service-level choice of firmi and1/rΛ
i provides

an estimate of the service-based capacity for that firmi. This is formally stated in the following

theorem.

Theorem 4.2 (regime characterization) Suppose that Assumption 4.1 holds. Let{(pΛ, TΛ), Λ ≥
0} be a sequence such that(pΛ, TΛ) ∈ P × Θ for all Λ ≥ 0. Then,

T ∗,Λ
i (pΛ, TΛ) ∼ rΛ

i , i ∈ I : αi > 1, (10)

T ∗,Λ
i (pΛ, TΛ) = O(rΛ

i ), i ∈ I : αi = 1, (11)

and

T ∗,Λ
i (pΛ, TΛ) = o(rΛ

i ), i ∈ I : αi < 1. (12)

Furthermore,

• QED regime: if 1
rΛ
i

∼
√

Λ, then

NΛ
i − Λi

µi

∼
√

Λ,

and

lim sup
Λ→∞

P{WΛ
i > 0} < 1, and lim inf

Λ→∞
P{WΛ

i > 0} > 0.

• ED regime: If 1
rΛ
i

= o(
√

Λ), then

NΛ
i − Λi

µi
= o(

√
Λ), and lim

Λ→∞
P{WΛ

i > 0} = 1.

Here,NΛ
i is firm i’s capacity under a best response to(pΛ, TΛ) in theΛth market game and

WΛ
i is the steady-state delay at firmi under this best response.
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Interestingly, Theorem 4.2 implies that even if the market oscillates between different points

in P × Θ, the operational regime of a firm remains unchanged. Moreover, it shows that, while the

actual choice of service level by a firm depends on the characteristics of all firms in the market, its

operational regime–Efficiency Drive (ED), Quality Driven (QD) or Quality and Efficiency Driven

(QED)– depends only on its own intrinsic properties as reflected in the quantifierrΛ
i .

Remark 4.3 (the Quality-Driven (QD) regime) The QD regime, in which the probability of

delay,P{WΛ > 0}, approaches0 asΛ → ∞ does not emerge in our setting. This is a consequence

of the structure of the service-level constraints that we use in our model. Specifically, when a firm’s

service level is defined viaP{Wi > Ti} ≤ φ for φ that is strictly positive and exogenously given,

it can not do better than settingTi = 0. In this case, Proposition 1 in Halfin and Whitt (1981) tells

us that, in order to haveP{Wi > 0} ≤ φ for φ ∈ (0, 1), it suffices to use the square-root-safety

staffing rule and, in particular, to use a service-based capacity that is proportional to the square-

root of the demand. Hence, it cannot be optimal for a firm to operate in the QD regime which

requires the service-based capacity to be orders of magnitude greater than
√

Λ. The framework

that we provide in this paper can, however, be applied to alternative settings in which the QD

regime does emerge in competition. We expect, for example, that, if service levels are defined via

guarantees of the formE[Wi] ≤ Ti, the QD regime will emerge as a possible outcome. Indeed,

under some demand models it may be optimal for some firms to guarantee an average delayTΛ
i

such thatTΛ
i = o(1/

√
λ). This, in turn, would imply that the corresponding firm is operating in

the QD regime; see§9 of Borst et al. (2004); see§9 of Borst et al. (2004).

We conclude this section by pointing out some widely used demand models that satisfy As-

sumption 4.1. The multinomial logit and the Cobb-Douglas models are two such examples.

Example 4.1 (the multinomial logit (ML) demand model) Fix i ∈ I and assume that

λi(p, T ) :=
eai(Ti)−bipi

v0 +
∑

j e
aj(Tj)−bjpj

, (13)

wherev0 > 0 is a constant andai(Ti) = ai − ki(Ti)
αi , for ai, ki andαi being positive constants.

Then, it can be easily verified thatαi in the definition ofai(Ti) plays the role of the exponent in

Assumption 4.1. It is important to note that in a market in which the demand experienced by each

firm is characterized by the Multinomial Logit model, some firms may be operating under either

the ED regime and some in the QED regime, depending on the sensitivity of the attraction values

of each firm to its own service-level.
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Henceforth, whenever we mention the ML demand model we will be referring to the one in

Example 4.1.

Example 4.2 (demand models with Taylor expansion aroundT = 0) A large family of models

for which Assumption 4.1 is satisfied are those in which the functionλi(p, T ) has a Taylor series

expansion aroundTi = 0. In these cases, expanding aroundTi = 0, we can write

λi(p, T−i, x) = λi(p, T−i, 0) +

k
∑

l=1

∂l

∂lTi
λi(p, T )

∣

∣

∣

∣

Ti=0

· xl + o(xk).

Assumption 4.1 is then satisfied with an exponent that corresponds to the first non-zero derivative

with respect toTi at the pointT = 0 provided that the derivative is uniformly bounded away from

0. Formally, we will haveαi = k wherek is such that

∂k

∂kTi
λi(p, T )

∣

∣

∣

∣

Ti=0

∈ (−a,−b), and
∂l

∂lTi
λi(p, T )

∣

∣

∣

∣

Ti=0

= 0, l < k, (14)

for some0 < a < b < ∞ and for any vectorsp andT−i. Of course, Assumption 4.1 holds also in

many examples in which such a Taylor expansion does not exist; see Example 4.1 above. In that

example a Taylor expansion as in (14) need not exist whenai(Ti) = ai−κi(Ti)
αi for a non-integer

exponentαi.

The following example illustrates a demand model for which all parameter values lead to the

exponentαi = 1 and, consequently, to the QED regime.

Example 4.3 (the Cobb-Douglas demand model) Fix i ∈ I and assume that

λi(p, T ) :=
vi(pi, Ti)

v0 +
∑

j vj(pj , Tj)
,

with vi(pi, Ti) := ci

(

T̄
T̄−Ti

)−ai

p−bi

i for strictly positive constantsai, bi andci. Here, it is easy to

verify that equation (14) holds withk = 1 so that we always have,αi = 1 in Assumption 4.1.

Consequently, in a market in which all the firms face a Cobb-Douglas demand model, only the

QED regime emerges as the optimal choice..

Roadmap for rest of the paper: In sections 5 and 6 we introduce thefluid gameand thediffusion

game, respectively. The fluid game provides a first-order characterization of the market outcome.

It will also serve an essential building block in the introduction and characterization of the, more

refined, diffusion game. The fluid game and diffusion game will differ from each other, and from
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Game Strategy space Payoff function

Market P × Θ ΠΛ
i (p, T ) as in (7)

Fluid P Π̄P
i (p) := λi(p, 0)

(

pi − ci − γi

µi

)

Diffusion P × Θ Π̂Λ
i (p, T ) := λi(p, T )

(

pi − ci − γi

µi

)

− γiΛfi(Ti)

Table 1: Three different games

the market game of Definition 3.1, in terms of the payoff functions and the strategy spaces as out-

lined in Table 4. The exact derivation of the payoff functions as well the definition of the function

fi(·) in the diffusion-game payoff will be specified explicitly in§5 and in§6. It is important to

note that the strategy space of the fluid game is only the pricedomainP and no service-based

capacity cost appears in the payoff function of this approximate game. It is also important that the

service-based capacity cost for firmi in the diffusion game depends only on service-level choice of

the specific firm. This stands in contrast to the market game inwhich the service-based capacity is

êi(Λi(p, T ), Ti) and hence depends on the complete vector(p, T ). For each of the above approxi-

mate games we will characterize the equilibria: a single equilibrium (p∗, 0) for the fluid game, and

a sequence of equilibria{(pΛ, TΛ),Λ ≥ 0} for the sequence of diffusion games. We will show that,

at different levels of precision, these equilibria approximate the original-market-game outcomes.

The precision of the approximation will be a function of the quantifiersrΛ
i identified earlier in this

section. We will measure the quality of these approximations in two dimensions: inpayoff space

and inaction space. In payoff space we will measure the maximum profitable deviation any firm

can achievein terms of profitsif the market is initialized with the proposed approximate equilib-

rium (the fluid-game equilibrium or the diffusion-game equilibrium). We will identify sequences

ǫΛ such that the maximum profitable deviation (in payoffs) is smaller thanǫΛ for theΛth market

game.

We will then translate the payoff-space bounds to action-space bounds. Namely, starting the

market in one of the approximate equilibria, we will characterize the maximum profitable deviation

that a firm will deviate in its actions–service level and price. Accordingly, with the sequence of

markets, we will associate a sequence of bounds on actions. We will identify conditions under

which the service-level choice in the diffusion-game equilibrium is a precise prediction of the

market outcomes up to an order ofo(rΛ
i ) for firm i.

To translate the bounds in payoff space to bounds in the action spaceP × Θ, we will have

to impose certain assumptions and conditions. Interestingly, by imposing conditions on the fluid
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game alone, we will be able to establish bounds in action space for both the fluid and the diffusion

game. This is important as the fluid game is a game with relatively simple payoff functions and

with the simple strategy spaceP. For each of the assumptions and conditions that we impose we

will provide concrete examples of commonly used demand models that satisfy these conditions.

Table 2 summarizes the results that will appear in the next two sections. The last column pro-

vides a list of the assumptions and conditions that will be required for each result. The conditions

(C1)-(C5) will be formally introduced the first time they areused. The table should be used as a

roadmap and a reference point in reading through the rest of the paper.

Game Equilibrium Quality of appr. Quality of appr. Assumptions & Theorems
Payoff Space Action Space conditions

Fluid (p∗, 0) ǫΛi = o(Λ) o(1) Assumptions 3.1 and 5.1 5.3
Fluid (p∗, 0) ǫΛi = O(1/rΛ

i ) O(rΛ) for service Assumptions 3.1, 4.1 and 5.1 5.6, 5.9
O(B−1δΛ) for price Conditions (C1)-(C3)

Diffusion (pΛ, TΛ) ǫΛi = o(1/rΛ
i ) o(rΛ) for service Assumptions 3.1, 4.1 and 5.1 6.3, 6.7

o(B−1ζΛ) for price Conditions (C1)-(C5)

Table 2: Summary of results

The quantitiesδΛ
i , ζΛ in Table 2 are simple functions of the quantifierrΛ and will be specified

explicitly in the corresponding results. The matrixB is independent ofΛ and will be introduced

in the next section§5.

5. A fluid game

The fluid gamethat we introduce in this section is a simplification of the market game. In this

simplified game only the first-order impact of the firms’ actions is modeled. This is achieved by

replacing the service facilities (theM/M/N queues) by their fluid approximations. We will show

that this game does indeed provide a first-order approximation to the original game in that the

market prices will always lie within some small neighborhood of the fluid-game equilibrium and

the service levels will be close, in a sense, toT = 0.

5.1 Definition and characterization

Definition 5.1 (the fluid game) The fluid game is theI-player game with profit functions

Π̄P
i (·) := λi(p, 0) ·

(

pi − ci −
γi

µi

)

, i ∈ I,

and strategy spaceP.
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Note that the fluid game has the original (unscaled) demand functions{λi(·), i ∈ I}. In the fluid

game, the players compete only on prices, i.e, this is a pure-price competition game. Furthermore,

the strategy space,Pi, of each player is a compact subset ofR+ so that there exist numerous

sufficient conditions for the existence and uniqueness of equilibria. For existence, it suffices to have

that Π̄P
i (·) is continuous and quasi-concave with respect topi (see§2.3 of Cachon and Netessine

(2004)). This sufficient condition is guaranteed, for example, for attraction models such as the

Multinomial Logit demand model or the Cobb Douglas demand model; see Examples 4.1 and

4.3. We will assume that there is a unique equilibrium (and discuss later some concrete examples

in which this assumption indeed holds). We formally state these requirements in the following

assumption.

Assumption 5.1 (existence and uniqueness of equilibrium for the fluid game) The fluid game

has a unique Nash equilibriump∗ := (p∗1, . . . , p
∗
I).

For the rest of the paper, whenever Assumption 5.1 holds, we will use the notationp∗ when refer-

ring to the unique equilibrium of the fluid game.

5.2 The quality of the approximation

Theorems 5.2 and 5.3 below show that the fluid game serves as a first-order approximation for the

original market game.

Theorem 5.2 (existence of approximate equilibria) Suppose that Assumptions 3.1 and 5.1 hold

and let{ǫΛ, Λ ≥ 0} be a sequence of vectors inR
I
+ that satisfies

ǫΛi
Λ

→ 0 andǫΛi → ∞, i ∈ I. (15)

Then, there exists a sequence{TΛ, Λ ≥ 0} such thatTΛ
i → 0 for all i ∈ I and for eachΛ, the

vector

(p∗, TΛ) = ((p∗1, T
Λ
1 ), . . . , (p∗I , T

Λ
I )),

is an ǫΛ-Nash equilibrium for theΛth market game. Moreover,TΛ can be chosen so thatTΛ
1 =

TΛ
2 = . . . = TΛ

I .

While Theorem 5.2 shows that an approximate equilibrium exists, the following theorem shows

that all approximate equilibria must be contained within a small neighborhood of(p∗, 0).
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Theorem 5.3 (first-order characterization) Suppose that Assumptions 3.1 and 5.1 hold and let

{(pΛ, TΛ),Λ ≥ 0} and{ǫΛ,Λ ≥ 0} be such that(pΛ, TΛ) is an ǫΛ-Nash equilibrium for theΛth

market game and such that(15)holds. Then, asΛ → ∞,

TΛ
i → 0, i ∈ I, (16)

and

pΛ
i → p∗i , i ∈ I. (17)

Theorems 5.2 and 5.3 are driven by economies of scale. Using Lemma 4.1, we see that the

service-based capacitŷei(·, ·) grows at a lower rate than the volume-based capacity–even for small

delay guarantees. In particular, for any sequence{(pΛ, TΛ), Λ ≥ 0} with (pΛ, TΛ) ∈ P × Θ,

êi(Λi, T
Λ
i ) = o(Λi). Consequently, the profit functions satisfy the following property:

ΠΛ
i (pΛ, TΛ) = Λi(p

Λ, TΛ)

(

pi − ci −
γi

µi

)

+ o(Λi).

Due to the relatively low cost of the service-based capacityone expects the firms to choose

to provide relatively high service levels (corresponding to small values ofTi). Accordingly, we

expect that a game with profit functions

ΠΛ,P
i (p) := Λi(p, 0) ·

(

pi − ci −
γi

µi

)

= Λ · λi(p, 0) ·
(

pi − ci −
γi

µi

)

, i ∈ I, (18)

and strategy spaceP will provide a first-order approximation for theΛth market game. Division

by the common scalarΛ yields the fluid game in Definition 5.1.

Combined, Theorems 5.2 and 5.3 show that the market prices and service-levels must reside

within an increasingly small envelope around(p∗, 0). In particular, if a Nash equilibrium(pΛ, TΛ)

exists for theΛth market game for eachΛ, then the sequence of these Nash equilibria must converge

to (p∗, 0). We note that Theorems 5.2 and 5.3 do not characterize the convergence rate ofTΛ
i to 0

and ofpΛ
i to p∗i , nor do they relate this convergence rate to the boundsǫΛ on the profit functions.

Relating these convergence rates is our ultimate goal in this section. Before moving towards that

goal, we discuss some practical implications of the fluid game.

Remark 5.4 (interpreting ǫΛ as the level of sub-optimality) One may interpretǫ as the level

of sub-optimality for a firm if it chooses to price according to theǫ-Nash-equilibrium price. To

illustrate this point, consider the special case in which the market has a single firm–a monopolist.
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The implication of Theorem 5.2 for this special case is that the monopolist cannot increase its profit

by more thanǫΛ by deviating, i.e, that

ΠΛ
i (p̃Λ, T̃Λ) ≤ ΠΛ

i (p∗, TΛ) + ǫΛ, (19)

for any sequence of prices and service levels{(p̃Λ, T̃Λ), Λ ≥ 0} as long asTΛ → 0. HereǫΛ is

a sequence such thatǫΛ/Λ → 0. In particular, let(p̃∗,Λ, T̃ ∗,Λ) be the true optimal decision for this

monopolist when the market scale isΛ. Assuming such a solution exists, equation (19) implies

that
ΠΛ

i (p∗,Λ, T ∗,Λ) − ΠΛ
i (p∗, TΛ)

Λ
→ 0 asΛ → ∞.

This is an instance of the standard notion of fluid-scale asymptotic optimality. Hence, our

results with respect to the fluid game are the game theoretic version of the fluid-scale asymptotic

optimality for monopolists. In the same spirit, our equilibrium results for the diffusion game in§6
are a generalization of the diffusion-level asymptotic optimality results for monopolists.

Remark 5.5 (service-level differentiation) A fundamental implication of Theorem 5.2 is that

the market is in an approximate equilibria if all firms set their prices according top∗ and choose

a common (but very good) service level. While there might be many plausible explanations for

the use ofindustry standards, Theorem 5.2 provides one such explanation in that it shows that

following industry standards is not an irrational choice for firms competing on service levels and

prices. In particular, firms need not significantly differentiate themselves in terms of service-level.

The result can be interpreted as a one-sided decoupling result between prices and service levels

(at least at the first order). The companies may set their prices according top∗. Once the prices

are fixed, a firm can exploit its large-scale efficiency and, inparticular, the relative low cost of the

service-based capacity, to match the service level of the competitor without moving significantly

away from the equilibrium.

Note that Theorems 5.2 and 5.3 require only Assumptions 3.1 and 5.1. Most standard demand

models, however, satisfy also Assumption 4.1 which, when imposed, allows us to improve on the

convergence results in these theorems. To this end, recall that

rΛ
i := max

{

1

Λ
1

1+αi

,
1√
Λ

}

,

whereαi, i ∈ I are as in Assumption 4.1.
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Theorem 5.6 (distance from the fluid game) Suppose that Assumptions 3.1, 4.1 and 5.1 hold.

Then, there exists a sequenceǫΛ = O(1/rΛ
1 , . . . , 1/r

Λ
I ) such that, for eachΛ ≥ 0, (p∗, 0) is an

ǫΛ-Nash equilibrium for theΛth market game. Moreover,

T ∗,Λ
i (p∗, 0) ∼ rΛ

i , i ∈ I : αi > 1, (20)

T ∗,Λ
i (p∗, 0) = O(rΛ

i ), i ∈ I : αi = 1, (21)

and

T ∗,Λ
i (p∗, 0) = o(rΛ

i ), i ∈ I : αi < 1. (22)

Theorem 5.6 characterizes the best service-level responses to the fluid-game equilibrium(p∗, 0)

The first part of the theorem strengthens our results in Theorems 5.2 and 5.3 by providing a better

estimate of the rate of convergence. Instead of allowing anyǫΛ that satisfiesǫΛ/Λ → 0, Theorem

5.6 characterizes the growth rate ofǫΛ as a function ofrΛ.

Unfortunately, Theorem 5.6 is restricted to bounds on the service-level deviations from the

fluid equilibrium. To obtain bounds on the prices we will needto impose additional restrictions on

the demand models in consideration. We now gradually introduce the concepts and conditions that

are required for that purpose. To this end, givenp ∈ P, let ψi(p−i) be a best response of playeri

(in the fluid game) to pricesp−i of the competitors. If the best response is not unique we arbitrarily

(but consistently) choose one. Set

ψ(p) := (ψ1(p−1), . . . , ψI(p−I)).

By Assumption 5.1, the vectorp∗ is the unique solution top∗ −ψ(p∗) = 0. One expects that ifp is

a point in which no firmi can significantly improve its profits by deviating frompi, thenp should

be close to the unique equilibriump∗. Combined, Lemmas 5.7 and 5.8 identify conditions under

which this intuition is valid.

Lemma 5.7 Suppose that the following two conditions hold:

(C1) for eachi ∈ I andT ∈ Θ, the demand functionλi(p, T ) is twice continuously differentiable

in pi.
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(C2) there existsδ > 0 such that for allp ∈ P andi ∈ I,

∂2

∂2pi
Π̄P

i (p) ≤ −δ.6

Then, there exists̄ǫ > 0 such that, ifp ∈ P andǫ ∈ [0, ǭ]I satisfy

Π̄P
i (ψi(p−i), p−i) − Π̄P

i (p) ≤ ǫi, i ∈ I, (23)

they also satisfy

|p− ψ(p)| ≤M
√
ǫ, (24)

for some constantM > 0 that is independent ofp.

Lemma 5.7 implies that, under the proper conditions on the demand model, ifp is a price

vector such that no firm can increase its profit significantly (in the fluid game) by unilaterally

deviating fromp, thenp should be close to a corresponding best response vectorψ(p). Under

some conditions one can take one step further and show that ifa vectorp is close to its best

response vectorψ(p) then it must be close to the unique equilibrium of the fluid game,p∗ 7. One

such condition is the well known “Diagonal Dominance Condition” which requires that

(C3) there existsC < 1 such that

∑

k∈I

∣

∣

∣

∣

∂

∂pk
ψi(p−i)

∣

∣

∣

∣

≤ C, p ∈ P, i ∈ I.

Condition (C3) is also a sufficient condition for uniquenessof equilibriump∗ for the fluid game

(see e.g. Theorem 5 in Cachon and Netessine (2004)). Example5.1 at the end of this section

shows how this condition is verified by means of the implicit function Theorem for the case of

Multinomial Logit demand model. Whenever condition (C3) holds we say that the fluid game is

linearly continuous. The motivation for this name comes from the following lemma.

6This condition can be imposed directly on the demand function by requiring that ∂
∂2pi

λi(p, 0)(pi − ci − γi/µi) +

2 ∂
∂pi

λi(p, 0) < −δ.
7Note that the question whetherp that is close toψ(p) must be close top∗ is essentially a question about the

solution to the set of (possibly non-linear) equationsp = ψ(p). Indeed, puttingFi(p) := pi − ψi(p), what we want is
that, if the set of equationsF (p) = 0 has a unique solutionp∗, then anyp that satisfies‖F (p)‖ ≤ ǫ will be close top∗

in a way that is, to some extent, proportional toǫ. Conditions on the functionF (·) that guarantee the validity of such
statements appear, for example, in the literature on convergence of algorithms for the solution of non-linear equations;
see e.g. Gould et al. (2002) and the references therein.
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Lemma 5.8 (linear-continuity of fluid game) Suppose that(C1)-(C3)hold. Then, for allǫ ∈ R
I
+

small enough

|p− ψ(p)| ≤ ǫ,

implies that

|p− p∗| ≤ 1

1 − C
|B−1ǫ|,

for the invertible matrixB withBii = 0 andBij = 1 for all i 6= j. Consequently, by Lemma 5.7,

there exist constantsM, ǭ > 0 such that,

Π̄P
i (ψi(p−i), p−i) − Π̄P

i (p) ≤ ǫi, i ∈ I (25)

for ǫ ∈ [0, ǭ]I , implies that

|p− p∗| ≤ C1

√
ǫ. (26)

Lemma 5.8 complements Lemma 5.7 to show that, under the “Diagonal Dominance Condi-

tion”, if p ∈ P is such that no firm (in the fluid game) can increase its profits significantly by

unilaterally deviating from it, thenpmust be close top∗. In other words, Lemma 5.8 shows that, in

the fluid game and under conditions (C1)-(C3), bounds in payoff space–as in equation (25)–imply

bounds in action space–as in equation (26).

In the appendix we provide a framework for the continuity of the fluid game which replaces

condition (C3) with a more general condition. To keep the presentation of our results as clear as

possible, we first restrict ourselves to cases in which (C3) holds. Having introduced conditions

(C1)-(C3) we can now extend the bounds in Theorem 5.6 to include bounds on deviations in both

service-level and price. The matrixB that is used in the statement of the theorem is as in Lemma

5.8.

Theorem 5.9 (distance from the fluid game) Suppose that Assumptions 3.1, 4.1, and 5.1 hold.

Then, there exists a sequenceǫΛ = O(1/rΛ
1 , . . . , 1/r

Λ
I ) such that, for eachΛ ≥ 0, (p∗, 0) is an

ǫΛ-Nash equilibrium for theΛth market game. Moreover,

T ∗,Λ
i (p∗, 0) ∼ rΛ

i , i ∈ I : αi > 1, (27)

T ∗,Λ
i (p∗, 0) = O(rΛ

i ), i ∈ I : αi = 1, (28)

and

T ∗,Λ
i (p∗, 0) = o(rΛ

i ), i ∈ I : αi < 1. (29)
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If, in addition,(C1)-(C3)hold then

|p∗,Λ(p∗, 0) − p∗| = O(B−1
√
δΛ), i ∈ I, (30)

with δΛ
i = 1

ΛrΛ
i

+ (rΛ
i )αi .

Theorem 5.9 uses the linear continuity of the fluid model to relate the market game to the fluid

game. In particular, the theorem adds to the previous results by establishing the price bounds in

(30). Conditions (C1)-(C3) are crucial in the proof of this theorem. Specifically, using the bound

on the service-levels in (27)-(29) we show that the best response pricesp∗,Λ(p∗, 0) constitute arΛ-

Nash equilibrium for thefluid game. Namely, that|Π̄i(p
∗,Λ(p∗, 0)) − Π̄i(ψ(p∗,Λ(p∗, 0)))| ≤ rΛ

i for

all i ∈ I. Conditions (C1)-(C3) together with Lemma 5.8 are then usedto obtain the price bounds.

Evidently then, the second part of Theorem 5.9 builds heavily on condition (C3) in obtaining

the price bounds from the service-level bounds. Fortunately, various demand models satisfy (C3).

We end this section with one such example.

Example 5.1 (the ML model) Fix i ∈ I with the demand model given in (13). The fluid game is,

then, a game with demand functions

λP
i (p) := λi(p, 0) =

eai(0)−bipi

v0 +
∑

j∈I e
aj(0)−bjpj

, i ∈ I,

and payoff functions

Π̄P
i (p) :=

eai(0)−bipi

v0 +
∑

j∈I e
aj (0)−bjpj

(

pi − ci −
γi

µi

)

.

Givenp−i the best response for firmi satisfies the equation

(

1 − λP
i (p−i, ψi(p−i))

)

(

ψi(p−i) − ci −
γi

µi

)

=
1

bi
. (31)

In particular, as there existsǫ > 0 such thatλP
i (p) < 1− ǫ for all p ∈ P, we have that there existsδ

such thatψi(p−i) > ci +
γi

µi
+ δ for all p−i. Using the implicit function theorem and differentiating

(31) with respect topj for j 6= i, we get

− ∂

∂pj
λP

i (p−i, ψi(p−i))

(

ψi(p−i) − ci −
γi

µi

)

(32)

=
∂

∂pj
ψi(p−i)

(

∂

∂pi
λP

i (p−i, ψi(p−i))

(

ψi(p−i) − ci −
γi

µi

)

− (1 − λP
i (p−i, ψi(p−i)))

)

,
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where ∂
∂pj
λP

i (p−i, ψi(p−i)) and ∂
∂pi
λP

i (p−i, ψi(p−i)) are the partial derivatives with respect topj

andpi respectively at the pointp = (p−i, ψ(p−i)). Plugging (31) into (32) as well as the derivatives

of λP
i (p) with respect topi andpj we have that

∑

j∈I

∣

∣

∣

∣

∂

∂pj

ψi(p−i)

∣

∣

∣

∣

=
∑

j∈I

∣

∣

∣

∣

∣

bjλ
P
i (p−i, ψi(p−i))λ

P
j (p−i, ψi(p−i))

bi(1 − λP
i (p−i, ψi(p−i)))

∣

∣

∣

∣

∣

.

The right hand side is strictly less than 1 provided that
∑

j∈I bjλ
P
j (p)

bi
< 1, i ∈ I, p ∈ P. (33)

This condition is the “Dominant Diagonal Condition” for theML model. Hence, condition (C3)

holds for the ML model provided that (33) holds. By differentiating Π̄P
i (p) twice one can also

verify that (C1) and (C2) hold for the ML model.

This concludes the analysis of the fluid game and we turn to theintroduction and analysis of

the diffusion game.

6. A diffusion game

In this section we improve on our understanding from the fluidgame by introducing and study-

ing a diffusion game. This game is more refined than the fluid game and can be interpreted as a

second-order approximation for the market game. The sequence of diffusion games is constructed

by replacing the service facilities (theM/M/N queues) by their diffusion approximation. The

challenge is then to relate the equilibria of the diffusion game to those of the original market game.

We will show that the diffusion game provides an equilibriumcharacterization that is asymptot-

ically correct in diffusion scale–thus paralleling the diffusion-scale asymptotic optimality results

for monopolists; see e.g. Borst et al. (2004). The bounds in payoff space and action space that

come out of this analysis will allow us to characterize some aspects of the market behavior.

6.1 Definition and characterization

In constructing the diffusion game, we use Lemma 6.1 below toreplace the service-based capacity

with a simple expression. The lemma relies on Borst et al. (2004) in approximating the delay distri-

bution by an expression that uses the asymptotic version,P(·), for the probability of delay as iden-

tified in Halfin and Whitt (1981). In the following and hereafter, we putRi(p, T ) := Λi(p, T )/µi

for (p, T ) ∈ P × Θ.
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Figure 1: The functionβi(·) for (p, T ) such thatRi(p, T ) = 100 andµi = 1

Lemma 6.1 (M/M/N Lemma ) Fix a sequence{(pΛ, TΛ), Λ ≥ 0} such that, for eachΛ, (pΛ, TΛ) ∈
P × Θ. Then, for alli ∈ I,

êi(Λi, T
Λ
i ) = βi(

√

Ri(pΛ, TΛ)TΛ
i )

√

Ri(pΛ, TΛ)

+ o
(

βi(
√

Ri(pΛ, TΛ)TΛ
i )

√

Ri(pΛ, TΛ)
)

.

where, given(p, T ), βi is the unique solution to

P(x)e−µix
√

Ri(p,T )Ti = φ.

Here

P(x) =

[

1 +
xZ(x)

z(x)

]−1

,

wherez(·) andZ(·) are, respectively, the standard normal density function and its cumulative

distribution function. Furthermore, the functionβi(·) is a continuously differentiable and convex

decreasing function on[0, T̄ ].

Lemma 6.1 states that, given(p, T ) ∈ P × Θ, the service-based capacity can be written as the

sum ofβi(
√

Ri(p, T )Ti)
√

Ri(p, T ) and a smaller order term so that the profit functions can be
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written as follows:

ΠΛ
i (p, T ) := Λi(p, T )

(

pi − ci −
γi

µi

)

− γiβi(
√

Ri(p, T )Ti)
√

Ri(p, T )

+ o
(

β(
√

Ri(p, T )Ti)
√

Ri(p, T )
)

. (34)

Even without the smaller order term, the expressions in (34)are complex functions due to the

dependence of
√

Ri(·, ·) term on the entire vector(p, T ). By Theorem 5.3 we know, however, that

a sequence{(pΛ, TΛ),Λ ≥ 0} of approximate Nash equilibria must satisfy that(pΛ, TΛ) → (p∗, 0)

and, by the assumed continuity of the demand functions in Assumption 3.1, that
√

Ri(pΛ, TΛ) −
√

Ri(p∗, 0)
√

Ri(pΛ, TΛ)
→ 0 asΛ → ∞. (35)

These observations motivate the introduction of thediffusion gameas an approximation forΛth

market game for allΛ large enough.

Definition 6.2 (the diffusion game) Fix Λ ≥ 0. TheΛth diffusion game hasI players, profit

functions

Π̂Λ
i (p, T ) := Λi(p, T )

(

pi − ci −
γi

µi

)

− γiβi(
√

Ri(p∗, 0)Ti)
√

Ri(p∗, 0), i ∈ I,

and strategy spaceP × Θ.

Note that, in defining the new profit function̂ΠΛ
i (·, ·), we have replaced the service-based capac-

ity, êi(·, ·), by a simpler term that depends on the price equilibrium of the fluid game,p∗, but is

otherwise independent of the actual price vectorp and of the service-levels of the competitors as

in T−i. Moreover, this term is convex and continuous inTi. This relative simplicity renders the

diffusion game tractable for Nash equilibrium analysis in some cases. For example, it suffices to

require that, for eachi ∈ I, the demand functionλi(p, T ) is jointly concave in the decision(pi, Ti)

of firm i. For future reference we assign this condition a number.

(C4) for eachi ∈ I, and each(p−i, T−i), the demand functionΛi(p, T ) is jointly concave in

(pi, Ti).8

8When the demand functions are twice continuously differentiable, it can be easily verified that the concavity of
λi(p, T ) in (pi, Ti) and the monotonicity assumed in Assumption 3.1 imply the concavity of the functionλi(p, T )(pi−
ci − γi/µi).
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6.2 The quality of the approximation

We now analyze the quality of the diffusion game as an approximation for the market game. It

turns out that, in order to improve on the quality of the approximation of the fluid game (as given

in Theorem 5.9) we need to strengthen Assumption 4.1 as follows:

(C5) there exists0 < δ ≤ T̄ and a continuous functionfi(·, ·) : P × [0, T̄ ]I−1 → R such that

lim
x→0

λi(p, T−i, x) − λi(p, T−i, 0)

xαi
→ fi(p, T−i)

for every(p, T−i) ∈ P × [0, δ]I−1.

Note that condition (C5) implies in particular Assumption 4.1. This condition holds for various

demand models; see Example 6.1 below and the linear demand model in §7. We then have the

following result, which is followed by an intuitive explanation on the role of (C5). The matrixB

that is used in the statement of the theorem is as in Lemma 5.8–it is the I × I matrix given by

Bii = 0, i = 1, . . . , I andBij = 0 for all i 6= j. Also, we recall that

rΛ
i := max

{

1

Λ
1

1+αi

,
1√
Λ

}

,

as constructed in§4.

Theorem 6.3 (distance from the diffusion game) Suppose that Assumptions 3.1 and 5.1 hold in

addition to conditions(C1)-(C5), and let{(pΛ, TΛ), Λ ≥ 0} be a sequence such that(pΛ, TΛ) is a

Nash equilibrium for theΛth diffusion game. Then, there exists a sequenceǫΛ = o
(

1/rΛ
1 , . . . , 1/r

Λ
I

)

,

such that(pΛ, TΛ) is anǫΛ-Nash equilibrium for theΛth market game. Moreover,

T ∗,Λ
i (pΛ, TΛ) = TΛ

i + o(rΛ
i ), and p∗,Λi (pΛ, TΛ) = pΛ

i + o
(

B−1
√

ζΛ
)

,

whereζΛ
i = (rΛ

i )αi .

To clarify the role of condition (C5) in Theorem 6.3, assume that a Nash equilibrium(pΛ, TΛ)

does exist for theΛth market game and recall that, in that case,

TΛ
i := argmax

x∈[0,T̄ ]

[

Λi(p
Λ, TΛ

−i, x) − Λi(p
Λ, TΛ

−i, 0)
]

(

pΛ
i − ci −

γi

µi

)

− γiêi(Λi, x).

From§4 we know thatTΛ
i will be close to0, hence we may heuristically replace the “waiting

cost” Λi(p
Λ, TΛ

−i, x) − Λi(p
Λ, TΛ

−i, 0) by an approximation of its behavior around0. Assumption
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4.1 only guarantees that the behavior will be proportional to xαi . While this is sufficient to obtain

the relatively crude results of Theorem 5.6, it is not sufficient for the finer characterization in

Theorem 6.3 above. For this result, we need to identify the functional form of the behavior around

T = 0. This is guaranteed by means of condition (C5). Theorem 6.3 implies that the service-

level and price equilibrium,(pΛ, TΛ), of the diffusion game provide precise approximations for

the real market outcomes, thus mimicking the role of the diffusion approximation in the context

of monopolists. More precisely, by using the diffusion gameto determine the firms’ decisions, the

compromise in profits is negligible with respect to the cost of the service-based capacity which is,

in turn, proportional to1/rΛ
i . This is indeed reminiscent of the notion of asymptotic optimality

used in the context of monopolists.

Remark 6.4 (the size ofǫΛ and diffusion-level asymptotic optimality) Consider the case in

which the set of firmsI consists of a single firm, firm 1–a monopolist. An equilibriumof the

diffusion game is then a maximizer ofΠ̂Λ
1 (p1, T1) where,Π̂Λ

1 (·, ·) is the profit function in Definition

6.2. Pick

(pΛ
1 , T

Λ
1 ) ∈ argmax

p,T
Π̂Λ

1 (p, T ),

i.e (pΛ
1 , T

Λ
1 ) is a maximizer of the diffusion-game profit when the market scale isΛ. Then, theǫΛ-

Nash equilibria result in Theorem 6.3 reduces, in the monopolist setting, to asymptotic optimality

in the sense of Borst et al. (2004). Specifically, Theorem 6.3implies for this setting that, for any

sequence{(p̃Λ
1 , T̃

Λ
1 ), Λ ≥ 0} of prices and service levels

lim inf
Λ→∞

ΠΛ
1 (pΛ

1 , T
Λ
1 ) − ΠΛ

1 (p̃Λ
1 , T̃

Λ
1 )

1/rΛ
1

≥ 0,

whereΠΛ
1 (·, ·) is the profit function in theΛth market game; see Definition 3.1. In other words the

optimality gap for this monopolist, if it chooses to use the outcome of the diffusion game, is of

the order ofo(1/rΛ
1 ). If the monopolist hasrΛ

1 = 1/
√

Λ, then the optimality gap iso(
√

Λ) which

corresponds to the prevalent optimality gap in the literature that considers asymptotic optimality

in the Halfin-Whitt regime.

We emphasize that our main result is stronger than asymptotic optimality. We not only pro-

vide bounds on the optimality gap with respect to profits but also with respect to the price and

service-level decisions. Theorem 6.3 shows that, with(p̃Λ
1 , T̃

Λ
1 ) being anoptimalsolution for the

monopolist when the market scale isΛ, then the sequence{(p̃Λ
1 , T̃

Λ
1 ),Λ ≥ 0} must satisfy

T̃Λ
1 = TΛ

1 + o(rΛ
1 ) andp̃Λ

1 = pΛ
1 + o(B−1

√

ζΛ
1 ),
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where the vector(pΛ
1 , T

Λ
1 ) is the optimal solution to the diffusion game.

It turns out that, under the conditions of Theorem 6.3 we can be more precise about the

service-level characterization. The following lemma shows that the service-level choice under

the diffusion-game equilibrium can be characterized in close form up to an error of sizeo(rΛ
i ).

Lemma 6.5 Suppose that Assumptions 3.1 and 5.1 hold in addition to condition (C5), and let

{(pΛ, TΛ),Λ ≥ 0} be any sequence such that(pΛ, TΛ) → (p∗, 0) as Λ → ∞. Then, for each

i ∈ I,
T ∗,Λ

i (pΛ, TΛ)

rΛ
i

→ η∗i asΛ → ∞,

whereη∗i = 0 if αi < 1 and it equals

η∗i = argmax
η≥0

ηαifi(p
∗, 0)

(

p∗i − ci −
γi

µi

)

− γiβi(ηi)

(

λi(p
∗, 0)

µi

)
1

αi+1

,

if αi ≥ 1. Hereβi(ηi) is the solutionx to P(x)e
−µix

√

λi(p
∗,0)

µi = φ wheneverαi = 1 and is the

solution toe−µix
(

λi(p
∗,0)

µi

)
1

αi+1

= φ whenαi > 1.

Remark 6.6 (hierarchical decoupling) Combined, Lemma 6.5 and Theorem 6.7 justify referring

to demand models that satisfy (C5) as demand models that admit a hierarchical decoupling. In-

deed, Lemma 6.5 shows that service-level choices depend on the actions of its competitors mostly

through their prices (and not their service levels). Moreover, they depend on these prices only

through their fluid game equilibriump∗. Practically, this suggests that service level and price

choices can be made in a sequential manner rather than jointly. The firms will first choose their

price based on the fluid game, i.e. disregarding service level considerations. Based on the these

prices the firms will make their service-level choices. While the firms might choose to adjust their

prices at a later stage in response to the actions of the competition, they will not need to revisit

their service-level choices. These can remain fixed withoutany significant compromise to the

firm’s profits.

Lemma 6.5 allows us to go one step further. It allows us to replace condition (C4)–that guar-

antees the existence of a Nash equilibrium for the diffusiongame, with a condition that is imposed

on a much simpler “perturbed” fluid game. To this end, letthe fluid game on Tbe theI player

game with profit functions

Π̄T,P
i (p) := λi(p, T )

(

pi − ci −
γi

µi

)

, i ∈ I,
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and strategy spaceP. The fluid game onT = 0 is the fluid game from Definition 5.1. Theorem

6.7 below provides a characterization of theǫΛ Nash equilibrium in terms of the Nash equilibrium

of the fluid game onηΛ := (η∗1r
Λ
1 , . . . , η

∗
Ir

Λ
I ) with (η∗1, . . . , η

∗
I ) as in Lemma 6.5. Note that, in

contrast to Theorem 6.3, here we do not impose condition (C4). Instead, we assume uniqueness of

equilibrium for the fluid game onηΛ.

Theorem 6.7 Suppose that Assumptions 3.1 and 5.1 hold in addition to conditions (C1)-(C3)and

(C5). Assume that, for allΛ large enough, the fluid game onηΛ := (η∗1r
Λ
1 , . . . , η

∗
Ir

Λ
I ) has a unique

Nash equilibriumpΛ(ηΛ). Then, there exists a sequenceǫΛ = o
(

1/rΛ
1 , . . . , 1/r

Λ
I

)

, such that

(pΛ(ηΛ), ηΛ) is anǫΛ-Nash equilibrium for theΛth market game. Moreover,

T ∗,Λ
i (pΛ(ηΛ), ηΛ) = ηΛ

i + o(rΛ
i ), and p∗,Λi (pΛ(ηΛ), ηΛ) = pΛ

i (ηΛ) + o
(

B−1
√

ζΛ
)

,

whereζΛ
i = (rΛ

i )αi .

Example 6.1 (back to the Multinomial-Logit demand) By Example 5.1, (C1)-(C3) all hold

provided that
∑

j∈I bjλ
P
j (p)

bi
< 1, i ∈ I, p ∈ P. (36)

It remains to show that (C5) holds and that a unique equilibrium exists for the fluid game onηΛ.

First, we claim that (C5) holds with

fi(p, T−i) :=
kivi(pi, 0)(1 − λi(p, T−i, 0))

1 +
∑

j 6=i vj(pj , Tj) + vi(pi, 0)
.

The simple, but detailed, argument is given in the e-companion. The proof can be useful as a

guideline towards the verification of (C5) for other demand models. It can be verified that for the

ML demand model, and for allT small enough, the corresponding fluid game onT has a unique

equilibrium. Indeed, provided the fluid game onT = 0 satisfies condition (C3), the fluid game

onT (for T in a sufficiently small neighborhood of0) will satisfy condition (C3) by virtue of the

continuity of the best response functions and their derivatives. Condition (C3), in turn, guarantees

the uniqueness of equilibria for that game. SinceηΛ → 0 asΛ → ∞, we will have that the ML

demand model satisfies the conditions of Theorem 6.7.

Remark 6.8 (level of sub-optimality and freedom in pricing) InterpretingǫΛi as the level of sub-

optimality for firm i (see Remarks 5.4 and 6.4), Theorem 6.3 provides an insight into the relations

between the operational regime of a firm and its pricing decision under a given sub-optimality
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level. The theorem states that the sub-optimality level ofo(1/rΛ
i ) is preserved as long as the

price distance from the diffusion-game equilibrium pricepΛ
1 is of ordero((rΛ

i )αi) whereαi is the

exponent from Assumption 4.1; see§4.

As an example, assume that (C4) holds and let{(pΛ, TΛ), Λ ≥ 0} be a sequence of Nash

equilibria for the diffusion game. Assume that firmi hasrΛ
i = 1/

√
Λ and, consequently, operates

optimally in the QED regime. By theorem 6.3, this firm can choose to charge the pricẽpi
Λ =

pΛ
i + 1/Λ1/5 without compromising its level of optimality–which will remaino(

√
Λ). In contrast,

assume that firmi hasrΛ
i = 1/Λ1/3 > 1/

√
Λ so that it operates optimally in the ED regime. Then,

if it deviates from the diffusion-game price equilibrium bythe same1/Λ1/5, its compromise in

profits will now be order-of-magnitude greater thano(1/rΛ
i ). In other words, a firm operating in

the QED regime has a larger interval from which it can choose its prices without compromising its

level of optimality.

Remark 6.9 (global stability) The results stated in this section focus on the existence and, to

some extent, uniqueness of approximate equilibria. Accordingly, in the spirit of equilibrium anal-

ysis, the focus is on unilateral deviations. In section C of the appendix we strengthen these results

by proving a global stability result. We show that, for any starting point(p, T ) ∈ P×Θ, the market

converges to a neighborhood of the diffusion game equilibrium and this neighborhood is exactly

the one characterized in Theorem 6.7.

7. Example: A linear demand model

In this section we provide a numerical example to illustratethe approximations in§6. The example

is based on the linear demand model in Allon and Federgruen (2007). Specifically, we use demand

functions specified by:

λi(p, T ) =

[

ai(Ti) − bipi +
∑

j 6=i

aij(Tj) +
∑

j 6=i

lijpj

]+

, (37)

and we assume that

ai(Ti) = ai − kiTi andaij(Tj) = kijTj (38)

for strictly positive constantsai, ki, kij, i, j ∈ I. We further assume that auniformprice increase

by all I firms cannot result in an increase in any firm’s demand volume and that a price increase

by a given firm cannot result in an increase of the industry’s aggregate demand volume, i.e.,

(D) bi >
∑

j 6=i

lij , i = 1, . . . , I; (D′) bi >
∑

j 6=i

lji, i = 1, . . . , I. (39)
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The requirements in (39) guarantee that the ”Dominant Diagonal” condition–condition (C3)–holds

for the fluid game of the linear demand model. Equation (39) guarantees that theI × I matrixA,

defined byAii = 2bi andAij = −lij for i 6= j, is invertible. We letA−1 be its inverse. Finally, we

make the assumption thatai(0) +
∑

j 6=i lijp
min
j > bip

min
i so that

λi(p, T ) > 0, ∀(p, T ) ∈ P × Θ. (40)

The Nash equilibria of the fluid game for the linear demand model can be characterized in closed

form. The fluid-game’s best response function by firmi is given by

ψi(p−i) =
ai(0) −

∑

j 6=i aij(0) +
∑

j 6=i lijpj + bi

(

ci + γi

µi

)

2bi
,

and the invertibility ofA then guarantees that the unique solution to the systemp = ψ(p) is the

unique Nash equilibrium of the fluid game. We denote this equilibrium by p∗.

Using (38), it is easily verified that Assumption 4.1 holds for this linear demand model with

the exponents,{αi, i ∈ I}, in that assumption being all equal to one. In particular, wehave that

rΛ
i = 1/

√
Λ for all i ∈ I so that, by Theorem 5.6 and Theorem 4.2, all firms operate optimally in

the QED regime. It can be also easily verified that conditions(C1)-(C5) hold for the linear demand

model and, consequently, that it satisfies the conditions ofTheorem 6.3. The Nash equilibria of

the corresponding diffusion game have a simple, closed-form, characterization. Specifically, an

equilibrium(p, T ) of the corresponding diffusion game must satisfy

(Ap)i = ai − kiTi +
∑

j 6=i

kijTj + bi

(

ci +
γi

µi

)

, (41)

and

−
(

pi − ci −
γi

µi

)

ki − γiβ
′
i(

√

Ri(p∗, 0)Ti)
√

Ri(p∗, 0) = 0. (42)

Theorem 7.1 (the diffusion game of the linear demand model) For eachΛ, a Nash equilibrium

exists for theΛth diffusion game. Let{(pΛ, TΛ), Λ ≥ 0} be a sequence of such equilibria. Then,

pΛ
i = p∗i +

̺i
√

Ri(p∗, 0)
, i ∈ I, (43)

and

TΛ
i =

ηi
√

Ri(p∗, 0)
, i ∈ I. (44)
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Here,̺ := (̺1, . . . , ̺I) andη := (η1, . . . , ηI) are the unique solution to the system of equations

(A̺)i = kiηi −
∑

j 6=i

ki,jηj , i ∈ I, (45)

γiβ
′
i(ηi) = ki

µi

λi(p∗, 0)

(

p∗i − ci −
γi

µi

)

, i ∈ I, (46)

where (givenηi) βi(ηi) is the unique solution of

P(βi(ηi))e
−µiβi(ηi)ηi = φ.

The linear demand model hence provides a clean illustrationof the results developed in sections

4-6 as it allows, for example, to characterize in explicit and simple terms the diffusion game equi-

libria. It serves also to illustrate the result in Lemma 6.5.Indeed, we see in Theorem 7.1 that the

diffusion game service-levels and price are related only through the fluid game price equilibrium.

Numerical example: We consider an industry withI = 3 firms, T̄ = 1, and cost parameters

c1 = c2 = 20, c3 = 5, andγ1 = γ2 = 35, γ3 = 50. This setting can be interpreted as having

firm 3 to be an established local service provider and firms 1 and 2 competitors that have entered

the local market more recently from a foreign or remote location, where the capacity costs,γ, are

lower but the per-customer access cost,c, is higher. We assume that all firms experience identical

price sensitivities. Specifically, we assume thata1 = a2 = 2.05 anda3 = 2.95. We also setbi = 1

for all i = 1, 2, 3 and li,j = 0.5 for all i 6= j. Finally, we setκi = 4/3 for all i = 1, 2, 3 and

κij = 2/300. The results are depicted in Figure 2.

Figure 2 is constructed as follows: we first solve the first order conditions (45) and (46) to

obtain the vectorsη and̺. We then use (43) and (44) to construct the sequence of diffusion-game

Nash equilibria{(pΛ, TΛ),Λ ≥ 0}. Then for each fixedΛ, we initialize theΛth market gameat

the point(pΛ, TΛ) and find best responsesT ∗,Λ
i (pΛ, TΛ) andp∗,Λi (pΛ, TΛ) for each firmi = 1, 2, 3.

Figure 2 displays the maximal profitable deviations for firm 1(the quality of the approximations

is similar for the other two firms). The left-hand graph corresponds to deviations in the service-

level dimension. Specifically, the solid series depicts thesequence of the service-level choice in

the diffusion game equilibrium,TΛ
1 , as a function ofΛ. For each value ofΛ we calculate the

best response in theΛth market game,T ∗,Λ
1 (pΛ, TΛ). The pointed and dashed series are then,

respectively, the upper and lower bounds that this best-responses induce, i.e, theΛth point in the
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Figure 2: The quality of the approximation – another exampleof the linear model

pointed series corresponds to the valueTΛ
i + |T ∗,Λ

i (pΛ, TΛ) − TΛ
i | and theΛth point in the dashed

series to the valueTΛ
i − |TΛ

i − xΛ|. The fact that the pointed and dashed lines are very close to

TΛ
i is the numerical illustration of our result in Theorem 6.3 that T ∗,Λ

i (pΛ, TΛ) = TΛ
i + o(TΛ

i ).

The right hand graph then repeats the same steps for the sequence of pricespΛ
i obtained from the

diffusion game and the corresponding best response sequence{p∗,Λi (pΛ, TΛ), Λ ≥ 0}.

We see, then, that profitable deviations from the Nash equilibrium of the diffusion game

(pΛ, TΛ) are small for both the service-level and the price choices. Notably, in this example the

prices of the diffusion game are getting closer to the diffusion game prices asΛ grows.

8. Discussion

In this paper we study markets with multiple large-scale service providers. To do so, we develop a

novel framework that combines the notions ofǫ-Nash equilibrium, market replication and heavy-

traffic to study market equilibria. Theǫ-Nash framework allows us to go beyond the scope of

models of competition for which Nash equilibrium exists anduse relatively general demand and

capacity models. The notion of market replication allows usto discuss trends in terms of sta-

bility and market outcomes in sequences of markets such, as the impact of the market scale on

the interdependence between the pricing and service-leveldecisions. Combined with the notion of

heavy-traffic, which is well studied for monopolists, this framework allows us to characterize equi-

librium behavior and obtain insights for markets in which Nash equilibrium need not necessarily

exist.

The framework developed in this paper can be applied to othercompetitive settings in which
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congestion and queueing play important roles. The framework is especially relevant in settings that

satisfy two conditions: (a) a Nash equilibrium does not exist or is intractable for characterization,

and (b) there are available approximations for the underlying queueing systems that can be used

to construct a tractable approximate game. In our setting, the diffusion game–which is based on

many-server heavy-traffic approximations–plays the role of this approximate game, but this need

not be the case.

Indeed, one can apply the same approach to markets with single-server suppliers in which the

service rate, rather than the number of servers, is the capacity decision variable. In these cases,

we expect that the so-calledconventional heavy-trafficapproximations – in which the number of

servers is kept fixed and the load approaches one–would play akey role in supplying the approxi-

mations that would replace each of the suppliers in the construction of the diffusion game. In these

single-server settings our approach can be used to study demand models in which the customers

are sensitive to the whole sojourn time rather than solely tothe waiting time in queue.

To illustrate this latter claim, we consider a market with two firms such that firmi faces the

following logit demand

λi(f1, f2) = m
aie

bfi

v0 + a1eb1f1 + a2eb2f2
.

Herem plays the role of the market size. Also,fi is the full price “charged” by firmi. That is

fi = pi + si wheresi is the average sojourn time of customers served by firmi. Hence, rather than

treating price and service level as independent attributes, this game will consider only their linear

combination. Both firms operate through a single server facility so that firmi adjusts its service

rateµi rather than the number of servers. The cost of capacity is then ciµi for ci > 0.

Πm
i (f1, f2) = (fi − ci)λi − 2

√

ciλi , i = 1, 2,

whereci is the cost of a unit of capacity. This model is very similar (apart from the existence of an

outside option) to the one considered in Cachon and Harker (2002).

We use the parametersc1 = c2 = 3.75, ai = −bi = 1 for i = 1, 2, as in the example in Figure

3 of Cachon and Harker (2002). As in Cachon and Harker (2002),equilibrium does not exist when

m = 1. For larger values ofm, however, the market seems to have a Nash equilibrium. Still, this

Nash equilibrium need not be unique. The fluid game allows us,however, to obtain a first-order

approximation of the full-price equilibrium. Following our approach in this paper we first define a

fluid game by removing the service-based capacity cost2
√
ciλi. Themth fluid game is the game

with profit functionsΠ̄m
i (f) = (fi − ci)λ

m
i (f1, f2). This fluid game does have the equilibrium
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f ∗ = (5.725, 5.725). Moreover, it can be easily verified the diagonal dominance condition in

equation (33) holds for the above parameters, so that this equilibrium is the unique equilibrium of

the fluid game.

We numerically compute equilibria for each value ofm for the original game with profit func-

tions Πm
i (f). We plot the equilibrium full prices,(fm

1 , f
m
2 ) on the graph in Figure 3. As the

equilibria are all symmetric, withfm
1 = fm

2 , each such equilibrium is described by a single point

on the dashed line. The solid line in Figure 3 corresponds to the fluid-game equilibriumf ∗. Note

that they axis covers only an interval of size0.3 so that the convergence offm
i towardsf ∗ is very

quick. Form = 100, the distance is less than 0.25 which is, in percentage, lessthan 4%. The gap

for the last point in the graph is less than .4%.

In this model, in which the service providers are modeled asM/M/1 queues and the competi-

tion is only on full price, the diffusion game is identical tothe original game and hence an additional

step is not required. Of course, if the arrivals were not Poisson and services non-exponential, the

diffusion game and the original game would no longer be identical. Rather,G/G/1 approxima-

tions would be used to construct a diffusion game that provides approximations for the complex

original game.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

x 10
4

5.7

5.75

5.8

5.85

5.9

5.95

6

Two Firm, Single Server Example

M

M
a

x
 F

u
ll 

P
ri

c
e

Figure 3: A single server model

Another example of a setting in which our framework is readily applicable is the setting with

segmented markets (as considered in Allon and Federgruen (2008)) in which each service provider

serves multiple customer classes. In this model, we expect that the available approximations for

multi-class queueing systems would be used in the construction of the diffusion game.

Yet another model that seems amenable to analysis through our framework (provided that the
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market in consideration is large) is one in which the competition is incorporated with learning.

These are markets in which the demand characteristics as well as the price and service level actions

of all the players in the market are not necessarily observable. Large-scale approximations have

been recently used in the context of learning and pricing in revenue management (see e.g. Besbes

and Zeevi (2008)) and it seems that these can be combined within our framework to characterize

the equilibria in these very realistic, but highly intractable, settings.

Finally, in this paper we considered only the case of linear capacity costs. We made this

choice so as not to distract the attention from the main ideasin the proposed framework. Given

our framework, the ability to address more general-cost function, as in Borst et al. (2004), would

follow from the ability to do so in a monopolist setting. Hence, the fact that such cost functions are

treated in the literature on monopolists suggests that these could also be treated in the competitive

setting.
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Appendix

This appendix is composed of three sections.§A adds some more numerical experiments on top of

those conducted in§7 of the paper.§B partially generalizes the results of the paper by removingthe
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“Diagonal Dominance” condition (C3). Finally,§C is concerned with a global asymptotic stability

property of the sequence of market games.

A. Additional numerical examples

This section has two purposes. First, we numerically show that, as the sensitivities to delay in-

crease, the pricing decision of the firms under the diffusiongame is close to the fluid game price

p∗. Then, we provide another illustration of the quality of theapproximation, on top of the one in

§7.

First, then, we claim that for fixed capacity costs, increasing the sensitivity of the customers

to waiting time, renders it optimal for the firms to provide very high service levels (very short

response times), so that the portionΛi(p, T )(pi − ci − γi/µi) of the firmi’s payoff would be close

to the fluid game profitλi(p, 0)(pi − ci − γi/µi). Table A provides numerical evidence for this

intuition. We use the linear demand model from§7. The table then displays the service levels and

prices in the equilibrium of the diffusion game, as a function of the service-level sensitivitiesκi

andκij . For the large values of these parameters, the diffusion game service levels are0 (or very

close to0) and the equilibrium prices are equal to the price equilibrium of the fluid game which

we also independently calculated using the fluid game.

SL sensitivities Diffusion-game equilibrium SL Diffusion-game equilibrium price

κi = 0.1, κij = 0.01 (1.0044,1.0044,1.1903) (59.2561,59.2561,62.8919)
κi = 1, κij = 0.1 (0.2484,0.2484,0.3144) (59.2441,59.2441,62.8783)
κi = 10, κij = 1 (0.1429,0.1429,0.1937) (59.2408,59.2408,62.8736)
κi = 20, κij = 2 (0.0947,0.0947,0.1392) (59.2406,59.2406,62.8719)
κi = 30, κij = 3 (0.0651,0.0651,0.1062) (59.2421,59.2421,62.8720)
κi = 40, κij = 4 (0.0441,0.0441,0.0832) (59.2448,59.2448,62.8733)
κi = 50, κij = 5 (0.0281,0.0281,0.0658) (59.2485,59.2485,62.8754)
κi = 60, κij = 6 (0.0151 ,0.0151,0.0521) (59.2529,59.2529,62.8783)
κi = 70, κij = 7 (0.0042,0.0042,0.0407) (59.2581,59.2581,82.7719)
κi = 80, κij = 8 (0,0,0.0311) (59.2608,59.2608,62.8850)
κi = 90, κij = 9 (0,0,0.0228) (59.2614,59.2614,62.8879)
κi = 100, κij = 10 (0,0,0.0154) (59.2621,59.2621,62.8911)
κi = 110, κij = 11 (0,0,0.0089) (59.2628,59.2628,62.8946)
κi = 120, κij = 12 (0,0,0.0029) (59.2636,59.2636,62.8983)
κi = 130, κij = 13 (0,0,0) (59.2641,59,2641,62.9004)

Table 3: Diffusion-game equilibria as a function of the delay sensitivities
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When customers are extremely sensitive to service levels, it is then hard to distinguish between

the fluid game and the diffusion game so that the benefits of thediffusion game are less evident. In

contrast, when customers have lower sensitivities (but still strictly positive), the tradeoff between

capacity costs and loss of market share due to waiting is a meaningful one.

We now provide another numerical example of the linear demand model on top of the one

provided in§7. In that example, following the discussion above, we purposefully choose service-

level sensitivities that are low. We again consider an industry with I = 3 firms, industry benchmark

of T̄ = 1, and cost parametersc1 = c2 = 20, c3 = 5, andγ1 = γ2 = 35, γ3 = 50. We also assume

thatbi = 10 for all i = 1, 2, 3 andlij = 4.75, ∀i 6= j. Finally, we leta1 = a2 = 205, a3 = 295,

κi = 0.1 for all i = 1, 2, 3 andκij = 0.01 for all i 6= j.

Figure 4 is the analogue of Figure 2 for the new parameters. Itdisplays the maximal profitable

deviations for firm 1. We again observe that profitable deviations from the Nash equilibrium of the

diffusion game(pΛ, TΛ) are small for both the service-level and the price choices. While for small

values ofΛ, the deviations are not small, they quickly become negligible asΛ grows.
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Figure 4: The quality of the approximation – an example of a linear model

B. General continuity of the fluid game

This appendix is concerned with relaxing the “Diagonal Dominance” condition (C3) that is im-

posed in some of the results in the paper. Motivated by Lemma 5.8, we referred to this property as

“linear continuity” of the fluid game. Here we introduce a general notion of continuity for the fluid

game together with the corresponding extensions of the results in §5 and§6. The case of linear

continuity is then obtained as a special case of the more general setting.
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Prior to Theorem 6.7 we introduced the notion of “the fluid game onT ”. We now assign a

number to that definition as will be repeatedly referring to it.

Definition B.1 The fluid game onT is theI-player game with profit functions

Π̄T,P
i (p) := λi(p, T )

(

pi − ci −
γi

µi

)

, i ∈ I,

and strategy spaceP.

The fluid game is then the special case withT = 0. We letψT
i (p−i) be the best response of

playeri (in the fluid game onT ) to pricesp−i of the competitors and set

ψT (p) := (ψT
1 (p−1), . . . , ψ

T
I (p−I)).

If the fluid game onT has a unique Nash equilibriump∗(T ), then it is given by the unique solution

to the system of equationp− ψT (p) = 0. We now have the following definition:

Definition B.2 (uniform g-continuity around T = 0) We say that the family of fluid games is

uniformly g-continuous aroundT = 0 if there exists a continuous functiong : R
I
+ → R

I
+ with

g(0) = 0 as well as a constantδ > 0 such that for eachT ∈ [0, δ]I : (a) the fluid game onT has a

unique equilibriump∗(T ), and(b) fixing ǫ ∈ R
I
+,

|p− ψT (p)| ≤ ǫ

implies that

|p− p∗(T )| ≤ g(ǫ).

Note that g-continuity of the fluid game is the special case with T = 0. Within this general

terminology, Lemma 5.8 can be re-stated as saying that, under Condition (C3), the fluid game is

g-continuous with the functiong(x) := B−1x/(1−C). We recall thatB is theI × I matrix given

byBii = 0, i = 1, . . . , I andBij = 0 for all i 6= j.

Lemma B.3 Suppose that Assumptions 3.1 and 5.1 hold in addition to conditions(C1)-(C3). Then,

the fluid game is uniformly g-continuous aroundT = 0 with g(x) = 1
1−C

|B−1x| andC is the

constant from(C3).
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In contrast to the case of linear continuity, for which we were able to show in Lemma 5.8 that

condition (C3) is sufficient for the continuity property to hold, the general setting requires the user

to identify the corresponding functiong(·). Once a functiong(·) that satisfies Definition B.2 is

identified, the following generalization of Theorem 5.9 canbe used. We note that the uniform

g-continuity is not required for this result, only the g-continuity of the fluid game onT = 0.

Theorem B.4 (bounds on the distance from the fluid game) Suppose that Assumptions 3.1, 4.1

and 5.1 hold. Then, there exists a sequenceǫΛ = O(1/rΛ
1 , . . . , 1/r

Λ
I ) such that, for eachΛ, (p∗, 0)

is anǫΛ Nash equilibrium for theΛth market game. Moreover,

T ∗,Λ
i (p∗, 0) ∼ rΛ

i , i ∈ I : αi > 1, (47)

T ∗,Λ
i (p∗, 0) = O(rΛ

i ), i ∈ I : αi = 1, (48)

and

T ∗,Λ
i (p∗, 0) = o(rΛ

i ), i ∈ I : αi < 1. (49)

If, in addition, the fluid game is g-continuous, then

|p∗,Λi (p∗, 0) − p∗i | = O(gi(
√
δΛ)), i ∈ I. (50)

with δΛ
i = M

(

1
ΛrΛ

i

+ (rΛ
i )αi

)

for some constantM > 0.

With T ∗,Λ
i (p∗, 0) replaced everywhere byT ∗,Λ

i (pΛ, TΛ), equations(47)-(49)hold for any se-

quence{(pΛ, TΛ),Λ ≥ 0} that satisfy(pΛ, TΛ) ∈ P × Θ for eachΛ.

The following is the general version of Theorem 6.3 in which we replace condition (C3) with

general g-continuity.

Theorem B.5 (bounds on the distance from the diffusion game) Suppose that Assumptions 3.1

and 5.1 hold in addition to conditions(C1)-(C2)and(C4)-(C5)and let{(pΛ, TΛ), Λ ≥ 0} be such

that (pΛ, TΛ) is a Nash equilibrium for theΛth diffusion game. If in addition, the fluid game is

uniformly g-continuous aroundT = 0, then

T ∗,Λ
i (pΛ, TΛ) = TΛ

i + o(rΛ
i ) andp∗,Λi (pΛ, TΛ) = pΛ

i + o(gi(
√
δΛ)),

whereδΛ
i = (rΛ

i )αi.

We useη∗ from Lemma 6.5 in the following theorem which is a generalization of Theorem 6.7.
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Theorem B.6 Suppose that Assumptions 3.1 and 5.1 hold in addition to conditions(C1), (C2)and

(C5). Assume, in addition, that (i) for eachΛ, a unique equilibriumpΛ(ηΛ) exists for the fluid game

onηΛ := (η∗1r
Λ
1 , . . . , η

∗
Ir

Λ
I ), and (ii) the fluid game is uniformly g-continuous aroundT = 0. Then,

there exists a sequenceǫΛ = o
(

1/rΛ
1 , . . . , 1/r

Λ
I

)

such that(pΛ(ηΛ), ηΛ) is anǫΛ-Nash equilibrium

for theΛth diffusion game and for theΛth market game. Moreover,

T ∗,Λ
i (pΛ(ηΛ), ηΛ) = ηΛ

i + o(rΛ
i ), and p∗,Λi (pΛ(ηΛ), ηΛ) = pΛ

i (ηΛ) + o
(

gi(
√

ζΛ)
)

,

whereζΛ
i = (rΛ

i )αi .

C. Asymptotic Stability

Our results in§6 show that, if the market game is initialized in the diffusion game Nash equilibrium,

there will not be asingle stepunilateral deviation that increases the profit by more thano(rΛ
i ) for

firm i. It is plausible, however, that if firms play their best responses sequentially multiple times,

the market may drift away from a neighborhood of diffusion game equilibrium. Moreover, if the

market is initialized away from the diffusion game Nash equilibrium it is a-priori possible that it

will never reach the neighborhood of that approximate game.

In this section we show that this cannot happen provided thata global stability condition is

imposed on the fluid game. Specifically, we identify a sufficient condition that guarantees that, for

any starting point(p, T ) ∈ P×Θ, the market will converge to a neighborhood of the diffusiongame

equilibrium and this neighborhood is exactly the one characterized in Theorems 6.7 and its general

version in Theorem B.6. We will show that our approximationsare globally asymptotically stable.

For an introduction to stability of non-cooperative games,see e.g. Section 2.6 of Vives (2000).

The global stability that we show is frequently referred to as tatônement stability. FixingΛ, the

Tatônement scheme is as follows: the market is initializedat some arbitrary point(pΛ,0, TΛ,0) ∈
P × Θ. Firms then play their best responses in a fixed sequence, which we assume without loss

of generality to be(1, . . . , I. Letting i(k) be the firm that plays its best response in thekth turn

k = 1, . . . ,∞, we put(pΛ
−i(k), T

Λ
−i(k)) = (pΛ

−i(k−1), T
Λ
−i(k−1)) and

(pΛ
i(k), T

Λ
i(k)) ∈ argmax

pi∈Pi,Ti∈[0,T̄ ]

ΠΛ
i (p−i(k−1), p, T−i(k−1), Ti).

When the best response of playeri(k) is not unique, we choose the maximal one in the sense of

the partial ordering ofR2
+, by whichx ≥ y for x, y ∈ R

2
+ if x1 > y1 or if x1 = y1 andx2 > y2.
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Put now

LΛ(n) := {(pΛ,k, TΛ,k), k = n, n+ 1, . . .}. (51)

In words,LΛ(n) is the trajectory of theΛth market game under the Tatônement scheme, excluding

the firstn steps. If theΛth market game has a unique Nash equilibrium(pΛ, TΛ) and is globally

stable, we would have that(pΛ,k, TΛ,k) → (pΛ, TΛ) ask → ∞. Consequently, for eachǫ > 0,

there would existn(ǫ) such that for alln ≥ n(ǫ)

sup
(p,T )∈LΛ(n)

(‖p− pΛ‖ + ‖T − TΛ‖) ≤ ǫ.

We, however, do not assume existence of a Nash equilibrium. In particular, we do not require any

form of stability for this game. Rather, we only assume the global stability for the fluid game onT

(see Definition B.1) for allT small enough. Specifically, we will require that, the fluid game onT

has a Nash equilibrium and that, if the players in the fluid game onT follow a Tatônement scheme

as above, then the resulting sequence of price vectors,{pk,T , k ≥ 1}, satisfiespk,T → p∗(T ) as

k → ∞. The limit p∗(T ) must be the unique equilibrium of the fluid game onT .

The fluid game onT is a simple game in which each player’s strategy space is one-dimensional

and the payoff functions, under condition (C1), are twice continuously differentiable. It is known

(see e.g. §2.6.2 of Vives (2000) and the references therein) that a sufficient condition for the

global stability for such a game is the diagonal dominance condition (C3). When the best response

functions have derivatives that are continuous inT , it suffices to impose (C3) on the regular fluid

game (see Definition 5.1) for it to hold for the fluid game onT , assumingT is small enough.

Such a continuity holds, for example, for the multinomial-logit demand model; see Example 6.1.

Consequently, Theorem C.1 holds for the multinomial-logitdemand model. Similar argument

show that it holds for the linear demand model of§7. In our main result of this section we hence

assume that (C3) holds for the fluid game onT for all T small enough, i.e, that there existsC < 1

such that
∑

k∈I

∣

∣

∣

∣

∂

∂pk
ψT

i (p−i)

∣

∣

∣

∣

≤ C, p ∈ P, i ∈ I.

Theorem C.1 Suppose that Assumptions 3.1 and 5.1 hold in addition to conditions (C1)-(C3)and

(C5). Assume that for allδ > 0 small enough and anyT with ‖T‖ ≤ δ, the fluid game onT

satisfies condition(C3). Then, there exists a sequence{nΛ, Λ ≥ 0}, such that

sup
(p,T )∈LΛ(nΛ)

max
i∈I

∣

∣

∣

∣

∣

T ∗,Λ
i (p, T )

rΛ
i

− η∗i

∣

∣

∣

∣

∣

→ 0 asΛ → ∞, (52)
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and

sup
(p,T )∈LΛ(nΛ)

max
i∈I

∣

∣

∣

∣

∣

p∗,Λi (p, T ) − p∗(ηΛ)
√

(rΛ
i )αi

∣

∣

∣

∣

∣

→ 0 asΛ → ∞, (53)

whereηΛ := (η∗1r
Λ
1 , . . . , η

∗
Ir

Λ
I ), η∗ is as in Lemma 6.5 andp∗(ηΛ) is the unique Nash equilibrium

of the fluid game onηΛ.

The term asymptotic global stability should be interpretedaccording to Theorem C.1. That is,

we say that the sequence of market games is asymptotically globally stable if the neighborhood

that we identified in Theorem B.6 is eventually reached, regardless of the starting point.

The key step in proving Theorem C.1 is to show asymptotic stability in fluid scale, i.e, we show

that, for allΛ large enough, the trajectories of theΛth market game converge to a neighborhood of

(p∗, 0).

Theorem C.2 Suppose that Assumptions 3.1 and 5.1 hold in addition to conditions (C1)-(C3)and

(C5). Assume that for allδ > 0 small enough and anyT with ‖T‖ ≤ δ, the fluid game onT

satisfies condition(C3). Then, there exist a sequence{nΛ, Λ ≥ 0} such that

sup
(p,T )∈LΛ(nΛ)

‖T‖ → 0 asΛ → ∞. (54)

and

sup
(p,T )∈LΛ(nΛ)

‖p− p∗‖ → 0 asΛ → ∞. (55)

The proofs of Theorems C.1 and C.2 are relegated to the e-companion.
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e-companion for:

Pricing and Dimensioning Competing Large-Scale Service
Providers

In this e-companion we provide proofs for all the theorems and lemmas. The proofs of the different

results appear in the their order of appearance in the paper.Accordingly, the proofs of the results

in the Appendix appear in the second portion of this e-companion. Two auxiliary lemmas–EC.1

and EC.2–appear at the end of the e-companion. In this e-companion, to simplify the notation, we

replace the best response notationT ∗,Λ
i (p, T ) andp∗,Λi (p, T ) with T ∗,Λ

i andp∗,Λi whenever the price

and service-level vectors(p, T ) are clear from the context.

Proof of Lemma 4.1: By knownM/M/N formulas (see e.g. Chapter 5-9 of Wolff (1989)), we

know thatêi(Λ, Ti) satisfies

P{WΛ
i > TΛ

i } = P{WΛ
i > 0}e−µiTΛ

i êi(Λ,TΛ
i ) ≤ φ.

As,P{WΛ
i > 0} ≤ 1 we have that̂ei(Λ, T

Λ
i ) ≤ − ln(φ)/µiT

Λ
i . Hence,TΛ

i êi(Λi, T
Λ
i ) ≤ − ln(φ)+

o(ln(φ)), and the result of the Lemma follows. �

Proof of Theorem 4.2: The corollary follows from Theorem B.4. Indeed, let{(pΛ, TΛ),Λ ≥ 0}
be any sequence such that(pΛ, TΛ) ∈ P ×Θ for eachΛ. Then, by the last part of Theorem B.4 we

have thatTΛ
i ∼ rΛ

i if 1/rΛ
i = o(

√
Λ) andTΛ

i = O(rΛ
i ) if 1/rΛ

i ∼
√

Λ. By Lemma 4.1 we then have

thatêi(Λi, T
Λ
i ) ∼ 1/TΛ

i if 1/rΛ
i = o(

√
Λ) andêi(Λi, T

Λ
i ) ∼

√
Λ if 1/rΛ

i ∼
√

Λ. The bounds on the

delay probabilities are now obtained by taking convergent subsequences and applying Proposition

1 in Halfin and Whitt (1981). �

Proof of Theorem 5.2: The proof draws on Definition 3.2 ofǫ-Nash equilibria, Assumption

5.1 on the uniqueness of the equilibriump∗ for the fluid game, and the properties of the demand

functions as listed in Assumption 3.1.

We fix a sequenceTΛ that satisfies the following three properties:

max
i∈I

sup
p∈P

|Λi(p, T
Λ) − Λi(p, 0)| ≤ ǫΛ/16, (EC1)

sup
p∈P

êi(Λi(p, T
Λ), TΛ

i ) ≤ ǫΛ/16γi, and (EC2)

TΛ → 0, asΛ → ∞. (EC3)

1



Such a sequence exists by the absolute continuity of the demand functions on the compact domain

P × Θ and by Lemma 4.1. For (EC2) we are using the assumption thatǫΛ → ∞.

To show that(p∗, TΛ) is an ǫΛ-Nash equilibria for theΛth market game, fix a firmi and a

sequence{(p′iΛ, T ′
i
Λ),Λ ≥ 0} with (p′i

Λ, T ′
i
Λ) ∈ Pi ×Θ of prices and service levels for firmi such

that(p′i
Λ, T ′

i
Λ) 6= (p∗i , T

Λ
i ). Define

(p̃Λ, T̃Λ) := (p′i
Λ
, T ′

i
Λ
) ↑ (p∗, TΛ)−i.

As êi(·, ·) ≥ 0, we have that

ΠΛ
i (p̃Λ, T̃Λ) ≤ Λi(p̃

Λ, T̃Λ)

(

p̃Λ
i − ci −

γi

µi

)

By the choice ofTΛ, we have that
[

Λi(p̃
Λ, T̃Λ)

(

p̃Λ
i − ci −

γi

µi

)

− Λi(p̃
Λ, 0)

(

p̃Λ
i − ci −

γi

µi

)]

≤ ǫΛ/8. (EC4)

Indeed, one writesλi(p̃
Λ, T̃Λ)−λi(p̃

Λ, 0) = λi(p̃
Λ, TΛ)−λi(p̃

Λ, 0)−λi(p̃
Λ, TΛ)+λi(p̃

Λ, T̃Λ). By

(EC1) we then have that|Λi(p̃
Λ, TΛ) − Λi(p̃

Λ, 0)| ≤ ǫΛ/8. There are now two cases: ifT ′
i
Λ ≤ TΛ

i

then we can apply (EC1) once again withTΛ replaced withT̃Λ. If, on the other hand,T ′
i
Λ > TΛ

i ,

then the monotonicity of the demand functions is invoked to have thatΛi(p̃
Λ, T̃Λ)−Λi(p̃

Λ, TΛ) ≤
0.

Note that (EC4) is independent of the actual values of the sequence{(p′iΛ, T ′
i
Λ), Λ ≥ 0} and

depends only on the values of{(pΛ, TΛ), Λ ≥ 0}. By (EC1) we have that
∣

∣

∣

∣

Λi(p
∗, TΛ)

(

p∗i − ci −
γi

µi

)

− Λi(p
∗, 0)

(

p∗i − ci −
γi

µi

)
∣

∣

∣

∣

≤ ǫΛ/8. (EC5)

By the definition ofp∗ as the Nash equilibrium of the fluid game, we have that

Λi(p̃
Λ, 0)

(

p̃Λ
i − ci −

γi

µi

)

≤ Λi(p
∗, 0)

(

p∗i − ci −
γi

µi

)

. (EC6)

Combining (EC4), (EC5) and (EC6) we readily have that,

Λi(p̃
Λ, T̃Λ)

(

p̃Λ
i − ci −

γi

µi

)

≤ Λi(p
∗, 0)

(

p∗i − ci −
γi

µi

)

+
ǫΛ

4
.

Using this together with equation (EC5), we then have that

ΠΛ
i (p̃Λ, T̃Λ) ≤ Λi(p

∗, TΛ)

(

p∗i − ci −
γi

µi

)

+
ǫΛ

2
.

2



By (EC2) êi(Λi, T
Λ
i ) ≤ ǫΛ/2γi and we conclude that

ΠΛ
i (p̃Λ, T̃Λ) ≤ ΠΛ

i (p∗, TΛ) + ǫΛ,

so that, for eachΛ, (p∗, TΛ) is an ǫΛ-Nash equilibrium. Finally, note that we can also find a

sequenceTΛ of vectors with equal components, i.e, such thatTΛ
1 = TΛ

2 . . . = TΛ
I , that satis-

fies (EC1)-(EC3) and repeat the whole argument with this sequence to get the second part of the

Theorem. �

Proof of Theorem 5.3: We divide the proof into two parts. We first prove the characterization

for the equilibrium service-levels in equation (16). We then proceed to prove the equilibrium-price

characterization in equation (17).

Proof of (16): Let (p̃Λ, T̃Λ) be the sequence ofǫΛ-Nash equilibrium. To reach a contradiction,

assume that there is no such sequenceδΛ for TΛ. In particular, there exists a firmi such that

lim supΛ→∞ T̃Λ
i ≥ δ, for someδ > 0. We may use the compactness ofΘ to choose a subsequence

Λj such thatlimj→∞ T̃Λj

i = δ̃ ≥ δ.

DefineT̄Λ by settingT̄Λ
i = ζ/

√
Λ for this firm i and someζ > 0 and by settinḡTΛ

k = TΛ
k for

all k 6= i. SinceT̄Λ
i → 0 asΛ → ∞, we can re-choosej large enough so that̄TΛj

i ≤ T̃Λ
i − η,

for some0 < η ≤ δ. Sinceλi(p, T ) is strictly decreasing inTi (see Assumption 3.1), there exists

ǫ > 0, such that

λi(p̃
Λj

, T̄Λj

) ·
(

p̃Λj

i − ci −
γi

µi

)

− λi(p̃
Λj

, T̃Λj

) ·
(

p̃Λj

i − ci −
γi

µi

)

≥ 4ǫ.

Using the definition of the profit functions we have that

ΠΛj

i (p̃Λj

, T̃Λj

) − ΠΛj

i (p̃Λj

, T̄Λj

) ≤ Λjλi(p̃
Λj

, T̃Λj

)
(

pi − ci − γi

µi

)

−
(

Λjλi(p̃
Λj

, T̄Λj

) ·
(

p̃Λj

i − ci − γi

µi

)

− γiêi(Λ
j
i , ζ/

√
Λ)

)

−4ǫΛ + γiêi(Λ
j
i , ζ/

√
Λ).

By Lemma 6.1 we have that̂ei(Λi, ζ/
√

Λ) ≤ K
√

Λ for all Λ large enough and someK > 0.

Hence, we can re-choosej, so that

ΠΛj

i (p̃Λj

, T̃Λj

) − ΠΛj

i (p̃Λj

, T̄Λj

) ≤ −2ǫΛj .

Firm i can, hence, improve its profit,ΠΛj

i , by more thanǫΛ. SinceǫΛ/Λ → 0, there existsj0 such

thatǫΛ
j ≤ ǫΛ for all j ≥ j0. Consequently, for allj large enough,(p̃Λj

, T̃Λj

) can not be anǫΛ-Nash

equilibrium.
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Proof of (17): We fix the sequence(pΛ, TΛ) of ǫΛ-Nash equilibria. To reach a contradiction

assume thatlim supΛ→∞ ‖pΛ − p∗‖ > 0. We then say thatpΛ is asymptotically distinguishable

from p∗. Note that ifmaxi∈I lim supΛ→∞ TΛ
i > 0, the result of the theorem trivially follows from

(16). Hence, we assumeTΛ
i → 0 for all i ∈ I. We will show that under the assumption that

pΛ is distinguishable fromp∗, every limit pointp of pΛ must be an equilibrium point for the fluid

game. Such a limit point exists by the compactness ofP. SincepΛ is distinguishable fromp∗,

this will imply the existence of multiple equilibria for thefluid game, contradicting Assumption

5.1. It remains, hence, only to show that every limit pointp is indeed an equilibrium point for

the fluid game. Towards that end, fix a limit pointp of {pΛ, Λ ≥ 0} and the corresponding

convergent subsequence{pΛk

, k ≥ 0}. We claim thatp is an ǫ-Nash equilibrium for the fluid

game for anyǫ > 0. In turn, it is a Nash equilibrium for this game. Definep̄ := (p̄i, p−i), for some

price p̄i ∈ [pmin
i , pmax

i ] with p̄i 6= pi. Then, since(pΛ, TΛ) is the assumed sequence ofǫΛ-Nash

equilibria, we have that for allk large enough,

Π̄Λk

i (p̄Λk

, TΛk

) ≤ Π̄Λk

i (pΛk

, TΛk

) + ǫ/4,

for someǫ > 0. Observe that by Lemma 6.1,êi(Λi, T
Λ
i )/Λ → 0 asΛ → ∞. This, together with

the continuity of the demand functions, implies that

lim
Λ→∞

∑

i∈I

∣

∣

∣

∣

ΠΛ
i (pΛ, TΛ)

Λ
− Π̄P

i (p)

∣

∣

∣

∣

= 0.

In particular,

lim
k→∞

∑

i∈I

∣

∣

∣

∣

∣

ΠΛk

i (pΛk

, TΛk

)

Λ
− Π̄P

i (p)

∣

∣

∣

∣

∣

= 0.

Hence,
ΠΛk

i (p̄Λk

, TΛk

)

Λ
→ Π̄P

i (p̄) and
ΠΛk

i (p̄Λk

, TΛk

)

Λ
→ Π̄P

i (p), ask → ∞

wherep̄ = (p̄i, p−i), and we have that

Π̄P
i (p̄) ≤ Π̄P

i (p) + ǫ.

Hence,p is an ǫ-Nash equilibrium for the fluid game. Asǫ was arbitrary, we have thatp is a

Nash equilibrium for the fluid game. Sincep 6= p∗ we have a contradiction to the uniqueness of

equilibria for the fluid game. �
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Proof of Lemma 5.7: As p−i is fixed, it suffices to prove the result for a one dimensional func-

tion. Specifically, fix a twice continuously differentiablefunction f(x) : X → R+ that is de-

fined on a compact and convex setX ⊆ R+ and such that∂
2

∂x2 f(x) < 0 for all x ∈ X. Let

x∗ = argmaxx∈X
f(x). We claim that|x∗ − y| ≤ C

√
ǫ whenevermaxx∈X f(x) − f(y) ≤ ǫ for

some constantǫ > 0. The first part of the Lemma will then follow by settingf(x) := Π̄i(x, p−i).

To prove our claim forf(x) consider first the case in whichx∗ lies in the interior ofX. In this

casex∗ solves the first order conditionf ′(x) = 0. Assume that|x∗ − y| > √
ǫ. Assume that

x∗ < y (the other case is treated similarly). As the second derivative is strictly negative we have

thatf ′(x∗ +
√
ǫ/2) ≤ −δ√ǫ/2 with δ as in the condition of the Lemma. In particular, asf ′(x) is

a decreasing function we have that

f(x∗) ≥ f(x∗ +
√
ǫ/2) ≥ f(y) + (y − x∗ −

√
ǫ/2)δ

√
ǫ/2 = f(y) + (y − x∗)δ

√
ǫ/2 + o(

√
ǫ).

Hence,f(x∗) − f(y) ≤ ǫ implies for all ǫ small enough thaty − x∗ ≤ C
√
ǫ for some constant

C > 0.

To complete the argument, assume thatx∗ is on the boundary ofX. Assume thatx∗ is the

smallest element inX (the proof is similar for the case in whichx∗ is the largest element). Then,

we have thatf ′(x) < 0 for all x > x∗ and in particularf ′(x +
√
ǫ/2) ≤ −δ√ǫ/2. From here we

can apply the same arguments as above. �

Proof of Lemma 5.8: This lemma is a direct consequence of Lemma B.3. �

Proof of Theorems 5.6 and 5.9: These theorems are special cases of Theorem B.4. �

Proof of Lemma 6.1: The first part of the lemma follows directly from Proposition9.3 in Borst

et al. (2004) and from item (ii) in Example 9.4 there. We turn to prove the convexity of the function

βi(η).

Let f(x, y) := P(x)e−µix·y. By Lemma B.1 in Borst et al. (2004), the functionP(·) is strictly

decreasing convex. Using this property one can easily show that the functionf(x, y) is convex and

strictly decreasing inx and convex and strictly decreasing iny ∈ [0, T̄ ]. Also, ∂
∂x

∂
∂y
f < 0.

Note thatβi(η) is the function that satisfiesf(βi(η), η) = φ. By differentiating once on both

sides of this equality we get:

∂

∂x
f(βi(η), η) · β ′

i(η) +
∂

∂y
f(βi(η), η) = 0.
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Using the fact thatf is strictly decreasing iny andx we then have thatβ ′
i(η) < 0. Differentiating

for the second time we have

∂2

∂x2
f(βi(η), η) · (β ′

i(η))
2 + 2

∂

∂x

∂

∂y
f(βi(η), η) · β ′

i(η) +
∂2

∂y2
f(βi(η), η) = −β ′′

i (η)
∂

∂x
f.

The first element on the left-hand side is positive by the convexity of f in x. The second element

is positive by the property∂
∂x

∂
∂y
f < 0. The last element on the left-hand side is positive by the

convexity off in its y argument. Dividing both sides by∂
∂x
f and using the fact thatf is decreasing

in x we then have thatβ ′′
i (η) > 0 and the proof is complete. �

Proof of Example 6.1: We prove that the ML demand model satisfies condition (C5). Tothis

end, after some basic manipulations we get

λi(p, T−i, x) − λi(p, T−i, 0)

xαi
=

(vi(pi, x) − vi(pi, 0))(1 − λi(p, T−i, 0))

1 +
∑

j 6=i vj(pj, Tj) + vi(pi, 0)
,

where, for allj ∈ I, vj(pj, Tj) := eaj(Tj)−bjpj andaj(Tj) = aj −kj(Tj)
αj . Using Taylor expansion

aroundz = 0 for the functionf(z) := eai−bipi−kiz we then have that

λi(p, T−i, x) − λi(p, T−i, 0)

xαi
=
kivi(pi, 0)xαi(1 − λi(p, T−i, 0))

1 +
∑

j 6=i vj(pj , Tj) + vi(pi, 0)
+ o(1)

and, consequently,

λi(p, T−i, x) − λi(p, T−i, 0)

xαi
→ kivi(pi, 0)(1 − λi(p, T−i, 0))

1 +
∑

j 6=i vj(pj , Tj) + vi(pi, 0)
.

�

Proof of Theorem 6.3: This theorem is a special case of Theorem B.5. �

Proof of Lemma 6.5: Fix i ∈ I. We divide the proof into two cases: (i)αi ≥ 1 and (ii)αi < 1.

case (i)–αi ≥ 1: Fix a sequence{(pΛ, TΛ
−i), Λ ≥ 0} such that(pΛ, TΛ

−i) ∈ P × [0, T̄ ]I−1 and

(pΛ, TΛ
−i) → (p∗, 0). We claim that (C5) implies, that for everyη > 0,

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

→ ηαifi(p
∗, 0), (EC7)

wherefi(·, ·) is the function from (C5). Moreover, the monotonicity (as a function ofη) of both

the pre-limit and limit functions, guarantees that the convergence is not only pointwise (for a given

η) but rather on compact sets. We will prove (EC7) at the end of the proof and we turn to prove

6



the main assertion of the lemma for the caseαi ≥ 1. To this end, let{(pΛ, TΛ),Λ ≥ 0} be any

sequence with(pΛ, TΛ) → (p∗, 0) asΛ → ∞. We note that the argument in the beginning of

the proof of Theorem B.4 can be repeated to show that the best service-level response is of order

O(rΛ
i ) for firm i. In particular,T ∗,Λ

i = O(rΛ
i ) so that we can findC > 0 such thatT ∗,Λ

i ∈ [0, CrΛ
i ]

and we can write

T ∗,Λ
i = argmax

x∈[0,CrΛ
i ]

(

Λi(p
Λ, TΛ

−i, x) − Λi(p
Λ, TΛ

−i, 0)
)

(

pΛ
i − ci −

γi

µi

)

+ βi(ηr
Λ
i

√

Ri(p∗, 0))
√

Ri(p∗, 0) + o(βi(ηr
Λ
i

√

Ri(p∗, 0))
√

Ri(p∗, 0)). (EC8)

By Lemma EC.2, the last term disappears when dividing by1/rΛ
i so that using that lemma and

(EC7), we have that
T ∗,Λ

i

rΛ
i

→ η(p∗),

whereη(p∗) is as defined in the Lemma. It remains to prove (EC7). To this end, let

Tδ := {(p, T−i) ∈ P × [0, δ]I−1 : ‖p− p∗‖ ≤ δ and
∑

j 6=i

Tj ≤ δ}.

As (pΛ, TΛ) → (p∗, 0), we have that

lim sup
Λ→∞

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

≤ sup
(p,T−i)∈Tδ

lim
Λ→∞

Λi(p, T−i, ηr
Λ
i ) − Λi(p, T−i, 0)

1/rΛ
i

.

We now address the right hand side. Fixing(p, T−i) and recalling that, forαi ≥ 1, rΛ
i = Λ

− 1
1+αi

we have that

Λi(p, T−i, ηr
Λ
i ) − Λi(p, T−i, 0)

1/rΛ
i

= ηαi
λi(p, T−i, ηΛ

− 1
1+αi ) − λi(p, T−i, 0)

ηαiΛ
− αi

1+αi

→ ηαifi(p, T−i),

where the convergence follows from (C5) and the fact that1/Λ → 0. In particular,

lim sup
Λ→∞

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

≤ ηαi sup
(p,T−i)∈Tδ

fi(p, T−i).

Sinceδ is arbitrary andfi(·, ·) is assumed to be continuous we have that

lim sup
Λ→∞

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

≤ ηαifi(p
∗, 0).

A similar argument can be repeated withlim inf instead oflim sup to conclude that

lim
Λ→∞

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

= ηαifi(p
∗, 0).
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case (ii)–αi < 1: We write, as before,

lim inf
Λ→∞

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

≥ inf
(pΛ,TΛ

−i)∈Tδ

lim
Λ→∞

Λi(p, T−i, ηr
Λ
i ) − Λi(p, T−i, 0)

1/rΛ
i

.

We recall thatrΛ
i = 1/

√
Λ for all i ∈ I with αi ≤ 1. Fixing (p, T−i) ∈ Tδ andη > 0 we then write

Λi(p, T−i, ηr
Λ
i ) − Λi(p, T−i, 0)

1/rΛ
i

=
√

Λ

(

η√
Λ

)αi λi(p, T−i, η/
√

Λ) − λi(p, T−i, 0)
(

η√
Λ

)αi
→ ∞.

Where the divergence follows from the fact thatαi < 1 and from Assumption 4.1. Consequently,

lim inf
Λ→∞

Λi(p
Λ, TΛ

−i, ηr
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

= ∞

for all η > 0. Recalling thatT ∗,Λ
i must satisfy (EC8) we must have thatTΛ

i = o(1/
√

Λ)–otherwise,

we can improve the profit by setting the delay target toTΛ
i = 0.

We conclude this proof by noting that, if(pΛ, TΛ) is a Nash equilibrium for theΛth diffusion

game for eachΛ, then the whole argument can be repeated withTΛ
i (pΛ, TΛ

−i) replacingT ∗,Λ
i . Here

we use the observation that this sequence of equilibria mustsatisfy(pΛ, TΛ) → (p∗, 0) asΛ → ∞.

In that case

TΛ
i = argmax

x∈[0,CrΛ
i ]

(

Λi(p
Λ, TΛ

−i, x) − Λi(p
Λ, TΛ

−i, 0)
)

(

pΛ
i − ci −

γi

µi

)

+ βi(ηr
Λ
i

√

Ri(p∗, 0))
√

Ri(p∗, 0),

and the proof can be completed identically as the proof forT ∗,Λ
i . �

Proof of Theorem 6.7: This theorem is obtained as a special case of Theorem B.6 by noting that

the uniform linear continuity of the fluid game aroundT = 0 follows from Lemma B.3. �

Proof of Lemma B.3: Fix ǫ ∈ R
I
+. Using the fact thatp∗ = ψ(p∗), we writepi − ψi(p−i) =

pi − p∗i − (ψi(p−i) − ψ(p∗−i)). Using (C3) we have that

|ψi(p−i) − ψi(p
∗
−i)| < C‖p−i − p∗−i‖,

for C < 1. Consequently,|p− ψ(p)| ≤ ǫ, implies that

ǫi ≥ pi − p∗i − (ψi(p−i) − ψ(p∗−i)) ≥ (1 − C)‖p−i − p∗−i‖.
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Hence, for eachi ∈ I, we have that

‖p−i − p∗−i‖ ≤ ǫi
1 − C

and, consequently, that

|B(p− p∗)| ≤ 1

1 − C
· ǫ,

whereB is the matrix with elementsBii = 0 andBij = 1 for all j 6= i. In particular, the fluid

game is g-continuous withg(x) = 1
1−C

|B−1x|. The uniform g-continuity now follows from (C1).

Indeed, the continuity of the derivatives guarantees that,for all T small enough, there existsC < 1

such that
∑

k∈I

∣

∣

∣

∣

∂

∂pk
ψT

i (p−i)

∣

∣

∣

∣

≤ C, p ∈ P, i ∈ I.

�

Proof of Theorem B.4: The outline of the proof is as follows: we first prove that, given any

sequence{(pΛ
−i, T

Λ
−i), Λ ≥ 0}, T ∗,Λ

i (pΛ, TΛ) must satisfy thatT ∗,Λ
i (pΛ, TΛ) ∼ rΛ

i if 1/rΛ
i = o(

√
Λ)

andT ∗,Λ
i (pΛ, TΛ) = O(rΛ

i ) otherwise. This will, in particular, establish (47). Having established

(47) we will turn to show that(p∗, 0) is anǫΛ-Nash equilibrium as claimed and establish the bounds

in (50).

We start, then, with the treatment ofT ∗,Λ
i (pΛ, TΛ). We divide the proof into two cases: (i)

firm i hasαi ≥ 1 and (ii) αi < 1, whereαi is the exponent in Assumption 4.1. First, consider

a firm i with αi ≥ 1. It is can be verified directly that, for these values ofαi, rΛ
i ∼ zΛ

i and that

Λfi(z
Λ
i ) ∼ 1

zΛ
i

. Furthermore, by the definition ofzΛ
i , we have thatf ′

i(z
Λ
i ) = 1

Λ(zΛ
i )2

and we can use

the convexity of the functionf(x) = xαi to write

Λfi(T
Λ
i ) ≥ Λfi(r

Λ
i ) +

Λ

(rΛ
i )2

(TΛ
i − rΛ

i ),

for anyTΛ
i ≥ rΛ

i . In particular, ifTΛ
i /r

Λ
i → ∞ then

Λfi(T
Λ
i ) − Λfi(r

Λ
i )

1/rΛ
i

→ ∞. (EC9)

Let (pΛ
−i, p

∗,Λ
i , TΛ

−i, x) := (p∗,Λi , x) ↑ (pΛ, TΛ)−i and note that, by definition,

T ∗,Λ
i = argmax

x
Λi(p

Λ
−i, p

∗,Λ
i , TΛ

−i, x)

(

pi − ci −
γi

µi

)

− γiêi(Λi, x),

and, in particular, that

T ∗,Λ
i = argmax

x

(

Λi(p
Λ
−i, p

∗,Λ
i , TΛ

−i, x) − Λi(p
Λ, TΛ

−i, 0)
)

(

pi − ci −
γi

µi

)

− γiêi(Λi, x).
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Using Assumption 4.1 we have that

(

Λi(p
Λ, TΛ

−i, T
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

)

(

pi − ci −
γi

µi

)

− γiêi(Λi, T
Λ
i ) ∼ −C1Λ(TΛ

i )αi − C2
1

TΛ
i

,

(EC10)

for some constantsC1 andC2. Assume thatTΛ
i /r

Λ
i → ∞. Then, it follows from (EC9) that

(

Λi(p
Λ, TΛ

−i, T
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

)

(pi − ci − γi/µi) − γiêi(Λi, T
Λ
i )

1/rΛ
i

→ −∞. (EC11)

Using (EC10) we have, however, that

lim sup
Λ→∞

(

Λi(p
Λ, TΛ

−i, r
Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

)

(pi − ci − γi/µi) − γiêi(Λi, r
Λ
i )

1/rΛ
i

> −∞. (EC12)

which leads to a contradiction to the definition ofT ∗,Λ
i . Hence, fori ∈ I with αi ≥ 1 we must have

T ∗,Λ
i (pΛ

−i, T
Λ
−i) = O(rΛ

i ). To complete the proof, we need to show thatlim infΛ→∞ TΛ
i /r

Λ
i > 0 for

all with 1/rΛ
i = o(

√
Λ). Assume, to reach a contradiction, that1/rΛ

i = o(
√

Λ) butTΛ
i /r

Λ
i → 0.

Then, aŝei(Λi, T
Λ
i ) ∼ max{1/TΛ

i ,
√

Λ} we have that

ê1(Λ, T
Λ
i )

1/rΛ
i

→ ∞.

In particular, asΛi(p, T ) is decreasing inTi we will again have (EC11) which is a contradiction to

the definition ofT ∗,Λ
i . Indeed, we can always userΛ

i to obtain a better result as in (EC12). The

proof forαi ≥ 1 is hence complete.

We now turn to consider the caseαi < 1. First, note that withT ∗,Λ
i = 0 we have that

lim sup
Λ→∞

(

Λi(p
Λ, TΛ

−i, 0) − Λi(p
Λ, TΛ

−i, 0)
)

(pi − ci − γi/µi) − γiêi(Λi, 0)

1/rΛ
i

=
γiêi(Λi, 0)

1/rΛ
i

≥ −∞.

Fix a sequence{TΛ
i , Λ ≥ 0} with lim infΛ→∞ TΛ

i /r
Λ
i > 0. Then, we can apply Assumption 4.1

to get (EC11) once again. Consequently, we must have thatT ∗,Λ
i = o(rΛ

i ) and the proof of the first

part of the Theorem is complete.

We turn now to show that(p∗, 0) is anǫΛ Nash equilibria as well as that the price bounds in

(50) hold. To this end, note that

|ΠΛ
i (p∗−i, x, 0, T

∗,Λ
i )−ΠΛ

i (p∗−i, x, 0, 0)| ≤ C
(

êi(Λi(p
∗, 0), 0) + |Λi(p

∗
−i, x, 0, T

∗,Λ
i ) − Λi(p

∗
−i, x, 0, 0)|

)

,

(EC13)

for some constantC > 0. Using the first part of the theorem in conjunction with Assumption 4.1

and Lemma 4.1 we then have that
∣

∣

∣

∣

ΠΛ
i (p∗−i, x, 0, T

∗,Λ
i ) − Λi(p

∗
−i, x, 0, 0)

(

x− ci −
γi

µi

)
∣

∣

∣

∣

≤ C
1

rΛ
i

. (EC14)
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Similarly, we have that
∣

∣

∣

∣

ΠΛ
i (p∗, 0, T ∗,Λ

i ) − Λi(p
∗, 0)

(

p∗i − ci −
γi

µi

)
∣

∣

∣

∣

≤ C
1

rΛ
i

. (EC15)

By the definition ofp∗ we have that

Λi(p
∗
−i, x, 0, 0)

(

x− ci −
γi

µi

)

≤ Λi(p
∗, 0)

(

p∗i − ci −
γi

µi

)

.

Consequently, we have that, for anyx andy,

ΠΛ
i (p∗i , x, 0, y) ≤ ΠΛ

i (p∗, 0) +
C

rΛ
i

,

for some (re-defined) constantC > 0 so that(p∗, 0) is the claimedǫΛ Nash equilibrium for theΛth

market game. We proceed to provide the bounds in (50). By (EC14) and (EC15) we have that
∣

∣

∣

∣

ΠΛ
i (p∗−i, x, 0, T

∗,Λ
i ) − Λi(p

∗
−i, x, 0, 0)

(

x− ci −
γi

µi

)
∣

∣

∣

∣

≤ C
1

rΛ
i

,

and, using (EC13) and Assumption 4.1 we then have that

|Π̄P
i (p∗) − Π̄P

i (p∗−i, p
∗,Λ
i (p∗, 0))| ≤ C

(

1

ΛrΛ
i

+ (rΛ
i )αi

)

,

for a re-defined constantC > 0. Equation (50) now follows from the g-continuity of the fluidgame

and Lemma 5.7. �

Proof of Theorem B.5: Let {(pΛ, TΛ), Λ ≥ 0} be a sequence such that(pΛ, TΛ) is a Nash

equilibrium for theΛth diffusion game. The first part of the theorem follows directly from Lemma

6.5 and the comment at the end of the proof of that lemma by which we have that, forαi ≥ 1, both

TΛ
i

rΛ
i

→ η(p∗) and
T ∗,Λ

i

rΛ
i

→ η(p∗). (EC16)

In particular,T ∗,Λ
i = TΛ

i + o(rΛ
i ). In addition, ifαi < 1 then bothTΛ

i andT ∗,Λ
i areo(rΛ

i ).

We can now use this to prove the second part of the theorem. Note that, by definition of Nash

equilibrium for the diffusion game we have that

0 ≥ Π̂Λ
i (pΛ

−i, T
Λ
−i, p

∗,Λ
i , T ∗,Λ

i ) − Π̂Λ
i (pΛ, TΛ)

= Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , T ∗,Λ

i )(p∗,Λi − ci − γi/µi) − Λi(p
Λ, TΛ)(pΛ

i − ci − γi/µi)

+ γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(T
Λ
i

√

Ri(p∗, 0))). (EC17)
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Using lemma 6.1 we have that

ΠΛ
i (pΛ

−i, T
Λ
−i, p

∗,Λ
i , T ∗,Λ

i ) − ΠΛ
i (pΛ, TΛ) = Λi(p

Λ
−i, T

Λ
−i, p

∗,Λ
i , T ∗,Λ

i )(p∗,Λi − ci − γi/µi)

− Λi(p
Λ, TΛ)(pΛ

i − ci − γi/µi)

+ γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(T
Λ
i

√

Ri(p∗, 0)))

+ o
(

γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(T
Λ
i

√

Ri(p∗, 0)))
)

(EC18)

By (EC16) we have that bothTΛ
i = η(p∗)rΛ

i + o(rΛ
i ) andT ∗,Λ

i = η(p∗)rΛ
i + o(rΛ

i ). Using Lemma

EC.2 we then have that

γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(T
Λ
i

√

Ri(p∗, 0))) = o(1/rΛ
i ).

Also, we can fixδ > 0 so that for allΛ large enough(ηi − δ)rΛ
i ≤ T ∗,Λ

i ≤ (ηi + δ)rΛ
i and then use

equation (EC7) in the proof of Lemma 6.5 to have that both

Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , (ηi + δrΛ

i )) − Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , 0)

1/rΛ
i

→ (η∗i + δ)αifi(p
∗, 0),

and
Λi(p

Λ
−i, T

Λ
−i, p

∗,Λ
i , (ηi − δrΛ

i )) − Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , 0)

1/rΛ
i

→ (η∗i − δ)αifi(p
∗, 0).

Sinceδ is arbitrary we have that

Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , TΛ

i ) − Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , 0)

1/rΛ
i

→ (η∗i )
αifi(p

∗, 0).

A similar argument is repeated forT ∗,Λ
i to conclude that

Λi(p
Λ, TΛ

−i, T
∗,Λ
i ) − Λi(p

Λ, TΛ
−i, T

Λ
i )

1/rΛ
i

→ 0.

Plugging these back into (EC17) and (EC18) we have that

Λi(p
Λ
−i, T

Λ
−i, p

∗,Λ
i , TΛ

i )

(

p∗,Λi − ci −
γi

µi

)

≤ Λi(p
Λ, TΛ)

(

pΛ
i − ci −

γi

µi

)

+ o(1/rΛ
i ).

Dividing by Λ we then have that
∣

∣

∣
Π̄TΛ,P

i (p∗,Λi ) − Π̄TΛ,P
i (pΛ

i )
∣

∣

∣
≤ C

1

ΛrΛ
i

.

Note that, aspΛ
i is the equilibrium price for firmi in the diffusion game, it must be the best response

of firm i to (pΛ
−i, T

Λ). In particular, it must be the equal to best response,ψTΛ
(pΛ), in the fluid

game onTΛ (see Definition B.1). Using Lemma 5.7 and the assumed g-continuity of the fluid

game onTΛ we then have that|p∗,Λi − pΛ
i | ≤ gi(

√
δΛ) with δΛ = C

ΛrΛ
i

. Recalling thatΛrΛ
i = (rΛ

i )αi

(see e.g. the proof of Theorem B.4) we have the result of the theorem. �
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Proof of Theorem B.6: From Lemma 6.5 we have, for any sequence(pΛ, TΛ) → (p∗, 0), that

T ∗,Λ
i (pΛ, TΛ)

rΛ
i

→ η∗i , i ∈ I. (EC19)

Let ηΛ = (η∗1r
Λ
1 , . . . , η

∗
Ir

Λ
I ) where{η∗i , i ∈ I} are the constant from Lemma 6.5. Consider

now an arbitrary sequence of prices{pΛ, Λ ≥ 0} with pΛ → p∗ and consider the sequence

{(pΛ, ηΛ) Λ ≥ 0}. LetTΛ) = T ∗,Λ
i (pΛ, ηΛ) ↑ ηΛ. Then,

Π̂Λ
i (pΛ, TΛ) − Π̂Λ(pΛ, ηΛ) = Λi(p

Λ, TΛ)

(

pΛ
i − ci −

γi

µi

)

− Λi(p
Λ, ηΛ)

(

pΛ
i − ci −

γi

µi

)

+ γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(η
Λ
i

√

Ri(p∗, 0))).(EC20)

By (EC19) we have thatT ∗,Λ
i = ηΛ

i + o(rΛ
i ) so that (by Lemma EC.1)

γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(T
Λ
i

√

Ri(p∗, 0))) = o(1/rΛ
i ). (EC21)

From equation (EC7) in the proof of Lemma 6.5 we have that

Λi(p
Λ, ηΛ

−i, η
∗
i r

Λ
i ) − Λi(p

Λ, ηΛ
−i, 0)

1/rΛ
i

→ (η∗i )
αifi(p

∗, 0).

SinceT ∗,Λ
i = ηΛ

i + o(rΛ
i ), we can fixδ > 0 so that for allΛ large enough(ηi − δ)rΛ

i ≤ T ∗,Λ
i ≤

(ηi + δ)rΛ
i . We can then use again (EC7) and the fact thatδ > 0 is arbitrary to conclude that

Λi(p
Λ, TΛ

−i, T
∗,Λ
i ) − Λi(p

Λ, TΛ
−i, 0)

1/rΛ
i

→ (η∗i )
αifi(p

∗, 0).

In particular,
Λi(p

Λ, TΛ) − Λi(p
Λ, ηΛ)

1/rΛ
i

→ 0. (EC22)

Consequently, for each sequence{pΛ, Λ ≥ 0} with pΛ → p∗, we have that

Π̂Λ
i (pΛ, ηΛ

−i, T
∗,Λ
i ) ≤ Π̂Λ

i (p̃Λ, ηΛ) + o(rΛ
i ).

In particular, fixŤΛ
i and letT̃Λ = ŤΛ

i ↑ ηΛ. Then,

Π̂Λ
i (pΛ, T̃Λ) ≤ Π̂Λ

i (pΛ, TΛ) ≤ Π̂Λ
i (pΛ, ηΛ) + o(rΛ

i ), (EC23)

where the first inequality follows from the definition ofT ∗,Λ
i as the best service-level response and

the second inequality follows from (EC22).

Let pΛ(ηΛ) be an equilibrium of the fluid game onηΛ. Then, we claim that

pΛ(ηΛ) → p∗. (EC24)
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We will show (EC24) momentarily. We first use it to complete the proof of the theorem. Since

pΛ(ηΛ) → p∗, equation (EC23) holds withpΛ there replaced bypΛ(ηΛ). Fix now p̌Λ
i 6= pΛ

i (ηΛ) and

let p̃Λ = p̌Λ
i ↑ pΛ. Then, using (EC23), we have that

Π̂Λ
i (p̃Λ, T̃Λ) ≤ Π̂Λ

i (p̃Λ, ηΛ) + o(rΛ
i ).

Now, by the definition ofpΛ as the solution to the pricing game onηΛ we have that

Π̂Λ
i (p̃Λ, T̃Λ) ≤ Π̂Λ

i (p̃Λ, ηΛ) + o(rΛ
i ) ≤ Π̂Λ

i (pΛ, ηΛ) + o(rΛ
i ),

so that(pΛ, ηΛ) is the claimedǫΛ-Nash equilibrium for theΛth diffusion game. The bound on

the deviation in service levels follows from the (already established) equalityT ∗,Λ
i = ηΛ

i + o(rΛ
i ).

To establish the bounds on prices, letp∗,Λi (pΛ, ηΛ) be the best response of firmi. Then, since we

already showed that(pΛ, ηΛ) is anǫΛ Nash equilibrium we have that

o(rΛ
i ) ≥ Π̂Λ

i (p̃Λ, T̃Λ) − Π̂Λ(pΛ, ηΛ) = Λi(p̃
Λ, T̃Λ)

(

p̃Λ
i − ci −

γi

µi

)

− Λi(p
Λ, ηΛ)

(

pΛ
i − ci −

γi

µi

)

+ γi

√

Ri(p∗, 0)(βi(T
∗,Λ
i

√

Ri(p∗, 0)) − βi(η
Λ
i

√

Ri(p∗, 0))).

HereT̃Λ = T ∗,Λ
i ↑ ηΛ andp̃Λ = p∗,Λi ↑ pΛ. Using (EC22) with̃pΛ and using (EC21) we then have

that
∣

∣

∣

∣

Λi(p̃
Λ, ηΛ)

(

p̃Λ
i − ci −

γi

µi

)

− Λi(p
Λ, ηΛ)

(

pΛ
i − ci −

γi

µi

)
∣

∣

∣

∣

= o(rΛ
i ).

Dividing by Λ we then have that

∣

∣

∣
Π̄ηΛ,P

i (p∗,Λi ) − Π̄TΛ,P
i (pΛ

i )
∣

∣

∣
≤ C

1

ΛrΛ
i

,

whereΠ̄ηΛ,P
i (·) is the profit function of the fluid game onηΛ (see Definition B.1). But, by definition,

pΛ was the unique equilibrium of the fluid game onηΛ so that we may apply Lemma 5.7 and the

g-continuity of the fluid game onηΛ to conclude thatp∗,Λi = pΛ
i (ηΛ) + o

(

gi(
√

ζΛ)
)

as claimed.

Here we used also the fact thatΛrΛ
i = (rΛ

i )αi (see e.g. the proof of Theorem B.4). To establish that

(pΛ(ηΛ), ηΛ) is also anǫΛ-Nash for theΛth market game, one repeats the same arguments with the

addition of using Lemma 6.1 to relateΠΛ
i (·, ·) to Π̂Λ

i (·, ·).
To complete the proof it remains to establish (EC24). The proof of this claim is very similar to

the proof of the second part of Theorem 5.3. We provide the detailed argument for completeness.

Towards this end, letpΛ(ηΛ) be an equilibrium for the fluid game onηΛ and consider a convergent

subsequence{pΛj

(ηΛj

), j ≥ 1} of {pΛ(ηΛ), Λ ≥ 0}. Such a sequence exists by the compactness

14



of P. Let p̃ be its limit. By definition, a Nash equilibrium of the fluid game onηΛ satisfies, for

eachp̂i ∈ Pi, that

Π̄ηΛj
,P

i (p̌Λj

) ≤ Π̄ηΛj
,P

i (pΛj

), (EC25)

where p̌Λ = p̂i ↑ pΛj

. In particular, we can choosêpi 6= p̃i. Since the demand functions are

continuous in their arguments and sinceηΛ → 0 we can take limits on both sides of (EC25) to

conclude that

Π̄0,P
i (p̂i ↑ p̃) ≤ Π̄0,P

i (p̃).

Since we can repeat this for eachi ∈ I, we have that̃p is an equilibrium for the fluid game on

T = 0 which is the fluid game from Definition 5.1. But, by assumption, the fluid game has a unique

equilibriump∗ so that we must havẽp = p∗. Since the same argument holds for any convergent

subsequence of{pΛ(ηΛ), Λ ≥ 0} we have thatpΛ(ηΛ) → p∗ as required. �

Lemma EC.1 Let{TΛ
i , Λ ≥ 0} be a sequence such thatTΛ

i → 0. Then,

βi(T
Λ
i

√

Ri(p∗, 0))
√

Ri(p∗, 0) ∼ min

{√
Λ,

1

TΛ
i

}

Proof: By definition,

P(βi(T
Λ
i

√

Ri(p∗, 0)))e−µiβi(T
Λ
i

√
Ri(p∗,0))TΛ

i

√
Ri(p∗,0) = φ. (EC26)

Now,βi(x) is smaller thanβi(0) andβi(0) is a strictly positive constant. By Proposition 1 in Halfin

and Whitt (1981) we have thatP(βi(0)) ∈ (0, 1) We now have two cases: first, ifTΛ
i

√

Ri(p∗, 0) →
0, then

βi(T
Λ
i

√

Ri(p∗, 0)) → βi(0),

and, in particular,

βi(T
Λ
i

√

Ri(p∗, 0))
√

Ri(p∗, 0) ∼
√

Λ.

If, on the other hand,lim infλ→∞ TΛ
i

√

Ri(p∗, 0) > 0, then we can use the fact thatP(βi(0)) is

strictly positive–and that, consequently,P(βi(x)) is strictly positive for anyx ≥ 0–together with

(EC26) to conclude that

µiβi(T
Λ
i

√

Ri(p∗, 0))TΛ
i

√

Ri(p∗, 0) ∈ [C1, C2],

for two strictly positive constantsC1 andC2. From here it follows that

βi(T
Λ
i

√

Ri(p∗, 0))TΛ
i

√

Ri(p∗, 0) ∼ 1/TΛ
i .

�
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Lemma EC.2 Fix αi ≥ 1 and letrΛ
i = Λ

− 1
1+αi . Then,

βi(
√

Ri(p∗, 0)ηrΛ
i )

√

Ri(p∗, 0)

1/rΛ
i

→ β̃i(η)

(

λi(p
∗, 0)

µi

)
1

1+αi

uniformly on compacts sets where, givenη, β̃i(η) is the unique solution to

P(β̃i)e
−µiβ̃iη

√

λi(p
∗,0)

µi = φ,

if αi = 1 and it is the unique solution ofe−µiβ̃iη = φ otherwise.

Proof: First, we prove that the convergence holds pointwise, i.e, for any fixedη. To this end,

assume first thatαi = 1. In this case we have thatηrΛ
i

√

Ri(p∗, 0) = η
√

λi(p∗, 0)/µi, and the

result of the lemma for this case follows from the definition of βi(·).
Assume now thatαi > 1. Then, by Lemma EC.1, we have thatβi(ηr

Λ
i

√

Ri(p∗, 0))
√

Ri(p∗, 0) ∼
1/rΛ

i . In particular,

βi(ηr
Λ
i

√

Ri(p∗, 0) ∼ 1√
ΛrΛ

i

→ 0.

In particular,

P(βi(ηr
Λ
i

√

Ri(p∗, 0))) → 1,

by Proposition 1 in Halfin and Whitt (1981). Using the definition ofβi(·) we have that

−µiβiηr
Λ
i

√

Ri(p∗, 0) = ln(φ) + o(1),

so that

βi

√

Ri(p∗, 0) = − ln(φ) + o(1)

µiηrΛ
i

and the result now follows by dividing by1/rΛ
i . �

We now turn to the proofs of Theorem C.1 and C.2. Since the former uses some ideas of the

latter, we prove them in reverse order.

Proof of Theorem C.2: The proof is based on a coupling argument. We couple the market game

with the fluid game and apply the assumed global stability of the fluid game to show that, for each

Λ large enough, theΛth market game itself converges to some neighborhood of(p∗, 0) under the

Tatônement scheme.

To this end, fixδ > 0 and note that by Theorem 4.2,

sup
(p,T )∈P×Θ

T ∗,Λ
i (p, T ) ≤ δ, (EC27)
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for all Λ large enough. Hence, (54) follows immediately. Also note that, by Lemma 4.1,

sup
(p,T )∈P×Θ

êi(Λi(p, T ), Ti) ≤ δΛ, (EC28)

for all Λ large enough. We defineΛ(δ) to be such that both (EC27) and (EC28) hold for all

Λ ≥ Λ(δ). Also, using the assumed continuity of the demand functions, we then have that for all

(p, T ) ∈ P × Θ such that‖T‖ ≤ δ,

Π̄P
i (p) − ǫ(δ) ≤ ΠΛ

i (p, T )

Λ
≤ Π̄P

i (p) + ǫ(δ), (EC29)

whereǫ(δ) → 0 asδ → 0.

Fix now a point(p0, T 0) ∈ P×Θ. Let{p̄k, k ≥ 1} be the trajectory of the fluid game generated

by a Tatônement scheme initialized at the pointp0. Let {(pk,Λ, T k,Λ), k ≥ 1} be the trajectory of

the market game under the corresponding Tatônement schemeinitialized at (p0, T 0). Then, we

have the following lemma.

Lemma EC.3 Givenδ > 0 there existsΛ(δ) andǫ(δ) such that

max
i∈I

∣

∣

∣

∣

ΠΛ
i (pk,Λ, T k,Λ)

Λ
− Π̄P

i (p̄k)

∣

∣

∣

∣

≤ ǫ(δ), (EC30)

and

max
i∈I

|p̄k
i − pk,Λ

i | ≤M
√

ǫ(δ), (EC31)

for all k ≥ 1 and Λ ≥ Λ(δ), and whereM > 0 is the constant from Lemma 5.7. Moreover,

ǫ(δ) → 0 asδ → 0.

We postpone the proof of this lemma to the end of this section and apply it now to complete the

proof of the theorem.

Using the assumed global stability of the fluid game we have that p̄k → p∗ ask → ∞ wherep∗

is the unique equilibrium of the fluid game. Consequently, there existsk(δ) large enough so that

‖p̄k − p∗‖ ≤ M
√

ǫ(δ). Using (EC31) when then have that for allΛ ≥ Λ(δ) and allk ≥ k(δ),

‖pk,Λ − p∗‖ ≤ IM
√

ǫ(δ). Since the same holds for eachδ > 0, we can find a sequence̺Λ

such that̺ Λ → 0 asΛ → ∞ and so that‖pk,Λ − p∗‖ ≤ IM
√

kǫ(̺Λ), for all k ≥ Λ(̺Λ) and

k ≥ nΛ := k(̺Λ). In particular,

sup
(p,T )∈LΛ(nΛ)

‖p− p∗‖ → 0 asΛ → ∞.

This concludes the proof of the theorem. �
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Proof of Theorem C.1: Equation (52) is a direct consequence of Lemma 6.5 and Theorem C.2.

Indeed, by Theorem C.2 guarantees, for eachΛ large enough, there existskΛ, such that‖pk,Λ −
p∗| + ‖T k,Λ| ≤ δ for all k ≥ kΛ. Lemma 6.5 then guarantees thatT ∗,Λ

i (pΛ, TΛ)/rΛ
i → η∗i as

Λ → ∞ for any sequence(pΛ, TΛ) such that(pΛ, TΛ) → (p∗, 0) asΛ → ∞. The proof of Lemma

6.5 reveals that the result can be easily strengthened to argue that: givenǫ > 0, there existsδ > 0

such that for allΛ large enough,|T ∗,Λ
i (p, T )/rΛ

i − η∗i | ≤ ǫ whenever|p− p∗| + ‖T‖ ≤ δ. This, in

turn, implies (52) and we turn to prove (53).

To this end, we use a coupling argument as in the proof of Theorem C.2. We start by fixing

δ > 0 and noting that, by (52) and Theorem C.2, there exist a sequence{nΛ, Λ ≥ 0} such that for

all Λ large enough and all(p, T ) ∈ LΛ(nΛ),

Ti ∈ [ηΛ
i − δrΛ

i , η
Λ
i + δrΛ

i ], (EC32)

where we putηΛ := (η∗1r
Λ
1 , . . . , η

∗
Ir

Λ
I ) andη∗ is as in Lemma 6.5. Using Lemma 6.1, we then have

that

βi(
√

Ri(p∗, 0)(ηΛ
i + δrΛ

i )
√

Ri(p∗, 0) − δ/rΛ
i

≤ êi(Λi(p, T ), Ti)

≤ βi(
√

Ri(p∗, 0)(ηΛ
i − δrΛ

i )
√

Ri(p∗, 0) + δ/rΛ
i ., (EC33)

for all (p, T ) ∈ LΛ(nΛ) and allΛ large enough.

Let Λ(δ) be large enough so that both (EC32) and (EC33) for allΛ ≥ Λ(δ) andn ≥ nΛ. Using

condition (C5) and (52) we have that there exists a constantτ > 0 such that

Λi(p, η
Λ
i )

(

pi − ci −
γi

µi

)

− τΛǫ̃(δ)(rΛ
i )αi ≤ Λi(p, T )

(

pi − ci −
γi

µi

)

≤ Λi(p, η
Λ
i )

(

pi − ci −
γi

µi

)

+ τΛǫ̃(δ)(rΛ
i )αi ,

whereǫ̃(δ) → 0 asδ → 0. Consequently,

ΛΠ̄ηΛ,P
i (p) + γiβi(

√

Ri(p∗, 0)ηΛ
i + δrΛ

i )
√

Ri(p∗, 0) − δ/rΛ
i − cΛǫ̃(δ)(rΛ

i )αi

≤ ΠΛ
i (p, T ) ≤

ΛΠ̄ηΛ,P
i (p) − γiβi(

√

Ri(p∗, 0)ηΛ
i − δrΛ

i )
√

Ri(p∗, 0) + δ/rΛ
i + cΛǫ̃(δ)(rΛ

i )αi ,

for each(p, T ) ∈ LΛ(nΛ)
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Now, by Lemma 6.1, the functionβi(·) is continuous so that there existsǫ(δ) (with ǫ(δ) → 0 as

δ → 0) and such that

sup
x∈[−δ,δ]

∣

∣

∣
βi(

√

Ri(p∗, 0)ηΛ
i − xrΛ

i )
√

Ri(p∗, 0) − βi(
√

Ri(p∗, 0)ηΛ
i )

√

Ri(p∗, 0)
∣

∣

∣
≤ ǫ(δ)/rΛ

i .

By the definition ofrΛ
i in (9) we have thatΛrΛ

i = (rΛ
i )αi for all αi ≥ 1 andΛrΛ

i =
√

Λ otherwise.

In both casesΛrΛ
i ≤ (rΛ

i )αi . Hence,we can re-defineǫ(δ) such thatǫ(δ) → 0 asδ → ∞ and

ΛΠ̄ηΛ,P
i (p) − γiβi(

√

Ri(p∗, 0)ηΛ
i ) − ǫ(δ)(rΛ

i )αi

≤ Π̄Λ
i (p, T ) ≤

ΛΠ̄ηΛ,P
i (p) − γiβi(

√

Ri(p∗, 0)ηΛ
i ) + ǫ(δ)(rΛ

i )αi , (EC34)

for all (p, T ) ∈ LΛ(nΛ). Also,

Π̄ηΛ,P
i (p) − ǫ(δ)(rΛ

i )αi ≤ λi(p, T )

(

pi − ci −
γi

µi

)

≤ Π̄ηΛ,P
i (p) + ǫ(δ)(rΛ

i )αi. (EC35)

We now apply a Tatônement scheme to both the market game and the fluid game onηΛ and

prove a coupling result. To that end, let(pnΛ+k,Λ, T nΛ+k,Λ) be thenΛ +kth point in the trajectory of

the market game under the Tatônement scheme fork = 0, 1, 2, . . . . Let p̄ηΛ,k be thekth point in the

trajectory of the fluid game onηΛ when initialized at the pointpnΛ,Λ and under the corresponding

Tatônement scheme. We then have the following result.

Lemma EC.4 Givenδ > 0, there existsΛ(δ) andǫ(δ), such that, for alli ∈ I,

∣

∣

∣
ΠΛ

i (pnΛ+k,Λ, T nΛ+k,Λ) −
(

ΛΠ̄ηΛ,P
i (p̄k) − γiβi(

√

Ri(p∗, 0)ηΛ
i )

)
∣

∣

∣
≤ Λǫ(δ)(rΛ

i )αi, (EC36)

and

|p̄ηΛ,k
i − pnΛ+k,Λ

i | ≤M
√

ǫ(δ)(rΛ
i )αi, (EC37)

for all Λ ≥ Λ(δ), whereM is the constant from Lemma 5.7. Moreover,ǫ(δ) → 0 asδ → 0.

Using (EC34) and (EC35), the proof of Lemma EC.4 is very similar to that of Lemma EC.3 and

we omit it. We now continue with the proof of Theorem C.1.

To this end, by the assumed global stability of the fluid game on ηΛ, we can choosekΛ(δ) such

that

|p̄ηΛ,k
i − p∗i (η

Λ)| ≤ M
√

ǫ(δ)(rΛ
i )αi , i ∈ I,
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for all k ≥ kΛ(δ). Hence, for allk ≥ kΛ(δ),

|pkΛ(δ),Λ
i − p∗i (η

Λ)| ≤ 2M
√

ǫ(δ)(rΛ
i )αi , i ∈ I.

Since the same holds for eachδ > 0, we can find sequences̺Λ andñΛ ≥ nΛ such that̺ Λ → 0

asΛ → ∞ and so that|pk,Λ
i − p∗i (η

Λ)| ≤ M
√

ǫ(δ)(rΛ
i )αi for all i ∈ I and for allk ≥ ñΛ. In

particular,

sup
(p,T )∈LΛ(ñΛ)

|pi − p∗i (η
Λ)| ≤ 2M

√

ǫ(δ)(rΛ
i )αi ,

for all Λ large enough and alli ∈ I. Sinceδ > 0 was arbitrary this concludes the proof of the

theorem. �

Proof of Lemma EC.3: The proof is by induction onk. For k = 1, equation (EC30) follows

immediately from (EC29) and we turn to (EC31). As in (EC29) wehave that for anypi ∈ Pi and

anyT with ‖T‖ ≤ δ.
∣

∣

∣

∣

Π̄P
i (p0

−i, pi) −
ΠΛ

i (p0
−i, pi, T )

Λ

∣

∣

∣

∣

≤ ǫ(δ).

Assume, to reach a contradiction, that|p1,Λ
i − p̄1

i | > M
√

ǫ(δ). In particular, we have that
∣

∣

∣

∣

∣

Π̄P
i (p0

−i, p
1,Λ
i ) − ΠΛ

i (p0
−i, p

1,Λ
i , T 1,Λ)

Λ

∣

∣

∣

∣

∣

≤ ǫ(δ) and

∣

∣

∣

∣

Π̄P
i (p0

−i, p̄
1
i ) −

ΠΛ
i (p0

−i, p̄
1
i , T

1,Λ)

Λ

∣

∣

∣

∣

≤ ǫ(δ).

Sincep1,Λ
i andp̄1

i are consequence of best responses, we have that

Π̄P
i (p0

−i, p
1,Λ
i ) + ǫ(δ) ≥ ΠΛ

i (p0
−i, p

1,Λ
i , T 1,Λ)

Λ
≥ ΠΛ

i (p0
−i, p̄

1
i , T

1,Λ)

Λ
≥ Π̄P

i (p0
−i, p̄

1
i ) − ǫ(δ) ≥ Π̄P

i (p0
−i, p

1,Λ
i ) − ǫ(δ).

Consequently,
∣

∣

∣
Π̄P

i (p0
−i, p̄

1
i ) − Π̄P

i (p0
−i, p

1,Λ
i )

∣

∣

∣
≤ ǫ(δ).

Sincep̄1
i is the best response top0

−i in the fluid game we have by Lemma 5.7 that|p̄1
i − p1,Λ

i | ≤
M

√

ǫ(δ) and we have established both (EC30) and (EC31) fork = 1.

Assume now that (EC30) and (EC31) hold fork = l − 1 (with l ≥ 2) and we will show it

holds also fork = l. Assume that playeri is the one that moves in thelth round of the Tatônement

scheme. As before, we have that
∣

∣

∣

∣

∣

Π̄P
i (pl−1,Λ

−i , pl,Λ
i ) − ΠΛ

i (pl−1,Λ
−i , pl,Λ

i , T l,Λ)

Λ

∣

∣

∣

∣

∣

≤ ǫ(δ),

∣

∣

∣

∣

∣

Π̄P
i (pl−1,Λ

−i , p̄1
i ) −

ΠΛ
i (pl−1,Λ

−i , p̄1
i , T

l,Λ)

Λ

∣

∣

∣

∣

∣

≤ ǫ(δ),
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∣

∣

∣

∣

∣

Π̄P
i (p̄l−1

−i , p
l,Λ
i ) − ΠΛ

i (p̄l−1
−i , p

l,Λ
i , T l,Λ)

Λ

∣

∣

∣

∣

∣

≤ ǫ(δ),

∣

∣

∣

∣

∣

Π̄P
i (p̄l−1

−i , p̄
1
i ) −

ΠΛ
i (p̄l−1

−i , p̄
1
i , T

l,Λ)

Λ

∣

∣

∣

∣

∣

≤ ǫ(δ).

Finally, since by the induction assumptionmaxj 6=i |pl−1,Λ
j − p̄l−1

j ‖ ≤ M
√

ǫ(δ) we also have that

for all pi ∈ Pi,
∣

∣

∣
Π̄P

i (pl−1,Λ
−i , pi) − Π̄P

i (p̄l−1
−i , pi)

∣

∣

∣
≤ ǫ(δ).

From here the proof continuous as fork = 1, to show that

∣

∣

∣
Π̄P

i (p̄l−1
−i , p̄

1
i ) − Π̄P

i (p̄l−1
−i , p

l,Λ
i )

∣

∣

∣
≤ ǫ(δ),

so that by Lemma 5.7 we must have that|pl,Λ
i −p̄l

i| ≤M
√

ǫ(δ).Sincemaxj 6=i |pl,Λ
j −p̄l

j | ≤M
√

ǫ(δ)

by the induction assumption, this concludes the proof. �
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