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Recent times have witnessed the emergence of large-scale, web-based service marketplaces where many small
service providers compete among themselves in catering to customers with diverse needs. Customers who
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times. The main goal of the paper is to discuss the role of the moderating firm in facilitating information
gathering, operational efficiency, and communication among agents. Surprisingly, operational efficiency may
be detrimental to the overall efficiency of the marketplace. Further, we show that to reap the “expected”
gains of operational efficiency, the moderating firm may need to complement the operational efficiency by
enabling communication among its agents. The study emphasizes the scale of such marketplaces and the
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1. Introduction

Recent times have witnessed the emergence of large-scale, web-based service marketplaces where
many small service providers (agents) compete among themselves in catering to customers with
diverse needs. Customers who frequent these marketplaces seek quick resolutions for their tempo-
rary problems and thus are usually willing to trade prices with waiting times. These marketplaces
are typically operated by an independent firm, which we shall refer to as the moderating firm. The
moderating firm establishes the infrastructure for the interaction between customers and agents.
In particular, it provides the customers and the agents with the information required to make
their decisions. These moderating firms vary with respect to their involvements in the marketplace.
They can introduce operational tools that specify how the customers and the agents are matched
together. For instance, while some of the moderating firms allow the customers to choose a specific

service provider directly, others allow customers to post their needs and let service providers apply,
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postponing the service provider selection decision of the customers until they obtain enough infor-
mation about agents’ availability. Moreover, moderating firms can introduce strategic tools that
allow communication and collaboration among the agents themselves. These different involvements
result in different economic and operational systems, and thus vary in their level of efficiency and
the outcomes for both customers and service providers.

A typical example of such a marketplace is oDesk.com, where around 1,000,000 programmers
compete to provide software solutions. oDesk.com allows for two types of interaction between
customers and service providers. Customers can go directly to a programmer and ask him to provide
the service. The customers are then queued for this specific agent. In this type of interaction, most
of the time is spent waiting for the agent to complete his previous jobs (36% of the waiting time
is spent from the moment the customer chooses the agent until the agent begins working.!). On
the other hand, oDesk.com also allows customers to post jobs and wait while agents apply for the
job. In this type of interaction, a negligible amount of time passes until more than 10 agents apply,
leaving the decision at the hands of the customer. Another large-scale, online service marketplace
is ServiceLive.com, which is a start-up owned by Sears Holding Company. ServiceLive.com (with
the slogan of “your price, your time”) caters to time and price-conscious customers and service
providers in the home repair and improvement arena. ServiceLive.com allows customers to choose
among multiple agents after naming their price and describing their project. This type of interaction
between customers and service providers is equivalent to the second one described for oDesk.com.
Both oDesk.com and ServiceLive.com receive 10% of the revenue obtained by the providers at
service completion. In both marketplaces, the moderating firms allow customers to browse among
tens of thousands of agents and communicate with different providers.

Both oDesk.com and ServiceLive.com are part of a growing industry of online service market-
places. Alok Aggarwal, the chairman of Evalueserve.com, a market research company in Saratoga,
CA, recently said “this market [the market for work outsourcing] is expected to grow 20% to $300
million in sales this year, with transactions between employers and the free-lancers totaling about
$1.8 billion” (Flandez, 2008, October 13). In line with this, Gary Swart, CEO of oDesk.com, said
that “the number of freelancers registered with the firm in America has risen from 28,000 at the
end of 2008 to 247,000 at the end of April” (The Economist, 2010, May 13).

Motivated by these online service marketplaces, we aim to study the moderating firm’s role in
the service marketplace where the objective of the individual players, customers as well as service

providers, is to maximize their own utility. We distinguish between three degrees of moderating

! This is based on data obtained from oDesk.com for about 10000 randomly chosen transactions.
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firms’ involvement in such markets: (1) No-intervention: the moderating firm restricts its involve-
ment to providing the facility for agents to advertise their services and set their prices, and for
customers to compare the different agents. (2) Operational efficiency: the moderating firm provides
additional mechanisms that facilitate efficient matching between customers and service providers.
These mechanisms aim at reducing the inefficiency associated with having the right agent with the
right capability idle while a customer with similar needs is waiting in line for another agent. As
we will discuss, a system in which customers post their needs and name their price is an example
of such a mechanism, as well as a system in which the moderating firm provides real-time con-
gestion information. (3) Enabling Communication: the moderating firm may allow providers to
communicate among themselves and exchange information on prices and job requirements.

To study the different configurations possible in such marketplaces we consider a sequence of
related games where the set of possible strategies and the solution concepts vary to reflect the
different modes of interaction available in the marketplace, either between the customer and the
agents or between the agents themselves. Specifically, we study the following three games:
No-intervention Model: In this game, each agent chooses his price and operates as a single-
server queue. Customers then choose agents based on prices and waiting times. We characterize
the Subgame Perfect Nash equilibrium in this game.

Operational Efficiency Model: In this game, the mechanism introduced by the moderating
firm efficiently matches customers interested in purchasing the service at a particular price with
the available agents charging that or a lower price. This mechanism achieves the desired level of
efficiency by virtually grouping all agents charging the same price. In contrast to the no-intervention
model, customers do not need to commit to a specific agent upon their arrival.
Communication Enabled Model: In this game, agents can exchange information in a non-
committal, costless manner. As in the model with operational efficiency, all the agents charging
the same price are virtually grouped, and customers choose the price/sub-pool. We would be
interested in allowing limited pre-play communication among the agents within a noncooperative
structure; i.e., the agents are free to discuss their pricing strategies but not allowed to make binding
commitments. Ray (1996) claims that in such a case, Nash best-response is certainly a requirement
for self-enforceability but is not, in general, sufficient. Considerations of this sort have motivated the
notion of strong Nash equilibrium, see Aumann (1959), which requires stability against deviations
by every conceivable coalition. Following these ideas, we use a refinement of the Subgame Perfect
Nash Equilibrium concept that requires the equilibrium to be (limited size) coalition proof.

We next state our key findings along with the contributions of the paper:
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1. We appear to be the first to distinguish between tools aimed at increasing the operational
efficiency (which manifest themselves in different routing decisions) and tools aimed at changing
the nature of the strategic interaction by enabling communication (which manifest themselves in
different solutions concepts). We show these tools have a non-trivial impact on the outcomes for
all involved parties, thus creating an opportunity for the moderating firm to exploit these tools to
maximize its profit.

2. In analyzing a market with no-intervention, we show that there exists a unique symmetric
equilibrium. This result extends the existing results on markets with a small number of players.
However, in a marketplace with operational efficiency, we first show that any price but ones in
a neighborhood of the operating cost of agents fails to be sustained as a symmetric equilibrium
when supply exceeds demand. Further, when demand exceeds supply, we are able to show that
operational efficiency leads to multiple equilibria in markets with a sufficiently large number of
agents. In many of these equilibria, the emerging prices are lower than those arising in the market
with no-intervention. The fact that operational efficiency may lead to loss in profits for both the
agents and the moderating firm (even when supply is scarce) is counter-intuitive. The main intuition
behind this result is that the strong pooling benefits associated with operational efficiency serve
as a deterrent for deviation, practically from every price when demand exceeds supply. We also
show that the insights about the equilibrium outcome would be similar if we assumed that the
moderating firm achieves the desired operational efficiency by providing customers with real-time
congestion information.

3. We show that to overcome the deterioration of the profits discussed above, and to reap the
benefit that one expects from operational efficiency, the moderating firm can allow for communica-
tion among the agents, even if done through a non-binding mechanism. The main contribution of
this result is in showing that the operational efficiency needs to be complemented with the ability
to communicate in order to obtain desirable outcomes for the involved parties. These desirable
outcomes are only achievable in a marketplace where demand exceeds supply. Therefore, the contri-
bution is also in highlighting the fact that it is crucial to understand the specific market conditions
in terms of the ratio between demand and supply.

4. We also extend our model to study a setting in which agents are heterogeneous in terms of the
quality of their service and their operating costs. In particular, we consider a model with two types
of agents distinguished by the value they generate for the customers. Our results show that an
operational tool, which reduces the mismatch between demand and supply, may lower the profit of

a moderating firm unless it is complemented with the ability to communicate, and demand exceeds



Cil et.al.
Large-scale Service Marketplaces 5

supply. Moreover, a model with heterogeneous agents allows us to discuss the impact of the market
composition on the equilibrium outcomes as well as the role of the moderating firm.

5. On the theoretical front, we introduce a new solution concept to study the communication
enabled market. This new solution concept captures the fact that agents are allowed to commu-
nicate prior to the game in order to achieve a non-binding agreement regarding their actions. We
refer to this new equilibrium concept as (6, €)-Market Equilibrium.

The rest of the paper is organized as follows: In §2, we present a literature review on the existing
work related to our paper. §3 introduces a basic model of the marketplace under consideration.
We introduce and analyze the no-intervention, the operational efficiency, and the communication
enabled models in §4, §5, and §6, respectively. In §7, we study the impact of heterogeneity among
agents on the market. Finally, §8 concludes the paper. All proofs are relegated to the appendix.

2. Literature Review
The previous work related with our paper can be divided into two categories. The first category
consists of research that studies the applications of queueing theory in service systems. The second
one consists of research focused on developing approximations to analyze complex service systems.
Service systems with customers, who are both price and time sensitive, have attracted the atten-
tion of researchers for many years. The analysis of such systems dates back to Naor’s seminal work
(See Naor, 1969), which analyzes customer behavior in a single-server queueing system. Motivated
by his work, many researchers study the pricing problem of a monopoly facing price- and delay-
sensitive customers in various settings (See De Vany (1976), Mendelson and Whang (1990), Afeche
and Mendelson (2004)). Another body of research that is motivated by Naor (1969) considers the
competition among service providers who make pricing and/or service capacity decisions. Luski
(1976) and Levhari and Luski (1978) focus on the competition between two firms under markovian
assumptions. Natural extensions of the competition models assume general service time distri-
butions, observable queue lengths, many firms, and multiple customer classes (See Loch (1991),
Li and Lee (1994), and Lederer and Li (1997)). We refer the reader to Hassin and Haviv (2003)
for an extensive summary of the early attempts to model price and service competition. More
recently, Cachon and Harker (2002) studies the competition between two firms offering substitute
but differentiated services. In another differentiated services setting, Allon and Federgruen (2007)
considers the price and waiting time as completely independent firm attributes by employing a
general demand model rather than a full-price model as in the previous papers. Most of the above

papers model the customer behavior implicitly via an exogenously given demand function. An
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alternative approach is followed in Chen and Wan (2003), where authors examine the customers’
choice problem explicitly by embedding it into the firms’ pricing problem. Other notable exam-
ples focusing on the customers’ demand decision in competition models are Ha et al. (2003), and
Cachon and Zhang (2007).

The pricing and the capacity planning problem of the service systems can easily become ana-
lytically intractable when trying to study more complex models, such as a multi-server queueing
systems. Recognizing this difficulty, many researchers seek robust and accurate approximations to
analyze multi-server queues. Halfin and Whitt (1981) is the first paper that proposes and ana-
lyzes a multi-server framework. This framework is aimed at developing approximations, which
are asymptotically correct, for multi-server systems. It has been applied by many researchers to
study the pricing and service design problem of a monopoly in more realistic and detailed settings.
Armony and Maglaras (2004), and Maglaras and Zeevi (2005) are examples of recent work using
the asymptotic analysis to tackle complexity of these problems. Furthermore, Garnett et al. (2002),
Ward and Glynn (2003), and Zeltyn and Mandelbaum (2005) extends the asymptotic analysis of
markovian queueing system by considering customer abandonments.

The idea of using approximation methods can also be applied to characterize the equilibrium
behavior of the firms in a competitive environment. To our knowledge, Allon and Gurvich (2008)
is the first paper studying competition among complex queueing systems by using asymptotic
analysis to approximate the queueing dynamics. Another recent paper studying the equilibrium
characterization of a competitive marketplace using asymptotic analysis is Chen et al. (2008).
They consider a marketplace with multiple suppliers competing with each other over their prices
and target lead times. There are two main differences between these two papers and our work.
First, both of them study a service environment with a fixed number of decision makers (firms)
while the number of decision makers in our marketplace (agents) is growing. Second, they only
consider a competitive environment where the firms behave individually. In contrast, we study the
non-cooperative case as well as the case where the agents have a limited level of collaboration.

In the field of operations management (OM), the majority of the papers employing game-
theoretic foundations study non-cooperative settings. For an excellent survey, we refer to Cachon
and Netessine (2004). There is also a growing literature that studies the OM problems in the
context of cooperative game theory. Nagarajan and Sosic (2008) provide an extensive summary
of the applications of cooperative game theory in supply chain management. Notable examples

are the formation of coalitions among retailers to share their inventories, suppliers, and marketing
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powers (See Granot and Sosic (2005), Sosic (2006), and Nagarajan and Sosic (2007)). This body
of research is related with our work, where we look for the limited collaboration among agents.
Our work may also be viewed as related to the literature on labor markets that studies the wage
dynamics (See Burdett and Mortensen (1998), Manning (2003), Manning (2004), and Michaelides
(2010)). In both our model and labor economics literature, people or firms with service needs seek
an employee or an agent to perform the job they requested. In our model, service seekers trade-off
time they need to wait until their job starts and cost, the phenomenon generally disregarded in labor
economics literature. Further, our focus is on a market for temporary help, which means that the
engagement between sides ends upon the service completion. This stands in contrast to the labor
economics literature in which the engagement is assumed to be permanent. It is also important to
note the difference between interventions studied in our model and the ones in the labor economics
literature. Unlike the interventions we studied, which focus on improving operational efficiency,
the interventions discussed in labor economics are usually aimed at regulating wages directly. Our
paper also differs from the literature on market microstructure. This body of literature studies
market makers who can set prices and hold inventories of assets in order to stabilize markets (See
Garman (1976), Amihud and Mendelson (1980), Ho and Stoll (1983), and a comprehensive survey
by Biais et al. (2005)). However, the moderating firm considered in our paper has no direct price-
setting power and cannot respond to customers’ service requests. Furthermore, papers studying

market microstructure disregard the operational details such as waiting and idleness.

3. Model Formulation

Consider a service marketplace where agents and customers make their decisions in order to max-
imize their individual utilities. Customers’ need for the service is generated according to a Poisson
process with rate A. This forms the “potential demand” for the marketplace. A customer decides
whether to join the marketplace or not: If she decides not to join the system, her utility is zero. If
she joins the system, she decides who would process her job. The customers who join the market-
place form the “effective demand” for the marketplace. The exact nature of this decision depends
on the specific structure of the marketplace, decided upfront by the moderating firm. We shall
elaborate on the choices of customers in Sections 4-6. We assume that the service time required
to satisfy the requests of a given customer is exponentially distributed with rate p. Without loss
of generality, we let ;1 =1. When the service of a customer is successfully completed, she pays the
price of the service, earns a reward of R, and incurs a waiting cost of ¢ per unit time until her

service commences.? As the customers visiting the marketplace seek temporary help, a customer

2 Our model can also be used to study a setting where customers incurs waiting cost also during their service. One
can incorporate that by modifying the customer reward from R to R —c¢/p.
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joining the system may become impatient while waiting for her service to start and abandon. In
this case, the abandoning customer does not pay any price or earn any reward, but she does incur
a waiting cost for the time she spends in the system. We assume that customers’ abandonment
times are independent of all other stochastic components and are exponentially distributed with
mean m,. Customers decide whether to request service or not and by whom to be served according
to their expected utility. The expected utility of a customer is based on the reward, the price and
the anticipated waiting time.

The above summarizes the demand arriving to the marketplace. Next, we discuss the service
provision in a marketplace with k ex-ante identical agents.® The only decision of an agent is to
choose a price for his service; each agent makes this decision independently. Let (py,...,px) denote
the resulting price vector with p, being the price chosen by the n'” agent. We normalized the
operating cost of the agents to zero for notational convenience. The expected revenue of an agent
depends on the price he chooses and his demand volume.

We refer to the ratio A/uk as the demand-supply ratio of the system and denote it by p. The
demand-supply ratio is a first order measure for the mismatch between aggregate demand and the
total processing capacity. Marketplaces vary with respect to their demand-supply ratio, p, and,
as we shall discuss, p has a significant impact on the market outcome. We broadly categorize

marketplaces into two: Buyer’s market where p <1, and seller’s market where p > 1.

4. No-intervention Model
The essential role of the moderating firm in a large scale marketplace is to set up the infrastructure
for the interaction between players. This is crucial because all players have to be equipped with the
necessary information, such as prices to make their decisions, yet individual players cannot gather
this information on their own. When the moderating firm provides only the required information,
it has no impact on the strategic interaction taking place in the marketplace. We thus refer to
such a setting as the no-intervention model. We analyze the dynamics of a large-scale marketplace
in the no-intervention model not only to derive insights about the behavior of the self-interested
and competing players in such a system, but also to build a benchmark for the cases in which
the moderating firm introduces additional features which change the nature of the marketplace.
Therefore, in this section, we study the behavior of a marketplace where the moderating firm
confines itself to aggregating and providing information.

We model the strategic interaction between the agents and the customers as a sequential move

game. Given the setup of Section 3, along with the above mentioned role of the moderating firm,

3 We will discuss a model with heterogenous agents in Section 7.
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the agents first announce their prices. Each arriving customer observes these prices and decides
whether to request service or not. Further, if a customer decides to join the system, she also chooses
the agent who processes her service request. The service of a customer starts immediately if the
agent she chooses is available. Otherwise, she joins the queue in front of the agent and waits for
her service commences. We denote the fraction of customers choosing agent-n by D,,. Then, AD,,
is the demand volume for agent-n.

More specifically, each agent’s operations can be modeled as an M/M/1+ M queueing system?
where the arrival rate of customers depends on the strategies of customers and agents®. If the rate
of customers who request service from an agent charging price p is A, the utility of a customer
requesting service from this agent is U(X,p) = (R —p)[1 — B(A)] — W ()¢, where 3()), which will
be referred to as the abandonment function, is the probability of abandonment, and W()) is
the expected waiting time, in an M/M/1 + M system with arrival rate A, service rate 1, and
abandonment rate 1/m,. Using queueing theory, the utility of customers can be rewritten as
U\ p)=(R—p+cmy)[1 — B(N)] — em,. Similarly, the revenue of that agent is V(A,p) = pA[l —
B(N)]. Tt is important to note that V(\,p) is the revenue rate of an agent, but throughout the
paper we will refer to it as the revenue for ease of exposition.

As we consider a sequential move game, we are interested in the Subgame Perfect Nash Equilib-
rium (SPNE) of the game. We begin by characterizing the equilibrium in the second stage game
where customers make their service requests given the agents’ pricing decisions. Then, based on
the second stage equilibrium, we derive the equilibrium of the first stage in which only agents make
pricing decisions.

k
n=1"

Fixing the agents’ strategies (p,,) an arriving customer observes the agents’ prices and chooses
the agent who maximizes her utility, anticipating the behavior of all other customers. Therefore, in
equilibrium a customer chooses an agent only if the utility she obtains from him (weakly) dominates
her utility from any other agent. This is also known as “Nash Flow Equilibrium” (See Roughgarden,

2005) in the congestion games literature. We formally define the Customer Equilibrium as follows:

DEFINITION 1 (Customers Equilibrium). Given (p,)%_,, we say that (D,)*_, is a Cus-
tomers Equilibrium if the following conditions are satisfied:

1. For any n with D,, >0, we have that U(AD,,,p,) > U(AD,,,pn) >0, for all m <k.

4 + M notation denotes the exponential abandonment times.

5 Note that an agent can process more than one jobs at the same time in certain settings. In such settings, a processor
sharing model will be a more appropriate queueing model, yet these models are known to be significantly more
complex than our queueing model. Our model can be viewed as an approximation of such settings.
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k
2. IfU(AD,,p,) >0 for some n<k, then > D,=1.

n=1

The first condition of the Customer Equilibrium requires that customers request service from
an agent in equilibrium only if that agent is one of their best alternatives. Moreover, the second
condition ensures that all customers join the system if it is possible to earn strictly positive utility
by requesting service from an agent. Customer Equilibrium exists by the continuity of the utility
functions and Rath (1992). In the following proposition, we show that for any given price vector,

the second stage game has a unique equilibrium.
PROPOSITION 1. Given a price vector (p,)%_,, there is a unique Customer Equilibrium.

Since the Customer Equilibrium is unique for any given price vector, we denote the fraction of
customers requesting service from agent-n in equilibrium by DSE(py, ... p,.) when (pi,...,ps) are
the prices announced by agents. DT (py, ... p;) is well defined in the light of Proposition 1.

We can now move to the first stage game which is played only among the agents. An equilibrium
in this stage requires that none of the agents can improve his revenues by deviating unilaterally

while taking the customers’ response into account. We formalize this in the following definition:

DEFINITION 2 (Subgame Perfect Nash Equilibrium). Let (D,,,p,)k_, summarize the strat-
egy of all players in the market for alln=1,...,k. Then, (D,,p,)%_, is a SPNE if the following
conditions are satisfied:

1. D,=DSF(py,...,px) for all n<k.

2. For any ¢ <k, we have V(AD;,ps) = maxV (ADSE(p1y. .., De—1,0'sDis1y--->Pr)sP)-
p/

The first condition requires that (D,)*_, arises in equilibrium in the second stage game. The
second condition states that none of the agents has incentive to change his price. Note that agents

take into account the impact price changes have on the Customer Equilibrium, and thus on demand.

4.1. Characterization of SPNE
In this section, we our restrict attention to symmetric SPNE where all agents charge the same
price p in the first stage. This is a natural choice since all agents are identical. We will discuss
non-symmetric equilibria in Section 7.1.

A price p emerges in equilibrium in the first stage if a single agent chooses to charge p to maximize
his revenues given that all other agents announce p. When all other £ — 1 agents announce p,
a generic agent, say agent-¢, solves the following maximization problem to determine his best-

response:

g}g%( plA-D(CE(pv RNy 2y 22y Suee 7p) [1 _ﬁ(AD/CE(pa s Dy Pes Dy ,p))] (1)
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In this problem, the objective function is the revenue of agent-¢ when he charges p, and the
remaining agents charge p. Thus, p is a symmetric equilibrium in the first stage game if it is a
solution to the above problem. We denote the symmetric SPNE by (D*, p*) where all agents charge
p* and each agent has a demand of AD*, i.e. DSE(p,...,p) = D* for any n < k. We characterize
the symmetric SPNE in the following theorem:

THEOREM 1. If B()) is concave, then there exists a symmetric SPNE. Furthermore, the sym-

metric SPNFE is characterized as follows:

1. If A>kX°, then the symmetric SPNE is (D*,p*) = (M,R—i—cma — W)
2. If A< kX%, then the symmetric SPNE is (D*,p )= < Jk,(R+cmg) — %
1-v(p)
Here X" s the unique solution to 1 — B(\) — ( ) = gime—, A is the unique solution to (R +
Ccmg, k (
Cma)(k’_l)—l_ﬁ()\)<1_y()\) )0 and V()\)

Similar to Theorems 1-3 in Chen and Wan (2003), the above result suggests that agents behave
as local monopolists and charge their monopoly prices when the arrival rate is sufficiently high.
Moreover, in this case, agents may choose not to cover the market completely. However, once
the arrival rate becomes less than \°, the equilibrium price will be pushed down as the agents
are engaged in a cut-throat competition, where intensity of competition can be quantified by the
strictly positive utility left for customers in the equilibrium. It is also worth noting that utility of
customers in the equilibrium increases as the arrival rate decreases.

REMARK 1. Concavity of the abandonment function, $()), is a sufficient condition for the exis-
tence of symmetric equilibrium. In Lemma 1 in Appendix A, we show that S(\) is concave when
mg <1, i.e. abandonment rate is higher than service rate. Furthermore, conducting a numerical
study, we observe that B(\) is concave even for 1 < m, < 2. However, for higher values of m,,
the function 8(A) is not concave in A. This is not surprising given the complicated structure of
queueing systems with impatient customers. For instance, Armony et al. (2009) shows the difficulty
of proving the convexity of the expected head-count in the steady state of a system with customer
abandonments. Even though S(\) is not concave, there can be a symmetric SPNE, and the above
theorem characterizes this symmetric equilibrium. Numerically, we see that the equilibrium candi-
date characterized above still emerges as the symmetric SPNE when /5(A) is not concave. In this
numerical study, we consider a marketplace where R =1, ¢ € {0.05,0.06,...,0.2}, and k = 50. Then,
we study five scenarios that differ in the average abandonment time m, and lead to non-concave
B(N). We assume m, € {5,6,...,10}. For each of these scenarios, we show that the price proposed
as equilibrium price in Theorem 1 is equilibrium by varying the arrival rate A on a grid from 10

to 50 with a step size of 1.
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5. Operational Efficiency Model

In the previous section, we characterized the market outcome in the absence of any intervention on
the part of the moderating firm. We now turn to discuss the impact of different mechanisms used
by the moderating firm. As we discussed in the introduction, the moderating firm may provide a
mechanism that improves the operational efficiency of the whole system by efficiently matching
customers and agents. This mechanism aims at reducing inefficiency due to the possibility of
having a customer waiting in line for a busy agent while an agent who can serve her is idle. This
efficiency improvement is equivalent to virtually grouping the agents charging the same price. For
instance, oDesk.com achieves this goal by allowing customers to post their needs and allowing
service providers to apply to these postings. When a customer posts a price on oDesk.com, agents
that are willing to serve a customer for that price apply to the customer’s posting, and among
these the customer will favor agents based on their immediate availability. The main driver of the
operational efficiency in this setting is the fact that customers no longer need to specify an agent
upon their arrival because the job posting mechanism allows customers to postpone their service
request decisions until they have enough information about the availability of the providers. There
are other mechanisms, such as providing real-time congestion information, that may be used to
achieve operational efficiency. We shall discuss the implications of providing real-time congestion
information in Section 5.2.

In this section, we modify the service marketplace considered in Section 4 by assuming that the
mechanism introduced by the moderating firm ensures that customers do not stay in line when
there is an idle agent willing to serve them by charging the price they want to pay or less. This
can be modeled as a queuing network where the agents announcing the same price are virtually

grouped together. Once each agent announces a price per customer to be served, we can construct

N

a resulting price vector (p,))_; where N <k is the number of different prices announced by the
agents. We refer to the agents announcing the price p,, as sub-pool-n and denote the number of
agents in the sub-pool-n by y,. Hence, (p,,y,)Y_, summarizes the strategy of all agents.

Under this mechanism, we model the customer decision making and experience as follows: If
there are different prices announced by the agents, i.e., N > 1, the customer chooses a sub-pool
from which she requests the service. We refer to the price charged by this sub-pool as the “preferred
price”. Each customer who decides to join the system enters the service immediately if there is
an available agent either in the sub-pool she chooses or in any sub-pool announcing a price less
than her preferred price. Moreover, the customer is served by the sub-pool offering the lowest

price among all available sub-pools. Otherwise, she waits in a queue in front of the sub-pool she
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chooses until an agent, who charges a price less than or equal to her preferred price, becomes
available. We denote the fraction of customers requesting service from sub-pool-n by D,,. In this
model of customer experience, there are two crucial features: 1) The service of an arriving customer
commences immediately when there are available agents charging less than or equal to her preferred
price, 2) If they have to wait, customers no longer wait for a specific agent rather for an available
agent.

As we model the marketplace as a queuing network, the operations of each sub-pool depend
on the operations of the other sub-pools. For instance, each sub-pool may handle customers from
the other sub-pools (giving priority to its “own” customers) while some of the other sub-pools are

serving its customers. Therefore, given the strategies of agents, (p,,, ¥, ) _,, and the service decisions
N

n=1»

of customers, (D,,) the expected utility of a customer choosing the sub-pool-¢ depends on all

of these decisions, and can be written as®:
UZ(Dly s 7DN;p17 -y PNIYL, - 'ayN) :PSCT'UU [(R_pl +Cma)(1 _BZ) - Cma] + Z PS@7'U€m(R_an)7
m#~L
where B¢(D1,...,Dn;p1,---,DN;Y1,---,yn) denotes the probability of abandonment in the sub-
pool-¢, and PServe,(Dy,...,Dn;p1,...,DN;Y1,---,yn) denotes the probability that a customer
choosing the sub-pool-£ is served by the sub-pool-m when AD,, is the rate of customer arrival to the
sub-pool-n for n=1,..., N. We want to note that for any sub-pool-¢, PSeruv,,, =0 for any m such

that p,, > p, since customer choosing sub-pool-¢ cannot be served by a sub-pool charging more than

pe. Furthermore, the revenue of an agent in sub-pool-£ is: Vy(D1,...,Dy;P1,- -, DN YLy -+ YN) =
peoe(D1, ..., DniD1y - DN Y1, - - -, YN ), Where op(...5...;...) is utilization of agents in sub-pool-¢
when AD, is the rate of customer arrival to the sub-pool-n for n=1,..., N.

It is also worth noting that a marketplace operates as an M /M /k + M system when all agents
charge the same price. This allows us to employ the well-known limiting behavior of the multi-server
systems to characterize the market outcome. Furthermore, in the case, where the agents announce
different prices, we will show that the interdependency between the sub-pools announcing different
prices diminishes as the market grows. In fact, large-scale marketplaces operate “almost like” the
combination of independent multi-server systems.

The strategic interaction between the agents and the customers is modeled, as before, as a
sequential move game. However, we use a slightly different second stage equilibrium than the one
in Definition 1 since the customers decision and utility is changed by the new mechanism. The
6 Here, we assume that a customer choosing the sub-pool-£ pays p,, when she is served by sub-pool-m for m # ¢. Our

results do not change as long as a customer choosing the sub-pool-¢ pays a price that is lower than p, when she is
served by sub-pool-m for m # ¢.
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new customer equilibrium, which we refer to as Market Customer Equilibrium, uses the concept
of Nash Flow Equilibrium with the requirement that customers only care for the prices announced

by the sub-pools instead of individual prices.

DEFINITION 3 (Market Customers Equilibrium). Given (p,,y,))_,, we say that (D,)"_, is
a Market Customers Equilibrium (MCE) if the following conditions are satisfied:

1. For any ¢ with Dy >0, we have that Ug(Dy,...,DN;p1, -, DN; YLy -+ YN) =
Un(Di,...,DniD1y - DN Y15+ - -5 YN), Jor allm < N.

2. If Uy(Dy,...,Dn;D1y -, DN YL, - - - Yn) > 0 for some £ < N, then iv: D,=1.

n=1

While MCE always exists by the continuity of the utility functions and Rath (1992), its unique-
ness cannot be guaranteed. For notational convenience, we shall assume that the best outcome
from the customer perspective arises when there are multiple MCFE (In fact, it can be shown that
the limit of all MCEs is unique as the number of agents in the market grows). As the outcome is
assumed to be unique, we denote the fraction of customers requesting service from sub-pool-n in a
Market Customer Equilibrium by DMCF(p,, ... .px;y1,-..,yn) When (pn,y,)N_, is a tuple of two
vectors whose components are the prices and the number of agents announcing them.

Agents make pricing decisions in the first stage of the game. Unlike the no-intervention model,
we need to account for two types of unilateral deviation of agents: an agent can either choose to
deviate by joining an existing sub-pool or announce a new price. Therefore, an equilibrium in the
first stage should be immune to any of these two deviations. One can show that, as the market
grows, there exists a profitable unilateral deviation from any price in a buyer’s market. In analyzing
such markets, we would like to highlight the following two observations: 1) The arising system
dynamic is too complex for exact analysis yet amenable to asymptotic analysis. 2) While a single
agent, indeed, may have profitable deviations from every price in a buyer’s market, the gains from
deviations are small and diminish as the market grows. Thus, following Dixon (1987) and recently
Allon and Gurvich (2008), we study a somewhat weaker notion of equilibrium, which allows us to
characterize the market outcome (if one exists), as the market grows even when Nash equilibrium
does not exist. To this end, we consider a sequence of marketplaces indexed by the number of
agents, i.e., there are k agents in the k' marketplace. The arrival rate in the k" marketplace is
assumed to be A* = pk. This ensures that the demand-supply ratio is constant along the sequence of
marketplaces. Then, in each market, we focus on an equilibrium concept, which requires immunity
against only deviations that improve the revenue of an agent by at least ¢ > 0 as formally stated

in Definition 4 (See below). We refer to € as the level of equilibrium approximation. We denote
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the level of equilibrium approximation in the k** market by €*, and we assume that ¢* — 0 and
*Vk — 00 as k — co. We study the behavior of the equilibrium along the sequence of marketplaces

we described above in order to derive the equilibrium in a marketplace with large number of agents.

DEFINITION 4 (e-Market Equilibrium). Let (DF p* yF)N_ | summarize the strategy of all
players in the k' market with y* >0 for alln=1,...,N. Then, (D¥ pk y*)N_| is an e-Market
Equilibrium if the following conditions are satisfied:

1. Dk =DMCE@pk  pk iyl . yk) for alln < N.

2. For any ¢ < N and m < N, we have that V,(D¥ ....Dk;pk ... .pk:yr, ... vk) >
Vo(Df, .. DE;ph, s 9, 0K) — €, where gE =yk =1 if n=0, gk =y +1ifn=m, g} =y}
otherwise, and D¥ = DMCE(pk __ pk-gk  gk) for alln < N.

3. Foranyl <N andp #p" foralln=1,...,N, we have that V,(D¥, ..., D¥;pk, ... .pk uk ... yk)
> Vipa (Do Diys ol DR 0508 Gg) — € where gl =gk —1ifn=0, g} =1ifn=N+1,
gk =y otherwise, and D* = DMOE(pk . pk p: gk, .. Ok L) for alln < N +1.

The first condition in the above definition requires that the vector (D¥)N_, forms an equilibrium
among the customers if the agents choose the strategy (p*,y*)N_,. The second and third conditions
characterize the equilibrium in the first stage game: The second condition states that an agent
cannot improve his revenue by more than €* when he joins an existing sub-pool, while the third
condition states that an agent cannot improve his revenue by more than € when he introduces a
new sub-pool. We next turn to characterize the equilibrium in the £** marketplace. Note that if

e* =0 for all k, then the above definition reduces to that of the Nash Equilibrium.

5.1. Characterization of the Market Equilibrium

In this subsection, we study the symmetric equilibrium for the sequence of marketplaces we con-
structed above. As a first step towards characterizing the symmetric equilibrium, we derive the
revenues of agents when they announce the same price in the k£** marketplace. As we noted before,
such a marketplace operates as an M /M /k+ M system with arrival rate A¥ DMCE (pk: k), service
rate 1, and abandonment rate 1/m,, where D}MCE(p*: k) is the Market Customer Equilibrium when

all k agents charge p*. Therefore, the revenue of an agent in this case is given by
Vi(DYCE (p"s k)ip®s k) = ppDYOF (p"s k) [L = Y (AP DY OF (p*1 k) K)), (2)

where 8 (\; k) is probability of abandonment in M/M/k+ M system with arrival rate \, service
rate 1, and abandonment rate 1/m,.
In order to characterize an e*-symmetric Market Equilibrium, we need to verify that a single

agent does not have any incentive to deviate to a price other than p* in the k** marketplace. Recall
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that if an agent chooses p’ # p*, this amounts to creating his own sub-pool, and his revenue is given
by Va(DMOF (p,p'sk —1,1), DY P (p*,p/s k= 1,1);p%,p's k — 1,1), where (DY (p*,p'; k —1,1))?

n=1

is the Market Customer Equilibrium given that k& — 1 agents charge p* and one agent charges p’.
We then say that a price p* emerges as the symmetric e*-Market Equilibrium if

Vi(Dr'OF(p": k), p k) 2 max Va(Dy'OF(p,p'sk = 1,1), D' P (0", 05k = L 1)t plsk = L 1) =, (3)
where the left-hand side is the revenues of agents when all agents charge p*, and the right-hand
side is the maximum revenue that a single agent can obtain by deviating from p*.

To understand the behavior of the market outcome in large markets, we shall first study the left-
hand side and then the right-hand side of (3) along the trajectory of marketplaces in which p* — p
as k — oco. While studying the left hand side, we distinguish between a buyer’s and a seller’s market.
In a buyer’s market where p <1, customers experience negligible waiting times in a marketplace
with a large number of agents, even if all customers request service. Thus, in a buyer’s market,
all customers join the system in equilibrium as long as p < R since they obtain approximately the
utility of R —p by joining. Furthermore, the revenue of each agent is approximated by pp. When
p = R, some of the customers may leave the market immediately depending on the convergence
rate of p*. Thus, pp constitutes an upper bound for the revenue of each agent if p= R. In a seller’s
market where p > 1, it may still be true that all of the customers request service when p < R. In such
a case, customers obtain a strictly positive utility despite incurring a waiting cost. However, once
the aggregate demand is sufficiently high, some of the customers leave the market immediately due
to the high congestion level even if p < R. Regardless of how customers behave in the equilibrium,
the rate of customers requesting service in a seller’s market should, in equilibrium, be higher than
the processing capacity when p < R. Otherwise, a customer joining the system would earn strictly
positive utility while the customers who do not request service would obtain zero utility. Therefore,
agents are always “over-utilized” in a seller’s market and the revenue of each agent is approximately
p when p < R. Like in a buyer’s market, each agent may earn less than p when p = R depending

on the convergence rate of p*. The following proposition presents these results formally.

PROPOSITION 2. Let DMCE(p*: k) be the Market Customer Equilibrium when all agents charge

p* in the k' marketplace, and p < R. Then, we have that

: R— a
lim DMYF(p*; k) = min {1, p+cm} .
k—so0 pPCMy,

pp ifp<1

: . When p= R, we have that
p ifp>1

Furthermore, klim Vi (DMCE (pk: k); pki k) = {

, R— . <1
lim D{”CE(pk;k)gmin{l,p_ch}, and lim Vi (DMF (pF: k): p* k) < bp z.fp_ .
k—o0 pCMg k—o0 p  ifp>1
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After approximating the revenue of the agents when they charge the same price, we now focus
on the maximum revenue that an agent can obtain by creating his own sub-pool. As we did above,

we again distinguish between buyer’s and seller’s markets.

5.1.1. Buyer’s Market: When all agents charge the same price p* in a buyer’s market, we
next show that a single agent can improve his revenue when he decreases his price. Such a cut
will allow a single agent to serve not only his own customers but also the customers choosing the
price p*. In fact, he can approximately secure a revenue of p* following a small price cut as long
as the rate of customers requesting service is bounded away from zero when all agents charge p*,

ie., klim DMCE(pk: k) > 0. The following proposition proves this observation formally.
—r 00

PROPOSITION 3. Let V'(p*; k) = max Vo(DMCE (pk p's k—1,1), DMOF(p* p/s k—1,1);p%,p/; k—
0<p’<p
1,1). Then, we have that lim inf V/(p"; k) > 0 when p > 0. Furthermore, when Jim DYMCE(pk: k) >0,
—00 00
we have that klim V'(p*; k) =p.
:—> 00

As we established in Proposition 2, the revenue of an agent when all agents charge the same
price p* can be bounded from above by p*p in large marketplaces. Then, Proposition 3 implies that

k cannot emerge as the equilibrium price of a symmetric e*-Market

any p* satisfying p(1 —p) > €
Equilibrium for large k. Thus, as k:lggo €® =0, we obtain that any sequence of prices except the ones
with p = 0 cannot be sustained as the equilibrium price of a symmetric ef-Market Equilibrium along
the trajectory of marketplaces. Furthermore, we can show p =0 can emerge as the approximate

equilibrium price in large marketplaces. We formalize these observations in the following theorem.

THEOREM 2. In a buyer’s market with p <1,

1. Let p* be a price emerging as the equilibrium price of a symmetric €*-Market Equilibrium in
the k' marketplace. Then, for any & >0, we have that p* <& for large k.

2. p=0 is an equilibrium price of a symmetric €*-Market Equilibrium in the k'™ marketplace,
for large k.

3. Let 11}, and TI%,, be the total revenue generated in the k' marketplace with and without

k
operational efficiency, respectively. Then, for any & >0, we have that Ekﬂ <& for large k.
NI

The above theorem states that if a moderating firm provides efficient matching in a buyer’s
market, the equilibrium outcome of the marketplace will converge to zero. As the profit of the firm
is the share of the revenue generated in the marketplace, providing efficient matching deteriorates
the profit of the firm compared to the no-intervention case as well as the revenue of the agents. In
fact, we show that the ratio between the total revenue generated in a marketplace under operational

efficiency and under the no-intervention converges to zero.
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In Section 7.2, we discuss the extension of the above theorem, which is based on showing that the
revenues of agents converges to zero even in a non-symmetric equilibrium. For a formal treatment,

see Proposition 9 in Authors (2011).

5.1.2. Seller’s Market: After discussing the impact of providing efficient matching in a
buyer’s market, we now focus on a seller’s market. Unlike in a buyer’s market, a single agent cannot
improve his revenue after a price cut since it does not improve his utilization significantly. Note
that agents are already “over-utilized,” and earning a revenue of p* while they are charging the
same price p* in a seller’s market. Therefore, in a seller’s market, the only possible profitable devi-
ation for a single agent is to increase his price in large enough marketplaces. In such a deviation,
a single agent loses some of his customers because of his high price, and he also loses the benefits
of efficient matching since he becomes an individual provider. Both of these factors will limit his
ability to make higher profit. In fact, the following proposition establishes an upper bound on the

asymptotic revenue which a single agent can generate by increasing his price.

PROPOSITION 4. Let V'(p*;k) = max Vi(DMCE(p' p*;1,k—1),DMCE(p' p*;1,k—1);p,p"; 1,k —1)

pF<p'<R
for any given sequence of prices p* with p < R. Then, in a seller’s market (p>1), we have that

limsup V' (p*; k) < (R+cma) A% (p; R)[1 = BN (p; R))] = A2 (p; R)(A(p; R) + cmy,),
k—o0
where A(p;R) = maX{O, @ —cma}, and \*(p;R) is the unique solution to 1 — B(\) —
)\ﬁ,(/\) _ A(p;R)+cmaq )

Rtcmag

When a single provider increases his price, we show that the demand for agents, who do not
change their prices, is almost the same as their original demand before deviation. Hence, the utility
of customers choosing the sub-pool consisting of k — 1 agents is A(p; R), which is the utility that
the customers obtain in the Market Customer Equilibrium in a large marketplace when all agents
charge p*. Then, to approximate the maximum post-deviation revenue, one can treat the deviating
agent as a monopoly whose customers have an outside option with the value of A(p; R). In fact,
the above proposition shows that this approximation constitutes an upper bound on the agent’s

post-deviation revenue. A monopoly always makes sure that the utility of customers is exactly

A(p;R)+cmg
1-B(N)

demand rate A. He then picks A, maximizing his revenue and sets his price accordingly. We refer

equal to their outside option, by setting the price to R4+cm,— for any given target of
the reader to the proof of Proposition 4 for a more detailed discussion on the revenue maximization
problem of a monopoly.

Combining the two observations above, it is clear that in a large marketplace, a price p* emerges
as the symmetric e*~-Market Equilibrium outcome if p* is greater than the profit of a monopoly

serving customers with outside option A(p; R). We state this result in the following theorem.
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THEOREM 3. In a seller’s market (p>1), let
pEP(pR)={p:p> (R+cm)A>(p; R)[1 = B(A2 (0 R))] = A% (p; R)(A(p; R) + cma), 0<p< R},
where A(p; R), and \*(p; R) are defined as in Proposition 4. Then, any given sequence of prices p*

that converges to p as k — oo emerges as the equilibrium price of a symmetric €*-Market Equilibrium

in the k' marketplace, for large k. Furthermore, for any p; > pa, we have that P(p1; R) C P(pa; R).

The above theorem characterizes the set of symmetric €*-Market Equilibria for large market-
places. The theorem does not guarantee the uniqueness of such an equilibrium, i.e. P(p; R) may
not be a singleton. In fact, P(p; R) may consist of uncountably many prices. Furthermore, we show
that P(p; R) shrinks as p increases. As the demand-supply ratio increases, customers experience
significant waiting times even if they are served by a price-generated pool. Therefore, the level of
customer surplus that a deviating agent has to forego declines as p rises. As a result of this, a
single agent has more room to deviate and improve his revenue when demand is high. It is also
worth highlighting that a single agent has such a profitable deviation opportunity even though the
number of agents grows to infinity.

Characterizing the set of symmetric equilibria, P(p; R), is difficult in general. For illustrative
purposes, we consider the case where the abandonment rate is equal to the service rate. We show
that a similar structure holds for the settings when p # m, using a numerical study (See Authors
(2011)). The next corollary characterizes the correspondence P(p; R) as well as the asymptotic

behavior of the unique equilibrium price under the no-intervention model.

COROLLARY 1. Suppose the abandonment rate is equal to the service rate. Then, we have that

1. A2(p;R) =log (ﬁ) where A(p; R) is defined as in Proposition 4. Furthermore, the cor-

respondence P(p; R) defined in Theorem 3 can be expressed as

R+c
iR)=14p: — | 14+log | ——— ) ) [A(p; < .
Pt ={pip> [Ree- (1o (ot ) )@ R +d] 0<p< |
2. klim P& =pn1 = (R+c¢)min {1 — 51— Llog (£4) }, where p;; is the unique equilibrium

price under no-intervention setting in the k' marketplace.

Figure 1 displays the correspondence P(p; R) and the limit py;. More specifically, the gray area
represents the prices that can emerge as the equilibrium price of a symmetric equilibrium in a large
marketplace and the bold curve depicts py;. We observe that for all p > 1, the set P(p; R) is not
a singleton. In fact, we have a wide range of prices that can form an equilibrium. Furthermore,
many of the possible equilibrium prices in P(p; R) are lower than py;. The intuition behind this

result is the following: In a marketplace where the moderating firm efficiently matches customers
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P(p; R)

R*lOg("*')c

Almost Zero

Revenue Symmetric

e-Market Equilibrium,

p=(R+c) (1-35)

1 log ( Rt ) 1+ log (&) 2

Figure 1 The prices that form a symmetric market equilibrium as a function of the demand-supply mismatch

(p)- The service rates and abandonment rates are assumed to be one.

and agents, a single agent, who deviates by increasing his price, loses benefits of efficient matching,
and thus cannot sustain the same quality of service (in terms of waiting times) as his “original”
pool. It turns out that the deviating agent cannot improve his “original” revenue by decreasing his
price either. Thus, in a seller’s market, the price-generated pool serves as a deterrent against single
agent deviations even if prices are unappealing from a system point of view. It is also important to
note that such lower prices lead to loss in total revenue for the marketplace compared to the no-
intervention setting. While one may expect operational efficiency tools to be a leverage for higher
revenues in the market, it is surprising to see that reducing the unnecessary waiting and idleness
present in a system with no-intervention may deteriorate the revenues.

When comparing the equilibrium prices in a market with and without operational efficiency, one
should also observe that operational efficiency does not only serve as a deterrent for deviations
from low prices but also prevents deviations from high prices for any level of demand-supply ratio.
Moreover, when the aggregate demand is sufficiently high, efficient matching always leads to higher
profits, although the equilibrium prices under operational efficiency may be slightly lower than the

unique equilibrium in a market without operational efficiency.

5.2. Supplying Real-Time Congestion Information

Up to this point we have studied the impact of a particular efficient matching mechanism which
aims at reducing the mismatch between customers and service providers. Considering the level of
technology that online marketplaces have, another way of achieving operational efficiency might
be to provide the real-time congestion information of each agent. This way, the firm would again
reduce the inefficiency due to unnecessary waits and idleness. Here, we discuss the impact of this

strategy on the market outcome.
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Buyer’s Market: Recall that in Proposition 3, we show that a single agent can improve his revenue
significantly by decreasing his price when the firm provides the efficient matching mechanism
described in the beginning of Section 5. The key driver of this result is the fact that demand for the
agent, who decreases his price, increases drastically. When the firm provides real-time congestion
information, a single agent has the same opportunity to improve his revenue after a price cut;
customers will always choose him whenever he is idle, and this leads to a significant demand increase
for him. Then, similar to Theorem 2, one can show that only the prices very close to zero emerge
as the equilibrium outcome in this setting. Hence, the impact of providing real-time congestion
data in a buyer’s market would be the same as the aforementioned matching mechanism.

Seller’s Market: As the aggregate demand exceeds the total processing capacity in a seller’s
market, the most profitable deviation, if any, for a single agent may be to increase his price when
the firm provides real-time congestion data. Proposition 4 shows that this is true under the efficient
matching mechanism described before. Unfortunately, when real-time congestion information is
available, the system dynamics of a marketplace arising after one agent increases his price is quite
complex, and thus it is analytically intractable. We perform a simulation study to better understand
whether a single agent can improve his revenue by changing his price when the moderating firm
provides real-time queue information.

In our simulation study, we consider a marketplace where each customer obtains a reward of
R =1, incurs a waiting cost of ¢ € {0.01,0.02,...,0.05} per unit time, and abandon the system
with rate of 1/m, € {1/2,1,2}. We fix the number of agents k to be 25, the service rate u to be 1,
and assume the arrival rate A is either 40, 50, or 60. For each of these different scenarios, we check
whether a single agent has an incentive to increase his price to p’ € {0.01,0.02,0.03,...,0.99} \ p
when all the remaining k — 1 agents still charge a price p € {0.1,0.2,...,0.9}. We say p emerges as
the equilibrium price of a symmetric e-Market Equilibrium, with ¢ =0.01, if a single agent cannot
improve his revenue by more than 0.01 when he raises his price. To this end, for any given instance
(A,p,p'), we generate 10000 random customer arrivals. Upon each arrival, the customer observes
the number of customers waiting for each agent, and chooses the one which provides the highest
expected utility. Letting the number of customers waiting for agent-n by @,., the expected utility
of the customer is R — p, — cE[W(Q,)], where E[WW(Q)] is expected waiting time of an arriving
customer in an M/M/1+ M system with service rate 1 and abandonment rate 1/m, given that
there are @ customers in the queue. Whitt (1999) shows that E[IW(Q)] :Ji) m

We estimate the utilization of agents by simulating four runs (The relative error in all cases was
less than 1%). Then, the revenue of the agent is his average utilization multiplied by the price he

charges.
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A=40| A=50| A=60 A=40| A=50| A=60
p=0.1 X X X p=0.1]|| N/JA | N/A | N/A
p=0.2 X X X p=0.21 N/A | N/A | N/A
p=0.3 X X X p=03]| N/A | N/A | N/A
p=04 v X X p=0.4 1| 0.396 N/A N/A
p=0.5 v v X p=0.5| 0.495 | 0.499 N/A
p=0.6 v v v p=0.6 || 0.593 | 0.598 | 0.600
p=0.7 v v v p=0.71 0.694 | 0.697 | 0.700
p=0.8 v v v p=0.81| 0.790 | 0.798 | 0.799
p=0.9 v v v p=0.9 | 0.892 | 0.897 | 0.899
v': p is an equilibrium price, N/A: Not applicable.

X: p is not an equilibrium price.

(a) (b)

Table 1  (a) Prices that can emerge as the equilibrium outcome and (b) the equilibrium revenues of agents when

the moderating firm provides real-time congestion information.

Table 1 summarizes the results of our simulation study when ¢ =0.03 and m, = 1. As in our
efficient matching model, there is a wide range of prices that can emerge as an equilibrium outcome
for a given arrival rate while the range shrinks as the arrival rate increases when the moderating
firm provides real-time congestion information. In other words, this simulation study provides
strong evidence for the fact that our particular operational efficiency model provides very similar
key insights as providing real-time congestion information does. In Section 6.3, we will further

analyze the model in which the firm provides real-time congestion information.

6. Communication Enabled Model

In this section, we continue to study the impact of different mechanisms used by the moderating
firm. As we mentioned in the introduction, the moderating firm may complement its operational
tool discussed in the previous section with a strategic tool, which changes the nature of the inter-
action among agents. In a marketplace such as oDesk.com, service providers are offered discussion
boards in which they are allowed to exchange information. Moreover, the market supports the
creation of affiliation groups, which are self-enforcing entities. We will thus focus on the impact of
enabling communication among agents on the market outcome.

The economics literature suggests that, when the players have the opportunity to perform non-
binding pre-play communication among themselves, the stability of an outcome can be threatened
by potential deviations formed by coalitions, even in noncooperative games. Following this idea, the
well-know notion of Strong Nash Equilibrium (SNFE) requires stability against deviations formed
by any conceivable coalitions (See Aumann (1959)). The main drawback of SNFE is that many of
the games do not have any SNE.

In this section, we modify the marketplace we study in the previous section by assuming that

agents have opportunities to make non-binding communication prior to making their decisions, so
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that they can try to self-coordinate their actions in a mutually beneficial way, despite the fact that
each agent selfishly maximizes his own utility.

Echoing the ideas in the economics literature, allowing communication among agents changes
the equilibrium concept we use to characterize the outcome in the marketplace. We model this
by proposing a new equilibrium concept that allows several agents to deviate together. More
specifically, the new concept requires that a strategy of agents should be immune to any coalitions.
Since a marketplace tends to be large, e.g., there are hundreds of thousands of agents in oDesk.com,
one has to restrict the possible size of a coalition. We denote the largest fraction of agents that
is allowed to deviate together by 6 € (1/k,1]. As in Section 5, we focus on the deviations that
improve the revenues of agents at least by € > 0. Furthermore, we again study the behavior of the
equilibrium along the sequence of marketplaces we described in Section 5. Recall that there are k
agents, the arrival rate is A¥ = pk, and the level of equilibrium approximation is €*, with the same
asymptotic properties as in Section 5, in the k** marketplace. We let §* be the largest fraction
of agents that is allowed to deviate together in the k" marketplace. We assume that §*k — oo as
k — oco. This condition states that the number of agents allowed to deviate increases without bound
as the market size increases. We refer to our new equilibrium concept as (9, €)-Market Equilibrium

which is defined as follows:

DEFINITION 5 ((d,¢)-Market Equilibrium). Let (Df pF y*)N_ summarize the strategy of all
players in the k'™ market with y* >0 for alln=1,...,N. Then, (D*,p% y*)N_| is a (6%, €*)-Market
FEquilibrium if the following conditions are satisfied:

1. DF=DMCE(pk " pkyk ... yk) for alln < N.

2. Foranyl{ < N,m<N, and0<d<min{y}, |6*k]|}, we have that V,(D%,... Dk:pk ... pk;yF,

coyN) 2 VoD, DRl s - 0K — €, where g =y —difn =1, g =yi+d ifn=m,
gk =y otherwise, and D* = DMOB(pk . pk gk . g% for alln < N.

3. For any ¢ < N, 0 < d < min{y¥, |6*k|}, and p' # p, for all n = 1,...,N, we have
that Vo(Df,..., Db, syl ouk) = Ve (DE o Dicrspb b 006 0) — €6
where ¥ = yf —d if n=4¢ §F =d if n =N+ 1, §¥ = y* otherwise, and DF =
DMCE(py L pk gt 0k ) for alln < N +1.

The above definition is closely related to the definition of e-Market Equilibrium in Section 5. The
key difference between these two equilibrium definitions is that (,€)-Market Equilibrium allows a
group of agents to deviate by either forming a new sub-pool or joining an existing one. In fact, our

new equilibrium concept is a refinement of the e-Market Equilibrium. Therefore, any (9, €)-Market
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Equilibrium is also a e-Market Equilibrium. Employing the (4, €)-Market Equilibrium concept, we
expect that the set of prices that can be sustained as a e-Market Equilibrium will shrink since (9, €)-
Market Equilibrium is more restrictive. Kalai (2004) and Gradwohl and Reingold (2008) study
large games and shows that all Nash Equilibria of certain large games are resilient to deviations

by coalitions. Such a phenomena does not exist in our model.”

6.1. Characterization of the (§,¢)-Market Equilibrium

Similar to Section 5, we focus on the symmetric (,¢)-MFE where all agents charge the same price.
The revenue of an agent when all agents charge the same price p* is the same as in (2), and thus
Proposition 2 establishes its asymptotic behavior.

In a buyer’s market with p < 1, we showed that only the prices in a small neighborhood of zero
can emerge as a symmetric e-Market Equilibrium in large marketplaces. As a direct implication of
the fact that (d, €)-Market Equilibrium is a refinement of the e-Market Equilibrium, any sequence
of prices that emerge as symmetric (4, €)-Market Equilibrium converges to zero as the market size

grows. Furthermore, we show that p =0 can emerge as the equilibrium price in large marketplaces.

THEOREM 4. Let p* be a price emerging as a symmetric (6%, €*)-Market Equilibrium in the k**
marketplace where p < 1. Then, for any &€ >0, we have that p* < & for large k. Furthermore, when
klim =0, p=0 is an equilibrium price of a symmetric (6%,¢")-Market Equilibrium in the k'
—00

marketplace, for large k.

In a seller’s market, Proposition 2 shows that the rate of customers requesting service will exceed
the processing capacity of agents when all agents charge a price lower than R. Therefore, customers
experience significant waiting times, and not only pay the price of the service but also incur a
strictly positive waiting cost. Then, we show that a small group of agents can use the fact that
customers pay an extra cost to increase their prices while ensuring that they are still “over-utilized”
after the price increase. Since this small group of agents increases their prices without hurting
their utilization, this deviation clearly improves their revenues (This is in contrast to the setting
in Section 5 where the utilization of a single agent does drop after a price decrease). Thus, in a
seller’s market, only the prices, which are very close to R, can emerge as the equilibrium price of a
symmetric (4, ¢)-Market Equilibrium in large marketplaces. To contrast this result with the result

in Theorem 3, it is worth noting that a single agent has only a limited opportunity to improve his

7 According to the definition in Gradwohl and Reingold (2008), a Nash Equilibrium is resilient to coalitions if players
cannot improve their revenues “too much” even after a coordinated deviation. In our setting, “too much” has to
be almost as much as the customer reward, R, in order to apply their results to our game. Clearly, this makes the
definition of resilience vacuous because none of the agents can increase his revenue by more than R.
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revenue by increasing his price as in most cases, the revenue improvement due to the price increase
is overcome by the drop in utilization. Therefore, without the communication opportunity, it was

possible to observe low prices as the market outcome even though demand exceeds supply.

THEOREM 5. Let p* be a price emerging as a symmetric (8%, €¥)-Market Equilibrium in the
k" marketplace where p > 1. Then, for any & >0, we have that p* > R — ¢ and DME(p*; k) >
1/p—& for large k. Furthermore, there exists a sequence p* that forms a symmetric (6%, e*)-Market

Equilibrium in the k' marketplace, for large k.

The above result shows that agents can sustain a price, which extracts all of the customer surplus,
as the equilibrium outcome in a seller’s market. Moreover, it also implies that the marketplace
cannot be congested in the equilibrium even in a seller’s market since any level of congestion can
be capitalized by agents through a price increase.

Theorem 5 characterizes the unique limit of symmetric (, €)-Market Equilibrium, but this result
can be extended by showing that R is indeed the unique limit of all possible (4, €)-Market Equilibria

as discussed in Section 7.3 (See Proposition 10 in Authors (2011) for a formal treatment).

6.2. Supplying Real-Time Congestion Information

In the previous subsection, we show that the moderating firm can ensure that agents charge prices
arbitrarily close to R in the equilibrium when it complements its efficient matching mechanism
with the ability to communicate in a seller’s market. Here we want to discuss whether the ability to
communicate leads to high equilibrium prices when the moderating firm provides real-time queue
information in order to reduce the mismatch between customers and agents. Note that we already
discuss that only the prices very close to zero can be sustained as an equilibrium in a buyer’s
market when the moderating firm provides real-time congestion information. Since we use a more
restrictive equilibrium concept when there is communication opportunity, there will not be any new
equilibrium in a buyer’s market if the moderating firm provides real-time congestion information
and allows agents to make pre-play communication.

In a seller’s market, as in Section 5.2, characterizing the equilibrium outcome in general is
again analytically intractable. However, considering a special case where §* =1 for all k, we can
analytically show that allowing communication leads to higher equilibrium prices even when the
moderating firm provides real-time queue information.

Note that the operations of a marketplace, in which the firm provides real-time queue information

and all agents charge the same price, behave like a parallel server system where customers are
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joining the server with the shortest queue length, i.e. an M/M/k+ M/JSQ system®. There is a
huge volume of literature studying such systems without customer abandonments, but none of these
papers provides an exact expression for the performance evaluation of the system in a general setting
(See Halfin (1985), Grassmann (1980), Blanc (1987), Nelson and Philips (1989)). Fortunately,
almost all of these studies highlight the close connection between an M /M /k/JSQ and an M /M /k
system, and show that they behave almost the same under certain conditions (For example of
the system size k becomes large). Motivated by these studies, we state the following proposition
by supposing that the performance of an M/M/k+ M/JSQ system and an M/M/k+ M system
are close to each other when £ is large. We show that only the prices above a certain threshold,
which depends on R and ¢, which measures the gap in performance between an M /M /k+ M/JSQ
system and an M /M /k+ M system, can emerge as the equilibrium price in a marketplace in which
real-time queue information is provided. It is worth noting that if ¢ is equal (or close) to zero, as
it is argued for the multi-server systems without customer abandonments, the above proposition

provides the same conclusion as Theorem 5.

PROPOSITION 5. Let 3799(X\;k), and o75%(\;k) be the probability of abandonment, and agent

utilization in a M/M/k+ M/JSQ system with arrival rate X\, service rate 1, abandonment rate

8759 (pkik) o5 pkik)
B (okh) < 00 ond im “o—2m s

ing in a symmetric (5,€e")-Market Equilibrium in the k'™ marketplace whit real-time congestion

1/m,. Suppose klim >1—C(. Then, let pfnfo be a price emerg-
—00

information. If p>1 and % =1, then for any & >0, we have that pfnfo > R(1—()—¢& for large k.

7. A Marketplace with Non-Identical Agents

In Section 3, we introduce a model where all of the agents in the marketplace are a priori identical.
However, it is natural to imagine that large service marketplaces attract service providers with
different skill sets, which provide their customers different values for the service. In this section,
we explore the robustness of the conclusions of the previous sections to the heterogeneity among
service providers.

To this end, we extend our original model by considering a marketplace where agents provide
the same service but in different quality levels, say low (L), and high (H). We assume «; fraction of
agents provide quality-i service for i € {H, L} while there are still £ agents in total. Furthermore,
we assume that customers value the service with respect to its quality. Particularly, customers earn

a reward of R; when they are served by a quality-i agent for i € {H, L} where R; < Ry. We also

8 In this notation, k denotes the number of parallel and independent servers, and JSQ represents the policy used to
route arrivals to the servers.
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distinguish the agents according to their operating costs. We assume the operating cost of quality-i
agents is w; for s € {H, L} where w; <wpg. For notational convenience, we let wy =0. We refer to
the difference between R; and w; as the “quality-cost differential” of quality-i agents for i € {H, L}.
As in Section 3, the service rate is 1, arrival rate is A, abandonment rate is 1/m,, and waiting cost
ise.

In the next three subsections, we compare our findings in a model with identical agents with the
results for a model with non-identical agents. We will use a similar mode of analysis as in Sections
4-6. We also discuss how the composition of the marketplaces, i.e., the ratio between high-quality
and low-quality agents, affects the outcomes. We refer the reader to Authors (2011) for a detailed

discussion of our findings in this section.

7.1. No-intervention Model

In the model with non-identical agents, we again start with the behavior of the marketplace when
the moderating firm confines itself to setting up the necessary infrastructure. In such a setting,
each agent’s operations can still be modeled as an M/M/1+4+ M queuing system. Note that as the
agents provide a different quality of service, the expected utility of a customer will depend on both
the price and the service quality of the agent who serves her. To account for that, we define the

”

“net reward” of a customer from a quality-i agent charging p as R; —p for i € {H, L}.

As before, we focus on the symmetric SPNE. Since we have two groups of agents, we define the
symmetric equilibrium as one where all the high-quality agents charge py and all the low-quality
agents charge pr. Then, a price pair (pg,pr) form a symmetric equilibrium price, if agents cannot
improve their revenues by charging a different price.

The equilibrium characterization in this model is very similar to the equilibrium in Theorem 1:
Agents may behave as local monopolists when the arrival rate is sufficiently high. Furthermore, once
the arrival rate is less than a certain threshold, customers observe lower prices, which allow them
to earn strictly positive utility, due to the intensified competition. However, we also encounter new
results when we allow for heterogeneous agents. First, unlike the identical agent model, we observe
that the main driver of equilibrium outcomes for certain parameters is not only the competition
between providers but also the fact that agents offer different quality of service. For instance, when
the demand rate is in a certain range and Ry — wgz > Ry, high-quality agents charge a low price
and forego a significant customer surplus both because of the low demand and the fact that they
want to keep the low-quality agents out of the marketplace. We also show that it is possible to

have a continuum of symmetric equilibria, whereas we always have a unique symmetric equilibrium

with the identical agents.
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Intuitively, the group of agents with the higher quality-cost differential almost always serve more
customers and earn more revenue in the equilibrium. Moreover, if the arrival rate is low enough,
the market is covered solely by the group of agents with the higher quality-cost differential. These
findings illustrates that only the quality-cost differentials of the agents matter in the equilibrium.

Having two different groups of agents allows us to discuss the impact of the fraction of agents
with a certain quality, oy and aj, on the equilibrium outcomes. However, our equilibrium char-
acterization is not explicit enough to show this impact analytically. Therefore, we explore this
question by an extensive numerical study. The results of this study shows that revenues in a mar-
ketplace is deteriorated as a result of having more low-quality agents only when the operating cost
of providing high-quality service is significant (See Appendix S.4.1 for the details of the results).

The implications on the identical agent model: Our model with heterogeneous agents also
helps us to prove that the non-symmetric equilibrium may exist only for a small range of demand-
supply ratio p in the no-intervention model with identical agents. Furthermore, we show that this
range becomes negligible as the number of agents grow (For a more formal result, see Proposition

7 in Authors (2011)).

7.2. Operational Efficiency Model

We now turn our attention to a marketplace where the moderating firm aims at reducing the
unnecessary waits and idleness in the system through a matching mechanism. In particular, the
marketplace under this matching mechanism operates as a queuing system where all agents offering
the same net reward are virtually grouped together, regardless of the quality of their service. We
assume that customers decide which agents to choose based on the net reward and they treat
all agents as the same when they offer the same net reward because the nature of the tasks is
simple, benefits are tangible, features are clear, and thus rewards are easily quantifiable. Further,
one may view these tasks as commodities.” We refer to agents announcing the same net reward as
a sub-pool.

In a marketplace with non-identical agents, the customer decision making and experience is the
same as in Section 5. Further, the Market Customer Equilibrium and e-Market Equilibrium are
the natural extensions of the definitions in Section 5 to a marketplace with non-identical agents
and are, thus, omitted.

9 One may envision a model, in which customers strictly prefer high-quality agents even if they provide the same
net reward as low-quality agents. Such a model would require additional notation and analysis but our key findings,

namely providing operational efficiency may lead to profit loss and enabling communication may help to overcome
that loss, continue to hold.



Cil et.al.
Large-scale Service Marketplaces 29

7.2.1. Characterization of the Market Equilibrium: We study the behavior of the equi-
librium in large marketplaces by considering the sequence of marketplaces we described in Section
5 along with the following assumption: the number of high-quality and low-quality agents are ayk
and apk, respectively, in the k** marketplace. This ensures that the ratio of high and low-quality
agents is constant along the sequence of marketplaces.

When demand is sufficiently low in a buyer’s market, we show that the revenues of agents is
always in a small neighborhood of zero in large marketplaces. This result is similar to the one in the
model with identical agents. Furthermore, when demand exceeds the total capacity of agents with
high quality-cost differential in a buyer’s market, we show that there may be multiple equilibria.
However, similar to Section 5, most of these equilibrium prices may be very low compare to the
equilibrium outcome in the no-intervention model. Thus, providing tools to improve the operational
efficiency may still deteriorate the moderating firm’s profit. It is also worth noting that even the
best equilibrium outcome from the perspective of agents and the moderating firm may be worse
than the outcome in a no-intervention model in a buyer’s market.

In a seller’s market with non-identical agents, the pooling benefits associated with operational
efficiency will again serve as a deterrent for deviation as in the case of identical agents. Thus, there
will be multiple symmetric equilibria in a seller’s market as established in Theorem 3.

The implications on the identical agent model: One important implication of our results is
that any sequence of price pairs (p%, p%) with limits strictly greater than operating costs cannot be
an equilibrium in large marketplaces under the operational efficiency model. Using this observation,
we can show that in a buyer’s market with identical agents, the revenues of all agents in any non-

symmetric equilibrium (if exits), should be in a small neighborhood of zero in large marketplaces.

7.3. Communication Enabled Model

We now explore the impact of enabling communication among agents in a market with non-identical
agents. To this end, we study the behavior of the (§*, €¥)-Market Equilibrium in large marketplaces
by considering the sequence of marketplaces described in the previous sub-section.

In Section 7.2, we show that the revenue of agents is always in a small neighborhood of zero
in large marketplaces when the total capacity of agents with high quality-cost differential exceed
demand. Since (6%, €*)-Market Equilibrium is a refinement of ¢*-Market Equilibrium, this equilib-
rium outcome is the only possible (6%, ¢*)-Market Equilibrium when demand is sufficiently low in
a buyer’s market.

We also establish that there are multiple symmetric e*-Market Equilibria when demand exceeds

the total capacity of agents with high quality-cost differential. It turns out pre-play communication
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help agents to sustain the best of these multiple equilibria in a buyer’s market. Finally, with the
help of pre-play communication, agents can sustain a price, which extracts all of the customer
surplus, when p > 1.

The implications on the identical agent model: Similar to previous results in this section,
our results in the non-identical agents model helps us to show that, even if there are any non-
symmetric equilibrium in a seller’s market with identical agents, the revenue of quality-i agents in

equilibrium should converge to R; as well as the price they charge for i € {H, L}.

8. Conclusion

In this paper, we study a marketplace in which many small service providers compete with each
other in providing service to self-interested customers looking for temporary help. The main focus
of the paper is on the role of the moderating firm, which sets up the marketplace and creates
the infrastructure where agents and customers interact. To this end, we explore the impact of
different strategies employed by the moderating firm by considering three market models, where
the moderating firm has different degrees of involvement.

We characterize the market outcomes in each of these models. We observe that outcomes crit-
ically depend on the moderating firm’s involvement and market conditions, i.e., whether it is a
buyer’s or a seller’s market. Since different types of involvement of the moderating firm result in
different equilibrium prices and customer demand, the moderating firm aims to intervene in the
marketplace in order to make sure that the “right” prices and customer demand emerge in equi-
librium. Specifically, the moderating firm tries to maximize the revenues of agents since its profit
is a share of the agents’ revenues.

We show that when the firm ensures efficient operational matching and enables agent communi-
cation in a seller’s market, the natural upper-bound on the revenue generated in a marketplace! is
asymptotically achievable, and thus, using these two tools together dominates any other strategy
from the moderating firm’s perspective in a seller’s market. We also show that efficient operational
matching in a buyer’s market leads to arbitrarily small total marketplace revenue compared to the
total revenue under the no-intervention model. Hence, using the matching mechanism we discuss in
this paper is not advisable in a buyer’s market despite the fact that it reduces the mismatch between
demand and supply. This result is somewhat counter-intuitive, because the efficiency improvement

due to better matching is not necessarily translated into additional profits. It seems other tools

0Tn a given marketplace, the total revenues of the agents cannot exceed min{A, k} R since they cannot charge more
than R, and their effective demand is the minimum of their processing capacity and the aggregate demand.
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aimed at improving the operational efficiency, such as providing real-time queue information, will
have a similar impact on the moderating firm’s profit in a buyer’s market.

Both oDesk.com and ServiceLive.com are currently in their growth stage and have not achieved
their full potential in terms of demand for their services. However, both firms can and should
project the “mature” market conditions and decide on their appropriate measures to adopt. Given
the moderate level of congestion in oDesk.com, one may infer that the marketplace can be identified
as a seller’s market. Following the discussion before, oDesk.com’s decision to offer operational tools
complemented with strategic tools is well justified.

There are also other possible ways for a moderating firm to be involved in the marketplace
including contracting with agents or providing a suggested price. Particularly, the setting in which
the firm provides a suggested price can be viewed as pre-play communication and will indeed shrink
the set of equilibria. However, these type of interactions between the moderating firm and agents
are outside the scope of this paper as these settings are not a market per-se anymore. In such
environments, the firm would decide on prices as well as the allocation of agents to customers.

While modeling operational efficiency, we assume that agents give priority to their own cus-
tomers. One may consider an extension of our model in which agents are allowed to choose both
priority and prices, simultaneously. The equilibria that arise in our model with fixed priority rule
would still be sustained in such an extended game. Hence, the main spirit of our findings, namely,
the fact that providing operational efficiency may lead to profit loss, would not change. Additional

equilibria would be possible in the extended model only when demand exceeds supply.
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Appendix A: Proofs in Section 4
A.1. Proof of Proposition 1

Suppose there are two Customer Equilibrium, say (D,)*_, and (D!)*_,, given (p,)*_; with p,, < R for some

n (When p, = R for all 1 <n <k, the unique equilibrium is clearly D, =0 for all 1 <n <k.). Let
S={n<k:D, >0}, and S"={n<k:D; >0}.

As we show in Lemma 2, we have that S = S’. Then, let U(AD,,,p,) =u for any n € S and U(AD!,,p,) =’
for any n € S’. Since S =S5’ and D,, # D), for some n € S, we have that u # v’. WLOG, assume u > u’. This

k k k
implies that Y D, < > D! <1.However, since y D, <1, we have that v’ < u =0 which is a contradiction.
n=1

n=1 = n=1
A.2. Proof of Theorem 1

Existence and uniqueness of \™°" and \°: After a birth-death chain analysis of an M/M/1+ M system

with arrival rate A, service rate 1, and abandonment rate 1/m,, we have that S(A\) =1 — 9(A) and

A(1+g(N)”
W(A) =m,B(\) where ag =1, a, = ! =_ " forany n>1, and gA\) = 3 a A"
n=1

n—1

I (1+i/ma) f/l;—[:(mﬁi)
Observe that 1 — 8(\) — A3'(A) is strictly decreasing in A since A[1 — 8(\)] is strictly concave by Lemma

1.4. Moreover, lirré {1 - BN —)\ﬁ/()\)] = lim > = 1 since }ir%g()\) =0, and lirr(l)g’(/\) = 1. It is also true

g'(N)

A0 [L+g(V)]
that Alim {1 — BN — /\B’(A)} <0 since }im B(A) = 1. Therefore, it is clear that A™°™ exists and it is unique.
Let z(A\) =(R+emg)(k—1)— 58y (ﬁ(k) - 1). Then, z()\) is strictly decreasing in A since v(\) and
B(A) are strictly increasing in A by Lemma 1. Moreover, z(A™°™) = T h(mony — (R+cm,) <0. Therefore, it

is clear that \° exists, it is unique, and \° < kA™°™,
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Necessary conditions for the symmetric equilibrium: The best response problem of agent-¢ in (1)

can be rewritten as follows:

0.8, o PeADe[1—B(ADy)]
s.to
(R—pe+cma)[1 = B(ADy)] —cm, >0
(R —pe+ema) [1 = B(AD,)] = (R—p+cm,) [1 = B(AD_,)]

Dy+(k—=1)D_ <1

In this new problem, we state the conditions of the Customer Equilibrium as the constraints of the prob-
lem. In other words, for any (D,, D_,) satisfying the constraints, we have that D, = DS®(p,...,p,pe,p,...,D)
and D_, = DSE(p,...,p,ps,p,...,p) for any n # £. We denote the solution to the above problem by
(De(p), D—o(p), pe(p)) for a given p.

After some algebra and using the FOCs of the above problem, any symmetric SPNE (D, p) should satisfy
the following conditions:

cm,
1 — B(min{A\mo" A/k})

D=1/k, p=(R+c¢)— —(R+kc)(k 7?1

_ min{)\"“’",A//ﬂ}

b A

< A> A\

, p=R+cm,

& A< A0,
1_ A/KBT(AJR)
1-B(A/k)

Sufficient conditions for the symmetric equilibrium: Lemma 3 in the technical appendix establishes

the existence of the symmetric SPNE when () is concave.

Appendix B: Proofs in Section 5
B.1. Proof of Proposition 2

To prove Proposition 2, we first argue that lilzninf DMCE(pk k) > min{l7 m} when p < R. Suppose
— 00

pemag

on the contrary that the result does not hold. Then, there exists a convergent subsequence of DI7F (p*; k),

say DMCE(pk: k) (we do not use a new notation for the subsequence for notational convenience), such that

R—p+cma}

lim DME(pk: k) = liggior.}f DME(p*: k) < min {1, e,

k— o0

since DMOE(p*: k) € [0,1] for any k=1,2,.... Let D = klim DMCE(pk: k). Then using the fact that system

behaves as a multi-server queue when all the agents charge the same price, we have that

klim Ui (DY CE (p* k) p*i k) = klim (R—p" +cmy,) (1= BM(A*DY P (p* k); k)) —cm,
R—p+cm,

= ————— —cmg>cm, —cmg, =0,
max{Dp,1}

where the equality holds by Lemma 4 and the last inequality holds since D(p) < min{L m} and

pcmg

p < R. Therefore, there exists a K* such that for any k > K*, we have U, (D}Y“®(p*; k);p*; k) > 0 whereas

D}CE(p*; k) < 1. However, this contradicts with the definition of Market Customer Equilibrium.
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We now argue that limsup DY“F(p*;k) < min {1, %}. To do this it is sufficient to show
k—o0 @
lim sup DMCE (p*; k) < % since DMF(p*; k) <1 for any k. Suppose on the contrary that the result
k—o0 @
does not hold. Then, there exists a convergent subsequence of DMCE (pk: k), say DMCE(p*; k), such that
R - a
lim DF(p*; k) =limsup D)% (p*; k) > Roptom,
k—ro0 k— oo PCMg
since DYCF(p; k) € [0,1] for any k=1,2,....
Let D= Jim D} CE(p*; k). Then, observe that
—00
klim U (DMCE(p* k);p* k) = klim (R—p"+cmy,) (1= BY(A*DY“P(p*; k), k) — cm,
—00 — 00
R—p+cm,
= ————— —cmy<cmg, —cmg, =0,
max{Dp,1}
where the equality holds by Lemma 4 and the last inequality holds since pD(p) > fzptema > . Therefore,
there exists a K* such that for any k > K*, we have U, (DM®(p*; k); p*; k) < 0. However, this contradicts
with the definition of Market Customer Equilibrium since DMCF(p*; k) > 0 for large k.

Once we establish that klim DMCE(pk: k) = min {1, m}, we have that klim [1-BM(A*DMCE (pF: k) k)] =

pcmg

b I by Lemma 4. Finally, combining these two, we have that kll)rgo Vi(DYCE(p* k) phi k) =

pcmg

max{pmin{L
pmin{p, 1}.
Note that we don’t use p < R to argue that limsup DMYF(p*;k) < min{l,m}. Therefore,

CTm
k—oo pema

min {1, m} is the upper-bound for the fraction of customers requesting service in the limit, regardless

pcmg

of p. As a direct implication of that the upper-bound for the revenues of the agents in the limit is pmin{p, 1}.

B.2. Proof of Proposition 3

We start proving the proposition by considering the case p < R. Note that klggo DMCE(pk: k) >0 when p< R
by Proposition 2. Thus, for the case where p < R, we need to show that klirglo V'(p*; k) = p. Note that this
statement is trivially true when p =0. In order to prove Proposition 3 for p > 0, we consider a deviation by
a single agent where he decreases his price by an arbitrary small amount ¢ > 0.

Let D,ooi(k) = DY CE(p*,p — g5k — 1,1) and D,,.(k) = DYCE(pF,p — e;k — 1,1). We first argue that
ligiorolf D,oor(k) + Dope (k) > min{1,1/p} for any p < R. We prove this claim by contradiction, so that we sup-
pose lig ior‘}f D oot (k) + Dype (k) <min{l,1/p}. Then, there should exist convergent subsequences of D, (k)
and D,,.(k) such that khj& D,oot(k) + Dope (k) <min{1,1/p}. Using this observation, and letting P,,..(k) =
PServiy (Dpoo,(k:), Doye(k);p*,p— €3k —1,1) for notational convenience, we have that

Jim Uy (Dyoor(k), Done (k) p* p— ek —1,1)
= (1= Jim Py () [(R=p+emy)[1 = lim By (Dyoot (), Done (K); p*,p = 3k = 1,1)] = cm
H(R—p+e) Jim Py (k)
> (R—p+emg)[1— lim By (Dpoot (k), Done (k);p*,p— &1k — 1,1) ] —emy
>(R—p+cm,) [1 - kli_)riloﬁM(AkDpool(k); k— 1)} —cma=R—p>0,

where the second inequality holds since some customers choosing sub-pool-1 may be served by sub-pool-2,

k
and the last equality holds since lim Ai”f";l(k)

k—o0

< min{l, p} < 1. However, this contradicts with the definition
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of the customer equilibrium since we suppose klirn Dyt (k) + Done(k) < 1, i.e. some customers choose not to
request service for sufficiently large k. Hence, we should have that lign inf Dpooi (k) + Done (k) > min{1,1/p}.
Then using the fact that lign inf Dpooi (k) + Done (k) > min{1,1/p}, we have that
—00

lim inf Va (Dyoot (k), Done (k);p*,p — €1k = 1,1) = (p— &) iminf o3 (Dot (), Done (k): " p— €3k~ 1,1)
Ak (D ool (k) + DO”Le(k))
> (p—e¢) lim £ P&
- (p )k~>oo 1+Ak (Dpool(k)"‘Done(k)) P

where the inequality holds by Lemma 5. Note that the revenue of a single agent after the deviation we

propose is less than the optimal deviation V'(p*; k), and thus we have that
liminf V'(p*; k) > liminf Vo (Dpoot (), Done (k); p*, p— 5k —1,1) > p—e.
k—o0 k—o0

Finally, our claim holds since € can be arbitrarily small and V'(p*; k) < p* by construction.

Now, we consider the case where p = R and li{g'gclf DMCE(pk- k) = D >0 (Note that pD < 1 by Proposition
2). This time, we will show that ligr_1)1£f D,oot(k) + Dope(k) > D. As above, we assume the contrary. Then,
there exists a subsequence of D,,.;(k) such that liggiozlf D oot (k) = Dpoyy < D. Then, we have that

Ul (Dpool(k)7Done(k);pk7pk - E>k - 17 1) > (prk +Cma) [1 - 6NI(AkDpool(k); k— 1)] — CMyg,
> (R=p" +ema)[1 = BY(A*DYF(p*; k) K)] — emq 20,

for large k, where the strict inequality holds since BM(A*Dpou(k);k — 1) o (1 (pDyoore’ *Proot ) and
BM(AFDMOE (pk: k); k) =~ (o (pDe'~#P)¥ for some constants ¢; and ¢; by Theorem 5 in Zeltyn and Mandel-

~ > 1—pDpooryk
baum (2005) and the fact that pD < 1. Note that £2eeet® " OF

. o o 1—
(DT rD)E — 0 as k— 0 since D,,,, < D and ze

is strictly increasing in « for any x < 1. However, this contradicts with the definition of the customer equi-
librium since we suppose klgrolo D,oot(k) + Dy (k) < 1, i.e. some customers choose not to request service for
sufficiently large k. Hence, we should have that ligg i£f D oot (k) + Done (k) > D. Using this result, we can again
show that the utilization of the deviating agent will converge to one, and thus his revenue will be R —¢.

Finally, we need to show that kh_}rgc V'(p*;k) > 0 when p = R and li&i{){}f DMCE(pk: k) = 0. Consider a
deviation where a single agent cuts his price and charge R/2. Let, A solves (R/24cm,)[1—B()\)] = cm,. There
exists such A since S()) is increasing in A and )\151010 B(X) =1. Then, by construction A* (Do (k) + Done (k) >
A because otherwise the customer choosing the deviating agent would earn a strictly positive utility while
Dyoot(k) + Done (k) < 1 for large k, and that would be a contradiction. Therefore, using Lemma 5, we have
that )

kl:rr;o V'(p*; k) > R/Ql—i—% > 0.

B.3. Proof of Theorem 2

1. We prove this claim by contradiction. Thus, we suppose that there exists a £ > 0 and a sequence of
equilibrium prices p* such that p* > ¢ for all k. Then, there should exists a subsequence of p* such that
Jim p* =p>&>0. Let V'(p"sk) = oK Vo(Dy OB (p,p'sk — 1,1), Dy 8 (p*, p'sk — 1,1);p%,p's k — 1,1).
When p <1 and )}Lrglo DY CE(p*; k) > 0, we have that

lign inf V' (p*; k) =p>pp> klim Vi(DMCE (p*: k);p*; k) + klim €,
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by Proposition 3, and by the definition of €*. Then, for sufficiently large k, we should have that V'(p*; k) >
Vi(DMCE(pk: k); p*; k) + €*, which implies that p* cannot emerge as the equilibrium price of a symmetric
e-Market Equilibrium for large k.

Similarly, when Jim DMCE(pk: k) =0 (and thus, ]}LIEC%(D¥CE(pk;k);p’“;k) =0), we have that

lign inf V' (p*; k) >0= klim Vi(DYCE (p* k) p" k) + klim €,

by again Proposition 3 and the fact that p > £ > 0. Thus, for sufficiently large k, we should again have that
V'(p*;ik) > Vi(DMCE(pk: k);p*; k) + €, which implies that p* cannot emerge as the equilibrium price of a
symmetric e-Market Equilibrium for large k.

2. To prove this claim, we suppose, on the contrary, that p =0 cannot be a symmetric equilibrium, so that
there is a sequence p* such that a single agent can improve his revenue by increasing his price to p* in the k"
marketplace. Let U, (k) and Uy, (k) be the utility of customers choosing price zero and p*, respectively.
As we suppose that the deviating agent improves his revenue, strictly positive fraction of customers should

pick him, and thus we should have that Uy, (k) > U, (k) for any k. Using this observation we have that
(R —p")[1 = Pria(k)] + RPro(k) 2 Useo (k) > Upoor (k) > (R — cmy) (1 — Y (pks k — 1)) — e,

where Pjo(k) is the probability that a customer picking p* is served by the agents charging zero in the
k" marketplace. The first inequality above holds since customers, who pick p* and served by the deviating
agents, may abandon, and the last inequality holds since agents charging zero may not serve all customers,
and they give priority to their own customers. Since p < 1 and using Theorem 5.1 Zeltyn and Mandelbaum
(2005), we have that U,.. (k) converges to R with an exponential speed, i.e. there exists a constant ¢ such
that Upeei(k) = R— e~¢*. Then, the above inequality implies that p*[1 — Pya(k)] < e~¢*.

Note that the revenue of the agent deviating, say V., (k), in the k" marketplace is less than pkp}[1 — Pi2(k)]
since the rate of customer he can serve cannot be greater than pk[1 — Py5(k)]. As a result of this observation,
we have that

Vi) _ phe <"

Vieo(k) < pke™¢F = 2222

- —0 as k— oo,
€ €

where the convergence holds since €*vk — oo and e$*k=3/2 — 00 as k — co. Since Vd%k(k)

converges to zero,
we should have that V., (k) < €* for large k, which contradicts with the fact that p* is a profitable deviation.

Hence, p =0 should emerge as the equilibrium price of a symmetric e*-Market Equilibrium for large k.
3 Let A be the constant \° defined in the k** marketplace in the no-intervention model. Then, we have

ko1 c 1B\ /k) 1 _
Bt ema) = = T 300 /R <1 —BOR/E) = A /RBOR/R) %> -

Using that equation we have that klim A2 /k = Am°n. Thus, we have that
—00

that

_ 1-B(p)=pB'(p) ; mon

tim gt = 4 BT TR | wesa
NI - C ; mon
k=00 R+e¢) 1 — mraa ooy if p> Amen,
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where p%; is the unique equilibrium price under no-intervention setting. Furthermore, we have that the
utilization of a single agent in the no-intervention model converges to p[1— B(p)] when p < A™°™ and A™e" [1—
B(A™™)] otherwise. Thus, it is clear that the revenue of an agent converges to a strictly positive limit, say
v, under the no-intervention model. Furthermore, by part 1, the revenue of an agent under the operational
efficiency model is less than £v for large k. Thus, we have that % < % < ¢ for large k.

B.4. Proof of Proposition 4

Consider the following problem

M(p)= max  p'A[1—pB(N)]

p<p’<R,A>0
sto (R—p' +cem,)[1—B(N)] > A(p; R) +cmy,

One can easily show that II(p) = max (R4 cmg)A[1 = B(N)] — A[A(p; R) + ¢m,,]. Then, by using the FOC,

we have that II(p) = (R + cma,)A2 (p; R)[1 — B(A2(p; R))] — A2 (p; R)(A(p; R) + em,,), where A\®(p; R) solves
/ A(p;R)+cmg

L= BN = AB'(n) = Blptens,

Now, we are ready to prove Proposition 4. For notational convenience, let
p(k) =arg max Vi(DYF(p',p*1,k—1), DY“F(p',p* 1, k—1):p,p*1,k—1), A(k) = A*DYF(p(k), p*; 1,k —

pk<p’<R

1), and D,.0i (k) = DYCE(p(k),p*;1,k — 1). Observe that for any k=1,2,...,

p(k) € [0,R], Mk) €[0,A], Dpooi(k) €[0,1], V'(p*;k) €10, R],

where ) is defined as in Lemma 6. Then, there exists a convergent subsequence of V'(p*; k), which is denoted

by V'(p*; k) (for notational convenience), such that IJLI& V'(p*; k) :liznjgp V'(p*; k). Moreover, p(k), A(k),

D,001(k) have convergent subsequences, and we let pe” = kh_g)lo p(k), A= klgrolo A(k), and Do = kh_glo D,ooi(K).
Then, by the continuity of 5(\) and definition of Market Customer Equilibrium, we have that

(R—=p"" +cm,)[1—B(N)] = Jim (R = p(k) + ema)[1 = BA(K))] = lim U, (A(k)/A¥, Dyoor (K); p(k), p*; 1,k = 1) + em,
(nger cmy,)

= A(p; R) + cma,
prool

= khm U2 ()‘(k)/Ak7Dpool(k)’ﬁ(k)apk7 ]-7 k— 1) +cmg =

where the second equality follows by Lemmas 6.2 and 6.3, and the last two equalities holds by Lemmas 6.5
and 6.6. Therefore, (5%, \) satisfy the constraint in the limit problem. And, this implies that

limsup V' (p*; k) = 5" A(1 = B(N)) < II(p).

k—o0

B.5. Proof of Theorem 3

We first show that when p > 1, a single provider, who cuts his price, cannot improve his revenue by more than
€* for large enough k. Thus, the only possible profitable deviation for a single agent is to increase his price for
large enough, yet finite, k. To argue that let Vet (p*; k) = Og}?g}k Vo(DMCE(p*, p'sk —1,1), DMCE (p*, p's k —
1,1);p*,p';k—1,1) for any given sequence p* with limit p < R. Note that pkhjgo DMCE(p; k) > 1 by Proposition
2. Therefore, using Theorem 6.1 in Zeltyn and Mandelbaum (2005), we have that the revenue of an agent

converges to p exponentially as k — oo when all agents charge p* in a seller’s market, i.e there exists a



Cil et.al.
40 Large-scale Service Marketplaces

constant ¢ such that Vi (DMCE(p*; k);p*: k) = p*(1 — e=¢*). Using this observation, for large enough k, we
have that
V(DY P (p k) p*s k) = pP(1 —e™F) > p* — Re™F > pb — e > V' (p; k) — €".

e k

The second inequality holds for large enough k because klim ;,f =0 by our assumption of klim k=0
— 00 — 00

and the fact that klgrolo esk/ Vk = co. This implies that a single agent cannot have a profitable deviation by
decreasing his price in large marketplaces. Hence, in order to verify that a price can emerge as an equilibrium
outcome of a symmetric €*-Market Equilibrium, it is sufficient to check any single agent deviation where the
agent increases his price.

Let V/(ptsk) = max Vi(DYOF(p',p5 1k — 1), Dy (pph Lk — 1)ipph Lk — 1). Since p € P(p; ),
we have that

lim Vi (DY (p*5 k)i p k) = p > (R4 ema) A% (ps R)[1 = B (p: R))] = A% (9 R)(A(ps R) + )
> limsup V' (p*; k),

k—oo
where the last inequality holds by Proposition 4. Hence, for sufficiently large k, we have that V'(p*; k) <
Vi(DMCE(pk: k); p*; k), which implies that p* can emerge as the equilibrium price of a symmetric ¢®-Market
Equilibrium for large k.

Monotonicity of P(p; R): Let II(p, p) = meX(R + em)A[1 = B(N)] = A[A(p; R) + cm,]. We first want to
note that II(p, p) is increasing in p for all p since A(p; R) is decreasing in p. Now, suppose p; > p, and
p € P(p1; R). Then, we have that p € P(p1; R) = p>1(p,p1) > 1(p, p2) = p € P(pa; R), where the inequality
holds since II(p, p) is increasing in p. Hence, we have that P(p1; R) C P(pa; R).

Appendix C: Proofs in Section 6
C.1. Proof of Theorem 4

We showed, in Theorem 2, that p* < ¢ for large k for any £ > 0 even we allowed for only single agent
deviations. Thus, it is only necessary to argue that p =0 is an equilibrium price. In fact, the proof of such a
claim is the same as the proof of Theorem 2.2: Suppose there is a sequence p* such that §* fraction of agents
can improve his revenue by increasing his price to p* in the k' marketplace while the remaining agents
charge zero. Then, as in the proof of Theorem 2.2, we can show that the revenue of the deviating agents

should converge to zero in an exponential rate since we assume * — 0. However, €*

converges to zero in a
slower rate. Hence, p =0 should emerge as the equilibrium price of a symmetric (6%, ¢*)-Market Equilibrium
for large k. It is worth noting that we could only show the existence of equilibrium for p < 1—4 if lim 6* =4

k—oo

for some 4 > 0.

C.2. Proof of Theorem 5
Before proving the theorem, we first state the following proposition. The proof of this proposition can be
seen in the technical appendix. This proposition simply proves that a group of agents can improve their

revenues by increasing their prices in a seller’s market when they are allowed to deviate together.
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PROPOSITION 6. In a seller’s market (p > 1), we have that ligninf% > %, where DMCE () =
— 00

DMCE(pk pks | 6%k ], k—[6%Kk]), klim p*=p<R, klim PP=p,andp<p < min{R,p—l— (1 — %) (R—p—i—cma)}.
— 00 —o00
Furthermore, we have that klim Vi(DYCE(Ek), DMCE(k); p*, pF; | 0%k ], k — | 6%k]) =p'.

We prove the theorem by supposing on the contrary that the result does not hold. Then, we can find a
convergent sequence of equilibrium prices p* such that klivnolo pP<R—E<R. Let p= klgrolo p*. Then, using
Proposition 6, agents can improve their utility by increasing their price to p’ in a marketplace with sufficiently
large number of agents. However, this contradicts with the fact that p* is a (&%, €")-Market Equilibrium.
Hence, for any given £ > 0, there should exists a large K such that p* > R —¢ for any k > K.

We show the claim on the customer equilibrium by contradiction as well. Thus, we assume that there exists
a £ >0 such that DMCF(p*; k) <1/p— & for all k. This implies that there is a sequence of equilibrium prices
p* such that kh~>no1<> DMCE(p*: k) < 1/p. Furthermore, note that klingopk = R by our claim on prices. Then, by
Proposition 3, the limiting revenue of a single agent cutting his price is R whereas his revenue before the
deviation is at most R(1 —£&p). As £ > 0, this implies that the revenue of an agent cutting his price is strictly
greater than his revenue before the deviation for large k. This contradicts with the definition of equilibrium,
and thus, we should have that lim DYCE(pk: k) > 1/p.

To show the existence of the equilibrium sequence, let p* = R+cm, — By construction, we have

T=BM (k;k) ©
that DY*¢®(p*;k) =1/p, and thus the revenue of agents charging p*, say V* is R — (R + cm,)B8™ (k; k).
By Zeltyn and Mandelbaum (2005) Theorem 5, V* converges to R with a rate of 1/v/k, i.e. there exists a
constant ¢ such that V¥ =R — C/\/E Then, using the fact that klgrolo ﬁ =0, we have that €* > C/\/E for
large k which implies that V* +€* > R for large k. Since agents cannot obtain a revenue strictly greater than

R after a deviation, the proposed sequence is clearly a (6%, €")-Market Equilibrium for large .
C.3. Proof of Proposition 5

Let Dinto(p*; k) be the fraction of customers requesting service when all agents charge p* with limit p <
R in a marketplace where the moderating firm provides real-time congestion information. We first argue
that klgrolo Dino(p®; k) > 1/p when p > 1. The proof is very similar to the proof of Proposition 8: We sup-
pose klgglo Dinso(p®; k) <1/p. Then, we would have that khjgo BM(A* D,y p0(p*;k); k) = 0, which implies that
kh_}r{)lo B (A*Dinto(p; k); k) = 0. As the customers would not abandon, they would not wait as well, and thus
the expected utility of each customer would be arbitrarily close to R —p > 0 as k grows. However, this
would be a contradiction because all customers should request service when the expected utility of customers
requesting service is strictly positive.

Once we establish that kll_g)lo Dinso(p®, k) > 1/p, we have that the limits of the revenue of the agents charging

p* when the firm provides real-time information, say Vi, ;,(p*; k), can be written as follows:
lim Vi, 0 (p":k) = p lim 64, 50(p"; k) > p(1 =€) lim o™ (p*; k) = p(1 - ().
k— o0 k— oo k—oo

Now we prove our claim by contradiction. Thus, we suppose there exists a sequence of prices p¥, fo Such that

P o < R(1—¢) =& for all k. Then, there must be a convergent subsequence pf, ;, with klim Ph o <R(1=C).
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Let p= klggo P, ;.- Then, consider a deviation where all agents charge p’ > p/(1 —¢) (Such a deviation is
possible since p/(1 —¢) < R). As we show above, the revenue of agents will be arbitrarily close to p’(1 — ()
which is strictly greater than p. Note that agents revenue cannot be higher than p when everybody charges
p. Therefore, for large k, we have that agents improve their profits by raising their prices to p’. However, this
contradicts with the definition of equilibrium. Hence, for any £ > 0, we should have that p¥, o 2 R(1 =) for

large k.
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SUPPORTING DOCUMENT

This supporting document presents all the supplementary results in the paper and their proofs.

It also provides the extended version of the analysis of a marketplace with non-identical agents. It

will be available as a part of a working paper.

Appendix S.1: No-intervention (Identical Agents)
S.1.1. Lemma 1

In order to solve the single agent’s problem and characterize the equilibrium, the probability of
abandonment function has to satisfy some technical properties. Some of these technical require-

ments are shown as in the following lemma.

LEMMA 1. 1. B(\) is continuous and continuously twice differentiable.
2. B(N) is strictly increasing in X for any A > 0.

3. v(A) is strictly increasing in A for any A > 0.

4. AX(1—=B(N)) is strictly increasing and concave in X for any A > 0.

5. If m, <1, then B(X) is concave in X.

Proof:

1. After a birth-death chain analysis of an M /M /1+ M system with arrival rate A, service rate

1, and abandonment rate 1/m,, we have that

By =1- 2N i w () =m,B),

A(L+g(N)’
where ay =1, a,, = ——! = nilmg for any n > 1, and g(A) = > a,A". As in Ward and
‘1;[0(1‘“/7”@) 'l;[() (ma+1i) n=1

Amg
Glynn (2003), g(\) can be written as g(A) = [Amg|'"meer™ae [ 17 meetdt,
0
The above representation of g(A) is clearly continuous and continuously twice differentiable, so

that B(X) is also continuous and continuously twice differentiable. Furthermore, using the above

representation,

g0 = maf1+ 9]~ m - DTN =3 (04 1)1

n

') = g ) = (1) |22~ IS 04 1) 0+ 2)a 0
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2. Observe that

dpB(\) Ag'(A) — g A +9(\)

a X2 (1+g(N))?

Since g(A) > 0 for any A > 0, it is sufficient to show that g(A)(1+ g(A\)) — Ag’(A) > 0, and this
holds as follows

&)

Ag(N) = g(\) =D (n—1)a,\".

[g(V)]? = Z)\n <i: an—kak> > Z(n— Da,\",

where the inequality holds since a,,_rai > a,,.

3 Observe that
M) A

-8 gMA+gN)]

Therefore, we have that

AN {g"u)u o] - 2[9/@)12] e [gu) 14 g(V)] Ag'm}

d { AB'(V) ] _
d\ [ 1—B(N) [g(A)[Hg(A)}r

Since g(A) > 0 for any A > 0, it is sufficient to show that
Ag() [g“(w o) - 2[9'@)12} L) [gu)u LN - Ag'm] <0,
As we show above, g(A\)(1+ g(X)) — Ag’(A\) > 0. Therefore, we have that
AN [g"mu Lo - 2[g'<A>]2] Lo [gmu Lo - Ag'w} <
Ag() [g"wu o] - 2[9’@)12} Lo [gwu Lo - Ag'w}
149N [gwug"w gV - mg’mﬂ (4)

Using the definition of g(\) and its derivatives, we have that

gDV + 24/ ()] = 3 A" [ﬁj(m 1= k)n+2- k)] .

k=1

Similarly, we also have that

2X\[g'(V))? = Z/\" lZ(n—k 1-— k)kakan+1_k1 .

k=1
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Combining these two equalities, we obtain that

I (A) +29' (V)] =22 V)] = D" [Z(n +1-k)(n+2—3k)aran 1k

n=1

= 2X\3(a a3 — a3) +Z)\" lz (n+1 k)(n—|—23k)akan+1k] .
k=1

n=4

Let sy =(n+2)(n+1)—6k(n+1—Fk) for any 1 <k<[2], and

_{_(”+1)(n—1)/4 if nis odd
BT

if mis even.

[5]+1 nt1
Then, we have that Y sparani1-x= Y. (n+1—k)(n+2—3k)ara, 1.
k=0 k=0
Following observations can be proven easily.

L"J‘(’l n+1
1. Z sk—Z(n+1—k)(n+2 3k)=0

2. sk 1>s;g forany2<k‘<L |.
3. 81=(n—-2)(n—1) >0, 8241 <0 for any n>3.

A —(n?—13)/2 if nis odd
. S|n| =

%] —(n+2)(n/2—1) if nis even
5. For any n > 3, there exists k,, < | 2] such that sz, >0> sz 4.

. Therefore, sz <0 for any n > 3.

Using the above observations and apa, 1 < axy16,_ for any k < L%J,

[F]+1 [Z]+1
E SpOn+1-k0k < E SkGpi2—Fy Ok, T+ E SkOpnt2—Fy, Ok, =0,
k=0 k=0 k=Fn+1

which implies that g(A)[Ag” (M) +2¢'(N)] — 2A[¢'(A)]? < 0. Finally by Equation 4, we have that

Ag() {g"wu o) - 2[9'@)12} g [gwu g =AW <0,
4. Let f(A)=A(1—S(N)) for notational simplicity. First, observe that

O _ g
dA [1+g(N)]?
since g(\) is strictly increasing in A. Moreover, we have that
?f(N) _ g"WL+ 9] =2[g' WV)?
dA? [1+g(N)]?
Therefore, f()) is concave in A if and only if ¢”(A\)[1+ g(A)] —2[¢’(A)]* < 0. In the previous parts,

>0,

we show that
Ag(A) {g”(k)[l +9(N)] - 2[9’(A)]1 +g(\) {g()\)[l +gN] =AM | <0
gN)[14+g(N)] = Ag'(A) > 0.

Combining these two inequalities, and using the fact that g(\) > 0 for any A > 0, we have that
9" (N[ +gN)] = 2[g'(V)]* <0.
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5. Using 8'(\) in part 2, we have that

AL+9]1299 — Ag"] —2[1+ g+ Ag'] [g1 + 9] — A\g']

AL +g]]°
20g'[\g +1+g] — [1+g] Wg” +29[1+4]]

(AL +4]

Therefore, we need to show 2A¢’'[A¢’ + 1+ g] — [1 + ¢] [)\29” +2g[1+ g]] < 0 in order to show the

BN =

concavity of S(A). Using the definition of g(A) and its derivative, we have that

20J'[N\g +1+g] = 2X {1+g+(ma—1)[1 +g—g/)\]] [)\[1 + g+ A(m, —1)[1 +g—g/>\]+1+g]
= 27 A+ D)1+ 9>+ 20 2A+ 1) (mg — D)1+ g][1 + 9 — g/A]
+2[A(ma = D[1+g—g/N]’,
165"+ 2001+ ] = [0+l [ 14+ DO g g g+ )
= 29+ N*mg][1+g]* + XA = D)mg(ma = 1)[L+g][1+ g~ g/N].

Combining above equations, we have that

20g'[\g' +1+g] — [1+g][N¢" +2g[1+ ]
=[1+g]*[N*(2—ma) +2X = 2g] + A(mq — D)[1+g][1 + 9 — g/AN[4X+2 —ma (A — 1)]
+2[A(me — )1 +g—g/N]’
= [1+g*[N(2—ma) +2)A = 29] + AN +1)(2+m,) (ma — [T+ g][1 + g —g/A]
—2X\(ma —1)’g[1+ g — g/
<[00l [0 g2 =) 420 20] 4 1+ g/ ATAN + )2 4 ma) o, ~ 1]

= [L+g]| [L+g][N'm7 + Ama(mq+1) = 2g] — g[(A+1)(2+ma) (ma — 1)]}

B I [1+g] [ N?m2 + Amg(mg + 1) — ma(ma +1)g
=1+ _—g[[1+gn2[—ma<ma+1>]+<A+1><2+ma><ma]— 1)}}

— (14 gl [+ glma(ma + 1) a3 + A= g] — g[g—A] [2ma<ma+1>1} <0,

when m, <1 because a;A\?> + X —g <0, g> A for any A >0, and 2 —m,(m, +1) >0 when m, <1.
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S.1.2. Lemma 2
LEMMA 2. We have that S=5".

Proof:
Let pres = maxpy,, and p, .. = m%x p,- Note that if an agent attracts some demand, then all
ne nes’

agents charging a lower price should also attract some demand. Therefore, we can write
S={n<k:p,<pma}, and &' ={n<k:p, <pla.t

and it is enough to show Prez = P, Suppose NOT, WLOG assume prar < Ploss 1-6- |S| < |S97].
Then, we have that
0<R—Phae UMDy, py) for any n€ S,

since p!, .. < R and by the definition of Customer Equilibrium. The above inequality implies that
k
> D,, = 1. Then, since |S| < |S’|, there exits an n* € S such that D,« > D/ . (Otherwise, we would

n=1

k
have that >~ DJ, > 1.) However, this leads to the following contradiction

n=1

R_plmax S U(ADn*apn*) < U(AD;*apn*) S R_p;nam'

— /
Hence praz =P 0z-

S.1.3. Lemma 3

LEMMA 3. Let
cmq - 0
R+cmq — 1 B(min{ A7, AJk]) if A=A
P=19 (R+cm,) — emealE - yr p < \0,
1_AJRBT(ATR)
1—B(A/K)

and suppose B(X) is concave. Then, we have that pe(p) =p, i.e. the best response of a single agent
s P.
Proof:

Recall that the best response problem of agent-¢ can be rewritten as follows:

max peAD [1 = B(AD,)]

p¢20,D42>0,D_,>0
s.to

(R—p¢+cmy)[1—B(AD,)] —cm, >0
(R—pe+cmy)[1—B(AD,)]=(R—p+cmgy)[1— B(AD_,)]
D+ (k—1)D_,<1

and the FOC of this problem are:

ADg—n1 —ny =0, ()
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Ape[1 = BAD,)] = Npe Dy’ (ADe) = N2 Dy(R — pg + emy) ' (ADe) — 13 =0, (6)
AR —p+ema)B (AD-p) — (k—1)n; =0, (7)
m ((R—pe+ cmq)[1 = B(ADy)] — em,) =0, (8)
n3(1 =Dy — (k—1)D_;) =0, (9)
m,n3 = 0. (10)

where 77, 12, and n3 are the Lagrangian multipliers of the constraints 1, 2, and 3 of the best

response problem of agent-£, respectively. Moreover, we denote the solution to the above problem

by (De(p), D_¢(p), pe(p)) for a given p.

Case-1 (A > kA™"): When p= R+ cm, — T B0y 1t 18 feasible for a single agent to charge

its monopoly price which is exactly R+ cm, — #ﬁwn) Then, we have that p,(p) = p, and thus p

is clearly the symmetric equilibrium in this case.
Case-2 (\° <A < kA™m):

CrLam 1. Let (Dy(p), D_¢(p),pe(p)) be the solution of single agent’s best response problem when
all other agents charge the price p. If p= R + cm, —
cmg)[1— B(AD¢(p))] = cmy,.

Proof:

Suppose NOT. Then, we have that ; =0 and this implies that n3 > 0. Moreover, we also have that D_,(p) <
1/k. Since D,(p) + (k—1)D_,(p) =1 when n3 >0, D_,(p) < 1/k implies that D,(p) > 1/k.

A/BE (A/E)
Let T'= S50

50 then we have that (R — pi(p) +

for notational simplicity. Then, using FOC, we have that

cm,

nQT(A/k)B/(AD%(p)) = (k—1)ns/A

k=1)py(p)[1 = BIAD(p))] — (R + cmqa)AD(p) B'(ADy(p))

< (k—1)(B+cm, lﬂéADe(p))ADe(p)ﬂ’(AD/(p))} (k= 1)em,
< kfl R+cmg)[1—B(A/k)—A/KB'(A/K)] — (k—1)em,
=(k-1)(R+em,)1-T)[1-B(A/k)] - (kE—1)em,,

where first inequality holds since p,(p) < R+cm, — TR second inequality holds since D,(p) > 1/k and

A1 — B(N)] is strictly concave. Using the facts that no = AD,(p) > A/k, D_,(p) < 1/k, and () is increasing
and concave, the above inequality implies that

Temg <n2 B (AD_(p)) < (k= 1)(R+cm,)(1=T)[1 = B(A/k)] — (k- 1)c

T BT 3
= (= D)= B/ (Rt ema) 1) - s (1) | >0
= z(A) >0,

which is a contradiction since A > A\° and z()) is decreasing in A.

|
Using the above claim, we will argue that ns > 0. If 13 = 0, we would have that p,(p) = R +

My — and AD,(p) = A™°™ since the customer surplus is zero by the above claim. However,

1— ﬁ()\mon)
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)\mon

this would imply that D,(p) + (k—1)D_,(p) = + %=1 > 1 which is a contradiction. Hence, we

should have that ns > 0.
Finally, 73 > 0 and the above claim jointly imply that D,(p) = D_,(p) = 1/k. Therefore, if p =

R+cm, — then we will have that D,(p) =1/k and p,(p) = R+ cm, — —222— under the

1- B(A/k)’ 1-B(A/k)

assumption that S(\) is concave.
Case 3 (A< \%):

CLAM 2. Let (D, D_, ) be the solution of single agent’s best response problem when
p), P)sPe\D g g 14 p
all other agents charge the price p. If p= R+ cm, — % , then we have that (R — pe(p) +
-7
Cma)[l - B(ADZ(p))] = A; where

A~ (B=p)(k—1)[1 —v(A/K)][1 - B(A/F)]
k— 1+ v(AJk) '

Proof:
Suppose (R — p,(p) + cm,)[1 — B(AD,(p))] < A. Then, we have that D_,(p) > 1/k since
(R—p+cm,)[1 = B(A/k)] = A>=(R—p+cma)[l = B(AD_.(p))].
Moreover D_,(p) > 1/k implies that D,(p) < 1/k since D,(p)+ (k—1)D_,(p) < 1.
Then, using FOC (6), we have that

N2 =

(k—-1) ) 3
(R—p+cm,)B'(AD_,)) A
(k=1

1 ) M3
(R—p+emy)B(Ak)) A

where the inequality holds since D_, > 1/k and () is concave. Moreover, using (7), we have that

% = pe(p)[1 — B(AD,(p))] — AD¢(R + cm,) B (ADy(p))
> (R+cm,)[1 — B(AD(p)) — ADZ/B (AD,(p))] — A
= R—Q—cma; 1—VEADeﬁP))][ (ADZ( NI —A
> (R+cm,) |1 —v(A/K)|[1-B(AK)] — A

where the first inequality holds since p,(p) = R+cm, — ﬁ the second inequality holds since D,(p) <
1/k and [1 —v(A/k)][1 — B(A/E)] is the derivative of A[1 — B()\)], which is strictly concave.

Using these two observations, and the facts that 7o < AD,(p) < A/k (since m; >0) and R—p+cem, =
%, we have that

Afk> (W) R e = (/1 B/ - A

1—B(A/k)5 (

= R+ emy)[1— v(A/K)][1 - BA/K)] - A (’P%M) 0
(B—p)(k - D[ —v(A/R)[L = BA/K)] _ o
k— 1+ v(A/k) ’

which is clearly a contradiction. Hence, we should have that (R — p,(p) + e¢mq)[1 — B(AD,(p))] > A.

=A>

Now, we suppose (R — p,(p) + cm,)[1 — B(AD,(p))] > A. As the same as above (only by reversing the
inequality signs and using the fact that 7; = 0 since A > e¢m,,), we can again have a contradiction. Therefore,
we should have that (R — pe(p) + cm,)[1 — B(AD.(p))] = A.
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|
As a direct implication of the above claim, we have that D_, = 1/k since (R —p+ cm,)[1 —
B(AD_,)] = A. Furthermore, since A > 0, we have that D, = 1/k since D;+ (k—1)D_, = 1. Finally,
we have that p, = p since Dy =1/k and (R — p, + cm,)[1 — B(AD,)] = A.

Appendix S.2: Operational Efficiency (Identical Agents)
S.2.1. Lemma 4

LEMMA 4. Consider two convergent sequences of non-negative numbers a® and b* such that

lim a* =a, a*k < a*(k+1), and lim b* =b. Then, we have that
k—o0 k—o0

1
li 1— M (b k;a*k)) = ————.
e (1= 5% (ksa'k)) max{bp/a, 1}

Proof:

When a;, =1 for any k, the result follows by Theorem 1 in Garnett et al. (2002).

Now, we prove the result for the case when a, # 1 for any k. Consider any convergent subse-
quence of {B(byk, ark)}p,, say {B(brk(r), areyk(r))}o2,. WLOG we can assume that a()k(r) <
apr+0k(r+1) for any r=1,2,... (If not consider a subsequence which satisfies that condition).

Let N(r) = axmk(r) and by = by /ax) for any 7=1,2,.... Then, we have that
Bbuor k() anir () = Bloen N (), N (1)),
for any r=1,2,.... Observe that TILIIC}O by = l;/d. Therefore, we have that
lim BbxN(r), N(r)) = max{0,1 - a/b},

by Theorem 1 in Garnett et al. (2002). This shows that any convergent subsequence of
{B(bik,ark)}32, converges to the same limit, max{0,1 — a/b}. Since B(bik,aik) € [0,1], it also

converges to that limit.

S.2.2. Lemma 5

LEMMA 5. For any A\ + X <A, and p' < p, we have that oo(Ay, Ao;p,psk—1,1) > 1:\?2/\2

Proof:
Let 7, be the steady state probability of having n customers in sub-pool-2 which consists of a

single agent. By the birth-death chain analysis, we have that

Az
n=-————"—fi >1,
m T4 (n=1)/m. or any n

™ = ()\1 + )\2)7’(0,
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1
T+ (A 4 Ap) 422

Ty =

1
Ty << —
O= TN+ )\

since g(A)/A > 1 for any A > 0. Using this observation, we have that

1 AL+ As
A, A k—1,1) = 1— > 1— = .
02( 1y A2 ’ ) To Z 1+)\1+/\2 1+)\1+/\2

S.2.3. Lemma 6
LEMMA 6. Let DMCF(k) = DMCE(pk p*: 1,k —1) for n=1,2 in the k' marketplace where p* >

p*, klim P =p, klim p*=p, p<Pp< R and p>1. Then, the following statements are true.
—00 — 00

AkDéV[CE(k:)

2 >,

1. liminf
k—o0

2. lergO PServo(DMCE(k), DYCE(k); p* p*; 1,k — 1) =0.
3. Suppose A= klim A*DMCE(L), then we have that

lim By (DY (k), DyTOF (k):p*,p*5 1k — 1) = BY (A1)
—00

4. There exists a K* such that A*DMCE(k) < X for any k > K*, where A\ < oo is the unique
solution to
1 BY(N1) = g

5. Suppose D = klg& DY CE(k), then we have that

1
Jim B5(DYF (k), Dy'F (k); 0¥, p*s 1k — 1) =1 - B
—00 p

6. lim DYCP (k) =min {1, m}
k—o0

pcmq

Proof:

1. Suppose NOT. Then, there exists a subsequence such that

We first want to note that

B2 (DY (K), Dy P (k); p*,p*; 1,k — 1) < BMMY (AR DYCP (k), k — 1).
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where BMML()\ k) is the probability of abandonment in M/M /1 + M system with arrival rate ),

AkpM

CE(k)
—=2 = <1, we have that

service rate k, and abandonment rate 1/m,. Since lim —
k—ro0

Jim Bo(DMCE (), DMCE(K); p* p": 1,k —1) < Jim BMMYARDMCE () K —1) =0, (11)
—00 A deS]
where the last equality is due to Ward and Glynn (2003). Using this result, we have that

lim Uy(DME(k), DY (k); p*,p*; 1,k —1) = R—p >0, (12)

k—o0

which implies that utility of customers choosing the price p* is strictly positive for large k, so
that we should have DMYF (k) + DMYF(k) =1 for large k by the definition of Market Customer
Equilibrium. Furthermore, using the fact that the rate of arrival to sub-pool-2 is equal to the rate

of departure (either by service or abandonment), we have that

AFDMCE (k) PServ (DICP (), DY (k) g p*: 1,k — 1) + A D35 (k)
= (k— 1)oa(DYOP (), DYOP (k); p*,p* 1,k — 1) + A* DY (k) 5o DYCP (k), DYCF (); o, ps 1,k — 1),

Dividing both sieds by A¥, the above equation implies that

PServlg(D{”CE(k), DéVICE(k:);ﬁk,pk; 1,k—1) [D{”CE(k:) + DSICE(k:)]
k-1
< S oa(DYCE(R), DYCT (k) p¥ Lk 1)+ DYCE(R) (DY (k), DY (k) 1,k 1),

Letting k& go to infinity, we have that

lim PServyy (DY CF (k), DYCF (k);p*,p"; 1,k — 1) <

k—o0

(13)

SN

For notational convenience, we let Py (k) = PServyy(DMCF (k), DY CF

Bone (k) = BL(DMCE(K), DMCE(k); p*, p*; 1,k — 1). Then, we have that

k);p*,p*; 1,k — 1), and

—

lim Uy (D5 (k), Dy " (k); ¥, p*5 1,k — 1)
= [1 — lim Ppool(k)] lim [(R = 5" +cma)[1 = Bone (k)] — em] + (R —p) lim P (k)
k—o0 R k—o00 R
< [1 - klim Poor(k } hm [ (R— pF+ emg)[1 — BM(A’“ k)] — cma] +(R-p) klim Pool(k)
1 1
< 1—; [(R—p+cma)/p—cma| + p(R—p)

<(1=7) [®=p)io) + (R =)

where the first inequality holds since DMYF (k) + DMCE (k) =1 for large k and customers choosing
K

the deviating agent has to wait customers choosing p* (thus the system after deviation is less
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efficient for customers choosing the deviating agent than its multi-server equivalent), and the second
inequality holds since p’ > p, kllrgo[l — BM(A*; k)] =1/p (as shown in Lemma 4) and by (13), and
the last two strict inequality holds as p > 1.

Combining (12) and (14), we have that

U(DYCE(k), DYCE (k);p*, p*; 1,k — 1) < Up(DYCF(k), DYCF (k); p*, p*; 1,k — 1),

)

for large k. However, this contradicts with the definition of Market Customer Equilibrium since
1
lim DMYF(k)=1— lim DY“F(k)>1—- - >0.
k—o0 k—o0 P

AkDéWCE(k)
k—1

Hence, we should have that klim > 1.

oo

2. Let 7, be the steady-state probability of having n customers in sub-pool-2, 7 be the steady-
state probability of having n customers in a hypothetical sub-pool-2 which serves customers from
sub-pool-1 only upon their arrival, and 7 be the steady-state probability of having n customers
in an M/M/(k— 1)+ M system with arrival rate A*D}“®(k), service rate 1, and abandonment

rate 1/m,. By studying the birth-death chain of all these systems, we have that

T O e (O3] I

k-1 k-1 . ) —
i n=
T < T = k—1 [Ak DMCE (1) 4 DMCE (}, ]"_k'H 1) ) [AkDJ\/ICE b ]"_k'H
n=0 n=0 Z ( 1 ( )+ 2 ( )) ( - ) + Z 2 ( )
n! n—k+1
n=0 n=k IT (k+i/ma)
i=1

2 m

. n—k+1
Kl [AkDYICE )] (k—1)!
n=0

IN

n—k+1 n—k+1
k=l [ARDMCE )] (k-1)! | X [ARDMCE )
n! + Z n—k+1
n=0 n=~k [T (k+i/ma)
=1
k-1
_ M
— T,

Il
=)

n
where the first inequality holds since the rate pushing the number of customers towards k — 1 is

lower in the hypothetical sub-pool-2, and the second inequality holds since 3=, where A>0isa

constant, is increasing in x.

Using the above relation, we have that

k—o0 k— o0

k—1
lim PServiy(DYOF(k), DYP (k); ¥, "1,k — 1) = lim > ",

n=0

k—1

< lim M =0,
k—o0
n=0

AkDéVICE(k)
k—1

where the last equality holds since lil{n inf > 1.
e des]
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3. We first want to note that
Bi(DYCF (k), Dy P (k); p*,p*5 1,k — 1) < B (A* DY 9P (k); 1)

because some of the customer choosing p* may be served by sub-pool-2. Therefore, it is sufficient
to show that
liminf By (DY (), Dy (k); 5", 9" 1.k = 1) 2 ¥ (A1)

k—o00

To show that we consider a hypothetical situation where any customer choosing the price p* is
duplicated when there is an idle agent in sub-pool-2, and one of these copies goes to sub-pool-2
while the other one is colored and goes to sub-pool-1. Furthermore, any non-colored customer in
sub-pool-1 has service priority.

This hypothetical sub-pool-1 operates as M/M /1 + M system with arrival rate A*DME(k), so
that total abandonment rate is A¥DMCF(k)3M (A*DMCE(k); 1). Moreover, the abandonment rate
of non-colored customers is the same as the abandonment rate in the real sub-pool-1. Then, we

have that
AFDYCE ()3 (AFDYCF (k); 1) = A*B,(DYOP (k), DY P ()55, 5 1,k — 1) + A0 (),

where A*j3°lor(k) is the rate that colored customers abandon the hypothetical system. It is clear

that A*geoler(k) < A*PServio( DMCE(k), DMCE(k); p*,p*; 1,k — 1). Thus, we have that

Bi(DMCE(k), Dy (k); p*,p*; 1,k — 1) > BM(A*DMOF (k); 1)
—PServis(DY“" (k), Dy " (k); p*,p"; 1,k — 1). (15)

Finally, letting £k — co and using part 2 provide the result we want.

4. We prove our claim by contradiction. Thus, we suppose that there exists a sub-sequence
of {AFDMCE(E)}22, such that A¥DMCE(k) > X for any k. Note that A < oo since we have that
/\hﬁr}go BM(X\;1)=1, and ¢ > 0.

Let PServys(k) = PServio(DMCF(k), DMCE(k); p*, p¥; 1,k — 1) for notational convenience. Then,

we have that

Un(Dy' 5 (k), Dy " (k); p*,pt5 1,k — 1)
< (R —p" +cmy,) [1 — BM(A*DMCE(E); 1) + PS@T’Ulg(k)} — cma] [1 — PServlz(kz)]
+(R —p")PServyy(k)
< {(R —pF +emy) [1 —BM(\, 1)+ PServlg(kz)] — cma] [1 — PS@T’Ulg(k)}
+(R —p*)PServyy(k),
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where the first inequality holds by (15), and the second one holds since A* DMCE (k) > \.

Since PServyy(k) converges to zero by part 2 and by the definition of A, the above inequality
implies that U, (DMCE(k), DMCE(k);p*, p*; 1,k — 1) < 0 for sufficiently large k. However, this con-
tradicts with the definition of Market Customer Equilibrium. Hence, there should be a K* such
that A¥DMCE(k) < X for any k > K*.

5. Similar to part 2, we let 7, be the steady-state probability of having n customers in sub-pool-
2. By the birth-death chain analysis, we have that [k —1+ (n—k+1)/mq|m, = A*DYE (k)m,_,,

for any n > k — 1. Furthermore, we have that

BaDYOP (k). DY P W 145 k= 1) = 3 (n =+ 1o gy
& (k—1)m,
- Z [”“ - AkDZMCEwJ
= (im) <1 — kl) + 1.
o A*DMCE(F)

k=1
Then, the result follows by letting k — oo and using the fact from part 2 that lim > 7, =0.

k—o0 , 70
6. Once we establish part 5, the proof of this part is very similar to the proof in Proposition 2. We

first show that lilgn inf DMCE (k) > min {1, m}. This is true because otherwise we would have
—00

pcmq

that customers choosing sub-pool-2 earn strictly positive utility while D}*°F(k)+ DY “® (k) < 1 and
this would contradicts with the definition of MCE. Furthermore, we show that limsup D}“F (k) <

k—o0

min W. This is also true because otherwise we would have that customers choosing sub-pool-2
a

earn strictly negative utility while DY “F(k) > 0, which contradicts with the definition of MCE.

S.2.4. Proof of Corollary 1
1. Using the birth-death chain analysis of the corresponding analysis, one can show that G(\) =
2e’=e%41 when m, = 1. Then, A (p; R) solves

Aer
o — A(p;R) +c
R+c¢

which implies that A\®(p; R) = log (Aﬁ)‘gic). Once we have A2 (p; R), P(p; R) can be written as in

the corollary immediately.

2. As we showed in the proof of Theorem 2.3

_ 1—B(P)_95/(P) ; mon

S (] = B 25
NI c ; mon

k=00 (R+0) |1 = mragasomoyy | T P>A

Furthermore, using the fact that S(\) = %, we can obtain the result in the corollary.
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S.2.5. Numerical Study to Derive P(p; R) for m, # i
Figure 2 illustrates P(p; R) for the settings where p # m,. We provide the graphs by fixing ¢ =1

but we carry out the numerical study for other values of ¢ as well.

P R) ‘ ‘ o ‘ o Pl R)
09r ] 09r  Symmetric e-Market Equilibrium 1
08l Symmetric e-Market Equilibrium | 08l
0.7 1 0.7
06} 1 06
05 1 0.5F
04 1 04
03} 1 03}
0.2 1 0.2+
0.1 1 0.1
01 1‘.5 é 2.‘5 i‘i 3‘.5 1‘1 4‘.5 5 0
P
(a) (b)

Figure 2 Any price above the curve is in P(p; R), and thus it forms a symmetric e-Market Equilibrium. For both

examples, R=1, ¢=0.1, u=1. For (a), mq =2. For (b), mq =0.5.

Appendix S.3: Communication Enabled Model (Identical Agents)

S.3.1. Lemma 7
LEMMA 7. Let DMCE(k) = DMCE(pF pF; | 6%k |, k — | 6Fk]) for n=1,2 in the k'" marketplace,

where klim p* =p, klim PP =9, p<p <R and p>1. Then, the following statements are true.
—00 —00

AkDé\/[CE(k:)

1. liminf —=2+ > 1.
k— o0 —[6%k]
2. klim PServio(DMCE(k), DMCE(k): | 8%k |, k — [6%k]) = 0.
3. lim By(DYC(k), DYCP (k); [0k, b — 0K)) :min{O, 1- fﬁ} when Dy = lim DT,
4. Suppose Dy = klim DYCE(k) and § = klim 6%, then we have that
, 1-4
Jim Ba(DY (), DYF () 1548 — (540 =1 - =0,
c— 00 p 5

Proof:

Proof of this lemma is very similar to the proof of Lemma 6.

1. Suppose NOT. Then, there exists a subsequence such that

A*DMCE (I
i — 2 1.
T
Since lim AR Dy B (k) <1, we have that

S

klim Bo(DMCE(K), DYCF(k); p¥, pF; 0%k, k — |07k ]) <
—00
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lim M ARDY R (k) k — [6°k]) =0, (16)

k—o0

where BMML()\ k) is the probability of abandonment in M /M /1 + M system with arrival rate ),

service rate k, and abandonment rate 1/m,. Using this result, we have that

lim Uy(DME (k), DY (k); p* p™; | 6%k, k — |6"k|) = R—p > 0.

k—o0

Thus, we have that D}°F (k) + D}F(k) =1 for large k.
Furthermore, using the fact that the rate of arrival to sub-pool-2 is equal to the rate of departure

(either by service or abandonment) and (16), we have that

lim PServis (DY (k), A DYCE (k) p; [6%) b — [0k]) <

k—o0

D=

Combining the above observations with the fact that p’ > p, we have that
Un(DYOF (k), A Dy 8 (k); p*, p*; 67k | k — |67 k]) < Us(DY'F (k), A D3 “F (k): ", p*s |67k k— [67k]),

for large k. However, this contradicts with the definition of Market Customer Equilibrium. Hence,

AkDgICE(k) 1
k— [0k k]

we should have that kh_}nolo

2. Let 7, be the steady-state probability of having n customers in sub-pool-2, and 7 be the
steady-state probability of having n customers in an M/M/(k — [6"k|) + M system with arrival
rate A¥DMCE (L), service rate 1, and abandonment rate 1/m,. By studying the birth-death chain

of both systems, we have that

k—|6%k]
lim PServis(D; MCE (), DMCE(E); p*, p*; | 0%k |, k — [ 0¥k]) = = lim Z T
k—[ékkJ
< I M
fim, >, m' =0,

AFDMCE (1)

where the last equality holds since lim inf r
koo k—Lo%K]

3. To prove our claim, we first show that
Jim 8y (DYF (k), Dy"F (k); 0, p*; 6%k ) k — [0k ]) = lim BY(A"DYF (k); [0"k]).

Note that 8, (DMYE(k), DMCE(k); p*, p*; [6%k |, k— [6%k]) < BM(DMCE(k); | 6%k]), since some of the

customers choosing sub-pool-1 can be served by sub-pool-2. Therefore, it is sufficient to show that

ligginfﬁl(D{”CE(k) DMCE (k) p* p*; |6Fk ], k — |6Fk]) > Jim BM(A*DMCE(K); |6%K]).
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To show that we consider a hypothetical situation where any customer choosing the price p* is
duplicated when there is an idle agent in sub-pool-2, and one of these copies goes to sub-pool-2
while the other one is colored and goes to sub-pool-1. Furthermore, any non-colored customer in
sub-pool-1 has service priority.

This hypothetical sub-pool-1 operates as M /M/|6*k |+ M system with arrival rate A* DMPE (k),
so that total abandonment rate is A* DMCF (k) M (A¥ DMCEE (k); | §¥k]). Moreover, the abandonment
rate of non-colored customers is the same as the abandonment rate in the real sub-pool-1. Then,

we have that

AFDY O (k) BY (A" DY CF (k); [6°k]) = A*DYT“F (k) B (D7 (k), Dy “F (k) %, p*; |07k ) b — [6°K])
+AkD{\JCE(k)6colm‘(k)’

where $r(k) is the probability that colored customers abandon the hypothetical system. It is
clear that B<'r(k) < PServio(DMCE(k), DMCE(k); p* p*; |6%k], k — | 6%k ]). Thus, we have that

5u(DYE (R), DYE (R): ¥, [04K) & — [8°K]) > 5 (A¥DYIOP (k): 0%k )
—PServio(DMYE(k), DY (k); p*, p*; | 6%k |, k — |6Fk]).

Then, using this inequality and part 2, we have that

liminf 8, (DY (k), DYCP (k): 5, (8" k — [5k]) > lim 5Y (AFDYC" (k): [ 64)).

Finally the result holds since klim BM(A*DMCE(k); 6%k |) = max {0, 1— -4 } by Lemma 4.
—00

pDy
4. Similar to part 2, we let 7, be the steady-state probability of having n customers in sub-pool-2.

By the birth-death chain analysis, we have that

. > k—|6%k]
Bao(DYE (k), DT (k); p*,p*; 6%k ke — [0°K]) = Yoo (1— AFDYCE () ) T
n=k—|6Fk|+1
k—|6%k]
Then, the result follows by letting £ — oo and using the fact from part 2 that klim > 7w, =0.
—00 =0

S.3.2. Proof of Proposition 6
Similar to the proofs before, we prove our claim by contradiction. Hence, we suppose that

MCE ~
lim inf Dléik(k) < . Then, there exists a convergent subsequence of D{"“"(k) such that D; =
— 00

lim 25570 1
k—o0 k P

For notational convenience, we let

Ps(k) = PServi»(Dy'“(k), DY (k); p*,p*; |6"k], k — |6"k])
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Bs(k) = Bu(Dy" ¥ (k), Dy" " (k); p*,p*; |07k ke — [6%k]).

Then, using the fact that D, <1 /p, Lemma 7.2, and Lemma 7.3, the limit of the expected utility

of customers choosing the providers charging p* can be written as

lim Uy (DICE (k), DYE (k); 5, p*5 |0°K ) k — [3"F))
= (1 Jim Py(k)) ((R—p +oma) [1— lim B5(k)] —emy ) + lim (R—p*)Py(k)
=R—p >0. (17)

which implies that the expected utility of customers choosing the price p* is strictly positive
for large k, so that we should have kh_)rilo DYCE(k) + DYCE(k) =1 by the definition of customer
equilibrium. Moreover, using the fact that D; < 1/p, we have that lim DMCE(k) >1-04/p where
6 = lim &*. Then, using Lemma 7.3, the limit of the expected utlhty of customers choosing the

k—oo

providers charging p* can be written as

khm U2(DMCE(k) DMCE(k>' ~k pk. L(Skk'J k— LakkJ)
—00
=(R—p+ecmy,) [1 - hm Ba(DYOF (k), DY OF (k); p*, p"; |67k ], k — [6¥k])] — em,,

Oq

<(R- p—i—cma) = — M. (18)

[e%}

hs

Combining (17) and (18), we have that

—_
S

lim Uy, (DMCE(k), DY CF(k);p*, p*; [6%k|, k — [0%k]) < (R— p+cma)

k—o0 —

< R—p/ = Jim Uy(DYE (), DY (k) 5 [0k )k —

1
—emg < (R—p+cmy)— —cmyg
p

5kkJ)a

— O

which implies that customers strictly prefer providers charging p* over the ones charging p* for
large k. However, this contradicts with the definition of customer equilibrium since klim DYCE(k) >
—00

1—4/p> 0. Therefore, we should have that lim 1nf & > %

o
Furthermore, using the fact that 11l£n inf 67('“) > L Temma 7.2, and Lemma 7.3, we have that
—00
lim inf V1 (DY " (k), D% (k); 5", p%; [0k | kb — [8%k]) = liminf p'pDy" " (k) [1 = Ps (k)] [1 - Bs(k)] = p
—00 —00

Finally, the result about the profit of the providers charging p* holds since the revenue of an agent

cannot exceed the price he charges , i.e. Vi(DMYE(k), DMCE(k); pk, p*; 0%k ], k — [6%k]) < p*.
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Appendix S.4: A Marketplace with Non-Identical Agents (Extended
Version)

In Section 3, we introduce a model where all of the agents in the marketplace are a priori identical,
and thus customers earn a reward of R when their service is completed, regardless of the agent
performing the service. However, it is natural to imagine that large service marketplaces attract
service providers with different skill sets, which provide their customers different values for the
service. In this section, we explore the robustness of the conclusions of the previous sections to the
heterogeneity among service providers.

To this end, we extend our original model by considering a marketplace where agents provide
the same service but in different quality levels, say low (L), and high (H). We assume «; fraction of
agents provide quality-i service for i € {H, L} while there are still k agents in total. Furthermore,
we assume that customers value the service with respect to its quality. Particularly, customers earn
a reward of R; when they are served by a quality-i agent for i € {H, L} where R; < Ry. We also
distinguish the agents according to their operating costs. We assume the operating cost of quality-i
agents is w; for i € {H, L} where w; <wg. For notational convenience, we let wz, = 0. We refer to
the difference between R; and w; as the “quality-cost differential” of quality-i agents for i € {H, L}.
As in Section 3, the service rate is 1, arrival rate is A, abandonment rate is 1/m,, and waiting cost
is c.

In our model with identical agents, our major results are: 1) When the moderating firm does
not intervene in the marketplace, the symmetric equilibrium price will be the outcome of a pure
competition model and increases as the demand increases. 2) Providing operational efficiency alone
may deteriorate the profit of the moderating firm. 3) Complementing operational efficiency with
a strategic tool, which allows communication among service providers, helps the moderating firm
to achieve the “expected benefit” of the efficient matching in a seller’s market. In the next three
subsections, we compare these findings with the results for a model with non-identical agents. We
will use a similar mode of analysis as in Sections 4-6. We also discuss how the composition of the

marketplaces, i.e., the ratio between high-quality and low-quality agents, affects the outcomes.

S.4.1. No-intervention Model
In the model with non-identical agents, we again start with the behavior of the marketplace when
the moderating firm confines itself to setting up the necessary infrastructure. In such a setting,
each agent’s operations can still be modeled as an M/M/1+ M queuing system.

As the agents provide a different quality of service, the expected utility of a customer will not

only depend on the price announced by the agent who serves her but also the reward she earns



Cil et.al.
Large-scale Service Marketplaces 19

after being served by this particular agent. To account for that, we define the “net reward” of a
customer from a quality-i agent charging p as R; —p for ¢ € {H, L}. Then, if the rate of customers
who request service from an agent offering a net reward of r is A, the expected utility of a customer
requesting service from this agent is UN (\,7) = (r+cm,)[1 — B(\)] — em,. Furthermore, the revenue
of that agent is V.V (\,p) = (p — w;)A[1 — B(\)] if he is a quality-i agent for i € {H, L}.

The formal definitions of the Customer Equilibrium and Sub-Game Perfect Nash Equilibrium can
be trivially adopted to our new model and are, thus, omitted. We denote the Customer Equilibrium
by DSE(ri,... Tk s Thytt1s---,T%) When (pi,...,pi,), i.e. the first kg element of the price vector,
are the prices announced by the high-quality agents, (px,+1,-.-.,Px), i.e. the last k;, element of the
price vector, are the prices announced by the low-quality agents, and r, is the net reward offered

by agent-n for any n={1,...,k}. Note r,, = Ry — p,, if n < ky while r, = Ry — p, if n> kpg.

S.4.1.1. Characterization of SPNE: As before, we focus on the symmetric SPNE. Since we
have two groups of agents, we define the symmetric equilibrium as one where all the high-quality
agents charge py and all the low-quality agents charge py. Then, a price pair (py,pr) form a

symmetric equilibrium price, if they satisfy:

pHEarg;Iﬂlax (pg—wH)ADZCE(rl,...,RH—pg,...,rkH,rkHH,...,rk)

e X [1—ﬁ(ADfE(Tl,...,RH—p[,...,TkH,TkHH,...,Tk))] , (19)
pLearg>r3ax (pe —wr)ADSE(ri, oo Thy s Thpptts - s R = Dey oo o Tk)

e % [1= BADEE (o 1y Fgtse o Bi— Do o)) (20)

where for any n# /4, r, = Ry — pg if n < kg while r, = Ry — p; otherwise. Note that the objective
function in (19) is the revenue of a high-quality agents when he deviates and charge p,. Hence, (19)
is the best-response problem of a high-quality agent. Similarly, (20) is the best-response problem
of a low-quality agent.

We denote the symmetric SPNE by (Dj;, D} ;pjy, ;) where all the quality-i (low-quality) agents
charge pf and each quality-i agent has a demand of AD; for i = {H,L}. We also denote the
equilibrium revenue of quality-i agents by V;*. Solving the best-response problems in (19) and (20)

for any given (pg,pr), we characterize the symmetric SPNE in the following theorem.

THEOREM 6. Suppose Ry — wg > Ry. If B(\) is concave and 1[5[(1?;) is decreasing in X\, then
there exists a symmetric SPNE. Furthermore, the symmetric SPNE is characterized as follows:
1. IfA > kg Npom 4+ kp Ne™, then the symmetric SPNE is (D};pf) = (ﬂ, R, +cm, — ¢)

=BO)
forie€{H,L}. Furthermore, D% > D%, and Vi, > V.
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2. If A(0) < A <kyXNjo"+ kL Nj°", then the symmetric SPNE is (Df;p}) = (]j?iA; R, +cm, — %)
forie{H,L}, where (Dy,Dy) € {(z,y): Up(x,y) <0,Un(x,y) <0, kpz+kyy=A}.

3. If A(RL) < A < A(0), then the symmetric SPNE is
(Rz +cmg — U}z) [k’, -1 + kjﬁ(ﬁl(A), DJ(A))]

kitk;9(Di(A),D;(A) ’
1-v(D;(A))

fori,je{H,L} and j#1i. Furthermore, Dy > D} and Vi > V.
4. If k:H)\gL <A <A(Ry), then the symmetric SPNE is

(D;;p}) = Di(A)/A;RZ‘ +cmy, —

7

oyl x Ry +cmyg
(Dy, Dyip,01) = <1/kH70;RH +cmg — L > .

1= B(Akm)"
where p < Ry, and p=0 when A > kH)\gL.
5. If A< k:H)\ZL, then the symmetric SPNE is

kx

kg—1
(D%, D3ipi,03) = <1/k:H,O;RH +cmg — (Ryg +cmg —wpy) <H1> ,0) )
1—v(Aky)

Here X" is the unique solution to 1 — B(\) —AB'(A) = =< forie {H,L}, \i* is the unique

T Rij+cmg—w;

Rp+cma kg 1)=0
’

solution to (R +cmq —wy) (kg — 1) = FE5550 | 1=k —

(DL(A), Du(A)) = {(,y) : Urle,y) = Un(a,y), krz+kuy=A}

Oulr) = (Re-+ema) [ 25— | (1 (@) — ema,

kp+kgd(z,y)—1

) 1-v(y)
1

UH(x,y) = (RH+Cma_wH) v(y) (1_B(y))_cma7

Iz, y) =22 and A(u) is the unique solution to Uy (Dy(A), Dy(A)) =u.

zv(y)’

The above equilibrium characterization is very similar to the equilibrium in Theorem 1: Agents
may behave as local monopolists when the arrival rate is sufficiently high, whereas once the arrival
rate is less than A(0), the competition between agents is intensified. As a result of intensified
competition, customers observe lower prices, which allow them to earn strictly positive utility.
However, we also encounter new results when we allow for heterogeneous agents. First, unlike
the identical agent model, we observe that the main driver of equilibrium outcomes for certain
parameters is not only the competition between providers but also the fact that agents offer different
quality of service. For instance, when the demand rate is between kH/\zL and A(Ry), high-quality
agents charge a low price and forego a significant customer surplus both because of the low demand

and the fact that they want to keep the low-quality agents out of the marketplace. Furthermore,
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there is a continuum of symmetric equilibria when the demand rate is between A(0) and ky A7 +
kA", whereas we always have a unique symmetric equilibrium with the identical agent. Although
the prices charged by different groups of agents vary in these equilibria, the expected utility of
customers is always zero.

Note that high-quality agents almost always serve more customers and earn more revenue in the
equilibrium. Moreover, if the arrival rate is less than A(Ry), the market is covered solely by the
high-quality providers. These findings stem from our assumption that high-quality agents have a
higher quality-cost differential, i.e., Ry —wgy > Ry. The above theorem establishes that only the
quality-cost differentials of the agents matter in the equilibrium. In other words, a marketplace
where high quality agents have an operating cost of wy, and generate a reward of Ry is the same as
a marketplace where high quality agents have no operating cost, and generate a reward of Ry —wgy
in terms of equilibrium outcome. Therefore, if the quality-cost differential of the low-quality agents
were higher, the same equilibrium characterization would hold with the only exception that low-
quality agents would earn more revenue.

Having two different groups of agents allows us to discuss the impact of the fraction of agents
with a certain quality, ay and «ay, on the equilibrium outcomes. However, the equilibrium char-
acterization in Theorem 6 is not explicit enough to show this impact analytically. Therefore, we
explore this question by an extensive numerical study. As Figure 3 illustrates, the equilibrium prices
and revenues decrease as we have more high-quality agents in the marketplace when Ry — wgy >
Ry. On the other hand, having more high-quality agents let the prices and revenues go up when
Ry —wpy < Ryr. In other words, revenues in a marketplace is deteriorated as a result of having more
low-quality agents only when the operating cost of providing high-quality service is significant.

The implications on the identical agent model: The equilibrium characterization in The-
orem 6 also helps us to prove that the non-symmetric equilibrium may exist only for a small range
of demand-supply ratio p in the no-intervention model with identical agents. Furthermore, we show
that this range shrinks to zero as the number of agents grow. The following proposition presents

these results formally:

PROPOSITION 7. When the moderating firm does not intervene in a marketplace with k identical
agents, the symmetric equilibrium described in Theorem 1 is the unique equilibrium when p &
(A0, Amen]. Furthermore, we have that

lim A% = A™om,
k—oo
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Figure 3 Equilibrium prices and revenues as a function of the number of high-quality agents, k. For all examples
A =80, k=100, Ry =1, R, =0.8, wr, =0, ¢=0.05, mqg =1. In (a) wg =0.1, in (b) wyg =0.3.

S.4.2. Operational Efficiency Model

After studying a marketplace where there is no intervention by the moderating firm, we now
turn our attention to a marketplace where the moderating firm aims at reducing the unnecessary
waits and idleness in the system through a matching mechanism. The matching mechanism that
the moderating firm provides achieves such an operational efficiency improvement by allowing
customers to postpone their agent selection. In particular, the marketplace under this matching
mechanism operates as a queuing system where all agents offering the same net reward are virtually
grouped together, regardless of the quality of their service. We assume that customers decide which
agents to choose based on the net reward and they treat all agents as the same when they offer the
same net reward because the nature of the tasks is simple, benefits are tangible, features are clear,
and thus rewards are easily quantifiable. Further, one may view these tasks as commodities.!!

Once each agent announces a price per customer to be served, we can construct a resulting net

1 One may envision a model, in which customers strictly prefer high-quality agents even if they provide the same
net reward as low-quality agents. Such a model would require additional notation and analysis but our key findings,
namely providing operational efficiency may lead to profit loss and enabling communication may help to overcome
that loss, continue to hold.
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reward vector (r,)"_, where N <k is the number of different net rewards announced by the agents.
As before, we refer to agents announcing r, as sub-pool-n, and denote the number of agents of
quality-i in the sub-pool-n by y;,, for i € {H, L}. Hence, (v, ym,,,yr,) summarizes the strategy of
all agents.

In a marketplace with non-identical agents, the customer decision making and experience is the
same as in Section 5, and we still denote the fraction of customers requesting service from the
sub-pool-n by D,,. Given the decisions of customers and agents, the expected utility of a customer

choosing sub-pool-£ is

Ui(Dy,....DN;T1y e s TN YL - YN) = PS@’FU“[(T( +emg)(1—6) — cma] + Z PServe,rm,
m#L

where ¥, = yu,, +Yr.,., Be(D1,-..,Dn;71, ..., TN Y1, - - -, yn) denotes the probability of abandonment
in the sub-pool-¢, and PServe,(Dy,...,Dy;71,...,TN;Y1,---,Yn) denotes the probability that a
customer choosing the sub-pool-£ is served by the sub-pool-m when AD,, is the rate of customer
arrival to the sub-pool-n for n=1,..., N. Note that the expected utility of customers depends on
the total number of agents in a sub-pool instead of the number of agents with different service
quality, because all agents are treated equally by the customers as long as they offer the same
net reward. Furthermore, the revenue of a quality-i agent in sub-pool-¢ for i € {H,L} is (p, —
w;)oe(Dyy ..., DnsTiy .oy PN YLy -+ - YN ), Wwhere oy(Dy, ..., Dy;ry, .o TN Y1, - -+, Yn) s utilization of
agents in sub-pool-¢ when AD,, is the rate of customer arrival to the sub-pool-n forn=1,..., N.

The Market Customer Equilibrium and e-Market Equilibrium are again the natural extensions
of the definitions in Section 5 to a marketplace with non-identical agents and are, thus, omitted.
We denote the fraction of customers requesting service from sub-pool-n in a Market Customer

DMCE(r ... ,rniyL, .- Yn) When (T, Y., Yo, ), is a tuple of three vectors whose

Equilibrium by
components are the net rewards and the number of agents announcing them, and v, = yu,, + yr,-
We study the behavior of the equilibrium in large marketplaces by considering the sequence of
marketplaces we described in Section 5 along with the following assumption: the number of high-

quality and low-quality agents are ayk and ok, respectively, in the k" marketplace. This ensures

that the ratio of high and low-quality agents is constant along the sequence of marketplaces.

S.4.2.1. Characterization of the Market Equilibrium: Here we characterize the sym-
metric equilibrium along the trajectory of marketplaces introduced above. As a first step, we derive
the revenue of agents when all the quality-i agents for i € {H, L}, charge the same price p} in the

k" marketplace where p¥ — p; as k — oo.
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PROPOSITION 8. Let VHMCE(pk ph k) and VMOE(pk, phik) be the revenue of an high-quality
and a low-quality agent, respectively, when all the high-quality agents charge p% and all the low-
quality agents charge p% in the k'™ marketplace. If R; — p; > R; — p; for some i,j € {H, L} with
17 j, then we have that

Jim VM (ply plsk) =

p; — w; if p>ay.

{5.(1?1' —w;) if p<ay,

Furthermore, when p; < R;, we have that

R;—p;+cma)a;
<( i~ Pi a)g
0 P Rj—pjt+cmqg
. MCE( k k. _ p _ (Ri—pitcma)ay o, (Ri—pitcma)oy < R
kh_glov; (pvaLak) - (a]- (Rj—pj+ema)a; (pj w]) Rj*PjJrCfna </0_ i—pjt+cema’
— . ___ R
bj — w;j p=> Rj—pj+cma’

and when p; = R;, we have that

0 p< (Ri—pi+cema)a;
. : R;—p;+cmg)a; R;—p;+cmg (()lci R
lim VMOP (pk, pks k) < (L_#) (p; —w,) Wiptemadas o R

k00 — g cma o cmg — cmgq

)

R
pj —w; P> s

where R: (RH —pH)aH + (RL —pL)aL +cmy.

The above proposition establishes that the group of agents offering the higher limiting net reward
will always be over-utilized as long as the total demand exceeds their capacity. On the other hand,
the group offering the lower net reward will be under-utilized unless p is sufficiently high. It is
worth highlighting that the net reward does not depend on the operating cost of the agents, and
thus the customer equilibrium is independent of the operating cost of an agent.

Using the above proposition, the group offering the lower limiting net reward will always be

R
Rj—pjtcma

such that R; —p; > R; — p; with ¢ € {H, L} and i # j. In other words, p cannot be high enough

“under-utilized” in a buyer’s market since > 1> p in a buyer’s market for j € {H, L},
to let the group offering the lower net reward to be over-utilized in a buyer’s market. It turns out
this will create an opportunity for the members of that group to improve their revenue by slightly
decreasing their price if it is strictly greater than their operating cost. Therefore, we cannot have
any symmetric equilibrium where the agents with different quality offer a different level of net
reward and both of them earn strictly positive revenue. Furthermore, when they offer the same
level of net reward in the limit, at least one group of agents will be “under-utilized” along the
trajectory of marketplaces since p < 1. Then, we show that there will always be room for a single
agent to improve his revenue in a buyer’s market. Hence, in a buyer’s market, we can only have an

equilibrium where only one group of agents (high or low) can earn positive revenue in the limit.
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In fact, Theorem 7 below establishes that group of agents with the higher quality-cost differential
can earn positive revenue when demand exceeds their capacity.

The above proposition also states that both of the groups can be over-utilized when they offer
different level of limiting net reward in a seller’s market. In this case, cutting the price does not
help the agents to improve their revenues. However, we show that in this setting, an agent from
the group offering the higher net reward will have an opportunity to increase his price and improve
his revenue. Thus, even in a seller’s market, it will not be possible to see a symmetric equilibrium
where the agents with different quality offer a different level of net reward. Finally, when all agents
offer the same level of limiting net reward in a seller’s market, the pooling benefits associated with
operational efficiency will again serve as a deterrent for deviation as in the case of identical agents.
Thus, there will be multiple symmetric equilibria in a seller’s market as established in Theorem 3.

We formally present these observations in the following result:

THEOREM 7. Suppose R, —w; > R; —w; for some i,j € {H,L} with i # j. Let (pf,pff) be a
price pair emerging as the equilibrium price pair of a symmetric €*-Market Equilibrium in the k"
marketplace.

1. If p < a, then for any £ >0, we have that p¥ <w;+& for large k. Furthermore, any price pair
(pisp;), with p; =w;, emerges as the equilibrium price pair of a symmetric €*-Market Equilibrium
in the k' marketplace for large k.

2. If ;< p< 1, then

(a) For any £ >0, we have either one of the following

(i) p¥ < max {wi7 (Ri — Rj +w;) — (R; —w; +cmy) Lf - 1} } +¢& for large k,
(@) |pf— (Ri—Rj+w;)| <& and p§ <w;+& for large k.

(b) Any given sequence of price pairs (pf,py) emerges as the equilibrium price pair of a €"-
symmetric Market Equilibrium in the k'™ marketplace for large k, when p¥ converges to p; as
k— o0, pi € P(p/ay, Ri —w;) and w; < p; < (R; — Rj +w;) — (R; —w; +cmy) [a% — 1} ,

(c) There exists sequence of prices pt such that pf < R; — R; +w;, kh_)r{.loﬁf =R, — R;+wj, and
(pF,w;) is the equilibrium price pair of a symmetric €*-Market Equilibrium in the k' marketplace
for large k.

3. If p>1, then

(a) Any given sequence of price pairs (ﬁf,ﬁf) emerges as the equilibrium price pair of a

symmetric €"-Market Equilibrium in the k' marketplace for large k, when p¥ converges to p; as

k— oo forie{H,L}, p; € P(p,R;) and p; =p; + R — R; +w;,
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Qg

(b) For any £ >0, we have that p¥ < max {wi, (R; — Rj +w;) — (R; —w; +cmy,) [ﬁ - 1} } +&
for large k when p; #p; + R, — R; +w;.

When we focus on the case where ¢ = H and j = L, the above theorem shows that high-quality
agents can only charge a price very close to their operating costs in a symmetric equilibrium
when demand is low, and in such a setting, only the high-quality agents can serve customers
since customers strictly prefer high-quality agents. Thus, the revenue of all agents is in a small
neighborhood of zero in large marketplaces when demand is low. This result is similar to the one
in the model with identical agents. On the other hand, when demand is sufficiently high, namely
p > ayp, there are multiple symmetric equilibria. The only significant difference here is that there
may be multiple equilibria even in a buyer’s market as long as demand exceeds the total capacity
of high-quality agents. However, similar to Section 5, most of these equilibrium prices may be very
low compared to the equilibrium outcome in the no-intervention model. Thus, providing tools to
improve the operational efficiency may still deteriorate the moderating firm’s profit. It is also worth
noting that the best equilibrium outcome from the perspective of agents and the moderating firm is
the one where the high-quality agents charge almost Ry — Ry, when ay < p < 1. Even this outcome
may be worse than the outcome in a no-intervention model as long as Ry and Ry, are close to each
other. In fact, this outcome is equivalent to the almost zero price equilibrium when Ry —wy ~ Ry
and wy = 0.

When we consider the case where i = L and j = H, we would have similar results where the role
of high- and low-quality agents are flipped. For instance, the total capacity of the low-quality agent
would determine where we have multiple equilibria in a buyer’s market, and only the low-quality
agents would serve customers in all of these equilibria. Furthermore, the only apparent impact of
ap and «p is that the region where the agents charge their operating costs in equilibrium expands
by any increase in ay when Ry —wy > Ry,

The implications on the identical agent model: One important result in the above theorem
is that any sequence of price pairs (p%;, p% ) with both py > wy and p;, > 0 cannot be an equilibrium
in large marketplaces. This result holds even for the setting where Ry — wy = R;, and wg = 0.
Using this observation, we can argue that there cannot be any non-symmetric equilibrium where
agents earn positive revenue in the operational efficiency model with identical agents. Thus, even
if there are any non-symmetric equilibrium in a buyer’s market with identical agents, the revenue

of all agents should be almost zero.

PROPOSITION 9. Let (pF,...,p%) be a price vector emerging as the equilibrium price vector of

an €*-Market Equilibrium in the k' marketplace in the operational efficiency model with identical
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agents where pt < pk < ... <pk. Then for any £ >0, we have that p¥ <& and V¥ < & for large k,

where V¥ is the revenue of agents charging p& in the k' marketplace.

S.4.3. Communication Enabled Model

As in the model with identical agents, we finally explore the impact of enabling communication
among agents in a market with non-identical agents. To this end, we study the behavior of the
(6%, €¥)-Market Equilibrium in large marketplaces by considering the sequence of marketplaces
described in the previous sub-section.

In Theorem 7, we show that the revenue of agents is always in a small neighborhood of zero
in large marketplaces when the total capacity of agents with high quality-cost differential exceed
demand. Since (§*,€*)-Market Equilibrium is a refinement of e*-Market Equilibrium, this equilib-
rium outcome is the only possible (6%, ¢*)-Market Equilibrium when demand is sufficiently low in
a buyer’s market.

Theorem 7 also establishes that there are multiple symmetric e*-Market Equilibria when p
exceeds the capacity of agents with higher quality-cost differential. In most of these equilibria,
agents with higher quality-cost differential will be over-utilized, and thus will have an opportunity
to capitalize on this congestion when pre-play communication is allowed as we discussed in Section
6. However there is limit for that capitalization in a buyer’s market. Namely, when R; —w; > R; —w;
for some 4,7 € {H, L} with ¢ # j, quality-i agents cannot charge a price higher than R; — R; + w,
because of the threat of quality-j agents. It turns out such a threat does not exist in a seller’s
market. Hence, agents can sustain a price, which extracts all of the customer surplus, when p > 1.

We summarize these results in the following theorem:

THEOREM 8. Suppose R; —w; > R; —w; for somei,j € {H, L} withi+# j. Let (p%,p%) be a price
pair emerging in a symmetric (0%, €¥)-Market Equilibrium in the k' marketplace.

1. If p < ay, then for any € > 0, we have that pf < w; +¢& for large k. Furthermore, when kllrg oF =
0, there exists a sequence (pf,pf) that forms a symmetric (6%, €*)-Market Equilibrium in the k**
marketplace, for large k.

2. If a; < p <1, then for any & >0, we have that |p} — (R; — R; + w;)| <& and pk <& for
large k. Furthermore, when klim 0% =0, there exists a sequence (pf,p?) that forms a symmetric

—00
(0%, €¥)-Market Equilibrium in the k'™ marketplace, for large k when klim o =0.
L —> 00
3. If p>1, then for any £ >0, we have that p* > R; — & for i € {H,L} and large k. Further-
more, there exists a sequence (pf,p¥) that forms a symmetric (6%, €")-Market Equilibrium in the

k" marketplace, for large k.
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The implications on the identical agent model: Similar to the previous results in this
section, the above theorem helps us to show that, even if there are any non-symmetric equilibrium
in a seller’s market with identical agents, the revenue of agents in equilibrium should converge to

R as well as the price they charge.

PROPOSITION 10. Let (ph,...,p% ), where N > 1, be an equilibrium price vector of an (6%, €")-
Market Equilibrium in the k** marketplace with identical agents. If p> 1, then for any £ >0, we
have that p¥ > R—¢ for allme{1,...,N} and large k.

Appendix S.5: Proofs in Section S.4
S.5.1. Proof of Theorem 6

The proof for the equilibrium characterization is again used the approach we used in the identical
agent setting. The rigorous proof can be seen in the Technical Appendix. Here, we only give the
proofs for the claims that equilibrium demand for the high-quality agents and their equilibrium

revenue is higher, i.e. D}; > Dj, and Vj; >V}, for regions 1 and 3.

Region 1 (A > kA" + krA7"): In this case both groups solves the following monopoly

problem:

BB (p—wi)A[1=BAN)] = Aemy
s.to

(R —p+cmg)[1—B(N)]—cemg >0,

which can be reduced to I{\lg(})((Rl +cmg —w; )N [1 — B(N)]. Note that R; —w; is a parameter of this
optimization problem, andiby the envelope theorem the value of the optimum and the optimal

solution are both increasing in R; — w;. Therefore, our claim holds since Ry —wg > Ry.

Region 3 (A(R.) <A <A(0)): We first want to note that y(x) > x where y(z) is the unique
solution for Uy (z,y) = Uy(x,y) for any given x by Lemma 15 in the Technical Appendix. Thus,
we should have that ADj, > ADj by their definition.

Furthermore, we have that ADj}; < A\}°" since

cmg
Rp+cmgq
v )\ma'n.
1 i)
L+kg 9N a)—1

UH(CE,/\ZLOTL) = (RH+cma—wH) —cma<0’

for any 0 <z < A7°". Then, using the optimal prices pj; and pj, we have that

B(AD}) = AD; (Un(AD}, AD}) + em,)
B(AD})) = AD; (Uy (AD}, AD) + cm,)

VI—TI = (RH +cm, — ’U)H)ADE(l
> (Ry +cemq —wg)ADL(1
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> (Ry, +cmg)AD: (1 — B(AD%)) — AD* (Uy (AD%,AD%) 4 emy) = Vi,

where the first inequality holds since (Ry + cm, — wy)A(1 — B(A)) — Aem, is increasing for any

A< A\%m and the second one holds since Ry —wy > Ry

S.5.2. Proof of Proposition 7
We prove our claim by contradiction. Therefore, we suppose there exists a non-symmetric equilib-
rium where N > 1 groups of agents charge different prices, i.e., there exists a price vector (p?)N_,
arising as the equilibrium outcome.

When we let Ry = R;, = R and wy =0 in Theorem 6, the equilibrium characterization shows
that each group should charge the same price in part 1 and 3. Note that A(0) = \°, and A5 =
Ao = Am°" by definition and the fact that Ry = R = R. Furthermore, we do not have part 4
and 5 since Ry = Ry, = R. Hence, as a corollary of Theorem 6, we cannot have a non-symmetric
equilibrium with N =2.

N > 2 requires extra arguments. Similar to the additional functions in Theorem 6, we define N
different functions:

. lfl/(LEg)

Ui(xy,...,xx)=(R+cmy,) (1= B(z)] — cmy,

v(zg)
+ kp—1+4+ Z knﬁ(I[,zn)
n#l

for any £€{1,...,N}.

We first focus on the case where p < \°. Let D be the fraction of customers picking an agent
charging p* in the equilibrium. We now argue that U(AD?,p:) > 0 for all n € {1,...,N}, ie.
customer utility is strictly positive in the equilibrium. To see that suppose customer utility is zero
on the contrary. Then as in Case-2 of the proof of Theorem 6, we can show that it is necessary to
have U,(AD;,...,AD%) <0.

Without loss of generality, assume D} > --- > Dy, This implies that D} < 1/k because otherwise
we would have that i k,D; > 1. Furthermore, note that ¥(z,y) > 1 when z < y as §'(z) /(1 - 8(z))
is assumed to be deczz;sing. Hence, we have that 9(AD%,AD?) > 1foralln e {1,..., N}. Moreover,

since Dy < 1/k and both B(x) and v(z) are decreasing, we have that
[1=v(AD})][1 = B(ADR)] > [1 —v(A/K)] [1 - B(A/R)]
Combining these observations, we have that

Un(AD},...,ADY) > Ux(p,...,p) >0,
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where the last inequality holds since p < A% and Uy (\°,...,A°) = 0 by definition of A°.
Once we have that customer utility will be strictly positive in the equilibrium, we can show that
utility of customers picking the agent charging p* will be U, (ADj,...,AD%) in the equilibrium.

Moreover, all customers request service. This means that, (D7)"_, should solve that

%(ADT’_”,AD;‘V):...:[A]N(AD;,...,AD}“V), and

> k.Dj=1.
n=1

We prove our claim for p < A\ by showing that the unique solution to the above system is D =1/k
for all n € {1,...,N}. First, it is easy to see that D* =1/k solves the above system of equations
by the definition of U, functions. Suppose there exists another vector (Dy,..., Dy) which solves
these equations. Without loss of generality, assume D; > --- > Dy. As we mentioned above, this
implies that

Un(AD:,...,ADy)>Ux(p,...,p) > U (AD;,...,ADy).

This is a contradiction. Therefore, the only solution to above equation system is D* =1/k for all
ne{l,...,N}. So far, we assume that agents charge N different prices, and concluded that they
attract the same demand. However, this contradicts with the definition of Customer Equilibrium.
Hence, our assumption of non-symmetric equilibrium is wrong for p < A°.

Now, we show that there cannot be any non-symmetric equilibrium where agents charge N > 2
different prices when p > A"°". It is very easy to argue that a single agent always attracts a demand
less than A™" (demand of a monopolist) in the equilibrium because otherwise he would have
opportunity to deviate and behave like a monopolist. Hence, we should have that AD? < \™°" for

all n € {1,...,N}. This implies that > k,D; <1 since A > kA™°". Then, as in the proof of Case-1
n=1

of Theorem 6, we can show that _ k, D} <1 implies that AD} = A" for any n € {1,...,N}. The

n=1

n
intuition is that there are customers not requesting service as »_ k,D¥ < 1, so that there is room
n=1

for any single agent to behave like a monopolist.

S.5.3. Proof of Proposition 8

LEMMA 8. In the k' marketplace, let

Dy(k) = D{VICE(RH _pI;pRL —p’z;aHk‘,osz)

Dy(k) = Dy'“®(Ru — py, R — pi; ok, ack)

Bu(k) = B1(Dn(k), Dr(k); Ry _p];{aRL —PIZQ awpk,ark)
Br(k) = B2(Dr(k), Di(k); Ry _p];nRL —pIEQ apk,ark)
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Py (k) = PServiy(Dy(k), Dp(k); Ry — pty, Ry — % ank, apk)
Prr(k) = PServy (D (k), Dr(k); Ry — Py, R — pf;amk, ark),

where kh_}n()lopiC =p; <R, forie{H,L}. the, when R; —p; > R; —p; for somei,j € {H,L} withi# j,
the following statements are true:
1. If p <y, we have that klg{)lo D;(k)+ P;;(k)D;(k) =1.
2. If p> ay, we have that
(a) 1igi£f% >1.
(b) lim P, (k) =0.
(c) klg& B, (k) = max {O, 1— =4 }, when D; = ;}HEO D;(k).
k)=

pD]
(d) kh—>Holo Bi( 1=, when D; = kll)nolo D;(k).
3. If p> «a;, we have that

. . Ri—pi+cm, | o . [ Ri—pi+cm, R —pi+cm,\ o
lim D;(k)=max<{minq1l,{ ———— | — ¢ ,min — o, — 5.
k—oc0 Rj —pjtemg ) p R CMyg, P

4. If p< % and p; < R;, we have that

k—o0 k—o0

Furthermore, klim D;(k)<1- klim D;(k) when p; = R;.
5. If p> % and p; < R;, we have that

lim D;(k)= (

k—o0

R; —p;+cm, a;
cmg P

Furthermore, klim D;(k) < (m) % when p; = R;.
— 00

cmg
The proof this lemma can be seen in the Technical Appendix.

Revenue of Group-i: Using the above lemma, we have that
pDi(k)

i

1 0]+ Jim ) PP i, 1),

Q;

lim VMCF(pfy,phik) = lim (p; — w;)
k—o0 k—o0

Revenue of Group-j: Using the above lemma, we have that klim D;(k) =0 when p <
(Ri—pitcma)a; o
Rj—pjtcma

(R;—p;+cma)ay; < R
Furthermore, when B p,teme <P S B p, tomg

. Therefore, the revenue goes to zero.

we have that klim pD;(k)= (p - w) <
—00

Rj—pjtcma
a;. Therefore, we have that kh_)IEO B;(k) =0, and

ij(k) [1 _ﬁ](k)] = < £ N (Rl _pi+cm“)ai) ( '_wj)a

— VY
a; a; (Rj—pj+ema)a; J

lim VM (py p k) = lim (p; —w;)

when p; < R;. When p; = R;, the above expression is an upper-bound for the agent revenues since
lim D;(k) <1-— lim D;(k).
k—o0 k—o0 i

Finally, when p > we have that klim pD;(k) > «;, and thus the limit of the revenue
—00

R;j—pjtcma’

goes to p; —w,; when p; < R;. When p; = R;, p; —w; is an upper-bound for the agent revenues.
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S.5.4. Supplementary Claims for the Proof of Theorem 7

R;—p;+cma

LEMMA 9. For any (ph;,p%), where kh_)r{)lopf =p; forie{H,L}, 1< o p teme

P
<5 for some

i,j € {H,L} with i#j, and p; < R;, we have that
lim Vi, (k) =pi —w; +e, lim Vj, (k) =p; —w; —e,

where € < (R; —p;) — (R; —p;), Vi,., (k) is the profit of a quality-i agent charging p; +¢ when all

other quality-i providers charge p*, and all quality-j providers charge p;?,and Ve, (k) is the profit
of a quality-j agent charging p; — ¢ when all other quality-i providers charge p;, and all quality-j
providers charge p;. Furthermore, the same result holds even when p; = R; as long as the limiting

revenue of quality-j agents is strictly positive before deviation.
The proof of the lemma can be seen in the Technical Appendix.
LEMMA 10. For any given sequence of price pairs (pk,pk), where klim P = pu, klim Pk =pp,
—00 —00
and Ry —prg = Ry, —pr, >0, we have that

lim V;

k—o0

k)=p,—e—w;, forie{H,L}

dev (

where 0 < e <min{0,p; —w;} and V;, (k) is the profit of a quality-i agent charging p; — e when
all other low-quality providers charge p%, and all other high-quality providers charge p%, in the k'™
marketplace. Furthermore, the same result holds even when Ry —pg = Ry — pr, =0 as long as the

limiting revenue of all agents is strictly positive before deviation.
The proof of the lemma can be seen in the Technical Appendix.

LEMMA 11. If p € P(p; R), where P(p; R) is defined as in Theorem 3, then for any & >0, we
have that
(p+e)eP(p;R+e).

The proof of the lemma can be seen in the Technical Appendix.

S.5.5. Proof of Theorem 7

1. We prove this claim by contradiction. Thus, we assume that there exists a £ > 0 such that pf > &

for any k. This implies that there exists a sequence of equilibrium price pairs with limits satisfying

p; > w;. Following a case-by-case analysis, we show that this assumption leads to a contradiction:
i. (Ri—pi=R;—p;): In this case, the utilization of quality-i agents cannot be higher

than p/«; even though all customer request service from them. Thus, the upper-bound for their

limiting revenue is p/o;(p; — w;). However, Lemma 10 establishes that a quality-i agent can secure
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a revenue of p; —w; —e when he cuts his price by ¢ as long as p; < R; or the limiting revenue
of all agents is positive before the deviation. Clearly, for any € < (1 — p/«;)(p; — w;), this kind of
deviation improves his profit. For the sequence of prices resulting zero limiting revenue for at least
one group of agents (which can only happen when R; —p; = R; —p; =0), any single agent from
this group can improve his revenue by trivially deviating to R;/2 as discussed rigorously in the
proof of Proposition 3. Hence, any sequence of price pairs with limits satisfying R, —p;, = R; — p;
cannot emerge as an equilibrium price pair.

ii. (R; —p; > Ri —pi): In this case, we have two sub-cases:

R;—pjtcma

* H<
P= R;—pj+cma

oyt As we show in Lemma 8, the profit of a quality-i provider is zero as

k goes to infinity. However, when a quality-i provider deviates to charge a price p’ < R; — R; + pj,
he becomes the least expensive provider, and always attracts strictly positive demand (Similar to
the discussion at the end of the proof of Proposition 3). This kind of deviation clearly improves
his profit. Therefore, in large systems any sequence of price pairs with limits satisfying this sub-
case cannot emerge as an equilibrium price pair (Note that there always exists a p’ > w; since

R, —w; > R; —w;. When R, — w; = R; — wj, the above proof holds only for p; > w;).

Rj—pj+cma

** 0> Ry piroms ° In Lemma 9, we show that a quality-j provider can increase his

price while keeping him fully-utilized whenever the limiting revenue of quality-i agents is strictly
positive or p; < R;. This kind of deviation clearly improves his profit. On the other hand, if the
limiting revenue of quality-i agents is zero and p; = R;, a quality-i provider can deviate to charge a
price p’ < (R; — R; +w;) + (R; —w; +cmy,) {1 — %J} . As aresult of this deviation he always attracts
strictly positive demand because the utility of customers would be (R; — p; + cmg)ay/p — emy,
(which is strictly less than R; — p’ even if p; = w;) if all of them chose quality-j agents. This
kind of deviation clearly improves his profit compared to his revenue before deviation, which is
zero in the limit. Therefore, in large systems any sequence of price pairs with limits satisfying
this sub-case cannot emerge as an equilibrium price pair (Note that p’ > w; is always true, even if
R; —w; = R; — wj, since p > ¢;. thus, we do not use our assumption of R, —w; > R; —w;.).
iii. (R; —pi > Rj —p;): In Lemma 8.1, we show that quality-i providers are under-utilized
since p < ;. Then, as we rigorously show in Section 5, any single-provider can cut his price by a
small amount, and he can make sure he will be fully-utilized in a sufficiently large system. Clearly,
this kind of deviation improves his profit, so that any sequence of price pairs with limits satisfying
this case cannot emerge as an equilibrium price pair.
2.a) (Characterization of the limit): As in part 1, we prove this claim by contradiction.

Thus, we assume that there exists a £ > 0 such that (p},p}) violates both conditions for any k.
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This implies that there exists a sequence of equilibrium price pairs with limits satisfying p; >
max {wi, (R, — R; +w;) — (R; —w; +cmy,) [a% — 1] }, except R; —p; = R; —p; = R; —w,. Following
a case-by-case analysis, we show that this assumption leads to a contradiction:

i. (R;—pi=R;—pj <R;j —w;): In this case, the utilization of at least one group of agents
(either low or high) should be less than p since the total rate of customers requesting service cannot
exceed the total rate of customers. WLOG, suppose the utilization of quality-j agents is less than
p. Then, the upper-bound for their limiting revenue is pp;. However, Lemma 10 establishes that a
quality-j agent can secure a revenue of p; —e when he cuts his price by € as long as p; < R; or the
limiting revenue of agents is positive before the deviation. Clearly, for any ¢ < (1 — p)p;, this kind
of deviation improves his profit Furthermore, the sequence of prices resulting zero limiting revenue
for quality-j agents (can happen only when p; = R;) can be ruled out as in Part 1.i. Thus, any
sequence of price pairs with limits satisfying this case cannot emerge as an equilibrium price pair.
(Note that we do not use our assumption of R; —w; > R; — w,.)

ii. (Rj — p; > R — pi): First note that p, > max {wi, (R; — R; +w;) — (R; —w; +cmy,) |:o% - 1} }
since p; > R; — R; +w; in this case. Then any sequence of price pairs with limits satisfying this case
cannot emerge as an equilibrium price as in part 1.ii. (Note that we do not use our assumption of
R; —w; > R; — w; here as well.)

iii. (R; —p; > R; —p;): In this case, we have two sub-cases:

* p< Ri—pitcma

R pom. (i As we show in Lemma 8, the profit of a quality-j provider is zero as
J J a

k goes to infinity. Furthermore, since p; > (R; — R; + w;) — (R; — w; + cm,) [i - 1} , the expected
utility of customers converges to a limit, which is strictly less than R; —w;. The lower bound on p;
also implies that p; > w; in this case. Then, we can argue that when a quality-j provider deviates
to charge a price p’ such that R; — R; +p; <p' < R; + cmg, — (R; — p; + cma)% < pj, he always
attracts strictly positive demand (Note that R; +cm, — (R; —p; + cma)% > w; by the lower bound
on p;.). The reasoning for this argument is similar to previous claims:

1. Demand for quality-i agents exceeds their capacity after the deviation of quality-j agent.

2. Therefore, all customers picking the deviating agent should be served by him.

3. Some customers should pick the deviating agents because otherwise customers’ utility would be less than R; — p’ since
(Ri — pi +cma)% —cmg < R; —p'.
This kind of deviation clearly improves his profit. Therefore, in large systems any sequence of price

pairs with limits satisfying this sub-case cannot emerge as an equilibrium price pair.

R: —p; . . . . . .
** 5> %ai: In Lemma 9, we show that a quality-i provider can increase his price
j—Pjtcma

while ensuring a revenue strictly greater than p; when p; < R; or the limiting revenue of agents is
positive before the deviation. This kind of deviation clearly improves his profit. On the other hand,

if the limiting revenue of quality-j agents is zero and p; = R;, a quality-j provider can deviate to
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charge a price p’ such that R; — R; +p; <p’ <p; and always attract strictly positive demand. The
reasoning for this argument is similar to previous claims:

1. Demand for quality-i agents exceeds their capacity after the deviation of quality-j agent.

2. Therefore, all customers picking the deviating agent should be served by him.

3. Moreover, since p > Wui when p; = R;, not all customers will request service, and thus the utility of customers
after deviation will be zero.

4. Hence, some customers should request service from the deviating agent since R; —p’ > 0. To be more specific, pick u > 0,

let A >0 solves (R —p’)(1— (\)) =u. Then, the utility of customers picking the deviating agent would be at least u when his
demand is less than A for large k. Thus, the demand for the deviating agent should be more than A for large k.
This kind of deviation clearly improves his profit since all quality-j agents earn zero when p; = R;.
Therefore, in large systems any sequence of price pairs with limits satisfying this sub-case cannot
emerge as an equilibrium price pair. (Note that we do not use our assumption of R; —w; > R; —w,
here as well.)

2.b) (Existence of the multiple equilibria): We prove that the proposed price pair emerges
as the equilibrium price as in the proof of Theorem 3. First, we want to note that quality-;j agents
i i 5. _R. Y (R — w. L
will always be out of the market for large k since p; < (R; — R; + w;) — (R; — w; + c¢my,) [ai 1}
implies that the expected utility of customers converges to a limit, which is strictly greater than

R; —w,. Thus, they cannot improve their revenues.

Furthermore, in order to show that even the quality-i agents cannot improve their revenues, we

let V/(k) be the maximum profit that a quality-i provider can get by increasing his price. Note

that we do not consider a deviation where a quality-i agent cuts his price because quality-¢ agents

R—p+cm
0, B=ptema

5 o; — cma}. Then, we can show that

are already over-utilized. Let A (p; R) = max{

limsup V/ (k) < mfux(R,- +cmg —w;)\[1 —
k—oo

< mfux(R,- +cemg —w;)A[1

BN = MAT (pi; Ri) + emy)
BN = MAY (pi; Ry — w;) + ema),

where the first inequality holds as in the proof of Proposition 4, and the second one holds since
AH (p; R) is increasing in R. Then, as in the proof of Theorem 3, quality-i agents do not have a prof-
itable deviation since p; € P(p/a;, R; — w;) = p; > mfmx(Ri +emg —wi)A[1 = BN)] = MAH (pi; R —
w;) +cmy).

2.c) (Existence of the sequence converging to R, — R; +w;): Let p¥ be a sequence converg-

Rj—wj+cma

ing to R; — R; +w; with a rate of 1/\/% such that p¥ = R; +cm,, — T (o)

By construction,
the quality-i agents, who charge pF, attracts a demand rate of a;k when all quality-i agents charge
p¥ and all quality-j agents charge zero. Furthermore, their utilization will be very close to 1 as k
grows. To be more specific, their utilization will converge to 1 with a rate of 1/ Vk by Theorem 5
in Zeltyn and Mandelbaum (2005). Hence, the revenue of a quality-i agent will be in the form of
Ri—R;—w;,+w; — G/ V'k, where (, is a constant, given that all quality-i agents charge P and all

quality-j agents charge zero.
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As we assume that 5= — 0, we should have that R; — R; —w; +w; — Co/VE+e* >R — R —w; +
w, for large k. This implies that a quality-i agent should charge more than R; — R; + w, in order
to ensure a profitable deviation. However, a high quality agent would become the most expensive
agent while there is ample capacity to serve customers when he follows such a deviation, and thus
his demand would be zero. Therefore, quality-i agents do not have a profitable deviation from this
price pair. The same would happen if a quality-j agent would increase his price.

3. The proof to rule out any sequence of price pairs with limits satisfying R; — p; # R; — p; is
the same as the proof in part 2.a. Furthermore, we prove that the proposed price pairs emerge as
the equilibrium price as in the proof of Theorem 3. Note that p; € P(p, R;) implies that p; < R;,
and thus both groups of agents should be over-utilized given all quality-q agents charge p’; for
q € {H,L} in the k' marketplace. Hence, it is again enough to just focus on the price increase as
a possible profitable deviation.

We let V/ (k) be the maximum profit that a quality-q provider can get by increasing his price for
g€ {H,L}. Then, we have that

liirisup V (k) < Hl)E\lX(Rq +emg —wy )A[1 = BN)] — AM(A(Py; Ry) + cmy)
meX(Rq +ema)A[1 = B(N)] — A(A(py; Ry) + cmy)
= (Rq + Cma)/\A(ﬁq; Rq) [1 - ﬁ()‘A(ﬁq; Rq))] - )‘A(ﬁqﬁ Rq)(A(ﬁq; Rq) + Cma)7

IN

where the first inequality holds as in the proof of Proposition 4, and the second one holds since
w, >0 for ¢ € {H,L}. Then, as in the proof of Theorem 3, quality-j providers do not have a
profitable deviation since p; € P(p,R;). Moreover, quality-i providers do not have a profitable

deviation, either since p; € P(p, R;) implies that p; € P(p, R;) by Lemma 11.

S.5.6. Proof of Proposition 9
We prove this claim by contradiction. Thus, we assume that there exists a £ > 0 such that p¥ >
&> 0 for any k. This implies that there exists a sequence of price vectors (p%,...,pk) with limits
(p1,---,pn), where p, >0 for all n € {1,...,N}. Suppose «,, fraction of agents charge p* for all
n€{1,...,N} in the k' marketplace. We will show that a single agent will have a profitable
deviation from this strategy for large k.

When N =2, we can use the results of Theorem 7 by letting Ry = Ry = R and wy =wr =0
because this theorem states that any price vector, where different class of agents charge different
strictly positive prices, cannot emerge as the equilibrium price for large k& (Note that we do not

use our assumption of Ry —wg > Ry to rule out sequences with limit py > 0. It is only required
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for the case of p;, =0). However, N > 2 needs extra arguments. Suppose there exists a sequence of

equilibirum price vectors (p¥, ..., p% ) with limits (pi,...,py) and N > 2 for any k.

We first need to characterize the revenue of agents given the price vector (p,...,p% ) and the
fraction of agents charging these prices (ay,...,ay). Let (V... V) be the the revenue of agents
in the k" marketplace. Then very similar to Proposition 8, we can show that for any £ € {1,...,N}

0 if p<pf
lim VA= o ()i e+ o]
De if p>p} +au,

-1
Z (R_Pn+cma)0¢n

where p{ =0, and p) = 2=

yr for all £ > 1. Note that we always have that lim V}* >0 as
petcmg k— 00

p > 0. Furthermore, either of the following two cases also holds always:

1. khj& V¥ =0: In such a case, we would have that agents charging py earn zero revenue while
the revenue of agents charging p; is strictly positive. This would contradicts with the definition
of e*-Market Equilibrium because a single agent from sub-pool-N could improve his revenue by
charging an arbitrarily small price less than p; > 0.

2. klgl;lo V>0 and Iclggo V¥ =p, for all n < N: In this case, sub-pool-(N — 1) earns strictly more
than sub-pool-n for all n < N — 1 since p; < --- < py. Then this creates an opportunity for any
single agent in sub-pool-1 to improve his revenue by increasing his price as in the proof of Lemma
9. Thus, this case also contradicts with the definition of e*-Market Equilibrium.

As both of these cases lead to a contradiction, our assumption that (p¥,...,p%) is equilibrium
for any k is wrong, and thus the lowest price should converge to zero. As a direct implication of
that we have that klggo V[ =0. Moreover, we also need to have that kh—>r£1<> Vk =0 for n>1 because
otherwise any single agent in sub-pool-1 would have an opportunity to improve his revenue and

that would contradict with the definition of e*-Market Equilibrium.

S.5.7. Supplementary Claims for the Proof of Theorem 8
LEMMA 12. Suppose R; —w; > R; —w; for some i,j € {H,L} with i # j. Then, if p > «;, we
have that

klim V/(k)=p;+¢e—w;,
where V/(k) is the profit of the § fraction of high-quality providers charging p; + ¢ when all other

quality-q providers charge p} for q € {H, L} with 0 <& < min {Ri —R; +w; —p;, (1 — ) (R; —pi + cma)}

@
p

and klim p¥ =p; <max {wi, (R;— R; +w;) — (R; —w; +cmy,) {aﬁ - 1} }
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LEMMA 13. In a seller’s market (p > 1), for any sequence of price pairs (p%;,p%), where klim pk=
—00
p; fori€{H,L} and Ry —pg = Ry —pr >0, we have that

lim V) (k) =p; +¢ —w;,

ko0
where V! (k) is the profit of the § fraction of quality-i providers charging p; +¢ for i€ {H, L} when
all other high-quality providers charge p%;, and all low-quality providers charge p%, and 0 < e <
min {R,; — Di, <1 - %) (R; — p; —b—cma)}.
S.5.8. Proof of Theorem 8

1. The fact that p¥ < w; + ¢ for large k holds directly by Theorem 7.1.

Existence: The existence of the sequence holds as in the proof of Theorem 4. Similar to this

proof, we can only show the existence of such a sequence for p < o — 5 if klim 68 =6>0.
—00

2. We have already shown that any sequence of price pairs with limits (p;,p;), where
D > max{wi,(Riij +w;) — (R; —w; +cmy,) [571]}, except R, — p; = Rj — p; = Rj —
w;, can not be an equilibrium in a large marketplace in Theorem 7.2.a. Further-

more, Lemma 12 provides a profitable deviation for a small group of agent when p; <

max {wi, (R; — R; +w;) — (R; —w; +cmy,) [f - 1] } Hence, any sequence of price pairs with lim-

its (p;,p;) cannot emerge as the equilibrium price pair of a symmetric (6%, €¥)-Market Equilibrium
in large marketplaces even if p; < max {wi, (Ri— Rj +w;) — (R; —w; +cmyg) |:o% - 1} } Hence, the
only possible limit for a sequence of equilibrium prices (p},p}) is (R; — R; +w;,0).

Existence: The existence of the sequence holds as in the proof of Theorem 7.2.c when we have

klim ok =0. If klim 6% =6 >0, we can show the existence of such a sequence only for p <1 —34.
— 00 — 00

3. Any sequence of price pairs with limit p; # R; — R; +p; can not emerge as a price pair in large
marketplaces as shown in part 2, and thus we are only left with the case where p;, = R, — R; + p;.
Furthermore, we rule out all the sequences with limit p; < R; by Lemma 13.

Existence: The existence of the sequence also holds as in Theorem 5.

S.5.9. Proof of Proposition 10
We first want to note that the equivalent of our claim is that kl;rglo pi=Rforall ne{l,...,N}.
To prove this result, it is sufficient to show that the given sequence of equilibrium prices always
converge to one price, i.e. kli_}r&pﬁ =p for all n € {1,...,N}. Then, using Theorem 5, we should
have that p= R.

To prove that kh_)rgcpﬁ =p for all n € {1,..., N}, suppose kh_glopfl = P,, where p, # p,, for any
n#Zm,ne{l,...,N}, me{l,...,N} (Note that prices can also converge to N’ < N limits. The
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proof for such a case is the same). First, we note that the case such that p,, >0 for alln € {1,..., N}
is already ruled out in Proposition 9. The only case that is remained to be ruled out is that p; =0
by assuming p; < --- < py without loss of generality. Observe that in such a case demand for sub-
pool-1 exceeds the capacity of the sub-pool as p > 1. Therefore, there is always room for a group
of agents to increase their prices and improve their revenues as we show in Lemma 12. Hence, this

case also cannot be true.

Appendix S.6: No-intervention (Non-Identical Agents)
S.6.1. Supplementary Claims to Characterize SPNE

LEMMA 14. Let

A

Usla,y) = (R +emy) | —2—22)

v(z)
kp+kgd(z,y)—1

1 —
at) ] (1= B)) - ema,
1 + kg+kpd(y,x)—1

(1= B(x)) = ema,

fjH(%?J) = (Ry +cm, —wg)

where v(z) = ff;(é)), and 9(x,y) = zzg; Then, we have that
1. 7‘90%(;’3’) < 0. Furthermore, 760%(;’3’) >0 when % <0.
2. 80%7;“’) < 0. Furthermore, % >0 when % <0.
Proof:

1. We have shown that both v(z) and 8(x) are strictly increasing in « in Lemma 1. Using these observations,
v(z)

it is sufficient to show that PP T

.. L . UL (x,
is increasing in x in order to prove that % <0.

Let h(z,y) = WM Then, observe that

oh(z,y) _ V(z)[kr + ket (z,y) — 1] — kgv(z) [%}

ox [kr + kg9 (z,y) —1]?
V(@) [k + k9, y) — 1] k22 [0 - 2G|

W) | e a2
[k + kg (z,y) —1]2
V(@) [k + k9, ) = 1] = ko (z,y) [£2 - 45|
(kr + ki (x,y) —1]2
I/(‘T)[kL - 1] + kHﬂ(x’y)@

= - >0.
(kL + kg (x,y) —1]2 =0

Furthermore, after simple algebra we have that

00, (2,y)  ( Uslw,y)+em, kav(z) 250
dy  \1+ v(y) (kr +k+ HVY(z,y)?

For o0 (y,0) 1

| Ulzy) +em, () 22) L
1+——2w __ J\ [k +k+HI(zx,y)> )~

kp+kro(y,z)—1

whenever % <0.

2. The proof is very similar to the proof of Part 1.
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The demand for High-Quality Agents given the demand for Low-Quality Agents:

LEMMA 15. Let y(z) = {y: Ur(z,y) = Un(z,y)}. Suppose 22 < 0. Then, we have that
1. y(x) is a singleton and y(x) > x.

2. y(x) is strictly increasing in x.

3. Uy (x,y(m)) is strictly decreasing in x.

4. Let XI™ be the unique solution to

1— B(z) - af (z) = -2t T

Ry +cm, —wgy

Then, there exists a AFL < kyA%¥™ such that y(0) = ARL /Ly
Proof:

1. Note that for any given 0 < 2 < co, we have that Uy (x,0) = Ry — wy since v(0) =0, and Uy (z,0) < Ry.
Using these observations, we have that

UH(E,O)—UL(x7O)ERH—’LUH—RLZO.

Moreover, for any given 0 <z < 0o, we have that lim Uy (z,y) = —cm,, and lim Uy (z,y) > —cm,. Thus,
we have that R R
lim [Ug(z,y) — UL(z,y)] <O0.

y—>00

Then, the claim holds since we have that

al-A]H(xv y) _ 8IA]L ('7:7 y)
oy dy

<0,
by Lemma 14.

. : UL (z,y) Uy (x,y)
Finally, we have that y(z) > x since =52 > 0, =522 <0, and

Up(z,2) = (RLJrcma)ll_#(l*ﬁ(x)) —cmg
kp+kg—1
< (Ry +cm, —wH)l;’jEf))u — B(x)) — emy = Uy (2, 2).
1 kp+kg—1

2. For any given x, and € > 0, note that

UL(A(z+e),y(2)) < Unlz,y(2)) = Un(z,y(2)) < Un(Alz +e),y(@)),
since % <0, and w >0 by Lemma 14.

x

Now, suppose y(z) > y(x + ¢) for some x >0, and € > 0. Then, using the above observation, we would
have that

Ur(Aa+e)y(a+¢)) S Un(A(e +e),y(2)) < Un(A(z+e),y(2)) < Un(Alz+e),y(z+e)),

since W >0, and aﬁfgigf’y) < 0 again by Lemma 14. However, this contradicts with the definition of
y(x). Hence, we should have that y(z) <y(z +¢).

3. We prove this claim by contradiction. Therefore, we suppose there exists some z;, and x5 such that

r1 < xo, and A .
UL (371721(%1)) < UL(@JJ(%))- (21)
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Then, we would have that

N N 1—v(x
U (220 9(@2)) > U (w1,9(01) = (By + cm,) ) ] [1— B(a1)) - em,
+ kr+kpd(z1,y(z1))—1

L—v(z) [1—B(x2)] — cma,

v(x2)
+ kr+kgd(z1,y(z1))—1

> (R +cm,) [

where the inequality holds since both v(z) and B(x) are strictly increasing in x. Then, the above inequality
implies that

1—v(x
(Ri +cm,) { V((xf)) } [1=B(z2)] = ema
+ kr+kgd(za,y(z2))—1
. 1—v(x
= O (2 9(e2) > (Ry+em,) z2) ] [1— B(z2)] — em,
kp+kpd(z1,y(z1))—1

= (@2, y(22)) > V(z1,y(21))- (22)

Note that by Equation 21, we also have that

Uy, (:r17y($1)) <Uy (12, y(mg)).

Furthermore, as we show above, we have that

—) ] (1= Bly(x))] - em,

kp+kao(y(er),s1)—1
rpr—cresym— O il
kp+kgd(y(zr),z1)—1

= J(y(z2),z2) > I(y(x1), 71). (23)

where the inequality holds since both v(z) and f(x) are strictly increasing in z, and y(x) is strictly increasing
in z.

Un (z2,y(22)) = U (x1,y(21)) = (R + cm, — wy)

1+
L —v(y(x2))

> (Rg +cm, —wy)

Finally, by combining Equations 22 and 23, we have that
1=9(x2,y(22))0(y(22), 22) > (w1, y(21))I(y(21), 1) =1,
which is a contradiction. Hence, Uy (x,y(x)) is strictly decreasing in z.

4. We first want to note that Uy (0,0) = Ry,

__Rrtema
U (0, A57™) = (B + cm —wpy) | —— 00— | —em,, < Ry,

I+ Srsogm o1
and 30%7(:’” < 0. Therefore, there exists a unique AFL < kyA %™ such that

Un (0,ARE Jky) =Ry,

Furthermore, we have that Uy (0,y) = Ry, for any y > 0. Hence, it is clear that y(0) = AR /ky.



Cil et.al.
42 Large-scale Service Marketplaces

Candidate for the Customer Equilibrium with Positive Surplus:

PROPOSITION 11. For any given A, let
(D), Dir(8) = { (@) : O ,9) = Un (), bpw+ by = A}

If w <0, then the following statements are true:
1. If A> ABL, then
(a) DL(A) is a singleton, and Dy (ARL) =0.
(b) DL (A) is strictly increasing in A.
(c) Uy (ﬁL(A),ﬁH(A)) is strictly decreasing in A.
2. Let A™™ = kg \N7o™ + kp AN7o™ ) where \*", i ={L, R}, is the unique solution to

cmy,

1= p(x) —af'(z) =

R, +cm, —w;

Then, we have that Uy (ﬁL(Am""),DH(AmO”)) <0.
3. For any given 0 <u < Ry, there exists a A(u) such that Uy (ﬁL(A(u)),ﬁH(A(u))) =u. Fur-
thermore, A(u) is strictly decreasing in u, and A(0) < kg Npo"™ + kL \7or.

Proof:

1. a) Note that y(0) = A"r /ky, and k 2+ kgy(r) is strictly increasing in by Lemma 15. Hence, it is clear
that there exists a unique Dy (A) such that

kLDL(A) + k'Hy(DL (A))

A,
for any given A > AFL.
Also note that Dy (ARz) =0.
b) By definition, for any A; < Ay, we have that
kLDL(Al) + kHy(le(Al)) < kLle(A2) + kHy(DL(AQ))'
Then, the claim follows since kyxz + kyy(z) is strictly increasing in & by Lemma 15.

¢) Our claim follows since Dy (A) is strictly increasing in A as shown in part 2, and Uy (z,y(z)) is
strictly decreasing in x by Lemma 15.3.

2. We prove this result by contradiction. Therefore, we suppose

UL (bL (Amon)’ bH (Amon)) 2 O7

Observe that

U, (A7 y(AT™)) = (Rp + cmy) RL;;LT:Z”) —cm,
Lt o yopeyy 1
= o) —cm, <0.

1+

kL Tka ooy (Vo) — 1

and this inequality implies that Dy (A™™) < 7" since Uy (ac,y(a:)) is decreasing in x by Lemma 15.3. We

also have that A
DH(A'nLon) > )\}gon
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since ky Dy (A™") + kg Dy (Amem) = Amen,
Furthermore, observe that

cmg
Rpg+cmg
V(}\%Lon)
kr, +kH19()\}_'IL°",w)—1

U (2, A7) = (Ry 4 emg — wy)

—cmyg <0,
1+

for any 0 <a < A7°". Then, we have that
UH (ZADL(jxmon)7 DH(Amon)) < UH (f)[{(/&'rnon)7 )\;r[mn) < O S 0L (ﬁL([\m,on)’ZA)H(/\Tnon))7

since Dy (A™") > A7em  and w’gi(;y) < 0. However, this contradicts with the definition of
(DL(Amon)’DH(Amon)).
3. Note that we have

UL (Dp(ARr), Dy (ARL)) = Ry,
U (Do (A™™), Dy (A™™)) < 0,

where the first equality holds since Dy (A®2) =0 and Dy (ARr) = ARz /ky, and we prove the second one in
part 2. Therefore, it is clear that A(R;) = A", where AL is defined as in Lemma 15.

Finally our claim holds since U, (1A7L(A)7 ﬁH(A)) is strictly decreasing in A as we show in part 1.c.

COROLLARY 2. For any given A < A(0), if % <0, then we have that

{(l’,y)ZUL(.iE,y)SO, UH(JJ,?J)SO, ka+kHy:Aa .’L’ZO, yzO}:Q

Proof:
Note that since A < A(0), we have that

UL(DL(A), Dy (A)) =Un (DL(A), Du(A)) >0,
as we shown in Proposition 11. Furthermore, since krx + kzy = A, we have two possible cases:
1. x> ﬁL(A), and y < ﬁH(A): In this case, we have that
Un(2.y) 2 U (De(A). Du(8)) >0
since mj’gi,(;‘y) <0, and E’U’gi(f’y) > (0. Therefore, this case cannot be in the set we defined above.
2. x<Dy(A), and y > Dy(A): In this case, we have that
U 9) > 0, (D4 (A), Dy (4)) >0

since BULdi(;y) <0, and BULT(;“"’) > 0. Therefore, this case also cannot be in the set we defined above. Hence,
the above set is empty.

S.6.2. Single-Agent Best Response
Given that kz — 1 high-quality agents charge py, and k; low-quality agents charge pr, a single
high-quality agents, say agent-¢, solves the following problem to find his best response:

(Pz - wH)ADZ [1 - 5(AD8)]

max
pezwy, D=0, Dy>0, Dy, >0
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(Rg —pe+cmg)[1—B(AD,)] —emy, >0

(R —pe+cma) [1 = B(AD,)] = (Ry — pu + cma) [L = B(ADp)]
(R —pu +cma) [1 = B(ADy)] > (RL — pr +cma) [1 = B(ADL)]
Dy + (ky — 1)Dy + kp Dy < 1

D, >0

Any the symmetric SPNE (Dy, Dy; pr, pr) should satisfy the following FOC:

24
25

ADy =iy —n2y =0, (24)
Alpu —ww)[1 = B(ADy)] = A*Dy (R + cmgy — wi) B/ (ADp) —1ay, =0, (25)
N2y — M3y )A(Ri — pr +ema) ' (ADy) — (kg — 1)nay, =0, (26)
N3 AR —pr+ema)B' (ADL) = kpnay + 15, =0, (27)
My (Ru —pu +emy)[1 = B(ADy)] — em,) =0, (28)
3 (R — prr + emy)[1 = B(ADy)] — (R — pr +emy)[1 = B(ADL)]) =0, (29)
Ny (1—kpDp —kgDpg) =0, (30)

(31)

(32)

775HDL = Oa

Migs My Mgy Moy =0,

where 11,,, M2,;, M35 May» and 715, are the Lagrangian multipliers of the constraints 1, 2, 3, 4, and
5 of the best response problem of agent-¢, respectively. Furthermore, given any symmetric SPNE
(Dr, Dg;pr,pr), we denote the expected utility of a customer choosing the price p; for i € {H, L}
by UfPNE(DL;DHQPL;pH)~

CrLam 3. Given any symmetric SPNE (Dyr, Dy;pr,prr), we have that
1. Dy >0.

2. UiPNE(Dy, Dy pr,pu) <Ry < Dp>0.
Proof:

1. Suppose NOT, i.e. Dy =0. Note that Dy =0 implies that V(ADg,pg) =0, and U, (AD,p.) < Ry since
all customers choose low-quality providers whose service can only give a reward of R;. Consider the case
where a single high-quality agent deviates and charge a price p < Ry — UL(ADy,pr) — wg. It is clear that
some of the customers should choose this agent after deviation since he would be the cheapest agent if all
customers would still choose only low-quality providers. Furthermore, it is apparent that the deviating high-

quality agent will earn a strictly positive profit after deviation. However, this contradicts with the definition
of SPNE. Hence, We should have Dy > 0.

2. Suppose NOT. First note that D, =0 implies that V(AD.,p.) =0. Consider the case where a single
low-quality agent deviates and charge a price p < Ry, —USPNP(Dy, Dy;pr,pu)- It is clear that some of the
customers should choose this agent after deviation since he would be the cheapest agent if all customers
would still choose only high-quality providers. Furthermore, it is apparent that the deviating low-quality

agent will earn a strictly positive profit after deviation. However, this contradicts with the definition of
NE. Hence, We should have D; > 0.
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In the remaining of the proof, we perform a case-by-case analysis to show that

L] ]CHDH +k’LDL <1 <:>A > kHAgon _i_kL)\?on.

USPNE(DLvDH;vapH) - 07
. and & A0) < A < kg \mom 4 kp Amon.
kuDy+ kD=1

o 0<UZ"M¥(Dy, Du;pr,pu) < R < A(RL) <A <A(0).
o USPNE(Dy, Dyspr.pu) = Ry & kuXi” < A< A(Ry).

[ ] UEPNE(DL,DH;pL,pH) > RL <:>A < ]{IH/\gL.
Note that to prove the above < statements, it is sufficient to show the = statements because

= statements cover all possible values for A.

Case-1 (ky Dy +kr Dy < 1): Note that in this case, we have that USPNE(Dy, Dy;pr,pr) =0,
so that Dy, > 0. Then, we have that

kuDg+ kD <1 = Nay =0
=13, =0  (Since 15, =0)
=12, =0  (Since 1y, =0)

:>’I'}1H:ADH>O

cmy,
:>pH:RH+Cma—m
= (Rg +cmg —wg) [1 —B(ADg) — ADHB’(ADH)] =cm, (Since 74, =0)
= Dy = 2"
L\

)\mon . . .
L—. Combining these observations, we

Similarly, we can show that kg Dy + kD <1= Dy =
have that
]CHDH + ]CLDL < 1= A > ]CH)\?_}on + kLATO’n.

Case-2 (U;"NE(Dy, Dy;pr,pr) =0, and ki Dy +kp Dy, =1): As in the previous case, we have
that D > 0. We first want to note that

SPNE(D). D, = = e

U " " (D1, Du;pr,pu) 0:>2:7H Rt +cma 1-B(ADg)
~ % = (Ry +cm, —wp)[1 = B(ADy) = ADuf'(ADy)] — cmy
= Dy <,

A
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where the last statement holds since 7,,, >0 and by the definition of \7°".
" in this case. Then, we have that

.. Ao
Similarly, we can show D < =k

ngNE(DL, DH?I?L,Z)H) =0,
and = A < kg Ao 4 kpAmon,

k’HDH +kLDL = 1
cTa and p;, = Ry, +cm, — %, we have that

Furthermore, since py = Ry + cm, — TBADT)

_ (kg —1)[1 = B(ADy)]
Ten =t N B (ADy)

(kg —1)[1 - B(ADy)]
emoAB' (ADg)

4H

o

B [ml — B(AD,)]
eme ' (ADy)

(R + cm, —wg)[1 —v(ADy)][1 — B(ADg)] — cmy],

B'(ADy)

B lk:H — 14k 9(ADy,AD;)
CMa1=5(AD )

where the last equality holds by Equation 25.

Then, using Equation 24, we have that

]CH -1 + ]{?Lﬁ(ADHaADL) [(RH —i—cma _ U)H)[]. _ Z/(ADH)Hl _ ﬂ(ADH)] _ cma]

My = ADn = F(ADy;)
“Ma1-B(ADx)

_ —(RH+Cma—’LUH)[l—I/(ADH)][l—ﬁ(ADH)][kJH—1+I€L7_9(ADH,ADL>] 1
+Cma[]€H—1+I€L19(ADH,ADL)+V(ADH)] cmu%
- H

5'(AD )
CMaTZ5(ADy)

Similarly, we have that
k’L -1 + kHﬂ(ADL, ADH) + V(ADL>
B'(ADp)
CMaT1=5(ADy)

m, =—UL(ADy,ADy)

As a part of FOC, we should have that 7,, >0, and 7;, > 0. Then, using above observations,

we have that

Finally, using these inequalities and Corollary 2, we have that

UEPNE(DLaDHhDLapH) =0,
and
kyDg+ kD=1

= A > A(0).
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Case-3 (0<UZPNE(Dy, Dy;pr,pu) < Rp): First, observe that

_ (kg —1)
e = Mo ARy —pu + cma)ﬁ'(ADH)mH
{ kr n (ku —1)
ARy —pr +ema)B(ADL)  A(Ry — pir + cma)B' (ADy) | 1

Vm—l+hﬁMDmADQ

(R —pn +cma)ﬁ’(ADH)} {(pH ~wn)[l = B(ADs)] = ADs(R+em, —wi) ' (ADn) |

where the last equality holds since If{i :Z f:cc::; = 11:5((//\\52)), and by Equation 25.

Furthermore, we have that 7,,, =0, and this implies that 7,,, = ADy. Therefore, we have that

[kH + kLﬁ(ADH,ADL)]V(ADH)
]CH -1 + ]CL’&(ADH,ADL) + U(ADH)

py = (RH +cmg — wH) +wgy

(RH +cmg — U)H) []{JH -1 + ]{ZL’LQ(ADH,ADL)]

kytkp9(ADy ADL) 4
1-v(ADg)

= Ry+ocm, —

Then, using this equation, we have that

(RH +cm, — U)H) [kH — 14 kLﬁ(ADH,ADL)]

SPNE(D). .- —
Us"" (D, Diripr, pn) ki — 1+ k9(ADy, AD;) — v(ADy)

[1-v(ADg|[1- B(ADg)]

(Ry +cm, —wy) [1 —v(ADg| [1— B(ADy)]
1+ V(ADp) —CMyq
kg—14+kp9(ADg,ADy)

= 0H(ADL,ADH),

where Uy (ADr,ADp) is defined in Lemma 14.

Similarly, we can also show that

(RL —I—cma) [kL -1+ ]CH’&(ADL,ADH)]

kp+kg9(ADp,ADpg) 1
1-v(ADy)

ULSPNE(DL,DH§pLaPH)) = UL(ADLvADH)'

pr=Rr+cm, —

Note that we have U5V (Dy, Dy;pr,pu) =UL(ADp,pr), and k; Dy, +ky Dy =1 by the defini-

tion of Customer Equilibrium. Using the above observations, we have that

(ADLaADH) € {(xay) : UL(x»y) = UH(IE,y), ka+kHy:A}

Then, by Proposition 11, (ADy,ADy) is unique, and AD; = ﬁL(A), and ADy = DH(A). Further-

more,

0< U™ Dy, Dy;pr,pu) =Un(Dr(A), Dir(A)) < Ry = A(R) <A <A(0).

—cmg,
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Case-4 (U™ ¥(Dyp,Dy;pr,pu) = Rp): First, we want to note that 7, = 0 since
UgPE(Dyr, Dyg;pr,pr) > 0, and this implies that 7,,, = ADy. Furthermore, in this case, we have
pa=Rg+cem, — %, and Dy = 1/ky since U5PNP(Dy, Dy pr,pr) = Rr. Then, by Equa-
tions 25 and 26, we have that

o (ku —1)
B = T N (R — pr + cma) B/(A k)

(kg —1)

B'(Aky)
(R + ema) 25087000

[(RL +emg) kg — 1+ v(Akg)] = (Ry 4+ cma — wy) (ke — 1) [1 = v(A k)] [1 - ﬂ(A/kH)]]

5 (A
(Rr + cma) 1=5a ke

= AJky —

[(RH +emg —wy) [1—v(A k)] [1 - B(A/ky)] — (R + cma)]

Ry +em, (er 14 u(A/m) ] [1— (A k)] [1 = B(A k)]

1= B k) \ 1= v(A/F) (Re -+ om,) 20T

Ry, +cm, < kg _1>] [1—v(A/kp)][1 = BA/ k)]
L= B(A/ki) \1—v(A/kn) (Rp + emy,) 2255
[1—v(A/kg)] [~ B(A ki) ]

B (A h)
(Rr + cma) 15037ty

- [(RH +emg —wi) (kg —1) —

- [(RH +emy —wp) (kg — 1) —

= —2" (A/kp)

where 2L (X) = (Ry + emy — wy) (kg — 1) — %C(T)a (y?(x) - 1)‘

Note that we have 53, > 0. Thus,
UgPNE(DL,DH;pL,pH) = RL = ZRL(A/]CH) S 0 =A Z kH)\ZL, (33)

since 2%L()\) is strictly decreasing in A (as 1 — 8(A\) and 1 — v()) are strictly decreasing), and
ZRL(\FEY = 0.

Moreover, observe that for any A > k‘H/\fIL, we have that n3, > 0. This implies that for any
A> k:H)\ZL, 374 contraint is binding, so that we have U(0,pr) = Ry, i.e. py, = 0. Then, again using

the Equations 25-27, we have that

= + (b —1)
N2y 3y A(RH_pH'i‘Cma)ﬂ/(A/k;H)?hH
kr, n (kg —1) -
ARy —pr +cma)B0) | ARy — pu + cma) B (AJkg) | Mn ~ B

bt — 1+ k00, A k) N ) Cma
(Ry, +cmy) B'(A/kw) |:(RH M #) [1 (A/kH)] [1 ﬂ(A/kH)] (Re+ a):| N5y -

1=B(A/k)

Then, using the fact that 7., = A/ky, we have that

| kg =14+ k9(0,A/ky)

o)
(Rp + cma) 1=53 /055

[(RH +emg —wg) [1—v(Akg)][1 - B(A/ky)] — (R —i—cma)] —AN/ky

N5
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_ [ (Ru+ema —wu) [ky =1+ ke9(0,A/ku) | [1 = v(A/ku)] [1 = B(A/kn)] 1
—(Rp +emo) [k — 14+ k9(0,A k) + v(A/ky)] Ry +cmy) fﬁ?ﬁfﬁ;)

[k =14k, 90,0 /)|
(R +cma —wp) [k =14k 0 (0, k) +0(A k)| [L = v k)] [1 = BA k)

—(Rp 4+ cmy)
ke — 1+ kg 9(0, A k) + u(A/km]

B (A Jha)
(Rr +ema) 15 k0

kg —14kp9(0,A/ky) +v(A/ky)

B (AJkiD)
(Rr + ema) 1=5 700

X

— [On(0,A ki) ~ Be |

Note that we have 15, > 0. Thus,
U;SIPNE(DLv DH;PL,pH) =R, = UH(O; A/kH) >R, =A< A(RL)7 (34)

since 80%757,;/) <0, UH(DL(A(RL))vDH(A(RL))) = Ry, DL(A(RL)) = 0, and f)H(A(RL)) =
A(Rp)/ky. Finally combining (33) and (34), we have that

U™ ¥(Dy, Dyipr,pu) = R, = Ajr <A < ARL,

Case-5 (U5"N¥(Dy,Dy;pr,pr) > Ry): As in the previous case, we have that 7, =0, 17, =
ADy, and Dy =1/ky. Moreover, in this case, we have n;,, = 0 since Up"V¥(Dy, Dy;pr,pw) >
Ry, >UZPNE(Dy, Dy;pr,pr)). Then, using Equations 25 and 26, we have that

B ky —1
u T KRy —pa + ema) B (AJkg)

(k= 1) |(pr —wn) [1 = B(A/kn)| — AJku(Ry + cmg —wp) B/ (A ky)
N (Rit — pu + cma) B/ (A k)

Using n,,, = A/ky, this equation implies that

(Rg +cmy, —wr)AB' (A k)

pr = tw
T kw1 = BN /ka)] + Ak (Nke)
(Ry + cma —wu)kn
= T —1 +wH
+1
V(M)

kp
= Ry +cm, — (Rg +ema —wy) [ 1— 54— ——
+1

v (M)

= Ry +cm,— (Ryg +cm, —wg)

(ki —1)[1— u(A/kHﬂ)
ki —1+v(N k)

kg —1
=Ry +cm, — (Ry +cmy, —wg) ,€H1>

) ; S
1—v(A/kg)
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Furthermore, since U5"V¥(Dy, Dy;pr,pr) > Rr, we have that

(k= 1)[1 = B(A/kx)]

LHS N (DL7LH;pL7pH))—(le CMyg, wH) kg
1-v(A/kg)
H

1y R tem, ( ki _1>]1—ﬁ<A/kH>
1= B(A/kr) \1=v(A/kn) i 1
= 2R (A k) >0 = A < kgAbE,

—cm, > Ry,

= [(Rg +cmg —wg) (kg — >0

S.6.3. Sufficiency for the Equilibrium

LEMMA 16. Let (pi,p}) be the equilibrium prices defined in Theorem 6. then, the best response
of a quality-i agent is p; when all the other quality-i agents charge p; and all quality-j agents
charge p; fori,j€{H,L}.

Proof of the Lemma: Given that kz — 1 high-quality agents charge py, and k; low-quality
agents charge pr, a single high-quality agents, say agent-¢, solves the following problem to find his

best response:

>0, 5?30)? D30 peADy[1 = B(ADy)]
s.to
(R —pe+cmy) [1—B(AD,)] —cm, >0
(R —pe+cmg) [1 = B(ADy)] = (Ry — pir + cmq) [1 = B(ADL)]
(Ri —pu +cmg) [1 - B(ADpy)] = (R — pr+em,) [1 = B(ADy)]
Dy+ (kg —1)Dy+k Dy <1

Dy >0
and the FOC of this problem are:

35
36

ADy —my —n2, =0, (35)
Ape[1 = B(AD,)] = A’ Dy (R +emy) 8 (ADy) = sy =0, (36)
N2y = M3y )M R — pur +ema) ' (ADy) — (kg — 1)nay, =0, (37)
N3 A Rr —pr +emg) B (ADr) — kptay + s, =0, (38)
My (R —pe+ema)[1 — B(AD,)] — em,) =0, (39)
M3y ((RH —pu+cemy)[l —B(ADg)] — (Ry —pr +cmg)[1 — B(ADL)]) =0, (40)
Ny (1—=kDp —kgDy) =0, (41)

(42)

(43)

M55 Dy = Oa

Mgs Mgy Mags Ny 207
where 11, 2,5 M3, Nayy, and 75, are the Lagrangian multipliers of the constraints 1, 2, 3, 4, and
5 of the best response problem of agent-¢, respectively. Moreover, we denote the solution to the

above problem by (D, (p), Dr(p), Dw(p),pe(p)) for a given p= (pm,pr).
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Case-2 (A’ < A < A™"): Similar to the sufficiency proof in the identical providers case, we first
show that given (p%;,p}:) as in Theorem 6, single high-quality provider will not leave any surplus

to the customers when A% < A < A™om,

CrLaw 4. Let (Dy(p), D1 (p), Du(p),pe(p)) be the solution of single agent’s best response problem
when all other agents charge the price p. If p = (p%;,p%) as described in Theorem 6, then we have

that (Rg — pe(p) + cmy)[1 — B(AD(p))] = cm,.
Proof:
Suppose NOT. Then, we have that n; =0 and this implies that 13 > 0. Moreover, we have that ADy(p) <

ADs3, since (Ry — pu +cmg)[1 — B(AD3%)] = em, and we suppose that the deviating provider offers a strictly
positive utility to customers. Similarly, we have that AD.(p) < ADj.

Then, using the fact that D,(p) + (kg — 1) Dy (p) + k. Dr(p) = 1 when n3 > 0, we have that AD,(p) > AD3
since ADy,(p) < AD; and ADy(p) < AD3,.

Note that using (37) and (38), we have that
_ (kr — 1[I = B(AD})]
T = o T RG(AD ()
kil =BADL)] | (kn — 1)[1*/3(/\1721)]} oy, L= BADL)]
emaf'(ADL(p)) ~ em,AB'(ADu(p)) | ™ " em, B/ (ADL(p))
ky —1+k,9(AD;,AD}) Nag

_ B(ADy) A’
CMaT=5(AD;)

where the inequality holds since ADy(p) < AD}, ADy(p) < AD3;, and S(X) is concave. Moreover, using
(37)and the fact that p,(p) < Ry + cm, — ——=22—, we have that

1-B(AD.(p))’
A S

B o ((Ry +em,)[1— v(ADw(p)][1 — BADx(p))] cma)
< [ (Rg+cema)[l —v(ADy)][1 — B(AD3)] — cma)7

where the second inequality holds since AD,(p) > ADj; and [1 —v(X)][1— B(A\)] is the derivative of A[1— B(A)],
which is a strictly concave function.

Combining these two observations with the fact that 1., = AD,(p) (since 7;,, =0), we have that

ky — 14k 9(AD;,AD; . .
AD} <may, < |: 2 Lﬁ/((AD;j L):| ((RH +cmg)[1 = v(ADy)][1 = B(AD})] - cma>

CMa15(AD3,)

kH —1 +kL’l9(ADH,ADL) +I/(ADH)

= —Uyx(AD;,AD},) 57 AD) <0
. CMaTZ3(AD )
= Uy (AD;,AD};) > 0.
However, this is a contradiction since Uy (AD},ADj) <0 by definition. |

The above claim proves that Dy (p) = D}, and Dy (p) = D3} since customer utility is zero in the
best-response problem of a single high-quality provider. Moreover, another implication of the above
claim is that 7, >0, i.e. all customers request service, as we discussed in the identical providers
setting. Hence, we have that D, = D3, and p, = pj;. The proof of the fact that the best-response

for a low-quality provider is pj is the same and omitted.
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Case-3 (Afr < A < A%): In this case, we first show that customer surplus is positive in the
best-response problem of a single high-quality provider.

CrLAa 5. Let (Dy(p),Dr(p), Du(p),pe(p)) be the solution of single agent’s best response problem
when all other agents charge the price p. If p = (pi,p}) as described in Theorem 6, then we have
that (Rg — pe(p) + cmy)[1 — B(AD(p))] = A, where

A =

(Ry + cma) [k — 1+ kp9(Dyr(A),ADy)]
kp+kr9(Dp(A)ADL)
1—v(Dg (M)
Proof:

[1—B(Du(A))]-

Suppose (Rg — pe(p) + cm,)[1 — B(AD,(p))] < A. Then, we have that AD,(p) > D;(A) for i € {H, L} since

(Ri = pi+ema)[1 = B(Di(A))] = A> (R — pi + emy)[1 = B(AD;(p))],
where the inequality holds by the fact that U; (DL(A), DH(A)) >0 for any A < A°. Moreover, AD;(p) > D;(A)
implies that AD,(p) < Dy (A) since Dy(p) + (kg —1)Du(p) + ki Dr(p) = 1.
Then using (37) and (38), we have that

o (ks ~ 1)
T = 1[ AR =i+ om) FAD )"

ARe—pi+em ) (ADL () * AlRi — par + cm.)F(ADs (p»] o
kH—1+l€L19(DH(A)7ADL) /'747;1
(Ry —pu + Cma)BI(EH (A))

A )
where the inequality holds since AD; (p)
(37)and the fact that p,(p) > Ry + cm,

(ku —1)

> IA)Ll(A)7 ADy(p) > Dy (A), and B(N) is concave. Moreover, using
1%&"52@)), we have that

M

A >

(R +cemg)[1 —v(ADg)][1 — B(ADy)] — cma)
> ( (R +emg)[1 = v(Dy(A)][1 = B(Dy(A))] - Cma)7

where the second inequality holds since AD,(p) < Dy (A) and [1 —v(N)][1 — B(N)] is the derivative of A[1 —
B(N)], which is a strictly concave function.

Combining these two observations with the fact that 1., < AD,(p) < Dy (A) (since n1,, >0), and Ry —
Py tcm, = m, we have that

Dy(A) > <1<:H - 1+A/cLz9(D7({\),1§L(A))
mﬁ (DH(A))

) ((RH +emyg)[1 — V(DH(A))][]- - B(DH(A))] - A)
X - ki =1+ k(D (), Dy () + v(Du(A))
= (Rus-+ema) {1~ v(Du ()1 : ﬁﬁ(DZ(A)A)] A b))
u+cemg) kg — kLd(Dy Dy, A~
Sas Bt kiEkLﬁ(;;A)ﬁL((A)) (_) ()] [1-B(Dr(A)]=A
Hence, we should have that (Ry — pe(p) + cm,)[1 — B(AD,(p))] > A.
B(AD(p))] =A

Now, we suppose (Rg — pe(p) + ¢mo)[1 — B(AD,(p))] > A. As the same as above (only by reversing the
inequality signs), we can again have a contradiction. Therefore, we should have that (Rg — pe(p) + emg)[1 —

<0
1-v(Dm(A))
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]
Once we have the above claim, it is clear that AD;(p) = D;(A) for i € {H, L}. Moreover, the claim
also implies that all customers request service since A > cem, as A < A°. Hence, we also have that
AD,(p) = D a(A), and p,(p) = p¥. Similarly, proving a claim as above for the low-quality providers,

we can show that the best-response of a low-quality provider is p; given (p%,p}).

Case-4 (Aj* <A< APr): In this case, we first show that customer surplus is exactly Ry in the

best-response problem of a single high-quality provider.

CrLAM 6. Let (Dy(p),Dr(p), Du(p),pe(p)) be the solution of single agent’s best response problem
when all other agents charge the price p. If p = (pl,p}) as described in Theorem 6, then we have
that (Rg — pe(p) + emy)[1 — B(AD(p))] = Ry + cm,.

Proof:
Suppose (Rg — pe(p) + em,)[1 — B(AD(p))] < Ry + e¢m,. Then, we have that D,(p) > 1/ky since

(R = piy +ema)[L = B(A/ky)] = Ry + cma > (Ry — ply + cma)[1 = B(AD g (p))]-
Moreover, Dy (p) > 1/ky implies that D,(p) < 1/ky since D,(p) + (kg — 1) Dy (p) + kD (p) < 1.

Then using (37) and (38), we have that
o ki . (ki — 1) ] \
7 AL =t ema )3 (AD () B bt cmy)5'(ADu(p))|
L H
+
AR +em)B(0) ARy —pu +cma)B (A k)| ™
(Ry —pu+ema)B (Aky)) A7

where the inequality holds since Dy (p) >0, p, >0, Dy(p) > 1/ky, and B(\) is concave, and the equality

holds since (Ry — p}; + em,)[l — B(A/ku)] = Ry + e¢m,. Moreover, using (37)and the fact that p,(p) >
Ry +cmg, — %, we have that

V

A

where the inequality holds since D,(p) < 1/ky and [1 —v(N)][1 — B(N)] is the derivative of A[1 — ()], which
is a strictly concave function.

ULV S ((RH +ema —wg)[1 — v(A k)1 — BAkx)] — (Ri, + cma)>,

Combining these two observations with the fact that ne, < AD,(p) < A/kgy (since n;,, >0), and Ry —

Py +em, = %, we have that

kH —1 +l€L'l9(A/k)H,O) +I/(A/kH)
ko — 1+ k(A ki, 0)

(Ry+emg —wy)[1 —v(A/kg)][1 — B(A/ky)] — (R +cmy,)
= Uy (0,A/ky) < Ry,

<0

However, this is a contradiction because by the definition of A(Ry) since we have that Uz (0,A/kz) > Ry, for
any A <A(Rp).

Now, suppose (Ry — pe(p) + em,)[1 — B(AD,(p))] > Ry + e¢m,. Then, we have that Dy (p) =0, Dy(p) <
1/ky, and D,(p) > 1/ky. Using these and other properties we used in previous proofs, we have that

< kg —1 Nagy
N2y %5/(/\/@1) A
My < (Rg+cemy)[1 —v(Akg)]|[1—B(A/ku)] — (R +cmy,).
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Combining these observations, and the fact that 7., > A/ky, we have that

ke — 1+ (A k)

(R +cma)[1—v(A/kn)][1 = B(A/kn)] — (Rr + cma) —

= 2RL(A) > 0.

>0

However, this is a contradiction because 27~ (A) is decreasing in A, so that by the definition of A®L | we have
2P (A) <0 for any A > AR-.

Hence, we should have that (Rg — pe(p) + cm,)[1 — B(AD(p))] = Rr + cmy,.

|
Similar to other case, the direct implication of the above claim is that D, (p) = 1/ky, and p, = p};.
Furthermore, it can be shown that the solution of the best-response problem of a low-quality agent

is Dy(p) =1/ky, and p, =p} in a very similar way.

Case-5 (A < AfIL): In this case, only the high-quality providers are in the market,

so the proof is very similar to the proof in the identical agents model. Letting A =

(Rgtema—wp) (kg —1)A—v(A/kg)][1-B(A/kp)]
kg —1+v(A/kg)

, we can show that any high-quality provider leaves A — c¢my,,
surplus in his best-response, and this established the result. The proof of this claim suppose this is

not true and come up with contradictions as in the proof of Case-3 of the identical agents model.

Appendix S.7: Operational Efficiency (Non-Identical Agents)
S.7.1. Proof of Lemma 8

Here, we only present the proof for ¢ = L, j = H. For notational convenience, we let r;, = R; —p;,
and r; = R; —p; for i € {H, L}.
1. To prove our claim, it is sufficient to show that li;n inf Dy (k) + Py (k)Dg (k) =1. We prove
—00
this claim by contradiction. Thus, we suppose lign inf Dy (k) + Pyur(k)Dg(k) <1 on the contrary.
—00

Then, we have convergent subsequences Dy (k), Dg(k), Py such that

ade )
_ A*Dy(k)
lim —————=

1
k—oo aLk‘ < ’

where the second inequality holds since p < .

Similar to the proof of Lemma 6.1, we have that
khm ﬁL(k) S khm ﬂMNIl(AkDL(k), OéL]C) == 0,
where the last equality is due to Ward and Glynn (2003). Using this result, we have that

khm UQ(DH(k),DL(k);’I"Hk,TLk;CKHk‘,OéLk) =rL> 07 (44)
:—>00
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which implies that utility of customers choosing the price p;, is strictly positive for large k, so

that we should have klim Dy (k) + Dr(k) =1 by the definition of Market Customer Equilibrium.
—00

Furthermore, we have that

k— o0

since lim Dy (k) + Py (k)Dy(k) < 1. Then, we have that

k—oo

kh—>nol<,~ Ui(Dy(k),Dp(k);ra,, v ok, apk)

= 1}1320 [1— Pyp(k)] |:(7‘H +cma)[1 = Bu (k)] — cma| + I}Ln;o Py (k)(ry)
< lim [1— Pyur (k)] (rer) + Jim Py (k)(re) <7, (45)

T koo

where the first inequality holds since Sy (k) > 0, and the second one holds since klim Py (k) < 1.
—00
Then, combining 44 and 45, we have that

lim Uy(Dg(k),Dp(k);ru,,ro,; onk,apk) < kh_)I{.lo Us(Dy(k),Di(k);ra,,ro; omk, k)

k—>o0
which implies that customers are strictly better-off by choosing sub-pool-2 over sub-pool-1 for
sufficiently large k. This contradicts with the definition of customer equilibrium since ]}13)10 Dy >
0, i.e. customers choose sub-pool-1 in sufficiently large systems. Hence, we should have that

—00

2.a) (The proof is very similar to the proof of Lemma 6.1)
k
We again prove our claim by contradiction. Thus, we suppose that hgn inf %Lk(k) < 1. Then, there
—00

exists a convergent subsequence such that

k
liminf ADiL(k)

<l1.
k—oo aLk

Similar to the proof of Lemma 6.1, we have that
lim (k) < lim BMMYARDL(K), apk) =0,
—00 —00
where the last equality is due to Ward and Glynn (2003). Using this result, we have that

lim Uy(Dy(k),Dr(k);ra,, o ok, apk) =1, >0,

k—o0

which implies that utility of customers choosing the price py, is strictly positive for large &, so

that we should have klim Dy (k) + Dr(k) =1 by the definition of Market Customer Equilibrium.
—00

Furthermore, using the fact that the rate of arrival to sub-pool-2 is equal to the rate of departure

(either by service or abandonment), we have that

AkDH(kI)PHL(k) +AkDL(k’) = OéLICO'Q(DH(k),DL(k);THk,TLk;OLHk?,O(Lk?) +AkDL(k')ﬁL(k§)



Cil et.al.
56 Large-scale Service Marketplaces

Dividing both sides by A*, the above equation implies that

Py (k)[D (k) + Dp(k)] < aLk

S Ak 02(Dy(k),Dr(k)sru,, v ank, ark) + D (k)BL(k).

Letting k go to infinity, we have that

k—o0

Then, as in the proof of Part a, we have that
I}LI{:Q Ul(DH(k),DL(k);T’Hk,TLk;CKHkI,OéLk) < kl;f{.lo UQ(DH(k),DL(k,);THk,’I"Lk;OéHk,OéLk)

which implies that customers are strictly better-off by choosing sub-pool-2 over sub-pool-1 for

sufficiently large k. This contradicts with the definition of customer equilibrium since

lim Dy(k)=1— lim Dy (k) >1— 2L >0,

i.e. customers choose sub-pool-1 in sufficiently large systems. Hence, we should have that

k
liminf A22k) - 1
k—o0 ark

2.b) The proof is almost the same as the proof of Lemma 6.2.

2.c¢) To prove our claim, we first show that
klim Bu(k) = klim BM (A Dy (k); k).

Note that By (k) < M (A*Dy(k); agk), since some of the customers choosing sub-pool-1 can be

served by sub-pool-2. Therefore, it is sufficient to show that
lilgninf,BH(k:) > klim BM(A* Dy (k); agk).

We prove this claim as in the proof of Lemma 7.3. We consider a hypothetical situation where any
customer choosing the price py is duplicated when there is an idle agent in sub-pool-2, and one of
these copies goes to sub-pool-2 while the other one is colored and goes to sub-pool-1. Furthermore,
any non-colored customer in sub-pool-1 has service priority.

This hypothetical sub-pool-1 operates as M /M /ayk + M system with arrival rate A* Dy (k), so
that total abandonment rate is A*Dy (k)B3™ (A* Dy (k); apk). In other words, we have that

A Dy (k)BM(A* Dy (k); amk) = A Dy (k) By (k) + A* Dy (k) B (k),

where 3" (k) is the probability that colored customers abandon the hypothetical system.
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In the hypothetical sub-pool-1, the abandonment rate of non-colored customers is the same as
the abandonment rate in the real sub-pool-1. Moreover, since some of the colored customers can

be served before abandoning the system, we have that 3" (k) < Py (k). Thus, we have that
Bru(k) > 5M(AI€DH(]€)§04H]€) - PHL(k>'
Then, using this result and part ii, we have that
liminf By (k) > lim BM(A Dy (k); ank).
Finally the result holds since lim ¥ (A* Dy (k); aprk) = max {o, 1- ;STHH} by by Lemma 4.

2.d) (The proof is very similar to the proof of Lemma 6.5)
We let 7, be the steady-state probability of having n customers in sub-pool-2. Then, we have that

Br(k) = n;ﬁl(n—%kﬂ)/mﬂ\k;&k,‘)
o > OéLk
= <n§c+l 7Tn> <1 — AkDL(I{?)> +7TaLk.

ark

Then, the result follows by letting k — oo and using the fact from part ii that lim > w, =0.

k—00 "0
eq __ : T, +cma \ af, 3 T +CcMma rr,+cmg \ af
3. Let DY =max{minq 1, ( £==22 ) 2L 5 min 2 oy, LS 5.
L Y\ rg+emg p ’ R ’ cmg p

Liminf: We first show that lilgninf Dy (k) > D}* by contradiction. Thus, we suppose that
—00

li;fn inf Dy (k) < D7?. Then, there exists a convergent subsequence such that
o —> 00
Dy := lim Dy (k) < DS,
k—ro0
Using this inequality and the fact that pD7? > a, (since p > ar), we have that

lim Uy(Dg(k),Dr(k);ra,, v apk,apk) = (rp 4+ cmy,) [1 fklim BL(k)} —cmy,
—00

k—o0

= (rp +cmg) min< 1, af} —cmy
pDr
cmy,

Qy,
> (rp+ ch)W -

L
R

> min {TH,maX{ — cma,O}} >0,
p

which implies that utility of customers choosing the price py is strictly positive for large k, so
that we should have klim Dy (k) + Dr(k) =1 by the definition of Market Customer Equilibrium.
—00

Furthermore, we have that

klim Ui(Dyu(k),Dr(k);ra,,roonk,apk) = (rH—l—cma)min{l,%} —cmy
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IN

(rg + cm,) min {1, p—aﬁszq} —cmy,

IN

min § 7y, maxq — — cm,, 0

P)
kh_)I{.lo Us(Dy(k),Di(k)sra,,roonk,ark)

A

which implies that customers are strictly better-off by choosing sub-pool-2 over sub-pool-1 for

sufficiently large k. This contradicts with the definition of customer equilibrium since

lim Dy (k) =1~ lim Dy (k) >1—Dj’ >0,

k—oo
i.e. customers choose sub-pool-1 in sufficiently large systems. Hence, we should have that

liminf Dy (k) > Dy’

Limsup: Now, we show that limsup Dy (k) < D5?. Note that D{? =1 when [L"e > 2 sg that

b o0 rg+tcmg — aj,
this is claim is obviously true. Thus, it sufficient to show that limsup Dy (k) < D7? in the case
k— o0

where D77 < 1.

As above, we show this claim by contradiction. Therefore, we suppose that limsup Dy (k) > Df?.
k—o0

Then, there exists a convergent subsequence such that

Dy := lim Dy (k) > DS,

k—o0
Using this inequality, we have that
o

klim Us(Dy(k),Dr(k);rp,,rr,ank,ark) = (rp + Cma)?L — My,
— 00 L

p
R

< min{rH,max{cma,O}}. (46)
p

Furthermore, letting Dy = klim Dy (k) and using parts 2.b and 2.c, we have that
—00

lim Uy (Dp(k), D (k);rm,, v, ank, ark) = (TH+cma)min{1, o }—cma
. (6724

> (rg+cmy)ming l, ——— p —cm,
(r ) p—pDy!

min{rH,max{];cma,O}}. (47)

lim Ul(DH(k),DL(k');T’Hk,’I"Lk;Cka‘,OéLk) > ]}LHOlo UQ(DH(k,),DL(k);THk,’I"Lk;OéHk,CKLk)

k—o0

v

Combining (46) and (47), we have that

which implies that customers are strictly better-off by choosing sub-pool-1 over sub-pool-2 for suf-

ficiently large k. This contradicts with the definition of customer equilibrium since klim Dy (k) >
—00

0, i.e. customers choose sub-pool-2 in sufficiently large systems. Hence, we should have that

limsup Dy (k) < D%
k— o0
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4. Note that klim Us(Dy(k),Dr(k);rw,,rrank,ark) > min{rj, Cﬁa} > 0 when p < B and

cmg

r; >0 by part 3. Thus, we should have that the total rate of customers requesting is equal to 1.

Furthermore, the statement for r; =0 is trivially true.

5. Liminf: We first show that lign inf Dy (k) > (M) QTH by contradiction. Thus, we suppose
—00

cmg

that h;fn inf Dy (k) < (m> "TH. Then, there exists a convergent subsequence such that
—00

cmg

bH:hmDMm<(w+”%)%a
k—o00 p

cmyg

Using this inequality, we have that

klim Ur(Du(k), Dr(k);rw,, e ank, ark) = (TH-i-Cma)min{l,afI} —cmy,

pDy
cm,
> (’I"H + Cma)m — Cyg
=0= klim Us(Dy(k),Dr(k);ra,, o, omk, opk),

where the last equality holds since klim Dp(k)= (m) aTL when p > % by part 3. The above
—00 a

cmg

inequality which implies that customers are strictly better-off by choosing sub-pool-1 over sub-

pool-2 for sufficiently large k. This contradicts with the definition of customer equilibrium since

lim Dy (k) >0,

k—oo
i.e. customers choose sub-pool-2 in sufficiently large systems. Hence, we should have that

lim inf Dy (k) > (M) o,

cmg P

TH+tcmg
cmgq

Limsup: Now, we show that limsup Dy (k) < ( ) QTH. As above, we show this claim by

k—o0

contradiction. Therefore, we suppose that limsup Dy (k) > (”{j%) QTH Then, there exists a con-
k—o0 @

vergent subsequence such that

DanmDﬂm>(w+“%)%e
k—o0 cmy, P

Using this inequality, we have that

klim Ul(DH(k),DL(k’);THk,TLk;OéHk,CYLk) = (TH +Cma) ng —CMyg
— 00 pDy
< (TH +Cma) ‘

a
— —cm, =0.
ry +cmg

which implies that customers are getting strictly negative utility by choosing sub-pool-1 for suf-
ficiently large k. This contradicts with the definition of customer equilibrium since we suppose
klim Dy (k) > 0, i.e. customers choose sub-pool-1 in sufficiently large systems. Hence, we should
e de el

have that limsup Dy (k) < (M> QH
k—o0

cmg P
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S.7.2. Proof of Lemma 9

We only the give the proof of klim V. (k)=p;+efori=L, j=H. As we need to prove some
— 00

dev (

claims before proving the claim in Lemma 9, we state the lemma in a different way as above.
Then we prove the new version of Lemma 9. For notational convenience, we let r¥ = R; — p;* and

=R, —p; for i € {H, L}. The proof for the other three cases are the same.

Restatement of Lemma 9: Consider a sequence of marketplaces indexed by the number o If
agents, i.e. there are k agents in the k' marketplace, and assume that arrival rate in the k'
marketplace is A* = pk for some 0 < p < 1.

DH(k) }VMCE( £I7TL E,r 7O[Hk',1,OéLk'71)
DLdev(k) D rer (’I"H,T'L €,’I"L;C¥Hk,1,OZL]€— 1)
Dr(k) = Dy P (r}y,r —e,rapk, 1 agk —1)

Pyi(k) = PServis(Dy(k), Dy, (k), Dp(k);rf,rp —e,rfapk, 1,ak —1)

Pyp,,, (k) = PServiy(Dy(k), Dy, (k), Dp(k); 5, rr — ;1 apk, 1, apk —1)

Pr,., (k) = PServys(Dp (k), Dy, (k), D(k);ry, mn — e, 77 apk, 1, a k —1)

where lim r*=r;>0 forie{H,L}, and 1 < % < 2. Then, we have that
1. hmlnf/\]iiL(k > 1.
k-

hm PHL(k)"t_PLdeUL(k) =0.
khm DH(k)PHLdeU(k):O'

lim Dy, (k) =0.

kli_)noloﬁl(DH(kLDde(kz) Dp(k);rk rp —erkapk, 1, apk — 1) :max{ DH}
where Dy = kh—>n<>10 Dy (k).

klingoﬂg(DH(k),Dde(k:),DL(kz);rZ,rL —e,rhiapk, 1, ark — 1) =1- ‘)‘TLL
where D = klggo Dy (k).
7. lim Dy (k)= Dy,
where D7 = max {min {1, (:gi’i’:}b‘;) apL } min { TL“LI_;:ma ar, (TL;,ZM) QTL}}
8. lim Vi, (k) =pr +e,

where € <rp —ry, and Vi, (k) is the profit of a low-quality charging pr, + € when all other
low-quality providers charge pr, , all high-quality providers charge pg, in the k" marketplace, and
T > 0.

9. klim Vi, (k) =pL+e,

—00

where e <r, —rg, and Vi, (k) is the profit of a low-quality charging pr, 4 ¢ when all other low-
quality providers charge pr, , all high-quality promders charge py, in the k" marketplace, vy =0,
and the limiting revenue o f high-quality agents is strictly positive before deviation.

Proof:

2
3.
4.
)

k
1. We prove our claim by contradiction. Hence, we suppose that lilgn inf AiiLL(k) <1 on the con-
—00

trary. Then, there exists a convergent subsequence of Dy (k) such that

A*D
lim &

k—o0 I

<1

Next, similar to the proof of Lemma 6.1, we have that

9

klim Bs(Dy(k), Dy, (k), Dy (k);rh,rr —e,rfamk,1,ark —1) < klim BMMEARDL(K), ark) =
—00 —00
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where BMML()\ k) is the probability of abandonment in M/M /1 + M system with arrival rate ),
k
service rate k, and abandonment rate 1/m,. Since klim %f(k) <1 we have the above result due
—00

to Ward and Glynn (2003). Using this result, we have that
Jim Us(Dp(k), Dy, (), Dy (k); rhory —erfiapk, 1,agk—1)=r;, >0, (48)
—o0

which implies that utility of customers choosing the price py is strictly positive for large k, so
that we should have klgrolo Dy (k) + Dp,, (k) + Dr(k) =1 by the definition of Market Customer
Equilibrium.

Now, we argue that k}LrEOPHL(k)DH(k) = I}LIEODH(k) In order to prove that it is enough to
show kh—>r30 Py (k) =1 whenever klgg) Dy (k) > 0. To show that we suppose kh—{go Py (k) <1 when

klim Dy (k) > 0. Then, we have that

klim Ui(Dy(k), Dy, (k), Dy (k);rf,r —e,rfamk, 1, ark —1)
S [1 — lim PHL(k)] (’I“L —5) + [ lim PHL(k)] (T'L)
k—o0 k—o00
<TrL
= klim U3(DH(]<7),DLdev(k%DL(k);?”Z,TL - €>7“§;04Hk37 Lagk— 1)'

However, this is a contradiction because customers are strictly better of by choosing sub-pool-3 for
large k while klim Dy (k) > 0. Hence, we have that klim Py (k)Dy (k)= klim Dy (k). Similarly, we
—00 —00 — 00
can show that lim P, .(k)Dg, (k)= lim D;, (k).
k— o0 k— o0
Furthermore, using the fact that the rate of arrival to sub-pool-3 is equal to the rate of departure

(either by service or abandonment), we have that

A*D g (k) Pyi (k) + A* Dy, 1 (k)Py, 1 (k) + A Dy (k)
= k?LU?,(DH(k)vDLdev(k)aDL(k);T];{77“L - E,TQQQH/% Lagk— 1)
+AkDL(k)B3(DH(k)7DLdev(kLDL(k);T]IC—IaTL — E,Tﬁ;OZHk’, l,O(Lk - 1)

Dividing both sides by A¥ and letting k — oo, the above equation implies that
1= 1}51010 DH(k) + DHdch(k) + DL(]C) = ’}LHOlO DH(/{Z)PHL(IC) + DHde(k)PLdCUL(k) + DL(k)

an lim 04(Dy(k), Du,,,, (k), Dr(R)irhyre — e risamk, Lagk —1) < % <1,
—00 >

where the second equality holds since klim Py (k)Dy(k) = klim Dy(k), and klim Pp, 1(k)Dg, (k)=
—00 —+00 —o0
klim Dy, (k). The above inequality is a clear contradiction. Hence, we should have that
—00 :

k
lim inf 2L > 1.
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2. The proof is very similar to the proof of Lemma 6.2.

Let 7, be the steady-state probability of having n customers in sub-pool-2, and 7 be the
steady-state probability of having n customers in an M/M/ark + M system with arrival rate
A*Dy(k), service rate 1, and abandonment rate 1/m,. By studying the birth-death chain of both

systems, we have that

Wk (A Dym+Dr,  0+DL)] " @by
aLk: Z [ dev o }
ZW" S ark — n—arpk n—arpk
o L [Ak<DH<k>+DLdEU<k>+'DL<k>>] LTS (a6 Dy (1]
! n—ajy, k
n=0 " n=opk+1 H (k+i/maq)
i=1
apk [AkDL(k)]niaLk(aLk)!
n! apk
= wk [arp (k)]:ing( K)! > [akp (k) - _an ’
L(F aLk): L n=0
Z n! + Z n—ark
n=0 n=ark+1 H (k4+i/mgq)
i=1
w{z—A’
Using the above relation, we have that
ark ark
i, Pan () Pro, () = Jim ) mo < Jim ) mf =0,
n n=

where the last equality holds since hgn inf %L(k) > 1.
—00

3. Using the fact that the rate of arrival to sub-pool-2 is equal to the rate of departure (either

by service or abandonment), we have that

AkDH(k)PHde +AkDde = O'Q(DH(k),Ddev(k),DL(k);T];{,TL — & rf;aHk:,l,aLk— 1)
+AkDLdevﬁ2(DH(k)’DLdeu(k) DL(IC) T'H,T'L €,T’Z;;O[H]€,1,0ZL]€—1),

which implies that

. . 1
+Dy,., [82(Dr(k), Dy, (k), Dr(k);rl,rr — e, rfamk,Lagk —1) —1] < —.

DH(k)PHLdeU Ak

Ak

Then, we obtain the result by letting k — oco.

4. Note it is sufficient to show that klim Dy, (k) =0. We prove this claim by contradiction.
:—>00
Hence, we suppose that klim D;,. (k) >0 on the contrary. Then, there exists a convergent subse-
—00
quence of Dy, (k) such that
DL = hrn DLd (k’)>0

dev ks 00
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Using this observation and the fact that klim Py, .. =0 from part 2, we have that
—00

klim UQ(DH(k:),DLdeu(k:),DL(k);r’;{,rL —e,rhapk,1,ak —1)
=(rp+e¢) [1 — klim ﬁg(DH(k),Dde(/f),DL(k:);r’fi,TL —e,r¥apk, 1, apk — 1)] —cmy,
<(rp+e¢) [1 — klim 5M(AkDLdav(k), 1)] —cmg = —CMy,

where the inequality holds since some of customers choosing sub-pool-1 may be served by sub-
pool-2, and the last equality holds since the probability of abandonment goes to 1 in a single server
system as the arrival rate goes to infinity. The above inequality implies that the expected utility of
customers choosing sub-pool-2 is strictly negative for sufficiently large k. However, this contradicts
with the definition of customer equilibrium since kll)nolo D,,. (k) > 0. Hence, we should have that

limsup Dy, (k) =0.

k—o0

5. (The proof is very similar to the proof of Lemma 8 part 2.c)

As in Lemma 8.b.iii, it is sufficient to show that liggfﬂl(DH(k),DLdev(k),DL(k);r}j,,rL -
e,rkiapk, l,ark—1)>1— ‘ITH. We prove this claim by considering a hypothetical situation where
any customer choosing the price py is duplicated when there is an idle agent in sub-pool-2 or in
sub-pool-3, and one of these copies goes to either sub-pool-2 or sub-pool-3 while the other one is
colored and goes to sub-pool-1. Furthermore, any non-colored customer in sub-pool-1 has service
priority.

This hypothetical sub-pool-1 operates as M/M /ky + M system with arrival rate A*Dg(k), so
that total abandonment rate is A*Dy (k)™ (A*Dy(k), ky). In other words, we have that

AkDH(k’)BM(AkDH(k),ICH) = AkDH(k)/gl(DH(k)aDLdev (k),DL(k);TJ;_I,TL —E,rﬁ;aHk‘, l,OZLIC— 1)
_i_AkDH(k)ﬁcolor(k)’

where 3" (k) is the probability that colored customers abandon the hypothetical system.

In the hypothetical sub-pool-1, the abandonment rate of non-colored customers is the same as
the abandonment rate in the real sub-pool-1. Moreover, since some of the colored customers can
be served before abandoning the system, we have that <" (k) < Py, (k) + Py (k). Thus, we
have that

Bl(DH(k’),DLdeu(k'),DL(k');T?[,T'L *E,’I“IE;O[Hk',l,OéLk‘*l) Z BJM(A’CDH(A”/),/CH) *PHLdeU(k) *PHL(]C)

Finally, we have that

liminf 8, (D (k), D, (k), Dy (k)i vy, v — 2,7 amk, 1, ak = 1) > lim B (A Dy (k) ki) =1 %H ,

by using part 2 and 3, and the fact that Dy > QTH.
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6. (The proof is very similar to the proof of Lemma 8 part 2.4)
We let 7, be the steady-state probability of having n customers in sub-pool-2. Then, we have that

> k
63(DH(k),DLdev(k),DL(k);r’f{,rL—8,r,’§;aHk,l,aLk—1):( Z 7rn> (1—%) + Tap k-

k
n=ark+1 A DL(k:)
ark
Then, the result follows by letting k£ — oo and using the fact from part 2 that klim 7, =0 due
—00 n=0

k
to the fact that lim 22K DLk(k) > 1.
k—oo %L

7. Liminf : We first show that lilzninf D (k) > Dj? by contradiction. Thus, we suppose that
—00

lign inf Dy (k) < D3%. Then, there exists a convergent subsequence such that
—00

Dy = Jlim Dy (k) < D,

Using this inequality, we have that

lim Uy(Di(k), D, (), Di(K); vl e — &,k ank, Lk —1) = (o + cma)% —cm,
—00 pDy

Qay,
> a) —eq
(rp +cm )pD i

L
> min {TH,maX{R — cma,O}} >0,
P

which implies that utility of customers choosing the price py, is strictly positive for large k, so that we

—cmy,

should have klirglo Dy (k)4 Dr(k) =1 by the definition of Market Customer Equilibrium. Using this
observation, we have that klg]élo Dy(k) >1—Dp >1— D} >0, which implies that klilrot Py, (k)=0
by part 3. Furthermore, we show that lergO Py (k) =0 in part 2. Combining these observations, we
have that
kh—>I§o Ui(Dy(k), Dy, (k), Dy(k);rt,rp —e,r¥iagk, 1, ark —1) = (rg +cmyg) min{l, p—a;[?/;} —cmy,
<min {7y, maxq — —cmy,0

p
< klim US(DH(k)7DLdeU(k)vDL(k);TI;I,TL - €7T§§QH/€7 Lagk— 1)

which implies that customers are strictly better-off by choosing sub-pool-3 over sub-pool-1 for suf-
ficiently large k. This contradicts with the definition of customer equilibrium since klim Dy (k) >
— 00

0, i.e. customers choose sub-pool-1 in sufficiently large systems. Hence, we should have that

lign inf Dy (k) > D3

Limsup: Now, we show that limsup Dy (k) < min{l, (TLJ’””“) ”TL} Note that D;? < 1 since

TH+cm,

k—oo H @
rp+cma > oL
rg+cmag — p °
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As above, we show this claim by contradiction. Therefore, we suppose that limsup Dy, (k) > D{!.
k—o0

Then, there exists a convergent subsequence such that

Dy := lim Dy (k) > DS,

k—o0

Using this inequality, we have that

lim Uy(Di (), D, (K), Di(K); vl o — &, ks ank, Lk — 1) = (o + cm(,,)% —cm,
—00 pPUL

<min{rH,max{]§cma,0}}. (49)

Furthermore, letting Dy = klim Dy (k) and using part 5 and the fact some of the customers
—00

choosing sub-pool-1 may be served by other pools, we have that

klirn UI(DH(k),DLdev(k),DL(k);r'f{,rL —e,r¥iagk, Lagk—1) > (rg +cma)min{1, Og{} —cmyg
—00

. Qg
s rempmin {2} o,
p—pDy!

> min {TH,maX{R—cma,O}}. (50)
p

Combining (49 ) and (50), we have that

klim Ui(Dy(k), Dy, (k), Dp(k);rh,r — e, 7 sank, 1,k — 1)
> klim Us(Dy(k), Dy, (k),Dp(k);rh,re —e,risank, 1ak —1)
—00

which implies that customers are strictly better-off by choosing sub-pool-1 over sub-pool-2 for suf-

ficiently large k. This contradicts with the definition of customer equilibrium since klirn Dy (k) >
—00

0, i.e. customers choose sub-pool-2 in sufficiently large systems. Hence, we should have that

limsup Dy (k) < Dj?.

k—oo

8. To prove this claim, we first show that

lim Dy (k) = min{l — D, <w”> O“H} > 0.
k—o0 cmy, P
Once we show this result, then the utilization of the low-quality provider charging p; 4 ¢ will

converge to 1 since all customers choosing high-quality providers first visit him.

We first consider the case where p < % In this case, we have that

klim UB(DH(k)’DLdEv(k)vDL(k);T];{,TL - 577’§§CYH/€7 Lagk— 1) = (TL +Cma)7 -

v
E.
=
5
|
Q
S D
2
<
T
——
V
e
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Hence, we should have that klim Dy(k)+ Dy,  (k)+ Dr(k)=1, and it implies that klim Dy (k)=
1— D} by part 4.

Now, we focus on the case where p > % We first want to note that
klim Ug(DH(k:),DLdeu(k),DL(k);r’;{,rL —e,rhiagk, l,ark—1)=0
—00
by using part 7. As before, we prove our claim by arguing that

(Wﬂ) O Jininf Dy () < limsup Dy (k) < (M) . (51)
CMyg P k—o0 k—o0 CMyg 1Y

Suppose li;n inf Dy (k) < (M) ”TH. Then, the expected utility of customers from high-quality
— 00

cmq

pool would converge to a strictly positive limit. This would mean that customers strictly prefer
high-quality pool over providers charging p; for large k. However, this would contradict with the

definition of the customer equilibrium since klim Dy (k)>0.
—00

TH+cmq
cmq

Now, we suppose limsup Dy (k) > (

QTH. Then, the expected utility of customers from
k—o0

high-quality pool would converge to a strictly negative limit. However, this would contradict with

the definition of the customer equilibrium since we suppose limsup Dy (k) > 0.
k—o0

Thus, (51) holds, and we have that klim Dy(k)= (M> “IL when p > B

cMgq, CMgq,
9. First note that we have that

lim DY (k)= D% >0,

k— 00
where D% °(k) is the rate of customers choosing high-quality agents before a single agent cuts his
price (Otherwise high-quality agents couldn’t have a strictly positive revenue in the limit). Also
note that DY <1— D$? by Lemma 8.

Under this situation, we will show that the total rate of customers requesting service from the
high-quality agents after the deviation is strictly positive. In particular, we show that

lim Dy (k) =D >ayDy* > 0.

k—o0

pre

We prove this claim by contradiction. Thus, we suppose D < ozHDH , on the contrary. Then,

there should exists a convergent subsequences of { Dy (k)}$2, such that

lim Dy (k) =D < ayDy°.

k—o0

Using this observation, for large k, we have that

Ui(Dy(k), Dy, (k), D(k);rh,re —e,rfak — 1, ak, 1)
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[1 — Py (k)

> [1—=Pur(k)]|
> [1-Pur(k)]]
> [1-PE(k)] ]
[1-PEE(R)][
[1-PEE(R)] ]

[(rH + cma) (1—Bu(k)) —cma] + Py, (k) (rp —e) + Pur(k)rf
( ( (k)) — emq] + Pup(k)ry

(k. ( gM (A Dy (k); k) — emy] + Py (k)7

(rk +emy) (1= B (A Dy (k) agrk)) — ema] + Pl (k)rk
(3 (

(75 (

_PHLdeU

e emg) (1 —
1—-
i +emg) (1= BM(A*DY (k) k) — ema] + PHE(k)rf

ri +emg) (1= By (k) — ema| + PHE(k)rf >0,

)]

)
i+ omg)

)

)

)
where P%7 (k) is the probability with which a customer choosing high-quality agents is served by
low-quality agents, and % °(k) is the probability of abandonment for customers choosing quality-
H agents in the equilibrium before deviation. We also denote the probability of abandonment for
customers choosing quality-H agents in the equilibrium after deviation by Bz (k).

The first inequality holds since r; — e > r¥. The second inequality holds since not all of the
customers choosing high-quality agents are served by high-quality agents. The third inequality
holds since the probability with which a customer choosing high-quality agents is served by low-
quality agent is higher after the deviation as a result of our assumption that D<a« HD’;IT ¢ and by
parts 4 and 7.

The forth inequality holds since D < ay D% and by the fact that SM(A*Dy(k);apgk) ~
(pD/age--rP/or) ) BY (AF Dy (k)Pre; k) = (pDiyee(-oP5) )k and (R

prre —(1—p
k — oo similar to what we discuss in the proof of Proposition 3. Finally, the fifth inequality holds

— 0 as

E
DY)

since we BM (A* Dy (k)Pr¢; k) is the probability of abandonment in a hypothetical system where the
customers choosing high-quality agents are served by k agents instead of axk. This hypotheti-
cal system always serves more of the customers choosing the high-quality agents(or, equivalently,
causes less abandonment) because in the real system customers choosing the high-quality agents
can be served by low-quality agents only if they don’t serve their own customers.

The above inequality implies that customers obtain strictly positive utility for large k. However,
this contradicts with the definition of customer equilibrium since

lim Dy (k)+ Dy, (k) +Dp(k) < aHD’;ITe + D <ap(l1-D})+Di* <1,

k—o0

i.e. some customers don’t request service for large k (The above inequality holds since 0 < D’;Ir ‘<
1— D5"). Hence, we should have that klirgo Dy(k)=D>ayD%*¢>0.

As a direct implication of this result, we have that the utilization of the deviating agents converges
to 1 as k grows (as in the proof of Proposition 3), so that his revenue converges to the price he

charges minus his operating cost, p;, +¢& — wy.
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S.7.3. Proof of Lemma 10

In this proof, we only consider the case where R; —pF > R; — p;? for all k for some i,j € {H,L}
with ¢ # j. Furthermore, the below proof focuses on the deviation of a quality-j agent. The proof
for the deviation of a quality-i agent is the same.

Similar to the proof of Lemma 9, we let r; = R; —p;, r¥ = R, — p¥ for all i = {H, L}, and

D;(k) = D{V[CE(TJ, riry e ok —1,0:k,1)
Di(k) = DYCF(rf vk ry + &5 05k — 1, ik, 1)
Dj,., (k) = D:JJ,WCE(T;C, ri,rj+e ok —1,0:k,1)
Pjjgen (k) = PSBTU13(Dj(k)’Di(k)’Djdeu(k)’Tja ri,ry+e ok —1,0:k,1)
Pji(k) = PS@T”12(Dj(k)7Di(k)aDjdev(k)arj, Sori e ok — 1, .k, 1)
Py..(k) = PServ23(Dj(k),Di(k:),Djdw(k),7’], Lo +esok —1, 04k, 1)
Bi(k) = p1(D;(k), Di(k), Dy, (k);75, 8 75 + 505k — 1, ok, 1)
Bi(k) = B2(D;(k), Di(k), Dy, (k); 7"5, ri,ry+e ok —1,0:k,1)

for notational convenience.

S.7.3.1. p; <Rj;: The proof of this case is very similar to the proof of Proposition 3. We mainly
show that the rate of customers requesting service after the deviation of a single agent will be
strictly positive in the limit, and this guarantees a 100% utilization for the deviating agents as it

is rigorously shown in Lemma 5. Particularly, we show that

lilgninij(k:) +D;(k)+ D;,. (k) =D >min{o;/p,1}.

We prove this claim by contradiction. Thus, we suppose D < min{a;/p,1}, on the contrary.

Then, there should exists a convergent subsequences of {D;(k)}2, and {D;(k)};>, such that

lim D;(k)+ D;(k)+ D;,. (k) = D <min{a;/p,1} < 1.

k—o0

Using this observation, we have that

Tim Uy(D;(k), Di(k), Dy, (k);7h, 7,5 + 5.k — 1, ik, 1)
=(1- hm P”d (k)) (kh_)nolo(rl +emg)) (1= Bi(k)) — cma) + hm szd (k)(r;+¢)
hm (r +cmg)) (1= Bi(k)) — cmq

> ]}Lrgo(rz +cmg)) (1= M (A*(D; (k) + D;(k)); cik)) — cmg =1; >0,

where the first inequality holds r; +& > r¥ for large k, the second inequality holds since some of

the customers choosing quality-j can be served by quality-j agents and some of the customers
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choosing quality-i can be served by the deviating agent, and finally the equality holds since D <
min{a;/p,1} < 1. This result implies that customers obtain strictly positive utility for large k.
However, this contradicts with the definition of customer equilibrium since leH;C D;(k)+ D;(k) +
D;,. (k) <1, ie. some customers don’t request service for large k. Hence, we should have that
ligiolgf D;(k)+ Di(k)+ D;,. (k) = D >min{a,;/p,1}.

As a direct implication of this result, we have that the utilization of the deviating agents converges
to 1 as k grows (as in the proof of Proposition 3), so that his revenue converges to the price he

charges minus his operating cost, p; —e —w;.

S.7.3.2. p;=R;: First note that we have that

lim DY™(k) = Dj.’” >0, and klirgo Pi(k) = Pj”[e >0,

k—o0

where D¥"(k) is the rate of customers choosing quality-j agents and PJ“(k) is the probability
with which a customer choosing quality-j before a single agent cuts his price (Otherwise quality-j
agents couldn’t have a strictly positive revenue in the limit).

Under this situation, we will show that the total rate of customers requesting service after the

deviation is strictly positive. In particular, we show that

lim D, (k) + Di(k) + Dj,,, (k) = D > 0, D"(1 — P}*) > 0.
We prove this claim by contradiction. Thus, we suppose D < aiD;’“(l — Pj”[e), on the contrary.

Then, there should exists a convergent subsequences of {D;(k)}2, and {D;(k)};2, such that
lim D;(k) + D;(k) + D, (k) = D < a; D} (1 = PJ").
Using this observation, for large k, we have that

Ua(D;(k), Di(k), D, (K)s vty + € aak—l aik, 1)
(1 P, ( )((n +cma) ( j )) - Cma) + Pyjy, (k) (rj +e)
> (ry +cmg) (1= Y (A*(D; (k) + (’f) ik)) —emyq
=r = +Cma)5M(Ak( i (k) + Di(k)); k)
>rf— (rif +ema) BM (A" D; (k)7 (1 — Py (k)P€); k) (1 — Py (k)P")

= (1= Pyu(ky) ( (rF + emq) (1 - B (A*D; (k )p”(l—Pji(k:)p”);k:))—cma)+PJZ(I<:)”” ¢

)
)

( )P"¢) r + cma) ( Bpre(k)) — cma> + Py (k)Perf > 0,
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where 37"°(k) is the probability of abandonment for customers choosing quality-j agents in the
equilibrium before deviation. The first inequality holds since not all of the customers choosing non-

deviating agents are served by quality-i agents. The second inequality holds since D < ozf;D;?Te(l —

PJ7¢) and by the fact that 8 (A*(D;(k) 4+ D;(k)); a:k) ~ (pb/aie’(l’pf’/ai))k, BM(ARD;(k)Pre(1—
(pf)/aie—(l—ﬂf’/ai))k
—(=pDY (=P

Pyi(k)Pre); k) = (pDPe(1 — PEre)e==rPT 0PN Dang

ji = — 0 as

k — oo as we discuss in the proof of Proposition 3. Finalg;?zlz(eljc%?;z inequality holds since we
BM(A*D;(k)Pre(1— Pj;(k)Pre); k) is the probability of abandonment in a hypothetical system where
the arrival rate is equal to the fraction of customers choosing quality-j and served by quality-
j agents while the capacity is k instead of a;k. This hypothetical system always serves more
customers (or, equivalently, causes less abandonment).

The above inequality implies that customers obtain strictly positive utility for large k. However,
this contradicts with the definition of customer equilibrium since klg& D;(k)+D;(k)+D;,. (k) <1,
i.e. some customers don’t request service for large k. Hence, we should have that ligg iorolf D;(k) +
Dy(k) + D, (k) = D > 0, D" (1 = P,

As a direct implication of this result, we have that the utilization of the deviating agents converges
to 1 as k grows (as in the proof of Proposition 3), so that his revenue converges to the price he

charges minus his operating cost, p; —e —w;.

S.7.4. Proof of Lemma 11

For notational convenience, let A\2(p; R) = A*(p+¢; R +¢), and A_(p;R) = A(p+¢; R +¢). Note
that A.(p; R) = A(p; R). Then, since p € P(p; R), and A\*(p; R) = argmax (R + cmy)A\[1 — B(N\)] —
AA(p; R) + e¢m,], we have that =

> (R+cemq )\ (p; R)[1 = B2 (p; R))] — A2 (p; R)(A(p; R) + em)

> (R+cma)A2 (p; R)[1 = B2 (p; R))] = A2 (p; R)(Ac(p; R) + em,)

> (R+e+cma)A2(p; R)[1 = B(A2 (p; R))] = A2 (p; R) (A (p; R) + emy)
—eA2(p; R)[1 - B(A2(p; R))]

> (R+e+cma)A2 (p; R)[1 = B(A2 (p; R))] = A2 (p; R)(A-(p; R) + emy) — ¢,

p

where the last inequality holds since A[1 — S())] is the utilization of a provider, and we have that
Al = B(N)] <1 by definition. Using the above observation, we have that

pte> (R+e+cema)A2(p; R)[1— B2 (p; R)] — A2 (p; R)(Ac(p; R) + cmy,),

which means (p+¢) € P(p; R+¢).
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Appendix S.8: Communication Enabled Model (Non-Identical Agents)
S.8.1. Proof of Lemma 12

We prove this claim for the setting Ry — wy > Ry — wy. For notational convenience we let 6=

klirgoék, r*=R;,—pFforie{H,L}, =Ry —py +¢, and

Dy(k) = DMOE( o' vk apk, | 0%k, ok — [07K])
Dy (k) = DYCE@R v rhsapk, 6%k, ank — | 6%k])
Dy(k) = Dy"“F(ry, v v ark, [6°k], axk — [6"k])
Ppyr = PServiy(Dy(k), Dy (k), Dy (k);rh o' rh ok, |0%k], agk — [07k])
Ppy = PServis(Dp(k), Dy (k), Dy (k);rk v/ ks ank, 6%k, agk — [6%k))
1 (k), D

Pyigr = PServyg(Dyr(k), D a(k);r vk apk, |6k ], apk — | 6°k]).

Before proving the above claim, we want to note that klim Dy(k) > “7’5, and only the customers
:—00
choosing sub-pool-3 can be served in sub-pool-3, i.e. klim Pry(k)+ P (k) =0. The proof of these
L —» 00

claims are the same as the proofs of Lemma 9.1 and Lemma 9.2, respectively.

D’H(k)

4 > l. In order to prove that by contra-

To prove the above claim, we first show that lilgn inf

H(k)

diction, we suppose lign inf < 1. Then, there exists a convergent subsequence of D, (k) such
—00

that hm D’(;’,fk) < 1. As we argue in the proof of previous claims, the above assumption implies that
P
the probablhty of abandonment in sub-pool-2 becomes negligible as k becomes large. (See Lemma
6.1) As a direct implication of this fact, we have that
lim Uy(Dy(k), Dy (k), Dy (k);rs v’ vk apk, |07k ], apk — [0%k]) > 7" > Ry —w;, >0,

ko0
which implies that kh_)IEo Dy (k) + Dy (k) + Dy(k) =1, i.e. all customers request service in a large
marketplace, by the definition of the customer equilibrium. It also implies that kh_}rgo PryDp(k) =
Dy (k), i.e. all of the customers choosing sub-pool-1 will be served by sub-pool-2, since the expected
utility from sub-pool-2 exceeds Ry — wy,. (A similar proof can be seen in the proof of Lemma 9.1)

Furthermore, using the above observations, and considering the balance equation of sub-pool-2,
we have that

lim Dy (k) + D)y (k) = im Ppp Dy (k) + lim D}, (k) <

k— o0 k— o0 k—o0

b\ov

which implies that klim Dy (k) >1—6/p. However, this leads to the following contradiction:

klirn Us(Dy(k), Dy (k), D (k);7% o' ris ok, |6k |, ank — |6k))

-4 «
A em, < (TH—O—cma)—H —cmy

p—9

= (rg+cmy,)
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<r'< klim Us(Dy(k), Dy (k), Dy (k); 7% o' ks ank, | 6%k ], apk — | °K]).

Hence, we should have that lilgninf D/’;k(k) > % Once we have that we can further show that
—00
klim PrypDr(k) =0 (as in Lemma 9.3), and the probability of abandonment in the sub-pool-2
—00
converges to 1 — —~ when D/}, =liminf D/, (k) (as in Lemma 9.5)
Dy k—o0

Using these result, we have that

li}gninf Vi (k) > (puy +e+wn)

AR (k)
Xllk{ggfw
= pg tet+wgy.

Finally, the result holds since V}; (k) < py + €+ wy by definition.

S.8.2. Proof of Lemma 13

In this proof, we only consider a convergent subsequence of (p%,p%) where R, — p¥ > R; — p? for
some i,j € {H, L} with i # j. Here, we show that a ¢ fraction of quality-i agents can improve their
revenues by charging p; + €. The same proof holds for quality-j agents.

For notational convenience we let 6 = khm Sk rk=R,—pkforie {H,L}, r'=R;,—p; — ¢, and
—00

Di(k) = DYCF(r' vk el |6%k], ok, aik — [6¥K])
Dj(k) = Dy P (v vk vk [ 6%k, ok, ok — | 6%k ])
Di(k) = D" " (r' vk rls |67k, ok, aik — [6¥K])
Py; = PServiy(D;(k), D;(k), Ds(k);r' vk v |6%k], ajk, a:k — [6¥k])
Py; = PServis(Di(k), D;(k), D;(k);r' v vl |6°k], ok, a;k — [ 6°k])
Pj; = PServyy(D(k), D;(k), D;(k); 7', v%, r¥; | 67K, ok, ik — [ 07K ]).

7]715

()

Before proving the above claim, we want to note that klim D;(k) > C“T’S, and only the customers
—00
choosing sub-pool-3 can be served in sub-pool-3, i.e. klim Py;(k)+ Pj;(k) = 0. The proof of these
—00

claims are the same as the proofs of Lemma 9.1 and Lemma 9.2, respectively.

D(k)>1

3 In order to prove that by contradic-

To prove our claim, we first show that liminf

k—oo

D (k) < 4. Then, there exists a convergent subsequence of Dj(k) such that

tion, we suppose hm 1nf

Di(k)

o < 2. Asa dlrect 1mphcat10n of this, we have that

lim
k—o0
lim Uy (Dj(k), D;(k), D;(k);r' v, ¥ [6°k ], ok, aik — | 6°k]) =" >0,

k—o0

which implies that klim Di(k)+D;(k)+ D;(k) =1, i.e. all customers request service in a large mar-
—00

ketplace, by the definition of the customer equilibrium. Furthermore, this implies that klim D;(k)+
—00

[1 —timinf B,(Dy (K), Dy (k), Dy (k)i 75,7/, vl ke, |8, gl — |6k )
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sk
klim D;(k) > o; — & (or both) holds because otherwise we would have that klim D;(k)+ D;(k) =

Di(k) =1 —4/p since klim AL %. Then, we should have that either klim D;(k) > o or

1-6<1-4 /p. Combining this with the observation that sub-pool-3 serves only its customers, we

have either

lim Us(D}(k), D;(k), D;(k);7",r¥ rF; | 6%k |, ok, ik — | 6%K])

k—o0 ‘7’ Z,
(1 + cma)—2=0 < (rit ema) E — ey <
=(r;t+emy)————~—cm, < (r; +emy)— —cmg <7’
o Tim D, (F) )
—00

or

lim Us(Dj(k), D;(k), D;(k);r' vk, v [ 6%k ], ok, ok — | 6%k ])

k— o0
Qj
p lim D, (k)

k—o0

<(r;+cmy,) —cmg < (r;+ cma); T

Both of these results contradicts with the definition of the Customer Equilibrium. Hence, we should

have that lilgn inf D}(k) > %. Finally, as in the above lemmas, we have that
—> 00

ADI(k)
h{gg}lfv (k) > (pi+€fwi)hggg>1fW
X [1—li;ninfﬂz(Dg(k),Dj(k),D (k);v v, ks [ %K, ok, ik — Lakkj)}

Finally, the result holds since V/(k) < p; + & — w; by definition.



