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AsstracT. The cost of effort often increases in past effort. In sales, for
example, the last sales of a quarter are harder to make than the first ones
— the pool of easy customers is depleted. In an agency setting with unob-
servable effort, increasing marginal cost complicates the optimal contract
problem. If the agent shirks today, his cost tomorrow will be lower than
the principal believes. The optimal contract is characterized as a dynamic
quota. The main features of the optimal contract are consistent with the
popular yet thus far puzzling use of nonlinear incentives for sales agents.
Historically, the main obstacle for solving dynamic moral hazard prob-
lems with private information was that the one-shot-deviation principle
cannot be applied. I develop a duality based representation for dynamic
moral hazard problems and use it to obtain a stronger characterization
of the optimal contract. In particular, the dynamic dual analysis shows

that the optimal contract does satisfy a one-shot-deviation condition.

1. INTRODUCTION

Increasing marginal costs is a standard component of economic analysis. In organi-
zational settings, the increase in cost often has a dynamic motivation — the worker gets
tired or the task gets harder. This paper characterizes the optimal long term contract
when effort is unobserved and costs increase with past effort.

To fix ideas, consider incentives for a sales person. Sales performance is measured
over a period, typically quarter or year. As the quarter progresses, the agent depletes all
the “easy” sales leads and must exert more effort to generate later sales. Sales effort is
inherently hard to monitor and pay is often performance based. If the firm would know
the agent’s true cost, it may want to increase incentives towards the end of the quarter.

Indeed, most sales incentive schemes are nonlinear and provide much stronger incen-

tives for end-of-quarter sales, based on the agent’s performance earlier in the quarter.’
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175% of the firms surveyed by Joseph and Kalwani (1998) use a nonlinear compensation scheme. Addi-
tional aggregate evidence is provided in Oyer (1998) and echoed in Prendergast (1999). Larkin (2007)
cites industry reports that nonlinear commissions and similar schemes are used by “nearly every enterprise
software vendor.”
A popular nonlinear compensation scheme is a “quota contract” in which the agent gets paid a fixed
share of revenue but only for sales above a quarterly threshold. Another common nonlinear scheme is a
“convex contract” in which the share an agent gets of the revenue from a sale is a convex and increasing
function of the total sales already made in the quarter. For example an agent in the firm studied by
Larkin (2007) receives 2% for the first $250K sales but 25% for any sales above $6M.
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However, nonlinear contracts distort incentives. Agents may “game the system” — delay
some easy sales leads and use them only at the end of the quarter. An agent may also “give
up” and stop exerting effort for the quarter if his early performance is not good enough
to expect high rewards later in the quarter. These complications have proved difficult to
model. As noted by Prendergast (1999) in his excellent survey, “rather remarkably, the
theoretical literature has made little progress in understanding the observed (nonlinear)
shape of compensation contracts, despite costs associated with nonlinearities.”

I study a simple model to capture privately increasing costs and show this can explain
the nonlinear features of observed contracts. In the model, a risk neutral agent decides
every day whether to exert costly effort or not. The probability of success (a sale) in
the day increases with effort. The cost of effort today is a convex function of past effort.
Effort is unobserved and the principal can commit to a contract at the outset.

The optimal contract can be informally described as a dynamic quota: the agent starts
in an evaluation stage and eventually moves to a compensation stage. In the compensation
stage the agent is paid a fixed piece-rate for each sale and works for an additional fixed time
that is independent of any new outcomes. In the evaluation stage the agent is rewarded
only by changes to the expected fixed piece-rate, the length of the compensation stage,
and the conditions for entering the compensation stage. If the agent accumulates enough
early successes, his compensation per sale later in the quarter will be high. If the agent
did not accumulate enough early successes, the contract leads the agent to stop working.
Formally, during the evaluation stage, the contract is a list of contingent compensations.
For example: “if you succeed in the next period you move to a four period compensation
stage”, “if you fail next period and then succeed, you move to a two period compensation
stage”, “if you fail in the next two periods, you're fired”.

To see the incentive problem, suppose that the probability of a sale each period is %
if the agent exerts effort on a customer and zero otherwise, and that the agent’s cost for
making the n-th effort is n. If both the principal and the agent consider only current
period incentives, a contract paying the agent 2n for a sale in day n is incentive compatible
and provides the agent zero expected utility — clearly first best. However, if the agent
considers future payoffs, this contract is no longer incentive compatible. Shirking in the
first period and then working whenever asked obtains the agent an expected utility of
1 each period. By shirking today the agent increases his rents from future work. The
optimal contract must account for this additional incentive to shirk: the agent’s utility
difference between success and failure must increase.

To evaluate the effect of privately known and increasing costs, I also compare the
optimal contract to the one if the costs each period are known.? I find that the private
information problem adds to the contract exactly the main features that the empirical
sales literature finds difficult to explain: very high volatility of the work decision at the
end of the quarter (see Oyer (1998)) and seemingly excessive rewards for successful agents
(see Larkin (2007) and Misra and Nair (2009)). Interestingly, the analysis suggests that
when costs are the agent’s private information, firms should invest more in reducing the

later and higher costs. This is consistent with another casual observation about sales

2For example, the sales-person may be sent each period to a different location that determines the cost
of effort. In such cases, while costs are increasing, they are publicly known.
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contracts. Firms often allocate additional resources, such as high quality sports tickets,
to attract the more difficult to please customers.

The main difficulty in the existing literature for the analysis of dynamic moral hazard
settings with private information is the failure of the one-shot-deviation (OSD) condition.
That is, it is wrong to assume that if the agent never profits by deviating from the desired
behavior just once, the contract is incentive compatible (IC).*> The optimal long term
contract must in theory consider multiple deviations by the agent, rendering the problem
intractable. However, while some IC contracts may violate OSD, if the optimal contract
does not, it is sufficient to limit attention to single deviations and the problem is again
tractable. The main methodological contribution of this paper is a reformulation of the
dynamic contract problem that allows checking directly whether the optimal contract
satisfies OSD in the presence of private information.

The analysis departs from the existing literature by formulating the original problem
as a linear program, deriving its dual and then obtaining a recursive representation — the
dynamic dual. The dynamic dual analysis allows replacing the standard OSD condition
with a local-deviations condition which may be roughly stated as follows. Take the
optimal contract and consider making a change that increases the expected profits. This
change must violate some incentive constraint. If the constraint that is violated is always
a one-shot-deviation constraint, then the optimal contract subject only to OSD must be
IC.*

The dynamic dual analysis also allows a stronger characterization of the optimal con-
tract.” The value of the dynamic dual problem at each history accounts for the forward
looking profits and the effect of the optimal continuation on the agent’s past incentives.
As a result, the dual value of a history h is exactly the increase in expected effort at
the start of the relationship from the contract starting at the history. In contrast, the
primal dynamic value in a history is the expected continuation profits (see e.g. Spear
and Srivastava (1987)). Thus, while it is well known that the primal value of a history
may be negative — the principal optimally committed to providing the agent very high
continuation utility — whenever the dual value of a history is negative, the contract is
more profitable by committing to terminate the relationship at the history.

The dual state variables proxy for the degree of agency frictions generated by the
contract at the history. The model has two agency frictions - one generated by the effect
of current utility on past incentives and one by the information asymmetry. Each defines
a variable that is updated as a function of the period’s control and outcome. For example,
the information rent generated by working in a period is higher if the period follows a
failure than if it follows a success. A useful implication of this is that the contract’s dual
value is monotonic in each state variable and that the state variables are substitutes. This
is not typically the case in the standard recursive formulation and is critical in proving
the OSD result.”
3See appendix A for an example.
4This is very similar to the mechanism design result of local deviations. Intuitively, one can consider each
possible private history for an agent as an agent “type”. The local deviations condition is that in each
public history, the agent “type” that requires the strongest incentives is the “so-far compliant” type.
5An appendix analyzing the contract using standard recursive methods assuming the OSD condition is
satisfied is available from the author. The results are a subset of these obtained here.
6Following Spear and Srivastava (1987), dynamic moral hazard analysis uses the agent’s continuation

utility as the state. If the agent’s continuation utility is exactly his outside option, the contract must
typically terminate and the principal obtains his outside option. If the agent’s continuation utility is
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The dynamic dual representation allows extending moral hazard theory to a new set-
ting — increasing marginal cost. However, dynamic dual analysis may also be useful
for more standard dynamic moral hazard models as well. While the development (but
not the economic intuitions or analysis) relies heavily on the duality property of linear
programming, the basic duality arguments generalize to concave programs as well (see
Rockafellar (1997)). Moreover, as with the current model, some existing dynamic moral
hazard models may be transformed into a linear program.

Following a short literature review, section 2 lays out the dynamic production model,
formulates it as a linear problem and identifies a condition for the sufficiency of local
deviations. Section 3 develops the basic dual problem and its dynamic formulation.
Section 4 proves the sufficiency of local deviations. Section 5 studies the optimal contract,
shows the “dynamic quota” structure and the optimal payment scheme. Section 6 isolates

the effect of privately increasing costs on the optimal contract. Section 7 concludes.

1.1. Relation To Existing Literature.

Of the models that consider history independent technology, the agency setting and
result characterization here is closest to Clementi and Hopenhayn (2006) and DeMarzo
and Fishman (2007). Both consider a risk neutral agent subject to limited liability. The
two papers emphasize that long term contracts increase surplus by allowing the principal
to reward outcomes today with future rents instead of current utility. This allows the
agent to provide “de-facto” liability - his unpaid effort - in return for future equity in the
firm. Once the agent has fully paid for the firm through effort, it is effectively sold to the
agent for free - the agent is promised the full fruits of all future labor. This is implemented
by asking the agent to work at the first best level and providing all incentives for work
by payment in the period.” In these models, the contract is always in one of three states,
either (i) the agent is given the firm or (ii) the contract is terminated or (iii) the contract
is in the process of resulting in one of the two other states. Positive period outcomes
move the contract towards the first state (giving the firm) and negative period results
move the contract towards the second (termination).

The current analysis shows that to counter the additional incentive to shirk resulting
from the agent’s private cost information, the optimal contract destroys some surplus after
each period, with the destruction much larger after a failure. As a result, the contract
can no longer “give the firm” to the agent. Instead, the contract eventually offers the
agent an inefficient linear piece-rate.

This paper contributes to recent progress in dynamic agency theory with private his-
tory dependent technology. Fernandes and Phelan (2000) consider a agency settings in
which today’s information or effort affects tomorrow’s productivity but limit the history
dependence to one last period via a Markov assumption. Nevertheless, the result in Fer-
nandes and Phelan (2000) for moral hazard settings is negative - whenever today’s effort

affects tomorrows productivity, the one-shot-deviation principle does not apply.

very high, the principal must either give away the firm (in limited liability settings, see e.g. Clementi
and Hopenhayn (2006)), or provide the agent costly insurance. In all cases, the principal’s expected
continuation value is highest for some expected agent’s continuation utility between the two extremes.
In the extension to private information developed by Fernandes and Phelan (2000), it may well be that
the state variables are in some cases complements and in others substitutes.

"Earlier models with similar intuitions for a risk averse agent with unlimited liability are Rogerson
(1985) and Spear and Srivastava (1987). There, however, the risk aversion of the agent introduces other
considerations.



DYNAMIC COSTS AND MORAL HAZARD 5

Several recent papers follow the modeling approach of Fernandes and Phelan (2000)
to analyze dynamic moral hazard settings with payoff relevant private histories. In a
recent working paper, DeMarzo and Sannikov (2008) extend the aggregation problem of
Holmstrom and Milgrom (1987) to settings in which the agent also obtains private shocks
to his productivity that are correlated with past effort. While DeMarzo and Sannikov
(2008) is closest to the setting studied here, the additional aggregation problem restricts
the results. Appendix D outlines an implementation of the duality method with the
aggregation problem in discrete time. Another working paper, Tchistyi (2006), maintains
the Markov structure in Fernandes and Phelan (2000) and devises a transformation of
the agent continuation payoffs under deviations to obtain sufficiency of local deviations
in the presence of unobservable utility shocks to the agent. Williams (2011) focuses on
dynamic adverse selection — the agent only reports his income, which privately follows a
Brownian motion. Bergemann and Hege (2005) and Bonatti and Horner (2011) consider
the case that surplus is private history dependent but the principal only cares about
the first success. This simplifies the agency problem, and restores the one-shot-deviation
principle as there is only a single instance in which rewards need to be provided. As a
result, more involved questions — alternative contracting frameworks and collaboration
between multiple agents can be studied.

The paper’s contribution to this literature is twofold. First, it provides new and positive
results for an important setting. Second, it introduces an approach that separates the
different agency frictions and may be useful to other applications.

Related dual approaches to dynamic problems have been suggested before in other
contexts. Benveniste and Scheinkman (1982) consider a macro-economic equilibrium
model in continuous time and the classic text by Rockafellar (1997) considers several
examples that suggest the methods introduced here should apply to standard concave
(non-linear) moral hazard models. Both of these texts predate the dynamic moral hazard
analysis. More recently, Vohra (2011) extends the analysis of static adverse selection
models by analyzing the dual of the classic adverse selection problem. Among the many
new results provided by Vohra (2011), the closest to ours regard the sufficiency of local
deviations with respect to the agent’s type. Vohra’s analysis considers a much richer
type and allocation space than ours, but does not consider moral hazard or long term

contracts.

2. MODEL

2.1. The Setting.

There is a principal and an agent, both risk neutral. Both have an outside option set
to zero. The agent has limited liability — i.e. money can only be transferred to the agent.
Time is discrete. In each period the agent either works or not. The agent’s work is costly
to the agent and unobservable to the principal. The cost of effort in a period is ¢, for
a commonly known function ¢ : N — R, where n denotes the number of actual periods
of work. That is, for the first period of work, n is one. For the second period of work,
n is two, and so on. If the agent shirks in the first period, n in the second period is still
one. The analysis will focus on the case that ¢, is an increasing and convex function.

However, most parts of the analysis, and specifically the derivation and analysis of the
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dynamic problem, apply to any general ¢,,. In particular, the methodology developed can

be used to characterize the optimal contract if ¢, is fixed or decreasing.
Assumption 1. ¢, is increasing and conver

A period’s production outcome is either success or failure, denoted by y € Y = {s, f}.
The principal earns a revenue of v from each success and zero from a failure. The proba-
bility of the outcome s (resp. f) in a period in which the agent works is p € (0, 1) (resp.
1—p). If the agent does not work, p is replaced with pg € [0, p). To prevent the principal
from making free profits, assume the principal incurs a cost of v - py for every period in
which the contract is still active.®

As costs are increasing, the surplus from working becomes negative after enough effort
was exerted. Let NF'B denote the maximum number of periods in which consecutive work
increases surplus:

NFB =maxn:c, <v(p—po) -

The increase in costs is sufficient to prevent an infinite contract from being optimal.
Therefore, the analysis is simplified without loss by assuming that the agent and principal
do not discount the future. Appendix B.10 adds a common discount factor and shows
the effect amounts to a simple accounting exercise.

By the revelation principle, there is no loss in considering only contracts that specify
for each period a work decision and a wage based on the period’s history. Before defining
the contract, the following result simplifies the exposition and notation. Given the risk-

neutrality and no-discounting assumptions, the proof is straightforward and omitted.

Lemma 1. There is an optimal contract in which:

(1) The agent works for at most N¥'B periods
(2) The required work decision is a stopping decision: if the agent is ever asked not
to work, the contract terminates.

(3) The agent is never paid in a period without work or with outcome f.

The dynamic dual formulation that will be developed is simplified by the finiteness
of the contract but can be easily extended to accommodate infinite horizon models with
discounting.

Given lemma 1, the space of (payoff or contract relevant) pubic histories H is the space

of previous outcomes:
NFB

H=]Jvy"
n=0

A public history h € H denotes a sequence of outcomes. Let n;, denote the number
of the next period given h (i.e. the number of previous periods plus one). The agent’s
private information is, for every past period, whether he did actually work. The agent
deviated in a period if he did not work.

As the cost to the agent of working in a period is a function of the number of periods
in which the agent actually worked in the past, the only information in the agent’s private

history that is payoff relevant is the number of past deviations:

Definition 1. The agent’s private history (h,d) is the public history h and the number

of past deviations d.

8This assumption only simplifies the exposition and is without loss of generality.
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Cost depends on the private history. With a slight abuse of notation let ¢,_q = ¢, —a
denote the cost for any history h with past deviations d and ¢j, = ¢p_g. As the difference
in cost between two work periods will play an important role, let d,_q = ¢n, —d — Cnj,—d—1
denote the cost difference between the current and previous periods if the agent shirked
d times in the past and &, = 0,_g. To simplify the notation later on, set §; = ¢;.

The analysis makes extensive use of histories following and preceding other histories.
Let h = <h17 h2> denote the history h' followed by the history h2. That is, the sequence of
outcomes h' happened and then the sequence h? happened. For example, if the current
history is h, then the next history will be either (h,s) or (h, f). Say that the history
(h*,h?) follows history h' and denote the “follows” relation by . That is

hsh aheH:ﬁ:<h,ﬁ>.
The set H also includes the empty set and thus i > h.

2.2. The Contract.

The contract specifies in each period whether the agent works and the resulting wage.
Lemma 1 allows simplifying further and considering the work decision as a stopping rule.
This section defines the contract using a simple transformation of the standard decision
variables. This transformation will allow a linear formulation of the problem without
affecting the interpretation of the resulting contract.”

Let (1 — «y,) denote the probability that the contract is terminated in history h, if
h is reached. Rather than specifying the contract in terms of the conditional stopping
rule «, the contract specifies the ex-ante probability that a complying agent will reach
history h and will be asked to work in the history. This is denoted ¢, and may be defined

recursively from any o:

(2.1) @® = o
(2.2) Qhs) = Gn-D" Q)
Un,py = qn-(1=p)-aupp.

To define the payment, let W}, denote the payment to the agent if he is asked to work
in history h and succeeds. By lemma 1 the payment to the agent in history h is zero if
he is either not asked to work or fails. Thus there is no loss of generality in having the

contract specify the ex-ante expected wage for success in the history:
(2.3) wp =qp - Wh .

Definition 2. A contract is a pair of functions (g, w), with ¢ : H — [0, 1] specifying for
each history h the ex-ante probability that the agent will be asked to work in the period
and w : H — R, specifying the ex-ante expected payment to the agent for a success in

history h.

As the agent and principal are risk neutral, there are infinitely many equivalent ways
for the optimal contract to pay the agent w dollars. If the probability of success in
the next attempt is p, paying a dollar today is equivalent, on equilibrium, to paying %
more dollars tomorrow only if the agent succeeds tomorrow. To remove this technical

duplication of the optimal contracts, the analysis assumes the optimal contract makes

9The use of a stopping rule simplifies the linear transformation, but is not necessary.
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”

payments “as early as possible.” That is, from all contracts that specify the same work
plan, the optimal contract is the one that pays more to the agent as early as possible.
This selection rule is justified if the agent is just slightly more impatient or risk averse
than the principal and allows the analysis to focus on a unique equilibrium.*°

A special type of contract will play an important role in the solution:

Definition 3. A contract is linear to N from history h if once the contract reaches
history h the agent works exactly until period N < N¥B regardless of new outcomes and

is paid % for success in all remaining periods.

The wage pc_fz . is optimal in a single period game with cost cy. Thus if the agent faces
a linear contract to N from h, he gets paid in all remaining periods the static optimal
for period N. Lemma 12 shows that the optimal contract becomes linear after the first

payment is made.

2.3. The Optimal Contract Problem.

If the agent complies with the contract (i.e. works when asked to), the ex-ante expected
revenue for the principal from a history h is the probability that the history is reached
and the contract did not terminate, g, multiplied by the expected revenue from work
v+ (p —po). The ex-ante expected payment in a period h for a compliant agent is simply

p - wp. Thus, the principal’s expected profit from a contract the agent complies with is

(2.4) Vigw) = > lan(p—po)v—wsp] .
heH

The agent’s strategy specifies, for each private history, the probability that the agent
works when asked to. Given lemma 1, there is no loss in considering an agent’s effort plan,
e € E, with a typical element e, € {0,1} that specifies the agent’s pure action at each
public history h if the agent is asked to work in the history. As the agent is risk neutral,
given lemma 1 there is no loss in assuming the agent does not mix. As the agent can fully
reconstruct the private history h,d at any period using the past effort plan and public
history h, letting e be only a function of the public history is without loss of generality.

Let U (h,d; q,w,e) denote the agent’s expected continuation profit from effort plan e,
starting from private history h,d , having been asked to work in the history and facing
the contract g, w.'' Let U°¢ (h,d;q,w) be the agent’s expected continuation utility from
complying with the contract in all remaining periods, starting at private history h,d.
Note that it is not required that history h, d could be reached if the agent follows the plan
e from the start of the relationship. Specifically U¢ (-) is well defined even if the agent
deviated in the past (d > 0).

Let () denote the starting (null) history. The optimal contract problem is:

10The early payments condition implies that the payments depend on fewer outcomes. As there is no
issue of inter-temporal consumption smoothing this reduces the variation in the agent’s compensation
and thus increases his expected utility if he is risk averse.

LITf the agent is not asked to work in the history, his continuation profit is exactly zero.
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(2.5)
V= e Y new Lan (p = po) v — wpp]
g9 <1 (Probability at h = 0)
Vh Uh,s) < quP (Probability after success)
Vh Un,py < qn(1—p) (Probability after failure)
Vh,e U€(h,0;q,w)>U(h,0;q,w,e) (IC)
Vh Ue (h,0;q,w) >0 (IR)

The first three constraints follow directly from the definition of ¢ in equation 2.1. The
analysis will refer to these as the “Probability” constraints as they reflect the upper bound
on the probability of work. As any plan e may detail several deviations, there is no loss
in restricting the IC to histories in which the agent never shirked.!? The IR constraint
is presented for completeness. However, as the agent always has a possible effort plan —
never work — that provides non-negative expected payoff, it is redundant given IC and
thus will be subsequently ignored.

It can be shown that specifying the contract in ex-ante terms using g5 and wy rather
than in conditional terms (the o and W used in deriving ¢, and wy) allows writing
the IC constraint for every possible alternative effort plan e as a linear inequality. Thus,
problem 2.5 is a linear program. As in any linear program, the difficulty lies in identifying
the binding set of constraints. Specifically, the set of IC is too large and the main problem
is to identify the relevant subset to consider. This will be the set of Local Deviation
Incentive Constraints (LDIC).

To define the local deviations constraints, let UP (h, d; q,w) be the agent’s expected
continuation profit starting at a period with private history h,d if the agent deviates in

the current period and complies with the contract in all following periods.'3

Definition 4. The set of Local Deviation Incentive Constraints (LDIC) is

(2.6) Vh: U(h,0;q,w) > UP(h,0;¢q,w) (LDIC)

The set LDIC is a clear relaxation of the IC as it limits the agent to a single deviation.
The problem would be simpler if the set LDIC was sufficient to imply IC. However,
not all contracts that satisfy LDIC are IC.'* Instead, I will show that the set of optimal
solutions to the problem considering only LDIC does satisfy all IC and thus there is no loss
in considering the relaxed problem. To show this, I first define a larger set of constraints,
the Final Deviations Incentive Constraints (FDIC). These constraints require that there is
no private history h, d such that the agent prefers deviating in history h, d and complying
with the contract in all remaining periods to complying in history h,d and all remaining

periods.

125 the agent is risk neutral, the IC and IR constraint may be written for only h = (). However, this
does not simplify the problem and writing the IC for all histories simplifies the analogy to the alternative
problems developed below.

13Formally, UP (h,d; q,w) is defined only for d < ny,.

14Appendix A provides an example.
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Definition 5. The set of Final Deviations Incentive Constraints IC (FDIC) is
Vh,d: U¢(h,d;q,w) > UP(h,d;q,w) (FDIC)

As a first step, the next lemma shows that FDIC is a stricter set of constraints than IC.
Intuitively, any most profitable non-compliant plan must have some period in which it is
profitable to make a last deviation and thus violate some FDIC. The proof is standard

and relegated to appendix B.1.
Lemma 2. If a contract is FDIC it is IC

As FDIC is stricter than IC and LDIC is weaker than IC, the following simple result
provides a criterion for the sufficiency of the LDIC.

Corollary 1. If any optimal contract subject to LDIC satisfies FDIC, then any optimal
contract subject to LDIC' is optimal subject to IC.

2.4. Deriving the FDIC and LDIC.

This section derives all FDIC as linear inequalities. The LDIC are the subset of FDIC
with d = 0. As the contract terms (g, w) are identical for all continuation utilities they
are omitted from the parametrization of UP (-) and U (-).

The FDIC in history h,d requires that the agent’s expected continuation utility from
following the contract at history h,d is at least his expected continuation utility from
making a final deviation in the history. If the agent will never be asked to work in history
h (gn = 0) then his expected continuation utility is zero for all continuation effort plans
and the FDIC trivially holds at h for all d.

For q;, > 0, working has three effects. First, at the current period, work costs the
agent ¢;,_g and increases the expected payment from p - Wy to pg - Wp. Second, working
affects the transition probabilities into the next public history. If the agent shirks the
probability of moving to the history (h,s) is poy instead of p , and similarly, for (h, f),
the probability (1 — p) is replaced by (1 — pg). Finally, work today increases the agent’s
costs in all continuation periods. If the agent would shirk, his cost in all future periods
would be lower. The FDIC requires that the total of these effects will be positive. Then
the FDIC for private history (h,d) is:

(2'7) (p - pO) (Wh +U* (<h7 s> 7d) -Ue (<h7 f> 7d)) — Ch—d =
Po (Uc <<h78> 7d+ 1) - Uc(<h78> 7d)> + (1 _p0> (UC(<h7f> ad+ 1) - Uc(<h’af> 7d))
As the agent is risk neutral, and g5 > 0, the FDIC can be evaluated at the outset of
the contract by multiplying all elements by g,:'®
(2.8) (P — Po) Wh — qnch—a
+(p = po) (L22U° ((h,s) . d) = SLLU (R, f) ,d) )
+p0q<hpfg> (UC (<ha 5> ad) -U* (<h7 5> 7d + 1))
+ (1= po) {2 (U ((h, f),d) = U ((h, f) ,d+1)) >0

1-p
The first line is the simple static tradeoff (recall that wj, = Wyqp). The second line is
the incentive effect of continuation utilities, evaluated in ex-ante terms and ignoring the

change in costs. I will call this the “naive” dynamic incentive. The third and fourth lines

1E’Appendix B.2 provides a detailed derivation.
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are the expected losses due to higher future costs from working, adjusted for the correct
continuation probabilities. I will call this the “dynamic information rent”.

All continuation utility terms, U (+), in the FDIC (2.8) are ex-ante continuation util-
ities from complying with the contract starting at some history (h,y) ((h,s) or (h, f))
with some private number of deviations d. Thus, they may be directly defined using the
model’s primitives. For any history (h,y), the continuation utility is simply the expected

wages less costs:
(2.9) Uy U ((hoy),d) = > pwp— Y. gy
h=(h.y) h=(h.y)
Note that only the expected costs depend on the private information d, but the expected

payment is unaffected by d. This implies that the information rent terms (the last two

lines of 2.8), are determined only through the lower costs:

(210) gy (U ((hoy) . d+1) = U ((hy) d) = > a5 (chg—Cha_i)
h=(h,y)

> Gi6ia

h=(h,y)

Using (2.9) and (2.10) in (2.8) and rearranging to prepare for the dual yields the final
form of the FDIC:

(2.11)
FDIC : —(p—po) wn + qnch—d
BB Y s sy PWR + BP0 D S ) G G
D Dk ) PUR — T Xk () TR
T 2 i (hs) T O
+1117p; Db ihofy B O <0

The FDIC is linear in the ¢ and w variables. The complete linear program 2.5 subject
to the FDIC (2.11) is:

(2.12) VP = max - hen lan (P —po) v — whp)
s.t.
qho <1
Vh QUh,s) —qnp <0
vh QUn,p) —qn (1 —p) <0
Vh,d FDIC (2.11)

The Local-Deviations Problem is problem 2.12 with the FDIC limited to d = 0.

Before deriving the dual, the following lemma establishes a useful result. Recall defi-
nition (3) of a linear contract — the agent works from history h to period N regardless of
new outcomes and is paid % for success in all remaining periods.

Define a work plan as fized if it can be part of a linear contract — the agent works

exactly until period N, regardless of outcomes.
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Lemma 3. If the work plan is fized to N from history h, the contract that minimizes the

agent’s continuation utility is linear to N from history h; that is, the agent is paid pc—]\;)()
for success in all remaining histories. All remaining LDIC bind and all remaining FDIC

for d > 0 are slack.

Proof. Suppose the work plan is fixed from h to N. As the information rent depends only

on the work plan the agent’s gain from shirking is given by (see equation 2.10):

Uny U ((hyy) ,d+1) = gy US ((hyy) ,d 4+ 1) =
Zﬁ:ﬁiﬁkd (Cn—d - Cn—d—1) =CN—-d — Cny—d -

A fixed work plan also implies that any difference in continuation utilities between
(h, s) and (h, f) depends only on wages. Because the agent is risk neutral, any incentive
compatible future wage difference can be incorporated into the current period wage. Thus

there is an optimal contract such that if the work plan is fixed,
U ((h,s);q,w) = U ((h, ) 1, w)

Finally, if the work plan is fixed and the contract is not terminated at the end of the

period, q(u.s) = pqn and qp, 5y = (1 — p) q(n,y)- The FDIC in period h is thus simply

(p —po) Wh — qnch—a — qn (Po + (1 — o)) (eN—a — €h—a) > O,

which simplifies to

w CN—
Wh  CN—d

an ~ pP—po
Only the cost in the last period of work matters. By definition of wy, the payment to

the agent for success in history h is exactly %. Observe that the constraint for wy, does
not depend on any future wage. As ¢,_q4 decreases in d, all but the LDIC (in which d = 0)
must be slack. The contract that minimizes the agent’s continuation utility minimizes
the total payments. Thus, all LDIC bind and the payment to the agent for success in

history h is
Wh CN

a  P—Dpo

2.5. Two Remarks.

2.5.1. Discounting and Wages. The wage plan for a fixed work plan is the only result that
is qualitatively affected by the no-discounting assumption. This is shown in appendix
B.10. In particular, if the agent has a discount factor 3, the future cost reductions
from shirking today are discounted by . The incentive compatible wage can be reduced

accordingly.

Lemma 4. If the agent and principal have a common discount factor B and the work

plan is fixed to N, then the wage in period n is given by:

WN — CN("')
P — Do
c
W, = Wi +(1-75 LB
1+ ( )p*po

Proof. See appendix B.10. d
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2.5.2. Dynamic Formulation of the Primal Problem. Dynamic moral hazard analysis typ-
ically proceeds by restating the Optimal Contract Problem 2.5 (or its Local/Finite Devia-
tions alternatives) as a dynamic program. Instead, the next section will derive a dynamic
program for the dual of the problem 2.5. For completeness, appendix C provides the
dynamic formulation of the primal problem. The methodology is a relatively straight-
forward combination of the formulation developed in Fernandes and Phelan (2000) for
contracts with dynamic private information and the formulation developed in Clementi
and Hopenhayn (2006) for dynamic moral hazard with limited liability.

The dual analysis that follows in the next section is motivated by the weakness of the
results that can be derived from the analysis of the primal dynamic program. The primal
formulation in the appendix is provided to facilitate the understanding of this relative
weakness. In addition, some readers may find novel ways to resolve these difficulties in

the primal analysis.

3. THE DuAL DYNAMIC ANALYSIS

Dynamic moral hazard analysis typically proceeds by restating the Optimal Contract
Problem 2.5 (or its Local/Finite Deviations alternatives) as a dynamic program. The
agent’s continuation utility from complying with the contract is the state for period h
and the incentive constraint is written in terms of the difference between the continuation
utility after success and after failure. In the case of history-dependent costs, the agent’s
utility if he deviated once in the past is added as a control (see e.g. Fernandes and Phelan
(2000)).

Instead, I derive a dynamic program for the dual of the LDIC and FDIC optimal
contract problems.'® The dynamic dual program allows a relatively straightforward proof
of the sufficiency of local deviations. It is sufficient to show that the agency frictions in
any period are largest if the agent never shirked in the past. The dual LDIC program also
allows for a stronger characterization of the optimal contract compared to the standard
LDIC analysis.

To ease the economic interpretation, the derivation and analysis of the dual is done in
steps. This section derives and analyzes the dual of the local deviations problem. Section
4 adds to the dual all possible final deviations and proves that the local deviations problem
is sufficient. Therefore, section 4 proves that the analysis of this section describes the

optimal contract.

3.1. The LDIC Dual — Two Period Derivation.

The derivation of the dual requires intensive notation. To make the reasoning more
explicit, the analysis starts with a two period example and then applies an intuitive
argument to add more periods. A formal derivation of the multi-period dynamic dual
problem is provided in appendix B.4.

If there are only two periods, the possible public histories are h € {(), s, f}. Let u" for
h € {0,s, f} be the shadow variable on the probability constraints and A" the shadow
variable on the LDIC. These are specified next to each of their corresponding constraints

in the following two period LDIC primal problem:

16g5ee appendix B.3 for a review of the basic duality concepts.
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(3.1) MAax (g, w,)>0 (99 + qs +qf) v (p — po) — p (wo + wys + ws)
s.t.

qp <1 0
qs —pgp <0 w
g5 —(1—=p)gp <0 !
— (p — po) wg + gopc1 AP

— B pws + BP0

+Epwy — 5 qgcs

+E2q05 + R g6, <0
—(p—po) ws +qsc2 <0 A
—(p—po)wy +qre2 <0 A

To fix ideas, I first mechanically derive the dual of problem 3.1. As only the left-hand

side of the probability constraint for () is not zero, the objective for the dual is
min uw
Each primal variable defines a dual constraint. Consider first the wage constraint for wy.

wy appears with a coefficient —p in the objective and with a coefficient — (p — pp) in the
LDIC for h = §. The dual constraint is therefore:

~(p—po) N > —p.

The wage w; appears in the LDICs for histories () and s, with a coefficient — (p — po)
in both. The constraint is thus:

—(p—po) (/\“rAQ’) > —p.

The wage wy appears in the LDICs for histories () and f . The coefficient in the first

is — (p — po) and on the second &=

Ay — F_yo_P )\ o
(» po)</\ /\1—p>_ p.

’;’p. The constraint is thus

The probability gy appears in all the probability constraints and in the LDIC for #. The
constraint for gy is:

1’ —put =1 =p)pf + N > v —po) -

The probability ¢s appears in its probability constraint, in the two FDIC for s, and twice
in the FDIC for the preceding history () — once for the continuation utility term and once

for the shirking gains term. The constraint for ¢, is

e+ BP0 N0 %w + X% >0 (p—po) -

The same procedure yields the probability constraint for gy:

_ 1_
pf — BP0 N0 205 N0 4 My > v (p — po)
1—p 1—p
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It will be convenient to rearrange the constraints. The dual to be analyzed is

(32) min(#’)\)zo /,L(D

s.t.
(q0) : p? >ppt + (1 —p)pd +v(p—po) — Ney
(wg) : A (p — po) <p
(gs) : w’ >0 (p—po) — P00 — P25 00 _ \oey
(ws) (p—po) M+ ) <p

— 1—

. f > _ P —Po A po(s)\@_)\f

(ar) Iz > v (p—po) + T, T, ¢

(wy) : (p—po)@f—/\@l’%p) <p

3.2. A First Interpretation of the Dual.

To interpret the dual problem, consider first the variable p”. As pu” is the shadow
price on the primal constraint on ¢y, it reflects how much the principal is “willing to pay”
to increase g by a little more than is feasible. Recall that g is the ex-ante committed
probability that the agent will be asked to work in history h. Intuitively, the commitment
for each period should either increase or decrease the principal’s ex-ante expected profit.
If the commitment decreases profits, the optimal contract should set ¢;, = 0. The primal
constraint on g;, will not bind and x” = 0. If the commitment increases profits, increasing
g, marginally will increase the expected profits by exactly the same amount. Thus g > 0
is the increase in expected profits from committing to ask the agent to work in history h.
Whenever ;" > 0, it must be that g, is set to the highest possible value.

,u@ is therefore the ex-ante expected profit from the contract. The min operator in
the dual problem “limits” the profit to the feasible value. This is the right hand side
of each dual g, constraint. Consider first the gy constraint. The first two elements are
the continuation profits pu® + (1 — p) uf. The feasible continuation profit starting today
is the feasible profit today plus any feasible profits tomorrow. The next element is the
revenue from work v (p — po). However, work is not free. Recall that A" is the shadow
price of the IC in history h. For the principal, A" is therefore the marginal cost of the
agent’s effort at history h. If the agent would be asked to work a little less, the IC would
be relaxed by c¢p,. In the gy dual constraint, this is the term —M¢. In the other dual g
constraints, this is the (—A"¢;,) term at the end of each constraint.

The dual profit in history s, u*, is given by the right hand side of the dual ¢, constraint.
p® differs from p? in several ways. As’s’ is a last period, there are no continuation terms.
However, there are additional terms in p®. Consider first the term (7%052/\@)' By
committing to require work in history s, the principal increases the agent’s incentives
to shirk in the first period in order to obtain lower costs. The term %”(52 is exactly the
additional gain to the agent. It is multiplied by (—)\@), the shadow price on the first
period’s IC. The second term, (—p =Lo (32)\@> reflects the fact that the agent knows he will

P
comply in the future. Thus, at the first period, the agent considers also the additional

cost of working in the second period co, multiplied by the increased probability of getting
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to history s from work in the first period: %. Considering known results in dynamic
moral hazard, it may seem counter intuitive that working after success requires stronger
incentives to work in the first period. However, the agent’s incentives to work in the first
period are relaxed because of the reward for success in the second period, and not because
of the work that is required to generate it. The same analysis results in the dual profit
pl.

It is left to interpret the incentive costs A". At the first period, the principal can relax
the IC constraint by (p — pg) by increasing the agent’s wage wg. The marginal cost of
increasing wy is the probability of payment (success), p. The dual wy constraint requires
that the benefit from paying the agent, A? (p — py), never exceeds the cost. In any other
history, as the variable wy, already accounts for the probability of arriving at the history,
the cost is still p. Paying the agent in the s history, relaxes the A* IC by (p — po) and
also the A? IC by the same factor. In contrast, paying the agent in the history f relaxes
the A/ IC but increases the profitability of failing in the first period. Adjusting for the

P

relative probabilities, an increase in wy costs the principal an increase in F (p—po) in

first period incentives, and thus the term & (p—po)- (—)\@) in the dual wy constraint.
If no work is required in history f, no incentives would be provided and wy = 0. This
captures the intuition that future work after success increases incentive to work in the
first period — not because of the expectation of more work, but in anticipation of higher

wages.

3.3. Dynamic Formulation.

The interpretation of ;" lends itself to a dynamic formulation. Technically, for every
M the objective for 3.2 is minimized by minimizing the weighted average of p® and
p/. In turn, the dual value p* (and similarly p/) depends only on the shadow price A*
(respectively A\/) and on the effect on past incentives, here through the past shadow price
M. Isolating p® in the constraint for ¢, , any optimal p® must be the solution to the

problem
w’ (AQ)) = max [0, minys>o v (p — po) — %02)\@ — %"52)\(0 — Ao
s.t.
(p—po) (X + A7) <p

The problem for pu/ only differs in the coefficients for \? (the use of A/ instead of A

is semantic):
o ()\@) = max |:0,min)\f20 v(p—po)+ %02)\@ — 11__71);62)\@ _ )\fc2:|
s.t.
(p = o) (Af - ﬁk‘ﬁ) <p
It would be convenient to solve the same problem for both second period histories, as

a function of the past. For that, define 7 ()\@) = %0)\0) e (/\0)) = t—ppo/\@ , 1% ()\@)
—2=po\0 “and if (A?) = 2o )0
P ’ -
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The second period problem becomes
(3.3)
w=p (n = 2,ih,7‘h) =max [0,miny>ov (p — po) + icn — rdy — Acy)
s.t. (p—po)A—i-p<p

The complete two period dual problem 3.2 can therefore be written recursively as:

/’L(z) = max [Ovmin)\zo v (p 7p0) - )\Cl +p:u (27i87 TS) + (1 7p) K (277’f7’rf)]
s.t. (p—po)A<p
48 = —P=Po ) i/ = P=Po )
P ! 1-p
ps =20y o pf = 1zPoy
D ’ 1-p

If the dynamic structure is preserved when adding periods, one can suggest the follow-

ing formulation:

Definition 6. The LDIC Dynamic Dual is
(3.4)
LN 3 (i A
w(n,i,r) max O,r)\nzuolu(n,z,r, )
s.t.
(profit definition) f(n,i,r,A) = pu(n+1,i%r°)+ (1 —p)p(n+ 1,if,r’“)

+v (p—po) — en A+ cpl — dpr
p

(wage constraint) A< (1+14)
P —Po
(stopping condition) il (NFB +1,i,7,A) =0

(law of motion, %) s = PTPoy : if:i+M)\

p 1—p
1_
(law of motion, ) rszr+@)\ S - Po
p -Dp

Problem 3.4 is a dynamic program with three state variables, (n,i,7). n, the period
counter is trivial. The law of motion for ¢ and r replicates the effect of the first period
shadow price in the second period problem in a general period setting. The wage con-
straint is the constraint associated with wy, in the primal problem for the history h. The
main result of this section is that indeed problem 3.4 is a valid representation of the dual
of the LDIC problem. I first state this result and then interpret it.

Lemma 5. For every h, p' = u(nh,ih,rh). In particular, 1 (1,0,0)is the value of
the dual of the LDIC problem. u(n,i,r) is continuous and convex in (I,7) for every n.
i (n,i,r,\) is continuous and convex in A for every (n,i,r).

Proof. A detailed proof is provided in appendix B.4. I sketch the main steps here.

(1) The LDIC problem is problem 2.12 with the FDIC limited to d = 0 (LDIC).
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(2) The dual of the LDIC problem is given by

(3.5) ming, x)>o 10
s.t. Vh:
A< = (1+4") (wage (wp, )constraint)
ph >0 (p—po)+ (1 —p) ™) + puthsd — ey NP 4 cpi™ — 57" (gp,constraint)
i(has) — jh _ %)\h o) = gh 4 %)\h (definition 1)
pihs) — ph 4 %@\h oophf) = ph 4 %)ﬁ (definition r)
"= =0

(3) In the dual LDIC of the previous step, whenever p > 0 it must be that the
corresponding dual g, is an equality. If not, reducing p" is feasible and allows
relaxing the previous history’s g constraint. Continuously applying the backward
reduction will decrease the objective u?.

(4) It is now possible to apply the Principle of Optimality to obtain equivalence
between problem 3.5 and problem 3.4 starting at (1,0, 0).

O

A standard corollary of lemma 5 is:

Corollary 2. For every state (n,i,r), the set of optimal X is non-empty, conver and

continuous in (I,1).

3.4. Interpreting the Dynamic Dual.

The value of the dynamic dual at each state, i (n,4,7) , has the same interpretation as
was provided for p* in the interpretation following the two period problem: the expected
increase in the overall profits at the start of the relationship, from the optimal contract

starting at history h. The Duality Theorem of Linear Programming implies:
Lemma 6. p(1,0,0) is the principal’s expected profit from the optimal LDIC contract.

Proof. 11 (1,0,0) is the solution to the dual problem of the LDIC. It is immediate that
1 (1,0,0) exists and is bounded. The Duality Theorem (Dantzig (1963)) applies. O

It is important to observe that in a general history h # 0, u (nh,ih,rh), is not the
expected continuation profit starting at the history. u(-) accounts for the effect of the
current history on past incentives, while the continuation profit does not. An illustration
of the difference is provided in section 5.

The interpretation of A (n,i,r) is the same as A" — the shadow price of the IC in the
history that corresponds to the state (n,i,r). The dynamic dual however introduces two
state variables, i and r. Each state variable summarizes a different implication of the

shadow prices in all histories leading up to h:

Definition 7. The direct incentive cost in the public history h is i, defined by:

ho_ A A"
3.6 ( b —Po 1—
_ p p . e p
h:hi= (R, f) hihi=(R,s)
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The information rent in the public history h is 7", defined by:

(3.7) S DUl S B ot 5L

1—
Rehim (s © bz (hs)

Consider the effect of giving the agent an extra util in history h, without changing
the work plan.!” For any history h that h , the extra util will affect incentives through
the expected continuation utility. The marginal effect on profits is proportional to the
shadow cost \*. To determine how much will be saved, we must know how much the
agent values the continuation utility at h. This is given by the second row of the LDIC.
Thus, the cost of incentives at h is reduced by M/\E if h follows a success in history h

and increased by & p(’ M if b follows a failure in hlstory h.

Definition 8. If i is negative, increasing utility in the current period would in total
relax the constraints in the past — allow a decrease in past incentives. If 3" is positive,
the utility provided to the agent today required an increase in past incentives. This inter-
temporal provision of utility and incentives is required because of the agent’s limited
liability. Without limited liability the contract could simply charge the agent a payment
for any future utility difference.

The state variable " is the aggregate effect of working this history on the incentives
to shirk in past histories in order to decrease costs. In every preceding history, the agent
has an incentive, indicated in the third and fourth rows of the LDIC, to shirk and reduce
future costs. Requiring the agent to work in history h increases the incentive costs at
any history h that preceded h by Mg, multiplied by either %’ if h = (h,s) or =20 if

1-p
h = {(h, f). The increase in incentive costs is therefore the agent’s information rent.

4. SUFFICIENCY OF LOCAL DEVIATIONS

This section constructs the dual of the FDIC problem and establishes that it is sufficient
to consider only local deviations. This proves that it is sufficient to analyze the LDIC
problem, which is done in the next section. As a result, this section is self contained —
there is no other use for the FDIC other than proving the sufficiency of local deviations.
Intuitively, the construction of the dual for the FDIC problem can be thought of as
considering, in each public history, which private history requires the strongest incentives,
keeping the state variables fixed. Local deviations are sufficient if the strongest incentives
to shirk are when the agent never shirked in the past. Intuitively, if the agent did shirk
in the past, his costs this period are lower (¢, is increasing) and the effect of his shirking
on future costs is lower (J,, is increasing). Therefore, if the agent did shirk in the past
lower incentives are sufficient. This section formalizes this intuition. I first identify

the relation between the dual variables and the sufficiency of local deviations. Then, a

17Recall that the LDIC in a history h, given in (2.8), may be written as

— (P — po) wy, + gic;,

+(p — po) <q<EYf>UC(<E’f>’O) - q<E*S>UC(<h,S)7O)>

1-p P

17 o) ()]
B (0 (1) 1) - (R.0) ) <0
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“summation by parts” exercise allows qualitative comparison and makes the sufficiency

argument transparent.

4.1. The Dual Variables and Sufficiency of Local Deviations.

Recall that the dual problem assigns a non-negative variable (the shadow price or
multiplier) to each constraint, and a constraint to each of the original variables. Let u"
be the dual variable associated with the probability constraint in problem 2.12 in which
qn appears with coefficient one. Let )\Z be the dual variable associated with the FDIC for
h,d.

I first establish the formal relation between the \ variables and the sufficiency of local
deviations. For this, let D-FDP denote the dual of problem 2.12. Observe that the dual of
problem 2.12 subject only to LDIC is equivalent to D-FDP with the additional constraint

(4.1) Vh,¥d >0: At =0

Lemma 7. If every solution to D-FDP satisfies also the constraint 4.1, then any optimal

solution subject to LDIC is an optimal contract in the original problem.

Proof. If every solution to D-FDP satisfies also the constraint 4.1, then every optimal
solution to D-LDP is optimal to D-FDP. By the Duality theorem of Linear Programming
it follows that any optimal contract subject to LDIC is feasible subject to FDIC. Thus,
the condition of Corollary 1 holds. g

4.2. From )\ to A — Private Information and Summation By Parts.

Recall that the different A in the same period reflect different possible private histories.
Equivalently, one may think of each private history as an agent type. The analysis tries to
determine which agent type requires the strongest incentives — for which type the incentive
constraint binds first. It is known from adverse-selection models that integration by parts
over the agent’s types is useful in answering such questions. The same will apply here.
To see why summation by parts is required, consider the two period problem given in
section 3.1, but add the two FDIC for the second period histories s and f, with d = 1.
These are simply

Yy € {s, f}: —(p—po) wy + qyc1 <0
Letting A4 denote the multiplier on the FDIC for d € {0, 1}, the resulting second period

dual problem is
(4.2)
w(n=2,1,r) =max [O,min(xo,,\l)zo v(p—po) +icy, — Opr — AoCn — Alcn_l]
» .

s.t. Ao+ A1 < B (1+1)
As ¢y > ¢y, it is immediate that Ay = 0. However, there are two drawbacks to this
formulation. First, A\g and A; have the same sign in the objective. This would complicate
determining that Ag > 0 while A\; = 0: if the problem is super-modular in Ag, it is super-

modular in A;. Second, the feasible space of A x i is not a sub-lattice.'® The sub-lattice

structure is required to apply monotone comparative static arguments.

18That is, it may very well be that

Ao+ A1 < (1+14)
p 0

and

M4 < P (1+7£> )
P —Ppo
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These problems are averted by redefining the period control variables and the resulting
state variables using partial sums. Let A" be a vector of length n;, such that A% for

m = {0,...,n} is the sum of the last nj, — m elements of \". That is:
(4.3) AL =N
d=m

Note that in the local-deviations problem both A and A have just one element (d = 0)
and are equal to each other. For the FDIC problem, the following additional constraints
verify that )\Z >0:

(4.4) Af =AMy > 0
A> 0.

The condition (4.1) is equivalent to the condition
(4.5) Vh, A =0

Corollary 3. If every solution to D-FDP satisfies also the constraint 4.5, then any

optimal contract subject to LDIC is optimal in the original problem.

To see the effect on the recursive formulation, in the two period setting, the second

period problem is now

(4.6)
w(n=2,1,r) = max [0, ming, A)>0 0 (P — po) +icn — 0n7 — Aocn + A1 (¢ — cn,l)}
s.t. AQ S pfpo (1 + Z)
Ag—A1 >0

The sufficiency of local deviations is now simpler than it was in problem 3.3. Ay decreases
the objective while A; increases it, and setting A; = 0 does not impose a limit on Ay .

Note also that the space of A x i that are feasible is a lattice.

4.3. The Multiple Periods FDIC Dual.

To make the difference between the LDIC and FDIC duals explicit, denote the FDIC
recursive dual by F'(-). Deriving a recursive formulation of the multi-period FDIC dual
F (-) for a general history h is mostly a technical extension of previous steps. The first
step derives the FDIC dual using )\g and p”* using the same steps as the LDIC dual was
derived. Next, the summation by parts exercise described above is applied. This section
states the resulting problem and outlines the intuition. The technical steps are provided
in appendix B.4.

To derive the multiple periods Dual of the FDIC problem, observe that the only dif-
ference from the LDIC is the introduction of the new )\Z variables. For each history h,
the original FDIC problem has nj, incentive constraints (one for each d from zero to the
maximum number of past shirks, n, — 1).

The variables in the primal are identical for the FDIC and LDIC problems. The dual
problem for the FDIC therefore has exactly the same constraints as the LDIC, with the
additional variables A". For every history h, observe that the FDIC for d > 0 is exactly

v E)I’O (1 + max [i, z])

but

max [5\0, )\0] + max [5\1, )\1] >
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the same as of d = 0, with only the subscripts on ¢,, and §,, changing to n — d. Letting
A be a vector of length n the state variables i, are vectors of length n — 1 summarizing
the past A" using the same law of motion as in the LDIC formulation. That is, the dual

qp, constraint is

n n—1
> o+ (1= p) ™ v (p—po) =D Mica—a+ Y (ilicn—a — rhdn_a) -
d=0 d=0

The state variables are'®

h h
O ISl B D

1—
h:h=(h,f) p h:h=(h,s)
~ 1 . ~
’/‘Z = Z %))\g + Z T, _];0 )\Z
hih= (R,s) h:hi=(h,f)

Now apply the summation by parts exercise from above on A. That is:

n n+1
h h h
§ )\dcn—d = Aocn + § Am (Cn—m—i-l - Cn—m) .
d=0 m=1

As summation by parts is preserved under summation, it may be verified that, using A

as defined above obtains the state variables

. AR AR
) Bep-m|| ¥ 2| ¥ M
~ pd —-D - > p
h:h=(h,f) h:h=(h,s)
ho_ Po \h 1—po,n
(4.8) mL=| Z AL Z 1_pAm
hihi= (h,s) hih=(h.f)

The constraint is rewritten as (see appendix for the technical steps):

n+1
ph > pu? 4 (1 =p) p" + o (p—po) = Afen + D A (Cnomir = Cnm)
m=1
+I(})Lcn - Rgfsn - Z (Ir}; (Cn7m+1 - Cnfm) - an (5n7m+1 - 6n7m)) .
m=1
Therefore, define the FDIC period return, f (n,I, R, A):
(4.9)
f(naI7R7A) = U(p—po)_cn(Ao—Io)—(SnRo

nh
+ Z [(snfm (Am - Im) + (5n7m+1 - 6n7m) Rm]
m=1

And the FDIC dual is

196 save on notation, we set )\g =0 for all h,d such that d > nj, — 1.
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(4.10) F(n,I,R) = max O,I{&ir&ﬁ(n,],R,A)
s.t.
F(n,I,R,A) = pF(n+1,I°,R°)
+(1=p)F (n+1,17,RY)
+f(nuI7R7A)
s.t.
Ao < (1+1Io)
P — Do
A7n*Am+1ZO
Ly et N ¢ (S A LY
P I—p
1_
R=R+2A ; R =R+
D 1-p

Lemma 8. For every h, u" = F (nh,Ih,Rh). In particular, F(1,0,0) and the corre-
sponding optimal A’s define a solution to the dual of problem (2.12).

Proof. See appendix B.4. O

4.4. Sufficiency Of Local Deviations.
This section proves that in the solution for the problem F'(1,0,0), A,, = 0 for all
m > 0. Thus, corollary 3 applies and local deviations are sufficient.

Theorem 1. Any optimal contract subject to LDIC is an optimal contract.

Proof. A sketch of the proof is provided here. The complete proof is in appendix B.9.1.
By corollary 3 , it is sufficient to show that A,, = 0 for every m > 0. Each A,, has three
effects on F'(-) — the period return f (-), the law of motion for I and the law of motion
for R. The proof considers each of these separately and shows that all effects choose the
lowest possible A,,. For this, consider a relaxed problem that allows, for every m > 0 to
choose separately A2, AL ~AZ (all non-negative) such that A% affects the period return
term f (+), AL affects the law of motion for I , and AZ affects the law of motion for R.
Moreover, the constraints A, > A, 41 are ignored. The proof will show that the optimal
solution sets A2, = Al = A =0 . Thus, in the original problem F (-), it must be that
the optimal solution is A,, = 0.

For f(-), any reduction in AP, for m > 0 decreases f(-) and thus A?, = 0 must be
optimal.

Observing F (-), it is intuitive (and proved in the appendix) that F' (-) is increasing in
R, for m > 0 and thus AZ = 0 is optimal.

Finally, increasing Al increases the variance in I between continuations, while not
affecting the expected I in next period. As F' is convex, this should increase the expected
continuation value, and thus be sub-optimal. This last argument requires some subtle
technical steps to rule out complementarity effects between Ay and A,,, that are provided

in the appendix. O
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5. THE OPTIMAL CONTRACT

Having established the sufficiency of local deviations, this section analyzes the optimal

contract subject to local deviation incentive compatibility.

5.1. Basic Properties of the Solution.

A key advantage of the dual dynamic analysis is that it restores monotonicity of the
principal’s value in the state variables. Each of the state variables i, r reflects the degree
of agency frictions — the past incentive costs and information rent. Intuitively, as frictions
increase, profits decrease. Thus, profit should decrease in both i and r. I now show this
is the case.

For the information asymmetry state r, this is evident by observing problem 3.4: r
only decreases the objective and thus decreases profits. For i, one expects that as the
utility in the period is more costly (i increases), the contract is less profitable. However,
this is not immediately observable as the coefficient on 7 is positive in the period return.

Nevertheless, every increase in the incentive cost ¢ increases period profits by ¢, but allows

p
P—Ppo

an increase of > 1 in A that decreases period profits by more than c,.

Lemma 9. Period value , u(n,i,r) is strictly decreasing in i and r whenever pu > 0.
Proof. See above for intuition and appendix B.7 for details. O

The agent works only in a period in which fi (n, 4,7, A) > 0. By the law of motion, both
state variables are higher after a failure than after success. The previous lemma implies
then that p (n + 1,-) is lower after failure than after success. Therefore, if i (n +1,-) <0

after success, the same is also true after failure.
Corollary 4. If the contract terminates after success, it terminates after failure.

Monotonicity of p also implies that whenever feasible, A > 0 and therefore the LDIC

always binds.
Lemma 10. Whenever i > —1, A\ > 0. Thus, the LDIC binds whenever i > —1.

Proof. If A = 0 the continuation contract (and thus the agent’s expected continuation
utility) from the next period is the same regardless of outcomes. Because the wage
constraint does not bind at A = 0, by complementary slackness the agent is not getting
paid for success (wy, = 0). Therefore, the agent’s optimal plan must be to shirk in this

period, contradicting incentive compatibility. O

Consider now the effect of each friction (i or r) on the other. Suppose the agent’s
incentive cost friction (i) decreases. This means the providing the agent utility today is
cheaper. The optimal contract therefore provides higher utility to the agent in return
for more work. Therefore, the relative profit impact of any past commitments to destroy

surplus, which is the value of r, increases. The next lemma establishes this:
Lemma 11. i,r are substitutes: u(n,i,r) is sub-modular in (—i,r).

Proof. The proof is a simplified version of the proof of lemma 29, which is provided in
the appendix to prove a similar characteristic of the FDIC dual. I provide a sketch here.

In any last period, A = -2~ (14 i) and

p(n,i,7) = max |0,v (p — po) —
P —DPo p
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The marginal effect of ¢ and r is either fixed and strictly negative or, if p(n,i,7) =0, it

is zero.

(1) As i (resp. ) increases, the marginal effect of r (resp. @) increases from —4,
(resp. —B2

(-’i,?").

(2) Now suppose that for n > n, p(n,i,r) is sub-modular in (—é,7). Then both

¢n) to zero. Therefore, in any last period, u (n,,r) is sub-modular in

continuation values are sub-modular in (—¢,7) and so is the period return. The
positive weights sum of sub-modular functions are sub-modular and therefore
i (n, 4,7, \) is sub-modular in (—4,r) for any A. As the feasible set defines a lattice,
the sub-modularity is preserved under minimization w.r.t. A. Thus, i (n,i,7r,A)
is sub-modular in (=i, 7).

(3) The sub-modularity is preserved through the max|0, i (n,i,7,\)] operator be-
cause fi(n,i,7, ) is decreasing in (i,7) (see the proof of lemma 31 for a parallel

result).

O

The results so far consider only the principal’s value. The effect of success on the
agent’s continuation value is easier to evaluate using the primal (regular) LDIC, which
is obtained by setting d = 0 in (2.7). As the right hand side of 2.7 is always positive, it
follows that in any period in which the agent is not paid for success (wy, = W), = 0), the
agent’s continuation utility after success must be strictly higher than the agent’s utility
after failure. Combining this with lemma 9 yields a simple result that, surprisingly, cannot

be obtained in the primal analysis:

Corollary 5. Both the principal and the agent prefer success to a failure in any period

that the agent is asked to work.

5.2. Linear Contracts and Dynamic Quotas.

This section shows that if the agent is paid for a success in history h, the contract
after payment if a linear piece rate and identifies the implied properties of the optimal
contract. Given lemma 12, it is sufficient to show that if the agent is paid for a success
in history h, the work plan after payment is fixed.

Suppose that the agent is paid for success in a history h. By complementary slackness,
the wage constraint binds. Thus A" = ﬁ (1+4"). The law of motion for i ( ilhos) =

i — %/\h ), now implies that in history i{"* = —1 .
The only feasible value for A in (h, s) is zero and thus the state variables 7 and r remain
(hos) —

fixed. Intuitively, if 4 —1 all the utility given to the agent from (h, s) onwards was
used to relax incentive constraints in the past. Therefore, it is impossible to use the
next period’s utility to relax the current incentive constraint and A = 0 in (h, s) and all
histories that follow it. Critically, ¢ and r remain unchanged regardless of new outcomes.
Thus, the dual value is the same in the next period regardless of outcomes and the work
plan is fixed — independent of new outcomes.

It remains to determine the stopping period. For this, place A = 0 and ¢ = —1 in

f(n,i,7, ) to determine the dual value of a history after payment:

2 (TL, 71,7’) = max [07[1’ (71, 7177/.7 0)} )
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and
(5.1) fi(n,—1,7,0) = p(n+1,-1,7)+v(p—po) —cn — 10y

As both ¢, and §,, are positive and increasing, i (n, —1,7) is decreasing in n. Eventually
f(n,—1,7,0) will become negative and production will stop.
The continuation work plan is fixed and, as there is no reason to provide the agent

more utility than necessary, lemma 3 implies that the contract is fixed.

Lemma 12. In the optimal contract, if the agent is paid for success in history h, then

starting in history (h, s) the contract is fized to N (r), given by
N(r):maxn: ’U(p_pO)_Cn_""'(SnZO

In any history h = (h, s) the agent is paid a fized rate per success:
CN(r)

W"’:
" p—po

The value to the principal is the remaining surplus less r - (cN(r) — cn,l)

Proof. See above for the proof that the work plan after payment is fixed to some N. N (r)
is defined as the last n in which fi(n,—1,7,0) > 0. Lemma 3 implies that the contract
after a payment that provides the lowest utility to the agent is as stated here. As the
agent is paid for success in the current period and is risk neutral, any additional utility
can be provided as payment in the current period and the optimal continuation contract
is fixed.
To obtain the value for the principal, apply backward induction to obtain that
N(r)

/J(TL,—].,T) = Z ('U (p_pO)_Cn_rdn)

N(r)

> v(p—po)—cn | =7 (eng) — €n1)

O

The number of work periods after payment is determined by considering the informa-
tion asymmetry cost r - §,, as an additional cost to the current period. The contract is
implemented by paying the agent a wage as if production cost is at the highest value for
which the agent should still work. This guarantees the agent will only work the desired
number of remaining periods. This implies an important separation result. Before pay-
ment, incentives are provided only through changes to the ensuing work plan. Once a

payment was made, incentives are provided only through wages.

Corollary 6. The period outcome affects the future work plan iff the agent was never

paid so far.

Lemma 12 implies the dynamic quota interpretation. The contract can be divided to
two stages. If the agent was not yet paid, he is in the evaluation stage. Outcomes affect
the state variables and through them the probability that the wage constraint would soon
bind. Once the agent is paid, the contract moves to the compensation stage. The agent
is paid in all remaining periods a linear wage as if his cost is the highest cost for which

he is still expected to work. This last cost is determined in the evaluation stage.
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A possible implementation of the contract is a pre-specified quota with “adjustments”.
In the sales example, at the start of the quarter, the agent is offered a quota contract.
At any period, the agent can come to the firm and “complain” that the quota contract
is too aggressive — requires too many successes. Based on the agent’s performance, the
firm then reduces the threshold to make the quota, but also reduces the linear rate the
agent receives when making the quota. As long as the firm can commit in advance to
the adjustments (e.g. have a policy in place), a contract arbitrarily close to the optimal
contract may be implemented.

Suppose that the agent is paid for success in history h, but not in any history that
precedes h. By the law of motion for r, the information rent starting in the next period
is strictly larger if the agent fails in A than if he succeeds in h (rt"s) < r(f)) " As the
information rent only increases between periods, in any history h = (h, f), it must be
that r? > r(hs). Therefore, if the agent will ever be paid for success in any history that
follows a failure in h (i.e. h = (h, f) ), the linear rate would be lower than it is after

success in h.

Corollary 7. If a success in history h implies a linear continuation contract, then any
linear rate in any history that follows (h, f) is lower than the linear rate that starts in

(h,s). In particular, if the agent works in any history <h,f,ﬁ> then he works in the
history <h,s,ﬁ>.

A useful implication of lemmas 12 and 3 is that the local IC binds in all periods that
follow a payment. This is not surprising — as the agent is paid in all remaining periods, if
an IC would not bind, the agent would simply be paid less. Lemma 10 established that
the IC binds in all periods up to the first payment period. Combining the two results:

Corollary 8. The local IC binds in all histories in the optimal contract.

Finally, it is possible to determine the most efficient possible linear contract. That
is, the largest number of periods the agent may be asked to work, over all the possible

realizations of outcomes. Define N as

N = maxn: v(p—py)—cy> Po - n
P —Po

Lemma 13. In the optimal contract, the agent never works more for more than N periods.

The agent works for exactly N periods if he never fails before the first payment. In

Po
pP—Ppo

particular, if v(p —po) < cyre + Onrs then the optimal contract is never ex-post

efficient.

Proof. The linear contract with the highest N (r) is the linear contract with the lowest
possible 7. As in every period with A > 0, r® < rf, the lowest r for any sequence of X is

obtained if the agent constantly succeeds. Suppose h is the first history for the longest

n~ Do h
rsz/\

h>=h

linear contract. Then

The inequality is an equality if the agent never failed in the past.
At the start of the contract ¢ = 0. For the contract to move to the linear rate it must

be that i* = —1. By the law of motion for ¢, this implies that the sequence of past \
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must satisfy at least
h>=h
The inequality is an equality if the agent never fails. In this case

ppp
. P—po
h>h

and the lowest possible value for r" is:

rh— Do P _ _Po
PpP—Po DP—Do
Placing this in N (r) yields the desired result. O

5.3. Termination Without Payment.

Once the agent is paid, he expects a linear wage that provides him a net positive utility
in any period of work. Suppose now that the agent was not yet paid, and so ¢ > —1. In the
current history the biggest difference between continuation utilities is if the agent moves

to the linear contract after a success and is fired after a failure. For the agent to move

to a linear contract, it must be that A = ﬁ (1+4). As the information rent increases
by %0)\ following success, it must be that r* = r 4 pfﬁ (1+4). Using the definition of

N (r) for the linear contract given in lemma 12, the linear contract can require work only
it N(r¥) >n+1:

(5.2) v (p—po) = Cng1 — (r +-2 a4 i)) Sns1 >0
P —Do
Suppose now that ¢ and r are sufficiently large so that 5.2 is violated:
(5.3) ( oy T) Sut1 = 0(P = Po) = Cot1 — —2—Gpir -
P —Do P —Do

Then the agent’s information rent in any future linear contract is too large and the
contract will stop immediately after the first payment to the agent. Any promise of
“future utility” is worthless. If he works, the agent must be paid for success in this period

and then the contract stops. As the work plan starting in this period is fixed — work only
Cn

_ P—po’

The wage constraint binds and so A = A . To determine whether the agent works in this

in the current period — lemma 12 can be applied to determine that the wage is

period, evaluate the u knowing that the agent cannot work in any future periods:

p
— Po

i (n,i,mA) = v(p—po)—p (14+4) e +icy, — 1oy

icy, — 10n

_ p Po
= v(p—po)— Cn —
P —DPo P —Do

The agent will work in this period if and only if (n,i,r, X) > 0. Thus, the agent will
not work whenever

(5.4) %icn + 76, >v(p—po) —

Cn
P —Do

Lemma 14. For any state (n,i,7):

(1) If not (5.4), the agent will work this period.
(2) If (5.4) and (5.3), the contract terminates at the start of the period.
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(3) If not (5.4) but (5.83), the agent will only work this period. The contract will
terminate at the start of the next period regardless of this period’s outcome. The

agent works in the period and is paid the spot wage for success.

Proof. Suppose (5.3) in state (n,i,r). Setting A so that the wage constraint binds this
period minimizes the period return.
(1) The continuation values are zero:
(a) p(n+1,i%r%) <0 : this is exactly the right hand side of 5.2. By condition
5.3 the inequality 5.2 is violated and so p (n + 1,i%,7%) =0
(b) u (n +1,if, rf) < 0: 4,7 are both are larger after failure and p is decreasing
in both.
(2) If 5.4 is violated, the period return is still negative and so the agent works in the

period. The wage is determined from the first order condition for u (n,4,7):

Cn_w(p_pO)ZO

(3) If also (5.4) then maxy fi (n,4,7,A) < 0 and so the optimal is to not work.

(4) For the contract to terminate in state (n,i,r), it must be that ji(n,i,r,\) <
0. By construction pu (n + 1,i%,r%) + (1 —=p) u (n + 1,i/,r) > 0. Therefore if
i (n,i,r,\) <0, it must be that the period return is negative. The period return
is minimized by setting A = X. Therefore, for the contract to terminate it must
be that inequality 5.4 holds.

O

How long can the agent fail before being terminated? Every previous failure both
increases the incentive cost the current period inflicts on the past periods and the infor-

mation rent cost. At some point, the cost is too large and the agent will be fired.

Lemma 15. If

1 .
( - 1) 1 - §n+1 2 v (p _pO) — Cn+1 — p705n+1
P — DPo P —Po

The agent will work for at most one more period

Proof. By the law of motion for ¢ and r, if the agent never succeeds before history h,

. P—Po 3 h_l—po B
o= 71_]92/\ and 7 —71_1)2/\
h=h h=h
Therefore )
rh =t —b
P —DPo

O

Placing this in the stopping condition (5.3) and applying the previous lemma obtains

the desired result.

6. THE EFFECT OF PRIVATE COST INFORMATION

To evaluate the effect of private cost information, it is illustrative to compare the
optimal contract to the case that costs depend on time rather than effort. That is, the
case that the period cost, ¢, , is independent of the agent’s private history. We state the

main results here without proof.
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Lemma 16. If ¢, is independent of the agent’s private history, the optimal contract

problem is given by the solution to ¢ (1,0) with
] (Tl, Z) = max [O, 1;1121101(;5 (n, i, )\)]
and
¢ (n,i,\) = po <n+1,i— p;f’%) +(1-p)é <n+ 1,i+ pf_%’A)
+v (p — po) — Acp +icy
s.t. A< (1+1)

P —Do
Proof. The construction follows the same steps as the LDIC dual. Sufficiency of local

deviations is standard and may also be proved following the same steps as for the complete
model. O

Observe that ¢ (n, ) is the same as the LDIC dual, modified so that A does not affect
the continuation r. The result corresponding to lemma 12 now follows. The proof is

similar to the proof for the private information case.

Lemma 17. In the optimal contract without private information, if the agent is paid for
success in history h, then starting in history (h, s) the work plan is fived to N¥B. In any

history h - (h, s) the agent is paid the static rate per success:

The value to the principal is the remaining surplus.

It is illustrative to compare the contracts implied by lemma 12 and lemma 17. First,
if costs are publicly known, the agent should work to the first best level whenever he is
paid.2® In contrast, if costs are private information, the agent may be “make his quota”
but work much less than first best. That is, if the agent accumulated enough failures, the
optimal contract may set N (r) = n — 1: the agent gets paid once and is then fired.

A second important difference is in the wage scheme. If costs are known, the optimal
wage scheme rewards each success based on the costs for that success. In contrast, if
costs are not known, the optimal wage scheme rewards each success based on the costs of
the last success. Thus, the contract with private costs requires less detailed information
about the timing of successes. Once the agent makes his quota, all future results are
aggregated.

Finally, making quota in the private information case implies a much higher rent per
remaining work period compared to the public costs case: the agent wage per success is
higher. This is consistent with the observation that sales contracts often offer extremely

excessive rewards for successful agents.

200bserve that if the agent was paid in the past, in the last period of work (and possibly in a number
of periods before) the principal’s continuation profit may well be negative. As p_ppo > 1, it is possible
that:

v(p —po) — cyrB <0
0

p—
But the dual value is positive
v(p—po) —cyrB >0
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6.1. Costs and Incentives.

Suppose the contract is linear from the start — the agent works for N periods regardless
of outcomes and then stops. Then by lemma 3, the profits depend only on the agent’s
cost in the N-th period. Any cost difference between earlier periods and the last only
increases the agent’s utility. This implies that if the firm could invest in lowering costs, it
would invest in lowering only the highest cost. In contrast, if costs were public knowledge
(as in the start of this section), by lemma 17, the profits are equally affected by all of the
agent’s costs. This subsection formalizes this intuitive relation between costs, incentives
and private information.

For any contract, let U" = U¢ (h,0) be the complying agent’s expected utility starting
from history h. Let D" = U¢(h,1) — U¢ (h,0) be the expected additional utility for an
agent that will comply from history A onwards but shirked once in the past. Finally,
let P (N,h) be the probability that the last period of work will be period N given the
current history h and assuming that the agent will comply with the contract. Let ¢ be

the expected last cost:
NFB

&= » P(Nh)cy.
N=ny,
The following equality may be verified:

h —
D" =¢), —cpp—1 -

In any history h, using 2.7, the LDIC may be written as?!

(» — po) (Wh L Uths) _ U<h,f>) > cn, + poD® 4 (1= po) DI
= Cp, +p06<h7s> — PoCn,, + (1 _p0)6<h7f> - (1 - po) Cnp,
= PoC(n,sy + (1 = Do) Cin, f)

The utility difference between success and failure must compensate the agent as if his
cost is the pp-weighted average of the expected last cost after failure and after success.??
Thus, for example, if the agent is guaranteed to work in the second period, his first
period cost has no effect on the wage scheme or profits. Clearly, a reduction in the first
period costs has no effect on the IC and thus on the firm’s profits.
To highlight the effect of private costs, consider in contrast the LDIC if costs are public

(see the previous section). Then the LDIC is simply
(» — po) (Wh +Uths U<h’f>) > cp, -

In this case only current period costs directly affect the period’s IC (all future costs
affect the IC through their effect on the continuation utilities). In particular, reducing
the first period cost will relax the first period IC and increase profits.

Therefore, if costs are private information, the firm should invest more in reducing
costs for later periods compared to settings in which costs are public information.

Another implication of the information asymmetry is that the ex-ante variance in the

agent’s utility and expected work plan is larger when costs are private rather than public

211f the agent does not work in history (h,y), set ey = ¢,
22Note that a fixed work plan is the special case in which

(p—po)wp =2"
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information. Recall that the work plan is determined in periods in which the agent is
not paid (W), = 0). Therefore, the left hand side of the IC is simply the difference in
continuation utilities between success and failure, which in turn determines the continu-
ation work plans. In any period h, if the cost is public information this difference is only
a function of the current period cost. In contrast, if the cost is private information this

difference is a function of the expected last cost ¢j.

7. CONCLUSION

This paper evaluated the optimal contract for an agent exerting unobservable effort
that affects future costs. The optimal contract responded to two agency frictions — the
effect of future utility on current incentives (i) and the private information rent (7).

The asymmetric information friction forced the contract to artificially limit the future
work after each period, depending on the period’s outcome. This guaranteed that the
agent never gains by creating a discrepancy between his private information and the
public information.

The resulting optimal contract was characterized as a dynamic quota. At the start of
the contract the agent is not paid for successes. Once the agent is paid, he is paid a fixed
linear piece-rate that depends only on his outcomes prior to the first payment.

The optimal contract explains features of real world contracts that puzzled economic
observers. The variance in the expected total effort is larger with private cost information
than without. Such large variation in ex-post incentives and effort across agents is ineffi-
cient and led several authors (see e.g. Oyer (1998); Larkin (2007); Misra and Nair (2009))
to suggest that there is significant room for improvement in either the design of real world
incentives or models of the moral hazard setting. The model shows that this variance
allows the firm to provide sufficient incentives for effort when it is relatively cheap and
to provide high powered incentives when those are required without fear that agents mis-
represent their effort (delay “easy sales” to the end of the period). The optimal contract
must balance between efficiency (having the agents work longer) and profitability. While
a high linear commission would guarantee all agents make the efficient level of effort, the
firm’s profits would all be provided as rents. Consistent with the model, in the firm doc-
umented by Larkin (2007) the top end of the reward scale provides the salesperson a 25%
commission on revenues, a figure very close to the industry’s accounting profit margins.

The analysis used duality based arguments to design a dynamic program. The duality
based analysis allows applying standard mechanism design techniques to the dynamic
private information problem. There is reason to hope that a duality based approach to
dynamic moral hazard should prove fruitful in many additional settings as well, especially
those with dynamic private information.

The model abstracted from several important aspects of dynamic agency settings. I
briefly review the main abstractions and consider their implications.

It was assumed there is no information aggregation problem, as in Holmstrom and
Milgrom (1987) and DeMarzo and Sannikov (2008). The aggregation problem occurs
if the principal only learns of the aggregate outcome at some final period N < NFEB,
Critically, the actual order of successes becomes private information. The aggregation
problem in the current setting is thus equivalent to constraining the wage to depend only

on the number of successes. I show in appendix D that the problem may still be written as
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a linear problem and form the resulting dynamic dual problem. Interestingly, preliminary
analysis suggests that the optimal contract in such settings is exactly the convex reward
scheme.

The action and outcome space per period was constructed to be the simplest possible
— binary effort and binary outcomes. It may be possible to extend the model in these
dimensions without breaking any of the assumptions, as in Rogerson (1985). However,
the resulting model is very involved notationally. A more promising approach may be to
use duality theory of convex programming (see e.g. Rockafellar (1997)) to apply similar
methodology using the more convenient first order approach.

It was assumed the principal could commit to a long term contract. Renegotiation
with private histories creates issues on many levels that merit further research.

The structure imposed also implied that the optimal contract is finite. However, all
the methodology used in creating the dynamic dual problem can be equally applied to
infinite horizon models with discounting. Finally, the agent is assumed to be risk neutral,
an assumption that clearly simplifies the analysis and was critical to writing the IC as
linear inequalities.

The interaction between private history and current technology has several organiza-
tional implications for future research. Perhaps the main one is the increased gains from
sequential division of labor. In moral hazard settings in which only the public history
affects current technology, the space of incentive compatible contracts increases when
considering the agency relationship as a long term one. It is always possible to offer the
agent the optimal short-term contract each period, and the agent will comply. However,
when the private history affects current technology, as it does here, contracts that are
incentive compatible in the short term may not be incentive compatible in the long term
— the agent may have a strict incentive to shirk only to improve his future utility. Thus,
the set of long term incentive compatible contracts no longer includes the set of short
term incentive compatible contracts. If private history has a significant effect, it may
be profitable to ex-ante limit the duration of the contract, perhaps shifting production
to another agent. Such sequential division of labor — an incentive based hierarchy — can
allow the principal to extract the agent’s private information without paying the high
information rent. I explore these ideas in related work.

Finally, conceptually, the principal in this paper attempts to base incentives on histories
— pay more when costs should be higher. This is closely related to the “ratcheting”
approach, that has been traditionally considered problematic (Berliner (1957) introduced
the famous “ratchet effect”). Theoretic studies of ratcheting however tended to assume
a specific mechanism and study its shortcomings. In the closest related paper, Weitzman
(1980) identifies the effort distortion in an intuitive sub-optimal ratcheted contract for a
production setting in which the agent privately observes a production shock each period.
In contrast, the current paper identifies what can be interpreted as the optimal ratcheting

mechanism and shows that it improves on the optimal no-ratcheting — fixed — alternative.
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APPENDIX A. EXAMPLE — LDIC DOES NOT IMPLY IC

Suppose ¢, = n, p = % and py = 0 and consider the following contract. The agent

stops if he succeeds in any of the first two periods. If the agent fails in the first two
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periods, he is asked to work for eight more periods regardless of new outcomes and is
paid 20 for each success. The agent is paid 48 for success in any of the first two periods.

To verify that the contract is LDIC, note that in the last eight periods, the contract
is fixed and the agent is paid as if his cost is 10. Lemma 3 establishes the optimality of
this wage plan. Letting U™ (d) denote the agent’s continuation utility after being asked
to work in period n having shirked d times in the past:

10 10
1
Us(d) =" 5-20—§ (n—d)=80—-52+8 -d=28+28d
n=3 n=3

Now consider the agent’s problem if he is asked to work in the second period.

(1) If the agent did not shirk in the first period (d = 0), he works whenever

1 1
5.48+§~U3(0)—2 > U3(1)
2
24 + ; -2 > 28+38
Which holds as an equality

(2) If the agent did shirk in the first period (d = 1), he works whenever

1 1
§~48+§~U3(1)—1 > U (2)
28 8
U+ +5-1 > 28+8+8

As the agent works more after failing than after succeeding, the previous shirk
is worth more after failing than after succeeding. As a result, the left hand side

increased less than the right hand side and the IC is violated.
It is easy to verify that the first period IC just binds:

28
U%0) = 2445 —2=36

2
U (1) = 24+§8+§—1=41

1 1
5-48+§~U2(0)—1:24+18—1=U2(1).

APPENDIX B. DETAILED PROOFS AND DERIVATIONS

B.1. Proof that FDIC implies IC.
Lemma 18. If a contract is FDIC it is IC

Proof. Suppose the contract ¢, w is not IC. Then it violates FDIC:

(1) As the set of possible work plans for the agent is finite and the agent’s expected
profit is well defined and bounded for each work plan given g, w, there is a set
E (¢, w) of most profitable work plans given ¢, w.

(2) Suppose €e¢ & E and let é € F, be a most profitable deviating work plan.

(3) Consider the set of histories H in which the agent makes a “final deviation”
according to é . That is, h e H if q;, > 0, ¢; = 0 and for every h = fL, h # iL,
either g, = 0 or é;, = 1. Let d be the number of past deviations at h according
to é. Clearly, if the agent profits from making this final deviation, the FDIC for

iL, d is violated and the proof is complete.



DYNAMIC COSTS AND MORAL HAZARD 36

(4) If the agent does not profit from making this final deviation then the effort plan
that complies in this last period provides at least the same expected profit to the
agent. Thus, the effort plan with &; = 1 provides at least the same expected
profit for the agent. We can now repeat the process of searching for a profitable
final deviation after setting €; = 1. As H is a finite set, the process ends either
in finding a history in which FDIC is violated or if we change all periods in which
én = 0 to é, = 1 while weakly increasing the agent’s expected profit, implying

that é was not more profitable than e°.

B.2. Longer Derivation of the FDIC. As the contract is fixed, I omit (g, w) from
the definition of UP (-) and U (-). The FDIC in history h,d requires that the agent’s
expected utility from following the contract at history h,d is at least his expected utility
from making a final deviation in the history. Write this in the form convenient for taking
the dual later:

(B.1) UP (h,d) — U (h,d) <0.

If the agent will never be asked to work in history h (g5, = 0) then U¢(-) = UP (-) =0
and (B.1) trivially holds at h for all d. For g5 > 0, it will be convenient to write U¢ (h, d)
and UP (h,d) in recursive form. The agent’s expected utility from complying with the
contract when asked to work in history h,d is his expected payment in the period less
the cost, plus the expected continuation utility from complying after success and after

failure:
(B.2)

1
Uc(h,d) = qu [Pwh — 4nhCh—d +Q(h,s)Uc(<hvs> ,d) +q(h,f)Uc(<hvf> ad)] :

To construct UP (h,d), observe that shirking has three effects. First, it saves the agent
the cost cp_q in the current period. Second, it replaces the success probability p with
po- This changes the term p - wy to pg - wy. It also changes the conditional probability
of arriving to the public history (h,s) from p to py and the probability of moving to the
history (h, f) from 1 —p to 1 — pg. As the term g 5y (vesp. g, f)) assumes the correct
probability p (resp. 1 — p), it must be multiplied by %0 (resp. 11_%;;). Lastly, in the
continuation utilities, the total deviations increase by one and so d is replaced with d+ 1:

(B.3)

*_]jj anp U (b f),d+1)

1 1
UP (hd) = — |pown+ 22quoU° ((hys),d+1) +
an D 1

To facilitate comparison between U€ (h,d) and UP (h, d), note that for any history, the
continuation utility after shirking d 4+ 1 times in the past equals the continuation utility

after shirking d times in the past, plus the utility increase from the last shirk:

Ue((h,y),d+1) = U ((hyy),d) + (U ((hyy) ,d+ 1) = U ((h,y) ,d)) -
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Thus, we may write

(B.4)

1 _
UD (h7 d) = q: |:p0wh + ppjoq(h,s> Ue (<h7 S> P d) _2;;) q(h,f} Ue (<h7 f> ) d):|

+qih |:Z;Oq(h,s) (UC (<h7 S> 7d + 1) - U* (<h’ S> ’d))]

o [T (U () 1) = U (0, 1) )|

Placing (B.2) and (B.3) in the FDIC B.1 and multiplying by g > 0 obtains the linear

inequality

pown + Eq(n, U ((h, s) , d) + _pOQ(hf Ue((h, f),d)
+8qen,s) (U ((hys) ,d+1) = U ((h, 5) ,d))
v, (U ((h ), d+1) = U ((h, f) ,d))
— (pwn — qnen + qn,s)UC ((hy s) , d) + g,y UC ((hy 5) . d))
<0

As the first and last rows have the same terms, collect terms to obtain:

(B.5) —(p —po) wn + qnen—a +
5 U (R, s),d)
er = <hf>U (R, f),d)
+8qen,s) (U ((hys) ,d+1) = U ((h, 5) ,d))
+ gy (U (B, ), d+1) = U (B, f) , d))

<0

Which is identical to the FDIC (2.8)
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B.3. Duality - Main Theorems. The classic reference is Dantzig (1963). The results
are given in current textbooks on static optimization (see e.g. Vohra (2005)). Any linear

problem may be written as

(B.6) maxc- st. Az <b
x>0

With ¢ a vector of coefficients and A a matrix that holds in each row the coefficients
on a constraint. The dual of the problem is
(B.7) miny - b st. yA>c
y>0

The main results of interest are:

(1) Each primal variable (z) translates to a constraint in the dual problem. Each
primal constraint translates to a dual variable (y)

(2) The Duality Theorem: If z* and y* are optimal, y* - b = ¢ - z* whenever both
exist and are finite; and

(3) Complementary Slackness: y; is the Lagrange multiplier in the primal solution
for the constraint associated with the é-th row in A . If y7 = 0 then the constraint
associated with the i-th row in A does not bind when solving the primal.

(4) The Dual of the Dual is the primal. Therefore, the primal variables =} are the

Lagrange multipliers in the dual’s solution.
The linearity of the objective implies:

(1) If y¥ = 0 then the solution to problem B.6 is not changed if the constraint

associated with the i-th row in A is removed.

While this last result may not have a formal name, it is a combination of the Comple-
mentary Slackness result and the Fundamental Theorem of Linear Programming. See e.g.

the discussion in Vohra (2005) preceding theorem 4.10 (Complementary Slackness).

B.4. The Dual LDIC Dynamic Program - Detailed Derivation.
This section proves that the dual of the optimal contract problem subject to LDIC is
given by the LDIC dynamic dual (problem 3.4).

B.4.1. The Optimal Contract subject to LDIC.

For convenience, this section explicitly defines the optimal contract problem subject
only to LDIC. This problem is given in problem 2.12, with the FDIC replaced by the
relaxed LDIC. The dual variable to be associated with each constraint is given next to

the constraint.

(B.8) yiP — Jmex Y ohem [an (P —po) v — wpp]

s.t.

(
Vh QUn,sy —qnp <0 (M<hvs>)
(

Vh qpp —an(1=p) <0
Vh LDIC (A"
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The LDIC for history A is given by setting d = 0 in 2.11:

(B.9) —(p = po) wn + qnen
=R Y i nsy PWR H B D e o @ G
D 2k () PR — T 2ok () GRCh

FE D i thos) 90 O

1—
T e tn B O <0

B.4.2. The Dual Problem.
This section derives the dual of problem B.8 in standard form, using the simplifying
variables i" 7", defined in equations 3.6 and 3.7. To facilitate the proof, these are repeated

here:

3 3
i" = (p—po) Z A - Z s

and

o Z Poyi| 4 Z L= Do yn

1_
ib:ht<ﬁ,s> P ib:ht<fb7f> P
Recall also that " and r" may be written recursively using i® = r? = 0 and
(h,s) — ch _ p=Poxh . i(hf) — :h | P—Po \h
ihs) = ¢ pppo)\ AL —i—plfg’)\
ps) = ph g Bzh ) — gy Ipo g

Lemma 19. The dual to problem B.8 is

(B.10) min,, y)>o 10

s.t. VYh:
(B.11) A< — (1+4") (wage (wy)constraint)
(B.12)

p >0 (p—po)+ (1 —p) p™) 4 pulhs) — ey N 4 cpi — 51" (qp, constraint)

np>NFB — P =0 (stopping condition)
and subject to the definitions of i" and v given above.

Proof. The only primal constraint with a non zero right hand side is gy < 1. This es-
tablishes the objective. The stopping condition is a technical simplification. The original
problem limits attention to histories not longer than N2 and so there are no primal
constraints for any longer histories. By setting these dual variables to zero, we do not
have to specify a separate ¢ constraint to histories of length N5,

The wage and g, constraints are established in the next two steps.
1) The following steps establish the dual constraint associated with wj, (constraint
g
B.11):
(a) Rewrite constraint B.11 as:

(B.13) Vh: —(p—po) \"+pi" > —p

(b) For any h, the right hand side of B.13 is the coefficient on wy, in the objective
of B.8, —p, as required.
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(¢) To construct the left hand side, observe that wy, appears with a coefficient
— (p—po) in each LDIC (B.9) for h. The variable wy, also appears with a

coefficient p;p“p = (p — po) in all LDIC for h such that h = <i1, s> and with

a coefficient Z=%p in all LDIC for h such that h = <B, f> Summing up,

—p
the constraint is:

Yh = (p—po) A" = (p — po) A" +(p—po)17p Mlo> —p
hih= (h.s) hih= (R, f)
Collecting terms:
AR AP
Vh = (p—=po) \" +p- | (p—po) : - = >—p.
. - -Pp - > p
hih=(h,f) h:hi=(h,s)

Observe that the bracketed term is exactly i". Placing i" in the inequality
obtains B.13.

(2) The following steps establish the dual constraint associated with g, (constraint
B.12):

(a) Rewrite constraint B.12 as :
(B.14) ph — (1 —p) pF) — pushs) 4 ep A — il + 67" > v (p —po) -

(b) The variable ¢, appears in the objective of B.8 with coefficient v (p — po),
obtaining the right hand side.

(¢) In the primal constraints, g, appears in the three probability constraints
and in all the LDIC for histories that h follows. The probability constraints

generate the first terms in B.14:

(B.15) i — (1= p) () — s

(d) In the LDIC for history h, g, appears with a coefficient ¢;, . This generates

the term
(B.16) cp A\

(e) The variable gp, also appears twice in each of the LDIC for h such that h = h,
once as part of the continuation utility term (in either the second or third
row of B.9) and once as part of the future gains from shirking term (in either
the fourth or fifth row of B.9). The continuation utility term will determine
the coefficient on [. The shirking gains term will determine the coefficient
on r.

e In the continuation utility term in the LDIC for all histories that h
follows, the coefficient for M is the cost at history h multiplied by the

same coefficient as the wage: % ccp if b= <l~1, s> and —%ch if

h = <ﬁ, f> Summarizing and using the definition of i":

X X
(B.17) alp—po) || D |- X = o (—i")

1 _
h:hi= (b, f) p



DYNAMIC COSTS AND MORAL HAZARD 41

e In the shirking gains term in the LDIC for all histories that h follows,
the coefficient for A" is %0511—(1 if h = <i~z,s> and =05, _, if h =

1-p
<}~L, f>. Again the coefficients depend only on whether A follows a

success or failure in h . Summarizing and using the definition of r":

1—
(B.18) T L N N Vi (N L D DY B I

e (i) P\ b ()
Combining B.15,B.16,B.17 and B.18 obtains the left hand side of B.14. a

The following result will be used in what follows

Lemma 20. In the optimal solution to the dual problem B.10

p" = max [0, v(p—po)+ (1 —p) ™ + ™) — ey A + i — 5hr"}

Proof. By construction, " > 0. The lemma states that if z* > 0 then
’uh = (p _pO) + (1 _p) ’u(h,f) _~_pu(iz,s) _ Ch)\h + Chih _ (5h7"h
Suppose the statement is false.

(1) If u? violates the condition, decrease p? . This is feasible and decreases the
objective. Therefore, ,uw was not optimal.

(2) If any other history violates the condition, there must be an h that violates the
condition and that in all histories that precede h the condition holds. Decrease
" by €. As the constraint in the previous period binds, this allows decreasing
the previous history’s p by either € - p or € (1 — p). Continuing backwards, this
will decrease p?. This is a feasible decreases of the objective.

O
B.4.3. Dynamic Representation of the Dual.
Define the sub-problem
D (iL, l, T') = min(ﬂ}\)zo ,U,il
s.t.
h = , o=y
Vh = h:
\h p ch
(1) P (1—|—z ) (
2) A =v—po)+ (1—p)a"D +ppth) — e A+ cpih — 67 (
(3) plhas) = gh p;#;\h o gty = gh 4 %5\}’ (law of motion for 7)
(4) plhis) — ph + p?oj\h ; phf) — ph + 11—_p;;) j\h (

wage (wy,)constraint)

gnconstraint)

law of motion for )

Vh,n, > NFB . ph =0 (stopping condition)

Let (u, A, 4,7) be an optimal solution for the dual problem B.10. The next lemma
states that for any history iL7 p" must be the optimal solution to D (iz, i, rh). This is a
replication of the Principle of Optimality.
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To save on notation, define o as a triplet : o = (h,i,7) and let (s, Ay, io,75) be
the optimal solution for D (¢).?3 Let o (h) = (h, ih,rh) where (ih,rh) are given by the
optimal solution to the dual problem B.10.

Lemma 21. For every h , setting pu* = ug(h) LA = )\Z(h) obtains an optimal solution

to the dual problem B.10.

Proof. Let 0 = o (h) and consider the solution to problem D (o) .
(1) A feasAible sg)lution to problem D (o) is to set, for every history h = h: ug = ,ui’
and A" = A", Therefore, p < u".

(2) If p = p" the proof is done. The remainder of the proof shows that if u? < u”
then p" could not be optimal.

(3) For every history h = h , replace (uh, /\ﬁ,ih,rﬁ) in the solution to the full dual
h r§> I first show

lel

B.10 with those specified by the solution to D (o) — (uf}, )\f;‘,i
the replacement is feasible:
(a) For any history h = h , all the constraints in the dual B.10 are satisfied after
the replacement by construction.
(b) For the history just before h, suppose h = <fz, f > The reduction in p” is a

reduction in ,u<i”f ) , which relaxes the g-constraint in h. The same applies
if h = <iL, s>.
(c) For any other history h, neither iﬁ7rﬁ,u<ﬁ’s> or u<i”f> are affected by the
change. Therefore, the original solution is still feasible.
(4) We have obtained a feasible solution with the g-constraint slack at the history just

before h. It is clear that the new feasible solution did not increase the objective

ul

change allows decreasing ?, as in the proof of lemma 20: reduce y in the history

Moreover, if ;ﬁ > 0 for all histories between the first history and h , the

just before h (in which the ¢ constraint is slack, now reduce p in the history just

before, and so on until x?.

O

The dynamic dual problem is:

(B.19)
p(nir) —max |0, Mmze P L)+ (L=p)p(nt 1ilrd)
Y ’ +v (p — po) — Cn A+ Cpi — Opr
s.t.
A< L2 (1+i)
P —Po
PR it LU W S s D
p 1-p
17
rszr+p—0/\ ol =r4 oy
p l—p
p(NFE+14,r) =0

Let A\* (n,i,7) denote the set of maximizers of problem B.19 for a state (n,,r)

23Note that this is a vector specifying a value for each history. For example, ,u};l specifies the value
obtained for " in the problem D (o).
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Lemma. For every h let p A" be the solution to the dual problem B.10. Then p" =
i (nh,ih,rh) and \" € \* (nh,ih,rh). In particular, 1 (1,0,0) = pP.

Proof. Tt may be observed that the solution to problem (nh, i, rh) must be the solution
to problem D (o (h)). Therefore, the previous lemma provides the result. The proof
verifies that p (ny,i",7") = D (o (h)).

(1) The recursive definitions of 4 and r in problem B.19 are as in the definition of
problem D (o (h))

(2) The constraint A < —£- (1 + 1) in problem B.19 is identical to the wage constraint
in problem D (o (h)). Thus, A" is feasible in problem D (o (h)) iff X is feasible in
problem B.19 in state (n,i,7).

(3) I np = NFB 4+ 1, pu(np,i",r") = 0= D (o (h))

(4) Suppose that for every h such that ny>n+1,p (nﬁ7ih,rﬁ) =D (a (ﬁ)) and

consider h such that n;, = n.

(a) By step 2, in the solution for u(nh,ih,rh), it is always feasible to set
A= )\Z(h). By the induction assumption, the objective is now D (o (h)).
Therefore, p (np, ", r") < D (o (h))

(b) By step 2, in the solution for D (o (h)) it is always feasible to set A =
)\’;(h). By the induction assumption, the right hand side of the g-constraint
for history h in D (o (h)) is now exactly u (np,i",r"). As the objective of
D (o (h)) is to minimize p”, the constraint will bind. Therefore y (ng, ", ")
is an upper bound on D (o (h)): D (o (h)) < p (nn,i", r")

(c) Combining the last two steps obtains y (ny,i",7") = D (o (h)) for every h.

O
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B.5. Derivation of the FDIC Dual. This section derives the recursive dual of the
FDIC problem. Formally, it proves that VP = F (1,0,0) where VP is given in problem
2.12 and F'(n,I, R) is given in problem 4.10.

B.5.1. The Optimal Contract subject to FDIC.
The primal problem 2.12 is reproduced here for convenience, with the dual variable

given next to the associated primal constraint:

FD
s qz%%f(zo >new lan (p = po) v — wnp
s.t.
qn, <1 ,u(n
vh —gup <0 (hos)
Uh,s) = GhP = L

vh qnpy —an (1 =p) <0 p(hef)

Vh,d FDIC (2.11) Al

The FDIC is (2.11) is:
FDIC (2.11): (P — Po) wn + GhCh_d
b—Po p—po

i Zl_zt(h,s) pwy, + =, Zﬁt(h,s) 4p * Ch—d
+% Zﬁt(h,f) pwp, — % Zﬁt(’m‘) IhCh—d
+p;° Zﬁ;(h,g @, g
1—
T L) B O <0
B.5.2. The Dual FDIC in standard form.
This section derives the dual of problem 2.12 in standard form, using the simplifying
variables I", R® and A".
A, I, R are vectors for each history h. The control variables, A are the partial sums

of the dual variables for the FDIC, )\Z. For a detailed exposition see section 4.2. A" is

defined in equation 4.3:
(4.3) Al =)0
d=m

The state variables I, R are implicitly defined as

I"=RV=0
I(h,s) — Ih _ b — Do Ah I{h,f) — Ih + p 7p0Ah
p 1-p
R(hs) — gh 4 POpn R — Rh 4 1—po AB
p 1-p
The proof is clearer if I, R are given in explicit form:
A AL
(B.20) o= o) Y o Y S
- ~ . p p
h:h=(h,f) h:h=(h,s)
AR AR
B.21 h = _m 1— m
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Lemma 22. The dual problem for VP is

(B.22) minyn > u?
s.t., for every he H
The state variables B.20,B.21
MNe>0: A, — Al >0
The qn, dual constraint B.25
The wy, dual constraint B.23
stopping condition: np > NFB — ,uh =0

Proof. The only difference from the LDIC dual is in the wy, and ¢, constraints, which are

derived in the next two subsections O

B.5.3. Derivation of the wy, constraint.

Lemma. The constraint associated with wy, in the FDIC dual is

p

(B.23) Vh Af < (1+13)

Proof. The right hand side of each constraint is the coefficient on wy, in the objective of
VED: —p.

To construct the left hand side, observe that wy, appears with a coefficient — (p — pp) in
all the FDIC (2.11) for h. The variable wy, also appears with a coefficient p;%p =(p—1po)

in all FDIC for h such that h = <iL, 5> and with a coefficient %p in all FDIC for h
such that h > <iL, f>. Summing up:

(B.24)
Vh L [— (p —po) Nj — (p — po) (Zm

(h,s) Afﬁ) +(p—po) 15 (Eﬁzht@,ﬁ AE)}

—p.

IV Iy

Open the square brackets and factor out —p from the last two terms (as in the LDIC

derivation) to get

nh , Nh )\;z "h )\fz
—(p=po) Y_Ni+p(p—po) 1_dp - ?d > —p
d=0 h:h=(h,f) =0 h:h=(h,s) =0
Using the definition of A (4.3) for the summation over A\ obtains
Al Al
h 0 0
—(=po)Ag+p(P—rpo) || D — > Tz
hih= (R, f) hih=(h,s)

The definition of I (B.20) can now be applied as was i in the LDIC dual to obtain B.23 O

B.5.4. Derivation of the qn constraint.
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Lemma 23. The constraint associated with qp, in the FDIC dual is

(B.25)
ph = (1= p) pP) = pp™* + cp AG — enlf + o RY

- Z [6n—m (A%, = I%) + On—ms1 — Oh—m) Bl] > v (p—po)
m=1

Proof. The variable g, appears in the objective with coefficient v (p — pg). This obtains
the right hand side. The left hand side follows the same construction as for the LDIC,

with the additional step of summation by parts:

(1) g appears in the three probability constraints as in the LDIC problem. These
generate the first three terms in B.25:

(B26) Nh — (1 — p) H’<h’f> 7plu<h73>

(2) In all the FDIC for history h (i.e., for each d), g appears with a coefficient ¢j,_4

. This generates the term
np
Z Ch—d/\g .
d=0
To obtain the term in A, apply summation by parts:?*
Dodto Ch—aXg =
ChA(})L - Z:LTZL:I (Ch—m-i-l - Ch—m) Afn =
(B27> ChAg - Z:thzl 5h_m+1A£Ln
(3) The variable g, also appears twice in each of the FDIC for h,d such that h = h,
once as part of the continuation utility term (in either the second or third row of
2.11) and once as part of the future gains from shirking term (in either the fourth
or fifth row of 2.11). The continuation utility term will determine the coefficients
on I. The shirking gains term will determine the coefficients on R.

(a) In the continuation utility term in the FDIC for all histories that h follows,
the coefficient for A" is the current cost multiplied by EReifh = <l~z, s> and

byf% if h = <}~L, f> Summarizing these terms obtains the sum:

(B.28) Zio C%"" (p — po) [(Zﬁ;ht@,s) Ag) - 1%,) (Zﬁ:ht@,ﬁ /\Z”

By summation by parts:

np B Th 5 np Th -
h h h

E Ch—d * )‘d = Cp- E >‘d - E (Ch7d+1 - Ch*d) : E )‘d

d=0 d=0 m=d

d=1

~ nh‘ ~

h § : h

= ChA() — 5h+1fdAd
d=1

24This may be verified directly. Intuitively, this is the same as letting A be the derivative of A and § the

derivative of ¢. Then
/ Ct>\t dt = A Cnh — / 6t/\tdt
0 0



(B.29)

(B.30)

(B.31)
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Thus, rewrite B.28:

AR AR
(p—po) - cn [(quht@,s) ;) - (Zﬁ:ht@,ﬂ ”ﬂ
nos AR Al
= (p=p0) Znmr Ontrom | Xinm (hs) 7 | = \ Zhenm (o) =5 ) | -
As should be expected, the terms in the square brackets are the incentive

costs 1. Using the definition of I" in (B.20) to replace the internal sum-

mations, the continuation utility term becomes

npy
—en Il + Z Sh—ma11

m=1

(b) In the information rents terms in each FDIC constraint (the last two rows

in 2.11), the coefficient for )\Z‘ is %O&L_d if h = <ﬁ,s> and lliz;f’dh_d if

h = <B, f > Again the coefficients depend only on whether h follows a

success or failure in A . Adding up all the relevant terms obtains:

Zh(shfd % Z )\ZL +11—_]90 Z AZL
d=0

iz:h§<}~17s> b h?ht<h;f>

Summation by parts implies:

MNh 5 MNh 5 MNh MNh _
Z Shea- N = 4 Z PUR Z (Oh—d+1 — On—d) - <Z AZ) .
d=0 d=0 m—d

d=1

nhp

AL — 3" (Onas1 — On-a) - Al

d=1

Thus, rewrite B.30 as:

Sn (%“ (Zﬁ;h5<a75> Aé’) + T (Z}}:ht(ﬁ,f) Af}))

+2 421 (On—dv1 = On—a) (%“ (Zﬁzht@,s} Afi) + T <Zfl:ht<ﬁ,f> AE))

Applying the definition of R in B.21 obtains the “information rent” term:

Th

SnRh — Z (Oh—m+1 — On—m) R

m=1

Combine B.15 , B.27, B.29 and B.31 to obtain the dual constraint for ¢, B.25. O

B.5.5. Recursive Formulation for the FDIC.
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For convenience, the recursive formulation from the text is reproduced here:

F(n,I,R) = max O,minF(n,[,R,A)
A>0
s.t.
F(n,I,R,A) = pF(n+1,I°,R")
+(1=p)F(n+1,1I7,RY)
+f(n,I,R,A)
s.t.
Ao < —F— (14 1)
P — Do
Am*Am—i-lZO
g PTPoy o g BP0y
P 1—p
]__
RS:R+‘%A ;R =R+ T

With
f(naIaR7A) = ’U(pfpo)fcn(Aoflo)*(;nRo

+ Z [6n—m (Am - Im) + (5n—m+1 - 6n—m) Rm]
m=1

Lemma 24. For every h, u* = F (nh,Ih7Rh). In particular,u® = F (1,0,0).

Proof. The proof is a step by step repetition of the proof in section B.4.3, with the
variables renamed. I note here the main steps:
(1) The definition of I"and R" (equations B.20 and B.21) are consistent with the law
of motion for the state variables given in the definition of F (n, I, R)
(2) The ¢ constraint in the dual B.22 binds whenever p" > 0.
(3) The application of the Principle of Optimality is as in the proof for the LDIC.

O
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B.6. Proof for Lemma 5.

Lemma 25. p(n,i,r) is continuous and convex in (i,7). fi (n,i,r,\) is continuous and

convez in X for every i,r. The optimal A is continuous in i and r.

Proof. Separately for each claim.

(1) For p(n,i,r):
(a) In any last period, u (n,,r) is linear and thus continuous and convex.
(b) Assume that p(n + 1,4,r) is continuous and convex. As the positive sum of
three continuous and convex functions is continuous and convex, for every A,
V (n,i,r,A) is convex in (i,7). As the feasible set is convex and the objective
is to minimize a convex function, p (n,,r) is continuous and convex.
(2) For fi(n,i,r,A), the period return is linear in A and so it is sufficient to show that

the continuation is convex in A. I show this for the continuation after success —

P
failure. As the sum of convex functions is convex, this completes the proof. Let \!

i <n +1,0— BEEROXN p+ %0)\) . The same proof applies for the continuation after

and A\? be feasible solutions. Then by convexity of u (n + 1,4, 7) for any a € (0, 1):
ap (n—i—Li— %Al,r—i— %0)\1) +(1—a),u(n+1,i— %)\Q,T—&—%V) <
u(nﬂ,a(p%») r(1-a) (F%v) ,oz(rJr%’)\l) Y (1-a) (w%oxz)) _
u(n—i—l,i—%(04)\1+(1—a))\2),r+%’(a)\1+(1—a)/\2))

(3) Given the previous result, the optimal ) is either unique or an interval. Continuity

is a standard result (see e.g. Stokey-Lucas).

d

B.7. Proof for Lemma 9: y(n,i,7) decreases in i,r.

Proof. 1 first show the result for  and then for .

e For 7:
— In any last period if p(n,i,7) > 0, p, = =6, < 0.
— Suppose p (n + 1,4, 7) weakly decreases in r . Let A* be optimal at the state
(n,i,7). As the constraint is not affected by r, A* is feasible for (n,i,r + ).

Therefore

wln,i,r+e) < pu <n+17ip_p0)\*,r+5+po)\*>
p p

_ 1—
-l-(l—p)u(n—!—l,i—pl po/\*,r+e+—1 po)\*)

+v(p—po) — Nen +icy, — 1o, — by,
< u(n,i,r)

Therefore, for whenever u (n,i,7) > 0, u strictly decreases in r .

e For i:

— In any last period, if u(n,i,7) >0, u; = —pf;o ¢, <0

— Suppose p (n+ 1,i,7) weakly decreases in ¢ . Let A\* be optimal at the state

(n,i,7). Then A* + L is feasible for (n,i+¢,r). Therefore
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) . 1 _ P=Po yx _ Po y\* _Po
pni+er) < pop(n+1ide— BN o+ BAT 4ot

F (=) (Lo BN 4 (Roe 4 IR0 o)

U(p*po)*cn</\*+€ﬁfifs)fr%

IN

. ; _ DP—Po yx Po y*
pu<n+1,z po/\,r+p“)\>
(L =p) g (n L BN A2 )
D
v(p—po) —cn (A—l—&-p_(;oe)—i—rén

Do
P—Po

= /L(TL,Z,T) — Cn€

The second inequality removes the added e terms on ¥ and ¥ as they are positive and

so increase the function by the result on r and the induction assumption. O

B.8. Contract After Payment.

Lemma. 12 In the optimal contract, if the agent is paid for success in history h, then
starting in history (h, s) the contract is fized to N (r). All remaining LDIC bind and the

agent is paid % for each additional success.
N(r)=maxn: v(p—py)—cn—76,>0

Proof. The discussion in the text show that after a payment, A = 0 and the period profit
is 7 (n,r) as in equation (5.1). As both ¢,, and §,, are increasing, eventually period profit
will become negative and production will stop. It therefore remains to show that the
principal does not gain by randomizing in any last period. As 7 (n,r) is independent of
any new outcomes, this is always true. To see this, write the dual for the last two periods

in explicit form:

min Kh
HhysH(h,s)sH(n,f)
s.t.
Kb — Dl(h,s)y — K(nfy 2T (n,7)
[i(hs) >n(n+1,r)
Han ) zm(n+1r)

With 7 (n,7) > 0 and 7 (n,r + 1) < 0. The primal is simply

max g (n,7) + (qn,s) + qnpy) ™ (n,r + 1)

s.t.
qn <1
Q(h,s) < PGh
anpy <1 =p)an

It is immediate that if 7 (n,7 +1) < 0 the optimal solution sets g,y = 0 and as

7 (n,r) > 0, an optimal solution is to set g, =1 . O
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B.9. Sufficiency of Local Deviations. The proof will use the following lemmas:
Lemma 26. F (n,I,R) is convex in (I, R). F (n,I,R,A) is convex in A for every I, R.
Proof. The proof is identical to the proof of lemma 5 O
Lemma 27. F (n,I,R) decreases in Ry and increases in Ry, for any m >0

Proof. By 6, increasing, the same proof (backward induction) as in the LDIC case applies,

with the natural extension to R,,. See section B.7. O
Theorem. Any optimal contract subject to LDIC is an optimal contract.

Proof. By corollary 3 , it is sufficient to show that in the solution of the dual FDIC (i.e.
problem 4.10 starting from F'(1,0,0)), A,, = 0 for every m > 0 at every state.

The objective in each state is to minimize F' (-). Each A,, has three effects on F (-) —
the period return f (), the law of motion for I and the law of motion for R. The proof
considers each of these separately and shows that for any m > 0, F' (-) increases through
each of these effects and thus the optimal A,, is the lowest possible: A,, = 0.

For this, consider a relaxed problem that allows, for every m > 0 to choose separately
AL AT (all non-negative) such that AP, affects the period return term f(-), AL

affects the law of motion for I , and AZ affects the law of motion for R. Moreover, the

AL
constraints A,, > A,,+1 are ignored. The proof will show that the optimal solution sets
AP, = Al = AR = (. Thus, in the original problem F (-), it must be that the optimal
solution is A,,, = 0.

We first establish that for any m > 0, it is optimal to set AP, = AR =0 . Recall that

all the A variables are chosen to minimize F' (-). Then:

e AP only appears in f () with a positive coefficient as for all n, é,, > 0. Therefore,
the only effect of a reduction in AP for m > 0 is a decrease in f (-) . As setting
AP =0 is feasible it must be optimal.

e A only appears in the law of motion for R,,. Moreover, both RS and R}
increase with AZ. By lemma 27 above, F' (n + 1, -) is increasing in R,, for m > 0.

Thus, AZ = 0 is feasible and optimal.

It remains to consider AZ . As the purpose of the analysis is to show that Al = 0 for
all m > 0, let A be the vector (A{,Aé, ...,AfH_l) and I be the vector (Iy,...,I,) so that
Ay, = AL and similarly 1,,, = I,,,.

By the law of motion for R, if AZ = 0 at all states then in all states along the optimal
solution R, = 0. Define the implied problem G (n, Iy, Ro,I) derived by removing from
F () all elements that are known to be zero (R,,, A?, and A for m > 0) and using the
definition of I and A as above. As we will use monotone comparative static results, the
existing results will be more familiar for maximizing —F' (-) instead of minimizing F (-).
Thus, the problem is:

G(n,IO,RO,T) = min |0, max G’(n,IO,RO,T,AO,X)
Ao>0,A>0
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With
é(n7107R0a7aA0aK) = pG <n+17IOS?R87TS>

+(1—p)G(n+1,Ig,Rg,Tf)
Np

—v (p - pO) + Cn (AO - IO) + 5nR0 + Z §n7m7m

m=1
s.t.
p
P —Po
=1 — P —DPo

Ap < (1+ o)

oo =T+ A

R S A N b Y

p I—-p
1_
Ry=Ro+2A¢ ;  Rf=Ro+—,
p I—p

It remains to show that in the solution to G/ (1,0,0,0), A = 0 is optimal for all feasible
states. Observe that in any last period N¥Z | the optimal solution sets Ay = —2— (1 + I).

pP—Ppo
Therefore
(B.32) G (N8 Ly, Ry, L) =
min [0, —v(p—po)+ pf(;o cyFB + pf[;o cyrFeLg + ZZ:?_l SNFB i1 Lm + (5nR0]

The following preliminary results will be used in the proof.

Lemma 28. G (n, Iy, Ry, T) and G (n, Iy, Ro, 1, Ay, K) are increasing continuous and con-

cave in Iy, Ry and I,, for any m. G (n,Io, Ry, 1, AO,K) is concave in Ao, A.

Proof. As F (n,-) and E (n,-) are convex and continuous in all their arguments for every
n, G (n,-) and G (n,-) are concave and continuous in all their arguments.

To prove the remaining claims it is sufficient to prove that in any last period G (N*'5, Iy, Ry, I)
is increasing inly, Ro,] and that backward induction implies G (n, 1o, Ro, I, Ao, A) is in-
creasing in Iy, Ry, I. The last period result is observable in equation B.32. The backward
induction step:

(1) For Ry (and I,,): For any n, suppose that G (n + 1, -) increases in Ry (and I,,).
Then starting with a higher Ry (and I,,,) does not affect any constraint but for
any (AO,K) this increases both the period return and the continuation values
(R*, Rf I jf). Thus, the proof is complete for Ry and I.

(2) For Iy : For any n, suppose that G (n+ 1,-) increases in Iy and Ry. Let A[‘;,K*

be optimal for Iy. For any € > 0 increase in Iy , it is feasible to increase Af by
p Po

P—Po P—Po ;

that all the state variables weakly increase. The continuation states [ °T' are

3

> ¢. The period return increases by & ¢n. Thus, it remains to show

unaffected as A" did not change. The continuation R*, Rf increase as they both
increase with Ag. Ig increases with Iy and with Ay. Finally, the effect on Ij is

exactly zero for any e:

I = Io+€—A3p_pO—€ b P—Po
b—=po P

_ Io—Aép_pO
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O

Given the concavity result in the previous lemma, it is sufficient to evaluate the first
order effect on G (n,-) of any possible marginal increase in A starting from A = 0 to
determine whether A = 0 is the optimal solution for G (n, -).

For this, define G+ (n,-) as the positive gradient of G (n7 Iy, Roj) along any direction
A. That is

T 1,Io, Ry, I + o) — 1,1y, Ry, T
GX+ (n,IO,R()’I): hm G(n+ 5 OvRO; + « ) G(TL+ R OaRO; )

a—0,a>0 (6]

Define G- (n, ) as the negative gradient along direction A (the standard definition given
Gx+ (77/7 '))

For any Ay, let
R _ G (n+1,1y,Ro, I, Ao, aA) — G (n+ 1,1y, Ry, I, Ao, 0
G+ (1,10, Ro, 1,A0,0) = lim ( 0. o, T, Ao, o) — G ( 0. R0, T, 40,0) .

a—0,a>0 o

A sufficient condition for A = 0 to be optimal is that, for any Ag > 0

G (n7107R0777A0;0) SO

K+
Given the definitions of G+ (n,-) and Gx- (n, ) :
Gt (n,Io, Ro, T, A0, 0) = (p — po) (GL+ (n+1 1 R! T) — G- (41,15, R T)) :
A 9 9 ] ) A y 40 0> A y L0 0>

As p > pg, it remains to show that for any n and (AO,K) non-negative:

(B.33) Gy (n I BYT) < Gy (015, B3, T)

As G (n,) is concave in (Iy, Ro, I), Gx+ (n,+) and Gx- (n,-) exist everywhere and for
any Iy, Ry:
(B34) GKJF (’I’L, IO) ROaT) < GK* <n7 107R0a7) .

Thus, a sufficient condition for B.33 is
(B.35) Gyt (n,zg BRI j) < Gy+ (n, I3, Ry, T)

at Ag = 04/ =% and R®* = R/ and thus condition B.35 trivially holds.

For any Ay > 0, recall that Ig > I§ and Rg > R§. Thus it is sufficient to show that
as Iy and Ry increase GK+ (n, I, RO,T) decrease. This is equivalent to the requirement
that G (n, IO,RO,D is supermodular in (ffojm) and in (ng,Tm) for every m. The
next result therefore concludes the proof.

Lemma 29. G (n, IO,RO,T) s supermodular in (ffojm) and in (fRO,Tm) for every
m.
Proof. By backward induction.

e In any last period N¥B, the optimal solution sets Ag = ﬁ (1+ Ip). Therefore
(B.36) G (NTB Ly, Ry, L) =

2o L NTE-Ls Ton + 00R
po CNFB 0+ D me1 NFB _my1Lm + 0nlip

p—

Po
pP—Po

min [O, —v(p—po)+ cyFB +

aG(N*¥E,.)

(1) If G (NFP,-) <0 then — = ONFE_pmi1 > 0.
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FB .
(2) As Iy or Ry increases, eventually G (NF5,.) = 0 and %
AG(NTE .
26) — o, ) )
(3) Therefore, for every I,,, G (NFB,IO,RO,I) is supermodular in (fIO,Im)

and in (—Rojm) for every m.

decreases

to

Suppose that G (n + 1, In, Ry, I) is supermodular in (—Io, I,) and in (—Ry, I,,,) for every
m.

For any Ag, A, G (n + 1,I§,R8,78> and G (n + 1,Ig,R£,7f) are also supermodular
as required.

All remaining parts of the objective of G (n, 1o, Ro, I, Ao, A) are linear in all variables.

Therefore, for any (AO,K)7 the objective of G (n7 I, Ry, 1, A(),K) is supermodular as
required.

As the feasible set is a sub-lattice, supermodularity is preserved under maximization
(see section B.9.1 below for details). Therefore, max(y, ) G (n,Io, Ro, I, Ao, A) is super-
modular in (—Iojm) and in (—Ro,fm) for every m.

It remains to show that G (n, Iy, Roj) = min [O, max, -« G (n, Iy, Ry, 1, AO,K)] is su-
permodular in (—IO,Tm) and in (—RO, Tm) for every m. Lemma 31 shows that, given the
supermodularity result for G (+), it is sufficient to show that max, x G (n, Iy, Ry, 1, Ao, K)

is increasing in Iy, Ry and I,, for any m. This was proved in lemma 28. |
O

B.9.1. Monotone Comparative Static Results.
The result used in the proof is an application of Theorem 2.7.6 in Topkis (1998). I

repeat the relevant construction here.
e Forany y € Y C R" and X C R™, let X (y) C X denote a subset of X for each
Yy

e For any z, z e R™, let Az denote the meet (pairwise minimum) of z and z and
V denote the join (pairwise maximum).

e The space X (y) x Y is a sub-lattice iff for any z € X (y) and 2 € X (y,),
zAhz € X(y/\y/> and zVz € X (y\/y,

e For f(x,y): X xY — R suppose that X (y) x Y is a sub-lattice and let h (y) =

max,cx(y) f (z,y). Then if f (x,y) is supermodular in y;,y; , so is h (y).

Note that the commonly used result is simpler as it assumes the feasible set does not

depend on y.

Lemma 30. The set of A and I such that A is feasible for I in F (-) or G (-) defined

above is a sub-lattice.

Proof. The statement is equivalent to the following: For every two pairs I, A and [ A
such that in problem F (n,-), A is feasible for I and A’ is feasible for I', it must be that
AN A is feasible for AT and AV A is feasible for IV I .

This may be verified directly, and is also worked out in part (d) of example 2.6.2 in
Topkis (1998) as all constraints are of the form z; — z; < b. O

Lemma 31. Suppose z (z) : R" — R is increasing and continuous in x;,x; and super-

modular in (—xz;,x;) . Then min [0, z (x)] is supermodular in (—x;, x;)
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Proof. By standard monotone comparative static results, it is sufficient to consider the
two variable function z (z;, ;). For every :c; > x; and x; > x; , the lemma’s assumption
is that

z (mi,x;) —z(x5,x5) > 2 (oc;7x;) -z (:U;,:vj)
We need to show that the inequality is preserved under application of the min operator

for each element:
(B.37) min [O, z (a:,,a:;ﬂ —min [0, z (z;, ;)] > min [O, z (x;,x;)] — min [0, z (x;,x])]
Consider each possible case separately:

(1) If z (x;,2;) > 0 then by z() increasing, all min operators bind and both sides of
B.37 are zero.

(2) If 2 (m;, .73;) < 0 then by z () increasing all min operators are redundant and the
inequality holds by assumption.

(3) If = (x/» z

2]
Z; € (:Cj,.f(};») such that z (:v;, :%j) =0 = min [07 z (33;,33;)} and so

’ ’ ’ ’ ’
z (xi,xj) -z (xi7xj) = min {O,Z (xi,xj)} -z (mi,xj) .
’ ! ’ ’ ~ ’
z (xi,xj) -z (a:l-,a:j) >z (xi,xj) -z (xi,xj)

Therefore, by assumption
z (a:z,x;> —z (x5, z5) > 2 (iz,x;) —z (x;,xj) = min [O,Z (:v;,x;ﬂ —z (x;,x]) .

(4) If only 2 (x;, x;) and z (mi, z

J

) is the only non-negative number, by z () increasing there is some

) are positive then B.37 is the same as

z (x;,xj) > z (2, x5)
which holds as z (z;,x;) is increasing in ;.
(5) If only 2 (.T;, T

’

J) and z (x;, xj> are positive the B.37 is the same as

z (Jc“x;) >z (x4, 25)
which holds as z (x;, ;) is increasing in ;.
6) If z (x;,x;> , 2 (x;7xj) and z (xz,x;) are positive than B.37 is the same as
z (x;, ;) < 0 which holds by assumption.
O

B.10. Discounting.

Suppose the principal and agent discount the future by a factor 8 € (0, 1). Discounting
requires some technical adjustments — accounting for the right value of future utility and
shirking gains, and allows the principal to punish the agent by delaying work. I first
consider the required technical adjustments. Suppose the contract is still limited to
stopping contracts — the principal is not allowed to “pause” work. Then we can adjust
the definition of g from (2.1) to

(B.38) Unys) = B qn P sy
Qnpy = B-an-(1—=p)-app-
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The discount factor has two effects on the remaining analysis.

First, in the primal probability constraints, g is multiplied by 8. The technical impli-
cation for the dual is simple: in the objective for V (n), the continuation values V' (n + 1, -)
are multiplied by the discount factor. As V' (n,i,r) is concave, it is clear that the optimal
contract never delays work (asks the agent not to work for a period and then work in
the next period). As both the agent and principal are risk neutral and have the same
discount factor, this is equivalent to increasing the probability of termination in a period.

As the latter is never optimal without discounting, so is the former.

Corollary 9. If the principal and the agent have a common discount factor B € (0,1),

the optimal contract is still a finite stopping contract.

Second, the derivation of the wage contract for a fixed plan in lemma 3 used the
relevant part of the primal problem assuming ¢, = 1. This must be updated to account

for the discounting as ¢, = ™. The resulting problem is

N(r) _
maxy, ), =B pwn

s.t.
(P —po) Wn(r) = CN(r)
Vny € {ng,... N(r) =1} (p—po)n>cn+ Zf’b\[:(:l)l-‘rl B (ep — Cp1)

It is immediate that all constraints still bind. Standard calculations obtain the wage for

a fixed contract with discount factor 5.

Lemma 32. If the principal and agent have a common discount factor 5 € (0,1), then
the optimal contract after payment is fixed through N (r), where N (r) is determined as

i lemma 12 and the wage is given by:

_ SN
Whey = P—Dpo
Cn
W, = ﬂWn—&-l‘F(l_/B)p_pO

APPENDIX C. THE PRIMAL RECURSIVE FORMULATION

This appendix provides a recursive formulation for the primal LDIC problem. The
methodology is a relatively straightforward combination of the formulation developed
in Fernandes and Phelan (2000) for contracts with dynamic private information and the
formulation developed in Clementi and Hopenhayn (2006) for dynamic moral hazard with
limited liability. Thus, the exposition is minimal except where deviating from previous

work. In Fernandes and Phelan (2000), the state variables are :

(1) The expected continuation utility promised to an agent that complied so far and
will continue to comply in the future; and
(2) The expected continuation utility promised to an agent that shirked once in the

past and will continue to comply in the future.

In the notation used here, the first is U (h,0) and the second is U (h,1). The only
difference in the formulation below will be that instead of U (h, 1), I let the second state
be the utility difference from one previous shirk that is promised to an agent that will

comply in the future:
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Definition 9. The past shirking gain at history h, is:

D (h) =U (h,1) — U (h,0)

This change is required as properties of the problem are easier to prove using D (h) as
the second state variable rather than U (h,1).

Let V (n,U, D) be the maximum expected continuation profit to the principal from a
locally incentive compatible contract that provides the agent U (resp. U + D ) expected
continuation utility if he complied (resp. shirked once) so far and will continue to comply
in the future. Let S (n,U, D) be the maximum expected continuation surplus subject to
the same qualifications. As surplus is the sum of profits and utility, the following relation
is standard:

V (n,U,D)=S5(nUD)-U

The tuple (n,U, D) is the state of the primal dynamic program.

As U is a constant in any state, the problem of maximizing V (-) is equivalent to the
problem of maximizing S (-). Suppose the agent is asked to work in a history h, described
by the state (n,U, D) . Let W denote the wage paid for success at the state. Then the
optimal contract must specify the wage and continuation utilities UY = U ((h,y)) and
DY = D ((h,y)) that satisfy local incentive compatibility. Applying the LDIC 2.7, this is:

(C.1) (p—po) (W+U* —U') > ¢, +poD* + (1 —po) D7 .

The extra payoff to the agent from success must be larger than the current cost of effort,
Cn, plus the expected gains from shirking. At any state, the continuation utilities must
satisfy regeneration constraints — the expected continuation utility must equal U and the

expected gains from one previous shirk must equal D:
(C.2) pW4+UHN+A-p U —¢, = U
(C.3) pD*+(1—-p)Df +45, = D

The first equation is standard. The second equation follows from the observation that
if the agent works today, his gain today from a previous shirk is §,. The expected
continuation gain is today’s gain plus the future gains.

I now formulate the work-stop problem using the same methodology as in Clementi
and Hopenhayn (2006). Let S (n,U, D) be the maximum expected continuation surplus
from an LDIC contract starting at the state (n, U, D) given that the agent was asked to

work at the current period. Then

(C.4}§ (n,U,D) =maxws>o,uv,pv (P—Do)V—cn
+pS (n+1,U%,D*) + (1 —p) S (n+1,U’, DY)
subject to C.1,C.2,C.3

Condition C.3 implies that problem C.4 has a solution only if the allowed gains from
past shirking are at least the cost difference in the current period, D > §,. Conditions
C.1 and C.2 together imply that problem C.4 has a solution only if the agent’s expected

continuation utility is at least the static utility from working in the current period, u,, =
Cn

pP—po’ R
At the start of history h, the contract may be terminated with probability «p . Let U

DPo

and D for z € {0,1} denote the continuation utilities if the agent is asked to work. By
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lemma 1 there is an optimal contract that terminates and does not pay the agent if he is

not asked to work. Therefore the choice of a is determined by the following:

(C.5) S(n,U,D) =max,cq7,p oS (n,fﬂﬁ)
subject to aU =U
aD =D
T > up,
D >34,

Problem C.5 simplifies to

A D
S(n,U,D) =maxy,>o S (n, g, )
= a’ o

. D U
s.t. a<min |1, —, —

75n Unp
The following proposition summarizes the basic properties of the optimal contract. The

proof is standard and omitted.

Proposition 1. The optimal contract solves the recursive problem
(Urg%éoé(l,U,D) —U.
The solution has the following features:
(1) S(n,U,D) and S (n,U, D) are weakly increasing and concave in U, D
(2) U*>U’ >0, D*>0, D/ >0.

It is possible to describe further the optimal contract using the primal formulation.
However, any further description would require more involved arguments and eventually
be inferior to the results obtained in the next section using the dual analysis. There are
two main reasons for this. First, the space of possible states (n, U, D) is much larger than
the set of states that can occur on equilibrium. While this will also happen in the dual,
the additional states in the primal weaken the analysis more. Second, the interaction
between the U and D state variables, %, and the effect of the state variables on
the resulting continuation values UY, DY cannot be signed.?® Both of these are critical to
prove that a success in the current period implies more expected work in the future (the
equivalent of proposition 7 in Clementi and Hopenhayn (2006)), which in turn is required
to prove that the optimal LDIC contract is IC.

APPENDIX D. AGGREGATION MODEL

Suppose the principal only observes the aggregate outcome after N¥'Z periods. This
section outlines the implications for the model. It is clear that the wage scheme can
only depend on the number of outcomes. I state without proof that this constrains the
contract enough to imply that LDIC are sufficient for IC.

Let wy, denote the extra wage for a success in a period h. Then if the agent is supposed

to work also at (h, f), wn = wy,py. If the agent will not be asked to work at (h, f),

25For example, an increase in D keeping U fixed implies, by the LDIC, that U*® is increased and U is
decreased. However, an increase in U implies, by concavity, an increase in both U® and Uf. Therefore,
it is impossible to apply arguments similar to those used in propositions 4-7 in Clementi and Hopenhayn
(2006).
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win,py = 0 and requiring wy > wp py does not constrain the contract. As the optimal

contract minimizes wages, I can relax the constraint wy = w, ) to20
Wh Z Win,f) -

The model uses wy, = wpqn. We assume that g 5y € {(1 —p)qn,0} and so whenever

qn, 1y 7 0, the constraint may be written as

Wh o Wih.f) Wn, f)

a — Qg qn(1—p)
Multiplying by g5 obtains the following additional set of constraints to the linear problem:
Vh wy (1 —p) > Wih, 1)

Call this the aggregation constraint. To obtain the constraint in the most similar form to

the wage constraints, multiply it by (p — po) and collect sides:

Vi (p—po) (wen gy —wn (1—p)) <0.

Let ¢" be the multiplier on the aggregation constraint in which wj; appears with
coefficient (p — po) (1 — p).

For any history h, let ¢~ denote the value of ¢ in the previous period. Recall that the
dual wage constraint is multiplied by (—1). The aggregation constraint adds to the wage

constraint of every period that follows a failure the term :

(p—po) (—¢~ +(1—p)o") ,

and to every period that follows a success the term

(p—po) (1 —p)o" .

It can be shown that in this setting any LDIC contract is IC — the payment for success
cannot depend on the period in which the effort was exerted and so the agent has no
informational gain from shirking. Then amend the LDIC problem 3.4 to account for the

added constraint by adding the state variable f (for “fixed” wage):

w(n, f,i,7) = InaX[O,iggbu(an,ur,Aﬂ
s.t.

i(n, foi,r N = pp (n+1,o,i—p_p°x,r+ep°x)
p p

— 1 —
%(1Mu<n+L¢J+Z)]%Ar+0‘mA>
I—-p I—p

U(p_pO)_/\Cn+i'cn_T5n

p
P —DPo

Paying a higher wage today increases the feasible wage tomorrow. As a result, the only

A+(l-p)o< (I+i)+f

effect of ¢ is an increase in the f after failure. As f only relaxes the wage constraint,
it is immediate that puy < 0. Thus ¢ is set to the highest possible value and the wage

constraint binds in all periods — every success earns the agent a direct increase in pay.

2614 ig possible to verify later that indeed in the optimal solution this will bind when Qn,py = 1.



