Pricing and Dimensioning Competing Large-Scale
Service Providers

The literature on many-server approximations providesiaant simplifications towards the op-
timal capacity sizing of large-scale monopolists but falert of providing similar simplifications
for a competitive setting in which each firm’s decision iseafed by its competitors’ actions. In
this paper, we introduce a framework that combines manyesdreavy-traffic analysis with the
notion of epsilon-Nash equilibrium and apply it to the stadyquilibria in a market with multiple
large-scale service providers that compete on both pricds@sponse times. In an analogy to
fluid and diffusion approximations for queueing systems,immoduce the notions dfuid game
anddiffusion game The proposed framework allows us to provide first-order secbnd-order
characterization results for the equilibria in these miark&Ve use our results to provide insights
into the price and service-level choices in the market andyarticular, into the impact of the
market scale on the interdependence between these twegstrdecisions.

1. Introduction

In various service industries, an important attribute @ $lervice experience is the delay experi-
enced by customers who are waiting to be served. As a ressiiprmers may consider both the
price and the delay guarantees in choosing which provideatmnize. The purpose of this paper
is to study the equilibria that emerge in markets in whiclgéascale service providers compete
on both prices and service-levels. We focus on understgriismimpact of the market size on the
way in which different firms make their pricing and serviesél choices.

Towards that end, we analyze a model of competition with ipleltarge-scale service providers
in which the demand faced by each firm depends on the pricetharsgrvice levels offered by all
firms in the market. Quantitatively, our goal is to charaeggethe capacity and pricing choices of
the firms in the market. Qualitatively, we wish to understaond the strategic positioning of the
firm depends on its own characteristics vis-a-vis thos¢ésafompetitors.

To address these issues, we must first examine the firm’s icapkecision. When service
levels are measured through delays, a decision to impr@vedtvice level requires an investment
in increased capacity. Hence, in positioning itself in trerket, a firm must weigh the benefits of
high service levels against the associated capacity cobes.benefits of improved service levels
are not, however, independent of other competitors’ astaomd hence the task of determining the
tradeoff between efficiency and service quality is a novigtione.



This tradeoff is a non-trivial one even for a monopolist. dad, when capacity is adjusted
by determining the number of service representativesdrdtian by adjusting the service rates)
the problem of optimizing capacity costs vs. waiting-tineéated costs is a complex optimiza-
tion problem. While it can often be solved numerically, nuiced solutions fail to provide any
structural insights. An alternative to the exact numersmutions is the use of approximations.
Many-server approximations provide a simplified means fwra@gch this problem; see e.g. Borst
et al. (2004)—additional references are provideddn In this type of analysis, one considers a
sequence of queueing systems with growing demand (and ajithotty that grows accordingly to
satisfy this demand). One then identifies solutions thatayenptotically optimal as the demand
grows. The asymptotically optimal solution is nearly oirfor a given system provided that the
demand it faces is large enough.

The literature on many-server approximations not only pgles a tractable way to characterize
nearly-optimal capacity and price decisions for monops]lig also relates a firm’s operational
regime to the relative significance the firm ascribes to serlgvels as opposed to capacity costs;
see the discussion of Borst et al. (2004)sih The firm’s operational regime dictates how the
firm should optimally respond to an increase in market sizmné&firms should use their growth
to increase their utilization (and thus their cost effici@nwithout improving their service level.
These firms are said to operate in #fficiency DrivenED) regime. Their emphasis on efficiency
results in a situation in which (when the market is large)adhall customers experience some de-
lay before being served. Some firms will sacrifice efficiermyquality. In response to an increase
in market size, these firms will match an increase in utiicratvith yet a greater improvement
in service levels. These operate in tQeality Driven (QD) regime. In this regime, almost all
customers are immediately served. An intermediate regintliee Quality and Efficiency (QED)
regime—also known as the Halfin-Whitt regime after the argthioat first formalized it (se§2)—
that corresponds to firms for which efficiency and quality @frsimilar importance. These firms
will match the increase in efficiency with a comparable iaseein the quality of service. In this
regime, a non-trivial fraction (but not all) of the customéegins to receive service immediately,
without any delay, but, at the same time, the efficiency iy tgh.

The regime-characterization results are proved in thealibee for service providers that are
monopolists in their respective markets. For a monopdh&,many-server approximations pro-
vide a tractable way to characterize its optimal capacitjads. The competitive setting is, how-
ever, more complex. Not only does the discrete nature of #éipaaty choice make the task of

identifying equilibria and obtaining quantitative and Gadive results more arduous, the task is
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further complicated by the fact that the demand the firm egpees is not fixed, nor does it de-
pend solely on the firm’s own pricing and service-level ceoRRather, the demand depends on the
choices made by all firms in the market. It seems plausibleglier, that many-server approxima-
tions can be embedded within a game theoretic analysis tactesize equilibria in these markets.
We pursue this direction by constructing a formal framewtbid draws on many-server approxi-
mations, as developed for monopolists, and by applyingthéostudy of equilibria in competitive
markets.

Two fundamental questions are central to the study of dayialin competitive markets: (a)
existence:do Nash equilibria exist in the market?, and ¢haracterization:given some sort of
existence, is it possible to characterize the set of eqiadlib order to obtain qualitative insights
into the market outcomes? Starting with existence, we r@ethe concept of Nash equilibrium
may be too restrictive for describing service-market béravit is known that Nash equilibria
need not exist even under the most common demand functioal,as Multinomial Logit, and
the simplest supply systems, such as #i¢)M/ /1 queue (see e.g. Cachon and Harker (2002)).
This non-existence is often driven by economies of scalesbiuirther exacerbated by the lumpy
nature of the capacity in settings where the capacity ckaace made in a discrete manner, by
adjusting the number of service representatives. Nortenge of Nash equilibria does not rule
out the possibility to say something meaningful about theketsoutcomes. It is desirable in these
cases to find a less stringent framework that will allow fomgsocharacterization of the market
outcomes.

The mathematical framework we propose is designed to asldwes concerns: (a) in terms
of existence, we want to overcome the restrictive naturéhefNash equilibrium in addressing
relatively general demand functions as well as supply ifasl that are more general than the
M /M/1 queue, and (b) in terms of characterization, we want to eatidi complex nature of the
service system by combining approximations for the quepidynamics with a game theoretic
framework.

Our framework stands on three pillars: (Nash (or approximate) equilibria, (i) many-
server approximations, and (iii) market replication. Timeoduction of approximate equilibrium is
aimed, initially, to overcome the non-existence of Nashildgia. Its eventual benefits, however,
go beyond this initial objective when combined with marlagilication and many-server approxi-
mations. We examine the behavior of equilibria, not on alsingarket, but rather on a sequence
of markets with increasing aggregate demand — these anee@f® as replicated markets. We
emphasize that, when characterizing the equilibrium behavthese markets, we assume that the

3



set of firms is given; in other words, we do not consider thesgalgy of firms exiting or entering
the industry.

Our framework can be thought of as a formalization of the ddki@ and diffusion models of
gueueing systems in a competitive setting. In the optinoradf queueing systems, the original
system is often replaced by a deterministic approximatiarflaid model whose analysis sheds
light on first-order properties of the underlying queueiggtesm—such as its stochastic stability. In
a second step, the original queueing system is replacedrbyp (refined) stochastic model which
is often referred to as @iffusion modebf the queueing system. The latter is often more tractable
than the original queueing system and can be used to idgtifyerties that are asymptotically
correct for the original queueing system. In particulae, diffusion model can be used to construct
nearly optimal solutions for optimization problems thag awtractable for the original queueing
system.

Analogously, our framework constructs approximate gameghe game played among the
service providers. We first introduceflaid gamethat is obtained from the original game by
disregarding the stochastic nature of congestion. Bugldin the analysis of the fluid game, we
then introduce a more refinatiffusion game This game is obtained from the original one by
replacing each of the service providers with its many-gedviéusion approximation. We then
relate the equilibria of this new game with the outcomes ef dhiginal market. As in many-
server approximations, the idea is to show that the eqialitfrthe diffusion game are, in a sense,
asymptotically correct for the original game.

The notion ofe-Nash equilibrium plays a key role in rigorously establighthese approxima-
tions. The approximate equilibrium concept provides a fdmmay to construcenvelopedgor the
profits of the firms in the market. While a Nash equilibrium htigot exist and the market might
oscillate, the--Nash identifies a region within which thpeofits of all the firms in the market must
reside. The ultimate goal of this paper is, however, to ustdad market positioning in terms of
theactionsof the different firms, i.e, the prices and service level$ tha firms choose. The chal-
lenge is, then, to use the envelopes on the profit functiomsnatruct corresponding envelopes —
in the action space — around the approximate price and selewel choices. To our knowledge,
there are no general results that, giverz-éash equilibrium, identify the maximum that the firms
can deviate in theiactionswithout causing a deviation in th@ofitsthat would compromise the
approximate equilibrium. Such results, that charactetfisemaximal oscillations of the prices
and service-levels around some point are thus unique, andlaained through the framework

that we develop by employing the concepts of replicated gtarik conjunction with heavy-traffic
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gueueing theory.

Having constructed the analysis framework, we use it toipgean analytical characterization
of the approximate equilibria in the market with multiplexsee providers. The characterization
is then used to obtain some insights into the market outco®esinsights are concerned with the
relationship between the price and service-level choiocés ia particular, between the functions
in the firm that make these choices — marketing and operations

We identify a one-sided decouplinghenomenon by which the firms can be fairly close to
optimality by allowing the price-setting function to “leadnd the operations function to “follow.”
The approximate equilibria—in both the fluid and diffusiemdl—exhibit a sequential structure: one
can first pretend that the customers in the market are gnimgnsitive to service levels and solve
a simple price competition game. The real price and seraegel Ichoices, in the approximate
equilibrium, are then a function of this “naive” price vectaut are, otherwise, independent of
each other. This independence allows the marketing fumtticet the “naive” price vector as an
initial estimate for the optimal price and leave for the @tiens function the task of setting the
service levels and adjusting the prices that are eventatilyed to the customers.

The analysis of the diffusion game provides a refined undedsnhg of the operational regime
of a firm and the implication of this regime on the firm’s prideoeces. We show that both the
Quiality and Efficiency Driven (QED) and the Efficiency DrivfED) regimes can emerge in equi-
librium, thus, we appear to be the first to show how thesermgifferegimes emerge in a competitive
market and, in particular, how different demand structigad to the different regimes. We show
that, while the actual choices of service level and priceedépon the characteristics of all firms
in the market, the operational regime of a firm is determir@dlg by its own intrinsic proper-
ties. Consequently, when different firms have differensgesities, they may operate in different
operational regimes, and thus position themselves diffrén the face of increased market size.

We also find that the operational regime of a firm determinegiggrees of freedom it has in
pricing. We show that, compared with firms that operate inEBeregime, firms operating in the
QED regime have greater freedom in choosing the prices thasge. Their freedom is reflected
by the fact that they have a larger set from which they can shdbeir prices with hardly any
compromise to their profits. Thus, firms in the QED regime caepkthe one-sided decoupling in
the sense that the marketing function can pay less attetttithre operational side in determining
the prices. Firms operating in the ED regime need to pay gredention to their price choices. For
these firms, the decoupling is weaker and a feedback mechasi®quired between the manner

in which the firm operates (i.e. the operational regime), igsgricing.
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2. Literature review

Our work builds on two streams of literature: (a) game theorg its application to competition
analysis, and (b) queueing theory and its application tostbdy of large-scale service systems.
These two streams are not disjoint, and some recent worktlighe intersection of the two.

The literature on competition in service industries dasesklio the late 1970s; see e.g. Levhari
and Luski (1978). While it initially focused on a single &itrte — priceor service level (or a
simple aggregation of the two), more recent work treats tieep and waiting-time standards as
fully independent attributes. We follow Allon and Fedemgnu2007) in considering a model with
differentiatedservices, (i.e., a model in which other service attributesten along with the full
price) and in treating delay and price as independent ate#h We refer the reader to Allon and
Federgruen (2007) for a systematic discussion of exisesglts in this context and to Hassin and
Haviv (2003) for a general survey of queueing models with jgetition.

Allon and Federgruen (2007) and others focus on providitigahalytical characterization of
the Nash equilibria that arise in a market in which the maska is fixed. In contrast, we focus on
understanding the impact of the market scale on the prieggice levels, and interdependencies
between the two. Furthermore, our framework significantlyaands the family of models that can
be studied. This expansion is in two directions: (i) Firsgstiof the literature on competition in
services models the supply side Vi&/G /1 queues which implies, in turn, that capacity choices
are made continuously by adjusting the service rates. Wanitrast, allow the service provider to
adjust its capacity by increasing or decreasing the (imtegkied) number of service representa-
tives, giving rise to an M/M/N queue, where is a decision made by the firm. This is a common
method of capacity management of service providers andtmteae¢nders Nash equilibrium in-
tractable for characterization.(ii) Second, in terms efdemand model, our framework allows for
significant generality in modeling the customers’ sengitito service levels and prices.

From the game theoretic perspective, the notioptash equilibria that we use has been used
extensively in the economics literature. For the basic defimwe rely on Tijs (1981). Dixon
(1987) uses the idea of market replication in the contextrimepcompetition. While our form of
replication is different, our analysis is inspired by hisicept. Previous work in game theory has
focused on four types of sequences of games: (i) sequengedds in which the action space
is getting increasingly finer, and while each game has dis@etion space, the limiting game has
continuous action space (see e.g. Whitt (1980)), (ii) seqge of games in which the number of
agents grows (Lu et al. (2007)), (iii) sequences of disdiete games in which the time between



periods shrinks to zero along the sequence, and (iv) a sequémeplicated markets with growing
market size (wee Dixon (1987)). We use the fourth framework.

The application ot-Nash in the operations literature is rare. Lu et al. (20G#) this concept
in a setting where Nash equilibrium does exist but édidash equilibrium concept still helps in
characterizing the equilibrium in the game when the numb@tayers is large and approaches a
continuum. Dasci (2003) uses this concept in the contextsafbgame-perfect equilibrium. We
appear to be the first to combine the conceptsidash, market replication and heavy-traffic in the
context of operational settings. This combination allowgaidiscuss both stability and trends in
markets of competing service providers.

With respect to the relevant queueing literature, our warikdls on the literature about many-
server approximations of monopolists, starting with thaisel work of Halfin and Whitt (1981).
While many-server approximations existed before, thelrestialfin and Whitt (1981) made such
approximations relevant for various applications, sucltakcenter operations (see the survey
papers by Gans et al. (2003) and Aksin et al. (2007)) andemerently, health-care operations;
see e.g. Jennings and de Véricourt (2008), Mandelbaum amdTov (2009).

Halfin and Whitt (1981) consider a sequencé6f)/ /N queues and show that, as the demand
rate A grows, the probability of delay?{I/" > 0} converges to a number strictly betwegand
1 if and only if the number of agents grows withaccording to aquare-root safety staffing ryle
i.e, if and only if

N =R+ 3VR+o(VR), 1)

whereR := A/u is the offered load and is a strictly positive constant. In particular, a service
provider that uses the square-root safety-staffing ruleeterchine his capacity will utilize his
servers very efficiently and, at the same time, have a neiaftfraction of its customers enter
service immediately upon their arrival. This combinatidmigh efficiency and high service level
provides the justification for the nan@@uality and Efficiency DrivefQED) regime.

While Halfin and Whitt (1981) identified this regime, Borstatt (2004) placed many-server
approximations within a broad economic framework that aters the problem of minimizing ca-
pacity and waiting time costs. They show how the QED regimerges as the optimal economical
choice in some cases but also identify conditions under lwbtber regimes, namely the Quality
Driven (QD) and Efficiency Driven (ED) regime, emerge as theral choices. A key idea in the
framework developed in Borst et al. (2004) is to replace thgirmal optimization problem which
involves the integer-valued number of servers by a traetabhtinuous and convex optimization
problem. Using similar ideas, we will construct a continsi@nd tractable game—thifusion
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game-that will serve as an approximation for the original, nefgly intractable, one. Recently,
Kumar and Randhawa (2008) extended the work of Borst et @04Pto a setting in which the
customers are price-and-delay sensitive and consequietigemand is not fixed. Their work
shows how different operational regimes emerge dependirigeconvexity (or concavity) of the
delay-cost function. Similar dependencies will also eraexithin the competitive setting that we
study in this paper.

Additional examples of work that provides staffing and pricrecommendations for large-
scale monopolists facing delay-and-price sensitive caste are the papers by Armony and Maglaras
(2004), Whitt (2003) and Maglaras and Zeevi (2003, 2005).

All the work mentioned above considers a monopolist with enaled rate that may depend
only on the congestion experienced and the price chargeli®ginhgle player. Our paper appears
to be the first to show how the different operational reginrasrge in a competitive setting with
multiple players and to identify the dependencies betwheroperational regimes and the price

choices of the various players in the market.

3. The model

We consider a market with a sét= {1,..., 7} of competing service firms, each operating as
an M /M /N facility and serving arriving customers in a First Come £8srved (FCFS) manner.
Firm i positions itself in the market by selecting a prigeand a delay guarantée. We restrict
our attention to service-level guarantees that are givégrins of the customers’ delay rather than
their whole sojourn time in the system. Having chosen thayd&rgetT;, the service provider
guarantees that the following Service Level (SL) constnaifi be satisfied:

P{W; > T;} < ¢, 2)

wherelV; is the steady-state delay with thfé provider and) < ¢ < 1 is the satisfaction prob-
ability. This form of SL constraint is consistent with thedirstry practice that commonly uses
¢ = 0.2 (corresponding t80% of the service requests being answered within target; seed\e-
ton (2001))! In this paper we study a model of competition where both theeprand the service
levels are set simultaneously. We can show that our resoitsnzie to hold if the strategies are
chosen sequentially (price first or service-level first).

10ur results are easily extended to the case whesellowed to vary between different firms.



Service rates are assumed to be fixed and equalfar firm ¢, and the capacities are adjusted
through the choice of the number of agents (or service reptasves), denoted by the integer-
valued decision variabl&/;. We assume that there is an upper bodhd- 0 on the acceptable
service levels. For example, in call centers, it is cleat thaiting time of more than a day is
unacceptable. Firms choo%e € [0, 7] and need to adjust their capacity;, so as to guarantee
that the SL constraint is satisfied for the chosen target.ef@ t= x’_, [0, T7.

Given the targef; and the demand rate, the required capacity for firmis given by

whereWW (\;, i;, N) is the steady-state delay in &/ /N queue with arrival rate;, service rate
u; and N servers: We write
Ni = R; +é&;(\i, Th), 3)

whereR; := \;/u; is the offered load given the demahdaced by firmi, andé; (\;, T;) := N;—R;
is the excess capacity required to satisfy the servicddaxget. Naturally, we defing(\;, 7;) = 0
whenever\; = 0 but we note thag;(-, -) must be positive wheneves > 0 to guarantee stability.
The two terms in (3) represent the two components of the requiapacity: the offered-load is the
volume-based capacitpamely; it is the base capacity ensuring that the servicegss is stable.
The second component ensures that the desired servicse &eachieved and is referred to as the
service-based capacity

Firm 7 incurs a cost; per customer served and a castper agent, per unit of time. This
corresponds to the cost of capacity being linear in the nurabagents® The pricep; is chosen
from a compact intervdp?™, pi***] |1 € Z. As each firm will select a pricg; which results in a
non-negative gross profit margin — ¢; — v;/;, we assume, without loss of generality, that

P =it e (4)

The upper boundye*, is allowed to obtain any value ip/"", c0). We setP; := [p®, p7e*] and
P = x!_,P;. In full generality, the demand rates are specified as gefierations ofall prices
and delay guarantees, i.8;,= X\;(p, T') wherep = (p1,...,p;) andT = (1y,...,T7).

Assumption 3.1 (regularity assumptions on the demand functions for differatiated services
For each: € Z, the function\;(-, -) : Px O — R, is strictly positive, continuous and differentiable
in all arguments and strictly decreasinggnand7;.

2N; can be calculated by iteratively using the Erlang-C form#i@eware calculators can be found, for example,
at http://iew3.technion.ac.il/ serveng/ 4CallCentergiMdloads.htm or http://www.cs.vu.nl/ koole/ ccmath/ BG&.
3See§8 for a discussion of more general capacity-cost models.
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Firm-;’s long-run-average profifl;, as a function of the prices and service levels in the market,
then given by
IL(p,T) = X\i(p. T)(pi — ci) — %ilNs,

which, using (3), is re-written as follows:
i .
M. T) = A T) (== 1) =0 0. )
The assumption of large-scale service systems is intrablogeonsidering a family of markets
indexed by a market-scale multiplidr > 0 so that the demand grows with the market-scale
multiplier in a natural way. Specifically, we let

be the demand facing firiin the A market. The profit functions in th&" market are then given
by

2 (p, T) = Ai(p, T) <pz- —ci— %) —y6(N, T;) , i €T (7)

For future reference we make the following formal definition

Definition 3.1 (the market game) The A" market game is thé-player game with profit functions
{I1A(-,-), i € T} and strategy space x ©.

As is the case in heavy-traffic analysis, the key idea of ouketgrocedure is to embed the real
market (with fixed market size) into a sequence of marketh gibwing demand. If one is able
to get meaningful results for the sequence of markets, ttesde applied to a market with fixed
size as long as the size is large enough. Looking at the sequdémarkets, we are interested in
understanding how the stability of the market and the maské&tomes change with the increase

in market size. Following conventional notation we let

(p7 T)—i = ((ph T1), cee (pz’—l, Ti—1), (pz’+1, Ti+1)7 cee (pl, TI))-

We denote byl (p, T') andp;™* (p, T'), respectively, the delay and price components of firim’s
best response t@, T') _; in the A”* market game. The existence of a best response for any actions
(p, T)_; follows from the continuity of the demand functions and tbenpactness of the strategy
space. When the best response is not unique, we arbitriidlgse one best response. The way

this best response is chosen will be immaterial for our tesul
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As discussed in the introduction, the market game is irdkdetfor direct Nash equilibria
analysis. Thisis a consequence of the complexity of theesgions for the service-based capacity,
the discreteness of this capacity and the concavity of thaaty-cost functiort. Instead, we take
an indirect approach that exploits the benefits of largéestsymptotic analysis within anNash-
equilibrium framework.

3.1 e-Nash equilibria

The notion ofe-Nash equilibria is adopted from Tijs (1981). Rather thafinieg it in general
terms, we provide the definition as it applies to our settifwthis end, giverip, 7)) € P x © and
(i, T3) € Pi x [0,T], we let

(]52'7 jz‘z) T (pv T)—i - ((pl: Tl)v sy (pi—17 E—l)v (pla jz‘z)v (pi—17 E—l)v ERI) (p[v TI))
Definition 3.2 (e-Nash equilibrium for the A market game) Fix A > 0. Lete = (e1,...,€1)
be a positive vector. We say thatc P x O, is ane-Nash equilibrium of the\’” market game if,
for eachi € 7 and anyz; € P; x [0, T),

Nash equilibrium is a special casecellash in whiche = 0. The generalization from Nash ¢e
Nash allows us to construct an “envelope” around the makebones and thus obtain key insights
about the market behavior even in cases in which Nash eqaild® not exist. The ability to
construct such “envelopes” is useful also in cases in whiasiNequilibria do exist but are difficult
to characterize. In these casess i small enough, the characterization of thash equilibria
can shed light on the Nash equilibrium. We will be formallystructing such “envelopes” as well
as analyzing the gaps between tiidash and Nash equilibria whenever the latter exist.

Notational conventions and organization of the paper: for two sequences of positive vectors
{a®, A >0} and{b*, A > 0} with elements ifR? we say that* = O(b") if limsup, al /b <

o fori=1,...,d. We say that* = o(b") if limsup, a’*/b}* =0fori =1, ..., d. Finally, we say
thata® ~ b* if o = O(b") buta® # o(b"). For a vector: € R?, we let||z|| = 3¢_, |z4|. When

4t is possible to construct continuous versions of the seriased capacity—see et of Borst et al. (2004).
This, however, this would still leave the market game irtbte for exact analysis
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applied to a vector € R¢, the absolute value operation should be interpreted coergwise, i.e.,
|z| = (Jz1],...,|zq]). Similarly, the square-root operator should be intergtetemponentwise,
i.e, forz € RY, /o = (/1,...,/Z4). The notation “>” stands for convergence ds — oo
unless explicitly stated otherwise. We will often uséo represent th@ vector inR¢ and the
dimension of the vector will always be clear from the context

The rest of the paper is organized as followd:is concerned with regime characterization.
In §5 we introduce and characterize the fluid game and then distuignplications. In§6 we
turn to the diffusion game which is concerned with a refinedarstanding of the firms’ choices.
In §7 we provide a detailed illustration of our results usingreedir demand model. Conclusions
and directions for future research are discussé@irnrhe appendix contains additional numerical
examples as well as generalizations to some of the resujisand 6.

Our approach in presenting the results is to state them tyrmvahin the paper, accompanied
by various examples for illustration. Most of the detailedqds are relegated to the e-companion.

4. Regime characterization

In this section we discuss the optimal operational reginfiéiseofirms in the market and relate this
regime choice to the underlying demand models. The firm'saimnal regime characterizes how
the firm behaves in the face of an increased market size. Tdratlire identifies three possible
regimes: (i) firms are said to operate in th#iciency Driven(ED) regime if they use demand-
growth to increase their utilization (and thus their coficefncy) without improving their service
level; (ii) firms are said to operate in tigguality Driven(QD) regime if, in response to an increase
in market size, they match the increase in utilization wi¢h § greater improvement in service
levels, and finally (iii) firms are said to operate in tQaality and Efficiency DrivefQED) regime
if they match the increase in efficiency with a comparablegase in the quality of service. A
firm’s operational regime is the outcome of the firm tradinfgtefcapacity cost and the service level
it provides. For a monopolist, this tradeoff is solely a ftioc of the firm’s own scale economies.
In an oligopolistic setting, however, the value of a serd®eel for a given firm depends on its
competitors’ decisions, thus making the tradeoff morelsubt

The outcome of this initial analysis will be a mapping frormfii’'s demand structure to a
quantifierr}. This quantifier characterizes the order of magnitude ofapigmal service-level
choice for firmi. Some firms will have:* = 1/+/A and we will show that, for these firms, it is
optimal to use a service-based capacity that is of the orfdet\o Consequently, these firms will
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operate (in equilibrium) in the QED regime. Other firms wiMer which is significantly larger
than1/+/A. These firms will optimally use a service-based capacity ofagnitudeo(+/A) and
will operate in the ED regime.

To motivate our results of regime characterization, noé, thiven a price vectgs and the
service-level choice$™, of its competitors, firm’s best service-level choice is given by

TA € argmax ITX (p*, T2, z) = argmax A;(p*, T, x) (pf\ — ¢ — ﬂ) — viéi(Ay, ).

- -1 “ —i
x€[0,T) x€[0,T) i

Here and henceforth we usg 7"_;, T;) to denote the vectdp;, 7;) T (p, T)_;. Equivalently,

T} € argmax [Ay(p", T2, z) — Ai(p*, T4, 0)] (pf\ —Ci — &) — 7i€i(Ai, ). (8)

z€[0,7] i

The order of magnitude of* is determined, then, by optimally balancing the loss of raairk
share due to customer delays—which we informally refer tthas'delay cost”-and is given by
Ai(p, T, 2)—Ai(p, T—;, 0) and the service-based capacity cgst(A;, x)°. Assumption 4.1 below
provides us with some control of the delay cost and Lemma eb\tigles estimates on the order of
magnitude of the service-based capacity.

Lemma 4.1 Fix a sequencé(p*, T*), A > 0} such that(p*, T*) € P x © forall A > 0. Then,

1
éz(Alv EA) ~ min {ﬁv \/K} .

Assumption 4.1 (behavior around 7" = 0 ) For eachi € Z there existsy; > 0 such that

)\i ) T—i7 0) — )\i ) T—i7 .. . )\7, s T_i, 0) — )\Z s T—i7
lim sup sup v ) : (v ?) < 00, and liminf inf (p ) : (p z)
z—0 pT-,; T z—0 pT T

> 0.

Note that, returning to (8) and using Assumption 4.1 and Ler, we have (informally) that

T» ~ argmax {—Ax‘” — min (1, \/K)} :

x€[0,T) x
Hence, we should have thaf* ~ r* where

rd = argmin Az® + —.
- x
we( I 1]

SHere, the loss of market share parallels the role of the dedayin the monopolist setting of Borst et al. (2004).
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A simple calculation then yields

1 1
A
i T~ (0 9
/rl max { — \/7} ( )

so that} = 1/v/Aforall o; < 1 andr = A~ T otherwise.

Assumption 4.1 requires that, in the vicinity 6f= 0, the demand volume of a firm decreases
proportionally tosomepower of its delay guaranté€. The power may be different for different
firms. This assumption is satisfied by most known demand rsptdet may not be satisfied in
general; see the discussion and examples at the end of thisrse

The quantifier®, which depends on Assumption 4.1 through (9), plays an itaporole in
determining the operational regime of a firm. As suggestethbyinformal discussion so far}
provides an order-of-magnitude estimate for the senagetichoice of firm; and1/r} provides
an estimate of the service-based capacity for that firfihis is formally stated in the following
theorem.

Theorem 4.2 (regime characterization) Suppose that Assumption 4.1 holds. {(gt*, T*), A >
0} be a sequence such that*, %) € P x © for all A > 0. Then,

TN TN ~ 2 i e Ty > 1, (10)
TN T = 0(r)), i €T o =1, (12)
and
TN TN = o(rd), i€ T: oy < 1. (12)
Furthermore,

e QED regime:if - ~ /A, then

N SEEL VY
Hi
and

limsup P{W/ >0} <1, and lim inf P{WA > 0} > 0.

A—oo
e ED regime: If - = o(v/A), then

A;
NA — =L = o(VA), and lim P{WA >0} =1.

Hi —00
Here, N2 is firmi’s capacity under a best response(jg', T*) in the A market game and
W is the steady-state delay at firnunder this best response.
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Interestingly, Theorem 4.2 implies that even if the markstilbates between different points
in P x O, the operational regime of a firm remains unchanged. Moredshows that, while the
actual choice of service level by a firm depends on the chexiatits of all firms in the market, its
operational regime—Efficiency Drive (ED), Quality DriveQD) or Quality and Efficiency Driven
(QED)- depends only on its own intrinsic properties as redka the quantifier*.

Remark 4.3 (the Quality-Driven (QD) regime) The QD regime, in which the probability of
delay,P{W* > 0}, approaches asA — oo does not emerge in our setting. This is a consequence
of the structure of the service-level constraints that wein®ur model. Specifically, when a firm'’s
service level is defined vi&{IW; > T;} < ¢ for ¢ that is strictly positive and exogenously given,

it can not do better than setting = 0. In this case, Proposition 1 in Halfin and Whitt (1981) tells
us that, in order to have{IV; > 0} < ¢ for ¢ € (0, 1), it suffices to use the square-root-safety
staffing rule and, in particular, to use a service-basedaypthat is proportional to the square-
root of the demand. Hence, it cannot be optimal for a firm toraigein the QD regime which
requires the service-based capacity to be orders of matgngreater than/A. The framework
that we provide in this paper can, however, be applied taratee settings in which the QD
regime does emerge in competition. We expect, for exampde, if service levels are defined via
guarantees of the forB[W;] < T;, the QD regime will emerge as a possible outcome. Indeed,
under some demand models it may be optimal for some firms taagtee an average deldy*
such thatl’® = o(1/v/\). This, in turn, would imply that the corresponding firm is cgténg in

the QD regime; seg9 of Borst et al. (2004); s of Borst et al. (2004).=

We conclude this section by pointing out some widely usedateimmodels that satisfy As-
sumption 4.1. The multinomial logit and the Cobb-Douglagiais are two such examples.

Example 4.1 (the multinomial logit (ML) demand model) Fix : € Z and assume that
e (Ti)—bipi

RS WA

Ailp, T) = (13)

wherev, > 0 is a constant and;(7;) = a; — k;(T;)*, for a;, k; and«; being positive constants.
Then, it can be easily verified that in the definition ofa,;(7;) plays the role of the exponent in
Assumption 4.1. It is important to note that in a market inethihe demand experienced by each
firm is characterized by the Multinomial Logit model, somenfirmay be operating under either
the ED regime and some in the QED regime, depending on th&isgyn®f the attraction values
of each firm to its own service-level.n
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Henceforth, whenever we mention the ML demand model we wiltdferring to the one in
Example 4.1.

Example 4.2 (demand models with Taylor expansion aroundl” = 0) A large family of models
for which Assumption 4.1 is satisfied are those in which thecfion \;(p, ') has a Taylor series

expansion around; = 0. In these cases, expanding arouid= 0, we can write

k
al
Ailp, =iy x) = Ai(p, T-4,0) + Z W)\i(py T)
=1 !

-2t 4 o(zh).

Assumption 4.1 is then satisfied with an exponent that cpareds to the first non-zero derivative
with respect tdl; at the pointl’ = 0 provided that the derivative is uniformly bounded away from
0. Formally, we will haver; = k wherek is such that

k [

)\<p7 T) S <_a’7 _b)7 and

arm Vi —)\Z 7T
T . o i)

=0, 1<k, (14)

T;=0

for somel < a < b < oo and for any vectorp and7_,. Of course, Assumption 4.1 holds also in
many examples in which such a Taylor expansion does not edstExample 4.1 above. In that
example a Taylor expansion as in (14) need not exist wh@h) = a; — x;(7;)* for a non-integer
exponenty;,. =

The following example illustrates a demand model for whitlhparameter values lead to the
exponenty; = 1 and, consequently, to the QED regime.

Example 4.3 (the Cobb-Douglas demand modelFix i € Z and assume that

U’i(pia E)
vo + 3, 0i(p;, T5)

)\i (p, T) =

with v;(p;, T;) = ¢ <%>_a D; % for strictly positive constants;, b; andc;. Here, it is easy to
verify that equation (14) holds with = 1 so that we always havey,, = 1 in Assumption 4.1.
Consequently, in a market in which all the firms face a Coblbidas demand model, only the
QED regime emerges as the optimal choice.

Roadmap for rest of the paper: Insections 5 and 6 we introduce tthéid gameand thadiffusion
game respectively. The fluid game provides a first-order charaztion of the market outcome.
It will also serve an essential building block in the intratlan and characterization of the, more
refined, diffusion game. The fluid game and diffusion gamé differ from each other, and from
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| Game | Strategy spac¢ Payoff function

Market P x O I} (p,T) asin (7)
Fluid P 17 (p) == \i(p, 0) ( = — ;—)
Diffusion| P x© | IX(p.T) := A(p.T) (pi — i = 2 ) = %A fi(T))

Table 1: Three different games

the market game of Definition 3.1, in terms of the payoff fuores and the strategy spaces as out-
lined in Table 4. The exact derivation of the payoff funcsas well the definition of the function
fi(+) in the diffusion-game payoff will be specified explicitly % and in§6. It is important to
note that the strategy space of the fluid game is only the pliceain’? and no service-based
capacity cost appears in the payoff function of this appr@ate game. It is also important that the
service-based capacity cost for fignm the diffusion game depends only on service-level choice o
the specific firm. This stands in contrast to the market ganahioh the service-based capacity is
éi(Ni(p,T),T;) and hence depends on the complete veg@iof’). For each of the above approxi-
mate games we will characterize the equilibria: a singléliggiwm (p*, 0) for the fluid game, and

a sequence of equilibrigip®, T*), A > 0} for the sequence of diffusion games. We will show that,
at different levels of precision, these equilibria approate the original-market-game outcomes.
The precision of the approximation will be a function of theaqtifiersr? identified earlier in this
section. We will measure the quality of these approximationtwo dimensions: ipayoff space
and inaction spaceIn payoff space we will measure the maximum profitable dexisany firm
can achieven terms of profitdf the market is initialized with the proposed approximatgliéb-
rium (the fluid-game equilibrium or the diffusion-game ddprium). We will identify sequences
e such that the maximum profitable deviation (in payoffs) isaien thane® for the A" market
game.

We will then translate the payoff-space bounds to actiaaespounds. Namely, starting the
market in one of the approximate equilibria, we will chaegizte the maximum profitable deviation
that a firm will deviate in its actions—service level and pridAccordingly, with the sequence of
markets, we will associate a sequence of bounds on actiorswillvidentify conditions under
which the service-level choice in the diffusion-game aquiim is a precise prediction of the
market outcomes up to an orderagf-) for firm i.

To translate the bounds in payoff space to bounds in therasppaceP x ©, we will have
to impose certain assumptions and conditions. Interdgtibyg imposing conditions on the fluid
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game alone, we will be able to establish bounds in actionesfradoth the fluid and the diffusion
game. This is important as the fluid game is a game with relgtisimple payoff functions and
with the simple strategy spa¢e For each of the assumptions and conditions that we impose we
will provide concrete examples of commonly used demand fsdbat satisfy these conditions.

Table 2 summarizes the results that will appear in the nextsetions. The last column pro-
vides a list of the assumptions and conditions that will lspineed for each result. The conditions
(C1)-(C5) will be formally introduced the first time they arseed. The table should be used as a
roadmap and a reference point in reading through the rebegiaper.

Game | Equilibrium | Quality of appr.| Quality of appr. Assumptions & Theorems
Payoff Space Action Space conditions

Fluid (p*,0) ed =o(N) o(1) Assumptions 3.1 and 5.1 5.3

Fluid (p*,0) ed=0(/r}) | O(@r?) for service | Assumptions 3.1, 4.1 and 5|1 5.6, 5.9

O(B~16%) for price Conditions (C1)-(C3)

Diffusion | (p*, T?*) et =o(1/r}) | o(r®) for service | Assumptions 3.1, 4.1 and 5|1 6.3, 6.7

o(B~I(M) for price Conditions (C1)-(C5)

Table 2: Summary of results

The quantities?, ¢* in Table 2 are simple functions of the quantifi¢rand will be specified
explicitly in the corresponding results. The matixis independent oA and will be introduced
in the next sectiolb.

5. Afluid game

The fluid gamethat we introduce in this section is a simplification of therkes game. In this
simplified game only the first-order impact of the firms’ an8ds modeled. This is achieved by
replacing the service facilities (the /M /N queues) by their fluid approximations. We will show
that this game does indeed provide a first-order approximat the original game in that the
market prices will always lie within some small neighbortad the fluid-game equilibrium and
the service levels will be close, in a sensete- 0.

5.1 Definition and characterization

Definition 5.1 (the fluid game) The fluid game is thé-player game with profit functions

7 (-) == Xi(p, 0) - <pz- — ¢ — Z—) i€,

and strategy spacg.
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Note that the fluid game has the original (unscaled) demamctiftns{\;(-), i € Z}. In the fluid
game, the players compete only on prices, i.e, this is a puce-competition game. Furthermore,
the strategy space?;, of each player is a compact subsetRf so that there exist numerous
sufficient conditions for the existence and uniquenessuwaifiega. For existence, it suffices to have
thatTI”(-) is continuous and quasi-concave with respegi;ttsee$2.3 of Cachon and Netessine
(2004)). This sufficient condition is guaranteed, for ex@mfor attraction models such as the
Multinomial Logit demand model or the Cobb Douglas demandieitosee Examples 4.1 and
4.3. We will assume that there is a unique equilibrium (arstuss later some concrete examples
in which this assumption indeed holds). We formally staeséhrequirements in the following
assumption.

Assumption 5.1 (existence and uniqueness of equilibrium for the fluid gamgThe fluid game
has a unique Nash equilibriupt := (p}, ..., p}).

For the rest of the paper, whenever Assumption 5.1 holds, Wese the notation* when refer-
ring to the unique equilibrium of the fluid game.

5.2 The quality of the approximation

Theorems 5.2 and 5.3 below show that the fluid game servesras-arfier approximation for the
original market game.

Theorem 5.2 (existence of approximate equilibrig Suppose that Assumptions 3.1 and 5.1 hold
and let{¢*, A > 0} be a sequence of vectorsiiti that satisfies

-

%—>0andef—>oo, iel. (15)

Then, there exists a sequen&*, A > 0} such thatT* — 0 for all i € Z and for eachA, the
vector

(p*vTA) = ((piv TlA)v SRR (p?,TIA)),
is an e*-Nash equilibrium for the\* market game. Moreovef* can be chosen so that* =

TA— .. —Th

While Theorem 5.2 shows that an approximate equilibriuratexthe following theorem shows
that all approximate equilibria must be contained withimreai neighborhood ofp*, 0).
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Theorem 5.3 (first-order characterization) Suppose that Assumptions 3.1 and 5.1 hold and let
{(p*, T"),A > 0} and {¢*, A > 0} be such thatp*, T*) is an*-Nash equilibrium for the\*"
market game and such théit5) holds. Then, ag — oo,

T -0, i €T, (16)

2

and
p} =l i€l (17)

Theorems 5.2 and 5.3 are driven by economies of scale. Usngia 4.1, we see that the
service-based capaci#y(-, -) grows at a lower rate than the volume-based capacity—evesnTall
delay guarantees. In particular, for any sequefige,7), A > 0} with (p*,T*) € P x ©,
(A, T) = o(A;). Consequently, the profit functions satisfy the followingperty:

I, T = A, TY) (pz- e ﬂ) oA,

Due to the relatively low cost of the service-based capamity expects the firms to choose
to provide relatively high service levels (correspondiagsinall values off;). Accordingly, we
expect that a game with profit functions

14" (p) == Ai(p, 0) - (pi — ¢ — l) =A-Xi(p,0) - (pi — ¢ — %) , 1€, (18)
and strategy spac® will provide a first-order approximation for th&’* market game. Division
by the common scalak yields the fluid game in Definition 5.1.

Combined, Theorems 5.2 and 5.3 show that the market prigksemwice-levels must reside
within an increasingly small envelope aroufd, 0). In particular, if a Nash equilibriunp®, T*)
exists for the\'” market game for each, then the sequence of these Nash equilibria must converge
to (p*,0). We note that Theorems 5.2 and 5.3 do not characterize thegence rate of* to 0
and ofp? to p?, nor do they relate this convergence rate to the boufidm the profit functions.
Relating these convergence rates is our ultimate goal snséition. Before moving towards that
goal, we discuss some practical implications of the fluid gam

Remark 5.4 (interpreting " as the level of sub-optimality One may interpret as the level
of sub-optimality for a firm if it chooses to price accordirgthe e-Nash-equilibrium price. To
illustrate this point, consider the special case in whiehrttarket has a single firm—a monopolist.
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The implication of Theorem 5.2 for this special case is thathonopolist cannot increase its profit
by more than by deviating, i.e, that

I (ph, TY) < T (p, T) + €, (19)

for any sequence of prices and service lejgfg', 74), A > 0} as long as’™™ — 0. Heree® is
a sequence such that/A — 0. In particular, let(5**, T**) be the true optimal decision for this
monopolist when the market scaleAs Assuming such a solution exists, equation (19) implies

that
I} (p=*, T = T (p, )
A
This is an instance of the standard notion of fluid-scale gggtit optimality. Hence, our

— 0 asA — oo.

results with respect to the fluid game are the game theoretgion of the fluid-scale asymptotic
optimality for monopolists. In the same spirit, our equilim results for the diffusion game K6
are a generalization of the diffusion-level asymptotidmjdity results for monopolists s

Remark 5.5 (service-level differentiation) A fundamental implication of Theorem 5.2 is that
the market is in an approximate equilibria if all firms setithices according t@* and choose
a common (but very good) service level. While there might l@ynplausible explanations for
the use ofindustry standardsTheorem 5.2 provides one such explanation in that it shtas t
following industry standards is not an irrational choice fioms competing on service levels and
prices. In particular, firms need not significantly diffetiate themselves in terms of service-level.
The result can be interpreted as a one-sided decoupling etween prices and service levels
(at least at the first order). The companies may set theieprccording tep*. Once the prices
are fixed, a firm can exploit its large-scale efficiency andgharticular, the relative low cost of the
service-based capacity, to match the service level of thepetitor without moving significantly
away from the equilibrium.m=

Note that Theorems 5.2 and 5.3 require only Assumptionsr&ilsdl. Most standard demand
models, however, satisfy also Assumption 4.1 which, whepoised, allows us to improve on the
convergence results in these theorems. To this end, rbeall t

TA ma { ! ! }
i = Xy 71 5 — 9
AT VA

whereq;, i € 7 are as in Assumption 4.1.
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Theorem 5.6 (distance from the fluid game Suppose that Assumptions 3.1, 4.1 and 5.1 hold.
Then, there exists a sequence= O(1/r?,...,1/r}) such that, for each\ > 0, (p*,0) is an
e*-Nash equilibrium for the\*” market game. Moreover,

TN 0) o i €T o> 1, 9
T2‘*7A(p*,0) = O(TzA)a 1€ 05 =1, (21)

and
TN 0) = o), i€ T 5 < 1. 22

Theorem 5.6 characterizes the best service-level respomtiee fluid-game equilibriurtp*, 0)
The first part of the theorem strengthens our results in Témser5.2 and 5.3 by providing a better
estimate of the rate of convergence. Instead of allowingearthat satisfies* /A — 0, Theorem
5.6 characterizes the growth ratec6fas a function of-*.

Unfortunately, Theorem 5.6 is restricted to bounds on theicelevel deviations from the
fluid equilibrium. To obtain bounds on the prices we will néedmpose additional restrictions on
the demand models in consideration. We now gradually initedhe concepts and conditions that
are required for that purpose. To this end, giyea P, lety;(p_;) be a best response of playier
(in the fluid game) to prices_; of the competitors. If the best response is not unique werarky
(but consistently) choose one. Set

Y(p) = (i(p-1),- -, ¥r(p-r1))

By Assumption 5.1, the vectgr is the unique solution tp* — ¢(p*) = 0. One expects that jf is

a point in which no firmy can significantly improve its profits by deviating frgm thenp should

be close to the unique equilibriupi. Combined, Lemmas 5.7 and 5.8 identify conditions under
which this intuition is valid.

Lemma 5.7 Suppose that the following two conditions hold:

(C1) for eachi € Z andT € ©, the demand functiok;(p, T') is twice continuously differentiable

in Di-
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(C2) there exist$ > 0 such that for allp € P andi € Z,

Then, there exists > 0 such that, ifp € P ande € [0, ]’ satisfy

07 (i(p—i),p—i) = 1] (p) < &, i €T, (23)

they also satisfy

p = d(p)| < M/e, (24)

for some constamt/ > 0 that is independent of.

Lemma 5.7 implies that, under the proper conditions on thaahel model, ifp is a price
vector such that no firm can increase its profit significanitytle fluid game) by unilaterally
deviating fromp, thenp should be close to a corresponding best response ve¢tor Under
some conditions one can take one step further and show tlaavéfctorp is close to its best
response vectap(p) then it must be close to the unique equilibrium of the fluid gaph ’. One
such condition is the well known “Diagonal Dominance Coiudit which requires that

(C3) there exists’ < 1 such that

D

kel

9

O (5 (P—z‘)

<C,peP,i1el.

Condition (C3) is also a sufficient condition for uniqueneggquilibrium p* for the fluid game
(see e.g. Theorem 5 in Cachon and Netessine (2004)). Exaniplat the end of this section
shows how this condition is verified by means of the impliamdtion Theorem for the case of
Multinomial Logit demand model. Whenever condition (C3)dswe say that the fluid game is
linearly continuous The motivation for this name comes from the following lemma

5This condition can be imposed directly on the demand fundiprequiring thata%)\i (p,0)(pi — ¢i — i/ i) +
28%Ai(p,0) < —6.

’Note that the question whethprthat is close ta)(p) must be close tp* is essentially a question about the
solution to the set of (possibly non-linear) equatipns ¢ (p). Indeed, putting®; (p) := p; — ¥:(p), what we want is
that, if the set of equation8(p) = 0 has a unique solutiop, then anyp that satisfied F'(p)|| < e will be close top*
in a way that is, to some extent, proportionattdConditions on the functio#’(-) that guarantee the validity of such
statements appear, for example, in the literature on cgevee of algorithms for the solution of non-linear equation
see e.g. Gould et al. (2002) and the references therein.

23



Lemma 5.8 (linear-continuity of fluid game) Suppose thaC1)-(C3)hold. Then, for alk € R’
small enough

lp— ()| <

implies that

1
B—l

for the invertible matrixB with B;; = 0 and B;; = 1 for all 7 # j. Consequently, by Lemma 5.7,

Ip—p*| <

there exist constant®/, € > 0 such that,

I (Wi(p—i),p—s) =1 (p) < e, i €T (25)

for e € [0,¢€)!, implies that
lp—p'| < Cive (26)

Lemma 5.8 complements Lemma 5.7 to show that, under the d@gDominance Condi-
tion”, if p € P is such that no firm (in the fluid game) can increase its proigseifcantly by
unilaterally deviating from it, thep must be close tp*. In other words, Lemma 5.8 shows that, in
the fluid game and under conditions (C1)-(C3), bounds in fiapace—as in equation (25)—imply
bounds in action space—as in equation (26).

In the appendix we provide a framework for the continuity led fluid game which replaces
condition (C3) with a more general condition. To keep thespr¢ation of our results as clear as
possible, we first restrict ourselves to cases in which (@ Having introduced conditions
(C1)-(C3) we can now extend the bounds in Theorem 5.6 to dechounds on deviations in both
service-level and price. The matrix that is used in the statement of the theorem is as in Lemma
5.8.

Theorem 5.9 (distance from the fluid game Suppose that Assumptions 3.1, 4.1, and 5.1 hold.
Then, there exists a sequence= O(1/r%,...,1/r}) such that, for each\ > 0, (p*,0) is an
e*-Nash equilibrium for the\*” market game. Moreover,

T p*,0) ~rd i e T oy > 1, (27)
TMNp*,0) =0@M), ieT: o =1, (28)

and
TN, 0) = o(r), i € T : oy < 1. (29)
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If, in addition, (C1)-(C3)hold then
Pt (p*,0) — p*| = O(B~'Vdh), i € T, (30)

with 8 = Lo+ (rM)e

3 K3
2

Theorem 5.9 uses the linear continuity of the fluid model tatesthe market game to the fluid
game. In particular, the theorem adds to the previous ebylestablishing the price bounds in
(30). Conditions (C1)-(C3) are crucial in the proof of thiebtrem. Specifically, using the bound
on the service-levels in (27)-(29) we show that the bestaesp priceg™* (p*, 0) constitute a-*-
Nash equilibrium for thdluid game Namely, thatIl;(p**(p*,0)) — IL(¢(p**(p*,0)))| < 72 for
all i € Z. Conditions (C1)-(C3) together with Lemma 5.8 are then usaibtain the price bounds.

Evidently then, the second part of Theorem 5.9 builds hgaril condition (C3) in obtaining
the price bounds from the service-level bounds. Fortupatatious demand models satisfy (C3).
We end this section with one such example.

Example 5.1 (the ML model) Fix i € Z with the demand model given in (13). The fluid game is,
then, a game with demand functions
e4i(0)=bipi

. —bh.mn.?
Vo + ZjEI e (0)=b;p;

AP (p) == Ni(p, 0) = i€,

and payoff functions

b @i (0)=bipi Vi
I (p) == Vo + EjeI 5 (0)=b;p; (pi — G — —) .

Givenp_; the best response for firirsatisfies the equation
(1 - )\zp(p—iawi(p—i))) (%‘(P—z‘) -G — &) 1 (31)
In particular, as there exists> 0 such that\’ (p) < 1 —¢for all p € P, we have that there exisis

such that);(p_;) > ¢; + Z— + ¢ for all p_;. Using the implicit function theorem and differentiating
(31) with respect t; for j # i, we get

—%)\f)@—ia%(p—z)) (%’(p—i) — ¢ — %) (32)
= o ulp) (N s tio-) (sl = = 2) = (1= Wit

8pj
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where %)\f (p—i, ¥i(p—;)) and a%)‘f (p—i, ¥i(p—;)) are the partial derivatives with respectjip
andp; respectively at the point= (p_;, ¥ (p—;)). Plugging (31) into (32) as well as the derivatives
of \(p) with respect tg, andp; we have that

B bj)\f<p—i7¢i(p—i))>\f(p—ia Yi(p-i))
JZE; - JZE; bi(1 = AF (p—i, ¥i(p—i)))

The right hand side is strictly less than 1 provided that
Zjel bj)‘f(p)

bi
This condition is the “Dominant Diagonal Condition” for tiL model. Hence, condition (C3)

holds for the ML model provided that (33) holds. By diffenating IT”(p) twice one can also
verify that (C1) and (C2) hold for the ML model=

;% (p-i)

Pj

<l,i€Z peP. (33)

This concludes the analysis of the fluid game and we turn tontineduction and analysis of
the diffusion game.

6. A diffusion game

In this section we improve on our understanding from the fgadhe by introducing and study-

ing a diffusion game. This game is more refined than the fludegand can be interpreted as a
second-order approximation for the market game. The seguafirdiffusion games is constructed
by replacing the service facilities (the /A /N queues) by their diffusion approximation. The
challenge is then to relate the equilibria of the diffusi@mg to those of the original market game.
We will show that the diffusion game provides an equilibriaharacterization that is asymptot-
ically correct in diffusion scale—thus paralleling thefdgion-scale asymptotic optimality results
for monopolists; see e.g. Borst et al. (2004). The boundsayofd space and action space that
come out of this analysis will allow us to characterize soseats of the market behavior.

6.1 Definition and characterization

In constructing the diffusion game, we use Lemma 6.1 belowptace the service-based capacity
with a simple expression. The lemma relies on Borst et aD420h approximating the delay distri-
bution by an expression that uses the asymptotic ver¥ion, for the probability of delay as iden-
tified in Halfin and Whitt (1981). In the following and hereaftwe putR;(p, T') := A;(p, T) /11

for (p,T) € P x ©.
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Figure 1: The functiom;(-) for (p, T") such thatR;(p, T") = 100 andyu; = 1

Lemma 6.1 (M/M/N Lemma ) Fix a sequencé(p®, T*), A > 0} such that, for each, (p*, T*)
P x ©. Then, foralli € Z,

G TY) = Bi(V R, TNV Ri(ph, T)
£ o (AVRGNTOHTVRGNTY).

where, giver(p, T'), (; is the unique solution to
P(z)e MoV EWPDIT — ¢

Here

2]

wherez(-) and Z(-) are, respectively, the standard normal density functiod @a cumulative

P(z) = {1 +

distribution function. Furthermore, the functigf(-) is a continuously differentiable and convex
decreasing function oft), 7.

Lemma 6.1 states that, givép, 7)) € P x O, the service-based capacity can be written as the

sum of 3;(v/R;(p, T)T;)\/Ri(p, T) and a smaller order term so that the profit functions can be
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written as follows:

A, T) = Ap.T) (pi—ci—%)—%—ﬁinxp,T)Tmi(p,T)

%

+ o (BWR(p. TT)VE(p.T)) (34)

Even without the smaller order term, the expressions in é8d)complex functions due to the
dependence of/R;(-, -) term on the entire vectdp, T'). By Theorem 5.3 we know, however, that
a sequencé(p®, T*), A > 0} of approximate Nash equilibria must satisfy that, 7%) — (p*,0)
and, by the assumed continuity of the demand functions indgsgion 3.1, that

Vi Ri(pAvTA) B Rl(p*vo)

Ri(p*, T*)

— 0asA — oo. (35)

These observations motivate the introduction of difeusion gameas an approximation fak*”
market game for all\ large enough.

Definition 6.2 (the diffusion game) Fix A > 0. The A" diffusion game hag players, profit
functions

IMp, T) = Ay(p, T) (pz- - ﬁ) — 7iBi(vVRi(p*. 0)T;) v/ Ri(p*,0), i € T,

)

and strategy spacf x O.

Note that, in defining the new profit functidﬁﬁ(-, -), we have replaced the service-based capac-
ity, é;(+,-), by a simpler term that depends on the price equilibrium effthid gamep*, but is
otherwise independent of the actual price vegtand of the service-levels of the competitors as
in T_,. Moreover, this term is convex and continuouslin This relative simplicity renders the
diffusion game tractable for Nash equilibrium analysisome cases. For example, it suffices to
require that, for eache Z, the demand function; (p, T') is jointly concave in the decisiofp;, ;)

of firm 7. For future reference we assign this condition a number.

(C4) for eachi € Z, and each(p_;,7_;), the demand functiot\;(p, ') is jointly concave in
(pi7 ﬂ)s

8When the demand functions are twice continuously diffeadate, it can be easily verified that the concavity of
Xi(p, T)in (p;, T;) and the monotonicity assumed in Assumption 3.1 imply theawity of the function\; (p, T') (p; —

C; — %‘/Mz')-
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6.2 The quality of the approximation

We now analyze the quality of the diffusion game as an apprakon for the market game. It
turns out that, in order to improve on the quality of the appr@tion of the fluid game (as given
in Theorem 5.9) we need to strengthen Assumption 4.1 asifsilo

(C5) there exist§ < § < T and a continuous functiofi(-,-) : P x [0, T]'~* — R such that

(. T —\N(p. T
hm )\Z(pa Z)x) )\Z(pv (3] O)

xz—0 T

— filp, T-4)
for every(p,T_;) € P x [0,6)" .

Note that condition (C5) implies in particular Assumptiafh.4This condition holds for various
demand models; see Example 6.1 below and the linear demaddl im%7. We then have the
following result, which is followed by an intuitive explati@n on the role of (C5). The matrig
that is used in the statement of the theorem is as in Lemmat %8he I x [ matrix given by
B;=0,i=1,...,]andB;; = 0forall ¢ # j. Also, we recall that

TA'_maX{—l i}
: Aﬁu\/x )

~

as constructed if4.

Theorem 6.3 (distance from the diffusion gameg Suppose that Assumptions 3.1 and 5.1 hold in
addition to condition§C1)-(C5) and let{(p*, T"), A > 0} be a sequence such that*, 7*) is a
Nash equilibrium for the\"” diffusion game. Then, there exists a sequefce o (1/r,...,1/r}) ,
such that(p®, T*) is an*-Nash equilibrium for the\* market game. Moreover,

TN T = T+ o(r?), and pi (0, T%) = pt + 0 (B7V/CH),
where¢? = (ri)e.

To clarify the role of condition (C5) in Theorem 6.3, assulmat ta Nash equilibriungp?, 74)
does exist for the\'” market game and recall that, in that case,

T» := argmax [Ai(pA,TA x) — N (ph, T O)} (pf\ — ¢ — %) — viéi(Ay, ).

7 < -1 —1)
z€[0,T] i

From §4 we know that/’* will be close to0, hence we may heuristically replace the “waiting
cost” A;(p™, T2, x) — Ay(p*, T2, 0) by an approximation of its behavior aroufd Assumption

—19 —1)
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4.1 only guarantees that the behavior will be proportioaatt. While this is sufficient to obtain
the relatively crude results of Theorem 5.6, it is not sugfitifor the finer characterization in
Theorem 6.3 above. For this result, we need to identify thetianal form of the behavior around
T = 0. This is guaranteed by means of condition (C5). Theoremr@dies that the service-
level and price equilibrium(p®, T), of the diffusion game provide precise approximations for
the real market outcomes, thus mimicking the role of theuditin approximation in the context
of monopolists. More precisely, by using the diffusion gamdetermine the firms’ decisions, the
compromise in profits is negligible with respect to the cdshe service-based capacity which is,
in turn, proportional tal /r}. This is indeed reminiscent of the notion of asymptotic imjatity
used in the context of monopolists.

Remark 6.4 (the size ofe* and diffusion-level asymptotic optimality) Consider the case in
which the set of firm< consists of a single firm, firm 1—-a monopolist. An equilibriwithe
diffusion game is then a maximizer bf* (p;, 7} ) where IT2(-, -) is the profit function in Definition
6.2. Pick

(pr,T}) € argmax 113 (p, T),
p7

i.e (ptt, T) is a maximizer of the diffusion-game profit when the markedes¢sA. Then, the:"-
Nash equilibria result in Theorem 6.3 reduces, in the mohsiEetting, to asymptotic optimality
in the sense of Borst et al. (2004). Specifically, TheoremifGies for this setting that, for any
sequencd (5, 7)), A > 0} of prices and service levels

o i D1 T) — T (B TAY

>0
i I =0

wherell# (-, -) is the profit function in the\"* market game; see Definition 3.1. In other words the
optimality gap for this monopolist, if it chooses to use th#come of the diffusion game, is of
the order ofo(1/r}). If the monopolist has® = 1/v/A, then the optimality gap is(v/A) which
corresponds to the prevalent optimality gap in the liteathat considers asymptotic optimality
in the Halfin-Whitt regime.

We emphasize that our main result is stronger than asyrmopiptimality. We not only pro-
vide bounds on the optimality gap with respect to profits bsi avith respect to the price and
service-level decisions. Theorem 6.3 shows that, With 7) being anoptimal solution for the
monopolist when the market scalesthen the sequendgp?, 72), A > 0} must satisfy

TA = TA +o(rdy andp = pt + o(B~"\/ ¢,
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where the vectofp?, T*) is the optimal solution to the diffusion games

It turns out that, under the conditions of Theorem 6.3 we camiore precise about the
service-level characterization. The following lemma shdWwat the service-level choice under
the diffusion-game equilibrium can be characterized iselfmrm up to an error of siz&r?).

Lemma 6.5 Suppose that Assumptions 3.1 and 5.1 hold in addition toitondC5), and let
{(p*, T*),A > 0} be any sequence such that*, 7%) — (p*,0) asA — oco. Then, for each

1 €1,
T

7

A TA)
TA’ —nfasA — oo,
7

wheren; = 0 if a; < 1 and it equals

1
* o * * 7 )\7« p*70 it
n; = argmaxn f;(p*,0) (pi —C — Z—) — %i3i (1) ( ( )) )

n>0 i i

g [ 2iP50) )
if «; > 1. Here j3;(n;) is the solutionz to P(x)e " \/ " = ¢ whenevery; = 1 and is the

1
Az‘(p"-,O)) a;+1
Hi

—Hift(

solution toe = ¢ whenq; > 1.

Remark 6.6 (hierarchical decoupling) Combined, Lemma 6.5 and Theorem 6.7 justify referring
to demand models that satisfy (C5) as demand models that adrn@rarchical decoupling In-
deed, Lemma 6.5 shows that service-level choices deperftearctions of its competitors mostly
through their prices (and not their service levels). Moexpthey depend on these prices only
through their fluid game equilibrium*. Practically, this suggests that service level and price
choices can be made in a sequential manner rather tharnyjoirtie firms will first choose their
price based on the fluid game, i.e. disregarding service tewesiderations. Based on the these
prices the firms will make their service-level choices. While firms might choose to adjust their
prices at a later stage in response to the actions of the ddiapgethey will not need to revisit
their service-level choices. These can remain fixed wittamyt significant compromise to the
firm’s profits. =

Lemma 6.5 allows us to go one step further. It allows us toaaplondition (C4)-that guar-
antees the existence of a Nash equilibrium for the diffugimme, with a condition that is imposed
on a much simpler “perturbed” fluid game. To this end,thet fluid game on De thel player
game with profit functions

) = M T) (o= 2 ) e
i
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and strategy spacB. The fluid game ofl" = 0 is the fluid game from Definition 5.1. Theorem
6.7 below provides a characterization of #teNash equilibrium in terms of the Nash equilibrium
of the fluid game om™ = (nird, ... nird) with (n7,...,n%) as in Lemma 6.5. Note that, in
contrast to Theorem 6.3, here we do not impose condition. (G4)ead, we assume uniqueness of
equilibrium for the fluid game on*.

Theorem 6.7 Suppose that Assumptions 3.1 and 5.1 hold in addition toitond (C1)-(C3)and

(C5). Assume that, for alk large enough, the fluid game eft := (nir2,... nir#) has a unique
Nash equilibriump®(n*). Then, there exists a sequence = o (1/rt,...,1/r}), such that
(p™(n*),n*) is ane*-Nash equilibrium for thé\** market game. Moreover,

TN Y)nY) =0t + o), and p (M ("), nY) = ) + o (BTVCY).

where¢} = (rit)ei.

)

Example 6.1 (back to the Multinomial-Logit demand) By Example 5.1, (C1)-(C3) all hold

provided that

bi
It remains to show that (C5) holds and that a unique equilibrexists for the fluid game on’.
First, we claim that (C5) holds with

<l,ieZ peP. (36)

F(p, Ty) = kivi(pi, 0)(1 — Ni(p, T4, 0)) .

1422520505, T;) 4 vi(pi, 0)
The simple, but detailed, argument is given in the e-conganiThe proof can be useful as a
guideline towards the verification of (C5) for other demamabeis. It can be verified that for the
ML demand model, and for all' small enough, the corresponding fluid game€lohas a unique
equilibrium. Indeed, provided the fluid game @h= 0 satisfies condition (C3), the fluid game
onT (for T in a sufficiently small neighborhood 6} will satisfy condition (C3) by virtue of the
continuity of the best response functions and their devigat Condition (C3), in turn, guarantees
the uniqueness of equilibria for that game. Sinée— 0 asA — oo, we will have that the ML
demand model satisfies the conditions of Theorem @.7.

Remark 6.8 (level of sub-optimality and freedom in pricing) Interpretinge?* as the level of sub-
optimality for firmi (see Remarks 5.4 and 6.4), Theorem 6.3 provides an insighthia relations
between the operational regime of a firm and its pricing decisinder a given sub-optimality
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level. The theorem states that the sub-optimality leveb@f/r?) is preserved as long as the
price distance from the diffusion-game equilibrium prigeis of ordero((r*)*) whereaq; is the
exponent from Assumption 4.1; sgé.

As an example, assume that (C4) holds and{(et', 7*), A > 0} be a sequence of Nash
equilibria for the diffusion game. Assume that fisrhasr* = 1/4/A and, consequently, operates
optimally in the QED regime. By theorem 6.3, this firm can cb®do charge the pricg” =
p} + 1/AY5 without compromising its level of optimality—which will neaino(v/A). In contrast,
assume that firmhasr® = 1/AY3 > 1/+/A so that it operates optimally in the ED regime. Then,
if it deviates from the diffusion-game price equilibrium bye samel /A'/%, its compromise in
profits will now be order-of-magnitude greater tha /r*). In other words, a firm operating in
the QED regime has a larger interval from which it can chotssprices without compromising its
level of optimality. =

Remark 6.9 (global stability) The results stated in this section focus on the existencetand
some extent, uniqueness of approximate equilibria. Adoghg, in the spirit of equilibrium anal-
ysis, the focus is on unilateral deviations. In section thefappendix we strengthen these results
by proving a global stability result. We show that, for argrihg point(p, ') € P x O, the market
converges to a neighborhood of the diffusion game equilibrand this neighborhood is exactly
the one characterized in Theorem 6.«.

7. Example: A linear demand model

In this section we provide a numerical example to illustthgeapproximations if6. The example
is based on the linear demand model in Allon and Federgru@i(2 Specifically, we use demand
functions specified by:

+
Ailp, T) = |ai(T;) — bipi + Z aij(Ty) + Z Lipi| (37)
i i
and we assume that
al(ﬂ) = a; — sz‘z andaij(Tj) = kijjy (38)
for strictly positive constants;, k;, k;;, 4, j € Z. We further assume thatumiformprice increase
by all I firms cannot result in an increase in any firm’s demand voluntkthat a price increase
by a given firm cannot result in an increase of the industrgigregate demand volume, i.e.,
(D) bi>> Lji=1,...1T; (D) bi>Y Li=1,...1 (39)
i i
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The requirements in (39) guarantee that the "Dominant Diafja@ondition—condition (C3)-holds
for the fluid game of the linear demand model. Equation (3@rgotees that the x [ matrix A,
defined byA;; = 20, and A;; = —1;; for i # j, is invertible. We letd~! be its inverse. Finally, we
make the assumption that(0) + >_., lipj"" > bipj"" so that

Ai(p,T) > 0,Y(p, T) € P xO. (40)

The Nash equilibria of the fluid game for the linear demand ehaen be characterized in closed
form. The fluid-game’s best response function by firis given by
a;(0) =>4 aij(0) + 3252 lijpy + b (Ci +

Yi(p-i) = 5, ) ;

and the invertibility ofA then guarantees that the unique solution to the sygtean)(p) is the
unique Nash equilibrium of the fluid game. We denote thislédagium by p*.

Using (38), it is easily verified that Assumption 4.1 holds tiois linear demand model with
the exponentsja;, i« € Z}, in that assumption being all equal to one. In particularhaee that
rA = 1/y/Aforalli € T so that, by Theorem 5.6 and Theorem 4.2, all firms operatenai in
the QED regime. It can be also easily verified that condit{@19-(C5) hold for the linear demand
model and, consequently, that it satisfies the conditioriBheforem 6.3. The Nash equilibria of
the corresponding diffusion game have a simple, closeakfaharacterization. Specifically, an
equilibrium (p, T') of the corresponding diffusion game must satisfy

(Ap); = a; — k;T; + Z ki T + b; (Ci + &) ; (41)
ji !
and
_ (pz- - %) ks — B (VR 0T VR, 0) = 0. (42)

Theorem 7.1 (the diffusion game of the linear demand model For eachA, a Nash equilibrium
exists for the\'" diffusion game. Lef(p*, T"), A > 0} be a sequence of such equilibria. Then,

Qi

A * .
Py =p; + ———,1 €1, (43)
\V/ Rl(p*vo)
and
Y N (44)
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Here,o := (01, ..., 07) andn := (1, ..., n;) are the unique solution to the system of equations

(AQ)Z = kini — Z k’@jﬁj, 7 € I, (45)
i
iﬁi 7 - kii (pz —C — _) , 1 € I) (46)
1) Ai(p*, 0) i

where (givery;) G;(n;) is the unique solution of

P(ﬁi<ni))6_ﬂi5i(ni)m = ¢.

The linear demand model hence provides a clean illustrafitive results developed in sections
4-6 as it allows, for example, to characterize in explicid ammple terms the diffusion game equi-
libria. It serves also to illustrate the result in Lemma @rideed, we see in Theorem 7.1 that the
diffusion game service-levels and price are related omyuph the fluid game price equilibrium.

Numerical example: We consider an industry with = 3 firms, T = 1, and cost parameters
g = co = 20,c3 = 5, andvy; = v = 35,73 = 50. This setting can be interpreted as having
firm 3 to be an established local service provider and firmsdl2zacompetitors that have entered
the local market more recently from a foreign or remote liocatwhere the capacity costs, are
lower but the per-customer access costs higher. We assume that all firms experience identical
price sensitivities. Specifically, we assume that a; = 2.05 andas = 2.95. We also seb; = 1
forall: = 1,2,3 andl;,; = 0.5 for all : # j. Finally, we setx; = 4/3 for all : = 1,2, 3 and

ri; = 2/300. The results are depicted in Figure 2.

Figure 2 is constructed as follows: we first solve the firsteorconditions (45) and (46) to
obtain the vectorg andp. We then use (43) and (44) to construct the sequence of iifftgame
Nash equilibria{ (p*, T*), A > 0}. Then for each fixed\, we initialize theA?* market game at
the point(p*, T*) and find best respons@g™ (p*, T*) andp;* (p*, T*) for each firmi = 1,2, 3.

Figure 2 displays the maximal profitable deviations for fir(the quality of the approximations
is similar for the other two firms). The left-hand graph cepends to deviations in the service-
level dimension. Specifically, the solid series depictssbguence of the service-level choice in
the diffusion game equilibriuml*, as a function ofA. For each value of\ we calculate the
best response in th&" market game[;*(p, 7). The pointed and dashed series are then,
respectively, the upper and lower bounds that this begiereses induce, i.e, th&" point in the
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Figure 2: The quality of the approximation — another exangplbe linear model

pointed series corresponds to the valile+ |77*(p*, T*) — 7| and theA™ point in the dashed
series to the valug* — |T* — 2*|. The fact that the pointed and dashed lines are very close to
T is the numerical illustration of our result in Theorem 6.atth"" (p*, 7%) = T + o(T2).
The right hand graph then repeats the same steps for thersegokprice? obtained from the
diffusion game and the corresponding best response sw{pjrfé(pA, ™), A > 0}.

We see, then, that profitable deviations from the Nash dxjuiin of the diffusion game
(p™, T*) are small for both the service-level and the price choicestably, in this example the
prices of the diffusion game are getting closer to the diffigiame prices a4 grows.

8. Discussion

In this paper we study markets with multiple large-scal@iserproviders. To do so, we develop a
novel framework that combines the notionsceflash equilibrium, market replication and heavy-
traffic to study market equilibria. TheNash framework allows us to go beyond the scope of
models of competition for which Nash equilibrium exists ars# relatively general demand and
capacity models. The notion of market replication allowstasliscuss trends in terms of sta-
bility and market outcomes in sequences of markets suctheasnpact of the market scale on
the interdependence between the pricing and servicedeeations. Combined with the notion of
heavy-traffic, which is well studied for monopolists, thighework allows us to characterize equi-
librium behavior and obtain insights for markets in whichsNaquilibrium need not necessarily
exist.
The framework developed in this paper can be applied to abepetitive settings in which
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congestion and queueing play important roles. The framlews@specially relevant in settings that
satisfy two conditions: (a) a Nash equilibrium does notteaidss intractable for characterization,
and (b) there are available approximations for the undeglgjueueing systems that can be used
to construct a tractable approximate game. In our setthgdiffusion game—which is based on
many-server heavy-traffic approximations—plays the réliis approximate game, but this need
not be the case.

Indeed, one can apply the same approach to markets withessegVer suppliers in which the
service rate, rather than the number of servers, is the tgmbecision variable. In these cases,
we expect that the so-callenventional heavy-traffiapproximations — in which the number of
servers is kept fixed and the load approaches one—would ey ele in supplying the approxi-
mations that would replace each of the suppliers in the coctsdn of the diffusion game. In these
single-server settings our approach can be used to studgraemodels in which the customers
are sensitive to the whole sojourn time rather than soletig@ovaiting time in queue.

To illustrate this latter claim, we consider a market wittotirms such that firm faces the

following logit demand
\ a;ebti
i(f17 f2) — m’UO T a,leblfl I a26b2f2 .

Herem plays the role of the market size. Alsg,is thefull price “charged” by firm:. That is

fi = p; + s; Wheres; is the average sojourn time of customers served byditdence, rather than
treating price and service level as independent attribtitéesgame will consider only their linear
combination. Both firms operate through a single servetifiaco that firm: adjusts its service
ratep; rather than the number of servers. The cost of capacity rsdhe for ¢; > 0.

I (f1, f2) = (fi —c)hi =2/ cidi, i =1,2,

wherec; is the cost of a unit of capacity. This model is very similgrge from the existence of an
outside option) to the one considered in Cachon and HarkK&2(2

We use the parametets = ¢, = 3.75, a; = —b; = 1 fori = 1,2, as in the example in Figure
3 of Cachon and Harker (2002). As in Cachon and Harker (2@@a@jiJibrium does not exist when
m = 1. For larger values of, however, the market seems to have a Nash equilibrium, il
Nash equilibrium need not be unique. The fluid game allow$hagiever, to obtain a first-order
approximation of the full-price equilibrium. Following oapproach in this paper we first define a
fluid game by removing the service-based capacity 2¢8t\;,. Them! fluid game is the game
with profit functionsIT?(f) = (fi — ¢;)\™(f1, f2). This fluid game does have the equilibrium
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f* = (5.725,5.725). Moreover, it can be easily verified the diagonal dominanmeddion in
equation (33) holds for the above parameters, so that thisitedum is the unique equilibrium of
the fluid game.

We numerically compute equilibria for each valuenoffor the original game with profit func-
tions I17*(f). We plot the equilibrium full prices(fi", fi*) on the graph in Figure 3. As the
equilibria are all symmetric, witlf]” = f;*, each such equilibrium is described by a single point
on the dashed line. The solid line in Figure 3 correspondseditid-game equilibriuny*. Note
that they axis covers only an interval of size3 so that the convergence @f* towardsf™ is very
quick. Form = 100, the distance is less than 0.25 which is, in percentagethess4%. The gap
for the last point in the graph is less than .4%.

In this model, in which the service providers are modeled/dd//1 queues and the competi-
tion is only on full price, the diffusion game is identicalttee original game and hence an additional
step is not required. Of course, if the arrivals were not $misand services non-exponential, the
diffusion game and the original game would no longer be idaht Rather,G/G/1 approxima-

tions would be used to construct a diffusion game that pesigpproximations for the complex
original game.

Two Firm, Single Server Example

oo
.....

Figure 3: A single server model

Another example of a setting in which our framework is readibplicable is the setting with
segmented markets (as considered in Allon and Federgr@@&8)Rin which each service provider

serves multiple customer classes. In this model, we expeatthe available approximations for
multi-class queueing systems would be used in the congiruet the diffusion game.

Yet another model that seems amenable to analysis throughaonework (provided that the
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market in consideration is large) is one in which the contipetiis incorporated with learning.
These are markets in which the demand characteristics dasble price and service level actions
of all the players in the market are not necessarily obsésvdlarge-scale approximations have
been recently used in the context of learning and pricinguenue management (see e.g. Besbes
and Zeevi (2008)) and it seems that these can be combinethwitin framework to characterize
the equilibria in these very realistic, but highly intraaa settings.

Finally, in this paper we considered only the case of linegpacity costs. We made this
choice so as not to distract the attention from the main ide#ise proposed framework. Given
our framework, the ability to address more general-costtion, as in Borst et al. (2004), would
follow from the ability to do so in a monopolist setting. Henthe fact that such cost functions are
treated in the literature on monopolists suggests thaetbesld also be treated in the competitive
setting.
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Appendix

This appendix is composed of three sectidi#fsadds some more numerical experiments on top of

those conducted i§i7 of the papergB partially generalizes the results of the paper by remothieg
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“Diagonal Dominance” condition (C3). Finall§C is concerned with a global asymptotic stability
property of the sequence of market games.

A. Additional numerical examples

This section has two purposes. First, we numerically sha#, ts the sensitivities to delay in-
crease, the pricing decision of the firms under the diffugjame is close to the fluid game price
p*. Then, we provide another illustration of the quality of #gproximation, on top of the one in
87.

First, then, we claim that for fixed capacity costs, incnegshe sensitivity of the customers
to waiting time, renders it optimal for the firms to providerydiigh service levels (very short
response times), so that the portidyip, T') (p; — ¢; — /1) of the firm:'s payoff would be close
to the fluid game profid;(p, 0)(p; — ¢; — 7v:/u:). Table A provides numerical evidence for this
intuition. We use the linear demand model fr§ih The table then displays the service levels and
prices in the equilibrium of the diffusion game, as a functad the service-level sensitivities
andx;;. For the large values of these parameters, the diffusioregaervice levels are (or very
close to0) and the equilibrium prices are equal to the price equilitoriof the fluid game which
we also independently calculated using the fluid game.

| SL sensitivities | Diffusion-game equilibrium Sl Diffusion-game equilibrium price

ki = 0.1, kyy = 0.01 (1.0044,1.0044,1.1903) (59.2561,59.2561,62.8919)
ki =1, fy; =01 (0.2484,0.2484,0.3144) (59.2441,59.2441,62.8783)
ki =10, Ky = 1 (0.1429,0.1429,0.1937) (59.2408,59.2408,62.8736)
ki = 20, Fyy = 2 (0.0947,0.0947,0.1392) (59.2406,59.2406,62.8719)
ki =30, ki = 3 (0.0651,0.0651,0.1062) (59.2421,59.2421,62.8720)
ki =40,k = 4 (0.0441,0.0441,0.0832) (59.2448,59.2448,62.8733)
ki =50, fiy; = b (0.0281,0.0281,0.0658) (59.2485,59.2485,62.8754)
Ki = 60, fiy; = 6 (0.0151,0.0151,0.0521) (59.2529,59.2529,62.8783)
Ki =70,y =7 (0.0042,0.0042,0.0407) (59.2581,59.2581,82.7719)
ki = 80, fy; = 8 (0,0,0.0311) (59.2608,59.2608,62.8850)
ki =90, fg; = 9 (0,0,0.0228) (59.2614,59.2614,62.8879)
ki = 100, iy = 10 (0,0,0.0154) (59.2621,59.2621,62.8911)
ki = 110, kg = 11 (0,0,0.0089) (59.2628,59.2628,62.8946)
Ky = 120, fiy; = 12 (0,0,0.0029) (59.2636,59.2636,62.8983)
ki = 130, fiy; = 13 (0,0,0) (59.2641,59,2641,62.9004)

Table 3: Diffusion-game equilibria as a function of the gedansitivities
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When customers are extremely sensitive to service leveéssthen hard to distinguish between
the fluid game and the diffusion game so that the benefits afithesion game are less evident. In
contrast, when customers have lower sensitivities (blitsstictly positive), the tradeoff between
capacity costs and loss of market share due to waiting is aimgfal one.

We now provide another numerical example of the linear dehmandel on top of the one
provided in§7. In that example, following the discussion above, we psefally choose service-
level sensitivities that are low. We again consider an itigusith /7 = 3 firms, industry benchmark
of T' = 1, and cost parameters = ¢, = 20, c5 = 5, and~y; = v, = 35,v3 = 50. We also assume
thatd; = 10 for all 7 = 1,2,3 andl;; = 4.75,Vi # j. Finally, we leta; = a, = 205, ag = 295,
ki =0.1foralli =1,2,3andx;; = 0.01 for all i # j.

Figure 4 is the analogue of Figure 2 for the new parametedssptays the maximal profitable
deviations for firm 1. We again observe that profitable demmstfrom the Nash equilibrium of the
diffusion game(p?, T*) are small for both the service-level and the price choicelsiléfor small

values ofA, the deviations are not small, they quickly become nedkgisA grows.

Delay Guarantees of Firm 1 Prices of Firm 1

14 —— Diffusion Game Nash [

<+v22+- Upper Bound

06 60.0

Waiting-Time Guarantee
’

4
Scale Factor Scale Factor

Figure 4: The quality of the approximation — an example ohadr model

B. General continuity of the fluid game

This appendix is concerned with relaxing the “Diagonal Doamice” condition (C3) that is im-
posed in some of the results in the paper. Motivated by Lem@ane referred to this property as
“linear continuity” of the fluid game. Here we introduce a gead notion of continuity for the fluid
game together with the corresponding extensions of thdtsesut5 ands6. The case of linear

continuity is then obtained as a special case of the morerglesetting.
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Prior to Theorem 6.7 we introduced the notion of “the fluid gaom7”. We now assign a
number to that definition as will be repeatedly referringtto i

Definition B.1 The fluid game off’ is the I-player game with profit functions
) = M T) (- - 2 e
and strategy spacp.

The fluid game is then the special case with= 0. We letv)] (p_;) be the best response of

playeri (in the fluid game o) to pricesp_; of the competitors and set

Vi (p) = (1 (p-1), - -, 91 (p-1))-

If the fluid game orf” has a unique Nash equilibriupi(7'), then it is given by the unique solution

to the system of equatign— ¢* (p) = 0. We now have the following definition:

Definition B.2 (uniform g-continuity around 7' = 0) We say that the family of fluid games is
uniformly g-continuous around’ = 0 if there exists a continuous functign: R}, — R! with
g(0) = 0 as well as a constarit > 0 such that for eac” € [0, 6]*: (a)the fluid game ofi” has a

unique equilibriunp*(7), and(b) fixinge € RZ,

p—v"(p) <e

implies that
lp—p"(T)| < g(e).

Note that g-continuity of the fluid game is the special casth Wi = 0. Within this general
terminology, Lemma 5.8 can be re-stated as saying that,ru@aledition (C3), the fluid game is
g-continuous with the functiog(x) := B~z /(1 — C'). We recall thatB is thel x I matrix given
byB;=0,7=1,...,]TandB;; = 0forall i # j.

Lemma B.3 Suppose that Assumptions 3.1 and 5.1 hold in addition toitond(C1)-(C3) Then,
the fluid game is uniformly g-continuous arouiid= 0 with g(z) = *5|B 'z and C is the
constant fron{C3).

43



In contrast to the case of linear continuity, for which we gvable to show in Lemma 5.8 that
condition (C3) is sufficient for the continuity property tolt, the general setting requires the user
to identify the corresponding functiog(-). Once a functiory(-) that satisfies Definition B.2 is
identified, the following generalization of Theorem 5.9 d¢aused. We note that the uniform
g-continuity is not required for this result, only the g-tionity of the fluid game of’” = 0.

Theorem B.4 (bounds on the distance from the fluid game Suppose that Assumptions 3.1, 4.1
and 5.1 hold. Then, there exists a sequerice- O(1/r),...,1/r?) such that, for each, (p*,0)
is ane® Nash equilibrium for the\"* market game. Moreover,

TP p" 0) ~ 1t i €T oy > 1, *7)
T 0) = 0(), i € T = 1 “9

and
L', 0) = ofrd), i €T o < 1. (49)

If, in addition, the fluid game is g-continuous, then
i (p*,0) = p}| = Olgi(V'61)), i € T. (50)

with 6} = M (ﬁ + (r{‘)ai> for some constant/ > 0.
With 7% (p*, 0) replaced everywhere by" (p*, T%), equationg(47)-(49) hold for any se-
quence{ (p*, T*), A > 0} that satisfy(p*, T*) € P x © for eachA.

The following is the general version of Theorem 6.3 in whiohl neplace condition (C3) with
general g-continuity.

Theorem B.5 (bounds on the distance from the diffusion gamgSuppose that Assumptions 3.1
and 5.1 hold in addition to conditiof€1)-(C2)and(C4)-(C5)and let{(p*, T*), A > 0} be such
that (p*, T*) is a Nash equilibrium for the\" diffusion game. If in addition, the fluid game is
uniformly g-continuous around = 0, then

TPMNpM T = T + o(r) andp;* (p*, T%) = p + o(g:(V3Y)),

2

whered? = (ri)«.

2

We usen* from Lemma 6.5 in the following theorem which is a generdi@aof Theorem 6.7.
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Theorem B.6 Suppose that Assumptions 3.1 and 5.1 hold in addition toittond(C1), (C2)and
(C5). Assume, in addition, that (i) for eadh a unique equilibriump” (") exists for the fluid game
onn™ := (nird, ... mird), and (i) the fluid game is uniformly g-continuous aroufid- 0. Then,
there exists a sequene& = o (1/r{,...,1/r}) such thatp®(n*), n*) is ane*-Nash equilibrium
for the A" diffusion game and for th&'* market game. Moreover,

TN o) n®) =t +o(r), and pi A0, n") = p () + o (G(VCY))

where¢} = (ri)i,

7

C. Asymptotic Stability

Our results irg6 show that, if the market game is initialized in the diffusgame Nash equilibrium,
there will not be asingle stepunilateral deviation that increases the profit by more thaf}) for
firm 4. Itis plausible, however, that if firms play their best respes sequentially multiple times,
the market may drift away from a neighborhood of diffusiomgaequilibrium. Moreover, if the
market is initialized away from the diffusion game Nash &Qtium it is a-priori possible that it
will never reach the neighborhood of that approximate game.

In this section we show that this cannot happen provideddhglbbal stability condition is
imposed on the fluid game. Specifically, we identify a suffitieondition that guarantees that, for
any starting pointp, T') € P x 9, the market will converge to a neighborhood of the diffusiame
equilibrium and this neighborhood is exactly the one charaed in Theorems 6.7 and its general
version in Theorem B.6. We will show that our approximatians globally asymptotically stable.
For an introduction to stability of non-cooperative ganseg e.g. Section 2.6 of Vives (2000).

The global stability that we show is frequently referred sdatdonement stability. Fixing, the
Tatdonement scheme is as follows: the market is initialiaegdome arbitrary pointp™°, 7-0) €
P x ©. Firms then play their best responses in a fixed sequencehwye assume without loss
of generality to bg(1,..., 1. Lettingi(k) be the firm that plays its best response in tfeturn
kE=1,..., 00, we put(p/_\i(k,), Tfi(k)) = (p/_\i(k_l), Ti\i(k_l)) and

(piA(kaf(\k)) € argmax M pie—1y, 2, Ty, ).
pi€P;, T;€[0,T)

When the best response of playék) is not unique, we choose the maximal one in the sense of

the partial ordering oR? , by whichz > y for 2,y € R% if 2y > y; orif z; = y; andzy > ys.
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Put now
LAn) = {(p™* T, k=n,n+1,...}. (51)

In words,£* (n) is the trajectory of th." market game under the Tatdnement scheme, excluding
the firstn steps. If theA*” market game has a unique Nash equilibrigrh, 74) and is globally
stable, we would have thap* TA%) — (p* T") ask — oo. Consequently, for each > 0,
there would existi(¢) such that for alh > n(e)

sup  (lp—p*| + 1T = T4)) < e
(pT)LA(m)

We, however, do not assume existence of a Nash equilibriaipaiticular, we do not require any
form of stability for this game. Rather, we only assume ttudbgl stability for the fluid game of
(see Definition B.1) for all” small enough. Specifically, we will require that, the fluidmg@onT
has a Nash equilibrium and that, if the players in the fluid gam({" follow a Tatbnement scheme
as above, then the resulting sequence of price vecipts,, k£ > 1}, satisfieg*? — p*(T) as
k — oco. The limit p*(7") must be the unique equilibrium of the fluid gameBn

The fluid game off" is a simple game in which each player’s strategy space igslanensional
and the payoff functions, under condition (C1), are twicetowously differentiable. It is known
(see e.g.§2.6.2 of Vives (2000) and the references therein) that acsefi condition for the
global stability for such a game is the diagonal dominancelitmn (C3). When the best response
functions have derivatives that are continuou§’jnt suffices to impose (C3) on the regular fluid
game (see Definition 5.1) for it to hold for the fluid game ‘Bnassumingd!l’ is small enough.
Such a continuity holds, for example, for the multinomiadit demand model; see Example 6.1.
Consequently, Theorem C.1 holds for the multinomial-latgtmand model. Similar argument
show that it holds for the linear demand modek@f In our main result of this section we hence
assume that (C3) holds for the fluid gameZifor all 7" small enough, i.e, that there exisfs< 1

D

kel

such that
0
—] (p_;)

<C,peP,iel.
Opr,

Theorem C.1 Suppose that Assumptions 3.1 and 5.1 hold in addition toitond (C1)-(C3)and
(C5). Assume that for alb > 0 small enough and any with || 7| < §, the fluid game o”
satisfies conditiofC3). Then, there exists a sequer{eg', A > 0}, such that

M, T)

sup  max — 0asA — oo, (52)

(p.T)eLA(nd) €T
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and

*,A * (A
; T) —
sup  max p(p,T) —p*(n) — 0asA — oo, (53)
(p,T)eLr (nh) = (T’ZA)O”
wheren? := (pird, ..., nird), n* is as in Lemma 6.5 angt(n*) is the unique Nash equilibrium

of the fluid game on™.

The term asymptotic global stability should be interpredgedording to Theorem C.1. That is,
we say that the sequence of market games is asymptoticalhally stable if the neighborhood
that we identified in Theorem B.6 is eventually reached, neigas of the starting point.

The key step in proving Theorem C.1 is to show asymptotidlgkaim fluid scale, i.e, we show
that, for allA large enough, the trajectories of th& market game converge to a neighborhood of

(p*,0).

Theorem C.2 Suppose that Assumptions 3.1 and 5.1 hold in addition toitond (C1)-(C3)and
(C5). Assume that for alb > 0 small enough and any with || 7| < 4, the fluid game o
satisfies conditiofC3). Then, there exist a sequenpe*, A > 0} such that

sup ||T|| = 0asA — cc. (54)
(p,T)eLA (nM)
and
sup |lp—p*|| = 0asA — cc. (55)
(p,T)eLA (nM)

The proofs of Theorems C.1 and C.2 are relegated to the eaaop
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e-companion for:

Pricing and Dimensioning Competing Large-Scale Service
Providers

In this e-companion we provide proofs for all the theorentslammas. The proofs of the different
results appear in the their order of appearance in the pAgeordingly, the proofs of the results
in the Appendix appear in the second portion of this e-congranTwo auxiliary lemmas—EC.1

and EC.2—appear at the end of the e-companion. In this e-@oimp, to simplify the notation, we

replace the best response notafigt' (p, 7) andp;* (p, T') with 7;"* andp;* whenever the price

and service-level vectofp, T') are clear from the context.

Proof of Lemma 4.1: By known M /M /N formulas (see e.g. Chapter 5-9 of Wolff (1989)), we
know thaté; (A, T;) satisfies

P{VVZ-A > TzA} = P{VVz‘A > O}G—MT{\éi(A,TiA) < 6.

As, P{W} > 0} < 1we have thag;(A, T) < —In(¢)/uTr. Hence T e, (A, TA) < —1In(e) +
o(In(¢)), and the result of the Lemma follows. |

Proof of Theorem 4.2: The corollary follows from Theorem B.4. Indeed, {gp*, 74), A > 0}

be any sequence such ttiat, 74) € P x © for eachA. Then, by the last part of Theorem B.4 we
have thal* ~ 2 if 1/7} = o(v/A) andT? = O(r)if 1/r> ~ +/A. By Lemma 4.1 we then have
thaté; (A;, TA) ~ 1/TXif 1/r2 = o(v/A) andé;(A;, T*) ~ VA if 1/r> ~ +/A. The bounds on the
delay probabilities are now obtained by taking convergahssquences and applying Proposition
1 in Halfin and Whitt (1981). [ |

Proof of Theorem 5.2: The proof draws on Definition 3.2 afNash equilibria, Assumption
5.1 on the uniqueness of the equilibriyrnfor the fluid game, and the properties of the demand
functions as listed in Assumption 3.1.

We fix a sequencg@™ that satisfies the following three properties:

max sup |Az(p7 TA) - Az(pv 0)| < EA/167 (ECl)
i€l peP

sup &(Ai(p, T), T;") < ¢*/16;, and (EC2)
peP

T — 0, asA — oco. (EC3)
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Such a sequence exists by the absolute continuity of thenigfoactions on the compact domain
P x © and by Lemma 4.1. For (EC2) we are using the assumptiorthat co.

To show that(p*, T*) is ane*-Nash equilibria for the\*” market game, fix a firmi and a
sequencd (p,, /), A > 0} with (p/*, T/*) € P, x © of prices and service levels for firirsuch

(2

that(p;Av T/A) 7& (pz ) I;A) Deflne

(2

(" T = W T 1 (0, T
As é;(-,-) > 0, we have that
(", TY) < L™, T (ﬁ? —ci— ﬁ)
Hi
By the choice ofl™*, we have that
{A (5", T (pz —¢i— ﬂ) — Ai(p",0) (@A — ¢ - 1)} <€l/s. (EC4)
i i
Indeed, one writeg, (5%, T™) — X (5%, 0) = Xi(5™, TY) — Ni(p™, 0) — X (5%, T™) + \i(p*, T2). By
(EC1) we then have thad,; (5", T%) — A,(5*,0)| < €/8. There are now two cases:Hf"* < T
then we can apply (EC1) once again with replaced withl™*. If, on the other hand]’* > T2,
then the monotonicity of the demand functions is invokedaeerthath, (5, 7%) — A, (p*, T*) <
0.

Note that (EC4) is independent of the actual values of theesze{ (p/*, /"), A > 0} and
depends only on the values fp*, T7*), A > 0}. By (EC1) we have that

% 7

Ai(p*, T (pZ — ¢ — %) — Ai(p*,0) (p;k —c — %)' < M8, (EC5)

By the definition ofp* as the Nash equilibrium of the fluid game, we have that

A5, 0) (zaz - 1) < Ai(p*,0) (pz — ¢ - l) (EC6)

7 7

Combining (EC4), (EC5) and (EC6) we readily have that,

Using this together with equation (EC5), we then have that

7

B A
TG, T < Ay, T <p2 - ﬁ) i<



By (EC2)é;(A;, T) < €*/2v; and we conclude that

I (p", T%) < IR, T + €,
so that, for each\, (p*, T") is ane*-Nash equilibrium. Finally, note that we can also find a
sequencd™ of vectors with equal components, i.e, such that= 72 ... = T2 , that satis-

fies (EC1)-(EC3) and repeat the whole argument with this elecgito get the second part of the
Theorem. [

Proof of Theorem 5.3: We divide the proof into two parts. We first prove the chanazétion
for the equilibrium service-levels in equation (16). Wertlpgoceed to prove the equilibrium-price

characterization in equation (17).

Proof of (16): Let (5, T") be the sequence ef-Nash equilibrium. To reach a contradiction,
assume that there is no such sequeficéor T2, In particular, there exists a firmsuch that
lim sup, _ TA >0, for some) > 0. We may use the compactnessdfo choose a subsequence
A7 such thaihmj_,C>O =6>9.

DefineT* by settingl* = ¢/+/A for this firmi and some > 0 and by setting’* = T}* for
all k # i. SinceT» — 0 asA — oo, we can re-choosg large enough so that™’ < TA — p,
for some0 < n < §. Since\;(p, T) is strictly decreasing ifi; (see Assumption 3.1), there exists
e > 0, such that

(YT (@“ e Z—) Y TV (@“ . ﬂ) > e

i

Using the definition of the profit functions we have that

I (Y, TY) = T (Y, TV) < NG, TY) (pi - e - )
= (WG TV - (5 == 2) = viés(AL, V)
—deN +vié:(A], ¢/ VA).
By Lemma 6.1 we have that(A,,¢/v/A) < K+/A for all A large enough and som& > 0.

Hence, we can re-choogeso that
(v, ) =1 5V, TV) < —2e.
Firm i can, hence, improve its profifl’’, by more thareA. Sincee® /A — 0, there existg, such

thate®” < eA forall j > j,. Consequently, for all large enough(7"’, 7%’) can not be ar*-Nash

equilibrium.



Proof of (17): We fix the sequencé™, T*) of ¢*-Nash equilibria. To reach a contradiction
assume thalimsup, . |[p* — p*|| > 0. We then say that” is asymptotically distinguishable
from p*. Note that ifmax;c7 limsup, . T* > 0, the result of the theorem trivially follows from
(16). Hence, we assuni&* — 0 for all i € Z. We will show that under the assumption that
p? is distinguishable fromp*, every limit pointp of p* must be an equilibrium point for the fluid
game. Such a limit point exists by the compactnes® ofSincep” is distinguishable fromp*,
this will imply the existence of multiple equilibria for thuid game, contradicting Assumption
5.1. It remains, hence, only to show that every limit pgiris indeed an equilibrium point for
the fluid game. Towards that end, fix a limit pointof {p*, A > 0} and the corresponding
convergent subsequen@p”, k > 0}. We claim thatp is ane-Nash equilibrium for the fluid
game for any > 0. In turn, it is a Nash equilibrium for this game. Define= (p;, p_;), for some
price p; € [p, prae] with p; # p;. Then, sincgp”, T*) is the assumed sequencec6fNash
equilibria, we have that for alt large enough,

A" (A, 1Ay < T (0N, T2) + ¢/4,

for somee > 0. Observe that by Lemma 6.4;(A;, 7*) /A — 0 asA — oo. This, together with

the continuity of the demand functions, implies that

I (ph, TA _
€T
In particular,
. Hf\k (pAkv TAk) 1P
Jim 3= ST ()| =0,
i€l
Hence,
Ak _Ak Ak Ak _Ak Ak
I (™, 7") I, 7)) -

— 117 (p) and —- — 117 (p), ask — oo

A A !

wherep = (p;, p—;), and we have that

I} (p) < I (p) + e

Hence,p is ane-Nash equilibrium for the fluid game. Aswas arbitrary, we have thatis a
Nash equilibrium for the fluid game. Singe+# p* we have a contradiction to the uniqueness of
equilibria for the fluid game. |



Proof of Lemma 5.7: Asp_; is fixed, it suffices to prove the result for a one dimensionatt
tion. Specifically, fix a twice continuously differentiabfienction f(z) : X — R, that is de-
fined on a compact and convex s&€tC R, and such thata%f(:c) < 0forall z € X. Let
r* = argmax,x f(x). We claim thatz* — y| < C\/e whenevemax,cx f(z) — f(y) < e for
some constant > 0. The first part of the Lemma will then follow by settingx) := I1;(x, p_;).
To prove our claim forf(x) consider first the case in whicH lies in the interior ofX. In this
casez* solves the first order conditioff (z) = 0. Assume thatz* — y| > /e. Assume that
x* < y (the other case is treated similarly). As the second dévivag strictly negative we have
that f/(z* + \/€/2) < —d+/€/2 with § as in the condition of the Lemma. In particular, fér) is
a decreasing function we have that

f@) = f@" +Ve/2) = fly) + (y — 2" = Ve/2)6Ve/2 = fy) + (y — 27)0Ve/2 + o(Ve).

Hence,f(z*) — f(y) < e implies for alle small enough thay — z* < C'\/e for some constant
C >0.

To complete the argument, assume thais on the boundary oK. Assume that:* is the
smallest element iiX (the proof is similar for the case in whicft is the largest element). Then,
we have thaff’(z) < 0 for all z > z* and in particular/’(z + v/¢/2) < —d+/€/2. From here we
can apply the same arguments as above. [ |

Proof of Lemma 5.8: This lemma is a direct consequence of Lemma B.3. |
Proof of Theorems 5.6 and 5.9: These theorems are special cases of Theorem B.4. [ |

Proof of Lemma 6.1: The first part of the lemma follows directly from Propositi®:3 in Borst
et al. (2004) and from item (ii) in Example 9.4 there. We turptove the convexity of the function
Bi(n).

Let f(z,y) := P(z)e **¥. By Lemma B.1 in Borst et al. (2004), the functid-) is strictly
decreasing convex. Using this property one can easily shatthe functionf(z, y) is convex and
strictly decreasing in- and convex and strictly decreasingyjire [0, 7. Also, %aﬁyf < 0.

Note thatg;(n) is the function that satisfies(3;(n),n) = ¢. By differentiating once on both
sides of this equality we get:

%f(@(”)m)  Biln) + %f(ﬁz—(n),n) —0.



Using the fact thaf is strictly decreasing ip andx we then have that!(n) < 0. Differentiating
for the second time we have

Ot B2 + 2.2 s B + -2 G = 8 L.

Ox? ‘ Ox Oy ! oy? Y 0x
The first element on the left-hand side is positive by the egity of f in x. The second element
is positive by the propert)y%a%f < 0. The last element on the left-hand side is positive by the
convexity of f in its y argument. Dividing both sides b%f and using the fact thatis decreasing
in  we then have that!(n) > 0 and the proof is complete. |

Proof of Example 6.1: We prove that the ML demand model satisfies condition (C5)thi®

end, after some basic manipulations we get

)‘i(pv T—iv IL’) - )‘Z(pa T—i> 0) (Ui(piax) - 'Ui(piv 0))(1 - )‘Z(p7 T—i7 0))

ey 1+Z#Z—vj(pj,7})+vi(29uo)

Y

where, for allj € Z, v;(p;, Tj) := e%T)=bPi anda;(T}) = a; — k;(T;)* . Using Taylor expansion
aroundz = 0 for the functionf (z) := e%~t#i—*= we then have that

Ai(ﬁ% T—iax) - )\i(P, T, 0) - kivi(pia 0)930”(1 - )\i(p7 T, 0))
e 1+ 2520i(py, Th) + vilpi, 0)

+o(1)

and, consequently,

Ai(ﬁ% T—z',x) - Az‘(P, T, 0) . kivi(pia 0)(1 - )\i(p7 T_;, 0))
T 143 2520i(py, Th) + vilpi, 0)

Proof of Theorem 6.3: This theorem is a special case of Theorem B.5. [ |

Proof of Lemma 6.5: Fix i € Z. We divide the proof into two cases: (i) > 1 and (ii) o; < 1.
case (i)«; > 1: Fix a sequence (p", T%,), A > 0} such that(p*,7%) € P x [0,T)~* and
(p™, TA) — (p*,0). We claim that (C5) implies, that for every> 0,

Ai(pAaTiXianTzA) - Ai(pAa TA 0)

1/ = = (07, 0), (ECT)

where f;(-, -) is the function from (C5). Moreover, the monotonicity (asuadtion ofn) of both
the pre-limit and limit functions, guarantees that the @gence is not only pointwise (for a given
1) but rather on compact sets. We will prove (EC7) at the endhefaroof and we turn to prove
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the main assertion of the lemma for the case> 1. To this end, let{ (p*, T*), A > 0} be any
sequence withjp®, %) — (p*,0) asA — oo. We note that the argument in the beginning of
the proof of Theorem B.4 can be repeated to show that the bests-level response is of order
O(r™) for firm 4. In particular,7;* = O(r*) so that we can find’ > 0 such that** € [0, Cr|
and we can write
7% = argmax (A(p", T4, 2) — Ai(p*, T, 0)) (pf\ —c— ﬂ)
z€[0,CrM i

+ BilnrV/Ri(p,0)v/ Ri(p*,0) + o(Bi(nri* v/ Ri(p*,0))/ Ri(p*, 0)).  (EC8)

By Lemma EC.2, the last term disappears when dividing by so that using that lemma and

(EC7), we have that
T<*7A

]

A — n(p*),

wherern(p*) is as defined in the Lemma. It remains to prove (EC7). To this ket

T = {(p,T-) € P x [0,0] " : |[p—p*|| < dand Y T, <4}
i

As (p*, T*) — (p*,0), we have that
As(p™, TA ) — Ay(p™, T, 0)

—7

Ni(p, T—iymr) — Ni(p, T, 0
lim sup < sup lim (P, Tiy i) x (p )
A—oo 1/r} (p.T—s)eT; A0 1/r;

We now address the right hand side. FixipgT_;) and recalling that, for,; > 1, 7} = AT
we have that

Ai(p, T, 777“2'[‘) — Ni(p, T-4,0) — g Ai(p, T, 77/\_%‘”) — \i(p,T-4,0)

o, — n™ 9 7T—i )

where the convergence follows from (C5) and the fact that — 0. In particular,

Ai(ph, T, ) — Ni(ph, T, 0)

—

lim sup <n* sup fi(p,Ts).
A—oo 1/r} (0. T-)ETs

Sinces is arbitrary andf;(-, -) is assumed to be continuous we have that

A (ph, TA ey — Ay (p™, T2, 0)

—7

<n*fi(p",0).

lim su
A—>oop 1/T2

A similar argument can be repeated wiithn inf instead oflim sup to conclude that

NN TR ) = N(ph, T, 0)
lim

- aii *,0.
Jim T 1% fi(p", 0)




case (ii)«; < 1: We write, as before,

Ai(pt, T4, i) — Ai(p*, T2, 0)

Ai 7T—i7 A _AZ 7T—i70
lim inf > it i 2T — Ap 720 0)
A—oo 1/r} (P, T2;)€T; A—oo 1/r;

We recall that® = 1/+/A for all i € Z with ; < 1. Fixing (p, T_;) € 75 andn > 0 we then write

Ai(p, T-iy ) = Ni(p, T-3,0) n \" Ni(p, T—i,n/VA) — Xi(p, T3, 0)
1/r} -vA (x/K) (%y

Where the divergence follows from the fact that< 1 and from Assumption 4.1. Consequently,

— OQ.

NN T ) — A(p*, T, 0)
lim inf =0
A—oo 1/rd

forall > 0. Recalling thafl** must satisfy (EC8) we must have that = o(1/v/A)—otherwise,
we can improve the profit by setting the delay targeffo= 0
We conclude this proof by noting that, (if*, 7*) is a Nash equilibrium for tha " diffusion
game for each\, then the whole argument can be repeated @itkp*, 7)) replacingZ;*. Here
we use the observation that this sequence of equilibria satistfy (p*, 7%) — (p*,0) asA — cc.
In that case
T} = argmax (A;(p", T, 2) — Ni(p*, T7,,0)) <pf‘ — ¢ — &)
z€[0,Crd] i

+ Bilnr/Ri(p*, 0)v/Ri(p*,0),

and the proof can be completed identically as the prooTT&. [ |

Proof of Theorem 6.7: This theorem is obtained as a special case of Theorem B.6tmgrtbat
the uniform linear continuity of the fluid game arouiid= 0 follows from Lemma B.3. |

Proof of Lemma B.3: Fix e € R%. Using the fact thap* = ¢ (p*), we writep; — ;(p_;) =
— pf — (i(p_i) — ¥(p~,)). Using (C3) we have that

[Vi(p—i) — i(pZ;)] < Cllp—i — pZ],
for C' < 1. Consequentlyp — ¥ (p)| < ¢, implies that

€ = pi —p; — (Yilp—i) =¥ (0%) = (1= O)llp—i — p=i]l-



Hence, for each € Z, we have that

€

1-C

Ip—i = pZll <

and, consequently, that

~€’

1Blp—p)l < 1—5
where B is the matrix with element®;; = 0 andB;; = 1 for all ;7 # <. In particular, the fluid
game is g-continuous with(z) = ﬁ|B—1x|. The uniform g-continuity now follows from (C1).
Indeed, the continuity of the derivatives guarantees thagll 7" small enough, there exists < 1
such that

0 7

— (p_)| <C,peP,iel.
k

Proof of Theorem B.4: The outline of the proof is as follows: we first prove that, ezivany
sequencé(p®,, T), A > 0}, T, (p*, T™) must satisfy thal " (p*, T*) ~ r2if 1/r} = o(v/A)
and7;"(p", T*) = O(r}) otherwise. This will, in particular, establish (47). Hagiastablished
(47) we will turn to show thatp*, 0) is ane*-Nash equilibrium as claimed and establish the bounds
in (50).

We start, then, with the treatment fﬁf’A(pA, T"). We divide the proof into two cases: (i)
firm 7 hasa; > 1 and (i) a; < 1, whereq; is the exponent in Assumption 4.1. First, consider
a firmi with a; > 1. It is can be verified directly that, for these valuesagfr* ~ 2 and that
Afi(z}) ~ ZLA Furthermore, by the definition ef*, we have thaff/(z}) = e A > and we can use
the convexity of the functiorf (z) = x to write

AfZCFZA) > AfZ(TzA> + ( A)Q(CTZ'A o Tz{\)v
T
foranyT? > rA. In particular, if 7" /r* — oo then

AS(TY) — Afi(r})
1/rd X

(EC9)
Let (p2,, pi*, T2, 2) .= (p™, ) 1 (»*, T*)_; and note that, by definition,

T — argmax A(ph, p, T, 2) (pz e 1) (A ),
T Hi

and, in particular, that

Tt = argmax (A (%, ph TN ) — A", TR, 0)) <pz' —Ci— ﬁ) — Yi€i(As, ).



Using Assumption 4.1 we have that

(A (™ TR, TN — A (™, T2, 0)) (pi —— 7?) Yibi (A, TY) ~ —CLA(TM)Y — Cy—

TA’
(EC10)

for some constant§; andC,. Assume that’* /r* — co. Then, it follows from (EC9) that

(A" T2, 1)) = N, T4,0)) (i — e — v/ 1) — vidi (N, T)

1/ — —00. (EC11)
Using (EC10) we have, however, that
A TA, —Ai A,TA-,O i — G — ) i) — ibs Aza
i sup @ T ) = Aot T, 1}2»£p G i/m) —E ) e
A—o0 i

which leads to a contradiction to the definitiorﬂC)’?A. Hence, fori € 7 with ;; > 1 we must have
TN ph,, T,) = O(r}). To complete the proof, we need to show thatinf ., 7 /r} > 0 for
all with 1/r} = o(~/A). Assume, to reach a contradiction, thai* = o(v/A) but T /r» — 0.
Then, ass;(A;, T*) ~ max{1/T*, A} we have that
(A, T
1/rd

In particular, as\;(p, T') is decreasing iff; we will again have (EC11) which is a contradiction to
the definition oij“\ Indeed, we can always us¢ to obtain a better result as in (EC12). The
proof fora; > 1 is hence complete.

We now turn to consider the case < 1. First, note that witi** = 0 we have that

lim sup (Ai(p*, T4, 0) = (P, T8, 0)) (pi — i — 7/ i) — 7i€i(Ai,0) _ 3iés(As, 0)
A—oo 1/rd 1/rd

Fix a sequencgT?, A > 0} with liminf, .., T*/r} > 0. Then, we can apply Assumption 4.1

v

to get (EC11) once again. Consequently, we must havél"gh%lt o(r) and the proof of the first
part of the Theorem is complete.

We turn now to show thatp*, 0) is ane* Nash equilibria as well as that the price bounds in
(50) hold. To this end, note that

I (v,

2,0, TN I, 2,0,0)| < C (éi(Ai(p*,O) 0) + |Ay(p* 2,0, TN — Ai(p*_i,x,0,0)D,

(EC13)
for some constant’ > 0. Using the first part of the theorem in conjunction with Asguion 4.1
and Lemma 4.1 we then have that

I (p*,, 2,0, T — Ay(p*,, x,0,0) <x —c— &)' < CLA : (EC14)



Similarly, we have that

(EC15)

By the definition ofp* we have that

Ai(pZi,2,0,0) (56 — ¢ — l) < Ai(p*,0) (p? —ci— ﬁ) :
/’LZ MZ

Consequently, we have that, for anyandy,

C

T

for some (re-defined) constaft> 0 so that(p*, 0) is the claimed" Nash equilibrium for the\*"
market game. We proceed to provide the bounds in (50). By 4i@id (EC15) we have that

i 1
Hf\(piivx7077;*’A) - Ai(p*_i,x,o, 0) (Ilf — C; — l)‘ S C_Aa
i r;

and, using (EC13) and Assumption 4.1 we then have that

I02) — 77,0 < € (5 + 0%,

for a re-defined constant > 0. Equation (50) now follows from the g-continuity of the fligdme
and Lemma 5.7. [ |

Proof of Theorem B.5: Let {(p*,T"), A > 0} be a sequence such that*, 7*) is a Nash
equilibrium for theA*” diffusion game. The first part of the theorem follows dirgétbm Lemma
6.5 and the comment at the end of the proof of that lemma bylwhieehave that, fory; > 1, both

A A
— = n(p*) and—
T i

— n(p"). (EC16)

In particular,Z;* = T2 + o(r}). In addition, ifa; < 1 then bothZ’* andT;"** areo(r?).
We can now use this to prove the second part of the theorene tNat, by definition of Nash
equilibrium for the diffusion game we have that

0 > TP, T8, pr ™ 1% = T (", T

= N TR PN TN ™ — e — i) — M, TN (0 — e — i/ i)

+ iV Ri(p?, 0)(Bi(T; " V/Ri(p*, 0)) = Bi(T*/Ri(p*,0))). (EC17)
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Using lemma 6.1 we have that

A, T8, pr ™ TN = TN T = M, T o TN 00 = =i/ i)
— NN TYHN = e =i/ w)
+ %V Ri(p*, 0) (BT Ri(p*, 0)) — Bi(TH/Ri(pr, 0)))
+ o (VRGO BTN VR 0) = BTN F(0))
(EC18)

By (EC16) we have that both* = 5(p*)r} + o(r®) andT;* = 5(p*)r? + o(r}). Using Lemma
EC.2 we then have that

YV R0, 0) (BT Rilp*, 0) = BT/ Ri(p*,0))) = o(1/r).
Also, we can fixj > 0 so that for allA large enoughin; — 6)r < 77" < (1, + &) and then use
equation (EC7) in the proof of Lemma 6.5 to have that both

A, (p z’T z7p2 (772 +5T1A)) - Al(p z?TAwpz 70)
1/rd

7

— (nf +6)* fi(p*, 0),

and
Az(p zaTA 7pz ; ( i — 67’?)) - Az(p zaTA 7pz 70)
1/r
Sincey is arbitrary we have that

Ai(p—pTA?pz TA>_AZ<p zuTAupz 70)

]

1/r}

— (n; = 0)* fi(p*,0).

— ()™ fi(p*, 0).

A similar argument is repeated f@f’[‘ to conclude that
Ni(p, T, T = M, T, T
1/Ti
Plugging these back into (EC17) and (EC18) we have that

MﬁﬂWafﬂ%z @—%)SMﬁfﬂ@pﬂ—%)ﬂﬂﬁ)

— 0.

Dividing by A we then have that

ﬁ?&P(*A) HT P( )

A A

Note that, ag’ is the equilibrium price for firmi in the diffusion game, it must be the best response
of firm i to (p2,, 7). In particular, it must be the equal to best responge,(p*), in the fluid
game onT™® (see Definition B.1). Using Lemma 5.7 and the assumed g+uaityi of the fluid
game oril* we then have thdp;"" — p*| < g;(v/5%) with 64 = - A Recalling that\r® = (r)i

(see e.g. the proof of Theorem B.4) we have the result of ténerﬁlm. |
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Proof of Theorem B.6: From Lemma 6.5 we have, for any sequefieg 7*) — (p*,0), that

TNt T
# —, il (EC19)
T
Let n® = (nird,... nird) where{n;, i € Z} are the constant from Lemma 6.5. Consider

now an arbitrary sequence of pricés*, A > 0} with p* — p* and consider the sequence
{(p*,n") A > 0} LetT*) = T, (p*, n*) 1 n*. Then,

2 - Yi i
A (ph, T — T ™) = AN, T (p? -~ ;) — N(p™, M) <p2 —ci— —)

7

+ VR0 0) (BT Ri(p7. 0)) = B,/ Ri(p*, 0) (EC20)

By (EC19) we have that;” A — A 4 o(rM) so that (by Lemma EC.1)

YV Ri(p*, 0) (BT Ri(p7. 0)) = BT/ Ri(p7,0))) = o(1/r}). (EC21)
From equation (EC7) in the proof of Lemma 6.5 we have that

Ai(p™ s mirl) — Ni(p™, n,, 0)

1/r} — (7)™ fi(p", 0).

SinceT!* = ) + o(r}), we can fixd > 0 so that for allA large enoughn; — 8)r < 77"
(n; + &)rX. We can then use again (EC7) and the fact #hat0 is arbitrary to conclude that

A (ph, TA,

—

TP — A(p™, T4, 0)
1/rd

— () fi(p", 0).

In particular,
As(p™, TN — Ay (ph, ™
(", i/ E W) (EC22)
L

Consequently, for each sequer{gé, A > 0} with p* — p*, we have that

~

At 1% < TN ) + o(r)).
In particular, fix7* and letT® = T2 1 »*. Then,

A (™, T < TP, T) < TN (™, ) 4 o(rd), (EC23)

where the first inequality follows from the definition TS)*’A as the best service-level response and
the second inequality follows from (EC22).
Let p*(n*) be an equilibrium of the fluid game ayt. Then, we claim that

pr(nt) — p". (EC24)
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We will show (EC24) momentarily. We first use it to complete roof of the theorem. Since
p*(n™) — p*, equation (EC23) holds with" there replaced by (n*). Fix nowp # p2(n*) and
let p* = p» 1 p. Then, using (EC23), we have that

A

AN, T < TN, ™) + o(r).

Now, by the definition op* as the solution to the pricing game gt we have that

Y T < T ™) + o(r) < TN 7) + o(r]),
so that(p*, n*) is the claimed*-Nash equilibrium for theA*" diffusion game. The bound on
the deviation in service levels follows from the (alreadgabﬁshed) equality™* = n2 + o(r).
To establish the bounds on prices, ﬂ)é'lA ) be the best response of firm Then, since we
already showed thap”*, n") is ane* Nash equmbrlum we have that

o(ry > TIAGEN, TN — TV, ) = A, T (pz —e— ﬂ) — AN ) (pz —e— ﬂ)

7 7

+ %VRi(ps, 0) (BT Ri(p7, 0)) — Bi(n*/Ri(p*, 0))).

HereT® = 7" 1 »* andp* = p;™* 1 p*. Using (EC22) with7* and using (EC21) we then have

that
MG ) (@A - Z—) AN (p? - ﬁ) \ — o(rh).

% 7

Dividing by A we then have that

<C1

7P (e — P (A L
(Pi) (Py)] < AT

7 K3 7

whereﬁ?A’P(-) is the profit function of the fluid game oyt (see Definition B.1). But, by definition,
p® was the unique equilibrium of the fluid game gh so that we may apply Lemma 5.7 and the
g-continuity of the fluid game on” to conclude thap!* = p*(n*) + o (gi(\/CT\)> as claimed.
Here we used also the fact that? = (r)* (see e.g. the proof of Theorem B.4). To establish that
(p™(n™),n") is also an*-Nash for theA™ market game, one repeats the same arguments with the
addition of using Lemma 6.1 to relaf&' (-, -) to II(-, ).

To complete the proof it remains to establlsh (EC24). Thepobthis claim is very similar to
the proof of the second part of Theorem 5.3. We provide thaileetargument for completeness.
Towards this end, lgi* (n*) be an equilibrium for the fluid game oyt and consider a convergent
subsequencép® (n), j > 1} of {p*(n™), A > 0}. Such a sequence exists by the compactness
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of P. Letp be its limit. By definition, a Nash equilibrium of the fluid ganon,” satisfies, for
eachp; € P;, that

o Pty < P (), (EC25)
wherep® = p; 1 p*’. In particular, we can choose # p;. Since the demand functions are
continuous in their arguments and singe — 0 we can take limits on both sides of (EC25) to
conclude that

" (ps 1 5) < T (5).

Since we can repeat this for eacke Z, we have thap is an equilibrium for the fluid game on
T = 0 which is the fluid game from Definition 5.1. But, by assumptithre fluid game has a unique
equilibriump* so that we must have = p*. Since the same argument holds for any convergent
subsequence df*(n*), A > 0} we have thap* (") — p* as required. [ |

Lemma EC.1 Let{T", A > 0} be a sequence such tHgt — 0. Then,

BTV RG O E 0 ~ min { VA, |

Proof: By definition,

P(ﬁz‘(TiA Ri(p*, 0)))6—ui6i(T5‘\/Ri(p*70))TiA\/Ri(p*70) = ¢. (EC26)

Now, 3;(x) is smaller tharp; (0) and;(0) is a strictly positive constant. By Proposition 1 in Halfin
and Whitt (1981) we have th&(3;(0)) € (0, 1) We now have two cases: firstif*/R;(p*,0) —
0, then

B:(TH/ Ri(p,0)) — 5;(0),

and, in particular,

BT/ Ri(p*, 0))y/Ri(p*, 0) ~ VA.
If, on the other handlim inf, ., T*\/R:(p*,0) > 0, then we can use the fact thB{(3;(0)) is
strictly positive—and that, consequentB;3;(x)) is strictly positive for anyr > 0—together with
(EC26) to conclude that

Nzﬁz(TZA V Ri(p*7 0))TZA Ri<p*7 O) € [Clv 02]7

for two strictly positive constants; andCs. From here it follows that

BT Ri(p*, 0)) T/ Ri(p*,0) ~ 1/ T,
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Lemma EC.2 Fix a; > 1 and letr® = AT Then,

Bi(/Ri(p*, 0)nr)/ Ri(p*, 0) = Ai(p*,0) Tra;
T (20)

uniformly on compacts sets where, givp,ryfa’i(n) is the unique solution to
B A; (p*,0)
P(ﬁi)e uzﬁm\/ Ry
if «; = 1 and itis the unique solution f 1ifin — ¢ otherwise.

Proof: First, we prove that the convergence holds pointwise, aeahy fixedn. To this end,
assume first that; = 1. In this case we have that*\/R;(p*,0) = ny/\i(p*,0)/p, and the
result of the lemma for this case follows from the definitidrsg-).

Assume now that; > 1. Then, by LemmaEC.1, we have thitnr}\/R;(p*, 0))\/Ri(p*,0) ~
1/r2. In particular,

1
A *
@'(Wi \/Ri<p 70) ~ \/K’/’ZA — 0.

In particular,
P(ﬁl@ﬂﬂz[\ \% Ri(p*v O))) - 17

by Proposition 1 in Halfin and Whitt (1981). Using the defimitiof 5;(-) we have that

_,uzﬁznrzA V Rz(p*7 0) = ln(¢) + 0(1)7

so that
In(o) + o(1
Biv/ Ri(p*,0) = —LA()
1T
and the result now follows by dividing bly/r. [ |

We now turn to the proofs of Theorem C.1 and C.2. Since thedouses some ideas of the
latter, we prove them in reverse order.

Proof of Theorem C.2: The proof is based on a coupling argument. We couple the mgakee
with the fluid game and apply the assumed global stabilitheffluid game to show that, for each
A large enough, tha"* market game itself converges to some neighborhodgof) under the
Tatdonement scheme.

To this end, fix) > 0 and note that by Theorem 4.2,

sup T (p, T) <, (EC27)

i
(p,T)EPXO
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for all A large enough. Hence, (54) follows immediately. Also notd,thy Lemma 4.1,

(p,T)EPXO

for all A large enough. We defing(9) to be such that both (EC27) and (EC28) hold for all
A > A(6). Also, using the assumed continuity of the demand functiasesthen have that for all
(p,T) € P x © such that|T'|| <0,

1P Hf\<p7T)
I () — (9) < -0

2

< I (p) + €(0), (EC29)

wheree(d) — 0 asd — 0.

Fix now a point(p®, T°) € P xO. Let{p*, k > 1} be the trajectory of the fluid game generated
by a Tatbnement scheme initialized at the pgihtLet {(p**, T%*) k > 1} be the trajectory of
the market game under the corresponding Tatdnement scimitiaézed at (p°, 7°). Then, we
have the following lemma.

Lemma EC.3 Givené > 0 there exists\(d) ande(d) such that

HA(pk’A Tk,A)

A VAR s V20
max 1 I (p")| < €(9), (EC30)
and
max [p} — p}"| < MA/e(0), (EC31)
1€

forall k > 1and A > A(6), and whereM > 0 is the constant from Lemma 5.7. Moreover,
€(6) — 0asd — 0.

We postpone the proof of this lemma to the end of this sectiwhagpply it now to complete the
proof of the theorem.

Using the assumed global stability of the fluid game we hasgpth— p* ask — oo wherep*
is the unique equilibrium of the fluid game. Consequentlgréhexists:(d) large enough so that
Ip" — p*|| < M+/€(5). Using (EC31) when then have that for all> A(6) and allk > k(9),
[p" — p*|| < IM+/e(5). Since the same holds for easéh> 0, we can find a sequengg
such thate® — 0 asA — oo and so thatjp* — p*|| < IM\/ke(o"), for all k > A(o") and
k> n" = k(o"). In particular,

sup  |lp —p*|| = 0asA — .
(p,T)eLA ()

This concludes the proof of the theorem. |
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Proof of Theorem C.1: Equation (52) is a direct consequence of Lemma 6.5 and TheGr&.
Indeed, by Theorem C.2 guarantees, for eadarge enough, there exist$, such that|p** —
p*| + | T+ < 6 forall k > k*. Lemma 6.5 then guarantees that" (p*, 7%) /> — i as
A — oo for any sequenc&”™, T*) such thatp*, %) — (p*,0) asA — oo. The proof of Lemma
6.5 reveals that the result can be easily strengthened te déingt: givers > 0, there exist$ > 0
such that for allA large enough 77" (p, T') /* — 7| < e whenevelp — p*| + ||T'|| < 6. This, in
turn, implies (52) and we turn to prove (53).

To this end, we use a coupling argument as in the proof of HmdZ.2. We start by fixing
§ > 0 and noting that, by (52) and Theorem C.2, there exist a segert, A > 0} such that for
all A large enough and alp, T') € £*(n"),

T € [ —ort i + o, (EC32)

2

where we pup® := (n;rd, ... njr}) andn* is as in Lemma 6.5. Using Lemma 6.1, we then have
that

Bi(V/Ri(p*, 0)(n* + 0r*)y/ Ri(p*,0) — 8/}
<&M\ 1), 1)
< Bi(V/Ri(p*, 0)(n — 01 )/ Rilp, 0) + 0/17" (EC33)
forall (p, T) € £L*(n*) and allA large enough.

Let A(5) be large enough so that both (EC32) and (EC33) fohaH A(J) andn > n’. Using
condition (C5) and (52) we have that there exists a constan® such that

Aa(p, ) (pi—ci— %) CPAGS) Y™ < Ap,T) (pi—ci— Z—)

< M) (pi - l) S (),

2

whereé(d) — 0 asé — 0. Consequently,

AT (p) + 7B (VR (07, 0) + 6N/ Ro(p*, 0) — 6/r — eAe(8)(r})™

<I}p.T) <
AP (p) = 2B (VRa(p, 0 — 6rMV/Ri(p, 0) 4 6/r + eNe(8) (r)™,

for each(p, T) € LA(n™)
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Now, by Lemma 6.1, the functiofi;(-) is continuous so that there exis{9) (with ¢(6) — 0 as
0 — 0) and such that

VR 0t = ar)y/Ralp,0) = BV R, 0y Tl 0)| < e(0) /.

sup
z€[—0,0]

By the definition ofr? in (9) we have that\r®* = (r*)® for all o; > 1 andAr? = /A otherwise.
In both casea\r} < (r})*. Hence,we can re-defir¢s) such thak(5) — 0 asé — oo and

AT (p) = 28,V R, 0)g) — €(8) (r)

<I}Mp,T) <
AT (p) — 3B (VR (0™, 0)n) + €(8) (r) ™, (EC34)
forall (p, T) € £A(n"). Also,
07" () = e0)(r)™ < M(p.T) (pi o Z_) <) +e@)(r)™. (ECSS)

We now apply a Tatdbnement scheme to both the market gameharftlid game om* and
prove a coupling result. To that end, [t ++:A 7" +:4) be then® + k' point in the trajectory of
the market game under the Tatbnement scheme f00, 1,2, .. .. Letﬁ”A”‘C be thek' pointin the
trajectory of the fluid game on® when initialized at the pOir]di"A’A and under the corresponding
Tatdnement scheme. We then have the following result.

Lemma EC.4 Givend > 0, there exists\(d) ande(6), such that, for alk € Z,

T2 (452, 70 — (AT () = (VR (7, 0 ) | < Ae@)(rd)™, (EC36)

7 = A < M fe(8) (), (EC37)

forall A > A(9), wherel is the constant from Lemma 5.7. Moreovés,) — 0 aso — 0.

and

Using (EC34) and (EC35), the proof of Lemma EC.4 is very @amid that of Lemma EC.3 and
we omit it. We now continue with the proof of Theorem C.1.
To this end, by the assumed global stability of the fluid game’q we can choosg”(§) such

that
A .
P71 F = pr(n™)| < My[e(8)(r), i € T,
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for all k > k*(5). Hence, for allk > k*(9),
pE O e < 2M () (rh)e, i € T

Since the same holds for eaéh> 0, we can find sequenced and#* > n* such thatp® — 0
asA — oo and so thdp!* — pr(n)| < M+/e(0)(rM) forall i € 7 and for allk > 7. In
particular,

sup  [pi — p; (1) < 2M [ e(8) (),

(p.T)eLA (M)
for all A large enough and all € 7. Sinced > 0 was arbitrary this concludes the proof of the
theorem. [ |

Proof of Lemma EC.3: The proof is by induction o. Fork = 1, equation (EC30) follows
immediately from (EC29) and we turn to (EC31). As in (EC29)ee that for any,; € P; and

anyT with ||T|| < é.
B HA —z)pr
70, ) - T T)

Assume, to reach a contradiction, tﬂ';aitA — Pt > M+/e(d). In particular, we have that

‘ 20

HP(pO ) p},A) HA( z’pz TI’A)

A

HA( Z’prl A)
A

< €(0) and |T17(p%;, ;) —

< €(0).

Sincep}A andp! are consequence of best responses, we have that

I T TG, P T
HP 0 LA 5) > & — g 7 — Mo
i (P20 p7) +e(d) = A A

I (0%, p}) — €(0) > T (0%, o) — ().

A%

Consequently,
ﬁf)(p(iwpz) HP( 7,7pz ) S 6(5>

Sincej! is the best response {8, in the fluid game we have by Lemma 5.7 that — p;"*| <
M+/¢(5) and we have established both (EC30) and (EC31} ferl.

Assume now that (EC30) and (EC31) hold for= [ — 1 (with [ > 2) and we will show it
holds also fork = [. Assume that playeris the one that moves in thi& round of the Tatdbnement
scheme. As before, we have that

I-1,A 1A
A (p M phh T A (Mt T
A

]

oy st mt) - 0

K3 —1 )7

ny s ph) -

3 —1 ()

< €(9),

< €(9),
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A (' pi™, T

T12(

e (pt o) — <e(6), |IF @5 ) —

A

1 1 LA
T7
p_zjxp“ ) < €(9).

Finally, since by the induction assumptiarx;; \pl LA ﬁg‘lﬂ < M/€(0) we also have that

forall p;, € P;,

€(9).

‘ﬁp 5" ) = OP (5 )| <

From here the proof continuous as fore 1, to show that

7 (=t ph) = I (051 )| < e(0),

so that by Lemma 5.7 we must have that' —p!| < M/e(5). Sincemax;; [p}* —ph| < M/e(6)

by the induction assumption, this concludes the proof.
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