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We analytically study optimal capacity and flexible technology selection in parallel queuing systems. We
consider N stochastic arrival streams that may wait in N queues before being processed by one of many
resources (technologies) that differ in their flexibility. A resource’s ability to process k different arrival types
or classes is referred to as level-k flexibility. We determine the capacity portfolio (consisting of all resources
at all levels of flexibility) that minimizes linear capacity and linear holding costs in high-volume systems
where the arrival rate A — co. We prove that “a little flexibility is all you need:” the optimal portfolio invests
O()\) in specialized resources and only O(+v/)) in flexible resources and these optimal capacity choices bring
the system in heavy-traffic. Further, considering symmetric systems (with type-independent parameters), a
novel “folding” methodology allows the specification of the asymptotic queue count process for any capacity
portfolio under longest-queue scheduling in closed form that is amenable to optimization. This allows us to
sharpen “a little flexibility is all you need:” the asymptotically optimal flexibility configuration for symmetric
systems with mild economies of scope, invests a lot (O())) in dedicated resources, a little (O(v/A) in level-2
flexibility, but effectively nothing (o(v/A)) in level-k > 2 flexibility. We characterize “tailored pairing” as
the theoretical benchmark configuration that maximizes the value of flexibility when demand and service
uncertainty are the main concerns. We numerically investigate the accuracy and robustness of our results in

systems with moderate volumes and asymmetric demands or flexibility configurations.

1. Introduction

Deciding on the appropriate amount and configuration of flexibility is a classic management prob-

lem: should different types of products or customers be processed or served with specialized or
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flexible capacity? And how much flexibility is needed to effectively match demand and supply?
The extant literature on flexibility refers to the ability of a resource to process multiple types of
products as miz- (Chod et _all, 2008), process- (Sethi and Sethi, 1990), product- (Fine and Freund,
1990) or scope-flexibility (Van Mieghem, 2008). Substantial progress has been made in our under-
standing of flexibility over the last 20 years. One important insight relevant to our work is that the
choice between specialization and flexibility is not an “all-or-nothing” proposition. The literature
has advanced two different interpretations of this insight: tailoring and chaining.

Van Mieghem (1998) showed that it is typically optimal to invest in a portfolio of two specialized
and one flexible resource in a 2-product newsvendor network with a linear cost structure. The
dedicated resources act as base capacity and the flexible resource serves as an optimal cost/benefit
response to demand variability. We will refer to such a portfolio approach of fitting or optimizing the
amounts and levels of flexibility to demand profiles as tailored flexibility. While tailored flexibility
is well understood in a 2-product setting, finding desirable flexible processing systems for N > 2
products is much more difficult because the capacity portfolio can now consist of 2 — 1 different
resources, and hence grows exponentially in N. See Bassamboo et al. (2010) for the analysis of such

a system in a newsvendor network. Following the notation of that paper, we let “level-k flexibility”

refer to the ability to process k € {1,2,---, N} different product types. Then there are (IZ) = (Nivk!)!k!
different resources with level-k flexibility, including N dedicated or specialized resources with k =1
and one fully flexible resource with k= N.

In their seminal paper, lJordan and Graves (1995) showed that “a little flexibility can achieve
almost all the benefits of total flexibility” by using only level-2 flexible resources in a special
configuration called chaining. Imagine a graph where product types are represented by rectangles
and resources by circles, such as in Figure [[l for N =3 product types. An arc from a rectangle to
a circle then represents a possible product-resource assignment and thus that resource’s flexibility.
Chaining represents any flexibility configuration of N level-2 flexible resources that are connected,

directly or indirectly, to all N product types by product-resource assignments. Chaining allows

for shifting capacity from products with lower than expected demand to those with higher than
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Figure 1 Flexibility configurations for N =3 product types.

expected demand. Jordan and Graves consider a single-period newsvendor network model where

random demand is allocated ex-post to pre-fixed capacity. Excess demand is assumed lost and the

allocation objective is to minimize the corresponding shortfall. Using simulation and providing some

analytical justification, Jordan and Graves demonstrated that the expected shortfall and capacity

utilization of chained level-2 flexible resources is close to the expected shortfall and utilization of

fully flexible resources with the same capacity. In other words, “a little flexibility goes a long way.”

Graves and Tomlin (2003) showed that similar chaining benefits extend to multi-stage systems.

Hopp et al. (2004) generalized these chaining configurations that utilize level-2 flexible resources

to D-skilled chains that consist of level-D flexible resources and showed that these configurations

perform well in serial production lines. In recent work,

Chou et al

2008

) used the concept of graph

expansion to construct flexible configurations that work well in newsvendor networks.

In this paper we merge and extend the concepts of chaining and tailoring, and characterize

analytically the asymptotically optimal amount, level, and configuration of flexibility in symmetric
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queuing systems. Specifically, we consider a processing system with N stochastic arrival streams,
each requiring a different type of stochastic service. Type ¢ arrivals wait in buffer ¢ before processing
and incur holding costs. The system manager can invest in a portfolio of 2 — 1 different resources
that differ in their flexibility. The trade-off is simple: higher levels of flexibility reduce holding costs
more but come at a higher investment cost. Indeed, in addition to the holding costs, the system
incurs a capacity cost rate that is linear in capacity size and depends on the flexibility level. While
our system is not amenable to exact analysis, we answer the research question for high-volume
systems where the arrival rate A — oo.

First, we prove that it is optimal in high volume settings to size capacities such that they are
highly utilized. In other words, economic optimization results in a “heavy traffic” regime. This pro-
vides our first refinement of “a little flexibility goes a long way.” Indeed, we prove analytically that
a “little flexibility is all you need” in any parallel queueing system under high volume: the asymp-
totically optimal capacity portfolio for high volume systems invests a lot in dedicated resources but
only a little in flexible resources; in particular it invests O()) in dedicated resources and O(v/)) in
level-k flexible resources for k > 2. To further analytically characterize the optimal configuration
and performance, we restrict attention to symmetric systems in which all model parameters are
type-independent. Specifically, the arrival rates of all types are equal, and the capacity invested
in resources at the same level of flexibility are equal. Hence, capacity decisions can only vary by
flexibility level so that determining the capacity investment in 2V — 1 different resources reduces
to optimizing N decision variables, one for each level of flexibility, to minimize the average holding
and capacity cost rate.

Second, we introduce a novel “folding” methodology that allows us to specify the asymptotic
queue count process for symmetric systems with a general capacity portfolio under dynamic longest-
queue scheduling in closed form that is amenable to optimization. This technique involves folding
the state-space and studying the order statistics of the limiting queue-length. This ordered queue-
length process behaves as a reflected Brownian motion in a wedge. For symmetric systems, we

can then use [Williamd (1987) to specify the stationary distribution and expected holding costs
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in closed form and optimize capacity analytically. To our knowledge, we present the first closed-
form analytical expressions for the stationary queue-length distribution and asymptotically optimal
capacities for symmetric parallel queueing networks. These allow computing the optimal flexibility
portfolio in closed-form, and strengthening “a little flexibility is all you need:” not only is the
capacity size of the asymptotically optimal flexibility configuration small, its level of flexibility is
also small. Indeed, we prove that the optimal symmetric configuration invest in O()) in level-1,
only O(v/)) in level 2, and merely o(v/)) in level k > 2. In fact, this property not only holds when
the cost of flexibility is affine or convex in the level of flexibility, but even in the presence of mild
economies of scope, i.e., the cost of flexibility as a function of the level of flexibility can be concave
and we analytically derive the (almost logarithmic) sufficient flexibility cost frontier.

Third, we show that it is not economical to invest in the sufficient amount of flexibility that leads
to so-called complete resource pooling (CRP). CRP amounts to assuming that the resources have
sufficiently overlapping flexibility and that they work collectively to the extent that they act as a
single “super-server” in the heavy traffic limit. That is, processing capacities of the various resources
are completely exchangeable in the heavy traffic limit and single-dimensional dynamics result. Com-
plete resource pooling has been the natural assumption in the growing literature on flexible queuing
networks in heavy traffic and obviously leads to excellent waiting time performance; see for exam-
ple [Van Mieghem (1995), Harrison (1998), Harrison and Lopez (1999), Williams (2000), [Stolyar
(2004), Mandelbaum and Stolyarn (2004), |Ata and Kumar (2005), and references therein. In con-
trast, CRP is suboptimal in our setting given that we prove the optimal amount of level-2 flexibility
to be O(v/\) which results in a truly multi-dimensional reflected Brownian motion with state-
dependent drift (arising from the longest queue scheduling). In other words, while CRP could be
obtained using level-2 flexibility only, it would require more capacity than is optimal. The optimal
configuration exhibits partial resource pooling, and it is surprising that its stationary distribution
can be specified in closed form using the folding method. It appears that |Ata._ and Van Mieghem

(2008) is the only other paper that provides analytic results for partial resource pooling.
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Fourth, we present an analytic expression of the maximal asymptotic value of flexibility. This
expression corresponds to the performance of the asymptotically optimal symmetric configuration
which we call “tailored pairing.” Tailored pairing uses a dedicated resource for each arrival stream
to serve the base demand, and a level-2 flexible resource for each pair of arrival streams to serve
the variable demand. Dedicated capacity is sized proportionally to expected demand while level-2
flexible capacity is proportional to the square root of demand and to its coefficient of variation.
Because pairing requires too many (N (N — 1)/2) servers, its practical appeal diminishes quickly
as N grows. Yet it serves two important purposes: (i) it provides an upper bound on the value of
flexibility against which other configurations can be “benchmarked”; (ii) it allows us to provide
the first analytic proof that chaining is asymptotically optimal for NV =3 in a queuing setting,
which differs from the newsvendor setting studied by lJordan and Graves (1995). Indeed, chaining
and pairing are identical configurations for N = 3 and thus dominate dedicated or fully flexible
configurations, as shown in Figure [Il

Fifth and finally, we present a numerical study of accuracy and robustness. Unfortunately, the
analytic power of our folding technique requires complete symmetry and high volumes, so we can-
not analytically evaluate chaining or other asymmetric configurations for N > 4. Therefore, in a
numerical study we investigate the accuracy and the robustness of our results in systems with
moderate volumes and asymmetric demands or flexibility configurations, including chaining. We
find that: (i) our analytic prescriptions are quite accurate and within a few percentage points of
optimality for moderate volume systems; (ii) our main result is robust in systems with asymmetric
demands. In particular, even systems with asymmetric demand and N =3 and 4 do not seem to
need level-k > 2 flexible resources for moderate to low economies of scope. (iii) In all investigated
cases, we find that tailored chaining performs quite close to the maximal value of flexibility. This
includes systems with symmetric demand and N =5 and asymmetric demands with N = 4. This
finding strengthens and extends similar observations that chaining performs very well in other
simulations (e.g., Jordan and Graves, 1995, Hopp et al), 2004 and [Iravani et _al., 2005) and numer-

ical studies (e.g., (Gurumurthi and Benjaafar, 2004 and [Aksin and Karaesmen, 2008) of flexible
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processing systems.

The analytical tractability we obtain necessarily requires some simplifying assumptions on the
cost structure. We assume that capacity costs are linear in capacity size. Clearly, with sufficiently
large economies of scale in capacity costs (e.g., with large fixed investment costs), it is optimal
to have fewer resources than our results predict. Scale economies diminish the practical value of
tailored pairing configurations and favor chaining and even higher levels of flexibility (including
possibly full flexibility) which requires fewer resources. Further, our notion of flexibility ignores
set-ups (that are considered in [Kula et all (2004)) and learning effects (as in [Pinker and Shumsky
(2000)). As a measure of the performance of this system, we consider expected holding or waiting
costs. There is a stream of literature that studies other measures such as throughput (see, for
instance, (Ostolaza. et all (1990), |Zavadlav et al. (1996), |Andradéttir et al. (2001), Van Oyen et al.
(2001))); see Hopp and Oyen (2004) for an extensive review.

The outline of the paper is as follows: We start by introducing the model and the basic frame-
work for flexibility that we use in the rest of the paper. As most of our results require symmetry,
we describe the symmetric model in Section 2] and relegate the general asymmetric model to
Appendix Therein, we prove our first main result that the optimal portfolio invests mostly
in specialized resources and only a little in flexible resources. In Section Bl we analyze tailored
flexibility for N =2 products and explain the technique of folding to derive the stationary distri-
bution and optimize the expected cost in closed form. Section ] uses this technique to derive the
asymptotically optimal flexibility portfolio for N =3 products and generalizes the finding to sys-
tems with N > 3 products. We investigate the robustness of our results by considering asymmetric
systems and general flexibility cost structures in Section [l Finally, we conclude with a summary
and discussion of limitations and extensions in Section [6l All proofs are relegated to the online
appendix.

2. Model Primitives and Basic Setup For Flexibility

Denote types by i =1,2,..., N and the number of type i customer or job arrivals by time ¢ by A}(¢).

We assume that all arrival processes are independent renewal processes with common rate A > 0.
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(A general model is presented in Appendix [EC.3l) Let o) denote the standard deviation of the
inter-arrival times. Each arriving job has a service requirement that is independent and identically
distributed across all the customers with mean m and variance 2. The coefficient of variation of
service times is denoted by ¢, = o,/m, while that of the inter-arrival times is ¢, = A\o}. We assume
that ¢, is a constant, independent of the rate A, and will henceforth denote o2 = (¢ + ¢?)/2.
Unless we explicitly mention otherwise, we will assume that our system is completely symmetric
(i.e., all model parameters are type-independent), and we consider only symmetric capacity assign-
ments. That is, we assume that each type has a dedicated resource assigned to it that operates at
a fixed deterministic rate pu? that is the same for each type. Further, note that each level-k flexible
resource can handle precisely one of (JZ ) different subsets of types. (We use the notation (f; ) = (p_piq!)!q!

if p > ¢, and 0 otherwise.) Thus, there are a total of ij:l (JZ) = 2N — 1 different resources in the

N

k) level-k flexible resources are assumed

system. Due to the symmetry in the system, each of the (
to have the same capacity which we will denote by u;. (Note that capacities scale the actual aver-
age service time, i.e., if a service rate of p is allocated to a job, its average service time is m/u and
its variance is 02 /p?.)

The system incurs two types of costs: a holding cost h that is incurred per job per unit of time
spent in the system (waiting and service) and a capacity cost rate that depends on capacity size
and flexibility level. We assume capacity costs are linear in size. The cost rate of capacity size
of a level-k flexible resource is cxuy, where ¢, = ¢(1+Ay) with A, denoting the flexibility premium
for level-k flexible resources and we have A, > Aj_; for k> 2 and A; = 0. Notice that this includes
concave flexibility costs or economies of scope.

Let Q2(t) denote the number of customers of type i in the system at time ¢ and EQ;(oco) its

steady-state expected value. Using the holding cost of A per job per unit time, we obtain the total

cost rate of a symmetric capacity portfolio pu* = (u, u3, ..., ux) ad

I 2) = 3 Bl eo)h+ ) (3 Joun:

! Note that without loss of generality, we could assume h =1 and rescale the cost of capacity c¢x appropriately.
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Given that optimal capacities will lead to a stable system where all jobs eventually get served,
expected steady-state revenues are independent of *, and we seek the capacity portfolio u** that
minimizes costs:

I = I (™) = min I (u). (1)

n=>0
Given that our system involves GI/G/1 queue dynamics, its stationary queue-length distribution
cannot be solved analytically in general. We can, however, obtain a useful upper bound on the
optimal cost as follows. Observe that the optimal cost is bounded by the minimal cost when using
only dedicated servers: II* (1) < min 5, II* (117, 0, .., 0). Using only dedicated servers results in

N independent GI/G/1 queues so that
A
I (2,0,...,0) = N (AEQ) + cud) < N (Wj” +cu§> ,
By —mA

using Kingman’s bound. The right hand side is convex in p} and reaches a minimum at fi} =

mA+o04/2mA, which yields an exact upper bound: IT* (1) < min, g I (p3,0,...,0) < ﬁ/\, where
I = NemA + 2Novehm., (2)

The upper bound also bounds the capacity cost and directly shows how the optimal capacities
depend on the volume A, which is key to our analysis: p** cannot grow faster than a term pro-
portional to A plus a term that is O(A'/2), which is exactly the condition to bring the system into
heavy traffic.

A lower bound stems from considering a system where all customer types are pooled into a single
queue served by a single server that costs only c¢. Hence, the lower bound is similar to having a fully
flexible server at the cost of a dedicated server. Such a totally pooled system never experiences any
server idleness while jobs are waiting and thus dominates the original multi-queue, multi-server
system. In heavy traffic, the Kingman bound is tight and, using (2] for a single queue with arrival

rate N ), yields as an asymptotic lower bound: II** > II* + o(v/)), where

O* = NemA+2Navchm. (3)
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The following result summarizes these results and is the justification for solving this optimization

problem asymptotically when A is large.

THEOREM 1. The optimal cost TT*(u™*) is bounded:

I+ o(vV) < TP () <TT, (4)

and any optimal solution (u}*,...,uN') to the optimization problem (Il) satisfies
1Y =mA+ i VA+o(VA), and (5)
= [V A+ 0(VA)  for k>2, (6)

for some fiy,...,an € R with fi, >0 for k>2 and ZL (]Z)/lk > 0.

This theorem, which holds for asymmetric systems as well (see Appendix for details), has
two important implications. First, the optimal dedicated resources are sized on the order of the
arrival rate and will serve the majority of the jobs. In contrast, the flexible capacities are much
smaller and only proportional to the standard deviation which is O(v/)\). Additional insight is
found by considering a single class system for which II* = T and the capacity fi} is asymptotically

optimal:

[h
= [li\—l—o(ﬁ) =m\+o Em)\—f-o(ﬁ),
I = II* + o(VA) = emA + 20V ehmA + o(V).

The asymptotically optimal capacity prescription fi7 is the sum of two parts: base capacity Am that

hmA
c

matches the average arriving workload plus safety capacity o that accommodates variability

in the arriving workload. The optimal safety capacity increases linearly with standard deviation

oV A, as earlier observed (e.g., [Kleinrock, [1976, p. 331), and exhibits economies of scale. Indeed,

hm

the capacity per unit of demand rate is m + o /=%,

where the safety capacity per unit decreases
in A, as does the optimal cost per unit. Notice that these expressions are similar to results for

capacity sizing in a newsvendor setting with normal demand.
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Second, the theorem proves that economic optimization naturally brings the system into a param-
eter regime called “heavy traffic.” (Loosely speaking, this means that the dedicated resources are
heavily utilized. Indeed, the optimal dedicated utilization u}* /X~ 1 — fi;/v/X tends to 100% as
A — 00.) The theoretical significance of the theorem is that heavy traffic is not assumed, but the
proved result of capacity optimization. It also proves that configurations that satisfy the so-called
CRP condition, which are widely studied in literature, are suboptimal. Under CRP, for all prac-
tical purposes the capacities of all resources can be thought of as being pooled together into one
super-server that can process all types. CRP leads to state-space collapse and results in a single-
dimensional limiting system. In contrast, we shall prove that the optimal capacity configuration
only exhibits partial resource pooling and results in an N-dimensional limiting system. In other
words, the optimal flexible capacity is too small to lead to CRP.

Theorem [I] guarantees that we need only consider capacity portfolios of the form (mA +
vV, sV, ,ﬂNﬁ) to characterize an approximate solution to ([Il) for large volume systems,
where fip > 0 for £ > 2 and Z]kvzl (2’ ) it > 0. The latter condition is essential for stability as it
ensures that the total demand rate N\ does not exceed total capacity of the portfolio pu?, i.e., NA <
chvzl (1]\! ) % Equivalently, stability requires that we have positive safety capacity Z]kvz1 (JZ) i > 0.
The corresponding resource cost is Neg (mA + i} v/A) + Zszg Ck (1;/) V.

Focusing on this regime, we can rewrite the optimization problem () as:

min Nem+ VAT (f), (7)

{a 280 (§)An>0.h2 i 20}
where IT (1) = h Y"1, EQN(00)/VA+ Sre, e (V) fin. We will refer to () as the second-order opti-
mization problem because it optimizes the quantity II* that is at a lower scale than overall system
cost. The first-order optimization in this case is trivial and amounts to handling the base demand
by the dedicated resources. Although we can solve this second-order optimization problem for any
finite A through simulation, to derive structural insights, we will consider an analytical asymptotic

analysis that is accurate when the arrival rate A — oo. Indeed, we shall prove that the function
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~

IT* (/i) converges to the limiting function II(7), which we will be able to specify in closed form. More-
over, we will characterize the optimal scaled capacity ji* that minimizes the limiting cost II and
use that solution to construct the prescription (mA+ i} VI, 1 VA ﬂj‘vﬁ) as our approximate
solution to (Il for a system with (finite) arrival rate .

To illustrate our mode of analysis, we begin by considering the N = 2 type setting. In particular,
we will demonstrate the novel folding approach that allows tractability, and even closed-form
solutions. The general N case will be analyzed in a similar manner and the detailed treatment is
presented in Section ATl

To formalize the mode of analysis, the following terminology will serve useful. All random ele-
ments in this paper are defined on the probability space (2, F,P). Further, we assume all stochastic
processes to lie in the space of functions that are right continuous and possess left limits. For a
collection of probability measures P™ and P defined on (A,.A), where A is a general metric space
and A its Borel o-field, we say that as n — oo, P" = P , i.e., P" weakly converges to P, if and only
if [, fdP™ — [, fdP for all bounded, continuous real-valued functions f on A. Further, if X" and
X are random elements of this space such that P™ and P are the probability measures associated
with X™ and X respectively, then X™ = X if and only if P" = P.

A note on the use of symmetric capacity portfolios. To characterize the asymptotically optimal
capacity investments, we restrict attention to symmetric capacity portfolios that invest equally in
all resources at the same level of flexibility. That is, if the portfolio invests in a level-k flexible
resource, then it invests in all (];7 ) level-k resources, and we do not optimize further on the number
of level-k resources that should be invested in. Given the symmetry in the problem parameters, one
expects such a symmetric portfolio to be optimal. That is, we expect identical capacity investments
in all resources at the same level of flexibility. This optimality follows if the objective function
is convex in the capacity levels. Such a convexity is straightforward to show in the newsvendor
setting of lJordan and Graves (1995) (see Van Mieghem (1998) and Bassamboo et all (2010)). In
a queueing setting, however, this amounts to showing that the sum of the N queue-lengths is

convex in the entire 2% — 1-dimensional capacity portfolio. Proving such convexity statements in
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queueing systems is not easy and, to the best of our knowledge, has only been done for single class
systems and for parallel server systems with queue-length independent routing (see, for example,
Neely and Modiand, 2005). While these results suggest that convexity should extend to our setting,
we have not been able to prove this conjecture in general. Though such a proof is a worthy endeavor
in itself, it is beyond the scope of this paper. Hence, we focus on symmetric capacity portfolios
which were shown to be optimal in flexible newsvendor systems (cf. Bassamboo et all (2010)).
These portfolios were also found to be optimal in numerical experiments that we conducted (see
Section [B] for details). We would like to point out that we are able to prove our first result that
the asymptotically optimal capacity portfolio invests O()) in dedicated resources and O(v/\) in
flexible resources without the symmetry assumption, that is, for any number of resources at each

level of flexibility with potentially different capacity investments (see Appendix [EC.3] for details).
3. A Two-Type Symmetric Model: Asymptotically Optimal Flexibility

In this section, we analyze the optimal system configuration in a symmetric system with two types
of incoming jobs. Such systems can use two dedicated resources and one flexible resource that can
serve either type. In addition to capacity levels, we need to prescribe a routing rule that determines
the order in which jobs are allocated to the different resources. We will restrict attention to “longest
queue (LQ)” policies with a preemptive feature described as follows: When a dedicated resource
completes a service request, it next processes any job in the system of its own type; if there is no
such job, it idles. Each flexible resource serves the type with the longer queue preemptively, where
the remainder of the service time of the preempted job is taken up by the new job. This method of
preemption and the use of longest queue in symmetric system has been studied in [Zipkin (1995).
LQ policies have also been studied in |Zheng and Zipkin (1990), IMenich and Serfoza (1991), and
Van Mieghem (2003), and shown to be optimal in specific settings. We expect this policy to be

optimal in our setting. However, proving this claim is beyond the scope of the current treatment

2 The intuition behind this claim is as follows. The overall rate of departures from the system at any time ¢ is given by
S p url(3, e @7 (t) > 0). Serving the longest queue first maximizes I(3, . » @7 () > 0) for all t > 0 over all scheduling
policies. The number of departures from the system by time ¢ equal fg D krlQ e Q}(t) > 0)dN,, where N, is
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In numerical and simulation studies, |Sheikhzadeh et al. (1998) and Jordan et all (2004) compare
the LQ policy with other reasonable policies and find that it always outperforms these policies,

even for asymmetric systems.

3.1. The folding method

Asymptotically, we expect the scaled queue-length processes to behave as diffusions. Much of the
literature has shown that flexibility in such systems can result in complete resource pooling where
the multi-dimensional state-space collapses in the limit to a single-dimensional state space. Such
collapse requires more flexible capacity (i.e., at a scale greater than O(yv/))) than is optimal for
our system. Indeed, we now show that the limiting system behavior remains a bona-fide two-

dimensional diffusion process:

LEMMA 1. As A — o0, if Q\A/(/\P) = Q(0), then % = Q(-), where

Q1 (t) = Q1(0) — % /t(ﬂl + 1{Q1(5) > Qa(s) }i2)ds + V2B (t) + Ly (t)
0, (8)
Qs(t) = Qul0) / (i + 1{Qa(s) > Q1 (5)}io)ds + 0v/2Bo(t) + Laft),

0

where By and By are two standard independent Brownian motions, L; are non-decreasing, contin-

uous processes such that L1(0) = Ly(0) =0, and Q;(t) >0 and f; Qi(s)dL;(s) =0 for all t >0.

The limiting diffusion characterized in (§) is not directly amenable to analysis because the drift
of the reflected Brownian motion (Ql, Q2) is not continuous. This discontinuity stems from the LQ
routing policy under which the flexible resource serves the longer queue in a preemptive fashion.
This causes the drift of the diffusion to change when a queue switches from being the longer to
shorter, or vice-versa, as depicted in Figure

Luckily, we can transform the diffusion Q into one with constant drift and recover analytic

tractability by monitoring the order statistics of the queue length processes and “folding” the

a unit rate Poisson process. Noting that this term is maximized by the the LQ rule, using standard arguments to
pass to the steady-state and taking expectations, it follows that the LQ has the highest aggregate departures among
all scheduling policies. This translates to the LQ rule having the shortest aggregate queue-length. Thus, the LQ rule
should be optimal in our queuing system for any capacity portfolio.
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(a) The original two dimensional diffusion Q. (b) The diffusion Q after folding.
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Figure 2 A pictorial representation of the drifts of the limiting queueing dynamics Q (left). The order statistics
(Qmin, Qmaz) live in the folded state space with constant drift (right).

state-space. Given that we consider symmetric systems, we only need Ql(t) + QQ (t) which equals
Qumaz(t) + Quin(t), Where Q. (t) = max(Q:(t), Qs(t)) and Quuin(t) = min(Q1(t), Q2(t)). The ben-
efit of considering the maximum and minimum queue-lengths is that the drifts of these ordered

queues are constant, which allows the simpler dynamics of Proposition [l

PROPOSITION 1. As A\ — o0, if Q\A/(AP) = Q(0), then (Qm\;g() QW" ):>Q( ), where

Qmael®) = Quaa(0) = P21 03B (1) + W10
- (9)
Quin(t) = Quin(0) = 2+ 0V2B3 (1) ~ Yi(1) + V().

where By and B, are two standard independent Brownian motions, Y1, Ys are two non-decreasing
continuous processes such that Y1(0) = Y5(0) = 0, and Qax(t) = Qumin(t) > 0, fo Qmw —
Qumin(s))dY:(s) =0 and fof Qumin(5)dYa(s) =0 for all t >0.

We can now compute the steady-state distribution of the process (Qmam,Qmm) by “unfolding”
the state-space and considering the process with constant drift on the entire positive quadrant.
Given that this process then simplifies to two independent Brownian motions in a quadrant, its
steady-state distribution is a simple product form of exponentials. When “folding” the state-space
into the upper triangle (or wedge) in Figure owing to the normal reflection, we still obtain a
product form of exponentials. Defining G» = {(z,y) € R% : & >y}, we characterize the steady state

distribution of the process (Qmax, Qmm) in the following result.
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PROPOSITION 2. The steady-state distribution of the process (QmaI,Qmm) on Gy has the density

o
o = (- ()~ ),

-1
maQy) dmdy) 1§ a normalizing constant. Further, the cor-

where o = (fG2 exp (— (£Lt42)

responding expected queue-lengths are EQmm(oo) = 5 +u o’m and EQmaw( ) = EQmm(oo) +

1 2
— —0
f1+p2

Using this steady-state characterization, we can compute the limiting scaled cost II and charac-

terize its optimal capacities i* by solving the limiting version of the optimization problem ([7):

min (i1, fiz) = (

{(f1,A2):2>0,2f11 +A2>0}

2 1 ,
——— + ———— | o"hm+ (2cfiy +c(1+ Az)fiz). 10
i ) otk Qe k(L A (10)

The following proposition presents the results.

PROPOSITION 3. For N =2, the optimal safety capacity that solves ([I0) is

%Z)*a—’y*ﬂ)*) ZfogAZ <027

(-
((0,1 [as) i A.=02, )
=

*, ) if 0.2 <A, <0.5,

Q

(A1, f15) =

Q

Q
D‘ 3‘ 3‘ D‘

Q

,0

where Y* = \/(2er Gz and v* is defined as follows:

)2+ (1+A42))

g (1382 VBa0-80) g A 5 AL 200,

f}/* = 5A5—1
0 if 0.5< A,

(12)

Notice that (i}, /13)%+/5% depends only on the flexibility premium A,. Hence, for a fixed A,
value, the optimal safety capacities scale with the standard deviation as expected. At the optimal
solution, the safety capacity cost cfif + ¢(1 + As)fi% equals the holding cost hE[Q;(00) 4+ Q2(00)]
(this is similar to the properties of the classical Economic Order Quantity (EOQ) model). Using
the solution to the limiting problem, we can construct a capacity prescription for a system with

finite arrival rate A that is asymptotically optimal.
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PROPOSITION 4. The capacity portfolio (mA\+ v/, i/ N), with i, fi given by (), is asymp-
totically optimal for the optimization problem () in the sense that

A Nk ~k _ TTA*
g DA+ VA i3 VA) - (13)
A—oo \/X

This result states that the loss in optimality incurred by using the prescription (m\ +

@iV, i3V is negligible at the O(v/)) scale.

3.2. Discussion of results: amount and level of flexibility

All graphs and numerical results in this paper will normalize the scale factor J\/@ =1 and the
cost of the dedicated resource ¢ = 1. The explicit characterization of the asymptotic solution yields
some interesting insights. Figure depicts the optimal safety capacities. Proposition B prescribes
that it is never optimal to use any flexibility if the flexibility premium exceeds 50%, i.e., Ay > 0.5.
As the flexibility premium decreases, it becomes optimal to use flexibility, and the corresponding
flexible capacity increases as expected. When the premium falls below 20%, we obtain i} < 0 which
implies that the optimal dedicated capacity is less than the nominal level ), and thus the flexibility
is used for maintaining the stability of the system as well.

Figure shows how the investment cost in flexible and total capacity varies with the flexibility
cost premium A,. As expected, an increase in the premium leads to an increase in the total capacity
cost and a decrease in the investment in flexible capacity. The latter entails lesser pooling benefits
and hence an increase in the total safety capacity needed as depicted in Figure We observe
that as the flexibility premium increases, the optimal flexible capacity decreases and is substituted
by dedicated capacity. However, this substitution is not perfect: as shown in the figure, we over-
substitute and the total safety and, hence, the total capacity increases as a function of A,. Though
similar sizing substitution effects have been observed (see for example, [Van Mieghem (1998)), the
benefit of our analysis is that we find these sizing results analytically, which cannot be done in
newsvendor models.

The dependence of the prescription on the variability and holding cost is also worth pointing

out. We can think of the solution (mX\+ iV, 15v/A) as the analog of a safety capacity refinement
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(a) Optimal safety capacity levels. (b) Optimal safety capacity costs.
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Figure 3  The optimal capacity portfolio (left) and investment cost (right) as a function of the flexibility premium
As.

around the mean demand in a standard newsvendor problem with normal demand. Our safety
capacity (i} VA, 1 V/A) is also proportional to the underlying standard deviation ov/\. As the safety
capacity cost is equal to the holding cost similar to the economic order quantity (EOQ) model, we
also obtain that the safety capacities are proportional to a\/@ , in particular to the square root of
the holding cost. Thus, as the variability in the system (or the holding cost) increases one requires

higher dedicated safety capacity fi; and higher flexible capacity fis.

3.3. Accuracy of capacity prescriptions

To study the accuracy of the capacity prescription presented in Proposition dl we compare it with
the optimal capacities derived via simulation and discrete search for a given arrival rate. Specifically,
we consider Poisson arrivals with rates A = 25,100, 400 and mean service time m = 1, unit dedicated
capacity cost ¢ =1, and holding cost h = 1. To study the effect of variability in service times, we
study three different service time distributions: deterministic, normal (standard deviation=0.25),
and exponential. In each case, we compare the optimal cost with the expected total cost of the
system when operating with our capacity prescription. The optimal cost is derived via simulation
and discrete search over a capacity grid for (us, p2). For each capacity level in this grid, we used a

simulation run length of 100,000 time units to estimate the expected queue length of the system.
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(a) Deterministic service times (cs = 0).
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(b) Normally distributed service times (cs = 0.25). (c) Exponentially distributed service times (¢s = 1).
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Figure 4 The accuracy of the capacity prescriptions was investigated by comparing its simulated scaled cost
(represented by solid lines) to the optimal cost (dashed lines) found through optimization by simulation
using Poisson arrivals. To investigate the convergence rates and the impact of service time variability,
three different arrival rates (A=25, 100, 40()) and three different service time distributions are shown
together with the optimal asymptotic cost II*.

A grid search then allows us to compute the optimal total expected cost for A, € (0,0.45].
Figures show the cost centered by the nominal capacity cost 2Amc and scaled by
VX as a function of flexibility premium A,. The solid lines depict the cost using the capacity
prescription while the dashed lines represent the optimal cost obtained via simulation. Observe
three facts: First, the cost when using the capacity prescription is very close to the optimal cost
for all cases considered. In fact the worst case occurs in Figure for A = 25. Even here the
optimality gap in scaled costs is less than 3.5%. For A =400 the optimality gap in all cases is less
than 0.5%. Second, as expected, all simulated costs (both the optimal and the cost when using the
prescription) converge to the asymptote I = ﬂ(ﬂ*), which we have characterized analytically. For

the exponential distribution (Figure [4(c)), the cost obtained via simulation is quite close to the
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asymptotic value even for A\ = 25. Finally, total costs increase as variability increases from (a) to
(b) to (c).
4. Asymptotically Optimal Flexibility Portfolios

In this section, we extend the analysis to the case of N > 2. For expositional simplicity, we start
with N =3 which is the simplest setting with more than two levels of flexibility to state the main
result. The results for the general case N are provided in Section A1l

A three-class system has the following resources: three dedicated resources (level-1), three level-2
resources that can process any pair of classes, and one fully flexible resource (level-3) that can
process any class. As before, a serve-the-longest-queue (LQ) policy is used to route jobs to different
resources. Specifically, any flexible resource serves the type with the largest number of customers in
the system among the types it can serve. As for N =2, we will prove that the scaled queue-length
processes tend to behave like diffusions as the arrival rate A\ — oo, and we will use the folding
method to explicitly estimate 23:1 EQ?}(00). Consider the LQ routing policy at any time instant
t for which Q7 (t) > Q3 (t) > Q3 (t). Then, in addition to being processed by the dedicated level-1
resources, class 1 will be served by the level-3 resource and both the level-2 resources that can
process it; class 2 will be processed only by the level-2 resource that can process classes 2 and 3;
and class 3 will not be processed by any flexible resource. Thus, we only need to keep track of the
longest, intermediate, and shortest queue length at each time instant. Let (Qf\u (1), [A2] (t),Qf\?’] (1))

be the order statistics for the queue length vector. Define @, (t) = Qp,(t) and @), = Q7 (t), and

max

A

min

(t) =Qy3(t) for t > 0. Then, we obtain the following limiting system characterization.

y )\ A i\naz . Q;\nz . 'f\nzn . A 3 g
PROPOSITION 5. As A — oo, if Q\/(XO) = Q(0), then (Q ﬁ(), ﬁ(), @ ﬁ()> = Q(-), where Q is

given by
Quas () = Qumaz(0) — Wt +oV2B,(t) + Yi(t)
Qaa(t) = Qaa(®) = P24 0 /BB(0) - Vi) + Va0 (1)

Qunin(1) = Quin(0) — 244 VBB, (1) = Y3(0) + Vs 1),
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where By, By, Bs are three standard independent Brownian motions, and Yy, Ys, Y3 are non-
decreasing continuous processes such that Y1(0) = Y3(0) = Y3(0) =0, Quaz(t) > Quia(t) > Quin(t) >

0, f3(Qunac(5) = Quuia(8))dY1(5) = 0, [ (Qumia(5) = Qunin(5))dYa(s) =0 and [, Quin(s)dYs(s) =0 for

all t > 0.

Defining G3 = {z € Ri 1 > xg > x3}, we can characterize the steady-state distribution of the

Q process as follows.

PROPOSITION 6. The steady-state distribution of the process Q() on Gs has density

T o )
m(x,y,2) = Cexp <_ (/WZ"'/“):E_ <M1+M2)y_ fi1 z),

o2m o2m o2m

g m g m

o o ) -1
where C = (fG3 exp (— (AA2f2tis) o (Ati2), — [L ) dmdydz) . Further, we have

A 1
EQmin(0) = =——————0’m 15
Qrmin(o0) St 4 32 + fis (15)
A N 1
EQmia(00) = | EQuin(00) + 55— o’m 16
Quia(09) = ([BQuin(00) + ) (16)
A A 1
E maz(OQ) = E mid(Q) + ———————— Uzm- 17
Qe (50) = (BQuualoe) + 55— ) am)

Thus, we can write the total expected steady-state cost as a function of the choice of dedicated

and flexible resources as

(W) = (3 ran s+ 7o+ et ) O
) ) = = ~ ~ ~ ~ ~ 7 ’ {0 g m
M1, [, (3 31+ 3o+ fis 201 + 3+ i3 1+ 200 + i3

(18)
+ (3cfin 4+ 3e(1+ Ag)fia + (1 + As)fis).

The optimization problem can be written as

~

min (fur, fiz, fi3). (19)

{(A1,f12,03):012,13>0,321 +3f12+f13>0}

We now characterize the solution of this optimization problem.

PROPOSITION 7. The solution to [I9) for any Ay >0 has the following property

if Az < 13(As)
if P13(A2) < Az < d12(As)
if $12(A2) <Az < 91(Ay)
if Ay > ¢1(As),

(@n] P [an} uo
DT 2 T ™
VvV Vv
o O

(20)

vV oV

(A3, f3) =

I
(=}

D¥ DN¥ DN¥ N*¥

|
Wx Wx Wx W¥
I
(=)
S— N N
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where
(00,9(2),h(z)) x<1/2,
(1,012, P13)(x) = ¢ (5/6,5/6,5/6) 1/2<2<5/6, (21)
(z,z,x) x>5/6.

where g and h are functions such that 0 < h(x) < g(x) <5z/3 and are characterized in (EC.IJ)-
(ECI4) in the Appendiz (the thresholds are displayed in Figure[d). Further, the optimal investment
levels for each of the above cases are:

1. Invest in levels 1 and 3, i.e., (15 =0, 1% >0):

(_C* (77min)7 07 —"7mmC* (nmzn>) Zf 0 S AS < %;
(i) = § (0,0, /825 if Ay =2, (22)
(C*(nmaz)v Ovnmawg*(nma$)) Zf% < AS < %;

where (*(n) = o4/ 22 hm \/(Hn)(QM?Z)’f:;;zn)(HAg))) and Npmin aNd Nyae respectively denote the smallest
and largest real root of
45 + 841+ 59n? + 18n* + 2n*
Ay = R e i s (23)

54 +132n+ 12102 4+ 48n> + Tn*

2. Invest in all levels, i.e., (f15 >0, 5 >0):

oy S 3
=7 ( Ga, 2y (1—3A2+A3)>’ o

ooyt 2 L 3
’“‘2“’\/;<\/(2A2—A3> VA;—As ¢(1—3A2+A3)>’ .

. 3hm - V2 1 1
is =0\ = ( \/(2A2—A3)+\/A3—A2+\/(1—3A2+A3))' (26)

3. Invest in levels 1 and 2, i.e., (fi3 >0, 05 =0):

(_5* <7min>7 _meg* (7min)u 0) Zf 0 < A2 < 61 )

(ﬂi?ﬂ;ﬂﬁ) (070-\/ %’0) Zf AQ - 61’ (27)

(é-* (’Ymaz)7 ’}/mazg* (Vmaz)a 0) /Lf < A2 < 95

where £*(y) = o4/ 2 hm \/ sz)(2+§$+(§f;§’?;+3(1+A ) and Ymin 0nd Ymae respectively denote the small-

est and largest real root of

6+ 32y + 6372 + 547> + 17+*

. 2
124 727 4+ 1622 + 16273 4- 61~* (28)

9 =
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4. Invest in level 1 only, i.e., (5 =0,45=0):

ik oaw ax hm
(A7, s, f13) = <U C’O’O) . (29)
Using the solution to the limiting problem, we can construct a capacity prescription for a system

with finite arrival rate A that is asymptotically optimal:

PROPOSITION 8. The capacity portfolio (m\ + iV, v/ N, @iV N), with [, i, it as given in
Proposition[T7, is asymptotically optimal for the optimization problem (II) in the sense that

A Nk Nk Nk _ Ak
A—00 \/X

Let us now analyze the asymptotically optimal capacity portfolio. Figure [l depicts the structure

of this portfolio as a function of the flexibility premiums A, and Az — A, (the incremental premium
of level-3 resources as compared with level-2 resources). The regions depicted in the figure do not
depend on any other primitive data, and thus this figure is representative of the solution for any
set of parameters.

Notice that among all the flexible portfolios, investing in levels 1 and 2 is optimal for the largest
set of parameters. In this region, the proposition proves that the firm can achieve asymptotically
optimal performance by using only dedicated and level-2 flexible resources (in a chaining config-
uration) and not using the fully flexible resource at all. This implies that the marginal benefit
from having a fully flexible resource is less than its marginal cost when the firm can invest in
level-2 flexible resources. Thus, this result proves that for suitable flexibility premiums, chaining
of level-2 resources (as suggested by lJordan and Graves, [1995) together with dedicated resources
is the asymptotically optimal flexibility configuration for symmetric queueing systems with N = 3.
The following result provides a simple sufficient condition on the flexibility premiums for tailored

chaining to be optimal.

COROLLARY 1 (Asymptotic optimality of tailored chaining). If the flexibility premiums are
such that Az > 5A,/3, then the asymptotically optimal flexibility portfolio never invests in the fully

flexible resource, that is, tailored chaining is asymptotically optimal.
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Figure 5 The optimal capacity portfolio as a function of the flexibility premium. This characterization depends

only on the flexibility premiums and is independent of all other system parameters.

As the flexibility premium Az — A, decreases to a level lower than A,, the marginal cost of the
fully flexible resource decreases, and the optimal portfolio invests in all three types of resources.
This extreme capacity portfolio is optimal only for a small set of parameters and, as Az — A,
decreases further, it becomes optimal to not invest in level-2 resources at all and the optimal
portfolio consists only of three dedicated and one fully flexible resources. Finally, note that for high
flexibility premiums, as expected, investing in flexibility is sub-optimal. Specifically, if Az >5/6

and A, > 1/2, investing in dedicated resources alone is asymptotically optimal.

4.1. Generalization to N classes

Let Q)(t) := (Q}y(1),-..,Qy(t)) be the order statistics for the number of customers of various
types, where Q[Al] (t) > Q[é] t)y>...> Q[AN] (t). Under the LQ policy, the longest queue Q[Al] is served
by all resources that can process it, and hence is processed at rate py + (N — g+ -+ + (N —
1)pn—1 + pn. Note that this rate is feasible only if the number of jobs in this queue exceeds the
number of resources that can process it. As our goal is an asymptotic analysis, the likelihood that
the number of jobs is less than the number of resources is so small that we can ignore it. Now,

consider type [i] with i > 1. We can compute the number of level-k flexible resources that will
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serve this type in the following manner. A level-k flexible resource will serve type [i] only if it
is has the longest queue length among all types than can be handled by the resource. Thus, if
k> N —i+1, no level-k flexible resource will serve type [i]. However, if k < N —i+ 1, the level-k

flexible resources for which type [i] is the longest queue will serve it. This is simply the number

obtained by selecting £ — 1 types from the N types removing the top ¢ ranked types, i.e., (]k\':l”)

Hence, the total processing rate for type [i] equals iv f“ (k 1);%

A A . A A
PROPOSITION 9. As A — oo, if Q\A/(XO) = Q(0), then Q%)(\) = Q(), where Q is given by
1 N—i+1 N— .
Qi (t) = Q1 (0) m;(k 1>uk+a\f i(t) = Yia(t) +Yi(t) (31)
fori=1,...,N, where B; are N standard independent Brownian motions, Yy =0, Y; are non-

decreasing continuous processes such that Y;(0) = 0, and Quj(t) > Qu(t) > ... > Qu(t) > 0

fo Qlir1)(8))dY;(s) =0, and fo Qiny(8)dYn(s) =0 for all t > 0.

Defining Gy = {z € ]Rf txy > w9 > - > xN}, we can characterize the steady-state distribution

of the Q[] process as follows.

PROPOSITION 10. The steady-state distribution of the process QH(-) on Gy has density

N N—i+1l (N—i\ ~
_ - R ,
x)= ailjllexp ( < ey ) x1> ,

N—i+1 -1
where a = <fGN i 1exp< <Z()“k> :E,») dm) 18 the normalizing constant. Further,

ori=1....,N, we have EQy, —it1 o’m.
f ’ ’ ’ Q[]( ) Zk 1ZJ max(z 1,k—1) (k 1)[Lk

Proposition [I0 allows us to express the second order expected steady-state cost rate as a function

of dedicated and flexible resources as

(i) = —x N_Hl i 2hm+z< ),u,kcl—l—Ak) (32)

i=1 k= IZ] =max(i—1,k—1) (kfl

The optimization problem is then

min ﬂ(ﬂ) (33)
{0, (%) e >0,fu, >0Vk>2}

The formal optimality property similar to that in Proposition @] then follows.
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THEOREM 2. The capacity portfolio p* = (mA,0,...,0) + "X, where ji* denotes an optimizer of

B3), is asymptotically optimal for the optimization problem () in the sense that

() — I ) (34)

lim

A—00 \/X

We now obtain the following property of the solution i* to the asymptotic optimization problem

A

ming IT(f).

THEOREM 3 (Asymptotic optimality of investing only in levels 1 and 2). If the flexibility
premiums satisfy Ay /ANy > Zjﬁ 2/ for k>3, then any solution to the asymptotic optimization

problem min, II(f1) has i =0 for 2 < k < N, that is, then investing only in levels 1 and 2 is

asymptotically optimal for such symmetric queueing systems.

This result provides sufficient conditions on the flexibility premiums for the asymptotic optimality
of investing only in levels 1 and 2. These conditions are only sufficient to ensure this optimality,
and there may be other parameters at which investing only in levels 1 and 2 is asymptotically
optimal. The necessary and sufficient conditions for this optimality can be computed analytically
(as in Proposition [7), but are intricate and depend on N. While Theorem Bl is a relaxation of these
conditions, it provides a simple sufficient condition that is independent of N.

Figure [0 illustrates Theorem Bl The threshold (the red curve) is such that if the flexibility
premiums for level-k > 2 resources is above it, then investing only in levels 1 and 2 is asymptotically
optimal. However, if the flexibility premiums are below this threshold, then it may be optimal to
invest in higher levels of flexibility. The figure also plots the linear flexibility premium curve, in
which each level of flexibility incurs the same additional premium, to illustrate that this threshold
is quite concave so that even with strong economies of scope it is sufficient to only use level-1 and
level-2 flexible resources regardless of the number of customer types.

Unlike the cases N =1,2,3, there is no explicit closed form solution for the capacity portfolio
when the number of types N > 4 because the first order conditions then entail solving a polynomial

of order N 41 > 4. (Obviously, these conditions are easily solved numerically for given parameter
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Figure 6  Investing in levels 1 and 2 only is asymptotically optimal for flexibility premiums above the thresholds
computed in Theorem [3] which are depicted by the red curve in the plot. The juxtaposition with the
blue line illustrates how concave this frontier is. Note that this figure is derived from the diffusion limit

and is independent of all system parameters.

values.) Yet, we can characterize the maximum flexibility premium beyond which it is never optimal

to invest in flexible resources for any IV:

PROPOSITION 11. For flexibility premiums A, > Z?:z 1/j for k> 2, it is asymptotically optimal

to only use dedicated capacity, i.e., iy =0 for all2 <k < N.

5. Accuracy and Robustness of Results

In this section, we investigate the robustness of our results. We begin in Section [B.1] by comparing
tailored pairing and tailored chaining using a simulation study. We find that while tailored pairing
performs better, the performance gap is small. Then, in Section 2], we relax the symmetry
assumption on arrivals and use numerical experiments to demonstrate that the thresholds on
flexibility premiums computed in Theorem [ remain valid for asymmetric configurations as well.
Finally, in Section (.3, we analytically compute the worst case performance of tailored pairing

when the flexibility premiums are below the thresholds of Theorem Bl
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5.1. Comparing tailored pairing and chaining in an N =5 type symmetric system: Tailored

chaining performs almost as well as tailored pairing

Simulation study for Markovian systems. We performed a simulation study in a symmetric
system with N =5 types. We normalized the mean service time and considered the setting where
all inter-arrival and service times are exponentially distributed. We considered three sets of arrival
rates A = 25,100, and 400 and three sets of flexibility premiums A, = 0.10,0.25, and 0.40; there are 9
total sets of parameters. For each set of parameters, we computed the costs of the optimal dedicated,
tailored pairing and tailored chaining configurations. The optimal dedicated configuration consists
of level-1 resources only, and can easily be computed analytically by optimizing 5 independent
single server queues. The optimal tailored configurations were estimated via simulation. Notice
that each such configuration consists of two parameters: level-1 capacity, and level-2 capacity. We
used a two dimensional grid search to arrive at the optimal capacity levels for each configuration.
We estimated each candidate capacity level using a run-length of 107/ time units.

Table [T displays the results. (See Table [EC.1lin Appendix [EC.4] for details on the capacity port-
folio obtained using simulation.) We note that tailored pairing configurations outperform tailored
chaining, however the gap is extremely small and decreasing in the arrival rate. Notice that as
the arrival rate increases the difference between the optimal costs in the various configurations
decreases. This is expected as the difference in the optimal costs in these configurations is on the
scale O(\f)\) Thus, to focus on the value of flexibility, we compare these configurations after sub-
tracting the base cost, which is simply NcAm = N . For each configuration we compute the value
of flexibility as the cost benefit of this configuration over the dedicated no-flexibility configuration.

A parameter independent comparison using diffusion limits. We also computed the value of
flexibility of these configurations for the limiting system using the underlying diffusion limit. For
the dedicated and tailored pairing configurations, this computation was numerical using the theory
developed in earlier sections. For the tailored chaining configuration, we simulated the underlying

diffusion process and computed the lowest cost configuration by performing a grid search. Table
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Optimal Cost || Value of Flexibility (%)
A | Ay |Base Cost (NX)| Dedicated TP TC
25| 0.1 125 175 26.1+0.2| 21.6£0.2
0.25 125 175 9.8+£0.2 8.4+0.2
0.4 125 175 22£0.2 1.7+£0.2
100 | 0.1 500 600 23.3+0.2| 21.8£0.2
0.25 500 600 8.3+£0.2 7.0£0.2
0.4 500 600 1.5+0.2 1.2+0.2
400 | 0.1 2000 2200 21.8+0.2| 20.3£0.2
0.25 2000 2200 7.4+£0.2 6.3+0.2
0.4 2000 2200 1.1+0.2 0.8+£0.2

Table 1  Tailored chaining (TC) performs almost as well as Tailored pairing (TP) for symmetric arrival rates in
N =5 type system. Value of flexibility is defined as the cost reduction over the zero-flexibility dedicated configuration
after removing the base cost from consideration. The value of flexibility is reported with the half-width of the 95%
confidence interval.

displays the results. Notice that the value of flexibility is quite similar to that observed in Table [Tl
Tailored pairing once again dominates tailored chaining, though the gap is extremely small.

The advantage of analyzing the diffusion limit is that the value of flexibility of the configurations
thus obtained is independent of all system parameters except the flexibility premium. That is, the
value of flexibility computed does not depend on the system variability o, mean workload m and
cost parameters h and c. This observation follows from the scalability of the limiting cost function
in these parameters (see Appendix for details). Further, noting that the diffusion limit is the
same for the expected number of customers in the queue (excluding those in service), this adds
another level of robustness to the results.

This study leads us to conclude that under our cost structure, tailored pairing slightly dominates
tailored chaining. However, the gap between the two is extremely small, and as tailored chaining
utilizes fewer resources, it may be preferred in practice. We are unable to theoretically analyze
tailored chaining configurations, so given their similarity to tailored pairing (which we can analyze),

our analysis provides a basis for computing the value of tailored chaining.
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Flex. Premium || Optimal Cost (xovhme) || Value of Flexibility (%) ‘
JADY Dedicated | TP TC TP TC
0.10 10 7.95|8.09+0.05 || 20.5 19.1£0.5
0.25 10 9.3319.46+0.06 || 6.7 5.4£0.6
0.40 10 9.9019.92+0.06 || 1.0 0.8+0.6

Table 2 Tailored chaining (TC) performs almost as well as Tailored pairing (TP) comparing the underlying
diffusion limits in N =5 type system. The calculations for TP and dedicated are analytical, whereas those for TC
are via simulation and the corresponding half-width of the 95% confidence intervals are reported. Value of flexibility
is defined as the cost reduction over the zero-flexibility dedicated configuration and is independent of o, h, m and c.

5.2. A simulation study of an NV =4 type system with asymmetry in arrival rates and work

content

Our analysis has assumed symmetry in arrival rates and work content. There is evidence in the
literature (Van Mieghem, 2008, p. 172) to suggest that the pooling benefit of flexibility is highest
in symmetric systems. This leads us to believe that tailored chaining and pairing should perform
close to each other in asymmetric systems as well, and further that the flexibility premium frontier
computed in Theorem [J for optimality of investing in level 1 and 2 flexible resources should be
valid even in asymmetric systems. However, our analytic methodology does not extend to such
asymmetry, and we must resort to optimization via simulation to verify this robustness. It turns
out that, in the limiting regime, what matters is asymmetry in the product m;\;. Therefore, given
their (asymptotically) equal impact, we focus on asymmetric arrival rates in our robustness study.
It is obvious that the optimal dedicated configuration will mirror the asymmetry in the demand.
As also suggested by |Gurumurthi and Benjaafar (2004), our result suggest that optimal flexible
capacity may be roughly proportional to the standard deviation of the total demand served by the
resource.

We considered a 4-type system with 15 possible resources. We fixed the total arrival rate at 400
per time unit and the arrival rate to the four types at (100 — 3k, 100 — x, 100 + , 100 + 3k) for k =
0,5,15,25. (Note that k =0 corresponds to the symmetric case.) We normalized the mean service
time, fixed the flexibility premiums at Az =5A,/3 and A, = 13A,/6 consistent with Theorem
and chose A, =0.1,0.25,0.40, and assumed that all inter-arrival and service times are exponentially

distributed. For each system configuration, we used the preemptive Longest Queue policy.
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5.2.1. Robustness of the frontier of Theorem [Bl We optimized the system costs over
the 15 decision variables using a gradient descent approach. We initialized the capacity portfolio
and then performed 1,000 iterations updating the capacity portfolio. Each iteration consisted of
computing the gradient of the cost function with respect to each resource. We calculated the
fifteen dimensional gradient via simulation by perturbing each dimension separately. The cost was
evaluated in each case by using a run length of 10,000 time. Using the gradient, the capacity
portfolio was updated by adding to it the gradient weighted by 2/i at the i'" update.

In all the cases we studied, the method converged to a tailored pairing portfolio. This suggests
that the flexibility premium frontier may be valid even for asymmetric systems. To give a sense
of the computational intensiveness of this experiment: Simulations of each case took more than 24

hours of computing time at Northwestern University’s computing cluster.

5.2.2. Tailored chaining performs almost as well as tailored pairing. A four type sys-
tem is the smallest system where tailored pairing and tailored chaining configurations are different.
Fixing A, =0.25, we compared tailored pairing and chaining for the asymmetric systems described
above. We used the same gradient descent method used to compute the optimal configuration
in Section B.2.1] restricted to level-1 and level-2 resources. Thus, there were 10 decision variables
for tailored pairing, and 8 for tailored chaining. There are three tailored chaining configurations
for N =4. Table [§] compares the best tailored pairing configuration derived earlier with the best
tailored chaining configuration. We computed the optimal cost for each tailored chaining configu-
ration, and then picked the value corresponding to the minimum of these three costs as the best
tailored chaining configuration. (See Table in Appendix [EC4 for details on the capacity
portfolio obtained using the simulation based gradient descent.) The results indicate that once
again tailored chaining performs almost as well as tailored pairing, and thus the flexibility premium

frontier may be applied to tailored chaining as well.
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Optimal Cost || Value of Flexibility (%)
(A1, A2,A3,A4) | Base Cost (\) | Dedicated TP TC
(100,100,100,100) 400 480.0 73+02| 6.4+0.2

(85,95,105,115) 400 479.9 7.3+£0.2 6.4+£0.2
(55,85,115,145) 400 478.8 6.9+£0.2 6.2+£0.3
(25,75,125,175) 400 476.1 58403 5440.3

Table 3  Tailored chaining (TC) performs almost as well as tailored pairing (TP) for asymmetric arrival rates in

an N =4 type system. The value of flexibility is reported with the half-width of the 95% confidence interval. We note
that value of flexibility decreases as the asymmetry in the system increases.

5.3. Worst case suboptimality of investing in level-1 and 2 flexible resources

Theorem [3] gives us sufficient conditions for the optimality of investing in level-1 and 2 flexible
resources. Clearly, if higher levels of flexibility are cheap, it would be optimal to invest in them.
In this section, we investigate the maximal sub-optimality that can be incurred by investing only
in level-1 and 2 flexible resources. To do this, using the analytical expressions for the steady-state
of the diffusion limit, we numerically compare the optimal tailored pairing configuration with the
optimal tailored fully flexible solution (investing in level-1 and level-IV) under the conservative
assumption that the cost of the fully flexible resource is identical to that of the level-2 resource,
i.e., Ay = A,. This assumption yields the maximal sub-optimality possible of the tailored pairing
configuration. Figure [0 plots this optimality gap in percentage versus the N. For each N, the
optimality gap is maximized over A,, so that the plot is independent of all system parameters.
We note that for small values of N, the optimality gap is very small and increases as IN increases.
However, the gap seems to asymptote below 20%. Thus, in the worst case, investing in level-1
and 2 flexible resources would lead to a suboptimality of 20%. This analytical optimality gap is
consistent with the observations in [Sheikhzadeh et all (1998) and |Jordan et al.! (2004). Noting that
higher levels of flexibility indeed entail some premium, the actual suboptimality would typically

be much lower.
6. Conclusion, Limitations and Extensions
This paper studies the asymptotically optimal amount, level, and configuration of flexibility for

symmetric queueing systems. Focusing on symmetric systems with linear costs, we analytically

prove that the asymptotically optimal flexibility configuration invests a lot in dedicated resources,
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Figure 7 The worst-case suboptimality (at the diffusion scale) of investing in level-1 and 2 flexible resources. The
horizontal axis is plotted on a logarithmic scale.

and a little in flexible resources. The literature has indicated that “a little flexibility can achieve
almost all benefits of total flexibility” (Jordan and Graves, [1995) in the sense that chained config-
urations of only level-2 flexible resources perform quite well. We find sufficient conditions on the
cost of flexibility for the asymptotic optimality of investing in level-1 and 2 flexible resources in
symmetric queueing systems. We prove that these configurations are asymptotically optimal even
for fairly high economies of scope. Further, in the extreme case where additional levels of flexibility
are costless, the maximum drop in performance (at the diffusion scale) in using these configurations
is 20%.

To the best of our knowledge, this is the first analytic proof that a mix of dedicated resources
with chained level-2 flexible resources is asymptotically optimal for symmetric queueing systems
with N < 3. While our methodology cannot analyze chained configurations for N > 4, extensive
numerical results indicate that the performance of tailored chaining is quite close to that of tailored
pairing, which use a dedicated resource for each arrival stream to serve based demand, and a
level-2 flexible resources for each pair of arrival streams to serve the variable demand. Numerical
results also suggest that our findings may extend to asymmetric settings. The main limitation of
our analysis, however, is the assumption that capacity costs are linear in size. It is obvious that

our results will break down with strong scale economies for which it is optimal to have fewer
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resources and often higher levels of flexibility (potentially even total flexibility) than our results
predict. Investigating robustness to economies of scale requires a substantially different setup and
is a future research topic.

From a methodological perspective, our analysis is based on Brownian approximations of a queue-
ing system where the so-called complete resource pooling condition is not satisfied at optimality.
This leaves us with a multi-dimensional Brownian motion with discontinuous drifts. We analyze
this process using a novel folding technique that studies the order statistics of the queue length
process and allows us to derive closed form expressions for the expected queue lengths, which in
turn gives us a closed form asymptotic characterization of the optimal resource capacities. Up until
now, no closed form expressions seem to exist, not even for simple static newsvendor models.

In this paper, we have assumed that capacity can be sized continuously by varying the service
rate of a given portfolio of resources, which is the typical approach in capacity investment models.
When capacity is indivisible or lumpy, however, capacity sizing is accomplished by varying the
number of resources (each one with a fixed service rate) of a given level of flexibility. Our analysis
does not apply to these settings and should be replaced by a many server regime (see, for example,
Halfin and Whitt, [1981). This includes staffing in call centers, where, in addition to capacity being
lumpy, multiple resources cannot pool their capacities to process an individual job. Here, the
multiplicity of servers introduces other issues as well; for example, one needs keep track of the
type of each customer being processed by each server of each resource. This adds substantial
complexity to the analysis and is left for potential future work. The following are two relevant
papers that consider the problem of capacity planning in call centers to satisfy quality-of-service
constraints: Wallace and Whitt (2005) develops a simulation-based iterative algorithm for staffing,
and \Gurvich and Whittl (2008) analytically derives asymptotically optimal capacity levels for a
related problem.

Finally, while our model uses a holding cost criterion, it would be interesting to investigate
a setup that minimizes capacity investment costs subject to quality-of-service constraints. Our

characterization of the steady-state distribution of the queue-lengths allows us to compute the
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delay distribution (using a heavy-traffic version of Little’s law) as a function of capacity. This is
easily seen for the single-type system and may extend to N types.
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E-Companion to A Little Flexibility is All You Need: On the
Asymptotic Value of Flexibility in Parallel Queuing Systems
with Linear Capacity Sizing Costs

EC.1. Proofs of results in the main text
EC.1.1. Proofs of results in Section

Theorem [ follows from the general version of the result, Theorem [EC.I which is proved in

Appendix [EC.3l

EC.1.2. Proof of results in Section [3]

Most of the results in this section are specific cases of the general results in Section A1l and we
omit their proofs. Specifically, Lemma [ follows from Lemma [EC.Il Proposition [l follows from
Proposition [@ Proposition 2 follows from Proposition [I0, and Proposition 4] from Theorem 2 We
do provide a proof of Proposition [

Proof of Proposition[3.  Substituting ji, = 117y in (I0), we can rewrite the cost function as

~ 1 2 1
II( =—(—+—" )% (1 (2 1+ Ay)). EC.1
(0 =5 (5 + 1y ) ohmet (2ot 2c(1-+ Aa) (BC.1)

Note that the feasible region for the pair (ji;,7) is the set {(x,y): x>0, y >0} U{(z,y):x <

0, y<—2}. (We consider the case ji; =0 separately.) For each fixed value of 7, the necessary and

% =0 must be satisfied for optimality, and this gives us

- hm 3+ 15
H :ig\/j (2+7)((2+'y(1>+ AY)) (BC.2)

Thus, we can rewrite the optimization problem (I0]) as

sufficient first order condition

min ( inf  f(v),20+/3hme(1+ Ag)) (EC.3)

YER\(0,—2]

— ) hm(2c+re A
where f(v) = 20\/(3+1+7)h ;jvﬂ (+22)) corresponds to the case fij # 0, and the optimal cost

corresponding to the case fij =0 can be computed in a straightforward fashion from (I0) as
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201/3hme(l 4+ Ay). Note that f(y) — 20+/3hmc(1+ Ay), as v — oo, which allows us to restate

([EC.3) as

0

Using the first order conditions of optimality it is easy to see that the optimizer of this problem is

_ _ A2
e o0 A ) i0< A, <05, Ay 402,
if Ay > 0.5.

Note that as Ay — 0.2, we have |y*| — co. It can be easily verified that for the case Ay =0.2, we
have f(v) >24/3hmc(1+ As) for all vy € R/[—2,0), and thus the optimal solution here corresponds

to fif =0. Combining this with the expression for i} in (EC.2), the result follows. Q.E.D.

EC.1.3. Proofs of results in Section [4]

Most results in this section are specific cases of the general results in Section 41} and we omit

their proofs. Specifically, Proposition [l follows from Proposition @ Proposition [@ follows from

Proposition [I0, and Proposition [§ from Theorem 2l We do provide a proof of Proposition [7
Proof of Proposition[7. We can write the total cost as

H(/lla ﬂ27 /l3)

=E(Qpj(00) + Q) (00) + Qa1 (00))h + (B e+ 3fiac(1+ Ag) + fisc(1 + As))

3 2 1 ,
=\ 5= " — + — " — + — - — | o*hm+ (3jc+ 3fsc(1 4+ Ay) + fizc(1+ Az)).
<3M1+3u2+u3 2/ + 3fis + fi3 u1+2u2+u3) Biaet3fac(l+ Do)+ floc(l+ Ao))
(EC.4)

Our objective is to optimize II(fi1, fis, fi3) over fi; € R, jiz >0 and ji3 > 0. We consider the following
four cases that arise based on whether 5 and [} are both positive, only one of them is positive,
or both are zero. We first characterize the optimal solution in each of these cases and then discuss
when each case is applicable based on the problem primitives.

Case 1: Investing in levels 1 and 3: We set ji, =0 and jiz =nfi1. As fi3 > 0, we must have

n>0if i; >0, and n <0 if 4; <0. Now, optimizing on ji; we obtain

[ 2(9+ 119+ 3n?)
== \/T\/(1+n)(2+n)(3+n)(3+?7(1+A3)))
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Thus, the optimization problem is equivalent to

win (it o), nf 7100.0,70). nf ) ).

n<—3

where a(n) = 20v2hmc ”*’gﬂfﬁgﬂf@ﬁfﬁ, corresponding to the regions fi; <0, fi; =0, and

i11 > 0 respectively. Using the continuity of the objective function we can equivalently rewrite this

optimization problem as

inf a(y). (EC.5)

neR\[—-3,0)

The first order optimality condition can then be written as

454841+ 5917 + 181° 4 21
54+ 1320+ 12102 + 48,3 + Tt

3

Solving for n, we obtain the optimal investments for this case.

Case 2: Investing in levels 1, 2 and 3: The first order conditions yield the following set of

equations:
serh <_(ﬂ1 +2ﬂl2+ﬂ3)2 (2 +322+ﬂ3)2 (3 (n +§2)+ﬂ3)2> =0 (ECH)
Bell+42) +h (_ GTRTEY  GETTRY T BETRTR) ) =0 (BCT)
1+ 8s)+h <_ (A + 2/112 +iis)? (20 +3/§2 +is)? (3(n —Hi) + i) 2) =0 (ECS)
Thus, multiplying (EC.8) by three and subtracting (ECT) from it gives:
YNy W — (EC.9)
c(fn +2f + fi13)

Similarly, multiplying(EC.T) by two and subtracting (EC.6) combined with two times (EC.g)) from

it we obtain

2h
—3(A3—2A,y) = ~ ~ —. EC.10
( 3 2) C(2M1+3M2+H3)2 ( )
Lastly, adding (EC.6) and (EC.8) and subtracting (EC.7) from it gives
3h
(14 A3) =37, = (EC.11)

c(3(fin + fio) + f13) %
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Solving (ECI)-(ECII), we obtain (24)-(26).

Case 3: Investing in levels 1 and 2: We set jio = yji; and fi3 =0. As fi5 > 0, we must have

~v>0if i >0, and v <0 if i; <0. Now, optimizing on fi; we obtain

it = to hm V18 + 54~y + 3972
UV e 3/ 2 243 L+ A+ A+ A7)

Thus, the optimization problem is equivalent to

min < inf b(y ),,llglszH(O,ug,O),}yrzlgb(’y)) ,

y<-1

A . : . .
where b(y) = 20V hm \/(3+3 1+(li;$((128r§;+397 ), corresponding to the regions ji; <0, ji; =0,

and fi; > 0 respectively. Using the continuity of the objective function we can equivalently rewrite
this optimization problem as

inf  b(y). (EC.12)

YER\[-1,0)

The first order optimality condition can then be written as

6+ 32y + 6372 + 5473 + 17*
124 72y 4 16292 + 16273 4+ 617+

AQZ

Solving for v, we obtain the optimal investments for this case.

Case 4: Investing in level 1 only: Setting fi, = i3 = 0 in the objective function, the first
order conditions imply that i} = a\/@ , which is the optimal investment for this case.

Conditions for optimality of the above cases. Consider the parameter regime in which
the capacity portfolio of Case 2 is real-valued and non-negative. In this case, the convexity of the
objective function implies that this must be the optimal solution. Thus, if the solution characterized
by equations (EC.9)-(EC.II) is such that i3 >0 and i} > 0 then the solution in Case 2 is optimal.
Using these values, for any A, < 1/2, define the function h(A,) to be the value of Az such that

=0 and the function g(A,) to be the value of Aj such that j =0. That is, h(z) is defined as

the unique solution to

x—M_\/l—&’E—i-h(aU)_\/—:B—i—h(x):() (EC.13)
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and g(x) is defined as the unique solution to

1 _ 1 _ 1
\/m—M V1-3z+g(x) /—z+g(x)

2

—0. (EC.14)

Further, note that for fixed A,, i3 is increasing in Aj, and i} is decreasing in Aj. It thus follows
that for Az > g(A.), 5 =0 and 3 > 0, so that Case 3 is optimal. Further, if h(A) < Az < g(A»),
f5 >0 and 15 >0, so that Case 2 is optimal, and if Ay <h(A,), 25 >0 and 5 =0, so that Case 1
is optimal. Noting that for a fixed As, i} is decreasing in A, and h(1/2) =g(1/2) =5/6, we obtain
that for a fixed Az <5/6 if Ay > h~*(A3) then Case 1 is optimal.

Further, we observe that if A3 =5/6 and Ay, =1/2 then i} =0 and 15 = 0. Thus, we obtain that

for Ay >1/2 and Az >5/6, Case 4 is optimal.

Next, we prove that h(x) < g(z). It is easy to see that for z <1/2 and y > z, we have ﬁ <
1 .
ez Thus, we obtain
1 1 1 2 3 1
2 0.

_ _ < - - =
\/x_M V1=-3z+h(z) +/—z+h(z) _\/:c—m V1-3z+h(z) +/—z+h(z)

2 2
Noting that the left hand side of the expression above is increasing in h(z) and noting that g(z)

solves (EC.14), we obtain that h(z) < g(z).

Finally, we prove that g(x) <5/3x. We can rewrite g(x) =5/3x — ,(z), thus d,(z) solves

1 B V2 N 1 0
V3-30,(x) 4z \/30,(x)+x \/=30,(x)+2x)

We observe that for a fixed x the left-hand-side is increasing in d,(x). Further, we observe

d 1 V2 1 1 8 V2
Wﬁ(m_ﬁ—i_m) :4\/§<(3_4$)3/2 +$3/2> > 0, for all x € (0,1/2).

o

Thus, noting that d,(1/2) =0, we obtain that §,(x) > 0 for x < 1/2, which implies that g(z) < 5x/3.

Q.E.D.

EC.1.3.1. Proof of results in Section [4.7]
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Proof of Proposition[d. Let N =2{1:2:N}\ ¢ where ¢ is the null set, denote the collection of
all the skill sets. Then, any set F' € N corresponds to a level-|F| flexible resource which can process
types i € F'; | F| denotes the cardinality of the set F'. We refer to this resource as the resource with
skill set F'. It will also be useful to define the indicator function I: NV x {1,2,..., N} x RY — {0,1}
as

I(F,i,Q)=1{ieF, Q;>Q;, for je F,j<i}l{ie F, Q;>Q,, for j€ F,j>1i}.

That is I(F,7,Q(t)) =1 at time ¢ if type ¢ queue is the longest among all types that can be processed
by the resource with skill set F' where ties are broken in favor of the type with the lowest index.

We begin by proving the following result:

LEMMA EC.1. As A — oo, if QAE\O) = Q(O), then % = Q(), where Q is given by

o
A A 1 ‘ . A .
Q) =Qu0)~ 2 3 [ R QO)rdt +oVEB(D) + L0 (EC.15)
M pen /o
where B;, i =1,...,N are N independent standard Brownian motions, L; are mon-decreasing,

continuous processes such that L;(0) =0, and Q;(t) >0 and f(f Qi(s)dL;(s) =0 for all t > 0.

Proof. For FeN, S}z() denote the mutually independent renewal processes corresponding to
departures from the resource with skill set F' for jobs of type ¢ if the resource worked all the time.
Further, let T}yi(t) be the amount of time that this flexible resource spends processing type i jobs
in [0,¢]. For all F' with |F|> 1, define M} ,(t) = Sp,(Tp,(t)) which denotes the number of service
completions of type i jobs by the flexible resource with skill set F in [0, ¢].

Let D]M [0,00) denote the space of right continuous processes with left limits that take values in

RY. Define the mapping @ : Dy [0,00) — Dy [0, 00) by

O(X)(t)=X(t)+ ( sup Xi(s)~, sup Xa(s)7,..., sup XN(3)> : (EC.16)

0<s<t 0<s<t 0<s<t
A
Then, an algebraic manipulation along with the definition X* = A* — D* — &1 (t — T{’\i})i(t)) with
D (t) = Spyy (T, 4(t)) denoting the departure processes corresponding to the dedicated resources,

allows us to rewrite the queue-length process as follows:
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LEMMA EC.2. We can write Q* as
Q1) =@(ZM)(t), (EC.17)

ZX(6)=QX0)+ XN~ D Mp(1), (EC.18)

FeN,|F|>2

fori=1,...,N.

Proof. We can write the queue-length process as

A
I
QI =QNO)+ XNt~ > Mp(t)+ (= Th0)
FeN |F|>2
A
Thus, we have Q}(t) = Z}(t) + Y (t), where Z* is given in (ECIR) and Y (t) = &= (t —T{’\i}}i(t))
Note that Y;* is a non-decreasing process and increases only when Q} = 0. Thus, we must have

2

Y (t) =supgc,<; Z;\(s)~ (see Iglehart, 1973). This completes the proof. Q.E.D.

The mapping ® possesses the following useful property (that is straightforward to verify, and

hence the proof is omitted).

LEMMA EC.3. The mapping ® is Lipschitz continuous, i.e., there exists K > 0 such that

| 2(X)—2(Y)||lr<K|X-=Y|r for any X,YED]Rﬁ[O,oo).

We now scale the parameters by v/, and use the notation (Q*, Z*, M*, X*, Q*(0),) to denote

(3—;, \Z/—;, MT:’ )%’ Q\A/(/\P)) Lemmas [EC.AHEC.6] below will be useful in completing the proof.

LEMMA EC.4. X =W, where W;(t) = —fist + o/2B;(t) fori=1,...,N.
Proof. Fix any t > 0. Applying the functional strong law of large numbers and the fact that

I T{Ai}ﬁi(t) —t|lf— 0 as A — oo we obtain the following almost sure convergences for the renewal

processes:
A
S
D)
129 2o,

as A — 0o, where 7(t) =t for ¢t > 0. Thus, applying the functional central limit theorem, we obtain

AP 0oy 2B (EC.10)
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where fi;(t) = fi;t for all t > 0. The result then follows by noting the mutual independence of the

renewal processes. Q.E.D.
LEMMA EC.5. {(X*,M*,Z*,Q™)} is jointly C-tight.

Proof.  'We shall use the same notion of C-tightness used in |Chen and Zhang (2000). Let {R™}
be a sequence of stochastic processes such that R" € Dgm|[0,00). Then, {R"} is C-tight if {R"(0)}

is tight, and for any T > 0, for each €, > 0, there exist § >0 and M < oo such that for all n > M

IP’( sup | R"(s) = R"(t) > e) <.

0<s,t<T,|s—t| <5
Note that using this notion of C-tightness, to prove that {(X*, M*, Z* Q*)} is C-tight, it suffices
to prove that the individual sequences {X*}, {M*}, {Z*}, and {Q*} are C-tight.
The weak convergence of X* established in Lemma [EC gives us that {X*} is C-tight by
applying Lemma 4.2(ii) of (Chen and Zhang (2000).
We now prove that {M*} is C-tight. Fix any |F| > 2. We will prove the result for {M .} for
any i € F', the others follow similarly. We define Sp := 3", S;\ﬂ’i. We begin by noting that by

A
the functional strong law of large numbers, we have || S\FFE\') —r(+) [l = 0 a.s., as A — oo, where

piri(t) = pypit for t > 0. Using this convergence and the following bound for 0 < s <t < T proves

the desired tightness
Sx(t) — Sp(s)
VA .

The tightness of 7> follows from the definition of Zn, M,, and X,, and the relationship stated in

M (1) = Mz, (s)] <

(ECIR). The tightness of Q* then follows by noting that

1Q* (1) = Q(s) IS K sup [| Z7(t) = Z*(u) |

s<u<t
for 0 < s <t<T and some constant K >0 (using Lemma 4.3 of |Chen and Zhang, 2000 and the
fact that Q* = ®(Z*)). Q.E.D.
LEMMA EC.6. If (X,M,Z,Q,Q(0)) is the limit of any weakly convergent subsequence of

(X, M, Z*,Q*,Q(0)} , then Q satisfies (EC.1H).
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Proof. As Q’\ (0) converges by assumption, and XA converges as per Lemma [EC.4], if we prove
the convergence of M to the appropriate process, we obtain the convergence of ZX. Then using the
Lipschitz continuity of ®, the result follows. As our sequence is C-tight, the limiting processes are
continuous, and thus appealing to the Skorohod representation theorem, we can restrict attention
to almost sure convergence in the uniform topology. Let {\;} denote the index of the converging
subsequence.

Fix any F € N with |F| >2 and any i € F'. As before, we will only prove the result for the case
M3, for any fixed F' € N and i € F. We need to prove My — L [VI(F,i,Q(s))fyr ds. It is easy to

see the following:
oY L[ . A .
IMEC) = — | L(E4,Q(s)iyrds |z
0

ST — o [ TP Qs)ineds I (BC.20)

0
SNk (A | SV IR, ' . A
<ISHTREC) = —TRs O e+ = TRi(0) — | LE6LQ(s)ds |l
m m 0
The functional strong law of large numbers implies that

sup [S25(4) — pypit] =0, a.s.,

0<t<ft
and hence the first term on the right hand side converges to zero. For the second term, we prove that

| Tp%() — [ I(F,4,Q(s))ds || — 0 a.s., as A — oco. Note that Tpk (t) = [3 1{Qi(s) > 0}I(F,i,Q(s))ds,

and
/ 1{0.(9) > 01{Qi(s) > max Qs(s)}ds < timint [ 1{Ou(s) > O)I(F, 1,0 ()ds
< timsup [ 1{Qu(s) > O}L(F, Q™ (5))ds
k—o0 0
< / HQu(5) 2 max ), }ds.
Further,

/0 1{Qi(s) > 0}1{Q;(s) > max Qj(s)}dsg/o H(F,z’,@(s))dsg/o H{Q:i(s) 2 max Q;}ds.

JEF\{i}

(EC.21)
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Now, note that each element of M is continuous and increasing, and hence absolutely continuous.
Thus, My, is differentiable almost everywhere on [0,7], and we can write My, (t) = fot Mp,(s)ds
for 0 <t <t for some M ri. Then, using the Girsanov’s theorem (see for example, Theorem 5.1 of
Karatzas and Shreve, [1991)), we obtain the existence of a measure P’ under which QZ is a reflected
Brownian motion. Thus, we obtain fot {Q,(s) > 0}1{Qi(s) > maxjc 1y Q; () }ds = fot 1{Qi(s) >
max;cr Q; }ds, a.s. Using the relation (EC2) then completes the proof. Q.E.D.

We now use the fact that (ECI5H) has solutions that are unique in law, which follows from the
fact that under a suitable probability measure, we can consider the case where (EC.I5)) has no drift
terms (using Girsanov’s theorem), and thus (EC.15) becomes a collection of N independent, non-
degenerate, one dimensional reflected Brownian motions. This uniqueness along with Lemma
and the tightness established in Lemma completes the proof of Lemma [ECIl Q.E.D.

Proposition [@ then follows by using the relation for the order statistics of a set of continuous
semi-martingales as in Corollary 2.6 of Banner and Ghomrasni (2008). The intuition behind the
result is that focusing on the order statistics implies that the corresponding drifts can be identified
precisely without the need for the indicator functions. Further, to ensure the ranking order, the
k" order-statistic for 1 < k < n is associated with two local times. Q.E.D.

Proof of Proposition[Id. The distribution corresponding to 7 is easily seen to be invariant for
Q by applying Theorem 1.2 of Williams (1987) and noting that the reflection directions are normal
to the corresponding faces, which implies that the skew symmetry condition is trivially satisfied,
and scaling the solution appropriately (the result in (Williams, 1987 is with a unit diffusion coef-
ficient). The positive recurrence derived in Theorem 2.2 of |Atar et al. (2001) proves that this is
indeed the steady-state distribution. The expressions for the expected queue-lengths follow by a
straightforward integration. @Q.FE.D.

Proof of Theorem[d.  The optimality of II** ensures that liminfy_ . %\f;_nﬂ > 0. Let Ay

denote the index of a subsequence such that

L. H’\k()\k+/lix/)\k,ﬂ§\/)\k,0,...,0)—H)‘k*
lim inf
k—oo ’/)\k

> 0.
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By Theorem [I, we must have a further subsequence of any optimal solution to (@), (", 43*",...)

>‘Z*
such that the “i— is convergent for i > 2. But, then we obtain a contradiction to the fact that

Ve
A+ 25V, 15V/,0,...,0) solves ([@). Q.E.D.

Proof of Theorem[3. Tt suffices to prove the result for the setting where A, = E.I;ﬁ 2/7A,.
Define ay (1) = [Zk L Z;V nhx(e Lho1) (,7,)fx])~". Then, we can write the centered and scaled cost
function (1) = S, c(1 + 2(H (k) — 1)As) () jir + o2hm S50 (N — €+ 1)a(f1), where H(k) =
Zle 1/j for all k=1,2,... denotes the Harmonic sequence.

Further, we can write

o1l
Ojiy

— (14 2(H (k) —1)A, (jlj) —a2hmZN:(N—€+ Da2(a) S <kj ) (EC.22)

(=1 j=0—1

Thus, we have

o1l al
——=cN-0’hm) (N—{+1)%a}(f), and (EC.23)
Oin =
il a+an) (V) = o ZN (+1) Nzl (EC.24)
— =c —o“hm Yo .
O VA2 =1 'l j=t—1

We will now compute a weighted sum of on on and for each k > 3, with the weights chosen

Ofig ? O’
to ensure that the sum can be expressed entirely in terms of «?. Consider the following relation:

Wm0 2L (V)e-2mupm i

Dk(ﬂlaﬂ%"'aﬂN)Eaﬂk (N)
2

( (EC.25)
= azhmZT(N, k, 0)og (fv),

=1

where

T(N,k,é):—m(—w_l)zv(tl) (=) (BN =20+ 1)(27)

—2((—1)(N -+ 1)@)1{(@).

The outline of the remainder of the proof is as follows. Lemmas state and prove some
auxiliary results, using which Lemma demonstrates that the above expression evaluated
under the condition fi; =0 for ¢ > 3 is strictly positive for k> 3. Lemma [EC.11] then proves that
the first order optimality conditions for level-k > 3 resources cannot hold with equality, i.e., they

cannot have an interior solution.
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LemmaA EC.7. Ifa,b,c,d,e, f >0, a/b=d/e and b/c<e/f, then

a < d
biin+city  efi+ fiia

for all fi; € R and i, € Ry such that bjiy + cfis >0 and efiy + fiz > 0.

Proof. The result follows immediately by cross-multiplying and using the properties stated; we

omit the details. Q.E.D.
LEMMA EC.8. For 3<k <N, we have Dy(fi;,0,...,0)=0.

Proof. Fix 3 <k < N. We have

ER. RN — 4 D)7

=1

Dy.(f11,0,...,0)=c*hm (W_ - (Ek)(li—i)—i_(Nk_’_l)(kjjl))‘

Noting that
—(=R) () +W=k+D(Y) X5 ()

(N —0+1)j2 (N—(+1)p2

it suffices to prove that ) ,_, ey~ (,C

JH (k). We can write

| 5 s (o
_ <*’Z> (H(N) — H(k)) —é <‘Z::DH(N—J)
Further, we have
é(‘;:DH(N j) = JZ: <Z_1>§1/5

This completes the proof. Q.E.D.
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LeEmMMA EC.9. For any k > 3, there exists N > £ > 1 such that T(N,k,£) >0 for £ < { and

T(N,k,0) <0 for N>{>1.

Proof. We can write T(N, k,0) = =20 (17 (£) = Viy 1 (£)), where

N(N-1)

Uni(l)=(L—1) (JID (1—204+3N —2(N —{+1)H(k))
V()= (N — 1)N<€; 1) .

Note that Uy ,(f) is an affine function. Further, we can write V ,(¢) = gnx(€)hni(£) where
gn () =N(N —1)(“.") and hyx(¢) = H(¢) — H(¢ — k) are non-negative, convex increasing func-
tions (where we consider the extension of the functions to the real line by replacing factorials by
the Gamma function and the Harmonic function by the Polygamma function). Thus, V} ,(¢) is
also convex increasing. This implies that Uy, — V;, =0 can have at most two roots, which gives
us that Uy x(¢) — Vv x(£) = 0 can have at most three roots. Further, noting that Uy (1) — Vi k(1) =
Uni(N+1)—Vyip(N+1)=0, it follows that T'(N,k,-) can have at most two sign changes. Also,
noting that

T(N,k,2) :2% (JZ ) (H(k)—3/2) >0, (EC.26)

because H (k) > 3/2 for k > 3, we obtain that T'(N, k,2) > 0. Appealing to Lemma[EC.8, we obtain
the existence of £. Q.E.D.

LEMMA EC.10. For every 3<k <N, Dy(fi1,fi2,0,...,0) >0.

Proof. Applying Lemmas [EC.8 and [EC.9] we can write

l N
Dk(ﬂl,ﬂg,o, . ,O) = O'thz Z (U(}ja?(ﬂl,ﬂg,o, . ,O) — Ug7ja§(ﬂ1,ﬂ2,0, .. ,0)) y
£=1 j=i+1

where ij:ZHUM = T(N,k,f) and Zgzvg,j = T(N,k,j) and wg;a3(i1,0,...,0) =

1)57]‘04?(/11,0, .. ,0)

Noting that o(t1, fi2,...,0) = (N7€+1)ﬂ1+(1(g)—(451))ﬂ2' Combining this with the fact that (N —

0)/((5) = (3")) is decreasing in £, and applying Lemma [ECT, we obtain

\ u[,jaé(ﬂl,ﬂg,o,. o 70) Uf;jaj(ﬂl)ﬂ%ow")o)'
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This completes the proof. Q.FE.D.

The following result then completes the proof of the theorem.
LEMMA EC.11. Any optimal solution i* must have 2345 ~ for k> 3.

Proof. Using Theorem 5.7 of Rockafellerl (1970), we obtain that II(4) is convex in fi. Thus,
the KKT conditions are sufficient for optimality. Since i} € (—o00,00), we must have % =0.
Combining this with (EC.28) and Lemma [EC.I0] we obtain that an ) > 2(H(k) — 1)%825{?
for k> 3. Noting that BH ) >0 for optimality, we obtain that 2LAD - 0, and thus we must have
ar=0. Q.E.D.

Thus, any optimal solution must have fj; = 0 for k£ > 3, and the proof of Theorem [J is
complete. Q.E.D.

Proof of Proposition[I1. Tt suffices to prove the result for the setting where A, = Zf:2 1/j for
k> 2. For Ay, =1/2, Theorem [] implies that if A;, > Z?:z 1/, then fj =0 for k > 3. We next

prove that fi; =0, which would complete the proof.

As fi7 € Rand i3 > 0, the first order condition for optimality implies that il H;1N2) =0, 81_[(8[1«;2#2) Z

0 and /i %{2“2) =0. Using the expressions for the derivatives of the scaled cost function in (EC.23)

and (EC.24), for i to be strictly positive we must have

N
cN =0hm» (N -k+1)*e} (EC.27)
k=1
N(N -1 Y play
c(1 +A2)(2) = 02hmZ(N —k+1)a; ( j) , (EC.28)
k=1 j=k—1

where a3, = [(N — k + 1)a7 + ZJ 1 Jfs]~t. Consider the following optimization problem that
maximizes the right hand side term of (EC.28]) subject to (EC.27), i.e., maximizes the value of
level-2 flexibility:
) N-1
[iems o +(§)io0} hm; ke (Z]>

N
s.t. cN =o*hm Z(N —k+1)%}

k=1
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As the objective function is convex in the arguments, this problem must have a corner solution,
i.e., i3 =0. Using this value for i3, and solving for A, in (EC27HEC.2])), we obtain A, = 0.5, and

the result follows. Q.E.D.

EC.2. Scalability of the asymptotic total cost for tailored chaining and tailored
pairing configurations

In this section, we show that the total cost of the system under tailored chaining and tailored pairing
configuration is scalable with system parameters. We begin by analyzing the tailored chaining

configuration. The following result states the diffusion limit for this configuration.

QMO A QO Ay A
LEMMA EC.12. As A — oo, if o = Q(0), then 7 = Q(+), where Q is given by

t
A ~ 1 ~ ~ A A
Qi(t) = Q:i(0) — / (4 12 (L(Qi(3) > Qira(s)) + L(Qi(s) 2 Qina(s))))ds + aV2Bi(t) +Yi(t),
0
(EC.29)
fori=1,...,N, where B; are N standard independent Brownian motions, Y; are non-decreasing

continuous processes such that Y;(0) =0, Q;(t) >0, and f(: Qi(s)dY;(s) =0, and Qn41(t) = Q:1(1),

Qo(t) = Qn(t) for all t > 0.

The proof of this result is analogous to that of Lemma [EC.11] and is omitted. We next prove that

the asymptotic optimal cost of the tailored chaining configuration is scalable in o, h, m and c.

ProrosiTioN EC.1. For any p >0, we have
7% (o, h,m, ¢) = oV hme T17¢*(1,1,1,1). (EC.30)

Proof. Define Q(u,o,m) =limsup,_ %fOTQ(t,,u,, o,m)dt.
We first prove the following three properties:
(A) For any a >0, Q(u1,0,m) has the same distribution as 1/aQ(au, ac,m).
(B) For any a >0, Q(u,0,m) has the same distribution as Q(u/a, o, m/a).
(C) For any a >0, Q(u, 0, m) has the same distribution as Q(u/a?,a/a,m).
Property (A) follows by noting that aQ(t,u,a, m) satisfies the stochastic differential equation

obtained from (EC.29) by replacing p and o by au and ao, respectively. Property (B) follows
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similarly. Finally, Property (C) follows by applying a time change argument and noting that o B(t)
and o/aB(a?t) have the same law.

Thus, we have

ﬁTc*(Ua h,m,c) = inf hQ(,u,O', m) +NC/J’1 +Nc(1+52),u2

{p1,p2:p1+p2>0}

@ inf hQ(uo~/hm/c,o,m)+ Novhme(p, + (1 + 82)p2)

{p1,p2:p1+p2>0}

O inf hQ(uo~/h/cm,o,1) + NovVhme(py + (14 62) o)

{11,p2:p01+p2>0}

= inf hQ(puov/em/h,o+/cm/h,1) + NovVhme(p, + (14 63)s)

{p1,p2:p1+p2>0}

D 5vhem 7% (0,1,1,1),

where (a) follows by a change of variable of p; (b) follows by Property (B); and (c) follows by
Property (C); and finally (d) follows by Property (A) and the definition of II7C*. This completes
the proof. Q.E.D.

An identical scalability result holds for tailored pairing as well. The proof is identical to that of

Proposition [ECT] and is omitted.
EC.3. General asymmetric systems: A little flexibility is all you need

In this section, we extend Theorem [I] to general asymmetric systems. We first generalize the
notation to cater to asymmetric systems. Denote types by i =1,2,..., N and the arrival process of
type i customers or jobs by A}(t). We assume that all arrival processes are independent renewal
processes with type i customers arriving at rate a; A > 0, where we normalize « so that vazl a;/N =
1. Let 0 ; denote the standard deviation of the inter-arrival times of type i customers. Each arriving
job of type ¢ has a service requirement that is independent (across all customers) and identically
distributed (for customers of the same type) with mean m; and variance oZ,. The coefficient
of variation of service times is denoted by ¢, ; = 0, ,;/m;, while that of the inter-arrival times is
Cai = Aoy ;. We assume that ¢, ; is a constant independent of the rate A and will henceforth denote

01‘2 = (Ci,i + ng)/2
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We assume that each type has a dedicated resource assigned to it that operates at a fixed
deterministic rate M{\i}- Let ur denote the capacity of resource that can serve customers of types
that lie in set F', where F'C {1,..., N}. Note that ur =0 represents the case in which resource-#
has zero capacity or equivalently is not available. As before, capacities scale the actual average
service time, i.e., if a service rate of u is allocated to a type i job, its average service time is m;/u
and its variance is o2 ;/p*.

The system incurs holding costs and a capacity cost rate that depends on capacity size and
flexibility level. We assume capacity costs are linear in size. The cost rate of capacity size ur of
a level-|F| flexible resource is ppc(l+ Ajp), where Ajp| is the flexibility premium for level-|F|
flexibility. We set A; =0 so that c¢ is the per unit cost of dedicated capacity.

Let Q}(t) denote the number of customers of type i in the system at time ¢ and EQ;(oco) its
steady-state expected value. Using the holding cost of h; per job per unit time, we obtain the total
cost rate of a capacity portfolio u* = {up» >0} as

N
() =) hEQN o)+ D crpp.
i=1 FC{1,2,..,N}
Given that all jobs eventually get served, revenues are independent of u* and we seek the capacity

portfolio p** that minimizes costs:

I =M () = m>i{)1H’\(,u). (EC.31)
>
Defining
N
I = Z (cmiozi/\ + 20,4/ chimiai)\) . (EC.32)
i=1
and
N N
I = Z cm; o\ + 2 Z oZchm;a;\, (EC.33)
i=1 i=1

where h = min; h;, we have the following result for general asymmetric systems that is analogous

to Theorem [11
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THEOREM EC.1 (A little flexibility is all you need). The optimal cost II* (u™*) is bounded:
I + o(VA) < TP (u™) < T, (EC.34)
and any optimal solution u™* to the optimization problem (EC3I) satisfies
u?i*} =m;a;\ + ﬂ{i}\r)\ + 0(\[\), and
= frVA+o(VA)  for FC{1,2,....N}, |F|>2,
for some fip €R for FC{1,2,...,N} with ip 20 for |[F| 22 and }-pcqy 5  ny e > 0.

Proof. We can obtain an upper bound on the optimal cost by noting that the optimal cost
dominates the minimal cost when using only dedicated servers: IT* (u**) < min,_y, =l N} 1 ().

Using Kingman’s bound, we obtain the following bound on each queue’s cost:

Y
I (1)) = BEQ, + ey < hyo? — it
P (15iy) Qi+ cuiyy < hio; Mf{\i}—mi&i/\

+ cu?i}

The right hand side is convex in u?i} and reaches a minimum at ﬂ?i} = m;a;\ + 04/ him .

Combining these bounds for all N queues, we obtain an exact upper bound II*(u**) <

N . =A
Dict i, 1T (M?i}) =1I.

A lower bound stems from considering a system where all customer types are pooled into a
single queue which is served by a single server. In heavy traffic, the Kingman bound is tight and
using (EC32) for the single queue yields an asymptotic lower bound: II** > II* + o(v/A). The
upper bound on the cost in (EC.32) implies that it is sufficient to restrict attention to capacity
portfolios with 37, yypp < SY  miaih 4+ O(VX), as the cost of resources must be bounded
above by IT* and the cost of resources are bounded below by ¢ per unit. For any such portfolio,
we can lower bound the expected queue-length by pooling all customers together in to a single
type and all resources into a single pool so that there is no inefficiency in the system. That is, a
resource will idle only when there is no waiting customer. We can obtain a further lower bound
by replacing the pool of resources by a single super-server that has a capacity equal to that of the

pool and using the minimum holding cost rate per customer per unit time. This gives us the bound
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S mio . _
I () > 2oFc{i2,..N iyt O (EFC“ T N}lu?wziilmiam)‘ Thus, we obtain > pc 15y =
Zilmiai/\ + @(\A)Q Combining this with the upper bound on the cost in (EC34) gives us

13 = miaiA+o(A) and pgt=o(A) for all F C {1,2,..., N} such that [F| > 2. Suppose, uz" = f())
for some F C {1,2,...,N} such that |F| > 2, where f()\)/vA — oo as A — oo, then we must
also have 3, =m;A; — g(\) for some i, where g(\) = ©(f()\)). However, as 3o ny U3 =
Zi\il M\ + @(ﬁ), and flexible resources are more expensive than dedicated ones, we obtain
() = o8 muazeh + O(f(N)), which contradicts the bound in (EC.34). Thus, we must have
[ = Mo —I—/l?i}\f)\—l— o(vV/X\), and p}f = v/ A+ o(V\) for FC{1,2,...,N} such that |F|>2.

Q.E.D.

3 For two functions a,b: Ry — R4, we use the notation a(z) = ©(b(z)) to denote the existence of two positive constants
Cy and C; such that C1b(z) < a(x) < Cob(x) for all z > 0.
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EC.4. Additional Numerical Results

Tables [EC.1l and [EC.2] supplement the numerical studies performed in Sections [B.] (Table [Il) and

5.2.2] (Table B]), respectively, by providing the optimal capacity portfolio obtained via simulation

for each case.

Arrival Rate | Flex premium || TP (Capacity portfolio) || TC (Capacity portfolio)
A 0 Level-1 | Level-2 | Cost || Level-1 | Level-2 | Cost
25 0.1 10.7 8.3 161.9 18.4 9.3 164.2
25 0.25 20.5 3.7 170.1 21.2 6.8 170.8
25 0.4 25.5 1.6 173.9 26.2 2.7 174.1
100 0.1 74.2 15.4 576.7 74.1 30.9 578.3
100 0.25 92.7 6.6 591.8 94.2 12.05 | 593.0
100 0.4 102.4 2.7 998.5 104 4.4 598.8

400 0.1 358.7 25.8 12156.4|| 357.4 52.9 |2159.3
400 0.25 387.8 12.4 | 2185.2 389 24 2187.4
400 0.4 405.7 5! 2197.8 || 409.7 7.6 2198.3

Table EC.1

in N =5 type system. Comparison of the simulation based optimal capacity portfolio and costs.

Tailored chaining (TC) performs almost as well as Tailored pairing (TP) for symmetric arrival rates

Arrival Rates | Config. Capacity of resource that can process types Cost
o s A, M) (3 (121 [ (31 | {4 [11.23 [ {13} [ (L4} [ 123) [ (247 | (3.4]
(100,100,100,100) | TP 96.996.8| 96.9 | 96.8 | 6.7 | 6.5 | 6.9 | 6.7 | 6.2 | 6.7 [|474.2
TC1 |[[98.0[98.0| 98.5 | 98.3 | 9.2 - 9.2 | 87 - 8.7 || 474.9
TC2 |[[98.0(98.0| 98.5 | 98.3 | 9.2 | 9.2 - - 87 | 87 [[474.9
TC3 |[[98.0(98.0| 98.5 | 98.3 - 92 | 92 | 87 | 87 - |[474.9
(85,95,105,115) TP 81.8191.7|102.0|111.8| 6.3 | 6.4 | 69 | 6.6 | 6.9 | 6.6 | 474.1
TC1 |[83.1]93.0/103.7/113.9| 8.6 - 8.7 | 8.6 - 8.6 [|474.8
TC2 |(83.1]92.9/103.5|113.3| 88 | 89 - - 89 | 89 [[474.8
TC3 |[83.4(93.7/103.5|113.2| - 87 | 91 | 87 | 87 — || 474.8
(55,85,115,145) TP 51.7 | 81.7|111.9|142.5| 6.2 6.1 6.9 6.7 6.9 6.7 |473.4
TC1 |[53.0[83.0|114.2|144.2| 7.8 - 8.7 | 8.6 - 8.6 [473.9
TC2 |[53.1]83.5|113.6|144.0| 84 | 8.3 - - 89 | 89 |[474.0
TC3 || 52.683.9|113.7|144.2 - 8.5 8.8 8.4 8.4 - 474.1
(25,75,125,175) TP 21.4|71.5|122.1|1726| 5.7 | 59 | 6.6 | 6.8 | 7.2 | 6.8 ||471.7
TC1 |[22.5]72.9|123.6|174.8| 7.5 - 85 | 87 - 8.7 11472.0
TC2 |[22.1|72.9]123.8[173.9| 7.3 7.8 - - 9.5 9.5 /472.2
TC3 |[22.5|73.2]123.4|174.9 - 7.7 8.3 8.7 8.7 - 472.2

Table EC.2

Comparison of the simulation-based optimal capacity portfolio and costs of the three tailored chaining

configurations (TC1, TC2, and TC3) and the tailored pairing configuration for asymmetric arrival rates in an N =4

type system.
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