REPUTATION IN THE LONG-RUN WITH IMPERFECT MONITORING!
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We study an infinitely repeated game where two players with equal discount
factors play a simultaneous-move stage game. Player one monitors the stage-
game actions of player two imperfectly, while player two monitors the pure stage-
game actions of player one perfectly. Player one’s type is private information and
he may be a “commitment type,” drawn from a countable set of commitment
types, who is locked into playing a particular strategy. Under a full-support as-
sumption on the monitoring structure, we prove a reputation result for games
with locally nonconflicting interests or games with strictly conflicting interests:
if there is positive probability that player one is a particular type whose commit-
ment payoff is equal to player one’s highest payoff, consistent with the players’
individual rationality, then a patient player one secures this type’s commitment
payoff in any Bayes-Nash equilibrium of the repeated game. In contrast, if the
type’s commitment payoff is strictly less than player one’s highest payoff con-
sistent with the players’ individual rationality, then the worst perfect Bayesian

equilibrium payoff for a patient player one is equal to his minimax payoff.
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1. INTRODUCTION

The desire to maintain one’s reputation is a powerful incentive in a long-run relationship as
a strong reputation can lend credibility to an individual’s (or an institution’s) commitments,
threats, or promises. It can help a firm commit to fight competitors planning to enter its
market, it can assist a government in committing to its monetary and fiscal policies, or it
can facilitate trade based on trust when formal institutions are lacking. In fact, a patient
player’s reputation concerns are the dominant incentives that determine equilibrium payoffs
in repeated games where a patient player faces a myopic opponent. And this is true regardless

of the monitoring structure.

Building a reputation when facing an equally patient opponent, however, is more diffi-
cult. A patient opponent might be willing to sacrifice short-term payoffs to test whether
the player, who is trying to build a reputation, will go through with his threats or promises.
This makes it prohibitively expensive to build a reputation in certain repeated simultaneous-
move games played against a patient opponent if stage-game actions are perfectly monitored
(Cripps and Thomas (1997)). In this paper, we instead focus on repeated simultaneous-
move games played by equally patient players where the opponent’s stage-game actions are
imperfectly monitored. A leading example of significant economic interest is the repeated
principal-agent game. We show that reputation effects are prominent under imperfect mon-
itoring even in certain repeated games where reputation effects are absent under perfect
monitoring.

Specifically, suppose that player one’s type is private information and that he may be a
“commitment type” who is locked into playing a particular strategy. We explore whether
an uncommitted or “normal” player can exploit his opponent’s uncertainty to establish a
reputation for a particular behavior. We also address two related questions. First, we ask
which behavior (strategy or strategic posture) would a “normal” player mimic in order to
successfully build a beneficial reputation? In other words, which types, if available, facilitate
reputation building for player one?? Second, we ask in which strategic situations (i.e., for
which class of stage games) can player one successfully build a reputation?

Our central finding is a reputation result in repeated games where player one (he) observes
only an imperfect public signal of his opponent’s stage-game action while his opponent (she)
perfectly monitors player one’s actions. We show that a patient player one can guarantee his

highest payoff compatible with the players’ individual rationality (player one’s highest IR

!See Fudenberg and Levine (1989) for the case of perfect monitoring, Fudenberg and Levine (1992) for
imperfect public monitoring, and Gossner (2011) for imperfect private monitoring.

2 We say that a certain type is available if player two believes that player one is this type with positive
probability.



payoff) in any Bayesian-Nash equilibrium of the repeated game. For our reputation result,
we assume that a certain commitment type, which satisfies two properties, is available. The
first property, which we call no shortfall, requires that the type’s commitment payoff is
equal to player one’s highest IR payoff.> The second requires that the per period cost of
not best responding to this type is positive, even for an arbitrarily patient player two. If
this type is available, then player one guarantees this type’s commitment payoff simply by
mimicking its strategy, even if player two believes that player one is another commitment type
with arbitrarily higher probability. In other words, this commitment type with no shortfall
facilitates reputation building.

For our reputation result, we also assume that the stage game has either locally noncon-
flicting interests (LNCI) or strictly conflicting interests (SCI).* There are LNCI in a game
if player two’s payoff, in the payoff profile where player one receives his highest IR payoff,
strictly exceeds her pure minimax payoff. There are SCI in a game if player one has an action
(a Stackelberg action) such that any best response to this action yields player one his highest
IR payoff and yields player two her minimax payoff.® These restrictions on the stage game
ensure the existence of a commitment type that satisfies the aforementioned two properties.

We turn next to the question of whether player one can still benefit from such a reputation
even if some of the assumptions of our main reputation result are violated. For this analysis,
we restrict attention to commitment types that play repeated-game strategies with limited
complexity (i.e., finite automata).® In particular, suppose that, in contrast to our no-shortfall
assumption, the shortfall for the only available commitment type is positive (i.e., the type’s
commitment payoff is less than player one’s highest IR payoff). In this case, we show that
a patient player one’s worst equilibrium payoff is equal to his minimax. Therefore, player
one guarantees only his lowest payoff if he compromises by mimicking a commitment type
with positive shortfall. Taken in conjunction with our reputation result, this implies that
reputation building against an equally patient rival is an all-or-nothing phenomenon: player
one guarantees either his best or only his worst repeated-game payoff.

As this discussion suggests, player one can successfully build a beneficial reputation by

mimicking a commitment type, which is a finite automaton, if and only if the type has no

3The commitment payoff of a type is the payoff that player one can guarantee by publicly committing
to play the repeated-game strategy that this type plays. A type’s (or strategy’s) shortfall is the difference
between player one’s highest IR payoff and the type’s commitment payoff.

4We also assume that the stage-game satisfies a certain technical genericity property. Specifically, we
assume that the payoff profile in which player one obtains his highest IR payoff is unique. We term this
genericity property no gap.

5The Stackelberg payoff for player one is the highest payoff he can guarantee in the stage-game through
public commitment to a stage-game action (a Stackelberg action). See Mailath and Samuelson (2006,
page 465), for a formal definition.

6A finite automaton is an automaton with a finite number of states.
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shortfall. For our reputation result, we ensure that a commitment type with no shortfall exists
by assuming that the stage game has either LNCI or SCI. Now suppose that, in contrast to
this assumption, the stage-game has neither LNCI nor SCI. In this case, we show that there
is no finite automaton with no shortfall. Therefore, player one’s worst equilibrium payoff is
equal to his minimax regardless of which finite automaton he mimics. In other words, it is
not possible for player one to successfully build a beneficial reputation by mimicking a finite

automaton unless the stage game has either LNCI or SCI.

Finally, we turn to identifying stage games for which there is a finite automaton with no
shortfall. We show that there is a finite automaton with no shortfall if and only if there is a
stage-game action (a strong Stackelberg action) whose commitment payoff is equal to player
one’s highest IR payoff. Such games are a strict subset of the games with LNCI or SCIL.”
If there is a strong Stackelberg action, then the finite automaton that plays this action in
every period has no shortfall; moreover, player one can guarantee his highest IR payoff by
mimicking this type. Hence, whenever player one can successfully build a reputation, he can
do so by mimicking the least complex commitment type, i.e., a simple type that plays the
strong Stackelberg action in each period. In other words, added complexity does not improve

a patient player one’s worst equilibrium payoff as long as the complexity is still finite.

One key assumption, which we have not yet discussed at length, is that player one does not
observe player two’s intended action, but only sees an imperfect signal of it, as in a model of
moral hazard. We also assume that the support of the distribution of signals is independent
of how player two plays; we call this the full-support imperfect-monitoring assumption. This
assumption is indispensable and, intuitively, ensures that every reward and punishment in
player one’s strategy will occasionally be triggered, so that player two will learn how player
one responds to all sequences of public outcomes. We discuss this assumption in more detail

in section 5.1.

We obtain our reputation result by calculating a lower bound, which holds across all
equilibria, on player one’s payoff when he mimics a commitment type that plays a pure
strategy (as in Fudenberg and Levine (1989)). In this context, our assumption that player
one’s stage-game actions are perfectly monitored greatly aids our analysis. This is because
the perfect-monitoring assumption simplifies the dynamics of how player one’s reputation
evolves. In particular, because player two perfectly monitors player one’s stage-game actions
and because the commitment type plays a pure strategy, player one’s reputation level weakly

increases - but only as long as player two observes him play the same stage-game action as

7 If the stage game has LNCI and if there is no stage-game action whose commitment payoff is equal to
player one’s highest IR payoff, then the commitment type with no shortfall is not a finite automaton. In such
games we construct the required commitment type’s strategy using an infinite number of states.
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the action the commitment type would have played; otherwise, his reputation level collapses
to zero.® If we relax the assumption that player one’s actions are perfectly monitored, then a
technically challenging statistical learning problem arises. Whether an appropriate statistical
learning technique can be developed or applied for this framework remains an open question
beyond the scope of this paper.?:!?

Lastly, the reputation results in games with asymmetric discounting (Fudenberg and Levine
(1989, 1992) or Celentani et al. (1996)) are robust to the introduction of two-sided un-
certainty, while the reputation result that we present in this paper is not. In order to
obtain our one-sided reputation result, we allow for only one-sided uncertainty. In other
words, we replace asymmetric discount factors as in Fudenberg and Levine (1989, 1992) or

Celentani et al. (1996) with one-sided asymmetric information.

1.1. Related literature and our contribution. This paper is most closely related to
work on reputation effects in repeated simultaneous-move games with equally patient agents
(see Cripps and Thomas (1997), Cripps et al. (2005), and Chan (2000)).!* We make three
main contributions to this literature. First, we provide the first reputation result for games
with LNCL.'? Previous reputation results are for either stage games with SCI (Cripps et al.
(2005)) or strictly-dominant-action stage games (Chan (2000)).'® Second, we are the first to
explore reputation effects under imperfect monitoring. Previous work assumed perfect moni-
toring. Finally, our work highlights the role that full-support imperfect monitoring plays for a
reputation effect in repeated games with LNCI. Without full-support imperfect monitoring,
our reputation result may fail to obtain for repeated games with LNCI (Cripps and Thomas
(1997) and Chan (2000)).

This paper also relates to work on reputation effects in repeated games where a pa-
tient player one faces a nonmyopic, but arbitrarily less patient, opponent (Schmidt (1993),
Celentani et al. (1996), Aoyagi (1996), Cripps et al. (1996), Evans and Thomas (1997)). In

8We use these dynamics in proving both reputation results and our non reputation results.

9Fudenberg and Levine (1992)’s learning result (Theorem 4.1) does not help in our framework with equally
patient agents.

ONote that we place no restriction on player one’s other commitment types. In fact, we allow player
one’s other commitment types to be any countable set of finite automata including those which play mixed
strategies. For example, if there is a strong Stackelberg action in the stage-game, and the set of player one’s
types is any set of finite automata that includes the simple type that plays the pure strong Stackelberg action
in each period, then player one guarantees his highest IR payoff.

"By equal patience, we mean that the players share the same discount factor. There is also a literature
on reputation effects in repeated games without discounting. See, for example, Cripps and Thomas (1995).

12 Atakan and Ekmekei (2011) also present a reputation result for repeated games with LNCI and equally
patient players. However, in that paper the stage game is an extensive-form game of perfect information as
opposed to the simultaneous-move game that we assume here.

3For a precise definition of a strictly-dominant-action stage game, see Mailath and Samuelson (2006),
Page 540.



repeated games where a patient player faces a less patient opponent, Celentani et al. (1996)
and Aoyagi (1996) establish reputation results under full-support imperfect monitoring. How-
ever, as in the case with equal discounting, under perfect monitoring a reputation result is
obtained only in games with conflicting interests (see Schmidt (1993) and Cripps et al. (1996)

for a generalization).

Although the results in repeated games with a less patient opponent are similar in spirit to
the results we establish here, we should point out three important differences. First, against
a less patient opponent, player one can build a reputation by mimicking a commitment type
with positive shortfall, i.e., player one can guarantee a compromise payoff (Celentani et al.
(1996) and Cripps et al. (1996)). In contrast, this is not possible when player one faces an
equally patient opponent. Second, with equally patient agents, the limitation on the types
that facilitate reputation building to those with no shortfall implies a restriction on the class
of stage games (i.e., those with SCI and LNCI). Again, this contrasts with the case where
player one faces a less patient opponent, as in Celentani et al. (1996). Because player one
can guarantee a compromise payoff against a less patient opponent, Celentani et al. (1996)
are able to establish a reputation result which applies to all stage games when there is full-
support imperfect monitoring. Third, the arguments for reputation results in repeated games
where player one faces a less patient opponent rely on the learning result (Theorem 4.1) in
Fudenberg and Levine (1992). In our framework with equally patient players, this learning
result has no traction. We instead introduce a dynamic-programming methodology where

the state variable is player two’s beliefs.!4

This paper is also closely related to Atakan and Ekmekci (2011), which proves a repu-
tation result for repeated extensive-form games of perfect information with equally patient
players. The three main differences between the two papers are as follows: First, in this
paper we study the Bayesian equilibria of repeated simultaneous-move games whereas the
focus of Atakan and Ekmekei (2011) is on the perfect Bayesian equilibria of a repeated game
where the two players never move simultaneously. In particular, the reputation result of
Atakan and Ekmekci (2011) leverages the particular form of sequential rationality, implied
by perfect Bayesian equilibrium for games where the two players move sequentially, in a way
that one cannot if the two players move simultaneously or if the focus is on Bayesian equi-
libria. Two, this paper assumes imperfect monitoring whereas Atakan and Ekmekeci (2011)
assumes that both players’” moves are perfectly monitored. Three, here we assume that the

other commitment types (i.e., the commitment types other than the type that player one

14 Also, see Cripps and Thomas (2003) for an asymptotic contrast of the equilibrium payoff sets of
incomplete-information repeated games where the players share the same discount factor with those games
where the informed player is arbitrarily more patient than his opponent.
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mimics) are finite automata but we place no restriction on player two’s prior. In contrast, the
reputation result in Atakan and Ekmekei (2011) depends on the set of other commitment

types having sufficiently low prior probability.

2. THE MODEL

We consider an infinitely repeated game in which a finite, two-player, simultaneous-move
stage game I' is played in periods t € {0,1,2,...}. The players discount payoffs using a
common discount factor § € [0,1). For any set X, A(X) denotes the set of all probability
distribution functions over X. The set of pure actions for player ¢ in the stage game is A;,
and the set of mixed stage-game actions is A(A;). After each period, player two’s stage-game
action is imperfectly observed through a public signal while player one’s pure stage-game
action is perfectly observed.'® Let Y denote the set of public signals generated by player two’s
actions. Thus, after each period, a public signal (a1,y) € A; XY is observed. The probability
of signal y if player two chooses action as € Aj is m,(az). For any mixed action ay € A(As),
my(a2) ==, ca, @2(a2)my(az). We maintain the following full-support imperfect-monitoring

assumption throughout the paper:
AssuMPTION (FS)  Define 7 := min g, y)ca,xy my(az). We assume that = > 0.

If the stage game satisfies F'S, then player one is never exactly sure about player two’s
action. The assumption does not, however, put any limits on the degree of imperfect moni-
toring.'6

In the stage game, the payoff for any player 7 is given by the function r; : A; x Y — R
and depends only on publicly observed outcomes a; and y. Let M = max{|r;(a1,y)| : i €
{1,2},a1 € Ay, y € Y}. The payoff function for player i is g;(a1, as) :== 3_ oy ri(ar, y)m,(a2)
for (ay,as) € Ay x Ay. The mixed minimax payoff for player ¢ is g;, and the pure minimax
payoff for player i is §¥. Let a} € A; be such that go(al, ag) < gh for all as € Ay. The set of
feasible payoffs F' is the convex hull of the set {g (a1, az2), ga(a1, as) : (a1, az) € Ay X As} ; and
the set of feasible and individually-rational payoffs is G = F N {(g1,92) : g1 > G1,92 > G2}
Let g1 = max{¢; : (g1, 92) € G}; hence, g is player one’s highest payoff compatible with the
players’ individual rationality (player one’s highest IR payoff).

15 If player one plays a mixed action, then only the pure action that he eventually chooses is observed
publicly. The mixed action he uses is not observed.

16 In extensive-form stage games, where player one’s pure action is a full contingent plan, the perfect
monitoring assumption that we impose is stringent. This is because it requires that player one’s whole
contingent plan be observed at the end of the period. We can relax this assumption by requiring that player
one’s moves are observed perfectly while player two’s moves are observed with full-support noise. The results
we present in this paper go through with this weaker assumption, and we discuss this further in section 5.2.
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In the repeated game I'*°, the players have perfect recall and can observe past out-
comes. The set of period ¢ public histories is H' = A} x Y a typical element is h! =
(@ y° al,yt, ... a7t gt for t > 0, and h° = @. The set of all public histories is H =
U2, H. The set of period ¢ private histories for player two is Hj = A} x Ay x Y | a typical
element is hy = (a¥,a3,v° ...,ai"" ay " y'™Y), and Hy = ;o Hy is the set of all private
histories for player two. The set of private histories of player one coincides with the public

histories, i.e., Hf = H".

2.1. Types and strategies. A behavior strategy for player i is a function o; : H; —
A(A;), and ¥; is the set of all behavior strategies for player i. A behavior strategy chooses
a mixed stage-game action given player i's period ¢ private history. A behavior strategy for
player ¢ is a function o; : H; — A(A;) and %; is the set of all behavior strategies for player
i.}7 We use o to denote a strategy profile (o1(N), 02) and the set of all such strategy profiles
is ¥ =3 x X,.

For any strategy o1 € X1, H(o1) denotes the set of public histories that are compatible
with . More precisely, h” = (y°,a%,...,y"', al ™) € H(oy) if and only if a} € supp(o,(h*))
for all k < T'—1, where h* is any history that is identical to the first k periods of h”. For any
period t public history h' and for any o; € ¥;, the expression o;|,: denotes the continuation
strategy induced by h'. The probability measure over the set of (infinite) histories induced
by (01,02) € X1 X X9 is Prs, ).

Before time 0, nature selects player one as a normal type N or a commitment type w,
from an at most countable set of types Q C X1 U{N} according to a prior y that is common
knowledge. Each type w € Q\ {N} is committed to playing the repeated-game strategy
w € X;. Player two is known to be a normal type with certainty and she maximizes her
expected discounted payoffs. Player two’s belief over player one’s types, p: H — A(), is a
probability measure over () after each period ¢ public history.

A finite automaton w = (0,80y,0,7) consists of a finite set of states O, an initial state
0y € ©, an output function o : © — A(A;) that assigns a (possibly mixed) stage-game action
to each state, and a transition function 7 : Y x A; x © — O that determines the transitions
across states as a function of the outcomes of the stage game. Abusing notation, we denote
the strategy that an automaton induces by the automaton itself. For any finite automaton w
and any history h' € H(w), #(h') denotes the unique state # which is the automaton’s state
at history h'. A pure-strategy finite automaton is a finite automaton w = (0, 6, 0, 7), where
the output function o is deterministic. For a finite automaton w, a state 8 € © is recurrent

if 0 is visited infinitely often under the probability measure Pr, ,) for any o, € X5. A finite

ITFor player one, any behavior strategy is also a public behavior strategy because H; = H.
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automaton is irreducible if all of its states are recurrent (see Definition A.1 in the appendix).

For any particular commitment type w € Q, let w(h') = {w' : W'|pt = w|p}; in words,
w(h') denotes the set of types that play the same repeated-game strategy as type w plays
after history h'. Consequently, 3; \ {w} is the set of commitment types other than w, and
Y1\ w(h') is the set of commitment types that play a strategy that is not identical to the
strategy of w, given that history h' has been reached.

Given automaton w = (0, 6y, 0, 7), we say that player two’s strategy o9 is stationary with
respect to w if go(ht) = oo(h*) for any two histories h! and h* such that O(h*) = O(h!) € O,
where §(h*) = 7(a', %1, 0(hF~1)) and A(h°) = 6. Abusing notation slightly, we will
denote a stationary strategy by a function oo : © — A(Ay), i.e., player two plays mixed

action o9(6) whenever the state of w is 6.

2.2. Payoffs. A player’s repeated-game payoff is the normalized discounted sum of the
stage-game payoffs. For any infinite public history h, define u;(h, §) = (1 — §) e, 6Fri(al, y*),
and u;(h7,6) = (1 —68) >0, 6 try(ak, y*), where =t = (a, 4!, i y**L, ...). Player one
and player two’s expected continuation payoffs, following a period ¢ public history h! and
under strategy profile o = ({w}wea\(ny, 01(N), 02), are given by the following two equations,

respectively:

Ui(0,8|n") = Ur(01(N), 02, 8|R"),

U2(07 9, :u"ht) = ZweQ\{N} ,u(w|ht)U2(w, 02, 5|h’t) + M(N|ht)U2(O'1(N)’ 02, 5|h’t)7
where U;(w, 02, 0|h") = B o) [ui (A", §)|h'] is the expectation over continuation histories h~*
with respect to Pr(y|,, o0, ,)- Also, U(0,0) = Ui(o, 0|h°) and Us(0, 6, 1) = Us(a, 8, 1 h°).

2.3. Repeated game and equilibrium. The repeated game of complete information,
that is, the repeated game without any commitment types, with discount factor equal to
d € [0,1), is denoted as I'*°(d). The repeated game of incomplete information, with the
prior over the set of commitment types given by u € A(€2) and the discount factor equal to
9 €[0,1), is denoted as I'*(p, 0).

The analysis in this paper focuses on Bayesian Nash equilibria (NE) of the game of incom-
plete information I'*°(y, §). In particular, a pair of strategies (o1(N),09) € X1 X ¥y is a NE
of I'®(u,d) if 01(N) € argmax,, ey, Ui(01,09,9) and 09 € argmax,,ex, Us(01(N), 09,6, 11).
Let

UNE(S, 1) = inf{U,(0,0) : 0 € NE(I'™*(6, 1))},

8



where NE(I'°(6, 1)) denotes the set of all NE of the repeated game I'*°(6, ). In words,
UNE (6, ) is player one’s the worst NE payoff. Also, let UNP(u) = liminfs_,; UNF (6, u).
Again in words, UNE (1) is the worst NE payoff for a patient player one.

REMARK 1  Suppose o is a NE strategy profile of T'°°(u,d).

(i). FS implies that if h' € H(N), then Pr,(h') > 0, that is, if h* is compatible with player
one’s strateqy, then it has positive probability under o. This is because, under FS, any
finite sequence of signals has positive probability regardless of which strategy player two
uses.

(i1). For any history h* € H, if h' has positive probability under o, that is, if Pr,(h') > 0,
then (o1|pt,02|nt) is a NE profile of T°°(u(h'),0), where u(h') is the posterior belief
over player one’s types given history ht.18

(i1i). Consequently, if h* € H(N), then (o1(N)|nt, 02|nt) is a NE profile of I°°(uu(h'), ), i.e.,
(01(N) |ty 02|nt) is a NE profile of the continuation game.

2.4. Commitment payoff and shortfall of a strategy. The commitment payoff of a
repeated-game strategy o is the payoff that a patient player one can guarantee through

public commitment to this strategy. The formal definition is as follows:

DEFINITION (Commitment Payoff) For any repeated-game strategy oy, define
U (o1, 0]h') = min{U, (01, 02, 0|h") : 03 € BR(01,6)},

where BR(01,0) denotes the set of best responses of player two to oy in the repeated game
of complete information 1'°°(0). The commitment payoff of a repeated-game strategy oy after
history h is defined as US (oq|h') = liminfs_; US (o, §|hY).1

The shortfall of a repeated-game strategy o is the difference between the commitment
payoff of the strategy and player one’s highest IR payoff. The shortfall of a commitment
type is an important concept in our analysis because, as we show, only those types with no
shortfall can facilitate successful reputation building for player one. The formal definition is

as follows:

181f a perfect Bayesian equilibrium (PBE) is used as the equilibrium concept, then (o1(N)|jt,02]xt) is a
perfect Bayesian equilibrium of T'°°(u(ht),§) for all ht € H, not just for those histories that have positive
probability under the profile o, as in this remark.

19" Although we define the commitment payoff using liminfs_,; U (01, §|h?), in the context of this paper
the limit lims_,; UZ (01, 5|h?) exists.



DEFINITION (Shortfall) The shortfall of a repeated-game strategy oy is defined as follows:

d(oy) = g1 — sup Uf (oq|h").
hteH(o1)
A type w has no shortfall if d(w) =0, i.e., if the best commitment payoff among all histories
for type w is equal to player one’s highest IR payoff.

If the shortfall of the commitment type w is positive, then there is typically a range of
feasible and individually-rational payoffs for player two, given that player one receives U (w)

(see figure 1).

P2
gl :
Gyl <—,
 dw) f
(91, 92) US (w) 9 Pl

Figure 1: Shortfall of a strategy. Player two can receive any payoff between ¢} and g5 while
player one receives UC (w).

2.5. Class of stage games. Below we define the various restrictions on the set of stage
games that we will utilize in the remainder of the paper. We say a game has no gap if the
payoff profile where player one receives his highest IR payoff is unique. The formal definition

is as follows:

DEFINITION (No gap) Let ¢5 = max{gs : (1,92) € G}. A stage game has no gap if
(91, 92) € G implies that g, = g5. Otherwise, we say that the stage game has a positive gap.

For our reputation result we assume that the stage game has no gap, an assumption that
is generically satisfied. The implication of the assumption is as follows: If the stage game has

no gap, then there are linear bounds on the feasible payoffs for player two that pass through
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P2 P2

: (gh 9127)
(91, G2) 9 P1 (915 92) z Pl
(a) A game with a positive gap: there is (b) A game with no gap: player two’s
a range of feasible payoffs that player two feasible payoffs are in a narrow range if
can receive while player one receives gj. player one’s payoff is close to g.

Figure 2: The gap of a game.

the point (g1, ¢5); hence, player two’s payoffs are in a narrow range if player one’s payoff is
close to g;. In contrast, if the stage game has a positive gap, then there is a range of payoffs
that are feasible and individually rational for player two if player one’s payoff is equal to g,
(see figure 2).

Our main reputation result focuses on stage games that satisfy either locally nonconflicting
interests (LNCI) or strictly conflicting interests (SCI), and we denote the set of such stage
games by G. The set of games with LNCI and the set of games with SCI are mutually
exclusive. In a stage game with LNCI, in any payoff profile where player one receives his
highest IR payoff, player two’s payoff is strictly higher than her pure strategy minimax. In
contrast, a stage game has SCI if any best reply to player one’s Stackelberg action yields the
highest IR payoff for player one and the minimax payoff for player two. See figure 3 for some
prominent games with LNCI or SCI. Also, see figure 4 for a depiction of the set of feasible
payoffs for a game with LNCI or SCL.2° Although these two sets of games are quite different,
both deliver the conditions we require for our reputation result. The formal definitions of
LNCI and SCI are as follows:

20Games with LNCI have a common-value component whereas games with SCI entail conflict. To see that
games with LNCI have a common-value component, notice that in figure 4a the line segment which connects
the point (g1, g2) with the point (g1, g2) is strictly increasing and this line segment is on the boundary of
the set of feasible and individually rational payoffs. In contrast, notice in figure 4b the line segment which
connects the point (g1, g2) with the point (g1, gs2) is strictly decreasing.

11



DEFINITION (LINCI) Locally nonconflicting interests: for any g € G, if g1 = g1, then
92 > §j.

DEFINITION (SCI) Strictly conflicting interests: there exists a; € Ay such that any best
response to ay yields payoffs (g1, ga)-

L R Work) S(hirk)
U 1,0 1/2,—-1 U 3,1 0,2
D | 0,-1 [1/2 -1 D 0,0 0,0
(a) Common-interest game. (b) Principal-agent game.
I(n) O(ut) A B
F(ight) | —1,-2 4,0 A 12,1100
A(ccom.) 2,1 4,0 B 0,0 | 1,2
(c¢) Chain-store game. (d) The battle-of-the-sexes.

Figure 3: Stage games with LNCI (3a, 3b, and 3d) or SCI (3c).

We will establish our main reputation result for stage games in G with no gap. The two
main implications of these restrictions, which we utilize heavily in proving our reputation
result, are as follows: First, as we discussed above, if I' has no gap, then player two’s payoffs
are in a narrow range whenever player one’s payoff is close to g;. Second, if I' is in G, i.e., if
I has LNCI or SCI, then there is a type w* which has the following two properties:

First, w* has no shortfall, that is, w*’s commitment payoff is equal to player one’s highest
IR payoff. For example, in the battle-of-the-sexes (figure 3d), w* is the commitment type
which plays A in each period. Playing A is player two’s unique best response to w*, and
hence w* is equal to player one’s highest IR payoff. Second, the unit cost to a sufficiently
patient player two of forcing a player one who is playing w* to receive a payoff less than g,
is strictly positive. For example, in the battle-of-the-sexes, in each period that player two
forces w* to get a payoff of one (which is a unit short of g; = 2) by playing B instead of A,
she also loses a payoff equal to one.

Therefore, for stage games in G with no gap we have the following: if player one’s repeated-
game payoff is close to the commitment payoff of w* (i.e., g1), then player two’s feasible and
indiwvidually rational repeated-game payoffs are in a narrow range determined by linear bounds
that pass through (gy, g5). Moreover, if player one is committed to playing strategy w*, then
the unit cost to a patient player two of forcing him to receive a repeated-game payoff less

than g; is strictly positive for a patient player two.
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P2’s payoff P2’s payoff

(91, 92)

— »P1’s payoff

. I >P1’s payoff
(91792> 9 (91, 92

(a) LNCI: the set F' is bounded above  (b) SCI: the set F'is bounded above by the
and below by the lines that go through  downward sloping line that connects (g1, g2)

(91, 92). to (g1, 92)-

Figure 4: Typical set of feasible payoffs for a game with LNCI (4a) or SCI (4b).

Other stage games that also feature prominently in our analysis are those where player
one can guarantee his highest IR payoff by simply committing to a pure stage-game action
(i.e., a pure strong Stackelberg action). Player one has a pure strong Stackelberg action in a
stage game if there is a pure stage-game action aj such that player one’s public commitment
to aj guarantees him his highest IR payoff. The following is the definition of stage games

which have pure strong Stackelberg actions:

DEFINITION (SA) Pure strong Stackelberg action: there exists aj € Ay such that any best

response to aj yields player one a payoff equal to g;.

Note that if player one has a pure strong Stackelberg action in I', then there is a pure
strategy Nash equilibrium of I" where player one plays the Stackelberg action af, player two
best responds to aj, and player one’s payoff is equal to g;. Also note that the set of stage
games that satisfy SA is a strict subset of G. The battle-of-the-sexes (figure 3d), the common-
interest game (figure 3a), and the chain-store game (figure 3c) are all SA games whereas the
principal-agent game (figure 3b) has LNCI but is not an SA game. The stage-game actions
U, F, and A are strong Stackelberg actions for the battle-of-the-sexes, the common-interest
game, and the chain-store game, respectively. In contrast, in the principal-agent game, player
one gets his highest IR payoff in the action profile (U, W). However, W is not a best response
to U because player two would rather play S.

The games that satisfy SA are prominent in our analysis when all of player one’s commit-

ment types are finite automata. This is because if the stage game satisfies SA, then there is a
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pure strategy finite automaton w* with no shortfall; moreover, choosing not to best respond
to this commitment type is costly for player two. To see this, consider a game that satisfies
SA and the pure-strategy finite automaton that plays af in each period of the repeated game.
It is straightforward to see that any best response to w* gives player one a payoff equal to g1,
that is, w* has no shortfall. For example, in the battle-of-the-sexes (figure 3d), w* plays A
in each period and player two’s unique best response to w* entails playing A in each period.
Moreover, choosing not to best respond to w* is strictly costly for player two. This is because
if player two plays B instead of A in any period, then she gets zero instead of one against
w*, i.e., the cost of choosing not to best respond is equal to one.

As we discussed above, there is a pure-strategy finite automaton with no shortfall if the
stage game satisfies SA. The following lemma, which is proved in appendix A, shows that
the converse is also true: if the stage game does not satisfy SA, then a pure-strategy finite
automaton with no shortfall does not exist. Nevertheless, in Theorem 1 and in section 3.3

we show that there is an infinite automaton with no shortfall if the stage game is in G.

LEMMA 1 Suppose that T satisfies F'S and has no gap. There exists a pure strateqy finite
automaton with no shortfall if and only if I satisfies SA.

For an intuition about the “only if” part of the above lemma, consider the principal-agent
game (figure 3b). Player one’s highest IR payoff is equal to three in this game. If player two’s
actions were observed without noise, then player one could obtain a payoff equal to three by
using the following repeated-game strategy: player one starts the game by playing U; if player
two does not play W in any period in which player one plays U, then player one punishes
player two for two periods by playing D; after the two periods of punishment, player one
again plays U. The best response of a sufficiently patient player two to this repeated-game
strategy involves playing W in any period where player one plays U.

However, if player two’s actions are monitored with noise, then for player one to commit to
the strategy described in the previous paragraph does not necessarily guarantee him a high
payoff. This is because player one cannot observe whether player two has played W or S when
he plays U but can observe only an imperfect signal. Consequently, in certain periods player
one will mistakenly punish player two, even if she played W against U; or he will mistakenly
fail to punish player two, even if she played S against U. Thus, player one cannot guarantee
a payoff equal to three. The situation is also similar with any other finite automaton. Any
finite automaton w whose commitment payoff is equal to three must punish player two by
playing D if player two plays W against U. However, the finite automaton will punish player
two even if player two plays W in each period because player two’s actions are monitored

with noise. Thus, player one’s payoff from strategy w will remain strictly below three even

14



if player two plays W in each period. However, even though there is no finite automaton
with no shortfall for the principal-agent game, in Theorem 1 and in section 3.3 we show that
there is always an infinite automaton with no shortfall that facilitates reputation building if

the stage game is in G and, consequently, for the principal-agent game.

3. REPUTATION EFFECTS

In this section we present our main reputation result. Recall that the set G contains all
games that satisfy LNCI or SCI. Our main reputation result, which applies to stage games
in G that have no gap, is as follows. The proof of this theorem is in appendix B.4.

THEOREM 1 Suppose that the stage game I' is an element of G, satisfies F'S, and has no
gap. There exists a commitment type w* such that if p(w*) > 0 and if Q_,« is a set of finite
automata, then UN¥(p) = US(w*) = g;.

Under the stated assumption, Theorem 1 establishes that there exists a particular com-
mitment type w* such that if this commitment type is available for player one to mimic (i.e.,
p(w*) > 0) and if all the other commitment types are finite automata, then a patient player
one can guarantee a payoff equal to the commitment payoff of w* in all NE. Moreover, the
commitment payoff of w* is equal to player one’s highest IR payoff. To establish Theorem
1, we use Lemma 2 stated below. This lemma, which is proved in appendix B.3, provides a
lower bound on player one’s NE payoffs as a function of the commitment payoff, the shortfall,

and the prior probability of any irreducible pure-strategy finite automata.

LEMMA 2  Suppose that I satisfies F'S and has no gap, and suppose that all the commitment
types are finite automata. For any irreducible pure-strategy finite automaton w € ), if p(w) >
0, then

U (1) 2 Uf (@) = flw, plw))d(w),

where f is a positive-valued function as defined in equation (8) in the appendix, which satisfies

lim, o f(w, ) = c0.

To better understand Lemma 2, suppose that I' satisfies F'S and has no gap. Also, suppose
that Q = {V,w*} where w* is an irreducible pure-strategy finite automaton. We will investi-
gate the implications of Lemma 2 in two cases. First, suppose that the commitment type w*
has no shortfall (i.e., d(w*) = 0 and therefore UZ (w*) = g;). In this case, if w* is available

(i.e., p(w*) > 0), then Lemma 2 shows that player one can guarantee his highest IR payoff
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in any NE. In other words, Lemma 2 delivers a reputation result because it establishes that
UNE(y*) > U (w*) = gy if w* is available and if d(w*) = 0.

Now suppose that w* has a positive shortfall (i.e., d(w*) > 0). In this case, the lower bound
that Lemma 2 provides is vacuous if p(w*) is sufficiently small. This is because Lemma 2
implies only that UNE(u) > US(w*) — f(w*, p(w*))d(w). However, if u(w*) goes to zero,
then f(w*, u(w*)) approaches infinity and therefore, U (w*) — f(w*, u(w*))d(w) approaches
negative infinity.

In summary, Lemma 2 delivers a reputation result (that is, the mere availability of type
w* guarantees player one a high payoff in any NE) if w* has no shortfall and if I" has no gap.
Otherwise, Lemma 2 does not provide a meaningful lower bound on player one’s NE payoff
when the chosen commitment type is sufficiently unlikely. In section 4, we further explore
the cases where the shortfall for the only available commitment type is positive and the stage
game [' has a positive gap. In particular, we show that there are PBE where player one’s
payoff is near his minimax if either the shortfall of type w* or the gap of I' is positive.

As the above discussion suggests, Lemma 2 depends on the existence of a pure strategy
finite automaton with no shortfall; in turn, the existence of such a finite automaton crucially
depends on the properties of the stage game under consideration (Lemma 1). In particular, if
the stage game satisfies SA, then the commitment type w*, which plays af in every period of
the repeated game, is a pure-strategy finite automaton with no shortfall. Therefore, Lemma
2 immediately delivers a reputation result for stage games with no gap that satisfy SA: if
all the commitment types are finite automata and if type w* is available, then player one
can guarantee type w*’s commitment payoff which is equal to g; in any NE. In other words,
player one can guarantee his highest IR payoff if the set of commitment types is sufficiently
rich that w* is available. For example, the set of types is sufficiently rich if all types which
play the same action in every period are available or, more generally, if all the pure-strategy

finite automata are available. The following corollary summarizes this:

COROLLARY 1 Suppose that I' satisfies F'S and SA, and has no gap; and suppose that all
the commitment types are finite automata. Let w* denote the commitment type which plays

a3 in each period of the repeated game. If p(w*) > 0, then UNE(u) > gy.

PROOF: The shortfall d(w*) is equal to zero by assumption. Consequently, Lemma 2 implies
that if p(w*) > 0, then UNE(u) > UY(w*). However, U (w*) is equal to g, because d(w*) is

equal to zero. (]

For stage games that do not satisfy SA, there is no pure-strategy finite automaton which

has no shortfall (see Lemma 1). Therefore, Lemma 2 does not deliver a reputation result for
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such games. Nevertheless, our main reputation result, stated as Theorem 1, is for all stage
games in G with no gap, and not just for those which satisfy SA. These findings are reconciled
as follows: We establish the reputation result for stage games that do not satisfy SA by first
constructing a commitment type with infinitely many states that has no shortfall. We then
show that player one can guarantee this type’s commitment payoff if this particular type is
available. In section 3.3 we discuss how we use Lemma 2 as an intermediate step to prove a

reputation result for stage games that do not satisfy SA.

3.1. The reputation result for the repeated common-interest game. In this sec-
tion, we provide the intuition in words and present a sketch for the proof of the reputation
result in the particular case of the repeated common-interest game (figure 5). We assume
that Q = {w*, N}, where w* is the type which plays U in every period. When applied to
this example, Corollary 1 implies that if u(w*) > 0, then UNF (1) = 1. Corollary 1 applies
because the game satisfies F'S and SA, and has no gap.

L R
Ul Lo [1/2,-1
D[ o-1 [1/2,-1

Figure 5: A common-interest game. The set of public signals is Y = {l,r} and 7,.(L) =
m(R) :=m € (0,1/2). This game satisfies SA because the action profile (U, L) gives player
one his highest payoff and because player two’s unique best response to U is L. This game
satisfies F'S because 7 > 0 and 1 — 7 > 0.

REMARK 2 In contrast to what we assume, if © = 0 in the game in figure 5, then player
two’s actions are perfectly monitored and the game does not satisfy FS. In this case, our
reputation result does not apply. In fact, Cripps and Thomas (1997) prove a folk theorem
under perfect monitoring for this game where they show that the worst perfect Bayesian
equilibrium payoff for a patient player one is equal to his minimaz. For more on the use of

the FS assumption, see Remark 4 below and section 5.1.

3.1.1. Verbal intuition. In order to show that a sufficiently patient player one can guarantee
a payoff equal to one in any NE, we will argue that player two plays R in only a payoff-
insignificant number of periods against an opponent who repeatedly plays U.

If player one has played U in all previous periods, then player two assigns positive prob-
ability to player one being type w* and therefore attaches positive probability to player one
playing U in the current period. The stage-game action L is a strict best response to U

and also weakly dominates action R. Consequently, for player two to play R after observing
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player one play U in all the previous periods, she must expect punishment in the contin-
uation game if she plays L. Player one does not observe player two’s action directly, but
observes either signal [ or signal r. Hence, if player two expects punishment for playing L,
then her punishment must occur after the signal [ is observed. We argue that the scope for
punishment in the continuation game is limited.

The commitment type w* cannot punish player two because this type always plays U.
Therefore, any punishment for player two must occur after player one reveals rationality.
However, player one can mimic type w* instead of revealing rationality; hence, his con-
tinuation payoff after revealing rationality cannot differ significantly from his payoff from
mimicking type w*. Also, because of the FS assumption, signal [ is observed with positive
probability regardless of player two’s action, i.e., signal [ occurs even if player two plays
R. Hence, player one’s payoff after signal [ cannot differ significantly from his payoff from
mimicking type w* either. Therefore, player one’s payoff while punishing player two cannot
differ significantly from his payoff from mimicking type w*. In other words, punishing player
two cannot be costly for player one. Because the game satisfies SA, the commitment payoff of
type w* is equal to the highest payoff of player one. Moreover, because the game has no gap,
if player one’s payoff is close to his highest payoff, then player two’s payoffs are in a narrow
range (see figure 6). Therefore, if punishments are not costly for player one, then player two’s
feasible continuation payoffs lie in a narrow range. Thus, the scope for punishment is limited.

Player two cannot expect significant punishment for playing L because, as we argued
above, the scope for such punishment in the continuation game is limited. Also, choosing
not to best respond to w* by playing R is costly for player two. Hence, player two cannot be
incentivized to play R for a payoff-significant number of periods in any NE of the repeated

game.

3.1.2. Sketch of the proof. First, some preliminaries: Given that there is only one commit-
ment type in the example under consideration, we take the measure p € [0, 1] to denote the
probability that player 1 is type w*. Likewise, given any public history h' € H, the posterior
w(h') € [0,1] denotes the probability that player 1 is type w* given public history h’.

Let Uy« (0, p) = inf{U; (w*, 09,0) : 09 is part of a NE strategy profile of I'>°(d, p1) }, and let
Upys (@) = limg_yq Uy (6, ). In words, U+ () is the worst payoff that a patient player one can
get if he uses strategy w*. Because w* is always a feasible strategy for player one, we have
UNE(S, 1) > Uy (8, i1). We will show that U, () > 1.

For this sketch, we also work under the hypothesis that U, (9, i) is a nondecreasing func-
tion of u for each 6 € [0,1). We do this for expositional convenience as it allows us to convey

the main argument without the more technical details.?!

21 Tn the main argument given in appendix B, we instead work with U(u,d) = inf{U,-(¢/,6) : p/ > pu},
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P2’s payoft

A

(-1’ 0) P1’s payoff

(0,-1) (1/2,-1)

Figure 6: The set of feasible payoffs for the common-interest game. The set of feasible payoffs
is given by the intersection of the half-spaces g1 > 0, go > —1, go < —(1 — ¢1), and g5 >

—2(1 = q1).

Observe that if (g1, g2) is a vector of feasible payoffs for the common-interest game, then
g2 < —(1—g¢1) and go > —2(1 — g1) (see figure 6). The set of feasible stage-game payoffs and
the set of feasible repeated-game payoffs coincide because the two players share a common
discount factor. For any pair (o1, 02) € 31 X3, the vector (Uy (o1, 02, 9), Us(01, 02, d)) belongs
to the set of feasible payoffs; it follows that

(1) —2(1 — Ul(O'l,Ug,(S)) S U2(0'1,0'2,5) S —(1 — Ul(Ul,O-Q,(S)).

REMARK 3 In this repeated game, the commitment payoff of type w* is equal to one. There-
fore, if player one’s NE payoff is close to the commitment payoff of type w*, i.e., if it is close to
one, then player two’s payoff conditional on facing player one’s normal type, Us(o1(N), 03, 9),
is in a narrow range determined by inequality (1). For exzample, if the difference between
player one’s NE payoff and the commitment payoff of type w* is equal to €, then player two’s

payoff conditional on facing player one’s normal type is between —2e and —e.

We now use inequality (1) to establish an upper bound on player two’s NE payoff in the

following claim:

CLAM 1 For any pu € [0,1] and any NE strategy profile o of the repeated common-interest
game I'>°(9, p), player two’s NE equilibrium payoff satisfies the following inequality:

UQ(Ua 5> :u) < _:u(l - Ul(W*>02a5))'

which is nondecreasing by definition.
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PrROOF: Let ¢ = (01(N),w*, 09) be a NE strategy profile and recall that U;(o,0) =
Ui(01(N),09,0). Inequality 1 implies that Us(o1(N),09,0) < —(1 — Uy(0,0)). Moreover,
Uy(01(N),09,0) < —(1 — Uy(0,d)) < 0 because player one’s highest feasible payoff is one.
Inequality (1) also implies that

(2) UQ(M*’0-276> < —(1 — Ul(w*,O'g,é)).

Player two’s NE payoft Us (o, 0, i) is equal to puUs(w*, 09,d) + (1 — p)Us(01(NV), 02, 6). There-
fore, (2) and Uy (01 (N), 09,0) < 0 together prove the result. O

For the next claim, consider a NE o of the repeated game I'*°(u, d). Suppose that player
one has played U in each period before t. Further suppose that player one plays D with
positive probability in period ¢. Also, let player one’s reputation level be p/ > u at the
start of period ¢t 4 1, if he plays U instead of D. In the next claim we show that player two’s
continuation payoff, after any realization of the period ¢ public signal, is bounded from below
by a linear function of 1 — U, (i, d). The argument for the claim is as follows: If player one
is playing D with positive probability, then his payoff from playing D must be at least as
large as his payoff from playing U. However, if player one plays U, then he ensures that his
reputation is p/ at the start of the subsequent period, and thus guarantees a continuation
payoff of U, (y/,d) in period t + 1. Given this lower bound on player one’s continuation

payoff, the lower bound on player two’s continuation payoff follows from inequality (1).

CLAIM 2 Let o be any NE strategy profile of the repeated common-interest game I'°(d, ).
Suppose that public history h' has positive probability under the NE strategy profile o and
that p(h') > 0. Suppose also that player one plays D with positive probability in period t.
Then Uy(o1(N), 09,0|ht, D, 1) > —2(1—U,+ (6, 1)) /x, and Us(o1(N), 09,8|h*, D, r) > —2(1 —
Uu (0, p1')) [, for any p' < p(w*|1', U, 1) = p(w*|h*, U, 7).

PROOF: Let 7TZ denote the probability that signal y € {l,r} is observed after period t
conditional on history hf.22 If player one plays D in period ¢, then his payoff for period t is
at most 1/2 and his continuation payoff is equal to nfU;(c,0|h!, D, 1) + LU (o, d|h', D, r).
Alternatively, player one can play U forever, that is, he can use strategy w*. If player one
plays strategy w* from period ¢ onwards, then his payoff in period ¢ is at least 1/2, and his
continuation payoff is at least m/U,x (8, u(w*|h', U, 1)) + wtU,x (6, p(w*|ht, U, r)). By Remark
1, the strategy profile (oq|nt, 02|nt) is a NE of the continuation game. Because (o71|pt, oa|pt)

is a NE of the continuation game and because player one plays D with positive probability

22The probability 71'; is calculated using player two’s NE strategy o2, conditional on history ht.
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in period ¢, his repeated game payoff from playing D in period t must be at least as large as

his repeated game payoff from using strategy w* from period ¢ onwards. Consequently,
m Uy (o, 8|h', D, 1) +7tU, (0, 0|k, D, r) > m Uy, (6, p(w*|h*, U, 1)) + 7t U, (8, u(w*| A, U, 7).

Also, Uy« (8, p(w*[ht, Uy 1)) = Upyge (6, p(w*|ht, Uy r)) > UNE(S, ') because p/ > p(w*|ht, U, 1) =

p(w*|ht, U, r) and because UN¥ is nondecreasing. Thus,
iUy (0, 8|h', D, 1) + ntU, (0, 6|h', D, 1) > U, (3, it').

By adding one to both sides of the previous inequality and rearranging, we obtain:
7 (1 — Uy(o,8|h', D, 1))+ 7t(1 — Uy(o,6|h', D, 7)) <1 — Uy, (6, 11)).

Because player one’s highest payoff in the game is equal to one, 1 — U;(0,d|h', D,y) is

nonnegative for any y € {r,(}. Therefore,
m,(1 = Ui(o,0|n', D,y)) <1 — Uy (6, 1),

for any y € {r,l}. Also, our assumption that 7/ > x > 0 for any y € {r, [}, i.e., the F'S

t
Yy
assumption, implies that

(3) 1= Ui(0,0|h", D,y) < (1 = Up (3, 1)) /7,

for any y € {r,1}. However, because (Uy(c,0|h', D,y), Us(o1(N), 09,0|h', D,y)) is a feasible
payoff vector for any y € {r,1}, we can derive the following inequality from inequalities (1)
and (3):

U2(UI(N)7 02, 5‘ht7 Dvy> > _2(1 - Uw* (57 /’L/>>/E7

for any y € {r,(}. O

REMARK 4 Notice that if the FS assumption is not satisfied, i.e., if @ = 0, then the lower
bound given by Claim 2 is not well defined. For example, suppose that FS is not satisfied
by the stage game. Also, suppose that wf =0, i.e., signal | occurs with zero probability after
history h'. In this case, following the reasoning in Claim 2 does not deliver a lower bound
on player two’s continuation payoff after public history (h', D, 1) because this history occurs

with probability zero on the equilibrium path. See section 5.1 for more on the use of the FS
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assumption.

Fix any arbitrary reputation level p > 0. Starting in the next paragraph below, we use
Claims 1 and 2 to show that

(4)  1=Us(p) £ —=(1=Us (1))

=g

for any two reputation levels y/ > p > p such that p/p’ > 1 — g, where ¢ := mpu/4. Once we
establish inequality (4), a reputation result for the common-interest game follows. This is
because inequality (4) and U,-(1) = 1 together imply that U,-(u') > 1 for all 4/ > p > 0. To
see this, pick a nonincreasing sequence of numbers {su,}Y_, such that o = 1, uy = ft, and
Pni1/pn > 1 —q for each n. We will run induction on n to show that U, (pun) = Uy (1) = 1.
Notice that py = 1 and U« (o) > 1. Now make the induction hypothesis that U, (¢') > 1 for
all ¢/ > p,, > p. For p/ = p,, and g € [pin11, ftn), inequality (4) and the induction hypothesis
together imply that U,-(u) > 1, the induction is thus completed. Therefore, for any p > p,
we have U,-(p) > 1. Since our initial choice of u is arbitrary, we find that U,«(u) > 1 for
any p > 0.

Now we turn to establishing inequality (4). Suppose that p > p. Consider a NE o of the
repeated common-interest game '°(§, 1) where player one’s payoff from using strategy w*,
Ui (w*, 09,9), is equal to U,«(d, p) +€.2* By Claim 1, player two’s NE payoff Uy (0, 6, i) is less
than or equal to —p(1 — Uy« (6, ) —€). We will establish inequality (4) by using the fact that
the NE strategy o, must give player two a payoff that is at least as great as the payoff from
using an alternative strategy that is available to her. We consider the alternative strategy for
player two that plays L until player one plays D for the first time and then reverts back to
the equilibrium strategy os.

Lower bound on player two’s payoff from using the alternative strategy. Suppose that
player one’s initial reputation level is equal to p > p. Choose any reputation level ' that is
greater than y and that satisfies p/p’ > 1 — ¢. Let 7 denote the first period in which player
one’s reputation level exceeds p’ if player one plays according to strategy w* and player two
uses the alternative strategy. We will provide a bound on player two’s payoff conditional
on one of the following three mutually exclusive and exhaustive events occurring: First, the
event that player one plays U in every period of the repeated game. Second, the event that
player one plays D for the first time in some period k& < 7 — 1; the probability of this event
is at most ¢, by the definition of 7, Bayes’ rule, and the choice of x'. Third, the event that
player one plays D for the first time in some period k > 7 — 1; the probability of this event

ZFor each € > 0, such a NE exists because U« (4, i1) is defined as the infimum over the set of NE profiles.
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1s at most 1 — q.

If player one plays U in every period, i.e., if the first event occurs, then player two’s payoff
from using the alternative strategy is equal to zero.

Alternatively, suppose that player one plays D for the first time in some period k, i.e.,
either the second or the third event occurs. Player two receives zero in each period up to
period k, because she plays L and player one plays U in each such period. In period k, she
receives —(1 —¢), because she plays L and player one plays D. If k < 7—1, i.e., if the second
event occurs, then player two receives at least —2(1 — U+ (6, 1)) /m as a continuation payoff
after period k. This follows from Claim 2 because player one’s reputation is at least p if he
plays U in period k. If £ > 7 — 1, i.e., if the third event occurs, then player two receives at
least —2(1 — U+ (9, p')) /7 as a continuation payoff after period k. This follows from Claim
2 because player one’s reputation is at least p' if he plays U in period k. Consequently, if

player two uses the alternative strategy, then her payoff is at least

25k+1
™

(1= 8) — T (g1~ Upe (5.) + (1= g)(1 — U (5. 4)).

Simplifying this expression by using the fact that 6 < 1 and 1 — ¢ < 1 shows that player

two’s payoff from using the alternative strategy is at least

—(1-10)—

EREN

(q(1 = Uer (6, 1)) + (1 = Ui (6, 17)).

FEstablishing inequality (4). Player two’s payoff from her NE strategy o, must be at least

as great as her payoff from the alternative strategy. Therefore,

—(1=8) = 2(g(1 = Uar (6. 1)) + (1 = Uy (6.1))) < —p(1 = U (6, 12) + ).

=

By rearranging, we obtain:

(1= 20/)(1 ~ Uar (5,)) < (1 = ) + pre 4 (1~ Vo (5,4

As this inequality holds for any € > 0, we have

(1= 20/m)(1 = Uur(5,0)) < (1= 8) + 2(1 = Ui 6.,

Because the above inequality holds for every § € [0,1) and because p < yi, we find that

(1 —2q/7)(1 = Uy () < (2/m)(1 = Up (1))
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Substituting mu/4 for ¢, we obtain the following inequality:

1= U (1) < (4p/m)(1 = U (1')).

3.2. Other commitment types. So far our discussion of Theorem 1, Lemma 2, and
Corollary 1 has focused on the case where ) = { N, w*} for simplicity. However, as is evident
in the statement of these results, we do not require that Q = {NN,w*}. More specifically,
we place no restriction on the other commitment types beyond requiring that they be finite
automata. In the proof of Lemma 2, we achieve this in the following way: First, we show that
if player two assigns a small probability to the event that player one’s type is in the set 2_«,
then the effect of the types in 2_,+ on player one’s NE payoff is also small. Second, we show
that if all the other commitment types are finite automata, and if player one mimics type w*

for a sufficiently long number of periods ¢, then with large probability, player two’s posterior

belief that player one’s type is in Q_«, i.e., u(Q_,|h'), becomes arbitrarily small. More
importantly, the rate at which such learning occurs is independent of player two’s strategy.
Thus, by combining these two findings, we conclude that the presence of other commitment
types does not disrupt our reputation result.

Our second finding (i.e., that if player one mimics type w*, then player two learns that
player one is not playing a strategy in Q_,- at a uniform rate) plays a crucial role in our
reputation result (see Lemma A.2 in the appendix). We now give the intuition for this
second result. The following statements are true, regardless of which strategy player two uses,
because of the FS assumption: Each recurrent state of any finite automata will be visited
infinitely often. Thus, player two will observe player one’s action at each state infinitely often.
Therefore, if player one plays according to w*, then player two can reject the hypothesis
that the observed sequence of play is generated by any finite automata other than w* with
arbitrarily high probability. Moreover, learning occurs at a uniform rate because all the

commitment types have finitely many states.

3.3. Reputation effects in stage games that do not satisfy SA. The proof of Theo-
rem 1 shows that, for any stage-game in G with no gap which does not satisfy SA, again there
exists a commitment type with no shortfall. In this case, however, the commitment type w*
is an automaton with an infinite number of states. Moreover, Theorem 1 demonstrates that
player one can guarantee a payoff equal to g; by simply mimicking w*. In this section, we
sketch how we construct this commitment type by describing w* for the principle-agent game
which does not satisfy SA (figure 3b).

As a first step in describing the infinite automaton w*, we describe a finite automaton

w® which plays a review strategy with shortfall ¢ > 0 (see also Radner (1981, 1985) and
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Celentani et al. (1996)). The finite automaton w® has two phases: a review phase and a
punishment phase. Each review phase lasts for J(e) periods and the automaton plays U
in each period of the review phase. Each punishment phase lasts for 2.J(e) periods and the
automaton plays D in each period of the punishment phase. The automaton begins the game
in the review phase. If player one’s average payoff in a review phase is at least 3 —&(¢€), where
£(e) > 0 is the cutoff value for the review, then w® enters a new review phase. Otherwise, w*
moves to a punishment phase and plays D, i.e., minimaxes player two, for 2.J(¢) periods. At
the end of that punishment phase, the automaton again returns to a review phase.

Notice that, had there been perfect monitoring, a patient player two who faces w® would
have strictly preferred playing W in each period in order to avoid ever entering the punish-
ment phase. Under imperfect monitoring a patient player two’s incentives are similar to the
case of perfect monitoring, but only for appropriately chosen J(€) and £(€). In particular,
for any €, we pick the length J(e) of the review stage and the cutoff value £(¢) such that a
sufficiently patient player two’s best response to w€ entails entering the punishment phase
after a review phase with arbitrarily small probability; a patient player one’s repeated game
payoff is thus at least 3 — €.2* In other words, the commitment payoff of w€ is at least 3 — e.

The type w* first plays 17 repetitions of a review strategy with shortfall ¢ where each
repetition includes the review phase and, if it is triggered, the subsequent punishment phase.
Then w* plays T repetitions of the review strategy with shortfall /2, and then T,, repetitions
of the review strategy with shortfall ¢/n; and so on. As ¢ approaches one, the commitment
payoff of type w* converges to three, i.e., the shortfall of w* is equal to zero. This is because,
for any n > 1, the initial periods in which w* plays a review strategy with a shortfall more
than €/n become payoff-irrelevant as the discount factor approaches one.

The choice of how many repetitions 7T, are played by w* of each review strategy with
shortfall €/n is delicate. In the appendix, we make the choices in a way that ensures that
our reputation result applies. Intuitively, we choose the number of repetitions to ensure the
following three conditions hold: first, U (w*, §) is increasing in J; second, the cost of not best
responding to this type is strictly positive for any d; third, player two can distinguish the

strategy of w* from any finite automaton’s strategy regardless of which strategy she plays.
4. NONREPUTATION RESULTS

Now we turn our focus to the following two questions: Which types, if available, facilitate
reputation building for player one? In which strategic situations (i.e., for which class of stage
games) can player one successfully build a reputation? In addressing these questions, we

restrict attention to pure-strategy finite automata.?® Under this restriction, we show that (i)

24See Celentani et al. (1996) which shows that J(¢) and £ can indeed be chosen in this way.
25We expand on the limitations of this restriction at the end of this section.
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only types with no shortfall facilitate successful reputation building (Theorem 2), and (i)
player one can build a reputation only in SA games (Theorem 3).

We say that player one cannot successfully build a reputation (i.e., that there are no rep-
utation effects) in the repeated game ' given a set of commitment types 2 if we can find
a prior with full support p over € such that a patient player one’s worst equilibrium payoff
is arbitrarily close to his worst equilibrium in the repeated game of complete information.
Or conversely, there are reputation effects if a patient player one’s worst NE payoff under
incomplete information is uniformly greater than his worst NE payoff under complete in-
formation. More intuitively, there are reputation effects if adding even a small amount of
incomplete information improves a patient player one’s worst NE payoff significantly. We
continue our analysis by considering repeated games in which player one’s worst NE pay-
off is his minimax in the benchmark model with complete information. Thus, we make the

following assumption:

AssumpPTION (NI) Non-empty interior: The set F' has a non-empty interior and there
exists a payoff go such that (g1, g2) € G.2°

Therefore, the formal definition of no reputation effects is as follows:

DEFINITION (No reputation effects) We say that there are no reputation effects in I'*°,
given a set of commitment types ), if for each € > 0, there ezists i € A°(S2) and 6* € [0,1)
such that for any § > 6%, there is a perfect Bayesian equilibrium (PBE) o of '°°(6, ) where
Ui(0,0) < g1 + €.

The following theorem, which is proved in appendix C, shows that commitment types with

a shortfall cannot facilitate successful reputation building.

THEOREM 2 (Reputation effects are all-or-nothing) Suppose I' satisfies NI. Suppose also
that Q = {N,w} where w is a pure-strategy finite automaton. If the shortfall of w is positive,

then there are no reputation effects in I'*°.

Suppose that the stage game has no gap. In this case Lemma 2 and Theorem 2 together

fully characterize the set of pure-strategy finite automata that facilitate successful reputation

206The first part of the assumption, namely that the set of feasible payoffs has a non-empty interior (i.e,
the full dimensionality condition) is standard in folk theorems (see, for instance, Fudenberg et al. (1994)).
This first part is the core of the assumption. The second part of NI requires that there exists a payoff g2 such
that (g1, 92) € G. This part is for expositional purposes. If F' has a non-empty interior but there exists no
g2 such that (g1, 92) € G, then the goal of Theorem 2 would be to establish that a patient player one’s worst
NE payoff is equal to his lowest payoff compatible with both players’ individual rationality. This payoff can,
in general, exceed his minimax.
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building for player one. In particular, suppose that Q@ = {N,w} where w is a pure-strategy
finite automaton. Then Lemma 2 and Theorem 2 together imply that there are reputation
effects in I'*® if and only if w has no shortfall.

It is also instructive to contrast Theorem 2 with reputation results obtained in repeated
games with asymmetric discounting. If player two is less patient than player one, then player
one’s worst NE payoff is equal to the commitment payoff of type w. Therefore, there are
reputation effects as long as w’s commitment payoff strictly exceeds player one’s minimax
(see Celentani et al. (1996), or Fudenberg and Levine (1989, 1992)). In contrast, Theorem 2
shows that a pure-strategy finite-automaton commitment type facilitates reputation building
only if the type has no shortfall. Moreover, the lower bound attained with such a type is
player one’s highest IR payoff. Hence, player one guarantees either his highest IR payoff or
his lowest payoft.

The following theorem shows that a pure-strategy finite automaton can facilitate reputa-

tion building only in repeated SA games.

THEOREM 3 Suppose I' satisfies F'S and NI. Suppose also that Q@ = {N,w}, where w is any

pure-strategqy finite automaton. If I' does not satisfy SA, then there are no reputation effects

in ['*°.

The proof of Theorem 3 follows from Lemma 1 and Theorem 2, taken together with the

following lemma, which is proved in appendix C.

LEMMA 3 Suppose I' satisfies NI but does not satisfy SA. Suppose also that Q = {N,w}
where w 1s a pure-strateqy finite automaton. If the gap of U is positive, then there are no
reputation effects in I'>. 27

PROOF OF THEOREM 3: If I" does not satisfy SA, then either I' has a positive gap, or w
has a positive shortfall. This follows from Lemma 1. However, if w has a positive shortfall,
then Theorem 2 implies that there are no reputation effects. Alternatively, if I' has a positive

gap, then Lemma 3 implies that there are no reputation effects. O

For stage games with no gap, Theorem 1 and Theorem 3 together fully characterize the
games in which player one can successfully build a reputation by mimicking a pure-strategy
finite automaton. To see this, suppose that I has no gap. Suppose also that Q = {N, w},
where w is an arbitrary pure-strategy finite automaton. Notice that if the stage game sat-

isfies SA, then there is a finite automaton w* with no shortfall and consequently there are

2TIn fact, a stronger result holds, as follows: Suppose I satisfies NI but is not a strictly dominant action
game. Suppose also that 2 = {N,w} where w is a pure-strategy finite automaton. If the gap of I is positive,
then there are no reputation effects in I'*°
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reputation effects if w = w*. In contrast, if the stage game does not satisfy SA, then there
does not exist a finite automaton with no shortfall. Therefore, there are reputation effects
for some pure strategy finite automaton if and only if the game satisfies SA.

Notice also that if the stage game satisfies SA, then the finite automaton that plays
the strong Stackelberg action in every period has no shortfall. Moreover, player one can
guarantee his highest IR payoff by simply mimicking this type. Hence, whenever player one
can successfully build a reputation, he can do so by mimicking the least complex commitment
type that plays the strong Stackelberg action in each period; in other words, added complexity
does not improve a patient player one’s worst payoff as long as the complexity is still finite.

In proving Theorem 2 and 3 we restricted attention to pure-strategy finite automata.
The reasons we restrict attention to pure strategies were discussed in the introduction; our
restriction to finite automata in Theorem 2 is mainly for technical convenience, and the
finiteness of the automaton does not play a crucial role in the argument. We anticipate that
an argument along similar lines would establish a nonreputation result for more complicated
types that have a shortfall which is uniformly bounded away from zero after any history.?
In contrast, in Theorem 3 the restriction to finite automata is a substantive assumption. As
we showed previously, there are reputation effects in stage games in G that are not SA games
if we allow player one to mimic an automaton with an infinite number of states (see section

3.3). In section 5.3, we further discuss reputation effects outside the class G.

4.1. The intuition for Theorem 2 and Lemma 3. The intuition for Theorem 2 and
Lemma 3 is identical and is as follows: If the stage game has a positive gap or the commitment
strategy has a positive shortfall, then NI and the folk theorem in Fudenberg et al. (1994)
imply that in the complete information repeated game there is a wide range of PBE payoffs
for player two that are all consistent with player one receiving his commitment payoff U (w).
Player one can use this range to credibly reveal rationality, still receive a payoff equal to his
commitment payoff, and credibly punish or reward player two in the continuation game of
complete information.

We construct an equilibrium in which player one mimics the commitment type for a long
number of periods that are payoff-relevant and player two plays an action that gives player
one a low payoff during these periods (the review phase). The action that player two plays in
each period of the review phase is potentially a myopic non best response. We show that both
players are incentivized to adhere to this equilibrium, given their equilibrium continuation
payoffs. At the end of the review phase, player one reveals his rationality, and receives his

commitment payoff in the continuation game. Hence, player one can do at least as well by

Z8However, the argument is likely to be more cumbersome since the stationarity that the finite automata
provides is lost with a more complicated commitment type.
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revealing rationality instead of continuing to mimic the commitment type. After player one
reveals rationality, player two receives a high continuation payoff if player one’s realized
payoff during the review phase was low, but receives a low continuation payoff otherwise.
Because the review phase is sufficiently long to be payoff relevant, player one’s payoff is
strictly lower than his commitment payoff.

In the remaining steps of the construction, we ensure that player one’s equilibrium payoff
is close to his minimax payoff if the commitment type is sufficiently unlikely. Moreover, we
apply an appropriate law of large numbers to overcome the technical difficulties introduced
by imperfect monitoring. We sketch our construction for a particular example in the next
subsection.

Notice that our construction relies heavily on the fact that there is a range of payoffs for
player two that is consistent with player one receiving U (w) in the periods where player
one reveals his rationality. This property is a consequence of either a positive shortfall or
a positive gap. If the strategy had no shortfall and the game had no gap, then there is a
unique payoff for player two which is consistent with player one receiving U (w). We now
describe why our construction would not work in this case. First consider the scenario where
player one’s continuation payoff is equal to U (w). In this scenario, player two receives her
unique payoff consistent with U (w) in the continuation game regardless of what she plays
in the initial periods. But then player two would prefer to play a best response to w during
the initial periods in which player one mimics w. Second, consider the scenario where player
one’s continuation payoff is strictly lower than U (w). In this scenario, there is a range of
continuation payoffs for player two that are feasible. Moreover, this range can be utilized
to provide incentives for player two to play a non best response to w during the initial
periods in which player one mimics w. However, in this scenario player one would never
reveal rationality as required by our construction. This is because he can always guarantee

UP(w) in the continuation game by mimicking w.

4.2. Sketch of the construction. We use the game in figure 7 to illustrate the con-
struction of an equilibrium in which player one’s payoff is close to his minimax, which is
zero in this game.?? This game has a positive gap. Consider the repeated game with types
2 = {N,w} where w plays U at every period. The commitment payoff of w is 1.

For an arbitrarily chosen constant ¢ > 0, we will choose a cutoff reputation level z* and
a cutoff discount factor 6*, and will construct a public PBE where player one’s payoff is at
most ¢ for any repeated game I'(p, d) where 6 > ¢* and p(w) < z*.

Define v > 0 such that for every g; € (e, 1], there are two payoff profiles (g7, g5) € G and

29This construction is similar to the construction presented in Cripps and Thomas (2003).
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Ul 1,1 |00 0,0
D[ 00 [1,1/2] 0,0
M [ 0,0 |00 0,0

Figure 7: A game with a positive gap.

(97, 495) € G such that v < g — gh. Hence, the range of player two’s payoffs is at least v
if player one’s payoff is greater than €. In the game under consideration, v can be taken to
equal £/2. More generally, if the stage game has a positive gap and satisfies NI, then such a

v > (0 exists.

We describe the equilibrium behavior of player one explicitly at histories where he has
not yet revealed his rationality. At all other histories, we will not be explicit about his
choice of action, but will instead pick the continuation equilibrium payoffs from the complete
information repeated game’s set of equilibrium payoffs. The equilibrium path of play where
player one has not yet revealed his rationality consists of blocks, each of length T%. We
numerate the blocks so that block one is the last block, block two is the second-to-last block,
and similarly for the rest of the blocks. Observable deviations from the prescribed behavior
along the blocks will oblige player one to reveal his rationality and will trigger an indefinite
repetition of (M, M). This ensures that observable deviations are not profitable as long as
player one’s equilibrium payoff along the blocks is always bounded away from zero and the
players are sufficiently patient, as will be the case.

Block Structure: Each block consists of two phases: the first 7" — 1 periods of the block
constitute the review phase, and period 7™ within the block is the revelation period. Player
one plays U during the review phase. In a revelation period, player one plays, with equal
probability, U or D. If player one plays U in the revelation period a block £ > 0, then block
k — 1 starts. If he plays U in the revelation period of block 1, then the continuation play
is the indefinite play of (U, L). If player one plays D in any revelation period, then the two
players play an equilibrium of the complete information repeated game with a payoff profile
that we will specify below.

Incentives of player two: Fix a small number e > 0. We now pick continuation payoffs
such that player two is incentivized to ensure that player one’s payoff for the review phase

is below e with probability at least 1 — e.

The continuation payoff profile, starting from the first period after a current block k, is
equal to (uf®(k,0),ub*(k,0)) if player one plays D and if player one’s discounted average
payoff during the review phase is below e; it is equal to (u/®(k, ), ul™ (k,0)) if player one

plays D but player one’s discounted average payoff during the review phase is greater than e.
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Suppose now that ©4**(k,8) — ul™ (k,8) > v. Intuitively, if player one reveals rationality at
the end of the block, then player two enjoys a high continuation payoftf if player one’s realized
payoff for the review phase is low, i.e., if she passes the review; but her continuation payoff
is low otherwise. However, pushing player one’s payoff below e requires player two to play
a myopic nonbestresponse during the review phase. Therefore, player two faces a tradeoff
between her payoff in the review phase and her continuation payoff. If the probability that
player one is the commitment type at the start of block k& is below a certain cutoff z, then
a patient player two’s best response to the block strategy of player one would bring player

one’s payoffs below e with high probability.

The length of the review stage T is chosen such that 67" = r where r € (m, 1) is
an arbitrary constant. Also, if § exceeds a cutoff d(e), then the length of the review stage
T ensures that player two’s best response to player one’s block strategy gives player one a

discounted average payoff of more than e with a probability less than e (see Appendix C.6).%°

Iteration over blocks and continuation payoffs: Since the choice of e was arbitrary, if player
one’s reputation level at the beginning of block one is less than z, then a patient player one’s
equilibrium payoff at that period is at most r. If r < €, then an equilibrium construction in

which there is a single block achieves our desiderata.

If r > ¢, then consider the continuation payoff of player one at the revelation period of block
two. Suppose that player one’s reputation level at the beginning of block two is z;. Moreover,
suppose that if he plays U in the revelation period, i.e., does not reveal his rationality, then
his reputation level is z; < z.3! Let uy(block1,d) denote player one’s continuation payoff at
the start of the last block, i.e, block 1. If player one plays U in the revelation period of
block 2, then his current period payoff is 1 — § and his continuation payoff is duy(blockl, d).
Alternatively, if he plays D, then his current period payoff is zero and his continuation payoff
is Juje(0). We choose uf¢(2, §) to ensure that player one is indifferent between playing U and
D in the revelation period, and hence, uj*"(2,6) = u(blockl, )+ (1 —0)/0. Notice that for ¢

close to one, u}¢’(2, ) is above € and in the interior of the feasible and IR payoff set. Therefore,

it is possible to pick PBE payoff profiles of the repeated game with complete information

30In particular, if

1—=2

(5) 06T > 1 -6,

and if T* exceeds a cutoff T'(e) that only depends on e, then player two’s best to player one’s block strategy
gives player one a discounted average payoff of more than e with a probability less than e. For any 4, we pick
T* such that 67" = r < 1, and we pick z for which inequality (5) is satisfied. Notice if § exceeds a cutoff,
then the T™ chosen in this manner exceeds T'(e). Notice also that inequality (5) is independent of the choice
of e.

31More precisely, his initial reputation level is such that z; = :12,22 <z
2T g
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(ulev(2,8), ub™*(2,8)) and (u}®(2,6), ul*(2,0)) such that ub™*(2,8) — ul®(2,6) > v if § is
sufficiently large. For this reason, a patient player two’s best response delivers to player one
a payoff of more than e during the review phase of block 2, with a probability at most e .
Again, since e is arbitrary, a patient player one’s payoff at the beginning of block two is at
most 2.

[terating this procedure k times and ratcheting down the reputation levels 2z, we can thus
construct an equilibrium where a patient player one’s payoff is no more than €. The number
of iterations is at most equal to the smallest integer k* such that *" < e. Hence, if a patient
player one’s initial reputation level is below 2+, then there is an equilibrium in which player

one’s payoff is at most ¢.
5. DISCUSSION

5.1. Full-support imperfect monitoring. In order to further motivate the use of the F'S
assumption, we contrast our reputation result for the common-interest game in figure 5 with
the folk theorem of Cripps and Thomas (1997) for this game under perfect monitoring. The
equilibrium construction in Cripps and Thomas (1997) is as follows: In the first K periods,
as long as player one has not revealed rationality, player two plays R and player one uses a
mixed strategy that plays D with small probability on the equilibrium path. After the first
K periods, if player one has not revealed rationality, then (L, U) is played forever. If player
one reveals rationality on the equilibrium path during the first K periods, then continuation
payoffs are chosen to equal player one’s continuation payoff had he not revealed rationality.

To ensure that player two has an incentive to play R, she is punished if she deviates by
playing L, and the public signal (I, D) is observed. Notice that because of perfect monitoring,
player two is punished with certainty in the event that player one reveals rationality. Pun-
ishment entails a continuation payoff for player two that is close to her minimax.*? Because
player two only plays R on the equilibrium path, player one is indifferent between playing
U and D in the first K periods. In this construction, player two is deterred from playing
L, even if player one reveals rationality with a small probability in each period, because her
continuation payoff is close to her minimax if public signal (I, D) is observed. However, if
the probability that player one reveals rationality is small in each period, then it takes many
periods for player one to build a reputation and K can be chosen large to ensure low payoffs
for both players.

This argument hinges on choosing low continuation payoffs for player two after public
signal (I, D), during the first K periods. This does not conflict with player one’s incentive

to play D instead of U, even if low continuation payoffs for player two also imply low

32 After (I, D) or (r,D), the continuation game is a repeated game of complete information and any
individually rational payoff can be supported in equilibrium.
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continuation payoffs for player one, after (I, D). This is because, in the first K periods, player
one expects player two to play L with probability zero and hence expects the public signal
(I, D) to occur with probability zero. Thus, payoffs after public signal (I, D) have no effect
on player one’s ex-ante incentive to play D; consequently, player one’s incentive constraint
puls no restrictions on player two’s continuation payoff after (I, D). In contrast, if the FS
assumption is satisfied, then, as shown in Claim 2 and discussed in Remark 4, player one’s
incentive constraint implies a bound on player two’s continuation payoff after any signal
realization, i.e., player one’s incentive to play D instead of U imposes a bound on the amount
of punishment that player two can expect after choosing L. This is because the signal [ occurs

with positive probability regardless of which action player two chooses.

5.2. Imperfect monitoring in extensive-form stage games. In extensive-form stage
games, making the assumption, as we do, that player one’s stage-game actions are perfectly

monitored is restrictive. This is because the assumption requires that player one’s whole

contingent plan be observed at the end of the period.
Player 2

(171) (_17_4) (_47_1) (_17_1)

Figure 8: Experimenting with whether to play a coordination game.

Consider the example depicted in figure 8. In this game player two can choose whether to
experiment or not. If she chooses not to experiment, then she guarantees a payoff equal to
zero. If she chooses to experiment, then a simultaneous-move coordination game is played.
The profile (R, R) is a NE of the stage game, which is better than not experimenting; and
(S,.5) is the other NE, which is worse than not experimenting. In this example, player one
has two information sets: one after player two plays D and another after player two plays
R or S. In this game our monitoring structure requires that player two see what player one
would have chosen after R or S even when she actually chooses D.

However, a reputation result also holds under the following monitoring structure: First,
only player one’s moves are observed, i.e., if player two observes whether player one plays
R or S only if signal r or s is realized. Second, regardless of what player two chooses as an
action, she nevertheless ends up playing each of her three moves with probability greater

than m € (0,1/1/4). Finally, when player one makes his move, he does not observe player
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two’s intended action but only the resulting choice of move, i.e, the signal. We depict this
situation by adding a move by nature in figure 9. The essence of what we need for our
reputation result is captured well by this example: we need player two to tremble and play
each of her moves with positive probability, and we need this probability of a tremble to

remain bounded strictly away from zero as we take the discount factor to one.

Player 2

(1,1) (—=1,-4) (-4,-1) (-1,-1) (1,1) (—=1,-4) (-4,-1) (-1,-1)

Figure 9: The stage game with nature’s moves. After any move that player two makes, a
similar continuation game is played where the probability with which nature mixes over
{r, s,d} is determined by player two’s move. (We’ve suppressed the continuation game after
S for brevity.) Specifically, nature mixes with the following probabilities: 7(r|R) = 7(s|S) =
7m(d|D) =1— 27 and m(r|not R) = 7(s[not S) = w(d|not D) = 7.

5.3. Games outside of the class G. A stage game falls outside of the class G if the
payoff profile in which player one receives his highest IR payoff is equal to his pure minimax
payoff but the game does not have SCI. A prominent example of a game that falls outside
of the class G is the product-choice game depicted in figure 10. In this game player one’s
highest IR payoff is equal to 1.5, player two receives her minimax payoff (zero) in the unique
payoff profile in which player one gets 1.5, and the game has no gap. However, there is no
action, whether pure or mixed, such that committing to it would guarantee player one a
payoff equal to 1.5 in this game.?® We discuss the repeated product-choice game to illustrate
what can go wrong in games outside of the class G.

This game is not an SA game; hence, Theorem 3 implies that we cannot obtain a reputation
result with pure-strategy finite automata. In addition, an argument similar to Lemma 1

implies that any finite automata, including one that plays a mixed strategy, has a positive

33 Player one gets 1.5 if he plays H and L with equal probability and if player two best responds by
playing B. However, both B and N are best responses for player two, and if she best responds by playing
N instead of B, then player one’s payoff is equal to zero. Therefore, player one cannot guarantee 1.5 by
committing to play H and L with equal probability.
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B(uy) N (ot Buy)
H(igh) 2,-1 0,0
L(ow) 1,1 0,0

Figure 10: A product choice game.

shortfall. However, consider the type w that plays H with probability 1/2+ (1/2)? in periods
{1,...,4}, plays H with probability 1/2 + (1/2)% in periods {5,...,8}, and more generally
plays H with probability 1/2 + (1/2)* in periods {2~V + 1,...,2F}. Player two’s unique
best response to w is to play B in each period. Moreover, the commitment payoff of this
type UY(w) is equal to 1.5 (player one’s highest IR payoff). Consequently, w is an infinite

automaton with no shortfall.

Suppose that w is the only commitment type available for player one to mimic. Even
though w has no shortfall, our reputation result does not apply here. This is because the
type w uses a mixed strategy. And, as we explained in the introduction, our approach is

unable to provide a reputation bound for types that play mixed strategies.

Now, for the sake of argument, suppose that player one’s stage-game action is to choose
the probability p € [0, 1] with which he plays H, and that player two observes his choice of
p at the end of each period. Given this modification, w plays a pure strategy.®* Even under
this modification, however, our reputation result still does not apply. This is because the cost
to player two of playing action N instead of best responding to w by playing B converges
to zero as player two becomes increasingly patient. Consequently, a patient player two can
resist playing a best response to w at no cost to herself, and can thereby make it sufficiently

difficult for player one to build a reputation.

Without this modification, one can also imagine a pure-strategy dynamic type that plays
H in portion p of periods of a block of periods, plays L in the remaining periods of the
block, and minimaxes player two for an appropriate number of periods if she fails to play
B in many periods in the block. The length of the blocks and the length of the punishment
periods can be carefully chosen to ensure that this dynamic type has a commitment payoff
equal to 1.5. However, a patient player two can again resist best responding to this type at
no cost to herself. Whether a reputation result can be established for this game is an open

question.

34 A mixed strategy is then a probability distribution over choices of p € [0,1], i.e., a mixed strategy is
an element of A([0, 1]).

35



A. FINITE AUTOMATA, LEARNING, AND LEMMA 1

In this part of the appendix, in addition to Lemma 1, we prove some auxiliary results
concerning finite automata which we repeatedly use in our subsequent arguments. Also, we
prove our main learning result which we state as Lemma A.2. Our main learning result and
its corollary, that we state as Corollary A.1, play central roles in the proofs of Lemma 2 and
Theorem 1 presented in Appendix B.

Fix a pure strategy finite automata w* € {2 and a finite subset W C 3J;. Consider a new
finite set of states ©, which is the product of the set of states of W and w* with typical
element § = (0o, 01, ..., 0pw)). In the following development, we fix player one’s strategy w*,
but the strategy of player 2, o varies. Notice that a period ¢ public history hA! uniquely
identifies the state @ that the types are in at the start of period t. Let a*(g) denote the pure
stage game action w* plays in state 6,,+. Every strategy profile (w*, o5) generates a stochastic
process over the vector of states. In particular, the transition are given by the following

equation:

—

Pt = (rw.y.a (@), 0! = 7(y, ).

? YW

)> weWU{w*}

Let Pr(67t+”|97, h', o5) denote the probability that the state in period t+n is equal to g+n € ©
given that the state in period ¢ is equal to 9_%, the game is at history h' and player two is
using strategy os. For example, when n = 1,
Nt+11at 1t — t
Pr(6"1|6", h', o) = Zye{yﬂy@)z%l} > e, Tlaz)oa(az, h)
In other words, Pr(@”ﬂ@? h',o5) is the transition probability that governs the evolution
of the states.

DEFINITION A.1 (Recurrence and Transience) A state 0% is transient if, given that the
initial state is 0%, there is a non-zero probability (in Pr ,,)) that the state 0 is never visited
again. A state is recurrent if it is not transient. A subset of states © C © is a recurrent
class if for each 60" € ©1 there exists an n > 0 such that Pr(6" = |6 = 6" h', o) > 0
for all ht, and for each 6" € ©7 and § ¢ ©7 we have Pr(#™ = §|6" = 6" h',05) = 0 for
all bt and all n > 0. A subset of states ©° C O is a transitory class if each gcoisa

transient state. A finite automaton is trreducible if its states form a single recurrent class.

LEMMA A.1 Assume that I' satisfies FS. For any 6 € ©7 and n > 0 we have Pr(H_%*" =
916" = G(h'), ht, 03) > 0 for some o3 and h' if and only if Pr(6¥™ = §|6% = G(h*), h* o)) > 0
for all k >0, o}, and all h* such that g(ﬁk) = ﬂ(ht). Consequently, the finite set of possible
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states © can be uniquely partitioned into a transitory class ©°, and a collection of disjoint

recurrent classes ©7 such that © = UM O and this partition is independently of o.

Proor: FS implies that the probability to transition from 0+ to 0t after history Ah' is

bounded from below as follows:

Pr(é‘t—i_lw_ﬁ? ht> 02) = Z (. 0 =0 ZazeAz ﬂ-y(a2)g2(a2> ht)

So FS implies that Pr(67!|6%, ht, 05) > 0 if and only if |{y : 7(y,6") = 67} > 1. But if
{y : 7(y,6") = 61} > 1 then Pr(0*6(h¥), b, o) > [{y : 7(y,0) = 6"}z > = > 0
for any h* such that 0_’(}}"?) = " [terating this argument generalizes the above to the case
of n > 1. Also, see Billingsley (1995), Chapter 1, Section 8, or Stokey et al. (1989), Chapter

11.1 for more on partitioning the set of states. 0J

DEFINITION A.2 (Speed of learning between w* and W)  Let

—

]5(&)*, W) = maxge{p(w*,w,gt)7é17wew} p(w> 9))

where p(w*, w, 97) = o(w, a*(@f), 0L). That is, p(w*,w, @) is the probability that type w plays
the same action asw* in state 0 (a*(6')) and p(w*, W) is the mazimum of p(w*,w, 6) over the

—

set of types W and the set of states where p(w,w*,0) differs from 1. Notice that p(w*, W) <
1_35

Define the likelihood ratio recursively as L¥(h) = p(w, 6 (h))L¥ (k) and let Ly(h) =
Ly = p(w)/p(w*). Hence, L¥(h) = p(w|h')/u(w*|h') and (LY, h') is a supermartingale under
Pr(u+ sy) (Fudenberg and Levine (1992) Lemma 4.1). Also, let Ly = u(W)/p(w*).

LEMMA A.2  Assume that T satisfies FS and p(w*, W) < & € [0,1). For any ¢ > 0 and
¢ > 0 there exists T(|O|, |W|,&, €, ¢) such that

PV e | 1) w
P w* .o h, . < L > 1 - G
I'( ,02) { ,U(W*|h,t) ¢ 0 €

foranyt > T(|O|,|W],&, €, 0), any p such that (w*) > 0, and any strategy oo of player two.

35The maximum is well defined since W is a finite set and {6 : p(w,d) # 1,w € W} # 0 because for cach

—

w €W C Q_,~ there is a state such that p(w,0) # 1
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PROOF: For any nonnegative integer k and even number [ let E(l,k) denote the set
of infinite histories such that for any h € E(l,k) the process has entered a recurrent
class ©i(h) C © by period 1/2 and all states § € ©i(h) have been visited at least k
times by period [. For each nonnegative integer k and ¢ > 0 there exists I(k,|O],€) such
that Pri. o, {£(I(k,]0],€),k)} > 1 — € for any oy. This is because FS implies that the
probability the process enters a recurrent class after |©| periods is at least 7/°. FS also
implies that for any two states ¢ and 6" in the same recurrent class ©7 we have that
Pr(019°1 = §7|0" = 0", ht, 0y) > 719’1 > 719! for any h' and any o,.

Let k* = K(|W|, &, ¢) = 248 Pick I* such that Pr(s, ()00 { E(*, k*)} > 1— € for any
os. We show that choosing T'(|©], |W|, &, €, ¢) = I* achieves the claim of the lemma.

Suppose that h € E(I*, k*). If w € W_. (i, then there exists a state 6., € ©'(h) such that
p(w, 0,) < p(w*, W) < & < 1. Because state 6, has been visited more than k* times by time [*,
and because L¥(h) is a supermartingale, we have L¥(h) < p(w*, W)F' Ly < ¢ Ly < ¢ LW
for any ¢ > [*. Our initial choice of k* implies that if £ > [* and if w € W_ .y = W_is (e,
then LY (h) = pu(w|h')/u(w*|ht) < ¢LY /|W|. Consequently, if h € E(I*,k*) and if t > [*,
then pu(W_pepuny|h')/p(w*|ht) < ¢L§". Moreover, Pr o, {E(I*,k*)} > 1 — € proving the
result. O

COROLLARY A.1  Assume that T satisfies FS. For any p such that p(w*) > 0 and x > 0
there exists T'(w*, p, x) such that

Pro, (w00 Uh - (B0 \ w*(B)[R1) /u(w|hf) < x} > 1= x,
for any t > T'(w*, 1, x) and any strateqy oo of player two.

PROOF: Choose finite set W C Xy such that u(W) > 1—x/2. Set £ = p(w*, W), ¢ = x/2LY
and e = x. Notice that |©|, [W|, LY, and ¢ depend only on g (through the choice of the set
W) and on w*. Observe that pu(X; \ w*(h')|hY) /pu(w*|ht) < w(W \ w*(h')|RY) /u(w*|ht) + x/2
for any h' and apply Lemma A.2. O

LEMMA A.3 (Blackwell Optimality) Suppose I' satisfies FS and that w = (©, 0,0, 7T) is an
wrreducible pure strategy finite automaton. For any oo € Yo, let

. . 1 N
Ui(w, 09) = limsup y_, NE(“””) Zt:(] gi(al, ab),

i.e., Ui(w, 09) is player i’s long-run average payoff. Let Oy = {0y : © — Ay} denote the finite
set of pure stationary strategies for player two. Let F(w,d) = co{(Uy(w, 02,9), Us(w, 02,9)) :
0y € Do} and F(w) = co{(Uy(w, o), Us(w, 05)) : 05 € 5o}
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A

(i). For any stationary strategy oo € Oy, lims_y1 Uj(w, 09,0) = U;(w, 09) = Us(w, 03).

(ii). The set F(w, ) = co{(Ui(w, 02,0), Us(w, 02,9)) : 02 € Oz} and F'(w) = co{(Uy(w, 02), Us(w, 02)) :
oy € Os}, i.e, the finite set of vectors {(Uy(w, 02), Us(w, 03)) : 09 € Os} are extreme
points of F(w).

(iii). There ezist a 6* € (0,1) and a pure stationary strategy oo € Oy such that 0y € BR(w, 0)
and U (w,0) = Uy (w, 09,8) for all 6 € (6*,1).

(iv). Moreover, for any stationary o,, we have |Uy(w, a9, 0|ht)—Us(w, 09, §|hF)| < K, |Us(w, 09, §|ht)—
Uz(w, o2l h*)| < K, |UY (w, 8|R")=UY (w, 6|h*)| < K, and U (w, 0|h") =UY (w]h*)| < K,
for any h',h* € H(w) and any stationary oy where K = (1 — 819 M /(67)I€°

ProoOF: Part (i) follows from Bertsekas (2007), chapter 4, Proposition 1.2. Part (i¢) follows
from Dutta (1995), Lemma 1 because the sets F'(w,d) and F'(w) are the set of feasible payoffs
for a discounted and undiscounted stochastic game, respectively, where the state space is O,
the unique action available to player one in state # is o(f) and the transition function is 7.

For part (iii), first notice that against a fixed w finding player two’s best response is a
standard discounted dynamic programming problem. Thus, a standard argument shows that
a pure stationary best response exists (see Bertsekas (2007), Chapter 1). Also notice, if o is
a stationary strategy profile, then U;(o, §|ht) = U;(o, §|h¥) for any ht, h* € H(w) such that
O(h') = O(h*). Let Uy(w, 6|ht) denote player two’s payoff after A given that she best responds
to w. Since a stationary best response exists Us(w, d|h?) = Us(w, 6|h*) for any h', h* € H(w)
such that @(h') = 6(h*). Player one’s commitment payoff is given by the following dynamic
program: U{ (w, 6|hY) = ming,ea(a,)(1 — 8)g1(w, az) + 6E,[UF (w, d|h',w,y)|aw] subject to
(1 —0)ga(w, aa) + 0E[Us(w, 6|0")|0, aa] = Us(w, |0), where Us(w, d|0) is player two’s payoff
in state # given that she best responds. A standard argument shows that a pure stationary
solution to this dynamic program exists. The existence of 0* and oy follows from the existence
of a Blackwell optimal policy in finite state and finite action dynamic programs. See Bertsekas
(2007), Chapter 4, Proposition 2.2.

Part (iv). Lemma A.1 implies that Pr(6(h*F1®N|0(h*), oo(h*)) > 7!®l for any 0(ht), O(R*) €
©. Let history A" be such that U;(w, 02, 6|h*) = max .oy Ui(w, 02, 0|h') and let history
h' be such that U(w,09,d|h") = minggmieey Ui(w, 02, 6|h'). We have the following two

equations

Ui(w, 03, 8|h') > —(1 — 61N M + z®151°1U; (w, 03, 5|h*) + 61°1(1 — 7)) Ui (w, 02, 5|")
Us(w, 09, 0|hF) < (1 = 6P M + =l916191U; (w, 09, 6|1Y) + 61°1(1 — 2PN U, (w, 09, 5|RF).
Solving delivers the result. The argument for |U{ (w, 6|h") — U (w, 6|h*)| is identical because

there is a stationary strategy for player two that delivers player one his commitment payoff.
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Also, see Bertsekas (2007), Chapter 4, Proposition 1.2 for the remainder of the inequalities.
O

A.1. Proof of Lemma 1.

ProoOF: If part is straightforward since the type that plays aj every period is a one state
pure strategy finite automaton with no shortfall. We now turn to the only if part: Lemma
A.3 implies that there is a 0* < 1, and a pure stationary strategy o, : © — A, which is
a best response to g; for any 0 > 6*. Suppose that SA is not satisfied but there exists a
pure strategy finite automata repeated game strategy o) such that U (o1|h!) = g, for some
h' € H(oy). Since the automaton is finite, there should be a recurrent class of the states of
the automaton ©7 such that U (o1 |h') = g, for any h' such that 0(h') € 67,

We will first show that g;(0(0),02(0)) = g1 and g2(0(0), 02(0)) = g5 for any state § € ©7.

Case 1: g5 > go. In this case g; = max{g; : (g1,92) € F}. Combining this with the fact
that U (o1]h?) = g, for any h' with 0(h') € ©7 and FS assumption we get g;(0(0), 02(0)) = g
for any 6 € ©7. No gap together with g;(0(6), 02(0)) = g1 for any state § € ©7 implies that
g2(0(0), 02(0)) = g5-

Case 2: g5 = §o. US (01 |hY) = gy for any h! with (h') € ©7 implies that lims_,; Us(ay, 09, §|hY) =
Go. Player two can guarantee herself g, in each recurrent state. Suppose that go(0(6;), 02(61)) <
o for some state 6; € ©7. Then there must exist another state f; € ©7 such that gs(0(6s), 02(02)) >
G2, because otherwise player two’s payoff after a history h* with (h') = 60y, Us(01, 09, 8|h}),
would be below her minimax which would contradict that o, is a best response to oy
. However, then an alternative strategy o) for player two that gets at least g, in any
state other than 6, and gets g2(0(02),02(02)) > g2 at state fy would have the feature that
lims_,1 Us (071, 09, 8|h') > §o from the FS assumption, hence contradicting that o5 is a best re-
sponse to o1. Consequently, there is no recurrent state § € ©7 for which g»(0(), 02(6)) < go.
If for every 0 € ©7 we have gy(0(0),02(0)) > §» and if we have Uf(oy|h') = g then
g1(0(0),02(0)) = g for any 6 € ©7. If g5 = o, then gy(0(0),02(0)) > go for any state
6 € ©7. However, no gap together with g(0(6), 02(0)) = g1 and g2(0(8), 02(6)) > go for any
state 0 € ©7 implies that go(0(6), 02(0)) = g5.

We now complete the argument. If assumption SA does not hold then for any a; € Ay,
there exists ay € Ay which is a best response to a; and ¢;(aq, as) < g;. Consequently, for any
0 € ©7 thereis a ay(f) € Ay such that ay(6) is a best response to o(f) and g (0(6), ax(0)) < gi.
Since ay(0) is a best response to o(#) it must be that g (0(6), az(0)) > g2(0(9), 02(9)) = g5 for
each 6 € ©7. Consequently, the repeated game strategy for player two obtained by replacing
02(0) by az(0) gives player two a weakly higher repeated game payoff. However, this new
strategy gives player one a payoff that is strictly lower than g, for any § € ©7, which is a
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contradiction. O

B. PrROOF OF LEMMA 2 AND THEOREM 1

B.1. Preliminaries. Fix a stage game I' that satisfies F'S and that has no gap. Normalize
payoffs such that (g, ¢%) = (0,0). For this game, there exists a finite constant p > 0 such
that the following inequalities holds:

(6) g2 < —pg1, for any (g1, 92) € F;; and gy > pgi, for any (g1, 92) € G.

In addition, if g, < 0, then the following inequality also holds:

(7) g2 > pg1, for any (g1, 92) € F.

Fix a pure strategy finite automata w* = (©*, 0%, 0%, 7%). Let wj;, = (0*,0, 0%, 7*), that is,
wp is a pure strategy finite automaton which is identical to w* except that it may have a
different initial state § € ©*. Recall that the set of commitment types is a countable subset of
the set of repeated game strategies of player one ¥;. For any z € (0,1] and ¢ > 0, let Ay« 4.
denote the set of all measures p over { N} UX; with countable support such that pu(w*) > z
and (X1 \ {w*})/u(w*) < ¢, let Ay« . denote the set of all measures p over {N} U X, with
countable support such that p(w*) > z, and let A, denote the set of all measures u over
{N} U 3%, with countable support such that p(w*) > 0.

DEFINITION B.1  For any z € (0,1], ¢ > 0, and 6 € [0,1) let U(, ¢, z) = min{v(d, ¢, z),0}

where
v(9, ¢, 2) = inf{Uy(wy,09,6) : 0 € O, € Ay 4., 02 is part of a NE of T™(6, 1)}

In words, U(0, ¢, z) is player one’s worst payoff if he plays strategy wy for some 6, if player
two plays an equilibrium strategy, if the probability of wj is at least z, and if the relative

likelihood of the other commitment types is at most ¢.

B.2. The reputation bound. We first prove Lemma B.1 given below in this section. We

then prove Lemma 2 using Lemma B.1 and Corollary A.1.

LEMMA B.1  Fiz any 6 € [0,1), z € (0,1], & > 0. Let b > 0 be a constant such that
UC(w},0) > —b for all € ©*. Define € := max{b, (1 —0!°"1)/(67)1®" ¢}. Assume that there
exists constants l(w*) > 0 and K;(w*) > 0 such that if Uy(w}, 09,0) < —b—a for any x > 0,
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then Us(wp, 09,0) < —l(w*)x + Ki(w*)e. If z > z, then we have the following inequality:

(8) U(0,¢,2z) > —b— f(l(w"), z)e, where

(9 flw"),z) = K",

(10) K(l(w*)) = % max{2l(w*),8p,4M + l(w*) + K1 + p(5 + 8M)},
(11)  n(z,l(w*)) := the smallest integer j s.t. (1 - El(fp*)é)y_l < z.

We now proceed with the proof of Lemma B.1. As we will keep ¢ fixed for the rest of the
development, we will drop reference to ¢ from the function U(9, ¢, z). The following lemma
bounds player one’s payoff in histories where he deviates from the strategy w* with positive

probability.

LeEMMA B.2 (Player one’s incentive constraint) Pick anyz > 0, p € Aye ., 0 € NE(I'™(p,0))
and public history h' such that ht € H(w*) and h' € H(o1(N)). Let a; = w*(h'), ag = o9(h').
Suppose that p(w*|ht, al,y) > z for ally € Y. Suppose player one plays ay # a} with positive
probability in period t, then Uy(c,d0|ht, ar, as) > U(d, z) — 2Me.

PRroOOF: Notice a; € supp(o1(N,h')) implies that player one’s repeated game payoff from
playing a; must be at least as large as his repeated game payoff from playing strategy w*

from period t onwards. Consequently,
(1 —6)gi(ay, ) + 8U (0, 8|h', a1, a0) > (1 — §)gi(al, an) + 06U (w*, 02, 6|h', at, a).

Let 0, denote w*’s state after history (', aj,y). Recall w|(e qz 4 is the continuation strategy
induced by history (h',af,y). For each y € Y, define measure p, € Awey as fy(W|(ht,ary) =
p(wlh', aj,y) for each w € Xy and 1, (N) = p(N|h', aj, y). Notice, i, (w; ) > 2z and 1, (1 \
wp, )/ ty(ws,) < ¢ foreach y € Y. Because (h', a7, y) € H(w*) for any y € Y, Remark 1 implies
that oy (ntaz ) is part of a NE profile of T'°°(6, p1,) for any y € Y. Therefore, Definition B.1
implies that Uy (w*, 09, 0|k, aj, ag) > U(9, z). Observing that g(aj, az) — g1(a1, an) > —2M

and rearranging we get
Ui(o,8|h', ar, c0) > —2M (1 —6)/6 + Uy (0, 8|, af, ce) > —2M (1 — 6) /6 + U(6, 2).
OJ

COROLLARY B.1  Suppose that g, < 0. Pick any z > 0, p € Ay 4., 0 € NE(I'®(,6)) and
public history h' such that h* € H(w*) and h* € H(o1(N)). Let aj = w*(h') and suppose that
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w(w*|ht ay,y) > z for each y € Y. Suppose player one plays ay # a} with positive probability

i pertod t, then

Ur(o, 01", a1,y) = —(U(9, 2) — 2Me), for ally €Y.

==

PROOF: Let ay = o9(h'). Notice FS implies that the probability of any signal y € Y
is at least w under ay. Also, player one’s highest feasible payoff is equal to zero because
g2 < 0. By definition, U(9, z) —2M (1 —9)/6 < 0. However, the fact that player one’s highest
payoff is equal to zero, U(d,z) — 2M (1 —§)/6 < 0, and FS together imply that player one’s
continuation payoff after any y, Uy (o, d|h', a1, y), must be at least 2 (U(6, z) —2M (1 —§)/6).
Because otherwise the expectation under oy cannot achieve the lower bound given in Lemma
B.2. O

The following lemma converts the bound on player one’s continuation payoff into a bound

on player two’s continuation payoff using inequalities (6) and (7).

LEMMA B.3 (Payoff conversion) Pick any p € Ays 4., 0 € NE(I'(u,d)) and history h'
such that ht € H(w) and ht € H(o1(N)). Let ai = w*(h'), as = o9(h') and suppose that
pu(w*|ht, af,y) > z for each y € Y. Suppose player one plays a1 # o} with positive probability

i pertod t, then
Us(a1(N), 09, |h", ar, a0) < —p(U(6, 2) — 2Me).
Moreover, if go < 0, then

Us(o1(N), 09,0|h", a1, y) > =(U(5, 2) — 2Me), for anyy €Y.

N

PROOF: By definition we have (Ui (o, §|h', a1, ag), Us(01(N), 02, 0|ht, a1, an)) € F and Uy (o, §|ht, a1, ag) >
U(d,z) —2M (1 —6)/0, by Lemma B.2. Consequently, inequality (6) implies that

UQ(Ul(N)’ 02, 6|ht> ap, Oég) < p(_Q(5> Z) + 2M(1 - 5)/5)
Similarly, if g < 0, then Corollary B.1 and inequality (7) implies that
Us(01(N), 02,0|h", a1, ) > %(Q(fi z) —2M(1 = 6)/6), for any y € Y.

O

We will now establish upper bound (Lemma B.6) and a lower bound (Lemma B.7) on
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player two’s equilibrium payoffs. However, first we define and elaborate on some stopping

times and events which we will utilize in establishing the upper and lower bounds.

DEFINITION B.2 (Stopping time and events) Fiz a strategy profile o, a measure 1 € A,y

and a constant 2’ € (0,1].

(7). Stopping time T : For any infinite history h, let T(h) be the first period t such that
h' contains a deviation from w} and if such a period t does not exist, then 11 (h) = oo.
In words, if T1(h) = t, then player one’s action is identical to a*(h*) in all periods
k <t—1, and player one’s action in period t — 1 is different from a*(h'=1). The event
{h : 7.(h) <t} is h'-measurable for any t thus 7, is a stopping time.

(17). Stopping time 1o: For any infinite history h, let 7o(0o, p, 2’ h) be the first period t such
that p(wylh') < 2" and p(wi|ht, a*(h),y) > 2’ for any y € Y. If such a period t does
not exist, then (o, i, 2, h) = oo. The event {h : To(o,pu, 2, h) < t} is h'-measurable
for any t thus 1 is a stopping time.

(i17). Event Ey: Let Ey(o,p,2') = {h: 1(h) < 7a(o, u, 2', h)}.

(iv). Event Ey: Let Es(o,u,2") = {h : 7(h) > m(o,u,2',h)} If both 7(h) = oo and
To(o, p, 2, h) = oo, then we say that T(h) > (o, p, 2’ h).

Notice that the two events F; and FE, are complements of each other. The following two
lemmas are intermediary results that expand on the properties of the above defined stopping
times and events. We use these intermediary results in establishing the upper and lower

bound on player two’s equilibrium payoffs.

LEMMA B4 Forany z, 2" € (0,1], p € Ay -, and any strategy profile o, Pr, ,[E1 (o, p, 2')] <
max{1l — z/2',0} where Pr,, denotes player two’s belief over the set of all histories if the

players use strategqy profile o and if player two’s prior over player one’s types is ji.

PROOF: Player one’s reputation level in period ¢, u(wj|h?), is a uniformly bounded mar-
tingale under Pr, ,. For any finite constant 7', the random variable 7 = 71 A, AT is a
stopping time because 7y and 7, are stopping times. Also, Pr, ,{7 < oo} = 1. Consequently,

the optional stopping theorem implies that E[u(wj|h7)] = E[u(wj|h®)] = p(wj|h®) > 2. Also,
Elp(wy|h™)] = Pro {1 < AT }E[p(wy|h")|11 < eAT4+Pry {11 > o AT }E[p(wy| 7)1 > ToNT.
Notice that E[u(w;|h™)|m < 72 AT] =0 . Therefore,

Elu(w;|h7)] = Prou{r = 72 A TYElp(wjlh7)|m > 72 A T
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However, Ep(wilh7)|m > 70 ANT] < 2 and hence 2z < E[u(wy|h7)] < 2'Pry, {rn > AT}.
Thus, the monotone convergence theorem implies that z < 2'limy_,o Pr, {1 > m AT} =
2 Pry,{m > 1}. Hence, 2/2' < Pr,,{m > 7} and therefore Pr, {1 <} <1—2/2.

LEMMA B.5 (Player two’s payoff until player one deviates from wj.) Suppose that o5 is a

best response to wy, then,

T1—1
‘ 1,08 [ Zs:O 5sr2(a§’y8)] ’ <e€(2p+ M), for any oy,

where if T = oo, then 3.7 " 8°ry(as, y®) i= 320, 6°ra(a5, y®). Moreover,

T1—1
Es, 00 [(1 - 5)2 . 5Sr2(ai,ys)} < €(2p+ M) for any o1 and os.

s=

PRrROOF: Note that P,, ,,(h = (h',h7)|t < 71) = Poyoo(h = (', h7Y)|t < 71), for any

(01, 032). Consequently, we have the following equality:

(12) B [(1=0) S (et )] = Eovon [(1=8) 32 6¥ralat )]

We define h! measurable the random variable z; as follows:
(1— 25% al,y®) + 01U (wp, o5, 6] ht)
Notice that
(1- Zé r2(a3,y°) + Egs o [(1 = 8)8"rs(af, y") + 8" Us(wy, o5, 8|h"1) |11,
Ty = Ew;,og[(l —9) Z 8°ra(a3, y°) + (1 = 6)d'ra(al, y') + 6" Us(wy, o5, 6|h1)|A1].
Also, observe that
t—1
Tr1 = (1 —9) Z 8°ry(a3, y°) + (1 = 6)d'ra(al, y') + 6" Us(wy, 05, 6|A 1)
s=0

Consequently, x; = Ew;,ag [¢41|h']. Therefore, for every t > 0, Ew;,ag [z401 — z4|hy) = 0.

Hence, z; is a martingale with respect to sz,ag. For any integer n > 1, let 7(n) := 7 A n.
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Since each x; is bounded, we can apply the optional sampling theorem to obtain the following
Us(wj, 03, 0) = Bz o [Tr(m) 1]
— By | (1= 1 0rala, ) + 7 o gl |
However, equation (12) implies that
Ul 04,8) = By | (1= 0) 32 sl ) + 07 0 o 11770

Since Uy(wj, a5, §|h') < pe for every h', applying the triangular inequality gives that

7(n)—2 o s s
‘Eo‘l’og |i(1 - 5) Zs:O ) rg(al,y ):| ‘ S 2p6

Since this is true for any n > 1, and since the payoffs are bounded and are discounted, by

the bounded convergence theorem we have the following

oy [(1-0) 37 nala, )] | < 29

s=

Consequently,

‘Eamg [(1 —9) Z::Ol 5sr2(af,ys)] ’ < 2pe+ (1 —9)M.

Let o5 be any strategy of player 2. Now z; is a supermartingale because the continuation
payoffs from strategy profile (wj, o) can be at most Us(wj, 03, d|h!) at any history h! €
H(wj}). Hence, by the optional sampling theorem we have that

7(n)=2 s s ,,8 T(n)— * T(n)— *
Ewg,az [Zs—o o T2(a1>y )+5 () 1U2(w€a0-l2)>5|h () 1) S UQ(w€>Ug’5)'

Since |Us(wj, 03, 6]h')| < pe for every hf, we have that

7(n)—2 o s s
Eys o [(1 —9) ZS:O 5 ryad,y )} < p2e.
Since n is arbitrary and payoffs are bounded and are discounted, we have that

Eos 00 [(1 —9) Z::; §°ro(aj, ys)] < 2pe.
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Using equation (12) we conclude that E,, ,, [(1 —0) Z?:_Ol 8 ra(aj,y*)] < p2e+ (1 —0)M.
U

Below we use Lemma B.3, Definition B.2, Lemma B.4, and Lemma B.5 to calculate the up-

per and lower bound for player two’s payoffs. For z, 2’ € (0, 1], define ¢(z, ') := max{z/z,0}.

LeEMMA B.6 (Upper-bound) Suppose z,2" € (0,1]. Let £ > 0, 0 € O, p € Ay 4., and
o€ NE(I'*(u,6)) be such that Uy(wp,09,0) < U(6, 2) + . For the chosen NE o,

(13) Us(o,0, 1) < —pq(z,2)\U(z,0)) — pU(Z',0) + 12(U(0, z) + &) + Ke,
where K =2p+2M +4Mp + 1 + K;.

PROOF: Suppose that 71(h) is infinite, i.e., player one never deviates from wy. In this case,
Us(0, 6, p|m = 00) = Us(wy, 09,0, 1) < (U(S,2) + &+ b)l + Kre < (U(6,2) + &) + el + Kie,
by the maintained assumption of Lemma B.1.

Suppose that 71(h) is finite. An upper bound on player two’s total payoff for the periods
zero through 7 (h) — 1 is given by Lemma B.5 and is at most €(2p + M). We will bound
player two’s continuation payoff after A" in the events player one is the normal type and
Ey(o, 1, 2") occurs, the event that player one is the normal type and the event Fs(o, u, 2’)
occurs, and the event that player one is any other type.

If h € Ei(o, p,2'), then p(-|htW=1 gr(hnMW=1) 4) € Ay 4. for any y € Y. Consequently,

player two’s expected continuation payoff satisfies the following inequality
Un(01(N), 03, 8, ul 07, a7 7 0y (WM 71)) < p(=U (2, 6) + 2Me),

by Lemma B.3. If h € Ey(o, 1, 2'), then p(-[h™"=1 ai(hm W71 y) € Ay .0 for any y € Y
Consequently, player two’s expected continuation payoff is at most p(—=U(2',9) + 2Me) by
Lemma B.3. The probability of event Ej(o,p,2') is at most ¢(z,2’), by Lemma B.4, the
probability of event FEs(o, i, 2') is at most one, the probability of w # wj is at most ¢ < e.

So,
Us(o,0, u|m < 00) < e(2p+ M) + p(—q(z,2")U(2,8) = U(Z',0) + 4Me) + oM.

However, as we argued before, Us (o, d|m1 = 00) < le+ K€+ (U(6, 2) +£)1, and the probability

that 71 = oo is at least z > 0 because p € A,y 4 .. Consequently,

Us(0,6, ) < €(2p+2M +4Mp+1+Ki)+p(—q(2, 2)U(2,6)) = U(z',0)) + (U(6, 2) +§)lz,
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because U < 0, because ¢ < ¢, and because p, €, [, and M are positive constants. Thus,
U2(07 57 :U’) S _PQ(Za Z/)Q(Zu 5)) - pg(z/’ 5) + lZ(Q(é, Z) + 5) + KEv

where K =2p+2M +4Mp+ 1+ K;. O

LeEMMA B.7 (Lower-bound) Suppose z,2" € (0,1]. For any 6 € ©*, p € Ay 4. and any
o € NE(I'(u,0)),

he)

(14)  Us(o.0,1) = Eq(z.2)U(=,0) + gg(z', 5) — Ke,

where K = p(3+ ) 4+ 2],

PROOF: Notice that g, < 0. This is because ¢4 = 0. If g, = 0, then inequality (14) trivially

holds because the righthand side is nonpositive.

Assume gy < 0. Pick any 0 € NE(I'™°(,0)), pick 04 € BR(w*, ). Define strategy o3
as follows: o3(h*) = o5(h¥), if period k public history h* € H(w}); and o3 (h*) = oo(h*),

otherwise. Let strategy profile o* = (0y, 03).

Suppose that 71 (h) is infinite, i.e., player one never deviates from wj. In this case, Uy(0, 6, u|m =

o0) = Us(wp, 05,0, ;1) > —bp, by the maintained assumption of Lemma B.1.

Suppose that 7i(h) is finite. A lower bound on player two’s total payoff for the periods
zero through 71(h) — 1 is given by Lemma B.5 and is at least —e(2p + M). We will bound
player two’s continuation payoff after A" in the events player one is the normal type and
Ey(c*, p, 2') occurs, the event that player one is the normal type and the event Es(c*, i, 2')

occurs, and the event that player one is any other type.

If h € Ey(o*, i, 2"), then p(-|pM=1 gt (R=1) ) € Ay 4. for any y € Y. Consequently,
player two’s continuation payoff after history A" is at least 2(U(z,0)—2Me) by Lemma B.3.
If h € Ey(o*, i1, 2'), then p(-|h MW=L gi(hn(M=1) ) € Aw;,¢>,; for any y € Y. Consequently,
player two’s continuation payoff after history A" is at least 2(U(#',0) — 2Me) by Lemma
B.3. The probability of event Ei(c*, u,2’) is at most ¢(z, 2), b}j Lemma B.4, the probability
of event Ey(o*, pu,z') is at most one, the probability of w # wj is at most ¢. Also, the
probability that 7 (h) is infinite is at most one. So,

Us(a™*,0, p|my < 00) > —e(2p+ M) + = (q(2,2")U(2,0) + U(',6) — 4Me) — ¢ M — bp.

RS
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Thus,

he)

U2(U*7 67 ,LL) > ;q(zv Z/)Q(Za 6)) + %Q(2/7 6) - KE,
where K = p(3+ %) 4+ 2)/. O

LEMMA B8 Fiz z € (0,1], pp € Aye 4. Let ¢ = mlz/4p. For any 2,2 € [z,1] such that
q(z,2") < q the following inequality holds:

(15)  U(z,0) > KU(?,6) — Ke.
where K = = max{8p, 4M + [ + Ky + p(5 +8M)}.

PROOF: The definition of U(d, z) implies that U(d, z) = 0or U(d, z) = v(d, 2). f U(4, z) = 0,
then the inequality is obviously true. If U(4, z) = v(J, z), then for each & > 0, there is § € ©*,
pt € Ny g, and 0 € NE(I™(pf,6)) such that Uy (w,05,0) < U(6,2) + €. Lemma B.6
implies that Usy(o*, 6, u¢) satisfies inequality (13). Also, Lemma B.7 implies that Uy(o¢, §, u®)

satisfies inequality (14). Combining the two inequalities gives
(U(2,0) + )1z = 22 (g2, 2)U(2,6) + U(,8)) - Ke,
i
Since this equation is true for each & we get

U(z,0)lz > 2% (q(z, 2)U(z,6) + U(#,8)) — Ke.

The fact that z > z, q(z,2') < g, and U < 0 together imply the following:

™

U(z,9) (lg — 2%) > QBQ(z', 5) — Ke.
s

Substituting mwlz/4p for ¢ in the previous inequality and rearranging implies the following
inequality:
K
U(z,6) > 4-2-U(2,6) — —e.

mlz™ 212

Redefining the constant K = 51— max{8p,4M + [+ K; + p(5 +8M)} delivers the result. OJ

2zl

PROOF OF LEMMA B.1: If 2/ =1, then U(2/,0) > UF (w*,§) > —b. Consequently, if z > z,
2 =1, and z € [(1 — q), 1], then inequality (15) implies that U(z,d) > —(b+ €)K. (Recall
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that ¢ = mwlz/4p.)

We will show that if 2 > z and if z € [(1 — ¢)", (1 — )" '], then U(z,6)) > —bK"! —
€ Z;:ll K7 by using induction on n. We make the induct