REPUTATION IN LONG-RUN RELATIONSHIPS
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Abstract.  We model a long-run relationship as an inbnitely repeated game played by two equally
patient agents. In each period, the agents play an extensive-form game of perfect information.
There is incomplete information about the type of player 1 while player 20s type is commonly
known. We show that a sulciently patient player 1 can leverage player 20s uncertainty about his

type to secure his highest payo" in any perfect Bayesian equilibrium of the repeated game.
Keywords: Repeated Games, Reputation, Equal Discount Factor, Long-run Players.
JEL Classibcation Numbers: C73, D83.

Date: December, 2009.

We thank Nabil Al-Najjar, Martin Cripps, Eddie Dekel, Drew Fudenberg, Christoph Kuzmics, George Mailath and
Larry Samuelson for their comments; and Umberto Garfagnini for research assistance. This paper was previously
circulated under the title OReputation with Long-run Players.O

1



ATAKAN AND EKMEKCI

Contents

1. Introduction and Related Literature
2. The Model

3. The Main Reputation Result

4. Discussion

Appendix A.  Proof of Theorem 1

References

13
24
29
35



REPUTATION 3

1. Introduction and Related Literature

Maintaining a reputation can benebt an economic agent since it lends credibility to his future
commitments, threats or promises. So, the agent may forego short-run probts to cultivate a repu-
tation in anticipation of long-run benebts. The incentive to build a reputation is most pronounced
if the agent is patient, that is, if the short-run loss is less important to the agent than the long-run
benebt. There is a tension, however, if the agent faces an opponent who is equally patient: the
opponent may also sacribce short-run payols to extensively test the agentOs resolve to go through
with his commitments, threats or promises. This can make it prohibitively expensive and unde-
sirable to build a reputation. In this paper we focus on equally patient agents to highlight this
tension. We explore how reputation concerns alect the outcomes of repeated interactions between
two equally patient agents who make choices sequentially.

Consider two players involved in a long-run relationship, for example a husband and wife, an
employee and an employer, two countries, or two legislators. In each period of the relationship the
two players must decide whether to undertake policyA, policy B or to undertake neither of the two
policies. Unanimity is required for any policy to be chosen. Player 1 (he) prefers policyA, player
2 (she) prefers policyB, and both players prefer some policy to no policy at all. These policies can
represent competing treaties in a pollution abatement negotiation between two countries, budget
alternatives under consideration for two political rivals, or even weekend plans bargained over by
a married couple. The games depicted in Figurela and Figure 1b are possible versions of the

strategic situation that the players repeatedly face?

Player 2 Player 1

(2,1) (0,0) (0,0) (1,2) 2,1) (0,0) (0,0) (1,2)

(a) Player 2 moves brst. (b) Player 1 moves brst.

Figure 1. The battle of the sexes.

1in all of our Pgures the brst component of the payo" vector is player 10s payo" and the second is player 20s payo".
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Suppose that player 2 suspects that her opponent always chooses poliéy. In particular, she
believes that player 1 is either fully rational, or with probability z > 0, a Stackelberg type who is
committed to playing A. A rational player 1, cognizant of player 20s uncertainty, has an incentive
to mimic the Stackelberg type. If player 2 is convinced that player 1 is the Stackelberg type, then
she will have no choice but to playA and policy A will be the outcome in each period. So, a patient
player 1 may play A for many periods, even if player 2 playsB, (i.e., at the expense of reaching an
agreement) in order to convince player 2 that he is indeed the Stackelberg type. However, player
2 knows that player 1 has an incentive to mimic the Stackelberg type. Consequently, an equally
patient player 2 may play B (i.e., resist playing A) for many periods making building a reputation
particularly costly, especially if she deems it su"cient likely that player 1 is rational and he will
eventually start playing B.

Given these two opposing forces, can player 1 build a reputation and ensure that policy is
implemented? Or alternatively, will screening by player 2 keep a rational player 1 from building
a reputation? Our main Pnding addresses these questions: Suppose that the players are equally
and arbitrarily patient. If the game in Figure 1a or Figure 1b is played repeatedly, then policy A
is implemented in each period and player 1 receives a payo! equal to 2 in any perfect Bayesian
equilibrium of the repeated game. This outcome is independent of which player moves prst and
independent of how small,z, the initial uncertainty about player 10s type is.

More generally, we model a long-run relationship as an inbnitely repeated game played by two
equally patient agents. In each period, the agents play an extensive-form game of perfect informa-
tion. We assume that player 2 is uncertain about the type of player 1 while player 1 is perfectly
informed about the type of player 2.

In the previous example, player 10s reputation allowed him to credibly commit to always choosing
the same action. However we can conceive of other strategic situations where player 1 may want to
commit to a more complex strategy that rewards or punishes his opponent in a history dependent
way. For example, player 1 may want to be known for playing tit-for-tat, or for punishing bad
behavior consistently. To capture reputation elects more generally, we assume that player 1 is
either fully rational or one of many commitment types. Each commitment type is programmed to

play a certain repeated game strategy. The commitment type central to our analysis is thalynamic
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Stackelbergtype. This type plays the repeated game strategy that player 1 would choose, if player
1 could publicly pre-commit to any repeated game strategy. Ideally, player 1 would like to convince
his opponent that his future actions will fully conform to the behavior of the dynamic Stackelberg
type.

In this framework, we prove areputation result that uniquely characterizes the long-run outcome.
We show that a su"ciently patient player 1 can use his ability to mimic the dynamic Stackelberg
type and his opponentOs uncertainty about his type to secure his most preferred outcome for the
repeated game. More precisely, if player 1 is a dynamic Stackelberg type with positive probability,
then player 1 receives his highest payo! that is consistent with the individual rationality of player
2, in any perfect equilibrium of the repeated game, as the common discount factor of the players

converges to one.

1.1. Related literature. This paper is closely related to the literature on reputation elects in
repeated games. We make three main contributions to this literature: First, we provide a reputation
result for a new class of repeated games played by two equally patient players: repeated extensive-
form games of perfect information. Previous reputation results for equally patient agents are for
only a limited class of repeated simultaneous move games. Most previous work has instead focused
on a long-run (i.e, patient) player facing a myopic (i.e, inPnitely less patient) opponent. Second,
we highlight the distinct role that perfect information plays for a reputation result with equally
patient agents. Third, we introduce novel methods, inspired by the bargaining literature (Myerson
(1991), section 8.8), to analyze reputation elects in repeated games.

Much of the previous literature on reputation considers a patient player 1 who faces a myopic
opponent. Most prominently, Fudenberg and Levine (1989, 1992) showed that if there is positive
probability that player 1 is a type committed to playing the Stackelberg action in every period,
then player 1 gets at least his static Stackelberg payo! in any equilibrium of the repeated gamé.
Reputation results have also been established for repeated games where player 1 faces a non-myopic
opponent, but one who is su“ciently less patient than player 1 (see Schmidt (1993), Celantani et al.

(1996), Aoyagi (1996), or Evans and Thomas (1997)). Again, however, the repeated interactions

2The static Stackelberg payo" for player 1 is the highest payo" he can guarantee in the stage game through public
pre-commitment to a stage game action (a Stackelberg action). See Fudenberg and Levine (1989) or Mailath and
Samuelson (2006), page 465, for a formal debnition.



6 ATAKAN AND EKMEKCI

that these papers consider are genuinely long-run only from the point of view of player 1 and this
feature is crucial for the results.

In a game with a non-myopic opponent, player 1 may achieve a payo! that exceeds his static
Stackelberg payo! with a history dependent strategy that rewards or punishes player 2. Conversely,
future punishments or rewards can induce player 2 to not best respond to a Stackelberg action and
thereby force player 1 below his static Stackelberg payo® These complications render reputation
elects fragile in repeated games with equally patient players: A reputation result obtains in a
repeated simultaneous-move game only if there is a strictly dominant action in the stage game
(Chan (2000)), or if there are strictly conRicting interests in the stage game (Cripps et al. (2005)Y*
For other repeated simultaneous-move games any individually rational payo! can be sustained in a
perfect equilibrium, if the players are su“ciently patient (see folk theorems by Cripps and Thomas
(1997) and Chan (2000)).

Previous literature on reputation with equally patient agents focuses on repeated simultaneous-
move games (e.g., Cripps and Thomas (1995), Cripps and Thomas (1997), Chan (2000) or Cripps
et al. (2005)).° In contrast, we focus on repeated extensive-form games of perfect information.
This allows us to establish a reputation result that covers a wide class of games. In patrticular,
we establish reputation results for repeatedlocally non-conRicting interests games, and repeated
strictly conRicting interests games® For the class of games we consider, without incomplete in-
formation, the folk theorem of Fudenberg and Maskin (1986) applies, under a full dimensionality
condition (see Wen (2002)). Also, if the normal-form representation of the extensive-form stage
game is played simultaneously, then a folk theorem applies to games with locally non-conficting

interests even under incomplete information (see Cripps and Thomas (1997) or Chan (2000)).

3Player 2 may expect punishments or rewards from either the rational type of player 1 after he chooses a move that
would not be chosen by the Stackelberg type (Celantani et al. (1996) section 5 or Cripps and Thomas (1997)), or
from a commitment type other than the Stackelberg type (Schmidt (1993) or Celantani et al. (1996)).

“There are strictly conRicting interests in a game if the action which is the best for player 1 is the worst for his
opponent. See Assumption 1 for a precise statement.

s Cripps and Thomas (1997), Chan (2000) Cripps et al. (2005) assume equal discount factors, as we do, to model
equally patient agents whereas Cripps and Thomas (1995) assumes no discounting and uses the limit of means. Also
see Bar-Isaac (2003), Cripps and Thomas (2003), Wiseman (2005), Faingold (2005) and Peski (2008) for related
results in repeated games with one-sided incomplete information

5There are locally non-conf3icting interests in a game if the payo" proble where player 1 receives his highest payo" is
strictly individually rational for player 2.
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Our bnding points out that reputation elects are particularly salient in repeated sequential-move
games (i.e., games of perfect information), whereas reputation e'ects are absent in a wide range of
repeated simultaneous-move games. For example, our reputation result implies a unique outcome
for the sequential-move battle of the sexes (Figurela or Figure 1b) whereas in the simultaneous-

move battle of the sexes game (Figure?) a folk theorem obtains. For a more striking example

Player 2

(2,1) (0,0) (0,0) (1,2)

Figure 2. The simultaneous-move battle of the sexes.

consider the repeated common interest game (Figur8a or Figure 3b), where player 1 is potentially

a Stackelberg type who always playdJ. This game appears as a strong candidate for reputation
elects to arise. Itis costless for player 1 to mimic the Stackelberg type and build a reputation. Also,
player 2 unambiguously benebpts if player 1 is able to build a reputation and concentrate play on
(U,L). Surprisingly, any individually rational payo! proble can be sustained in a perfect Bayesian
equilibrium, if the players are arbitrarily patient (Cripps and Thomas (1997)). In contrast, in the
repeated sequential-move game, the players receive a payo! equal to one in any perfect Bayesian
equilibrium. We discuss in detail the Cripps and Thomas (1997) construction for the simultaneous-
move common interest game, and how perfect information (sequentiality) allows us to avoid their

conclusion in section4.1.

Player 2 Player 2

@y ©oh 0O (00 wy (@  ©0 (00

(a) Simultaneous-move. (b) Sequential-move.

Figure 3. A common interest game.
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With two equally patient players the techniques of Fudenberg and Levine (1989, 1992), which are
commonly used to establish reputation results, are not applicable. Instead we use novel methods,
inspired by the bargaining literature (Myerson (1991), section 8.8), to establish our reputation
result. Our result hinges on perfect information at the decision nodes where player 10s normal type
reveals rationality. Subgame perfection, coupled with perfect information, imposes tight bounds on
player 20s continuation payo!s at these nodes. These bounds preclude the possibility that player 1

builds a reputation slowly and punishes player 2 for best responding to the Stackelberg strategy.

1.2. Outline of the paper.  The paper proceeds as follows: sectio® describes the repeated game
of complete and incomplete information. Section3 presents the main reputation result and details
the argument in an example. The proof of the main theorem is described in sectio.1 and can
be found in the appendix. Section4 discusses our assumptions, the results and an extension.
Specibcally, sections4.1 and 4.2 show the necessity of our assumptions through some examples.
Section4.3 expands further on the dynamic Stackelberg type. Sectiort.4 considers issues pertaining
to commitment types other than the dynamic Stackelberg type and learning. Finally, section4.5
argues that our reputation result obtains for strictly conficting interest stage games even without

the perfect information assumption.

2. The Model

In the repeated game a stage game # is played by players 1 and 2 in periods! { 0,1,2,...}
and the players discount payo!s using a common discount factorl ! [0,1). The stage game# is
a two-player pnite game of perfect information, that is, all information sets of# are singletons
(perfect information)

D is the set of nodes of the stage game # (decision nodes and terminal nodesl),is a typical
element of D, Y " D is the set of terminal nodes andy is a typical element of Y. The payo!
function of playeri isg : Y # R. The Pnite set of pure stage game actions for player is A;j and
the set of mixed stage game actions i#\;.” For any action problea = (ai,az) ! A1 $ A, thereis a

unique terminal history y(a) ! Y under the path of play induced by a. Slightly abusing notation

“An action & € A is a contingent plan that specibpes a move from the set of feasible moves for playeri at any decision
node d where player i is called upon to move.
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we let gi(a) = gi(y(a)) forany a! A1 $ A, and we let gi(") denote the payo! to mixed action
proPle"” 1A 1 $A 5.

In the repeated game players have perfect recall and can observe past outcomest $ D is the
set of periodt % 0 public histories andh = {y°% y1,...,y!=1, d} is a typical element. H! & Y! is the
set of periodt % 0 public histories of terminal nodes andn' = {y°,y*, ..., y'~1} is a typical element.

Types and Strategies.  Before time 0 nature selects player 10s type from a countable set of
types $ according to common-knowledge priorp. Player 2 is known with certainty to be a normal
type that maximizes expected discounted utility. $ contains a normal type for player 1 that we
denoteN . Player 20s belief over player 10s typgs, U Y!$ D # %($), is a probability measure
over $ after each periodt public history.

A behavior strategy for player i is a function $; : | Ji<, H' # A | and &; is the set of all behavior
strategies. A behavior strategy chooses a mixed stage game action given any peribgublic history
of terminal nodes® Each type # | $ \{ N} is committed to playing a particular repeated game
behavior strategy $1(#). A strategy proble $ = ({$1(#)}1 a1 , $2) lists the behavior strategies of
all the types of player 1 and player 2. For any periodt public history ht and $; ! &;, $i|n: is the
continuation strategy induced by ht. For $;! &, and $,! &o, Pre, »,) is the probability measure
over the set of (inPnite) public histories induced by &1, $,).

The repeated game and payols. A playerOs repeated game payo! is the normalized dis-
counted sum of the stage game payo!s. For any inPnite public historyh>® = {y° yt, ...}, uj(h*>,!) =
@ DR a(¥9), and ui(hH 1)y = (@ 1) Sore, K tai(y*) where h=t = {y!,y**1, .}, Player
1 and player 20s expected continuation payo!, following a period public history, under strategy

proble $, are given by U.($,! |ht) = Uy ($1(N), $o,!|h!) and

Ua($,!h") = > u#h")Ua($1(#), $2,! [hY), respectively,

el
where U; ($1(#), $2,!|h') = E¢ (1) ,[ui(h™', 1)|h'] is the expectation over continuation histories

h~t with respect to Pri, ). Also, Ui($,!) = Ui($,!1hO).

Mt " 2|t

8Abusing notation we will use !; to also denote mixed repeated game strategies for playeri. Behavior strategies and
mixed strategies are equivalent, by KuhnOs theorem, in this framework.
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The repeated game of complete information, that is, the repeated game without any commitment
types, with discount factor equal to ! ! [0, 1), is denoted #°(!). The repeated game of incomplete
information, with the prior over the set of commitment types given by pu! %($) and the discount
factor equal to! ! [0, 1), is denoted #°(u,!).

The stage game. The minimax payo! for player i is § = miny c4 maxy 4, g ("i,"j). For
games that satisfy perfect information there existsal ! A; such that gy(al, a2) ( @ for all a, !
A,.° The set of feasible payo!s isF = co{gi(a, @), ®(a1,a2) : (a,a2) ! A1 $ Ay}; and the
set of feasible and individually rational payo!s is G = F ) { (91,02) : 91 % 61,02 % @}. Let

g =max{g:: (01,) ! G}. We assume that the stage game satisbes the following assumption.

Assumption 1. The stage game# satisbes either of the following:
(i) (Locally Non-ConRicting Interests) For any g! G andg ! G, if 1 = ¢ = @1, then
%= 0> G, or
(ii) (Strictly ConRicting Interests) There exists a; ! Aj such that any best response ta; yields

payols (g, &). Also, g = @ for all (g1, q) ! G.1°

Assumption 1 requires that the payo! proble where player 1 obtainsgg is unique (for example,
this is true if the game # is a generic extensive form game). Items () and (ii) are mutually
exclusive. Item (i) requires that the game have a common value component: in the payo! proble
where player 1 receives his highest payo! player 2 receives a payo! that strictly exceeds her minimax
value. In contrast, item (ii) requires that the action which is the best for player 1 is the worst
for his opponent. The sequential games that we discussed in the introduction (Figureda, 1b, and
3b) all satisfy Assumption 1. For example, the sequential battle of the sexes where player 1 moves
second (Figurela) and where player 1 moves brst (Figurelb) are games of locally non-conRicting
interests and strictly conficting interests, respectively. We discuss some games that do not satisfy
Assumption 1 in section 4.2.

If there is an action for player 1, a; ! A1, and a best response for player 2 to actioray,
az ! Ay, such that gi(a1,a2) = @, then we debneaj = a; and ag = ap,. Otherwise, we debne
9Consider the zero-sum game where player 1Qs payo" is equal te-gz(a1, az). The minimax of this game is ( —@:, §2)
by dePnition. Perfect information and ZermeloOs lemma imply that this game has a pure strategy Nash equilibrium

(ah,a2) € A1 x A2. Because the game is a zero sum gameq(a?, az) = @s..
10see Cripps et al. (2005), or Mailath and Samuelson (2006), page 541.
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(a},a3) ! A1$ A, as an action proble such thatg;(a$, a3) = g;.1* For example, in the battle of the
sexes game depicted in Figurela the stage game actiona chooses moveA in both of player 10s
information sets and a§ = A. In this game a$ and a3 are uniquely determined. For the common
interest game depicted in Figure3b the action ag is unique and a‘z’ = L. However, in this gamea3
is not uniquely determined. It can either be the stage game action that always choosed or the
action that choosesU after L and D after R. In this case we pickaj arbitrarily from these two
choices!?
If # satisbes Assumptionl (i), then there exists %% 0 such that

%' o(as,ad)

1 %,for an , I F.
(1) P (% y (01, 92)

If # satisbPes Assumptionl (ii ), then there exists %% 0 such that

(2) %' G(a5,a8) ( %a&' ), forany (g1, q) ! F.
The set of feasible payo!s in the repeated game is equal to the set of feasible stage game payo!s
F. If # satisbes Assumptionl (i), then equation (1) implies that

Ua($1,$2,!) " g2(as, a3)
gll U1($l,$21!)

( %,for any two repeated game strategies$; ! &1 and$,! &o.

If # satisPes Assumptionl (ii ), then equation (2) implies that

Ua($1,$2,1)" g2(a5,a3) ( %@’ U1($1,$2,!)), for any two repeated game strategies$; ! &1 and $, ! &o.
Dynamic Stackelberg payo!, strategy and type. Let

U(!)= sup  inf 5 U1($1,$2.!),

"16" 1 2€BR 1,

11Assumption 1 implies that there exists an action proble (a$,a5) € A; x A such that gi(a$,a) = ay,. If there is
more than one action proble that satisPes our dePnition, then we pick (a$, a8) arbitrarily as any one of these action
probles.

12 #is a strictly conBicting interest game, then a3 is a best response toa5. If # is a locally non-conRicting interest
game, then a8 is not necessarily a best response tca$. For an example that satisbes Assumption 1 where a5 is not a
best response toaj see Figure4.
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where BR ($1,!) denotes the set of best responses of player 2, in the repeated game ¢t ), to the
repeated game strategy$; of player 1. Let $3(!) denote a strategy that satispes

: . o
"QGBR!r(]'f?($)’$) Ui($1(1), $2,1) = U(Y),

if such a strategy exists. We callU$(!) the dynamic Stackelberg payo! and $3(!) a dynamic
Stackelberg strategyfor player 1.1° The dynamic Stackelberg payo! for player 1 is the highest
payo! that player 1 can secure in the repeated game through public pre-commitment to a repeated
game strategy. The dynamic Stackelberg strategy for player 1 is a repeated game strategy such
that any best response of player 2 to this strategy gives player 1 at least his dynamic Stackelberg
payo!.

If # satisPes Assumptionl, then U3(!) = @; and a dynamic Stackelberg strategy exists in the
repeated game #°(!) for all ! that exceed a cuto! !* ! [0,1). The dynamic Stackelberg payo!,
which we debne for the repeated game, may exceed the static Stackelberg payo! (for a debnition of
the static Stackelberg payo! see Fudenberg and Levine (1989) or Mailath and Samuelson (2006)).

We focus on a particular dynamic Stackelberg type, denoteds, that plays a strategy $:1(S). The
strategy $1(S) has a probt and a punishment phase. In theprobt phasethe strategy plays a; and
in the punishment phasethe strategy plays aﬁ. The strategy begins the game in the probt phase.
The strategy remains in the probt phase in periodt, if it was in the probt phase in periodt' 1
and g1(Yt—1) = @1. The strategy moves to the punishment phase in period, if it was in the probt
phase in periodt' 1 and gi(y;_1) = @;. If the strategy moves to the punishment phase in period
t, then it remains in the punishment phase forn?' 1 periods and then moves to the probt phase.
Intuitively, $1(S) punishes player 2, by minimaxing her for the nextnP' 1 periods, if she does not
allow player 1 to obtain a payo! of @;. The number of punishment periodsnP' 1 is the smallest

integer such that
(3) 0283, 82) + (n°' 1) < n Pgy(ai, a8)

for any a, ! A, such that gi(a$, ax) < gi1(a$,a) = @y;. Assumption 1 implies that nP % 1 exists.

The number of punishment periods is chosen to ensure that it is a best response for a su“ciently

13The terminology follows Aoyagi (1996) and Evans and Thomas (1997).



REPUTATION 13

patient player 2 to play a in every period against $1(S). That is, if $, ! BR($1(S),!), then
U1($1(S), $2,!) = @y, for su”ciently high !. Consequently,$:(S) is a dynamic Stackelberg strategy
for su"ciently high !.

If nP =1, then S is a simple Stackelberg type and the static Stackelberg payo! coincides with
the dynamic Stackelberg payo! for any discount factor (see Figurela, Figure 1b or Figure 3b).
If nP > 1, then the dynamic Stackelberg payo! strictly exceeds the static Stackelberg payo! for a

su“ciently high discount factor (see Figure 4).

Player 1

(3,1) (0,2) (0,0) (0,0)

Figure 4. For this stage gamea$ = L and we pick a3 as the action that always chooses
move L. Also, in this example the Stackelberg typeS plays L in the probt phase,R in the
two period punishment phase of the repeated game andP = 3.

In what follows we assume that $ contains the dynamic Stackelberg type S.et the set of other
commitment types $_ =$ \{ S,N}. In words, $_ is the set of types other than the Stackelberg
type and the normal type.

Equilibrium and beliefs. The analysis in the paper focuses on the perfect Bayesian equilibria
(PBE ) of the game of incomplete information #°(u,!). In equilibrium, beliefs are obtained, where
possible, using BayesO rule givar(ah®) = p(d and conditioning on playersO equilibrium strategies.
If u(S) > 0, then belief u(ant) is well debned after any periodt public history where player 1 has
played according to $;(S).

3. The Main Reputation Result

Our main reputation result, Theorem 1, restricts attention to stage games of perfect information
that satisfy Assumption 1 and considers a repeated game (., !) where pu(S) > 0. The theorem

provides a lower bound on player 10s payo! in any PBE and the formal statement is given below.
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Theorem 1. Assume perfect information and Assumptionl. For any ! ! [0,1), any p ! %(%$)

such thatu(S) > 0 and any PBE strategy proble$ of #>°(u,!)
Ui($.!) %@’ f(zmax{1" Lp($-)},

wherez = u(S) and f is a decreasing, positive function that is independent of and p.

Proof. The function f is dePned in equation 9) in the appendix. The proof is in the appendix. !

The theorem implies that as! goes to one andi($ —) (the probability of other commitment types)
goes to zero, player 10s payo! converges tp, is highest payo!. Consequently, a normal type for
player 1 can secure a payo! arbitrarily close tog, his dynamic Stackelberg payo!, in any PBE of
the repeated game, for a su"ciently high discount factor and for su“ciently low probability mass on
other commitment types. Player 1 can attain the bound given in the theorem by simply mimicking
the Stackelberg type. Notice that the bound given in the theorem is not particularly sharp, if the
probability of other commitment types, u($ _), is substantial. However, under certain assumptions
player 1 can receive a payo! arbitrarily close to @, with no restrictions on the probability of other
commitment types. We discuss such issues related to other commitment types in sectiof.4.

In this section we prove the reputation result given in Theorem 1, under the assumption that
M($ _) = 0, for the example depicted in Figure 5. At the end of the section we discuss the main

argument for Theorem 1 that is given in the Appendix.

Player 2

(1,0) 0, —a) 0,-1) (c,0)

Figure 5. Assume thatl! (0,1],a! (0,1],b! [' 1,1] andc! [0,1/2]. This is a game of
locally non-conf3icting interests wheren®? = 1. If | =1, a=1, b=1and c=1/2, then this is
a normalized version of the sequential-move battle of the sexes game depicted in Figute.
If =1, a=3/4,b=" 1andc=0, then this is a normalized version of the sequential-move
common interest game depicted in Figure3b.

Recall (ai,ag) I A1 $ Ay, debned in the text preceding equation {), is an action proble such

that g;(a$, a) is equal to player 10s highest stage game payo!. For this example, player 10s highest
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stage game payo! is equal to one, the stage game actioa; plays U after either L or R; and ag is a
best response toaj and plays L. Also, nP =1 and the Stackelberg type S plays aj in each period
of the repeated game (i.e,S plays U at each decision node of player 1¥* Our reputation result,

for this particular example, is stated below.

Corollary 1. Suppose that the stage game is given by Figure5 and assume thatu($ ) = 0. For
any reputation level u(S) = z > 0 we havelimg_; U1($(!),!) =1 where $(!) is a PBE strategy

proble for the repeated game#*°(|,!).

In what follows, becausepu($ _) = 0, we usez ! [0, 1] to represent the measureu. One should
understand this to mean u(S) = z and u(N) =1 "' z. We begin with some debnitions. Let the

resistance of strategy$, be given by
r($2,1)=1" Uy($1(S), $2,!).

Notice the dePnition of the resistance of strategy$, implies that the expected discounted number
of periods where player 2 playR againstU isr($,!), if player 2 uses strategy$, and player 1 uses
strategy $1(S). Consequently, if player 2 uses strategy$, and her opponent uses strategy$1(S),
then player 20s payo!U2($1(S), $2,!), is equal to " Ir ($2,!).

Below we debne theesistance function , R(z,!), which is an upper-bound on how much player

2 can resist (or hurt) type S in any PBE of #°°(z,!).

DebPnition 1 (Resistance function). For any measurez > O and! ! [0,1) let
R(z,!) =sup{r($2,!) : $, is part of a PBE proble $ of #°(z,!)}.

In this section we work under the hypothesis thatR(z,!) is a non-increasing function of z for
each! ! [0,1). This is for expositional convenience only and allows us to convey the main ideas of
the argument without the more technical details. The main proof, given in the appendix, does not
use this assumption, and the steps involved in relaxing this assumption are discussed in secti@l.

At the start of any period t, if player 10s reputation level is at leasz > 0, then player 1 can
guarantee a continuation payo! of at least 1' R(z,!), by playing according to the Stackelberg

14r0r the debnition of nP see equation @). For this game the static and dynamic Stackelberg payo"s coincide and
are equal to one, for any discount factor.
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strategy $1(S). This follows from the dePnition of R, subgame perfection, and our assumption that
R is non-increasing. We will argue that limg_; R(z,!) =0, for any z > O.

Consider a PBE $ of the repeated game #°(z,!). Suppose that the players are at a history in
which player 1 has playedU in each period beforet and player 2 has playeda, ! { L,R} in period
t. Further suppose that player 1 playsD with positive probability at this decision node, i.e., player
1 reveals that he is not the Stackelberg type. Also, let player 10s reputation level t# > 0 at the
start of period t + 1, if he plays U instead of D. In the next lemma we bound the continuation
payo!s for both players in terms of resistanceR(z’,!) at any such decision node. The argument
for the lemma is as follows: if player 1 is playingD with positive probability, then the payo! from
playing D must be at least as large as the payo! from playingU. However, if player 1 playsU, he
gets at worst zero for the period, ensures that his reputation isz’ at the start of the subsequent
period, and thus guarantees I R(Z’,!) at the start of period t + 1. Given this lower bound on

player 10s continuation payo! a bound on player 20s continuation payo! follows from equatiori)

Lemma 1. Supposez > 0 and pick any PBE $ of #°°(z,!), period t public history ht where player
1 has playedU in each period, and suppose player 1 is to plad in period t given history (ht, a,),
whereay ! { L,R}. Let 2/ = p(S|ht, ap, U); then |[Ux($1(N), $2,! |ht, a2, D)| ( %R(Z/,!1)+(@1" )/),
where %( 1.

Proof. If player 1 plays U in period t, then his reputation level is 2/ = p(S|ht,az, U) and he
can guarantee a continuation payo! equal to 1' R(Z’,!), by using $:(S). Also, player 1 can
get at worst zero in periodt by playing U. Consequently, his payo! from playing U is at least
IU1($,!|ht a2, U) %! (1" R(Z,!)). If instead player 1 plays D, then he can get at mostc for the
current period and U 1($,! |ht, ap, D) as his continuation payo!. Because player 1 is willing to play
D instead of U we have (I !)c+!U1($,!|ht,a,D) %!U($,!|nt, ap, U). Hence,Uy($,! |ht, d', D) %
1' R(Z,1)" (1" e %1 R(Z,!)" (1" N)/''. The bound on player 20s payo! follows from
equation (1) and (Uy($,!|ht, d', D), Ux($1(N), $2,!|ht,d!, D)) ! F. The constant %in equation (1)

is equal to 1 for this particular game. The argument is also depicted graphically in Figure6. !

We now use Lemmal to sketch the argument for Corollary 1. Suppose that player 10s reputation

level isz. Consider a PBE $ = ($1(N), $1(S), $2) where player 2 resists the Stackelberg type by
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Player 2

(1! &) +6(1! R(Z',6)) 06Uys(o,6lnt,L,D) 511 R(Z%9)) ¢! &)+ 6Us(o,dht,R,D)

Figure 6. This bgure depicts the payo! player 1 can guarantee by playingU and his
payo! if he instead plays D. In the bgure z' = pu(S|ht,L,U) and z" = p(S|ht,R,U). If
player 1 is to play D after R, then (1' !)c+ !U($,!|h',R,D) %!'(1"' R(z",!)). Conse-
quently, U;($,!|ht,R,D) %1' R(z",!)" (1' !)c/', equation (1) and %( 1 implies that
[Us(S$,! |, R,D)| ( R(z",!)+ (1 ' !)c/'. Similarly, if player 1 is to play D after L, then
[Ua($,! |0, L,D)( R(Z,!) (1 DI .

approximately R(z,!). In this PBE player 2 loses approximately IR(z,!) in the event that player

1 is the Stackelberg type. We compare player 20s payo! in this PBE with her payo! if she uses an
alternative strategy that plays L until player 1 plays D for the brst time and then reverts back to
the equilibrium strategy $,. If player 2 uses the alternative strategy, then she avoids losindR (z,!)

in the event that player 1 is the Stackelberg type. We then use the fact that the PBE strategy $.
must give player 2 a payo! that is at least as great as the payo! from using the alternative strategy.
This establishes a bound onR(z,!), for any z su“ciently close to 1.

Suppose that player 1 playsD for the prst time in some periodt. In each period, up to periodt
player 2 receives at best zero, in period 2 she receives at best 1; and she receives at mosR(z,!)+
(@' N)/!' as a continuation payo! after period t, by Lemma 1 and by our assumption that R is non-
increasing. Consequently, player 2 gets at mosit'(1' 1)+ "3 (R(z,)+(@"' /') ( R(z,1)+2(1' 1),
if player 1 plays D for the prst time in period t. If player 1 always plays U in each period, then
player 2 receives at most IR(z,!). Player 1 will play U in every period with at least probability z
because typeS always playsU. So, player 1 will play D in some periodt, with probability at most
1' z. Thus, player 20s payo! in PBE$ is at most (1' z)(R(z,!)+2(1 "' !))' zIR(z,!). Lemma

2, that we state below, establishes an upper bound that formalizes this line of reasoning.
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Suppose that player 2 uses the alternative strategy and player 1 play® for the brst time
in some periodt. Play 2 receives at least' R(z,!)' (1' !)/' as a continuation payo! after
period t, by Lemma 1 and by our assumption that R is non-increasing. Also, she receives zero in
each period up to periodt, because she plays and player 1 playsU. In period t she receives
"all' Y% ' (1" !), because she playd and player 1 playsD and becausea! (0, 1]. If player
1 plays U in every period, then player 2 receives zero. Player 1 will playD in some periodt, with
probability at most 1 ' z. Consequently, player 20s payo!, if she uses the alternative strategy, is at
least' (1' 2)(!'(1" D+ "I (R@EZ,D+@ " DY) %' 1A' z)(R(z,!)+2(1" !)). Lemma 3, that
we state below, establishes a lower bound that formalizes this line of reasoning.

The payo! that player 2 gets from the equilibrium strategy $, must be least as great as the
payo! she receives from the alternative strategy. So, (1' z)(R(z,)+2(1"' !)) ( (1' 2)(R(z,)+
21" 1))" zIR(z,!). Rearranging, R(z,!) ( 41" z)(1* ")/ (I1z" 2(1" 2)) ( 41" D)/ (Iz' 21" z)).
Thus, for z su"ciently close to one R(z,!) ( 8(1' !)/Iz .}® So, the resistance at reputation levelz
is very close to zero, if! is close to one. The argument for Corollaryl then proceeds to show that
we can redo this exercise foz’ su“ciently close to z, and then z” su“ciently close to z’, working
down to any z > 0 that we wish, in bnitely many steps.

We now proceed to establish an upper and a lower bound (Lemmat& and 3) for player 20s PBE
payo!s. The following dePnition introduces a stopping time, T($, z, Z’), which we use to construct
the upper and the lower bound. T($,z,Z7') is the brst period in which player 10s reputation level
exceedsz’, if his initial reputation level is z and the players use strategy probles. For an integer
T, let Epp 1) denote the event (set of inPnite public histories) where player 1 playd for the Prst
time in period t for somet ! { O,..., T}. Then, Pr( . [E[o 1] is the probability that player 1 plays
D, for the brst time in period t for somet ! { 0, ..., T}, if player 1 is using strategy $; and player 2

is using strategy $».

Debnition 2 (Stopping time). For any strategy proble$ = ($1(N), $1(S), $2) where $, is a pure

strategy, reputation levelsz > 0 and z/ > z let

T($,2,Z)=min{k!{ 0,1,2.}:2/(1" qk)) %z},

1510 be precise, if z is close to one, thenlz/ 2 > 2(1—2z). So,lz —2(1—2) > 1z/ 2 and henceR(z,") < 4(1-")/1z/ 2=
8(1—")z.
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whereq(k) = (1 ' 2)Pr vy~ ) [Ejoxgl; and let T($,z,2) = + if the set is empty?®

Suppose that player 10s initial reputation level iz, $ is a PBE strategy proble andT($,z,7')
is the stopping time debned above. 1hT("22*1 is a history consistent with $1(S) and $,, i.e.,
player 1 has always playedU in all periods up to and including period T, then by depPnition,
H(S|hT("229*1) 05 2/, Also, by debnition, the total probability that player 1 plays D for the prst
time in any period t!'{ 0,1,...,T($,z,Z') ' 1} isatmost1' z/z’.

Lemma 2 (Upper-bound). Suppose0 ( z<z’( 1. Let $ =($1(N),$:1(S),$,) denote a PBE of
#>°(z,!) where player 20s resistance is at leaB{(z,!)' &and & >0. Then,

4) Ux($,1) ( gR(z,)+2(1" )+ R(EZ,H+2@2"' )" zI(R(z,")"' &
whereq=1"' z/z’.

Proof. Let $5 denote a pure strategy in the support of$, such that the resistance of$5 is at least
R(z,!)"' & Since the resistance off; is at least R(z,!) ' & there must be a pure strategy in the
support of $, that has resistance of at leastR(z,!)' & Let proble $* = ($1(N), $1(S), $5) and
let T = T($*,z,Z). By the dePnition of the stopping time in Debnition 2, player 10s reputation
exceedsz’ at the end of period T, if U is played in all periods up to and including T, and if player
2 is playing according to $5. Again by DebPnition 2, the total probability that player 1 plays D for
the brst time in a periodt ! { 0,...,T' 1} isatmostq=1" z/z’. We bound player 20s payo!s
in the following three events: (i) The event that player 1 plays D for the prst time in some period
t < T . The probability of this event is at most qg. (ii) The event that player 1 plays D for the brst
time in some periodt % T. The probability of this event is at most 1. (iii ) The event that player
1 never playsD. The probability of this event is at least z, becauseS never playsD. These three
events are exhaustive.
In a period where player 1 playsU player 2 receives at most zero. Consequently, player 20s total

payo! in all the periods until player 1 plays D for the pbrst time is at most zero. If event (i) occurs

16\e restrict the debnition above to pure strategies for player 2. For a mixed strategy for player 2, the period in
which player 10s reputation exceeds' may depend on the realization of player 20s mixture. So, if! » is not a pure
strategy, then the stopping time T(!,z,z ') is a random variable. This introduces additional notation, and taking !
as a pure strategy sulces for our purposes.
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and player 1 playsD for the brst time in period t, then player 2 receives zero until period, receives
at most (1' 1) in period t,*” and receives a continuation payo! of at mostR(z,!)+ (1 ' !)/! by
Lemma 1, and the assumption thatR is non-increasing. So, if event i) occurs, then player 20s

payo! is at most R(z,!)+2(1 "' !) because
R(z,)+2@1 "' D) %!'@" H+ "Y(R(z,H+@ " !)')foranyt.

If event (ii) occurs and player 1 playsD for the Prst time in period t, then player 2 receives zero
until period t, receives at most (1' !) in period t, and receives a continuation payo! of at most
R(z/,1)+(1 ' /', by Lemma 1, and by R non-increasing. So, if event {{) occurs, then player 20s

payo! is at most R(z/,!)+2(1 "' !) because
R(Z, 1)+21 " N%!'@ N+ "Y(RE,1)+@" 1)) foranyt.

If event (iii ) occurs, then player 1 playsU in each period. Player 20s payo! in this event is at most
"1(R(z,!) " &, by the debnition of resistance. Putting the bounds on player 20s payo!s in the

three events together implies that,

Ua($,1) ( q(R(z,1)+2(1" 1)+ R(Z,)+21 " 1) zI(R(z,!)" &.

Lemma 3 (Lower-bound). Suppose0( z <z’ ( 1. In any PBE $ of #>°(z,!)
(5) Ua($,!) %" o(R(z,1)+2(1" 1)) R\ " 21" 1)
whereq=1" z/z’.

Proof. Pick any PBE $ of #°°(z,!). Let $; denote a strategy that moves according toag after
any period k public history h¥, if there is no deviation from $1(S) in hK, and coincides with PBE
strategy $; if player 1 has deviated from$,(S) in hX. Let strategy proble $* = ($1(N), $1(S), $)
and let T = T($*,z,Z). We again look at the following three events: {) The event that player 1

plays D for the brst time in some periodt < T . The probability of this event is at most q. (ii) The

17Player 20s highest stage game payo" is one in this game becaude< 1.
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event that player 1 plays D for the pbrst time in some periodt % T. The probability of this event
is at most 1. (iii ) The event that player 1 never playsD.

Player 20s payo! until player 1 playsD for the brst time is zero by debnition. If event ()
occurs and player 1 playsD for the brst time in period t, then player 2 receives zero until periodt,
receives at worst' a(1' !) % ' (1' !) in period t, and receives a continuation payo! of at worst

"'R(z,!)' (1' /', by Lemma 1 and R non-increasing. Consequently, player 20s payo! is at least
rtar ) IYTRE D@ D)% R(z,!) 2 ).

If event (ii ) occurs and player 1 playsD for the prst time in period t, then player 2 receives zero
until period t, receives at worst' (1' !) in period t, and receives a continuation payo! of at worst

"'R(Z,1)' (1' 1)/', by Lemma 1 and R non-increasing. Consequently, player 20s payo! is at least
it oy IYYRE D@ DN)Y % RE, )T 2t ).

If event (iii ) occurs, then player 1 never playsD and consequently player 2 receives zero. Putting

the bounds on player 20s payols in the three events together implies that,

Ua($,1) % Ux($%,1) %' q(R(z,1)+2(1 ' )" R(Z, 1) 21" 1).

Below we use the fact that the upper-bound provided in Lemma2 must exceed the lower-bound
given in Lemma 3 to obtain a functional inequality that relates maximal resistance at any two

reputation levels. We then use this functional inequality to complete our proof.

Lemma 4 (Functional Inequality) . Forany z! [z,1]andz <z’ ( 1
(6) R(z,")(zl' 29) ( 2R(Z,")+8(1"' )

whereq=1" z/z’.

Proof. For any & > 0 there exists a PBE$ where player 20s resistance is at leaBi(z,!) "' & by
the debnition of resistance. By Lemma2, equation (4) holds for any & >0 and any PBE $ where

player 20s resistance is at lea®(z,!)' & Also, the upper-bound in equation (4) must exceed the
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lower-bound in (5) for any PBE $. Combining (4) and (5), taking &# 0, and substituting z for z
implies that R(z,!)(zl ' 2q) ( 4R(Z/,!)+4(1+ q)(1' !). Using q( 1 delivers inequality (6). !

Proof of Corollary 1 under the assumption thatR is non-increasing. Let q = zl/ 4. For any z !

[z,1] and anyz'! (z,1] such that 1' z/z' ( qinequality (6) implies

R(z,!)(zl" 29 ( 2R(Z,!)+8(1 " !) (usingq=1" z/z'( q)
R(z,!) ( %(R(Z/’!)+4(ll 1)) (substituting zl/ 4 for q)

(7) R(Z'(1' q),!)( Zil(R(z’,!)+4(1' 1)). (substituting z’(1' q) for z)

Notice R(1,!)=0. For z=1" gandz’ =1 inequality ( 7) and R(1,!) =0 imply that R(1' q,!) (
16(1" !')/zl. Again, for z=(1" 9)2 andz’'=1" q, inequality (7) and R(1" q,!) ( 16(1" !)/zl
imply that R((1' @)2,!) ( 64(1' !)/(zl)®>+16(1' !)/z]. More generally, for anyz %z,

B j
R(z,!) ( 4(1' !)Z<Z4I> ,
j=1 \*©

where wis the smallest integer such that (I g)? ( z. Consequently, limg_.; R(z,!) ( limg_,4(1'

1) SP, @zl =o. |

3.1. Description of the proof of Theorem 1. Our discussion up to this point established
a reputation result for the example depicted in Figure 5. However, under the assumptions of
H($ ) = 0 and R non-increasing, the same argument works, with minor modiPcations, for any
stage game of perfect information that satisbes Assumptiord and nP = 1. We now sketch the steps
involved in allowing for nP > 1, u($ —) > 0 and relaxing the assumption that R is non-increasing.
Lemmata A.1 and A.2 are the technical steps that allow us to accommodate a more complicated
dynamic Stackelberg type who may punish player 2, i.e., the case wheraP > 1. LemmaA.l
shows that player 2 faces an average per-period codt> 0, of not best responding to the dynamic
Stackelberg type, i.e.,U1($1(S),$2,!) =1 "' r implies Ux($1(S), $2,!) (' Ir, if she is su"ciently
patient. At any node where player 1 deviates from$1(S), player 1 may have to carry-out annp' 1
period punishment phase if he instead plays according t&;(S) in order to maintain his reputation.

Lemma A.2 is an analog of Lemmal that accounts for these punishment phases.
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Allowing for other commitment types, i.e., u($ -) > 0, requires incorporating the relative likeli-
hood of the other commitment types as an additional state variable and accounting for the event
that player 2 can be facing another commitment type, in the lower and upper-bound calculations.
The relative likelihood p($ _)/u (S) is non-increasing if player 1 plays according to$:(S). This
monotonicity allows us to treat pu($ _)/u (S) as an additional state variable in DePnitions A.2 and
A.3. The elect of the other commitment types is at most + M' on the lower-bound and the upper-
bound. This is because player 1 is another commitment type with probability' and player 2 can
at most gain or looseM against any type. Consequently, if' is small, then the elect of other
commitment types on the functional equation is also small.

The central technical issue in the complete argument involves relaxing the assumption that
R(z,!) is non-increasing inz. Call z* a right-hand maximum of R if R(z,!) ( R(z*!) for all
z > z*. If two reputation levels z ! [z,1] and Z/ > z are right-hand maximums of R, then the

argument provided in the main text implies
R(z,)(zl' qC) ( CoR(Z,1)+ CaM(1' 1),

whereq=1"' z/z’; and C1,C, and C3 are positive constants independent of , z’ and z that only

depend on the parameters of the stage game as in equatio®)( Rewriting,
q%zD1' D2R(Z,1/R(z,!)" D3 IR (z,!),

where D1, D, and D3 are positive constants independent oft, zZ/ and z that only depend on the
parameters of the stage game. We build a sequence of reputation levels that are OapproximateO
right-hand maximums of R. Let K > 1 be a constant such thatzD;' D./K ' D3/K % zD;/2
(equation (10)). Let z,(!) be the supremum over reputation levelsz such that R(z,!) %K"(1"' !)
(Debnition A.2). If z is greater thanz,(!), then R(z,!) <K "(1' !). Each element of this sequence

is OapproximatelyO a right-hand maximum oR and we prove, for anyz,(!) ! [z, 1],

1)1 v n—1(1' | -
R(zn_1(1),!) . L' pr K, 1 1

%) %2D1" Depr iy Parmin Kn@' 1 Ky
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where gh(!) =1 "' zn(!)/zn-2(!). Substituting in for K givesg,(!) % zD1/2 & gq. Let @ denote
the smallest integer such that (1' g)® ( z. So,z4(') ( z for any !, and for any z % z % za(!),

R(z,!') ( K?(@"' !). Consequently, limg_,, R(z,!)=0.

4. Discussion

4.1. Necessity of perfect information. Perfect information is necessary for a reputation result
in repeated locally non-conRicting interests games. Without perfect information, a folk theorem
applies for example to the simultaneous-move common interest game in Figur8a (Cripps and
Thomas (1997)), which is a locally non-confZicting interest game. For a reputation result in repeated
strictly conf3icting interests stage games, perfect information assumption is not required (see Cripps
et al. (2005) or section4.5).

Figure 5 is a normalized sequential common interest game i =1 and b= "' 1. Consequently,
Corollary 1 is a particular example of a reputation result for a repeated locally non-conficting
interests game (the sequential common interest game). Lemmais central for establishing Corollary
1 and the perfect information assumption is required for Lemmal. In order to Besh out the intuition
of why perfect information is necessary, we construct a PBE for the repeated simultaneous move
common interest game given in Figures3a, where there is no analog of Lemmad. In this PBE, the
players® payols are low, it is close to zero and is close to onet® That is, the failure of Lemma
1 also leads to the failure of the reputation result.

Suppose player 2 playR and player 1 uses a mixed strategy that playD with small probability
for the brst K periods. After the brst K periods (L,U) is played forever. In this construction
Ui($) = Ux($) = 'K . Also, the continuation payo! for the players, after (R,D) or (R,U), is
equal to 'Kt in any periodt ! { 0,..,K ' 1}. To ensure that player 2 has an incentive to play
R, she is punished in the event that she playd and player 1 playsD (thus revealing rationality).
Punishment entails a continuation payo! for player 2 that is close to zero® Player 1 is willing to
mix between U and D in the brst K periods since player 2 only playsR on the equilibrium path.

In this construction, by choosing player 20s continuation payo! close to zero atl( D ), she can be

deterred from playing L even if player 1 reveals rationality with a small probability in each period.

18This construction follows Cripps and Thomas (1997).
LOatter (L,D)or(R,D) we are in a repeated game of complete information and any payo" in [0, 1] can be supported.
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However, if the probability that player 1 reveals rationality is small in each period, then it takes
many periods for player 1 to build a reputation and K can be chosen large to ensure low payo!s
for both players.

This argument hinges on choosing low continuation payo!s for player 2 after terminal node
(L, D), during the brst K periods. In the brstK periods when player 1 makes his move he expects
player 2 to play L with probability zero. Consequently, the terminal node (L,D ) is reached with
probability zero and thus we can put no restrictions on payo!s at(L,D ). In contrast, if player 1
moves after observing player 2 as in Figure8b, then Lemma 1 implies that player 20s continuation
payo! after (L,D)is atleast' 2R(z/(1' g),!)"' 2(1' '), i.e., Lemmalimposes a tight bound on
the amount of punishment that player 2 can expect after choosing..

For our reputation result we make extensive use of Lemmad. in establishing the upper and lower
bounds for player 20s payo!ls (Lemm& and Lemma 3). In Lemma 2, player 20s payo! is bounded
along the equilibrium path. Consequently, in this lemma the perfect information assumption is not
required. Consider again the equilibrium described for the simultaneous-move game. The bound
in Lemma 1 applies verbatim to the simultaneous-move game at nodeR, D) (which is the node of
interest for Lemma 2), because player 1 believes that player 2 play® with probability one on the
equilibrium path.

In contrast to Lemma 2, perfect information is essential for Lemma3. In Lemma 3 we consider
a strategy for player 2 that plays L until player 1 deviates from U and we give a lower-bound for
player 20s payo! after [,D). Lemma 1 provides a lower-bound on player 20s payo! afterl(D )
in the case of perfect information. However, there is no analog of Lemma that provides a tight
bound on player 20s payo! afterl(, D) for the simultaneous-move game. For example, in the PBE
we construct we can put no restrictions on payo!s after node (, D) beyond individual rationality

and feasibility. This is because player 1 expects to reach nodd.(D ) with probability zero.

4.2. Necessity of Assumption 1. Assumption 1 can fail in two ways. First, Assumption 1 fails
if the payo! proble where player 1 receivesggis not unique in G, for example if # is non-generic.
Such a failure is depicted in Figure7a. Second, Assumptionl fails if, (g1, 8,) ! G, but # is not a
strictly conRicting interests game. Such a failure is depicted in Figure7b. A reputation result also

fails to obtain in both of these examples.
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Player 2 Player 2

(L) @0 (00 (00 (1,1) (211 (0,0 (0,0)

(@ A common interest game (b) A moral hazard mixing game.
that is non-generic.

Figure 7. Games that fail to satisfy Assumption 1.

In the non-generic common interest game depicted in Figurera suppose that the Stackelberg
type of player 1 always playsU and u(S) < 1/2. We describe a PBE where player 1 receives a
payo! strictly lower than one. Suppose on the equilibrium path (R,U) is played in the brst K
periods and (., U) is played thereafter. Player 1 does not build a reputation in this PBE. Choose
K such that both players receive payo! equal to ¥ 2. Suppose, if player 2 deviates from equilibrium
by playing L, then player 10s normal type reveals rationality by playingD, and the stage-game
equilibrium (L, D) is played thereafter. Consequently, player 2 receivegl(S) if she deviates from
the equilibrium strategy which is less than her equilibrium payo! 1/ 2.

In the moral hazard game depicted in Figure7b player 10s dynamic Stackelberg payo! is.%
and player 20s minimax value is zero. In this game a dynamic Stackelberg strategy does not exist
but there are strategies that deliver a payo! arbitrarily close to the dynamic Stackelberg payo!.
Suppose that player 10s mixed actions are observed at the end of each period. One might conjecture
that a payo! arbitrarily close to the dynamic Stackelberg payo! could be obtained by mimicking a
Stackelberg type, S, that plays H with probability 1 /2 + & This is not the case: Suppose that on
the equilibrium path player 1 plays H with probability 1 /2 + & in each period. Player 2 playsN
for the brst K periods and playsB thereafter. ChooseK such that !X =1/2. Consequently, no
reputation is built on the equilibrium path and equilibrium payo!s are (1 .5" &/2, &/2). If player 1
deviates from equilibrium and reveals rationality, then player 2 playsN forever. If player 2 deviates

from equilibrium and plays B, then player 1 reveals rationality by playing L. In the subsequent



REPUTATION 27

complete information game an equilibrium with payo!s (1.5, 0) is played?® This construction is a
PBE for any choice of & if u(S) < 1/ 2: If player 2 deviates and playsB, then she is facingS with
probability u(S) and receives payo! equal to& and she is facing the normal type with probability

1' u(S) and receives payo! equal to zero. Howeveru(S)& < &~R2.

4.3. The Stackelberg type. In the repeated games that we consider, the dynamic Stackelberg
strategy is not necessarily unique. For example in the game depicted in Figurd, the grim trigger
strategy is also a dynamic Stackelberg strategy. Mimicking the grim-trigger strategy would not
however give player 1 a high payo!. This is because the punishment phase is also very costly for
player 1. In contrast, the particular Stackelberg type that we choose is not very costly to mimic
since the punishment phase is short, i.e.nP is chosen minimally. If we had chosen any other bnite

length n > n P for the punishment phase, instead ofnP, our reputation result would still hold.

4.4. Other commitment types. As noted previously by Schmidt (1993), Celantani et al. (1996)
or Evans and Thomas (1997), if there a chance that player 1 is a commitment type, other than the
Stackelberg type, then player 1 may be unable to build a reputation. Previous work has addressed
this issue by assuming that types are learned due to exogenous noise (Celantani et al. (1996)
or Aoyagi (1996)); by restricting the class of games (Schmidt (1993)); or by considering more
complicated types (Evans and Thomas (1997)).

In the environment we consider, the presence of commitment types can also hinder player 1
from building a reputation. A patient player 2 may resist the Stackelberg type because she fears
punishment or expects a reward for not best responding, either from another commitment type
or from player 10s normal type. Our reputation result holds because, as we show, punishments or
rewards cannot come from player 10s normal type; and because we assume that the probability of
another commitment type is small compared to the probability of the Stackelberg type.

The restriction on the relative likelihood of other commitment types can be relaxed if the other
commitment types are uniformly learnable. A uniformly learnable type reveals itself not to be the
Stackelberg type, at a rate that is bounded away from zero, uniformly across all histories. If the

other commitment types are uniformly learnable, then player 1 can play according to$;(S) and

20Playing (N,L) in each period is a PBE of the complete information repeated game. Consequently, the threat of
switching to (N, L) can incentivize a patient player 1 to play H with probability 1 /2 in each period.
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ensure that player 20s posterior belief that player 1 is a type in $ is arbitrarily small in Pnitely
many periods. If player 20s posterior belief that player 1 is a type in $ is small, then Theorem

1 implies that player 10s payo! is close to one, for su"ciently large discount factors. However,
the restriction to uniformly learnable types is a non-trivial assumption. For example, it rules out
the OperverseO type (see Schmidt (1993)) who plays like the dynamic Stackelberg type on the
equilibrium path, but responds to deviations in a history dependent way.

In previous work, Schmidt (1993) and Celantani et al. (1996) establish reputation results with a
non-mypopic player 2, even when the set of commitment types is arbitrary. Celantani et al. (1996)
assume that player 20s moves are imperfectly observed with full suppdtt. This assumption ensures
that all relevant histories are sampled with positive probability, without any experimentation by
player 2. If player 20s moves are imperfectly observed, then a rich set of commitment types are
uniformly learnable. A similar assumption would also enable us to allow for a rich set of commitment
types in the framework that we consider here??

The reputation result of Schmidt (1993) obtains if there are conf3icting interests in the stage
game, player 20s discount factor is Pxed, and player 1 is arbitrarily more patient. ConRicting
interests imply that the punishment that player 2 can expect from any other commitment type
(her minimax payo!) is no worse than best responding to the Stackelberg type and receiving her
minimax payo!. A commitment type may also reward player 2 for not best responding to the
Stackelberg type. But, since player 20s discount factor is bxed, a reward for player 2 must entail
behavior, that dilers from the Stackelberg type, that occurs in a bounded number of periodsT.

If player 1 is su"ciently patient, he will mimic the Stackelberg type for these T periods, depriving
player 2 from a reward and thus building a reputation. However, rewards for an equally patient
player 2 need not accrue in a bounded number of periods. A commitment type that rewards player 2
for resisting the Stackelberg type, in a history dependent manner, can hinder player 1 from building

a reputation against an equally patient opponent, even with strictly conRicting interests.

21Als0, see Aoyagi (1996) for a similar assumption.

225ee Atakan and Ekmekci (2008) which assumes player 20s moves are imperfectly observed with full support and
shows under this assumption that the set of other types can be taken as the set of all Pnite automata and the perfect
information assumption can be dropped.
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4.5. Games with strictly conficting interests. Cripps, Dekel, and Pesendorfer (2005) obtain a
reputation result for Bayes-Nash equilibria and simultaneous-move strictly conficting interests stage
games. A similar result can be obtained using the method developed here: RedePRéz,!) using
Bayes-Nash equilibrium instead of PBE. The upper-bound established in Lemma&\.3 remains valid
for Bayes-Nash equilibria. This is because all the arguments were constructed on the equilibrium
path without any appeal to perfect information or subgame perfection. Also, U>($) % ¢, = 0
in any Bayes-Nash equilibrium. Consequently, a functional inequality similar to (6) holds, and a

reputation result follows.

Appendix A. Proof of Theorem 1

Let M = max{max{| g1|,|g2|} : (g1,92) ! F} and normalize payo!s, without loss of generality,

such that
(8) g =1; qu(ar,a) %wOforalla! A; and gx(a3, ag) =0.

Forany z! (0,1) let

%1+2nPM) +
K (2) = max {4/61 2nPM) 16M'1}_

Iz

Forany z! (0,1) let

K(z B(z)
(9) f(z)= K@"
where ®(z) is the smallest integerj such that (1' zI/ 4%’ <z. In what follows bx z > 0, Px
(10) K =K(z), andw= @(z).
We show that

K %]
Ui($,!) %1 f(@2max{1l' Lu@$)}=1" 7max{l' Lu($o)}

forany pu! %($) such that u(S) = z and any PBE strategy proble$ of #°°(y,!).

Debnition A.1 (Resistance) For any measurep! %($) and! ! [0, 1) let

R(u,!) =sup{r($2,!): $,is part of a PBE proble $ of #>°(u,!)}.
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wherer($,,!)=1" Ui($1(S),$2,!) for any $,.

Lemma A.1. Posit perfect information and Assumption 1. There exists!*! [0,1) and | > 0 such

that for any r %0, if Uy($1(S),$2,!)=1" r, then Ux($:(S),$2,!) (' Ir, forall I >1 *

Proof. The dePnition of nP given in inequality (3) implies that there exists a!* < 1 and| > 0 such
that, for all ! >1 *,

nP-1

(11) ®(a5, @)+ > 1*gy(al,ap) < ' InP
k=1

for any a; ! Az such that gi(a$,a) < 1 anda, ! A,. For public history ht = {y% y! ... y'}, let

i(ht) = 1, if gu(y') < 1 and $1(S,ht) = af; and i(h') = 0, otherwise. Player 1 receives at least
zero in any periodt wherei(h!) = 1 and also receives at least zero in the subsequemt?' 1 period
punishment phase. In all other periods player 1 receives one. Consequentlyj;($1(S),$2,!) %
1" nPL" DEq s)m0) [ Mti(hY)] and (11 DE¢ (s, [ Hi(h)] %rn P2 0f i(ht) = 1,

then player 2 receives a total discounted payo! of at most' nPI(1' !) for periodst through t+nP' 1,
if 1 >1 * by equation (11). In any period where & is played andi(h')=0 player 2 receives zero.

Consequently, Uz($1(S), $2) (" nPI(L" DE¢,(s)s) [Dorso (Y] (1 Ir,if 1> 1 =, !

In what follows, we assume thatt > ! *. Also, we say that player 1 deviated fron,(S) in the
t! period of a public history h> if there exists a noded within period t where the move of player

1 dilers from the move that strategy $1(S) would have chosen at that node.

Lemma A.2. Pick any PBE $ of #>°(y,!), period t public history h = (ht, dg), and suppose player
1 is to deviate from$1(S) at node dp with positive probability givenh. Let h'*! be any public history
of terminal nodes that is reached with positive probability undePr (nyj, =, let h' = (ht,d") be
the public history that is reached immediately (with positive probability underPr. (s). ,.)) if

$1(S) is used atd instead of deviating; and lety’ = p(ah’), then
[Ua($2(N), $2, '[N D) ( %R(W, 1)+ nPM (1 1)/1), if # satisbes Ass.1 (i), and

Ua($2(N), $2,1 W) ( %R(W/, 1)+ nPM (1* 1)/1), if # satisbes Ass.1 (ii).

23The bound on player 10s payo" is crude especially for low".
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Proof. If player 1 plays according to $1(S) at do and through the remaining nodes of periodt,
then he obtains at lest zero for the period and annP' 1 period punishment phase may ensue.
His payo! is at least zero in these periods. So, his payo! if he plays according to$;(S) is at
least I""(1' R(W,!)). Alternatively, if he plays according to $:(N) and deviates from $1(S),
he receives at mostM (1' !) for the period, and Uy($,! |h'*1) as his continuation payo!. So,

M(@L' 1)+ U($,!|ht*) %! (1" R(W/,!)). This implies that
Ug($, ! ") 901"~ 2@ R, 1) M@ DI %1 R, nPM (@' D

The bounds on player 20s payo! follow from equationsl), (2) and (U1($,! |ht*1), Uo($1(N), $2,! |ht*1)) |
F. !

Pick any period t public history h = (ht, dg), and suppose player 1 moves at nodey. Under
perfect information, the public history that is reached immediately following h' only depends on
player 10s strategy and is independent from player 20s strategy. This distinction is relevant when
we Pnd a lower-bound for player 20s payo! in LemmaA.4 by considering a non-equilibrium strategy

for player 2 and applying LemmaA.2.

Debnition A.2 (Reputation Thresholds). For eachn %0, let
Zn(L," )=sup{z:,u! %) st. R(W!) %K "max{’, 1' '},u(S)=z, WS )/u(S)( '},

where K is the constant debned in equation(10).

DebPnition A.3. Forany (> Oandz! (0,1) let
R((,z,"," )=sup{r:,u! %($) s.t. R(,!) %r,u(S)=2""! [z' (z], W& )u(S)( '}.

By debnition, there exists p such that u(S) = z! [z,("," )" (zn()," )] and pu($ )/ (S) ( ',
and PBE $ of #°°(l4,!) such that $, has resistance of at leas®((,zn,!," )' (. Also, by dePnition,
R((,zn,!," ) %K"max{', 1' !}. The depnition of z,(!," ) and B((,zn,!,' ) % K"max{', 1' !}
implies that if u(S) ! [zo(%,' )" (zn_12(}," ) and u($ )/ (S) ( ', then R(1,!) ( R((,zn,"" )
in any PBE proble $ of #°(u,!). In what follows we establish a upper bound on Player 20s payo!
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in any PBE where the resistance is at least®((,z,,!,' )' ( and a lower bound on player 20s PBE

payo!. First we introduce a stopping time that we use for the argument.

Depnition A.4  (Stopping time). For any integer T, Ep 1} denotes the event (set of inPnite public
histories) where player 1 deviates from$1(S) for the Prst time in period t for someO ( t ( T.
For any strategy proPle$ = ({$1(#)}: 1 ,$2) where $; is a pure strategy, measurep ! %($) and
Z1 (U(S),1] let

T($,1,z") =min {t: u(S)/ (1" q(t)) %z},

whereq(t) = 3, o, H#)PreL )y [Epr); and let T($,1,q) = + if the set is empty.

Suppose that player 10s initial reputation leveft(S) = z and u($ _)/u (S) ( ' . If hTCRAL 5 g
history consistent with $1(S) and $,, i.e., player 1 has not deviated from$1(S) in hT (“Ra)*1 then,
by debnition, then, u(S|hT(“22*1Y o5 2. Also, by debnition, the total probability that player 1
deviates from the Stackelberg strategy for the prst time in any periodt ! { 0,1,...,T($,z,2))"' 1}
is at most 1' z/z’, and BayesO rule implies thafy($ _|hT Ry (S|hTGRaO )

Lemma A.3. Posit perfect information and Assumption 1. Pick p ! 9%($) such that u(S) =
z! [z:(" )" (Gzn(h," )] and u($ )/ (S) (', and pick PBE $ of #°°(,!) such thatr(!,$2) %
R((,zn,!," )" (. For the chosen PBES$,

(12)
Ua($,1) ( %a(t, ' n, ( )R((zn, Y )+ K" 1&+2nPM&) +5M&" (R((,zn, L' )" ((za(h" )" O,

where&=max{', 1' '} andq(!,',n,( )=1" (z("," )" Olzn_2(}," ).

Proof. Choose pure strategy$s in the support of the possibly mixed strategy $, such that r ($5,!) %
R((,zn,!," )" (. Since the mixed strategy has resistance equal t&((,z,,!,' )' (, there must be a
pure strategy in the support of this mixed strategy which has resistance of at leas®((,zn,!," )' (.
Let proble $* = ({$1(#)}1 1 ,$5) and let T = T($*, 1, q(!,",n,( )). Given that p(S) = z and
H(S$ )/ (S) ( ' if player 1 has not deviated from $;(S) in ht that is consistent with $3, then
WS _[hY/u(siht) ( ';and fort (T, pu(Siht) % z; and fort > T, p(S|ht) % z,_1. We bound
player 20s payo! in the event$t = N and Epr1-1# = N andE[r ); # = N and he never deviates

from $1(S); # = S; and # | $_. Player 20s payo! until the timet that player 1 deviates from
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$1(S)isatmost (1' )M ( &M. Her payo! is zero if she pIaysaS against aj, LemmaA.1 implies
that her payo! is negative if she does not playa againsta$ and a punishment phase is completed,
and there can be at most one incomplete punishment phase until player 1 deviates froi$(S).
Suppose thath> ! Epr_q; and let h = (hi, d) denote the node in periodj where player 1
deviates from $1(S) for the Prst time in the inbnite public history h>. Player 20s payo! up until
period j is at most &M. Player 20s payo! in periodj is at most &M. LemmaA.2 and &% (1" !)
imply that Uo($1(N), $o,! [N *1) ( %R((,zn,!,' )+ &MnP). Hence, for any such periodj player

20s payo! is at most

M&+ U M&+ 1L oB((, 2y, !, )+ &MPP) ( 2M&+ %R((,zn,!," )+ NPM&)
So,
(13) Ua($1(N), $2, ! [Epo 1) ( 2M&+ %R((, zn,!," ) + NPM&).

Suppose thath> | E[r ) andleth = ( hi, d) denote the node where player 1 deviates fror$(S)
for the brst time in the inbnite public history h>. Player 10s reputation exceeds,_1 at the start of
period j +1 if he plays according $1(S) through period j. Consequently, resistance is at mosK "~1&
at the start of period j +1 and Lemma A.2 implies that U($1(S), $2,! [H*1) ( % "~1+ nPM).

So, an argument identical to the previous paragraph implies that
(14) Uz($1(N), $2, [Efr,00)) ( 2M&+ %K™+ nPM).

If player 1 never deviates from$1(S), then player 2 receives at most zero. Player 2 can get at most
M against any other commitment type and this happens with probability 'z ( ' ( & Player 20s
resistance isR((,zn,!," )" ( in the equilibrium under consideration, she loses R((, zn,!," )" (I
against S by Lemma A.1, and this happens with probability z % z,(!," )' (. The probability
of N and Eppr_q; is at most g(!,",n,( ); and the probability of N and E[ .y is at most one.

Consequently, equations (3) and (14) imply

Ua($,1) ( gt n, ( )YR((,zn, 1" )+ %K' I& (z0(1' ) O(R((zZn, 1" )" Ol +2%RM&+5M&.



34 ATAKAN AND EKMEKCI

Lemma A.4. Posit perfect information and Assumption 1 item (i). Suppose thatu(S) = z !

[z.(" )" Gzn(h,' )] and u($ )/ (S) ( '. Inany PBE $ of #>°(u,!),
(15) Ua($,1) %" %R((,zn,"," )a(l,',n,( )+ K" 1&+2nPM&) ' 3M&,

where&=max{', 1' '} andq(!,',n,( )=1" (z(," )" Olzn-2(}," ).

Proof. Fix a PBE proble $ of #°°(l,!) wherepu(S) = z! [za(}," )" (zn(L," ) and u($ _)/u(S) ( .
Let $5 denote a strategy that moves according ta) after any period k public history h, if there is no
deviation from $1(S) in hK, and coincides with PBE strategy $, if player 1 has deviated from$1(S)
in h¥. Let proble$* = ({$1(#)}1 1 ,$5), let T = T($*, 1, q(,',n,( )). Player 2 receives zero in each
period until player 1 deviates from $1(S) because &, a3) is played under ($1(S), $). Also, player
20s payo! in the period player 1 deviates fror,(S) is at least' M& We use the reasoning in Lemma
A.3 and apply Lemma A.2 to obtain Ux($1(N),$2,!|[Epr_1) % " %R((,zn,!,"' )+ N"PM&) " M&
and Uz($1(N), $2,! [Er,o)) % ' %" 1+ nPM) ' M& If player 1 never deviates from$1(S),
then player 2 receives zero. Player 2 can get at least M against any other commitment type with
probability at most ' ( & gets zero against the Stackelberg type with probabilityz. Following the

same reasoning as in Lemma\.3 implies that

Ua($,!) % Ux($*,1) %' 9((,zn,!," )a(L,n,( )" %&K1' 2%RM&' 3ME.

Completing the argument for Theorem 1 by using Lemma\.3 and LemmaA.4. If # satisPes As-
sumption 1 and perfect information, then equation (12) is satisped, by LemmaA.3. If # satisbpes
Assumption 1 (i) and perfect information, then equation (15) is satisbed, by LemmaA.4. Also, if
# satisbes Assumptionl item (ii ), then Ux($,!) % @, = 0, and equation (15) is trivially satisped
because the right hand side of the inequality is negative. Combining the upper and lower bounds

for U2($,!), given by equations (12) and (15), and simplifying by canceling &delivers

(zn(1," )" ()IF@((’Z”’;" )" ( ( 2%<Q(!’I’( )P@é(,zn,!,' )+ K”‘1+2nPM> + 8 M.
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Let gn(,' ) = 1" za(Y," )znoa(h' ). R((zn,Y,' ) ' [0,1] for each(, we pick any convergent
subsequence and let lim,.o R((,zn,!,' ) = R(zn,!,' ). Taking ( # O implies that q(!,",n,( ) #
o (" ) and

Z0 (1 )R(zn, ' )& ( 2%0n (" YR(zn, !, )&+ K1+ 2nPM) + 8 M.

Rearranging,
Zo(L,' ) KMlg . 2nPM& AM&
L) % ' : : .
G T Rz ) Rzl ) Rz L)

Also, B((,zn,!," ) %K "&for each( implies that ®(z,,!," ) %K "& Consequently,

z,(,' ), K" 2nPM |, 4M

1

L' ) % .
(") %00 K" KN %K

So,on(l,' ) W& L' M A for any z,(!,' ) %z. The depnition of K, which is given in

equation (10), implies that

zZl, 1, 20PM, 4M _ zI, 1, 2n°PM , 4M _ zl
£ % = T %= >0
2% K KN %K 2% K K %K 4%

for any n % 1. Consequently,g,(!," ) % % > 0, for any z,(}," ) % z. So, z,(!," ) % z implies
that 1' z,(!," )zn_1(}," ) % %‘ forall!< 1,'> O0andn=0,1,...,+ . Also, the debnition of m,
which is given in equation (10), requires that (1" %)“ < z. So, the debnition of mimplies that
zg(L," ) ( (@ %)“ <z,foreach! < 1land'> 0. Consequently, ifu(S) %z and u($ _)/u(S) ( ',
then R(,!) ( KZmax{1" !,' } andUy($,!) %1 KPmax{1' !,' }% 1' K%z max{1' L, u($ )}
for all PBE $ of #°(y,!). !
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