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In many industries, firms consider the option of outsourcingan important service process associated with the goods or

services they bring to the market. Often, competing firms outsource this service process to one or more common service

suppliers. When they outsource to a common service provider, this gives rise to a service supply chain. We develop

analytical models to characterize the benefits and disadvantages of outsourcing in service industries in which the retailers

compete with each other in terms of the price they charge and/or the waiting time expectations and standards which they

adopt and sometimes advertise. We show that the benefits of outsourcing are affected by the supplier’s ability to exploit

the benefits of service pooling as well as differences in the cost rates themselves.

1. Introduction

In many industries, firms consider the option of outsourcingan important service process associated with

the goods or services they bring to the market. Often, competing firms outsource this service process to one

of more common service suppliers. For example, internet retailers such as Amazon, Barnes and Noble and

other book distributers use common carriers to deliver the merchandise to their customers. After-sales sup-

port and maintenance services of appliances and electronicequipment are often outsourced by competing

firms to a common maintenance or repair service provider. Thesame applies to (part of) the technical sup-

port function of software vendors. For make-to-order consumer goods, the potentially outsourced service

process may refer to the final production or assembly stage ofthe product itself. Japanese automobile manu-

facturers, for example, have adopted make-to-order assembly systems to cut inventory costs for themselves

and their dealers, and to reduce the need for rebates for slowselling vehicles.

The outsourced service process is often of critical strategic importance to the competing firms, as the

above examples indicate: internet book distributers differentiate themselves to a large extent in terms of the

1
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delivery time guarantees or expectations they are specifying to their customers ( along with price advan-

tages.) In many industries, the product itself becomes increasingly commoditized and firms differentiate

themselves in terms of the quality of the after-sales service they provide, even though maintenance, repair

and technical support functions may fail to be part of the firms’ core competency and, as a consequence,

are often outsourced. A recent survey by AMR, (see Bijesse etal. (2002)) estimates that after-sales services

represent, on average, 24% of the revenues and no less than 45% of the profits earned by consumer goods

merchandisers. Dennis and Kambil (2003) and Wise and Baumgartner (1999) report similar results for a

large verity of industries. (see also Cohen et al. (2006).) The attractiveness of the after-sales service process

is, once again, often determined by the waiting time customers experience before their problem is solved,

along with the price they pay for their service contract. Finally, in the automobile industry, customer wait-

ing times become an increasingly important component of thefirms’ competitive strategies, along with the

purchasing price of the automobile itself, in particular now that the quality gap between Japanese manufac-

turers and their American and European competitors has shrunk significantly. For example, Toyota’s goal is

to reduce the average waiting time between dealer order and delivery to fourteen days; see e.g. Fay (2004).

In this paper, we develop analytical models to characterizethe benefits and disadvantages of outsourcing

in service industries in which the retailers compete with each other in terms of the price they charge and/or

the waiting time expectations and standards which they adopt and sometime advertise. When some or all

of the firms outsource the service process to a common serviceprovider, this gives rise to aservice supply

chain. The competing retailers may represent independent companies or divisions of the same corporation.

Staying with the example of the automobile industry, we haveobserved that most domestic, European and

Japanese manufacturers have chosen to “bring the market into the firm” by creating separate and competing

divisions with broad managerial autonomy. Perhaps surprisingly, different divisions often sell similar cars

with identical chassis and engines, often produced-to-order in a common plant. An example is Toyota which

sells, the Sienna and Lexus Rx-30, with identical chassis and engines, via two independent divisions, which

”outsource” the assembly process to common plants in West Virginia and Canada0. Several papers in the

0 Baye et al. (1996) document similar practices in the mid nineties among the big three domestic manufacturers: ”For example,
General Motors produced the LeSabre (Buick Motor Division)and the Olds 88 (Oldsmobile Division) which, while differing in
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economic literature provide theoretical frameworks to characterize the benefits of divisionalization, see e.g.

Baye et al. (1996), Baker et al. (2001) and the references therein.

In the general strategy literature, several reasons are mentioned as to why firms may benefit from out-

sourcing: first, the service provider to whom the service process is outsourced, may enjoy lower operating

cost rates, as the service process representshis core competency rather than that of the service retailers. A

second explanation relates to possibleeconomies of scaleandeconomies of scope. The former consist of

reduced per unit costs as the customer volume increases while the latter points at the benefits of pooling

demand streams into a common service facility. Benson and Ieoronimo (1996) and Lacity and Hirschheim

(1993), for example, identify cost efficiencies as the principle factor driving outsourcing decisions for main-

tenance functions and information systems, respectively.Gupta and Zhender (1994) emphasize economies

of scale in the cost structure as a prime reason why outsourcing is often beneficial.

To assess the benefits of outsourcing strategies, we need to address the following questions:

(I) When are firms better off if all of them choose to outsource rather than perform the service in-house?

Given a unique equilibrium under in-house service, the firms’ profits are unambiguously specified. Under

outsourcing, these depend on (i) what fractione ≤ 1 of first best aggregate performance the service chain

achieves, and (ii) what (minimum) participation profitsP the outside service provider demands. For the

sake of brevity and simplicity only, we present all of our results wheree = 1 andP = 0, thus portraying

the outsourcing option in the best possible light. (In§7, we show that first best performance can indeed be

achieved by a decentralized service chain, under specific pricing schemes, the structure of which depends

on the type of competition the firms engage in.)

(II) when will a service chain in which all firms choose to outsource to a common provider be stable

in the sense that no firm has an incentive to unilaterally abandon the chain and provide in-house service

instead? More generally, assuming identical retailers, how large a service chain of outsourcing firms is

stable? How do the answers to these questions depend on the intensity of the competition, the number of

firms in the industry and the sales volume of the firms?

styling, are built on the same chassis and, comparable equipped, sell for virtually identical prices. Similarly, the Ford Motor Co.
produced the Sable (Lincoln- Mercurey Division) and the Taurus (Ford Division), which are effectively the same car withdifferent
name plates, as are the Chrysler Corporation’s Plymouth Voyager and Dodge Caravan. Indeed, in just about every price range, all
the major domestic manufacturers have several divisions producing competing products.”
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(III) In what direction do equilibrium prices, waiting time standards and demand volumes change when

all firms move from in-house service to outsourcing?

(IV) How do the answers to the questions raised in (I) -(III) depend on whether the outside supplier pools

the service processes completely or in part, and whether it is able to operate at lower cost rates than the

service retailers themselves?

Each of these above questions is analyzed under each of threetypes of competition: (i)Price competition,

in which all waiting time standards are exogenously given and the firms compete on the basis of their prices

only, (ii) Waiting timecompetition: here all prices are exogenously given and the competition is in terms

of waiting time standards, and (iii)Simultaneous competition: all prices and waiting time standards are

selected simultaneously by the various service retailers.

We represent a firm’s demand rate as a general function of all prices and all waiting time standards in the

industry. We focus primarily on two important classes of demand models: The first class uses a separable

specification which, in addition, is linear in the price vector. The second class is that of the attraction models.

Here, each firm is characterized by an attraction value givenby a general function of its price and waiting

time standard. A firm’s market share, is given by the ratio of its attraction value and the attraction values

of all firms in the industry, that of the no-purchase option included. These broad classes of demand models

allow us to represent general tradeoffs for potential customers among the prices, waiting time standards and

other service attributes. Price and waiting time are treated as truly independent attributes, in that, in general,

a change in a firm’s waiting time standard cannot be compensated by a price change that leaves all market

effects unchanged.1

The system of demand functions determines the rates at whichcustomers arrive to the different service

retailers. We assume all service retailers face Poisson demand processes while service times are exponen-

tially distributed, with a rate to be determined by the service provider. Under outsourcing, the common

service provider may employ general dynamic priority schemes to prioritize among customers referred by

1 We refer to Allon and Federgruen (2007) for a discussion of why it is important to treat prices and waiting time standards as
independent strategic instruments, in contrast to the traditional approach in the literature on service competition,in which the price
and waiting time are aggregated into a single, so called,full price measure.
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the different firms. Whoever provides the service incurs twotypes of costs: First, a cost per unit of time

proportional to the adopted capacity level and a second, transaction/handling cost per customer served.

In §3-6, we analyze the special case where (a) all service retailers share identical characteristics, and

(b) the demand functions are affine in both the price and service level. This special case permits analytical

characterizations of the benefits of outsourcing.

The following represent some of our main insights: startingwith the case where the retail firms engage

in price competition , under a given waiting time standard, we show that they may earnlower profits under

outsourcing, even if the resulting service chain operates at maximum efficiency. The potential for such profit

reductions arises, even when the service chain under outsourcing operates at maximum efficiency (e = 1)

and even if economies of scope are exploited under outsourcing, by pooling of the service processes, and as

long as the cost rates of the external supplier are not excessively below those faced under in-house service.

More specifically, assuming the supplier operates under identical cost rates as the retailers, they benefit

from outsourcing if and only if their sales volume, when pricing at cost, falls below a given threshold.

This threshold is a decreasing function of the waiting time standard, i.e., the more ambitious the firms

are regarding their service level, the more likely it is thatthe firms benefit from outsourcing. Only in the

extreme case, where the retailers reapall the profits of the service chain - and the supplier merely breaks

even (P = 0) - are the retailers guaranteed to benefit from outsourcing.Moreover, even under this best case

scenario for the outsourcing option, the service chain may fail to be immune to unilateral defections by

one or more retailers. Such defections will not occur when there are up to 3 firms in the industry. When

the number of firmsN ≥ 4, defections can be avoided if a certain index which measuresthe intensity of

the price competition and varies between 0 and 1, is above a threshold, given by a function ofN alone.

This threshold is increasing inN and converges to the maximum value of one asN goes to infinity. If the

competitive intensity is below the threshold value, defection can be avoided if and only if the firms’ demand

volume, when pricing at cost, is below a critical value, which increases with the degree to which benefits of

service pooling are exploited under outsourcing. In other words, in an industry with a large number of firms,

there is an incentive for a single firm to leave the service chain, even under this most favorable service chain

design, unless the price competition is very intense or the firm’s sales volume value sufficiently small. We
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also show that there is always a chain sizemo, such that a service chain withmo firms is stable in the sense

that no firm outside the chain has an incentive to join the chain and no firm in the chain has an incentive to

bring service in-house.

When the supplier’s marginal cost rate per customer islower than under in-house service, the increased

benefits of outsourcing manifest themselves, for example, in that the break-even sales volume (between

outsourcing and in-house service) shifts upwards as a roughly affine function of the supplier’s cost rate

advantage.

Similar conclusions prevail when the firms compete in terms of their waiting time standards and under

simultaneous price and waiting time competition. In the absence of service pooling or the supplier enjoying

lower cost rates, whether the retailers benefit from outsourcing depends on which fee combination is used,

but sometimes the retailers are worse off under any of these coordinating schemes (which avoid periodic

fixed transfer payments). For example, under waiting time competition, if the external supplier services the

different retailers with dedicated facilities, the service chain is, even in the above best case scenario for

outsourcing,alwaysstable whenN ≤ 3, neverstable whenN ≥ 5, and underN = 4, it is stable if and only

of a similar index of the intensity of the waiting time competition is above 0.96. In contrast, if the service

chainfully exploits the benefits of service pooling, the chain isalwaysstable. More generally, underpartial

exploitation of the benefits of service pooling, there exists, as in the case of price competition, a chain size

mo, such that a chain withmo firms is stable. We give a general condition under which this chain size is

unique, and show that it only depends on the number of firms in the industry and the competitive intensity.

In §7, we identify for the general model, payment schemes for theretailers such that, under outsourcing,

the service supply chain can operate at a first best level (e = 1), as assumed in many of the companies

in §3-6. Under price competition, it suffices to charge each retailer a constantfee per customer, but under

waiting time competition and simultaneous competition, itis necessary to add a second periodic fee which

is inversely proportional to the waiting time standard requested. (We also show how the exact fee levels can

be determined.) Alternatively, the second periodic fee maybe set to be proportional to the capacity level

which the supplier would need to adopt if he were to serve the retailers’ customers in a dedicated M/M/1

facility. In the case of simultaneous competition, a uniquevolume based fee and capacity based fee are
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required to achieve first best profits but under waiting time competition, a continuum of such fee pairs may

coordinate the service chain. The above fee structures may be complemented with a periodic fixed fee to be

paid by the retailers to the supplier (or vice versa). Outsourcing contracts often include volume based and

capacity based fees, see K’Djah.com and Jackson (1999), andHasija et al. (2006) and Chander (2007).

In §8 we use a numerical study to demonstrate how the above findings carry over in asymmetric industries

and when the demand functions are given by an attraction model. §9 completes the paper with a brief outline

of how our analysis can be extended to systems with more general service processes, represented by general

queueing systems.

The literature on outsourcing in service industries is recent. Aksin et al. (2006) and Gans and Zhou

(2003) consider a single server retailer (e.g. call center)who can outsource part of its business to an outside

supplier. In Aksin et al. (2006), both firms incur costs proportional to their selected capacity level, but the

outside supplier enjoys a lower capacity cost rate. Demand in any given time interval can be satisfied if

it falls below the total available capacity, with any excessbeing lost. The authors state that for tractability

reasons they do not model the service facility as a queue. Aksin et al. (2006) consider the following two

arrangements between the outside supplier and the service retailer which are closely related to the above

volume- and capacity- based fees: in thefirst, the retailer buys a certain capacity level from the supplier,

for which it is charged a given fee perunit of capacity. All demand is first directed to the supplier with any

excess “overflowing” to the retailer’s own facility. In thesecondarrangement, demand is first directed to

the retailer’s own facility while any excess is handled by the outside retailer, at a given fee per customer

referred. Under this arrangement the service retailer and outside supplier choose their capacity levels non-

cooperatively and the authors establish the existence of a unique Nash equilibrium. Gans and Zhou (2003),

model the service facilities as queueing processes, but assume that both the capacity level of the retailer and

that of the outside supplier are determined by the former. (Two customer classes are considered; outsourcing

is an option foroneof them according to a queue-size dependent strategy.)

To our knowledge, Cachon and Harker (2002) is the only paper which addresses an industry of two

competingservice retailers, modeled as M/M/1 systems. In the outsourcing part of the paper, demand rates

are linear functions of the firms’ full price (= price + multiple of the expected sojourn time). Moreover, the
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demand of a firm is equally sensitive to a change in its own price as to that of its competitor. Both firms

may outsource to a common supplier, who faces the same cost structure as the retailers themselves, and

who serves the customers of each retailer in a dedicated facility, for a given fee per customer. The authors

show that both firms benefit when theyboth outsource, compared to when they service the customers in-

house, irrespective of the fee charged by the supplier. But,if this fee is set at a sufficiently high level, one

of the retailers may benefit by keeping its service process in-house, assuming the competitor continues

to outsource. As mentioned, these results contrast with ours, where firmsdo not necessarilybenefit from

outsourcing, even when the service chain operates at a first best level (e = 1), unless the supplier’s profit

is reduced to zero (P = 0). Hassin and Haviv (2003) and Allon and Federgruen (2007) offer surveys of

competition models in service industries. See also the nascent literature on competition models in which

waiting time sensitive customers are segmented into multiple classes. e.g. Loch (1991), Lederer and Li

(1997), Armony and Haviv (2001), Afeche (2004), and Allon and Federgruen (2004).

2. Model and Notation

We consider a service industry withN competing service retailers each acting as an M/M/1 facility when

providing in-house service. Each firmi differentiates itself in the market by selecting a pricepi, as well as

a waiting time standardwi. The waiting time standard is defined as the expected steady state waiting time

experienced by the customers, i.e.wi = E(Wi). ( Alternatively, the waiting time standard may be specified

as a givenfractile of the waiting time distribution. All of our results continue to apply, since the structural

form of all profit functions remains unchanged.) When firmi serves its customers in-house, it faces two

types of cost: first, it incurs a costci per customer served, and, second, it incurs a capacity cost,at a rateγi

per unit of capacity installed. Similarly, when the serviceprocesses are outsourced to an outside supplier,

this supplier incurs the same two types of costs, at ratesc0 andγ0 respectively. The capacity of a service

facility is defined as the facility’s service rate. Letµi, µ0 denote the capacity levels chosen by firmi and the

outside supplier respectively. Under in-house service, the following simple relationship exists betweenµi,

wi andλi, the firm’s demand rate. Assumingλi > 0, we have

µi = λi +
1

wi

(1)
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(Whenλi = 0, µi = 0 as well). The first term in this expression is thebase capacity level, ensuring stability

of the system, while the second term is theservice based capacityrequired to guarantee a given waiting

time standard.

If an outside supplier services the customers of the different firms in separate (dedicated) facilities, the

required capacity is, therefore given by:µB
0 =

∑N

i=1

(
λi + 1

wi

)
. Allon and Federgruen (2004) have shown

that, underpooledservice, the minimum required capacity level, consideringall non-anticipating dynamic

priority schemes, is given by:

µP
0 = max

S⊂{1,...,N}

{
∑

i∈S

λi +

∑
i∈S

λi∑
i∈S

λiwi

}

= max
S⊂{1,...,N}





∑

i∈S

λi +
1

∑
i∈S

λi∑
j∈S λj

wi




 (2)

(Note, under non-identical waiting times, it is no longer feasible to serve all customers on a FIFO basis)

Proposition 1(a) ibid show thatµP
0 ≤ µB

0 , reflectingeconomies of scope. (More generally, the pooling of

any two groups results in cost savings.) This observation, in itself, bodes well for the increased benefits

of outsourcing under pooled service versus service with dedicated facilities. The presence ofeconomies of

scopedo not imply that the cost structure (2) exhibitseconomies of scaleas well: as demonstrated in Allon

and Federgruen (2004), both marginal and average costs per customer may increase if the demand volume

of asinglefirm is increased.

The pricepi is chosen from an interval[pmin
i , pmax

i ], i = 1, . . . ,N . Clearly, firmi selects a pricepi which

results in a non-negative gross profit marginpi − ci − γi. (By (1), ci + γi is the marginal cost per unit of

demand.) Thus, without loss of generality, we selectpmin
i = ci +γi, i = 1, . . . ,N. As topmax

i , it is chosen

to be sufficiently large as to have no impact on the equilibrium behavior.

The demand rateλi may depend on all of the industry’s prices and waiting time standards, according to

a general set of twice differentiable functions:λi = λi(p,w), i = 1, . . . ,N, with ∂λi

∂pi
≤ 0, ∂λi

∂wi
≤ 0 andλi

varying concavely withwi, i.e. ∂2λi

∂w2
i

≤ 0. In our base models, we focus on the following class of demand

functions which are linear in the prices: (In§8, when addressing the general model, we do consider demand

functions given by attraction models.)
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λi =

[
ai(wi)−

∑

i6=j

αij(wj)− bipi +
∑

i6=j

βijpj

]+

, i = 1, . . . ,N (3)

wherex+ = max(x,0). ai is a decreasing concave function, reflecting the fact that reductions of a firm’s

waiting time standard result in increases of its demand volume; however, these increases become progres-

sively smaller as the waiting time standard continues to be cut. The functionsαij aregeneraldecreasing

functions, since a reduction of a competitor’s waiting timestandard results in a decrease of the firm’s

demand volume. The price coefficientsbi > 0, βij > 0, i 6= j satisfy the well known dominant diagonal

conditions

(D) bi >
∑

j 6=i

βij, (D′) bi >
∑

j 6=i

βji, i = 1, . . . ,N

These conditions are generally satisfied; they merely stipulate that auniformprice increase by allN firms

cannot result in an increase in any firm’s demand volume, and that a price increase by a given firm cannot

result in an increase of the industry’s aggregate demand.2

Let bi = bi −
∑

j 6=i
βij > 0 denote thetotal price sensitivity of firmi’s demand ,i.e., the (absolute value

of the) marginal change in firmi’s demand volume due a to uniform price increase by all firms.

In contrast, (3), in addition to enjoying analytical simplifications, specifies a firm’s demand to be zero

under such extreme choices. Allon and Federgruen (2007) show that under (3) the firms’equilibriumchoices

induce a positive market share for each. To guarantee that this is the case, it suffices in the Price Competition

model to assume,

λi(c + γ,w) > 0, i = 1, . . . ,N,∀w ∈ [0,wmax]N , (4)

i.e., any firmi can achieve a positive market share at least when willing to operate with zero variable

profit margin, i.e. whenpi = pmin
i = ci + γi. (4) guarantees that underthis price,λi > 0, regardless of the

competitors’ choices.3 However, other price-service level combinations may result in zero demand. In the

2 As is well known from the literature on oligopoly models withproduct differentiation, systems of demand equations need not,
but often can be obtained from one of several underlying consumer utility models, in particular therepresentative consumer model,
the random utility modeland theaddress model. Similarly, (3) may, e.g. be derived from a representative consumer model with
utility function U(λ, θ) ≡ C + 1

2
λT B−1λ + λT B−1a(w) where theN × N matrix B hasBii = −bi and Bij = βij , i 6= j,

a(w) ≡ ai(wi) −
∑

j 6=i αij(wj) andC > 0. ( (D) ensures thatB−1 exists and is negative semi-definite, giving rise to a jointly
concave utility function). The demand functions (3) arise by optimizing the utility function subject to a budget constraint.
3 (4) reduces to lower bounds for the intercept values:ai(0) >

∑
j 6=i αij(w)+ bi(ci + γi)−

∑
j 6=i βij(cj + γj).
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two remaining competition models (Waiting Time Competition and Simultaneous Competition),Allon and

Federgruen (2007) show that a somewhat stronger condition is needed, namely

λi(p,w) > 0,∀p∈×N
i=1

[
pmin

i , pmax
i

]
,w ∈ [0,wmax]

N 4 (5)

3. Identical Retailers: Price Competition

We initially focus on a basic class of models withidenticalservice retailers, and demand functions of the

quasi-separable type (3). This allows for analytical comparisons of the equilibria and coordinating pricing

schemes under each of the three types of competition and eachof the various outsourcing options.

Thus, assume the firms face identical cost parameters{ci, γi}N
i=1 = (c, γ). Consider firm independent

demand functions with price linearity as in (3), and assume that the functionsai(·) andαij(·) are affine as

well. Thus, for positive constantsa0, a,α, b andβ:

λi =

[
a0 − awi +α

∑

j 6=i

wj − bpi +β
∑

j 6=i

pj

]+

, i = 1, . . . ,N. (6)

Similar to condition (D), we assume without practical loss of generality, that

a > (N − 1)α (7)

,i.e., no firm experiences an increase in its demand volume when all firms increase their waiting time stan-

dards by the same amount. Define the intensity of the price competition byρ ≡ (N−1)β

b
and the intensity

of the waiting time competition byθ ≡ (N−1)α

a
. Note that bothρ andθ are dimensionless indices, with

0 < ρ < 1 and0 < θ < 1, by (D) and (7). In the symmetric model, condition (5) can be replaced by a

considerably weaker requirement, namely:

λi(p, . . . , p;w, . . . ,w) > 0 for all c + γ ≤ p≤ pmax andwmin ≤w ≤wmax (8)

In other words, when the firms offer identical terms to the customers, each faces an identical and positive

4 (5) reduces to similar lower bounds for the intercept valuesai(0).
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demand volume. ((8) is identical to the following lower bound for a0 : a0 ≥ b(1− ρ)pmax +a(1− θ)wmax.)

When allN firms providein-houseservice, the profit function for firmi is, by 1, given by

πi = λi(pi − c)− γµi = λi(pi − c)− γ

(
λi +

1

wi

)
. (9)

Assume first that the firms engage in price competition, underidentical waiting time standardswi = w.

Theorem 1 in Allon and Federgruen (2007) establishes that, like with all price-linear demand functions,

for identical as well as non-identical firms, the price competition model has a unique price equilibriump∗

which satisfies the set of linear equations

λ∗
i = b(p∗

i − c− γ), i = 1 . . . ,N (10)

whereλ∗
i = λi(p

∗,w) > 0. It is easily verified, by substitution in (6) and (9), that

p∗
i = p∗ ≡ a0 −w(a− (N − 1)α) + b(c + γ)

2b− (N − 1)β
; π∗

i = bi(p
∗ − c− γ)2 − γ

w
. (11)

In particular, by (10), the model has a unique symmetric equilibrium, with p∗
i = p∗ > c + γ.

We now compare the decentralized system with in-house service at the service retailers, with various

outsourcing scenarios. We start with abasemodel in which a common supplier faces thesamecost rates as

the retailers encounter when providing in-house service. To put the outsourcing option in the best possible

light, we assume the resulting service chain, while continuing to be decentralized, operates at maximum effi-

ciency. The profits in acentralizedchain, under outsourcing, are unaffected by transfer payments between

the retailers and the supplier, and are given byΠ(p) =
∑N

i=1 λipi − c
∑N

i=1 λi − γ
(∑N

i=1 λi + ν
w

)
. Here

1≤ ν ≤ N represents an inefficiency index. The extreme valuesν = 1 andν = N arise when the suppliers

exploit economies of scope maximally, or not at all. When serving the customers of different retailers in

dedicated facilities,ν = N , see (1); when pooling all service processes into asinglefacility, ν = 1. (When

the same waiting time standards and the service time distributions apply to all customers, there is no advan-

tage to give priority to some firms over others. i.e., customers are optimally served on a FIFO basis and the
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supplier’s service process is an M/M/1 system with arrival rate
∑N

i=1 λi. The capacity related cost is thus

given byγ
(∑N

i=1 λi + 1
w

)
.) More generally, the potential for economies of scale may only be exercised in

part, giving rise to an intermediate value for the inefficiency index.

The functionΠ is a strictly jointly concave quadratic function ofp. (In its Hessian, the diagonal elements

equal−2b, while the off-diagonal elements equalβ. This matrix is negative semi-definite ,since by (D),

the absolute value of the diagonal element dominates the sumof the absolute values of the off diagonal

elements in each row.) Thus, theuniqueoptimal price vectorpCB is the one that satisfies the set of first

order conditions:

−b(pi − c− γ) +λi +β
∑

j 6=i

(pj − c− γ) = 0, (12)

This system of equations has asymmetricsolution,pCB, which is independent for

pCB
i = pCB ≡ a0 −w(a− (N − 1)α)

2(b− (N − 1)β)
+

c + γ

2
=

a0 −w(a− (N − 1)α)

2b
+

c + γ

2
. (13)

Let λCB = λ(pCB,w) andΠCB = Π(pCB) denotes theoptimalchain-wide profits in the service chain. Note

thatp∗, pCB, λ∗ andλCB are all independent of the inefficiency index. Proposition 3.1 shows that each firm’s

optimal price level is higher and its demand volume lower than under in-sourcing.

Proposition 3.1(Comparing decentralized system vs centralized system) Assume (4). (a)p∗ < pCB;

(b) λ∗ > λCB, (c) For a fixed value ofb, the total price sensitivity of demand,ΠCB is inde-

pendent of ρ, while, under in-house service, each retailer’s profits decreases with ρ: π∗
i =

1

b

(
[a0 −w(a− (N − 1)α)]− (c + γ)b

)2 1−ρ

(2−ρ)2
.

As shown in§7 the service chain, under outsourcing, may achieve first best level aggregate profits (e = 1),

whenever a specific per customer feecWB is charged to each retailer. The retailers’ share of these profits

depends on whether a fixed per period payment or subsidyK is added to the volume based fee. Hasija et

al. (2006)’s survey shows that such fixed payments are added to some of the contracts, but not to others.

In the next theorem, we therefore consider three potential values for a fixed paymentK: (i) K=0, (ii) K

is set to compensate the supplier for the cost of the service based capacity, and (iii) K is set to ensure that
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the supplier merely breaks even. We are particularly interested in (iii) as it reflects abest case scenariofor

outsourcing: a maximally efficient service chain in which the retailers’ share of the profits is maximized.

Theorem 3.1(Profit comparisons between in-house service and outsourcing) Assume the service chain

under outsourcing achieves first best aggregate profits. Forsufficiently largewmax
i :

(a)
∑N

i=0 π∗OB
i ≥

∑N

i=1 π∗
i regardless of what fixed transfer payments are used. Under any fixed payment

K, π∗OB
i is independent of the supplier’s inefficiency indexν, ∀i = 1, . . . ,N . π∗OB

0 decreases withν.

(b) In the absence of fixed transfer payments(K = 0)

(i) π∗OB
i ≥ π∗

i iff λ(c + γ,w)≤ λ0 = 2−ρ
√

1−ρ
√

4ρ−ρ2

√
4γb

w

(ii) π∗OP
0 ≤ 0 for w sufficiently small, i.e.,w < w(ν), with w(ν) increasing inν.

(c) AssumeK = γ

w
, i.e., each retailer compensates the supplier periodically for the service based capac-

ity he imposes (if served by herself):π∗OB
0 > 0 , π∗OB

i ≤ π∗
i irrespective of the waiting time standardw.

(d) Assume the fixed paymentK is set to ensure that the supplier breaks even. Then0≤ π∗OB
i (ν)−π∗

i =

λ2(c+γ,w)

b

ρ2

4(2−ρ)2
+ (N−ν)γ

Nw

Thus, without fixed transfer payments, whether or not the retail firms benefit from outsourcing depends

on the given waiting time standard. For any given value ofw, outsourcing is beneficial if and only if the

firms’ demand volume, when pricing at cost(p = c + γ), is less than a given break even value, and this

break-even volume is inversely proportional with the square-root of the waiting time standard. Outsourcing

is beneficial only when the demand volume falls below a given break-even point, since the firm’s cost

function , under in house service, is affine with a per unit cost given byc + γ +
(

γ

w

)
1
λ
. In other words, the

averagecost function exhibitseconomies of scale, even though the marginal cost is constant. In addition,

the smaller the waiting time standardw, the more pronounced the economies of scale are, and the larger the

break even volume. In the absence of fixed transfer payments,the break even volume is independent of the

supplier’s inefficiency indexν.

If the coordinating volume based feecWB is complemented with a periodic feeK = γ

w
, i.e., the cost of

the service based capacity which the retailer imposes on thesupplier, if served by himself, the retailers are

always worse off under outsourcing,irrespectiveof their demand volume. However, Theorem 3.1(d) shows
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that there are payment schemes under which all retailers benefit from outsourcing and the supplier breaks

at least even. The expression, there, denotes themaximumbenefit retailers can reap when outsourcing, i.e.,

assuming the service chain, under outsourcing, is maximally efficientand the retailers are able to squeeze

the supplier’s profits down to zero. The expression for thesemaximum benefits consists of two parts. The

first term represents the benefits, if the supplier makesno use of the potential for service pooling, while

the second term denotes the additional benefits that accrue when the supplier applies full or partial service

pooling. The benefits increase as the competitive intensityρ increases, for a fixed simple price sensitivity

b, and even, for a fixedtotal price sensitivityb and hence for a fixed demand volume, when pricing at

cost. They grow in proportion to thesquareof this demand volume. Not surprisingly, the more efficient

the supplier, the larger the maximum benefits associated wuth outsourcing: indeed the maximum benefits

depend linearly on the inefficiency indexν.

As mentioned in the introduction, beyond the outside supplier’s ability to exploit economies of scope by

pooling the service processes for the different retail firms, aseconddriver behind the benefits of outsourcing

often results from the supplier’s ability to operate with lower cost rates than the retailers. (The service

process often represents the supplier’s core competency rather than that of the retailers.) We refer to the

on-line Appendix for Theorem A.1, which generalizes Theorem 4.1 to allow for arbitrary cost differentials

between the supplier and the retailers. (To simplify the exposition, we confine ourselves, there, to the case

where the supplier uses a dedicated facility for each of the retailers. All results can be extended to the

general case with a general efficiency indexν. ) Theorem 4.1 showed that in the base outsourcing model

without fixed transfer payments, the retailing firms are better off outsourcing iff their demand volume, when

pricing at cost, is below a critical value. The same characterization applies to the case where the supplier

enjoys lower cost rates. The break even value for this demandvolume increases with∆, the differential

in the total cost rate enjoyed by the supplier. The break evenvalue is also decreasing in the waiting time

standardw. Thus, the higher the service level, the higher the minimum demand under which a retailer

prefers preforming service in-house. While this phenomenon occurs in the base model (see Theorem 1(b)),

it is all the more pronounced when the supplier operates under lower cost rates.
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4. Price Competition: Stability of Service Chain

Even if all retailers benefit fromcollectiveoutsourcing compared to all of them providing in-house service,

it is not clear whether the service chain, under outsourcing, is immune to defections by individual retailers,

or, whether collective outsourcing arises as an equilibrium, when each firm has an upfront choice whether to

outsource or to keep service in-house. This applies even when outsourcing is portrayed in the best possible

light, i.e., the service chain achieves first best level profits, all of which are earned by the retailers.

Thus, consider the following two-stage game: in the first stage each retailer decides whether to outsource

the service process or to perform it in-house. For the firms who opt for outsourcing, the resulting chain

is assumed to guarantee maximum possible profits for its participating retailers, i.e., it operates under a

perfectly coordinating pricing scheme with fixed transfer payments, reducing the supplier’s profits to zero.

In the second stage game, the service chain competes with each of the retailers that have chosen to perform

the service in-house, once again ensuring the firms inside the chain of first-best level profits, given the

competition of the firms outside the chain.

Theorem 4.1 characterizes under what conditions the solution where all retailers decide to outsource in

the first stage, is a Sub game Perfect Nash Equilibrium (SPNE).

Theorem 4.1(Sustainability of service chains under price competition)

(a) Let0≤ ρ∗(N)≡−2(N2−4N +5)+2
√

(N2 − 4N +5)2 +(N − 1)(N − 3)≤ 1, andλ̂(ρ,N,ν)≡
√

γ

w

(
1− ν

N

)


b

(
2b+ N+1

N−1 ρ

4 b
2

√
1−ρ

−ρ2
√

1−ρ
N−1

)2

− 1

4b




− 1

2

. The solution where all firms decide to outsource in stage one

and adopt the price vectorpCB in stage two is a SPNE if and only if one of the following three conditions is

satisfied: (i)N ≤ 3, (ii) N ≥ 4, ρ≥ ρ∗(N) (iii) N ≥ 4, ρ≤ ρ∗(N) andλ(c + γ,w)≤ λ̂(ρ,N,ν)

(b) ρ∗(N) is non-decreasing inN with limN↑∞ ρ∗(N) = 1.

As mentioned, the profit values in Theorem 4.1(d) is arguablythe best a participating service retailer

can hope for, as it maximizes chain-wide profits while preserving all such profits for the service retailers

and reducing those of the outside supplier to zero. WhenN ≤ 3, the service chain, under outsourcing, is

immune to defections. However, whenN ≥ 4 and the supplier fails to exploit economies of scope (ν = N ),
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Figure 1 Stability of the Service Chain
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an individual service retailer has an incentive to leave thechain and bring the service process in-house if and

only if the competitive intensity is below the critical valueρ∗(N). In other words, whether the chain is stable

or not depends on whether the pair of industry characteristics(N,ρ) lies below or above the switching curve

{ρ∗(N) : N = 2,3, . . .} depicted in Figure 1. (Defineρ∗(2) = ρ∗(3) = 0.) This phenomenon occurs because

the unmitigated competition a firm faces when defecting, acts less as a deterrent when the competitive

intensity is lower. Cachon and Harker (2002), in their duopoly model, established the existence of a linear

wholesale pricing scheme under which both service retailers benefit from outsourcing, the outside supplier

earns a profit and the chain is immune for defections. Theorem4.1 shows that stability of the chain, while

guaranteed under a small number of competitors,N ≤ 3, becomes increasingly more difficult to achieve as

the number of competing firms increases.

The reason defection from the service chain may be beneficialis that the chain adopts a significantly

larger price than, say, the pricep∗ in a decentralized system so as to drive the profits of the participating

retailers to their maximal level. A defecting retailer, may, whenρ < ρ∗(N) exploit this by adopting a

significantly lower price and thus attracting a significantly larger market share. Paradoxically, the chain can

prevent defections, by inducing the participating retailers to adopt the pricep∗ instead ofpCB, even though

the resulting profits for the retailers are lower than under the coordination scheme of Theorem 4.1(d) (As

shown in§7, the chain may induce the retailers to adoptanydesired price≥ c + γ, by charging a specific

volume based feecW .)

Stability of the service chain under outsourcing is enhanced to the extent the supplier exploits the benefits
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of service pooling: whenν < N , the chain remains stable, even whenN ≥ 4, andρ ≤ ρ∗(N) as long as

the sales volume, when pricing at cost, is below a given threshold valueλ̂(ρ,N,ν). The more efficient the

supplier, the lower the inefficiency indexν, and the larger the threshold̂λ. Similarly, the stricter the waiting

time standard or the larger the cost of capacityγ, the larger the sales volume threshold to ensure stability,

when the supplier applies partial of complete service pooling.

Finally, it is easily verified that any cost rate advantages for the supplier, see Appendix B, reduce the

potential for defections of individual firms from a service chain with outsourcing: whenN ≤ 3 or N ≥ 4

andρ > ρ∗(N), such defections are precluded in the base model and continue to be precluded if the supplier

enjoys cost rate advantages. At the same time, the stabilityof the service chain continues to prevail under

such cost rate advantages, even whenN ≥ 4 andρ≤ ρ∗ provided equilibrium demands are not too large.

Theorem 5.1 identifies the necessary and sufficient conditions foruniversaloutsourcing, i.e., for a service

chain with allN firms, to arise as a SPNE in the two-stage game. We now address the more general question,

when a Nash equilibrium arises withmi firms maintaining in house service, and the remainingmo = N−mi

firms outsourcing their service processes, for any0≤mi ≤N − 1. In other words, when is a service chain

with mo participating firms stable, in the sense that none of the firmsinside the chain has an incentive to

bring the service process in house, while any of the firms providing in house service incurs astrict profit

loss by outsourcing and joining the service chain.5 The following Theorem shows that a (pure) SPNE exists,

for at least one value ofmo, and it provides a sufficient condition formo, thesizeof the outsourced service

chain, to beuniqueamong all Nash equilibria. (Clearly, if a Nash equilibrium exists with1≤mo ≤N firms

in the chain, any of the
(

No

mo

)
nets ofmo firms among the industry ofN , gives rise to a Nash equilibrium.)

We have observed that, except when the number of firms in the industry is very small (N ≤ 3), or when the

competitive intensityρ is very large, equilibria arise withpartial outsourcing, i.e.1 < mo < N ; this, even

in an industry where all firms have identical characteristics. Let

πo(i,mo)[πo(o,mo)] = the profit of a firm currently in a service chain withmo firms,

when switching to in-house service [ when continuing to outsource].

5 This asymmetric definition favors the outsourcing option, in case of a tie.
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πi(i,mi)[πi(o,mi)] = the profit of a firm, currently amongmi firms providing

in house service, when continuing to do so [ when switching tooutsource].

Note,πo(i,mo) = πi(i,N −mo + 1); πo(o,mo) = πi(o,N −mo + 1), ∀ 1 ≤ mo ≤ N . A SPNE, with

mo firms outsourcing, exists iff

πo(o,mo)≥ πo(i,mo) and πi(i,N −mo) > π(o,N −mo) (14)

Finally, letX be a lattice with partial order< andT an ordered set. Milgrom and Shannon (1994) define

a functionf : X × T → R as having the strictsingle crossing point propertyif for all x � x′ andt ∈ T ,

f(x, t) > f(x′, t)⇒ f(x, t′) > f(x′, t′) if for all t′ ≥ t.

Theorem 4.2 (a) The two stage outsourcing game has a (pure) SPNE

(b) Assume the functionπo : X × N0 → R with X = {i, o} and i � o has the strict single crossing

point property. Then, a SPNE exists for a single value of outsourcing firmsmo, which decreases with the

inefficiency indexν.

Thus, under the single crossing point property, the more theservice supply chain is able to exploit the

benefits of service pooling, the larger a service chain arises in the two stage outsourcing game. We now show

that the sizemo of a stable outsourcing chain, depends critically onN , the number of firms in the industry,

and the competitive intensityρ, similar to the stability conditions for universal outsourcing (mo = N ) in

Theorem 5.3. To do so, we confine ourselves to the case where the common supplier services each of the

participating firms in a dedicated facility. In this case, the condition for a stable chain withmo firms reduces

to a pair of inequalities, merely involvingmo,N, andρ.

Theorem 4.3Assume the supplier in the service chain serves each of the participating firms in a dedicated

facility. In the two stage game, an SPNE withmo outsourcing firm arises iff




2
(
1 + ρ

N+1

)
− ρ

N−1
(N −m)

2
(
1− (N −m− 1) ρ

N−1

)(
2− (m− 1) ρ

N−1

)
− (N −m)m

(
ρ

N−1

)2





2

> (15)
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Figure 2 Stability of the Service Chain
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(
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N−1

)(
2− (m− 2) ρ

N−1

)
−
(

ρ

N−1

)2

(m− 1)(N −m + 1)





2




2
(
1 + ρ

N+1

)
− ρ

N−1
(N −m− 1)

2
(
1− (N −m− 2) ρ

N−1

)(
2−m ρ

N−1

)
− (N −m− 1)(m + 1)

(
ρ

N−1

)2





2

< (16)

(
1− (N −m− 1)

ρ

N − 1

)



2 + ρ

N−1

2
(
1− (N −m− 1) ρ

N−1

)(
2− (m− 1) ρ

N−1

)
−
(

ρ

N−1

)2

m(N −m)





2

We have observed that for almost all values ofN andρ, the functionπo has the single crossing point

property so that the equilibrium size of the service chain isunique. However, for some very high competitive

intensities, the property may fail to hold, and multiple equilibrium chain sizes may arise. Figure 2 shows

for an industry withN = 10 firms, how the equilibrium value(s) ofmo vary as a function ofρ; even under

a low competitive intensity,mo∗ = 3; asρ increases so doesmo∗ . Whenρ≥ ρ∗(N), a chain withmo = N

firms is stable, but so is one withmo = 6 firms.

5. Identical Retailers: Waiting Time Competition

In this section we assess the benefits of outsourcing when theretailers compete by selecting their waiting

time standards, under a given, exogenously specified, pricelevelp.

Corollary 2 in Allon and Federgruen (2007) establishes for general systems with possibly non-identical

retailers, that a unique equilibrium vectorw∗ exists. In our case, this equilibrium satisfies the first order
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conditions∂πi

∂wi
=−a(p− c− γ) + γ

w2
i

= 0, i.e.w∗
1 = · · ·= w∗

N =
√

γ

a(p−c−γ)
. Allon and Federgruen (2007)

show, in fact, that this equilibrium is adominantsolution, i.e. it is optimal for each firmi to adopt this

waiting time standard regardless of the choices made by its competitors.

In comparing the case of in-house service with the equilibrium under outsourcing we portray the latter

again in the best possible light, i.e., we assume the servicechain under outsourcing operates in the most

efficient possible way. We first need to following Lemma:

Lemma 5.1A service chain achieves first-best performance, when all firms adopt a common waiting time

standardwCB, both when the supplier serves the different firms in dedicated facilities and when it pools

the service process. In the former casewCB = 1√
1−θ

w∗ =
√

1
1−θ

γ

a(p−c−γ)
, in the latter casewCB =

1√
N

1√
1−θ

w∗ =
√

1
N(1−θ)

γ

a(p−c−γ)

Thus, aggregate profits in the service chain, under an optimal (common) waiting time standardw, are

given by ΠCB(w) = (p − c − γ)
∑N

i=1 λi − γ N
w

when dedicated facilities are used, and byΠCB(w) =

(p − c − γ)
∑N

i=1 λi − γ

w
, under service pooling. As in the case of price competition,we give a unified

treatment to both settings, as well as intermediate ones with partial pooling, giving rise to profit function

ΠCB(w) = (p− c− γ)
∑N

i=1 λi − γ ν
w

, for a general inefficiency index1≤ ν(N)≤N with a corresponding

optimal waiting time standardwCB =
√

γν(N)

N(1−θ)a(p−c−γ)
. Thus,wCB ≤w∗ iff θ ≤ 1− ν

N
andwCB increases

in proportion to the square root of the inefficiency index. In§7, we show that the service chain can achieve

first best level aggregate profits under a continuum of volumebased and capacity based fee pairs. We also

show how the retailers’ and the supplier’s profits are affected by the choice of a coordinating fee pair.

We now show that, even when the retailers reap maximum benefits from outsourcing the service chain

may fail to be immune to defections. Even more pronounced than in the case of price competition, the ability

of the supplier in a service chain to exploit the benefits of service pooling , has fundamental implications

for the stability of the chain: without service pooling the chain is stable only whenN ≤ 4 (and forN = 4

only when the competitive intensityθ ≥ 0.96). Under full service pooling, the chain isalwaysstable.

Theorem 5.2(Sustainability of service chains under waiting time competition)
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(a) The service chain is stable, i.e., the solution where allfirms decide to outsource in stage one of the

outsourcing game, and adopt the waiting time standardwCB in stage 2 is an SPNE iff

θ
√

ν(N − 2)√
(N − 1)− (N − 2)θ

+2

√
(1− θ)ν(N)

N
≤ 2 (17)

In particular, stability is enhanced whenever the inefficiency indexν(·) is decreased.

(b) With dedicated facilities(ν = N), the chain is stable ifN ≤ 3 or N = 4 andθ ≥ 0.96. The chain is

never stable whenN ≥ 5.

(c) With full service pooling(ν = 1), the chain is always stable.

Finally, it is easily verified, along the lines of the above proof, that for example with dedicated facil-

ities, an SPNE exists withmo outsourcing firms iffθN−mo

N−1

√
1

1−θ N−mo−1
N−1

+ 2
√

1− θN−mo

N−1
> 2 and2 >

θN−mo−1
N−1

√
1

1−θ N−mo−2
N−1

+2
√

1− θN−mo−2
N−1

In general, Theorem 4.2 continues to apply, i.e. a pure SPNE always exists in the two-stage outsourcing

game. It induces auniquechain sizemo if the functionπo has the single point crossing property.

6. Identical Retailers: Simultaneous Competition

When the retailers compete simultaneously in terms of theirprices and waiting times, the benefits of out-

sourcing are somewhat more difficult to assess. For one, a sufficient condition is required to ensure that a

decentralized system has a unique equilibrium which is symmetric and that the centralized system has a

symmetric optimal solution as well. We start with the case where an outside supplier serves the customers

of each firm in a dedicated facility. Fori = 1, . . . ,N , letπ∗
i (p,w) denote the equilibrium profit for retaileri,

under the price vectorp and the vector of waiting time standardsw, and letΠCB(p,w) denote the optimal

aggregate profit of the service chain under outsourcing.

Theorem 6.16(Comparison of price and waiting time choices, with and without outsourcing, under simul-

taneous competition) There exists a valueγ such that for allγ ≥ γ:

6 The parameter conditions are overly restrictive. They provide guarantees under the simplest verifiable condition thatthe Nash
equilibrium under in-house service and the optimal solution under outsourcing are symmetric
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(a) Assume2b > a + (N − 1)(α + β). There exists a unique equilibrium(p∗,w∗) in the decentralized

system, which is symmetric, i.e.p∗
1 = · · ·= p∗

N andw∗
1 = · · ·= w∗

N , where

p∗ =
a0 −w∗a(1− θ) + b(c + γ)

b(2− ρ)

w∗ =






the unique root on[0,wmax] of C∗(w)≡w3 −w2 a0−(c+γ)b(1−ρ)

a(1−θ)
+ γb(2−ρ)

a2(1−θ)
,

ifγ ≤ a2(1−θ)

b(2−ρ)
(wmax)2

[
a0−(c+γ)b(1−ρ)

a(1−θ)
−wmax

]

wmax, otherwise

The retailers’ equilibrium sales volume.λ∗ = bγ

a(w∗)2
if w∗ < wmax andλ∗ ≤ bγ

a(w∗)2
if w∗ = wmax.

(b) Assume2b > a +(N − 1)α +2(N − 1)β. There exists a unique optimal solution(pCB,wCB), in the

centralized problem, which is symmetric, i.e.pCB
1 = · · ·= pCB

N andwCB
1 = · · ·= wCB

N , where

pCB =
a0 −wCBa(1− θ)

2b(1− ρ)
+

c + γ

2

wCB =






the unique root on[0,wmax] of CC(w)≡ (wCB)3 − (wCB)2 a0−(c+γ)b(1−ρ)

a(1−θ)
+ 2γb(1−ρ)

a2(1−θ)2
,

ifγ ≤ γ ≡ a2(1−θ)

b(2−ρ)
(wmax)2

[
a0−(c+γ)b(1−ρ)

a(1−θ)
−wmax

]

wmax, otherwise

LetλCB denote the retailers’ optimal sales volume, in the centralized problem. ThenλCB = γb(1−ρ)

a(1−θ)(wCB)2
if

wCB < wmax andλCB < γb(1−ρ)

a(1−θ)(wCB)2
if wCB = wmax

(c) Assume2b > a+(N − 1)α+2(N − 1)β. If θ ≥ [<] ρ

2−ρ
thenwCB ≥ [≤]w∗.

(d) Assume2b > a+(N − 1)α+2(N − 1)β. If pCB ≤ p∗, thenwCB ≥w∗, and henceθ ≥ ρ

2−ρ
.

(e) If ρ = θ, wCB ≥w∗ andλCB ≤ λ∗.

If the cubic functionsC∗(w) andCC(w) have a root, this root can, of course, be solved in closed form, see

e.g, Abramovitz and Stegun (1965). Contrary to the waiting time competition model under agivenprice

levelp, it is no longer certain that the firms choose a lower waiting time standard when providing in-house

service, as compared to when they outsource. However, if theintensity of the waiting time competitionθ is

sufficiently large compared to the intensity of the price competition (as specified by the conditionθ ≥ ρ

2−ρ
),

and, in particular whenθ ≥ ρ this will be the case: the larger the price competitive intensity ρ, the smaller
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the minimal waiting time competitive intensityθ for which outsourcing results in lower service, i.e., a

higher waiting time. Part (d) shows that it is impossible forboth pricesandthe waiting time standards under

outsourcing to belower than those selected under in-house service.

To compare the firms’ profits with and without outsourcing, weconsider again the best case scenario

for the outsourcing option, i.e. where the service chain maximizes its aggregate profits by implementing

a perfect coordination scheme. As will be shown in§7, a two-part scheme, with a (volume based) fee

per customer served and a second (capacity based) fee, again, suffices to achieve perfect coordination.

Clearly, the aggregate chain wide profit under outsourcing is higher than that obtained by the retailers when

providing in house service, i.e.
∑N

i=0 π∗OB
i −∑N

i=1 π∗
i ≥ 0 and the aggregate benefits of outsourcing, can be

allocated arbitrarily between the supplier and the retailers when adding a periodic fee(K) to the supplier, in

conjunction with the above two-part payment scheme. Assuming no such fixed fees are used(K = 0), and

similar to our results for Price competition and Waiting Time competition, retailers do not always benefit

from outsourcing:

Proposition 6.1(Profit comparison between in-house service and outsourcing with dedicated facilities

under simultaneous competition) Assumew∗,wCB < wmax. Under the conditions of Theorem 6.1 and in

the absence of periodic transfer payments(K = 0):

(a) π∗OB
i −π∗

i ≥ 0 iff (λCB )2

b(1−ρ)
−
√

1−θ
1−ρ

√
λCBaγ

b
≥ (λ∗)2

b
−
√

λ∗aγ

b

(b) Assumeθ = ρ

2−ρ
, π∗OB

i −π∗
i ≥ 0 iff ρ≥ 2

3
(andθ ≥ 0.5)

In the case of Price Competition, Theorem 4.1(b) reveals that the retailers benefit from outsourcing if and

only if the demand volume (when pricing at cost) falls below agiven threshold. Under Simultaneous Com-

petition, the necessary and sufficient condition does not reduce to a simple upper bound forthisdemand vol-

ume. For general combinations of(θ, ρ), whether outsourcing is beneficial for the retailers or not,depends

both on the magnitude of the retailers’ sales volume (under outsourcing) and how much in additional sales

they can realize under in-house service. The special case whereθ = ρ

2−ρ
shows that outsourcing is more

likely to be beneficial for the retailers when the intensity of the competition (measured byθ andρ) increases;

in this special case, outsourcing is beneficial if and only ifρ ≥ 2
3

andθ ≥ 0.5. This finding confirms, once
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again, that, in the absence of service pooling or cost rate advantages for the supplier, the main benefit of

outsourcing arises from the ability to induce the retailersto adopt a first best solution.

As in the case where the firms compete along one dimension only, the service chain fails, in general,

to be immune to defections, even whenall of the benefits of outsourcing are assigned to the retailers.

WhenN = 2, the chain is always immune to defections, since, after a defection the system returns to the

original decentralized system and the defecting firm earnsπ∗
i ≤ 1

2

∑2

i=0 π∗OB
i . In the special whereθ = ρ,

and α
a

= β

b
, the demand model (6) reduces to a full price model, i.e. consumers aggregate each firm’s price

and waiting time standard into asingle, so called full price measureFi = pi + kwi, so that all demand

volumes can be expressed as functions of the vectorF only: λi = a0 − bFi +
∑

j 6=i
βFj i = 1, . . . ,N (Here

k = a
b
). Cachon and Harker (2002) addressed the benefits of outsourcing for this specification, in an industry

with N = 2 firms andβ = b i.e. θ = ρ = 1. In stark contrast to our results, which do not include this

limiting value, but cover a much larger parameter space, theauthors conclude that outsourcing isalways

beneficial to the retailers (The condition in part (a) is indeed satisfied whenρ = θ ↑ 1. They also claim that

the service chain is always immune to defections. As to the latter, we obtain the same conclusions when

N = 2. ForN ≥ 3, the necessary and sufficient conditions for the service chain to be immune to defections

no longer reduces to a single condition in terms of the measure(s) of competitive intensity and the number

of firms in the industry. We have observed, however, that the chain is more likely to be immune whenθ or

ρ increases, i.e. when the competitive intensities act as deterrents for defections. Example 1 in Appendix

A exhibits this phenomenon. As in the case of one-dimensional (Price or Waiting Time) Competition, the

benefits of outsourcing are significantly larger, if the outside supplier is able to benefit from lower cost

rates or by pooling the service processes of the individual firms. Pursuing the latter option, the cost saving

from service pooling make it more likely that the waiting time standardwCP and pricepCP adopted under

outsourcing are lower than their counterpartsw∗ andp∗, under in-house service. Following the proof of

Proposition 2, the profit functionΠCP (p,w) =
∑N

i=1 λi(pi − c− γ)− γ
∑N

i=1 λi∑N
i=1 λiwi

. Following the proof of

Theorem 1 in Allon and Federgruen (2004), it can be shown thatthe function is jointly concave in(p,w)

if the demand values{λi} are sufficiently large on the feasible price/waiting time space. Also,∂ΠCP

∂wi
=
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−a(pi − c − γ) + α
∑

j 6=i
(pj − c − γ) − γ

(α(N−1)−a)
∑N

j=1(λjwj)−(
∑N

j=1 λj)(
∑N

j=1 awj−wiλi)

(
∑N

j=1)2
,, and ∂ΠCP

∂pi
=

λi − b(pi − c− γ) + β
∑

j 6=i
(pj − c− γ) − γ

(β(N−1)−b)
∑N

j=1(λjwj)−(
∑N

j=1 λj)(
∑N

j=1 awj−wiλi)

(
∑N

j=1)2
SinceΠCP is

jointly concave. it has a symmetric maximum withpCP
1 = · · ·= pCP

N = pCP andwCP
1 = · · ·= wCP

N = wCP .

Substituting these identities, we obtain that(pCP ,wCP ) is theuniquesolution to the system of equations:

−(a− (N − 1)α)(p− c− γ) + γ

Nw2 = 0,, and−(b− (N − 1)β)(p− c− γ) +λ= 0.

Eliminating p, we obtain, as in the proof of Theorem 6.1, thatwCP is the unique root of the cubic

equationw3 − w2 (a0−(c+γ))(b−(N−1)β)

a−(N−1)α
+ 2γ(b−(N−1)β)

N(a−(N−1)α)2
= 0, unlessγ > Nγ, in which casewCP = wmax.

We conclude thatwCP ≤ w∗ iff θ ≤ 1− 2(1−ρ)

N(2−ρ)
. Thus, for given competitive intensity valuesθ andρ, it is

increasingly likely that this condition is satisfied as the number of firms in the industry increases. It is also

more likely, though still not guaranteed, that the retailers benefit from outsourcing under the again unique

two part pricing scheme which induces perfect coordination. Finally, it is, also, more likely that the service

chain is immune to defections, assuming the retailers reap all benefits from outsourcing. To illustrate this,

when adapting Example 1 to the case of pooled service, the chain is stable whenN = 4 andθ = ρ = 0.57

(while it fails to be so under dedicated service). At the sametime, the chain is again prone to defections for

the same values ofθ andρ whenN = 5.

7. Efficient Outsourcing: Pricing Schemes

In most of the comparisons in§3-6, we have assumed thebest casescenario for outsourcing, where the

resulting service chain operates at maximum efficiency. In this §, we show that this can be achieved via a

coordinating pricing scheme which induces the retail firms to adopt a first-best price, waiting time standard

or a combination thereof (, depending on the type of competition the firms engage in). We refer to Golany

and Rothblum (2006) for general derivations of coordinating pricing schemes.

Price Competition:

Under this type of competition, a vector of waiting time standardsw0 is exogenously given. The retail firms

can be induced to adoptanydesired price vectorpI - for example the price vector which maximizes chain

wide profits - via a simple volume based fee, i.e., by chargingfirm i a feecW
i for each of its customers.
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The profit function of firmi is then given byπo
i = λi(p,w0)(pi − cW

i ), assumed to be strictly concave in the

firm’s own pricepi. Thus, firmi chooses the desired pricepI
i if ∂λi(p

I ,w)

∂pi
(pI

i − cW
i ) + λi(p

I,w0) = 0. The

coordinating feecW
i is uniquely determined by the linear equationcW

i = pI
i +
[

∂λi(p
I ,w0)

∂pi

]−1

λi(p
I ,w0) < pI

i

Under the demand model (6) in§3-6, this reduces to:cW = pI − λ
b
(pI ,w0), such that the supplier’s variable

profit margincW − c− γ = ρ(pI − c− γ), see (12). Thus,ρ, the competitive intensity, denotes the fraction

of the total variable profit margin earned by the suppler under the coordination scheme. As explained in

Theorem 3.1, the coordinating volume based feecW may be complemented with a fixed paymentK from

each retailer to the supplier.

Waiting Time Competition

In this case, a vector of pricesp0 is exogenously given. To induce the firms to adopt any desiredvector of

waiting time standards0 < wI < wmax (e.g, the vector maximizing chain wide profits), a simple volume

based feecW
i for each firmi, no longer suffices. Instead, this fee needs to be combined with a feeeW

i for

any unit of service basedcapacityfirm i requires ( under dedicated service). The profit function of firm i is

now given byπo
i = λi(p

0,w)(p0
i − cW

i )− eW
i wi which is strictly concave inwi, since the demand function

is concave inwi.7 Thus, firmi adopts the desired waiting time standardwI
i if 0 =

∂πo
i

∂wi
= ∂λi(p

0,wI)

∂wi
(p0

i −

cW
i ) + eW

(wI
i
)2

. In other words, perfect coordination is achieved as long asthe fees(cW
i , eW

i ) are chosen from

the line segment:

{
(cW

i , eW
i ) : eW

i = p0
i +(wI

i )
−2
[
−∂λi(p

0,wI)

∂wi

]−1

eW
i ;eW

i ≥ 0

}
.

In the symmetric demand model (6) used in§5, this reduces to:{(cW , eW ) : eW = a(wCB)2(p− cW ) : cW ≤ p}

induces perfect coordination within the service chain. As in the case of price competition, the volume-and

capacity fees may be complemented with a fixed periodic transfer paymentK, which does not affect the

equilibrium choices. In Theorem 7.1 below we assume thatK = 0. LetλCB
i andλ∗

i denote firmi′s demand

volume, under outsourcing and in-house service.

Theorem 7.1(Profit comparison between in-house service and outsourcing under waiting time competition)

(a)
∑N

i=0 π∗OB
i (ν)≥∑N

i=1 π∗
i ; aggregate profits

∑N

i=0 π∗OB
i (ν) decrease with the inefficiency indexν.

7 An alternative to the capacity based fee is to charge the retailers in proportion toanyconvexly decreasing function of the waiting
time standard.
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(b) Consider a coordination scheme, with a given choice forcW . eW (ν), the corresponding capacity fee

andπ∗OB
i (ν), the resulting profit for firmi, are, respectively increasing and decreasing inν.

(c) AscW varies from one side of the break even value interval to the other, a retailer’s profit is either

uniformly higher or lower under outsourcing as opposed to in-house service, or there exists a unique break

even valuecW at which the retailers switch from benefitting to losing, dueto outsourcing,

(d) AscW varies from one side of the break even value interval to the other, the supplier either uniformly

earns a profit or loses money or, there exists a unique break even valuecW such that the supplier switches

from losing money to earning a profit

(e) ∂π∗OB
i

∂cW

∂π∗OB
0

∂cW ≤ 0, i.e., the retailers’ and the supplier’s profits move in opposite directions as we move

from one end of the spectrum of coordinating schemes to the other.

If a break even valuecW
R exists for the retailer’s profit differentialπ∗OB

i − π∗
i , see part (c), and if a

break even valuecW
S exists for the supplier’s profit, see part (d), then, the supply chain’s benefits from

outsourcing may be divided continuously between the supplier and the retailers as one moves between the

break even values. (WhencW = cW
R , all benefits go to the supplier, and whencW = cW

S , all benefits go to

the retailers.) However, situations where the retailers are worse off under outsourcing irrespective of which

pair of coordinating fees(cW , eW ) is employed may arise in particular whenν = N , i.e. when the chain

uses dedicated facilities for the firms. Note that in the affine function incW may have a negative slope (e.g.

whena0 is sufficiently large) so thatπ∗OB
i −π∗

i < 0 for cW > c+γ, see part(b). Moreover, if(p−c−γ), the

variable profit margin, is sufficiently small,π∗OB
i −π∗

i < 0 even whencW = 0. To allow for a full spectrum

of possible allocations of the benefits of outsourcing, one may therefore need to add a fixed paymentK to

the compensation scheme.

Simultaneous Competition

To induce the firms to adopt any desired price vectorpI , along with any desired waiting time vector0 <

wI < wmax, a combined volume- and capacity base fee, again, suffices. As before, letcW
i andeW

i denote the

fee per customer and per unit of service capacity, respectively. Perfect coordination now requires aunique

pair of fee rates(cW
i , eW

i ) obtained from the set of equations:∂πo
i (pI ,wI)

∂pi
= 0 and ∂πo

i (pI ,wI)

∂wi
= 0. (Specific
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parameters restrictions may be required to ensure that the profit function is jointly concave in(pi,wi), see

§6): cW
i = pI

i +
[

∂λi(p
I ,wI)

∂pi

]−1

λi(p
I,wI);eW

i = (wI
i )

2
[
−∂λi(p

I ,wI)

∂wi

]
(pI

i − cW
i ) ≥ 0. Under the symmetric

demand model (6) used in§6, this reduces to:0 < cW ≡ pI − λ(pI ,wI)

b
< pI , andeW = a(wI)2 λ(P I ,W I )

b
> 0,

(Note thatλ(pI,wI) = a0 − (b− (N − 1)β)pI − (a− (N − 1)α)wIb(1− ρ)(pI − c− γ) < bpI .)

8. Asymmetric Models: Numerical Study

Existence and characterization of equilibria via first order conditions all carry over, under mild conditions,

to the general model with non-identical retailers, both under in-house service and the various outsourcing

options, see Allon and Federgruen (2004, 2007). However, with non-identical retailers, it is no longer pos-

sible to obtain closed form expressions for these equilibria. In appendix A we report on a numerical study

aimed to investigate which of the insights obtained in§3-6 for the symmetric model, carry over to general

asymmetric industries. Here we confine ourselves to a few general insights.

Our initial set of problems involves an industry withN = 3 firms and demand functions of the quasi-

separable form in (3). Under price competition, we showed in§3, that under outsourcing with a maximally

efficient service chain, prices are higher and demand volumes lower than when then firms provide service

in-house. These patterns are, in general, maintained by ourasymmetric instances, but a few exceptions arise.

We showed that in a symmetric model withN = 3 firms, the service chain is always stable. With three

asymmetric firms, the chain is ,again, stable in most, but notall, instances. As in the case of symmetric

retailers, stability of the full chain is increasingly likely as the competition intensityρ increases. Under

pooled service, the full service chain (, with 3 asymmetric firms,) is always stable. We also report, for all

instances, the equilibrium under simultaneous competition, and investigate when the full chain is stable.

The above observations for the case of price competition continue to apply here.

In the second part of the study, we consider price competition instances withN = 3 firms, whose demand

functions arise from an attraction model. In this case, we conclude, for example, that the full service chain

under outsourcing, withN = 3 firms, isalwaysstable.
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9. Conclusions and Extensions

In many service industries, competing firms consider the option of outsourcing an important service process

to a common service provider. When the firms choose to outsource, this gives rise to a service supply chain.

We have developed analytical models to characterize the potential benefits of outsourcing. Two factors are

critical determinants of these benefits: (i) the ability of the common service supplier to exploit economies

of scope by complete or partial pooling of the service processes for the different firms, and (ii) the ability

of the outside service supplier to operate at lower cost rates.

Our models always allow for numerical comparisons of the equilibrium prices, waiting time standards,

demand volumes and profit levels under in-house service and the various outsourcing options. Such numer-

ical comparisons have been carried out in§8. For symmetric models, in which the retail firms have identical

characteristics, these comparisons can be made analytically, resulting in important general insights. For

example, we have shown that when the outside supplier operates with identical cost rates and when the

service processes fail to be pooled, firms do not necessarilybenefit from outsourcing even when the service

chain can be designed to achieve first best level profits. Moreover, even when all firms benefit from collec-

tive outsourcing, the service chain may fail to be stable, i.e., it may not be immune to unilateral defections.

We have shown how the benefits associated with the various outsourcing options and the stability of the ser-

vice chain depend in simple ways on the number of firms in the industry, a single indexρ characterizing the

intensity of the price competition under in-house service,a similar single indexθ, characterizing the inten-

sity of the waiting time competition and the inefficiency indexν. Similarly, we have shown how equilibrium

prices, waiting times standards, demands, profits and the benefits of outsourcing depend on a benchmark

demand volume- e.g, the demand volume a firm would face if all firms charged at cost- or the differential

∆ in the marginal cost per customer between outsourced and in-house service. See the Introduction for a

summery of the general conclusions we have been able to prove.

One important restriction of the model is the assumption that the service process can be modeled as

an M/M/1 system. For the in-house service and outsourcing with dedicated facilities options, the ability

to generalize our results to more general queueing systems,depends on the ability to obtain an analyti-

cal characterization of the dependence of the service rate (= average number of customers which can be
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served per unit of time) with respect to a firm’s demand volumeand waiting time standard. Allon and Fed-

ergruen (2003) have shown that such analytical characterizations are indeed possible for a wide variety

of queueing systems. More specifically, the capacity function (1) can be extended to one of the typeµ =

B1λ + B2/w +
√

B3λ2 +B4λ/w +B5/w2 either exactly (e.g. for M/G/1 systems, Jackson networks) or

as a close approximation (e.g. GI/GI/1 or GI/GI/S) systems.Similarly, extensions of our equilibrium results

underpooledservice require the ability to characterize the so-called achievable performance space, i.e.,

the region of the feasible demand volume - and waiting time vectors which can be achieved under agiven

(pooled) capacity level. Such characterizations are available for multi-class M/G/C and G/M/C systems, see

for example, Federgruen and Groenevelt (1988) and Shanthikumar and Yao (1992). (For the former, the

waiting time standard must be specified as the expected delaybefore service.) Bertsimas et al. (1994) have

developedapproximatecharacterizations of the achievable performance space forvarious multiclass queue-

ing networks. Future work should investigate how the benefits of various outsourcing options depend on the

characteristics of the queueing systems (for example, the coefficients of variation of service and interarrival

times), and what priority disciplines should be used under pooled service.
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Appendix A: Examples

Example 1: Let a0 = 1000;a = 100, b = 50, α = 0.75, β = 0.375 andc = γ = 1. In an industry withN = 4 firms,

the retail price and waiting time standard under outsourcing arepCB = 11.6 andwCB = 0.0328; when all benefits

of outsourcing are assigned to the retailers, each earnsπ∗OB
i = 4.305. An individual firm can increase its profits (to

4.306) by switching to in-house service, simultaneously decreasing the price by $0.22 and the waiting time standard

by 1 × 10−3. In this instanceθ = ρ = 0.03. It is only when the competitive intensities are increased to θ = ρ = 0.6

that the possibility of defections from the service chain can be eliminated. At the same time, for the same value of

θ = ρ = 0.6 the service chain is again unstable whenN = 5. HerepCB = $25.95 andwCB = 0.032 and the firms earn

a profit of 11.458. By switching to in-house service, an individual firm can increase its profits by more than 4%, again

simultaneously decreasing the price to $17.47 and the waiting time standard to 0.025.

Appendix B: Numerical Study

As mentioned in§8, our initial set of problem instances consider an industrywith N = 3 firms, and demand function

of the quasi-separable form, as follows: (3)

λ1(p,w) =

[
405− 0.1w1 + 0.04w2 + 0.04w3 −

7

1− ρ
p1 +

3.5ρ

1− ρ
p2 +

3.5ρ

1− ρ
p3

]+

λ1(p,w) =

[
405− 0.1w2 + 0.04w1 + 0.04w3 −

7

1− ρ
p2 +

3.5ρ

1− ρ
p1 +

3.5ρ

1− ρ
p3

]+

λ3(p,w) =

[
825− 0.1w3 + 0.04w2 + 0.04w1 −

7

1− ρ
p3 +

3.5ρ

1− ρ
p2 +

3.5ρ

1− ρ
p1

]+

Thus, the total price sensitivityb = 7 for all three firms. As to the cost parameters,c1 = c2 = 10, andγ1 = γ2 = 5,

while c3 = 5 andγ3 varies. We specifyc0 = 1
3

∑3
i=1 ci andγ0 = 1

3

∑3
i=1 γi, i.e., the supplier fails to face systematic

cost rate advantages or disadvantages compared to the in-house service option.

We start with 4 instances, corresponding with 4 values ofγ3 (γ3 = 5,10,15,20), a price competition intensity

ρ = 0.3 and a common waiting time standardw = 1. This quartet is followed by two others, one withρ = 0.3 replaced

by ρ = 0.9, and one withw replaced byw = 0.01. These instances may, for example represent an industry with a well

established domestic provider (firm 3) facing competition by two more recent and identical foreign entrants who are
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able to operate at lower capacity costs, but higher transaction costs per customer. (The fact that firm 3 is the more

established or recognized provider is reflected by the larger intercept of its demand function.) Since the total marginal

cost per customer is given byci + γi, firm 3 enjoys a cost advantage over its competitors whenγ3 = 5, while firms 1

and 2 have the advantage whenγ3 ≥ 10. (It follows from (9) that if two firms have identicaltotal marginal cost rates

ci + γi, the one with the lowerγ value enjoys a cost advantage.)

In Table 1, we compare for all 12 instances the equilibrium under(i) in-house service, (ii) outsourcing to a supplier

using a dedicated facility for each of the firms, and (iii) outsourcing to a supplier who pools the service processes.

As to the firms’ profit levels under outsourcing (in (ii) and (iii)), we continue to present the outsourcing option in the

most favorable light, i.e., we continue to assume that the service chain is perfectly coordinated whileall of its profits

are earned by the retail firms. In the symmetric case, this uniquely characterizes each firm’s profit level, but with

asymmetric firms this is no longer the case. When dedicated facilities are used, it seems reasonable to assume that each

firm in the service chain is awarded all revenues that are obtained from its customers and that it is charged the cost of

the dedicated facility the supplier operates on its behalf.We therefore reportthisprofit allocation along with the firms’

price and demand volumes. The same performance measures arereported with respect to the in-house service option

(i). In the case of service pooling, there is no “obvious” wayto allocate aggregate profits; here we merely report the

chain wide profits. (As we showed to be the case in symmetric models, under identical waiting times, the firms adopt

identical prices and demand volumes when the service chain is perfectly coordinated, whether the service processes

are pooled or not.)

The brand recognition firm 3 enjoys, allows it, under in-house service, to position itself in the market with a higher

price than its competitors, irrespective of the value ofγ3 or the competitive intensityρ. Whenρ = 0.3, firm 3’s price

differential is approximately $19. Whenρ = 0.9, the much more intense price competition compels firm 3 to reduce

the price difference to less than $1.50. (Note, that all prices reduce sharply whenρ moves from 0.3 to 0.9; while

variable profit margins are above 100% and sometimes 200% when ρ = 0.3, they shrink to 20% for firms 1 and 2 in

caseγ3 = 5 and to approximately 20% for firm 3, in caseγ3 = 20.) Whenγ3 = 0.3, firms 3’s market share is above

50% (except whenγ3 = 5, where it is slightly below 50%), its large price differential notwithstanding. Whenρ = 0.9,

the intensive price competition causes firm 3’s market shareto shrink to the 42-45% range. Comparing corresponding

instances, one notes that firm 3’s profit reduces approximately by a factor of four, and those of its competitors by

approximately tenfold, when going fromρ = 0.3 to ρ = 0.9. Finally, underρ = 0.3, asγ3 and hence the marginal cost

rate per customer of firm 3 decreases in increments of $5, approximately 60% of the cost saving (or $2.94) is passed on
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to the customer, forcing firms 1 and 2 to reduce their prices byan almost identical amount. In contrast, whenρ = 0.9,

90% of the same cost rate reductions is passed on to the customer.

In the symmetric model of§4, we proved that, under outsourcing, prices are higher and demand volumes lower than

when the firms perform service in-house. This pattern is maintained by our asymmetric instances, with the exception of

two instances withγ3 = 20 andρ = 0.3, where, under outsourcing, firm 3 faces a slightincreasein its demand volume,

along with a slight price increase. (Note, however, that this demand increase is the result of the supplier operating at a

lower capacity cost rateγ0 = 10 compared withγ3 = 20).

Note that the firms do not always benefit from outsourcing whenthe supplier uses dedicated facilities, even though

all of the service chain’s profits are assigned to the retailers. While this is different than what we proved to be the

case for symmetric models, see Theorem 4.1, it should be recognized that (a) the employed profit allocation, while

highly plausible, is by no means unequivocal under non-identical cost and demand structures, and (b) the supplier

is assumed to operate with different cost rates than those pertaining to any specific firm. In 5 of the 12 instances,

even theaggregateprofits of the retailers are higher under in-house service; this can be explained by factor (b). At

the same time, whenρ = 0.9, individual firms’ profits are always higher under outsourcing, and the same applies, a

fortiori, to aggregate profits. Here, the benefits of outsourcing clearly stem from the ability to circumvent the cut throat

competition, by creating a perfectly coordinated service chain. For the first eight instances, only small differences arise

between the outsourcing option with dedicated facilities versus pooled service. This is due to the cost of the service

based capacity being very small compared to the other cost components, in these instances. (The cost savings that

arise from service pooling are confined to the cost of the service based capacity.) Table 2 exhibits whether the service

chain that arises under outsourcing is immune to defections. Given the ambiguity about how profits should be allocated

among non-identical firms, we define a chain to stable ifsomeprofit allocation exists which deters defections. Clearly,

this is the case if and only if the aggregate profits in the chain are bigger than or equal to the sum of the profits each

firm can obtain when defecting. Recall that in symmetric models, we have shown that in instances with up to 3 firms,

stability always prevails, but that the chain fails to be stable when the number of firms is larger and the competitive

intensity is below a thresholdρ∗(N), which is increasing inN . Table 2 shows that, with 3 asymmetric firms, the chain

is stable in most instances, but fails to be in a few. However,consistent with our results for symmetric retailers, the

chain is impeccably stable whenρ is large, and in two of the 3 instances where it is not, stability fails only under

dedicated service and this only by a small amount. Furthermore, the lack of stability may well be due to the supplier

operating with higher cost rates than some of the firms.
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Table 1 Price Competition
Scenario In-house Dedicated Pooled

Firm Price Demand Profit Price demand profits Profit
γ3 = 20,w = 1, ρ = 0.3 1,2 40.25 152.52 3846.60 41.95 138.57 3262.49

3 59.79 347.87 12081.0060.10 349.83 14601.35
total 21126.00 21141.00

γ3 = 15,w = 1, ρ = 0.3 1,2 37.31 173.11 3857.40 41.40 142.42 3451.39
3 56.85 368.46 13561.0059.55 353.68 15259.96

total 21141.00 22201.00
γ3 = 10,w = 1, ρ = 0.3 1,2 34.37 193.70 3747.00 40.30 150.12 3791.24

3 53.90 389.05 15126.0058.45 361.38 15695.29
total 23278.00 23290.00

γ3 = 5,w = 1, ρ = 0.3 1,2 31.43 214.29 3515.50 39.75 153.97 4062.76
3 50.96 409.63 16775.0057.90 365.23 16273.30

total 24397.00 24406.00
γ3 = 20,w = 1, ρ = 0.9 1,2 28.99 279.21 3900.80 47.45 142.14 4128.69

3 31.44 450.63 2881.00 49.65 338.83 10601.14
total 18858.00 18874.00

γ3 = 15,w = 1, ρ = 0.9 1,2 24.44 311.03 2932.10 46.35 149.84 4406.41
3 26.89 482.45 3310.20 48.55 346.53 11108.21

total 19919.00 19933.00
γ3 = 10,w = 1, ρ = 0.9 1,2 19.90 342.85 1674.20 45.80 153.69 4726.98

3 22.35 514.27 3768.20 48.00 350.38 11555.87
total 21010.00 21023.00

γ3 = 5,w = 1, ρ = 0.9 1,2 15.35 374.66 127.01 44.70 161.39 5057.80
3 17.80 546.09 4255.20 46.90 358.08 12015.75

total 22129.00 22139.00
γ3 = 20,w = .01, ρ = 0.3 1,2 40.22 152.22 3839.00 41.95 138.57 2273.14

3 59.73 347.33 12064.0060.10 349.85 13613.23
total 18157.00 20153.00

γ3 = 15,w = .01, ρ = 0.3 1,2 37.28 172.80 3850.10 41.40 142.42 2626.97
3 56.79 367.92 13536.0059.55 353.70 14436.15

total 19713.00 21377.00
γ3 = 10,w = .01, ρ = 0.3 1,2 34.34 193.39 3740.00 40.30 150.12 3131.16

3 53.85 388.51 15094.0058.45 361.40 15035.82
total 21299.00 22631.00

γ3 = 5,w = .01, ρ = 0.3 1,2 31.40 213.98 3508.80 39.75 153.97 3568.02
3 50.91 409.10 16736.0057.90 365.25 15779.18

total 22913.00 23912.00

Table 3 exhibits and discusses, for all eight combinations of ρ andγ3, the equilibria which arise undersimultaneous

competition, both when the firms provide in-house service and when they outsource to a supplier using dedicated

facilities.

Commenting briefly on the results in Table 3, under in-house service, firm 3 positions itself as the firm with the

highest service level, whenγ3 = 5, i.e., when it operates with lower costs than its competitors. Whenγ3 = 10 and all

firms exhibit identical marginal costs, they offer virtually identical waiting time standards. Finally, firm 3’s waiting

time is higher whenγ3 ≥ 15, i.e. when firm 3 is at a cost disadvantage. As in the case of price competition, firm 3

exploits its larger brand recognition to charge a higher price than its competitors, albeit that the price differentialis

considerably smaller under high values ofρ. Under simultaneous competition, the prices charged by firms 1 and 2 are

much less sensitive to the cost valueγ3 and the corresponding price of firm 3 than under price competition.

Comparing the equilibria under in-house service and outsourcing, we note that the coordinated service chain is
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Table 2 Price Competition, defections
Scenario 3rd firm defects 1st firm defects

Firm Price demand profit Firm Price demand profit

γ3 = 20,w = 1, ρ = 0.3 1,2 38.1 171.29 3376 1 35.35 196.305 3989.8
3 60.1 338.28 11854 2 39.2 152.04 8664

3 57.35 363.315 8664
γ3 = 15,w = 1, ρ = 0.3 1,2 37 176.515 3581 1 35.35 194.655 3956.2

3 57.35 362.48 13524 2 38.65 156.715 9098.6
3 56.8 367.99 9098.6

γ3 = 10,w = 1, ρ = 0.3 1,2 35.9 181.74 379.2 1 35.35 191.355 3889.1
3 54.6 386.68 15303 2 37.55 166.065 9544.6

3 55.7 377.34 9544.6
γ3 = 5,w = 1, ρ = 0.3 1,2 34.8 186.965 4009 1 35.35 189.705 3855

3 51.85 410.88 17190 2 37 170.74 10003
3 55.15 382.015 10003

γ3 = 20,w = 1, ρ = 0.9 1,2 27.1 336.565 2941 1 22.7 488.63 3757
3 30.95 365.78 2156 2 25.45 209.515 2628

3 27.65 406.215 2628
γ3 = 15,w = 1, ρ = 0.9 1,2 24.9 317.315 2604.2 1 22.15 457.83 3268.5

3 27.65 458.18 3490.1 2 24.35 234.54 3023.7
3 26.55 431.24 3023.7

γ3 = 10,w = 1, ρ = 0.9 1,2 22.7 298.065 2288.4 1 22.15 388.53 2773
3 24.35 550.58 5137.9 2 23.25 276.89 3610

3 25.45 473.59 3610
γ3 = 5,w = 1, ρ = 0.9 1,2 20.5 261.49 1869 1 21.6 357.73 2356

3 20.5 681.48 7150.5 2 22.15 301.915 4072.5
3 24.35 498.615 4072.5

γ3 = 20,w = .01, ρ = 0.3 1,2 38.1 171.2999 2386 1 196.3248 35.35 3495.2
3 60.1 338.2998 9874.3 2 152.0499 39.2 7674.3

3 363.3249 57.35 7674.3
γ3 = 15,w = .01, ρ = 0.3 1,2 37 176.5249 2756 1 35.35 194.6748 3461.6

3 57.35 362.4998 12039 2 38.65 156.7249 8273.9
3 56.8 367.9999 8273.9

γ3 = 10,w = .01, ρ = 0.3 1,2 35.9 181.7499 3132 1 35.35 191.3748 3394.5
3 54.6 386.6998 14313 2 37.55 166.0749 8884.9

3 55.7 377.3499 8884.9
γ3 = 5,w = .01, ρ = 0.3 1,2 34.8 186.9749 3514 1 35.35 189.7248 3360.9

3 51.85 410.8998 16696 2 37 170.7499 9508
3 55.15 382.0249 9508

consistently able to charge higher prices and offer higher waiting time expectations. As in the case of price competition,

the benefits of outsourcing are considerably higher whenρ = 0.9. Under outsourcing, firm 3 adopts a considerably

lower price and service level, whenρ = 0.9 compared toρ = 0.3, while firms 1 and 2 adopt a higher price and lower

service.

Table 4 exhibits the equilibria when either firm 3 or one of itstwo competitors defects from the service chain under

outsourcing (, with dedicated facilities). This allows us to verify whether the chain is immune to defections. As in the

case of price competition, the chain is sometimes unstable.

We conclude this section with a set of instances with demand functions from an attraction model.

(B) Demand functions given by an attraction model

Here, there is a given potential number of customersM in thr market. Each firm’s market share is determined by

the so called attractiveness valuezi, itself a general function of the firm’s pricepi and waiting time standardwi, i.e.
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Table 3 Simultaneous Competition
Scenario In-house Dedicated

Price Waiting Time demand profit Price Waiting Time demand profit

γ3 = 20, ρ = 0.3 1,2 34.788 1.5896 197.8801 3913 42 10 137.504 3253.72
3 58.9724 2.4263 339.724 11533 60 2.08 351.592 14646.03

total 21151.00
γ3 = 15, ρ = 0.3 1,2 34.582 1.5979 195.8201 3831 42 10 137.504 3483.52

3 56.4435 2.0288 364.4354 13274 60 2.08 351.592 15233.99
total 22197.00

γ3 = 10, ρ = 0.3 1,2 34.3759 1.6064 193.7595 3751 40 10 151.504 3786.93
3 53.9148 1.603 389.1482 15137 58 2.08 365.592 15717.25

total 23291.00
γ3 = 5, ρ = 0.3 1,2 34.1697 1.615 191.697 3672 40 10 151.471 4039.23

3 51.3865 1.0991 413.8645 17124 58 1.42 365.658 16330.42
total 24407.00

γ3 = 20, ρ = 0.9 1,2 21.5737 2.7579 460.1624 3023.246.6667 4.72 162.3521 4598.40
3 28.0988 8.0337 216.9172 669.749.3333 6.04 311.4403 9654.02

total 18849.00
γ3 = 15, ρ = 0.9 1,2 20.7408 2.9518 401.6838 2303.3 46 4.06 146.0914 4284.27

3 25.225 5.358 365.7469 1908.2 48 6.7 362.6548 11364.36
total 19929.00

γ3 = 10, ρ = 0.9 1,2 19.9032 3.1933 343.2239 1681.3 46 3.4 146.098 4527.076235
3 22.3505 3.6884 343.413 3779.4 48 6.04 362.668 11966.9397

total 21021
γ3 = 5, ρ = 0.9 1,2 19.0647 3.5073 284.527 1155.1 44 3.4 160.032 4906.710852

3 19.4739 2.2973 663.1725 6280.6 46 4.72 376.8 12308.99668
total 22120

Table 4 Simultaneous Competition, defections

Scenario 3rd firm defects 1st firm defects
Firm Price Waiting time demand profit Firm Price Waiting time demand profit

γ3 = 20, w = 1, ρ = 0.3 1,2 42 10 137.6515 3257 1 35.4263 1.5646 204.2634 4169.2
3 60.0881 2.3875 350.8806 12303 2 42 10 127.3009 8616.2

3 60 2.08 341.4097 8616.2
γ3 = 15, w = 1, ρ = 0.3 1,2 39 10 158.7104 3544 1 34.9762 1.5821 199.7625 3987.3

3 57.14 2.0097 371.3995 13786 2 39 10 152.1267 9082.1
3 57 2.08 366.2355 9082.1

γ3 = 10, w = 1, ρ = 0.3 1,2 39 10 154.9425 3718 1 34.9762 1.5821 199.7625 3987.3
3 54.6421 1.5883 396.4206 15709 2 39 10 152.1267 9514.5

3 57 2.08 366.2355 9514.5
γ3 = 5, w = 1, ρ = 0.3 1,2 39 10 151.1713 3880 1 34.9743 1.5822 199.7427 3986.6

3 52.1446 1.0892 421.4455 17757 2 39 10 152.0841 9947.4
3 57 1.09 366.3315 9947.4

γ3 = 20, w = 1, ρ = 0.9 1,2 30 5.05 254.606 2968.4 1 24.5708 2.2857 2.2857 6409.9
3 31.8933 5.3864 482.5327 3322.5 2 30 7.03 7.03 2402.5

3 33 4.06 4.06 2402.5
γ3 = 15, w = 1, ρ = 0.9 1,2 30 4.06 175.8594 2342.7 1 24.57 2.2858 669.8981 6408.7

3 29.3938 3.996 657.5626 6173.2 2 30 5.05 118.1862 2696.4
3 33 3.07 233.9634 2696.4

γ3 = 10, w = 1, ρ = 0.9 1,2 30 4.06 97.0792 1454.5 1 23.8943 2.371 622.6043 5535.5
3 26.8945 2.8995 832.6174 9900.1 2 30 3.07 2.6063 3186.9

3 30 3.07 422.6063 3186.9
γ3 = 5, w = 1, ρ = 0.9 1,2 30 3.07 18.3 3.04E+02 1 23.8943 2.371 622.6043 5535.5

3 24.3947 1.8637 1007.6 14502 2 30 3.07 2.6063 3541.8
3 30 3.07 422.6063 3541.8

zi = zi(pi,wi). For a given positive constantz0, the demand rates of the firms are thus given by the system of equations

λi = M
zi(pi,wi)∑N

i=1 zj(pj ,wj)+ z0

, i = 1, . . . ,N (18)

Without loss of generality, we assume

∂zi

∂pi

≤ 0 ,
∂zi

∂wi

≤ 0. (19)
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Table 5 Attraction demand model
Scenario In-house Dedicated

Price demand profit Price demand profit

γ3 = 20 1,2 75.74 2371.1 120310 87.3333 2058.1 142005.69
3 93.63 2858.2 181870 100.6667 2860.4 235505.90

total 519517.28
γ3 = 15 1,2 75.71 2354.7 119400 86.8 2079.1 145819.74

3 91.61 2947.6 196340 100.4 2861.2 239588.56
total 531228.05

γ3 = 10 1,2 75.68 2338.6 118520 86 2106.8 149576.13
3 89.61 3034.8 211250 99.6 2881.5 243768.23

total 542920.49
γ3 = 5 1,2 75.65 2322.9 117650 86 2106.8 153096.156

3 87.62 3120.3 226590 99.6 2881.5 248582.005
total 554774.317

Table 6 Attraction demand model, defections
Scenario 3rd firm defects 1st firm defects

Firm Price demand profit Firm Price demand profit

γ3 = 20 1,2 79.6 2148 131590 1 74 2611.8 154090
3 94 2995.6 206680 2 82 2003.5 168910

3 95.6 2721.5 168910
γ3 = 15 1,2 78.8 2166.7 134610 1 74 2596.5 153190

3 92.4 3048.1 220670 2 81.2 2035.6 173080
3 94.8 2749.3 173080

γ3 = 10 1,2 78 2178.6 137250 1 74 2589 152750
3 90 3133.6 235010 2 81.2 2029.6 177180

3 94 2784.9 177180
γ3 = 5 1,2 77.2 2196.5 140280 1 74 2581.5 152300

3 88.4 3183.1 249550 2 80.4 2067.2 181310
3 94 2776.8 181310

See Bell et al. (1980) and Leeflang et al. (2000) for an axiomatic foundation of the class of attraction models and

various specifications of the attraction functions. The MultiNomial Logit specification arises with the choicezi =

eai(wi)−bipi .

Under the attraction model (18), a firm maintains apositivemarket share irrespective of how extreme and uncom-

petitive its price and service level choices are.

In our numerical study, we assume again an industry withN = 3 firms operating with the same cost rates as before,

M = 15000, z1(p,w) = z2(p,w) = 1800− 20p + 15 log(10/w) andz3(p,w) = 220− 20p + 15 log(10/w). As with

the previous instances, firm 3’s larger brand recognition manifests itself in the larger intercept of its attraction function.

In Table 5 we compare, for each of the fourγ3 values, the equilibrium under in-house service with that arising under

outsourcingwithoutservice pooling. Table 6 describes the equilibrium when either firm 3 or one of its two (identical)

competitors defects from the service chain. As with the previous instances, firm 3 is able to exploit its superior brand

recognition to charge a significantly higher price than its competitors, while continuing to be the largest provider in the

market. These observations hold, both when service is provided in-house and when it is outsourced and irrespective of

firm 3’s capacity cost rateγ3. Under in-house service, firm 3’s price is rather sensitive to the value ofγ3, with roughly
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40% of the cost savings due to a reduction ofγ3, being passed on to the customer. In contrast, under outsourcing, the

prices are quite insensitive to the capacity cost rate. In this case, outsourcing enables an increase of aggregate profits

by more than 20%. The chain is immune to defections.

Appendix C: Benefits of outsourcing when the supplier enjoyscost rate advantage

In this Appendix, we characterize the benefits of outsourcing when the outside supplier is able to operate with lower

cost rates than the retailers. Letc0 andγ0 denote the suppliers cost rates by∆≡ c+γ− (c0 +γ0) > 0. To simplify the

exposition, assume, that the outside supplier utilizes a dedicated facility for each of the retail firms he services. (All

results can be extended to the general case where the suppliers operate with an inefficiency index1 ≤ ν ≤ N .) Thus,

let pCC denote the optimal price level for the centralized profit function ΠC(p) =
∑

i=1 N
{
λi(pi − c0 − γ0)− γ0

w

}
.

(As in the base model, it is easily verified that profits are optimized by using identical price levels at each firm.)

Let cWC denote the suppliers’ charge per customer which induces theretailers to adopt the price levelpCC , recall

from section§7 that

cWCcWC = pCC − λCC

b
, (20)

whereλCC = λ(pCC ,w).

Finally, letπ∗OC
i (K) denote the equilibrium profit retaileri obtains under outsourcing when charged the coordinat-

ing per customer feecWC along with a fixed franchise feeK (−∞< K <∞).

Theorem C.1(Profit comparison between in-house service and outsourcing with lower cost rates for the supplier.)

(a)
∑N

i=0 π∗OC
i (K)≥∑N

i=0 π∗OB
i (K ′)≥∑N

i=1 π∗
i for any pair of fixed paymentsK,K ′

(b)In the absence of fixed transfer payments

(i) π∗OC
i (0) > π∗OB

i (0); π∗OC
i (0) > π∗

i iff λ(c + γ,w)≤
b∆+2

√
b2∆2

(2−ρ)2
+
(

4
(2−ρ)2

−1
)

bγ
w(1−ρ)

4
(2−ρ)2

−1

(ii) There exists a minimal waiting timewC ≤wB such thatπ∗OC
0 (0) < 0 if w ≤wC

(c)AssumeK = γ0

w
, i.e., each retailer compensates the supplier periodically for the service based capacity he

imposes on her:π∗OC
0 (K) > 0 regardless of the waiting time standardw, while π∗OC

i (K) > π∗
i iff λ(c + γ,w) ≤

b∆+2

√
b2∆2

(2−ρ)2
+
(

4
(2−ρ)2

−1
)

b(γ−γ0)
w(1−ρ)

4
(2−ρ)2

−1

(d)LetKC
b [KB

b ] denote the break even value for the fixed transfer payments tothe suppler such thatπ∗OC
0 (KC

b ) =

0[π∗OB
0 (KB

b ) = 0]. Thenπ∗OC
i (KC

b )≥ π∗OB
i (KB

b )≥ π∗
i ∀i = 1, . . . ,N

Proof:
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(a)The first inequality follows from
∑N

i=1 π∗OC
i (K) = Π∗C = maxp ΠC(p) ≥ maxp ΠB(p) = Π∗B =

∑N

i=0 π∗OB
i .

The second inequality was shown in Theorem 3.1.

(b) (i) From the proof of Theorem 3.1π∗OC
i (0) = λ2(c0+γ0,w)

4b
> λ2(c+γ,w)

4b
= π∗OB

i (0). Also, π∗OC
i (0) − π∗

i =

λ2(c0+γ0 ,w)
4b

− bλ2(c+γ,w)
(2b−(N−1)β)2

+ γ

w
so that4b(π∗OC

i (0) − πi∗) = λ2(c0 + γ0,w) − 4λ2(c+γ,w)
(2−ρ)2

+ 4bγ

w
. Substituting the

identityλ(c0 + γ0,w) = λ(c + γ,w)+ b(1− ρ)∆, we obtain that4b(π∗OC
i (0)− πi∗) = [λ(c + γ,w)+ b(1− ρ)∆]

2 −
4λ2(c+γ,w)

(2−ρ)2
+ 4bγ

w
and this quadratic expression inλ(c + γ) is negative forλ below it’s positive root.

(ii) Again, from the proof of Theorem 3.1π∗OC
0 (0) = λ2(c0+γ0 ,w)ρ

4b(1−ρ)
− Nγ0

w
such thatlimw↓0 π∗OC

0 (0) = −∞ and

there exists a valuewC such thatπ∗OC
0 (0) < 0 for all w < wC . Also, for w < wC , π∗OB

0 (0) = λ2(c+γ,w)ρ
4b(1−ρ)

− Nγ

w
=

[λ(c0+γ0,w)−b(1−ρ)∆]2ρ

4b(1−ρ)
− Nγ0

w
< λ2(c0+γ0,w)ρ

4b(1−ρ)
− Nγ0

w
= π∗OC

0 (0) < 0 so thatwC < wB.

(c)π∗OC
0

(
γ0

w

)
= π∗OB

0 (0) + Nγ0

w
= λ2(c0+γ0 ,w)ρ

4b(1−ρ)
> 0, following the proof of Theorem 1(a). By the proof of part (a),

π∗OC
i

(
γ0

w

)
− π∗

i = λ2(c0+γ0,w)

4b
− bλ2(c+γ,w)

(2b−(N−1)β)2
+ γ−γ0

w
. The rest of the proof is analogous to that of part (b).

(d)Immediate from part (a) and the fact that all centralized models have symmetric solutions.

�

Appendix D: Proofs

Proof of Proposition 4.1 Consider a setting where allN firms are part of a common chain which operates under

the above described perfect coordination scheme. Assume now that one of the firms, without loss of generality firm

N , decides to leave the chain and to service its customers in-house. After the “defection”, the industry operates as a

two player game: the chain comprised of firms1, . . . ,N − 1 is the first player, deciding on a vector(p1, . . . , pN−1)

and firmN is the second player, selecting a single pricepN = pi for its in-houseservice. For alli = 1, . . . ,N − 1,

λi = a0
i + βpi + αw −w(a− (N − 2)α)− bpi + β

∑N−1
j 6=i

pj. Thus, for any price levelpi, the best response problem

faced by the chain is equivalent to the centralized problem in a system withN − 1 firms and no outside competitors,

and an intercept for the firms’ demand function given byâ0 = a0 + βpi + αw. As shown above, it is optimal in the

centralized system to select identical prices for allN − 1 firms. Thus, withpo denoting the common price among all

firms1, . . . ,N − 1, for theiroutsourcedservice, we obtain from (13) that

po =
a0 −w(a− (N − 1)α)

2(b− (N − 2)β)
+

c + γ

2
+

piβ

2(b− (N − 2)β)
. (21)

Firm N ’s profit πN = λi(pi − c− γ)− γ

N
with λi = a0 −w(a− (N − 1)α)− bpi + (N − 1)βpo, so

pi =
a0 −w(a− (N − 1)α)

2b
+

c + γ

2
+

poβ(N − 1)

2b
. (22)
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Substituting (21) into (22) we obtainpi

[
4b(b−(N−2)β)−β2(N−1)

4b(b−(N−2)β)

]
= a0−w(a−(N−1)α)

2b

[
2(b−(N−2)β)+β(N−1)

2(b−(N−2)β)

]
+

c+γ

2

[
2b+β(N−1)

2b

]
andpi = (a0 −w(a− (N − 1)α)) 2(b−(N−2)β)+β(N−1)

4b(b−(N−2)β)−β2(N−1)
+ (c + γ) (2b+(N−1)β)(b−(N−2)β)

4b(b−(N−2)β)−β2(N−1)
. By (10)

πN = b(pi
− c− γ)2 −

γ

w

= b

[
(a0

−w(a− (N − 1)α))
2(b− (N − 2)β) + β(N − 1)

4b(b − (N − 2)β)− β2(N − 1)
+ (c + γ)

[
(2b + (N − 1)β)(b− (N − 2)β)

4b(b− (N − 2)β)− β2(N − 1)
− 1

]]2
−

γ

w

= b

[
2b− β(N − 3)

4b(b− (N − 2)β)−β2(N − 1)

]2 [
a0

−w(a− (N − 1)α)− (c + γ)(b− (N − 1)β)
]2

−

γ

w

= b

[
2b− β(N − 3)

4b(b− (N − 2)β)−β2(N − 1)

]2

λ(c + γ,w)2 −
γ

w
. (23)

In contrast, when firmN remains part of the chain, it obtainsπ∗OB
i , as in (25). Since the second term in (21) is always

larger than the second term in (22), firmN has no incentive to defect from the chain ifb
[

2b−β(N−3)

4b(b−(N−2)β)−β2(N−1)

]2
≤

1
4(b−(N−1)β)

⇔ 4b2(N −3)−4βb(N2−4N +5)−β2(N −1)≤ 0⇔Q(ρ,N)≡ 4(N −1)(N −3)−4ρ(N2−4N +

5)− ρ2 ≤ 0, where the second inequality follows by multiplying both sides with the product of the denominators and

the third inequality follows by multiplying both sides by(N − 1)/b2. WhenN ≤ 3, the quadratic functionQ(ρ,N) is

negative for allρ≥ 0, i.e., it is more advantageous for firmN to stay in the chain, see (i). At the same time, forN ≥ 4,

Q(ρ,N) viewed as a quadratic function inρ, is non-positive forρ≥ ρ∗(N), its positive root. Clearlyρ∗(N) > 0, since

(N − 1)(N − 3) for N ≥ 4. Also, ρ∗(N) ≤ 1 ⇔ 2
√

(N2 − 4N + 5)2 + (N − 1)(N − 3) ≤ 1 + 2(N2 − 4N + 5) ⇔

4(N − 1)(N − 3) < 1 + 4(N2 − 4N + 5), which holds for allN .

(b) Note, sinceρ∗(N)≤ 1,

Q(ρ∗(N),N + 1) = 4(2N − 3)(1− ρ∗(N))+ Q(ρ∗(N),N)≥ 0. (24)

Equation (24) implies thatρ∗(N +1), the positive root of the quadratic equationQ(ρ,N +1) = 0, is larger thanρ∗(N)

.Finally, the positive root of the quadratic equation can bewritten as 4(N−1)(N−3)√
4(N2−4N+5)2+4(N−1)(N−3)+2(N2−4N+5)

, from

whichlimN↑∞ ρ∗(N) = 1 is immediate. Finally, ifπ∗OB
N −π∗

N ≥ 0⇔ λ2(c+γ,w)

[
1

4(b−(N−1)β)
− b
(

2b−β(N−3)

4b(b−(N−2)β)−β2(N−1)

)2
]
≥

γ

w

(
ν

N
− 1
)
. WhenN ≥ 4 andρ ≤ ρ∗(N), the expression within squared brackets is non-positive and λ(c + γ,w) ≤

λ̂(ρ,N, ν) is the necessary and sufficient condition to prevent defections, see (iii).

�

Proof of Proposition 4.2

(a)Note πo(o,1) = πo(i,1). Let m∗ = max{1≤m≤N : πo(o,m)≥ πo(i,m)}. If m∗ = N , a SPNE exists with

mo = N since all firms are part of the service chain and none want to switch to in-house service. Ifm∗ < N , πi(o,N −

m∗) = πo(o,m∗ +1) < πo(i,m∗ +1) = πi(i,N −m∗), so that a chain withm∗ firms is in equilibrium: all firms inside

(outside) the chain are better off continuing to outsource (provide in-house service).
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(b)πo(i,m∗ + 1) > πo(o,m∗ + 1), and by the strict single crossing point property,πo(i,m∗ + 2) > πo(o,m∗ +

2), . . . , πo(i,N) > πo(o,N), so that no chain withmo > m∗ is stable. Similarly, for a chain withmo < m∗ firms,

πi(o,N −mo) = πo(o,mo + 1)≥ πo(i,mo + 1) = πi(i,N −mo), where the inequality follows from the strict single

crossing point property. (Ifπo(i,mo +1) > πo(o,mo +1), thenπo(i,m∗) > πo(o,m∗), contradicting the definition of

m∗.) This implies that a firm outside the chain can improve its profits (or keep it equal) by outsourcing and will there-

fore defect, contradicting the stability of the chain. The monotonicity ofm∗ in ν follows from the fact thatπo(i,m) is

independent ofν, while πo(o,m) decreases withν. These properties are easily verified, since the equilibrium prices

of the firms inside and outside of the chain donot depend onν, see the proof of Theorem 5.3.

�

Proof of Proposition 4.1

(a)pCB > p∗ ⇔ a0−w(a−(N−1)α)

2(b−(N−1)β)
+ c+γ

2
> a0−w(a−(N−1)α)+b(c+γ)

2b−(N−1)β
⇔ (a0−w(a−α(N−1)))

[
1

2(b−(N−1)β)
− 1

2b−(N−1)β

]
>

(c + γ)
[

1
2b−(N−1)β

− 1
2

]
⇔ (a0 −w(a−α(N − 1))) (N−1)β

b−(N−1)β
> (c + γ)(N − 1)β ⇔ 0 < λ(c + γ,w) = a0 −w(a−

α(N − 1))− (b− (N − 1)β)(c + γ). But, the last inequality holds by (8).

(b)λCB = a0 −w(a− (N − 1)α)− (b− (N − 1)β)pCB < a0 −w(a− (N − 1)α)− (b− (N − 1)β)p∗ = λ∗ by part

(a) andb > (N − 1)β.

(c)It follows from ΠCB = NλCB(pCB − c − γ) − νγ

w
and (12) thatΠCB = Nb(pCB − c − γ)2 − Nγ

w
which is

independent ofρ, by (13). By (10),π∗
i = b(p∗

i − c − γ)2 − γ

w
. The expression forπ∗

i follows by substituting the

expression forp∗ in (10). It is decreasing inρ, since the funcition 1−ρ

(2−ρ)2
is.

�

Proof of Theorem 4.1

(a)
∑N

i=0 π∗OB
i = Π(pCB)≥ Π(p∗) =

∑N

i=0 π(p∗) =
∑N

i=0 π∗
i . π∗OB

i is independent ofν since both the retail price

pCB and the customer feecWB are. However, the supplier’s profitscWB
∑N

i=1 λCB
i − (c+γ)

[∑N

i=1 λCB
i + ν

w

]
−K is

a decreasing affine function ofν, sincecWB andλWB are independent ofν.

(b)Using (20), (12), and (13),

π∗OB
i = λCB(pCB − cWB) =

(λCB)
2

b
=

(pCB − c− γ)
2
(b− (N − 1)β)2

b

=
1

4b

[
a0 −w(a− (N − 1)α)− (c + γ)(b− (N − 1)β)

]2
=

λ2(c + γ,w)

4b
. (25)

Similarly, from (11),p∗ − c− γ = λ(c+γ,w)

b(2−ρ)
and

π∗
i =

λ2(c + γ,w)

b(2− ρ)2
− γ

w
. (26)
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Thus,π∗OB
i − π∗

i = λ2(c+γ,w)

b

[
1
4
− 1

(2−ρ)2

]
+ γ

w
, and part (i) follows. Part (ii) is derived fromπ∗OB

0 = N(cWB − c−

γ)λCB − νγ

w
sincecWB andλCB are independent ofw.

(c)In this case,π∗OB
i − π∗

i = λ2(c+γ,w)

b

[
1
4
− 1

(2−ρ)2

]
< 0, while π∗OB

0 = N(cWB − c− γ)λCB + (N−ν)γ

w
> 0

(d)Consider first the case whereν = N , i.e, the supplier services the customers of each retailer in a dedicated facility.

In this case, the optimal aggregate profit of the service chain, under outsourcing, equals the sum of the retailers’ profits

under in-house service, assuming the price vectorpCB is adopted. Thus, by (20),π∗OB
i = λCB(pCB − c− γ)− γ

w
=

(pCB − c − γ)2(b − (N − 1)β) − γ

w
= λ2(c+γ,w)

4b(1−ρ)
− γ

w
, by (25). By (26)π∗OB

i − π∗
i = λ2(c+γ,w)

b

[
1
4
− 1−ρ

(2−ρ)2

]
=

λ2(c+γ,w)

4b

ρ2

(2−ρ)2
. Whenν < N , π∗OB

0 = NλCB(cWB − c−γ)− νγ

w
+NK, whereλCB andcWB are independent ofν.

Thus, whenν < N each retailer’s periodic fee can be(N−ν)γ

Nw
lower than whenν = N , and its profit correspondingly

higher, without affecting the supplier’s profit level. Thus,

π∗OB
i =

λ2(c + γ,w)

4b(1− ρ)
− νγ

Nw
. (27)

Subtractingπ∗
i we obtain the desired expression.

�

Proof of Theorem 5.3

Assume mo ≡ N − mi firms outsource, without loss of generality, firms{mi + 1, . . . ,N}. For given

prices {pi
1, . . . , p

i
mi} of the firms outside the chain, the aggregate profit of the chain is given by Πc =

∑N

i=mi+1

[
λi(pi − c− γ)− γ

w

]
, whereλi = a0 − [a− (N − 1)α]w − bpi + β

∑N

j=mi,j 6=i
pj + β

∑mi

j=1 pi
j. It is easily

verified that the chain’s aggregate profit function is a concave quadratic function, such that the optimal prices for the

participating firms satisfy the first order conditions

0 =
∂Πc

∂pi

= λi − b(pi − c− γ)+ β

N∑

j=m∗+1,j 6=i

(pj − c− γ) (28)

= a0 − [a− (N − 1)α]w− bpi + β

mi∑

j=1

pi
j + β

N∑

j=mi ,j 6=i

pj + β

mi∑

j=1

pj

− b(pi − c− γ)+ β

N∑

j=m∗+1,j 6=i

(pj − c− γ), i = mi + 1, . . . ,N

This represents a linear system of(N −mi) equations in as many unknown prices{pmi+1, . . . , pN}. By writing the

system in matrix form, one easily verifies that this system ofequations has a unique solution which is symmetric, i.e.

there exists a pricepo, such thatpj = po for all j = mi + 1, . . . ,N
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po =
a0 −w(a− (N − 1)α)

2[b− (N −mi + 1)β]
+

c + γ

2
+

β
∑m

j 6=i
pi

j

2(b− (N −mi + 1)β)
(29)

It follows from (28) thatλi = [b− (N −mi + 1)β](po − c− γ) for all i = mi + 1, . . . ,N . Thus

πo(o,N −mi) =
Πc

N −mi
=

1

N −mo

N∑

j=mi+1

λj(p
o − c− γ)− γ

w
= [b− (N −mi + 1)](po − c− γ)2 − γ

w
(30)

The firmsi = 1, . . . ,mi performing in-house service, have, under a given (common) price po for the outsourcing

firms, a profit functionπi = λi(pi − c− γ)− γ

w
, with λi = a0 − [a− (N − 1)α]w − bpi + β

∑mi

j=1,j 6=i
pj + β(N −

mi)po. For a given pricepo for the outsourcing firms, the remainingmi firms engage in ami-person game in which

the Nash equilibrium satisfies the first order conditions:

0 =
∂πi

∂pi

= λi−b(pi−c−γ) = [a0−w(a−(N −1)α)]+(N −mi)βpo−2bpi +β

mi∑

j=1,j 6=i

pj +b(c+γ), i = 1, . . . ,mi.

(31)

Once again, this system of linear equation has a unique solution, which is symmetric. In other words, for any pricepo

selected by the outsourcing firms, the remaining firms choosea common pricepi, i.e.pj = pi, j = 1, . . . ,mi, where

pi =
a0 −w(a− (N − 1)α)+ (N −m)βpo + b(c + γ)

2b− (mo − 1)β
. (32)

Also, by (34),λi = b(pi − c− γ) for all i = 1, . . . ,mi, and

πi(i,m) = λi(p
i − c− γ)− γ

w
= b(pi − c− γ)2

γ

w
(33)

An overall Nash equilibrium in themi + 1 person game, consisting of the service chain andmi firms with in house

service, uses a price pair{pi, po} which satisfies (33) and (30). This system of two equations has the following solution

pi = (a0 −w(a− (N − 1)α))
2(b + β)− β(N −m)

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

+ (c + γ)
(b− (N −m− 1)β)(2b + (N −m)β)

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

po = (a0 −w(a− (N − 1)α))
2b + β

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

+ (c + γ)
(b− (N −m− 1)β)(2b− (m− 1)β)+ bβm

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

Substituting these into (34) and (37), we get:πi(i,mi) > πi(o,mi) = πo(o,N −mi + 1)⇔

b

{
(a0 −w(a− (N − 1)α))

2(b + β)− β(N −m)

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2
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+(c + γ)

[
(b− (N −m− 1)β)(2b + (N −m)β)

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2
− 1

]}2

>

(b− (N − (m− 1)− 1)β)

{
(a0 −w(a− (N − 1)α))

2b + β

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

+(c + γ)

[
(b− (N −m− 1)β)(2b− (m− 1)β)+ bβm

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2
− 1

]}2

After rearranging the terms, the above can be shown to be equivalent to

[
2(b + β)− β(N −m)

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

]2
λ2(c + γ,w)b >

(b− (N −m)β)

[
2b + β

2(b− (N −m− 1)β)(2b− (m− 1)β)− (N −m)mβ2

]2
λ(c + γ,w)

By dividing both sides of the inequality byb, we obtain (32). By (30) and (31), the necessary and sufficient condition

for an SPNE withmo outsourcing firms consists of (32) andπo(o,mo) ≥ πo(i,mo) = πi(i,N −mo + 1), which, by

the above argument is equivalent to (33). �

Proof of Lemma 6.1

If firms are served in dedicated facilities, aggregate profits are given byΠCB(w) = (p−c−γ)
∑N

i=1 λi−γ
∑N

i=1
1

wi
,

a jointly concave function ofw, whose optimum is symmetric and satisfies the first order conditions ∂ΠCB

∂wi
= (a−(N−

1)α)(p− c− γ)− γ

wi
= 0. Hence , the expressions forwCB . Under service poolingΠCB(w) = (p− c− γ)

∑N

i=1 λi −

γµ∗, with µ∗ given by (2). Note first that under an optimal vector of waiting times, the maximum in (2) is achieved

for S = {1, . . . ,N}. Allon and Federgruen (2004) show that alargestsetS∗ exists which achieves the maximum.

Assuming to the contrary thatS∗ 6= {1, . . . ,N}: the waiting times{wCB
i : i 6∈ S∗} could be reduced without increasing

the required capacity while increasing the first term in the profit function under pooling; this contradicts the optimality

of wCB .
(

∂(
∑N

l=1 λl)

∂wi
=−a + (N − 1)α < 0

)
. Thus

ΠCB(w) = (p− c− γ)

N∑

i=1

λi − γ

∑N

i=1 λi∑N

i=1 λiwi

(34)

and

max
w

ΠCB(w) = max
w≥0,W>0

{
N∑

i=1

(p− c− γ)λi − γ

∑N

i=1 λi

W
|

N∑

i=1

λiwi ≥W

}
(35)

= max
W≥0

min
δ≥0

max
w≥0

{
N∑

i=1

(p− c− γ)λi − γ

∑N

i=1 λi

W
+ δ

(
N∑

i=1

λiwi −W

)}

where the second equality follows from the strong duality theorem of convex programming, as
∑N

i=1 λiwi is a strictly

concave quadratic function ofw. Note that the inner maximum (for any givenW,δ ≥ 0) is achieved by a vector
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with identicalcomponents since the objective within curled brackets is a concave (quadratic) function ofw, which is

invariant to permutations of the vector(w1, . . . ,wN ). Thus, if a vectorw(1) with non-identical components obtains the

maximum, so would all of its permutations
{
w(l), l = 1, . . . ,N !

}
, but their averagêw = 1

N!

∑N!
i=1 w(l) with identical

components achieves a higher objective value than each of these optima. The expression forwCB follows, again, from

∂ΠCB(w)

∂wi
= 0 using (40) and the fact that at the optimum pointλ1 = · · ·= λN . �

Proof of Theorem 6.2

(a)Immediate from
∑N

i=0 π∗OB
i = ΠB(wCB).

(b)It follows from (40) that eW (ν)
wCB(ν)

= awCB(ν)(p − cW ). SincewCB(ν) is increasing inν, so is eW (ν) and

eW (ν)/wCB(ν). λCB(ν) andπ∗OB
i (ν) = (p− cW )λCB

i (ν)− eW

wCB(ν)
are decreasing inν.

(c)-(e)To prove parts (b)-(e), note thatπ∗OB
i = λCB(p− cW )− eW

wCB andπ∗
i = λ∗

i (p− c− γ)− γ

w∗

i

. Substituting the

above expressions forwCB andw∗
i into (3) we obtain expressions forλ∗ andλCB, and one foreW . After some algebra

we conclude:

π∗OB
i − π∗

i =
(
a0 − p(b− (N − 1)β)

)
(c + γ − cW ) (36)

− (p− cW )(2a− (N − 1)α)

√
γν(N)

N(a− (N − 1)α)(p− c− γ)

+ (a− (N − 1)α)

√
γ(p− c− γ)

a
+
√

aγ(p− c− γ),

an affine function ofcW which takes on a negative value forcW = c + γ, thus verifying part(b). Sinceπ∗OB
0 +

∑N

i=1 (π∗OB
i − π∗

i ) = ΠB(wCB)−∑N

i=1 π∗
i > 0 does not depend oncW , it follows thatπ∗OB

0 is an affine function of

cW as well, the slope of which has the opposite sign from that of the function (36), thus verifying part(c) and (d).�

Proof of Theorem 6.3

(a)Assuming the best case scenario for outsourcing, i.e. a maximally efficient chain with the retailers obtaining a

maximum share of the chain-value profits, we getπ∗OB
i = 1

N
ΠCB(wCB) = λCB(p− c− γ)− ν(N)γ

NwCB = [a0 − pb(1−

ρ)](p − c − γ) − 2
√

ν(N)

N

√
γa(1− θ)(p− c− γ) If one of the firms, without loss of generality, firmN , leaves the

chain, the industry operates as a duopoly: the remaining chain of firms 1, . . . ,N − 1, is the first player who decides

on the vector(w1, . . . ,wN−1), and firmN is the second player choosing the single “in-house” waitingtime standard

wi. It is easily verified that irrespective of firmN ’s waiting time choicewi, it is optimal for the firms in the remaining

chain to make identical waiting time choiceswo =
√

ν(N−1)γ

(N−1)(a−(N−2)α)(p−c−γ)
, while wi = w∗ continues to be the

dominant choice for firmN . Thusλi = (a0 − p(b− (N − 1)β))− awi + (N − 1)αwo represents the demand volume
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of the defecting firm N. Substitutingwi andwo we obtain firmN ’s profit πi when providing in-house serviceπi =

(a0 − p(b− (N − 1)β)) (p− c−γ)−2
√

γa(p− c− γ)+(N −1)α
√

ν(N−1)

N−1

γ(p−c−γ)

a−(N−2)α
. Thus, firmN doesn’t benefit

from defection if and only if

π∗i − π∗OB
N =

√
γ(p− c− γ)

{
2

√
a(1− θ)

ν(N)

N
− 2

√
a + (N − 1)α

√
ν(N − 1)

N − 2

1

a− (N − 1)α

}
≤ 0

which is equivalent to (17).

(b)In this case, the stability condition can be written as

2(1−
√

1− θ) > θ

√
1

1− θ N−2
N−1

⇔ 2θ

1 +
√

1− θ
≥ θ√

1− θ N−2
N−1

⇔ 2

√
1− θ

N − 2

N − 1
≥ 1 +

√
1− θ

. This inequality is always satisfied whenN = 2 andN = 3. WhenN ≥ 5, 2
√

1− θ N−2
N−1

≤ 2
√

1− 3θ

4
≤ 1 +

√
1− θ,

since the last inequality is equivalent toθ +
√

1− θ > 1 for all 0 ≤ θ < 1, as can be seen by squaring both sides

and grouping terms. Thus, the chain is never stable whenN ≥ 5. Finally, whenN = 4, the condition2
√

1− 2
3
θ ≥

1 +
√

1− θ is equivalent to a quadratic inequality, which on the interval [0,1) is satisfied only forθ ∈ [0.96,1).

(c)In this case, the stability condition reduces to2
√

1−θ

N
+ θ√

(N−1)(1−θ)+θ
≤ 2. But H(θ,N) is decreasing inN ,

so thatH(θ,N)≤H(θ,2) =
√

2
√

1− θ + θ ≤ 1.5 for all θ ≤ 1. (To verify the last inequality, note that the function to

the left is concave, achieving its maximum forθ = 0.5, since its derivative1−
√

2
2

(1− θ)−
1
2 , hasθ = 0.5 as its root.)

�

Proof of Theorem 7.1Assumeγ ≥ a(wmax)3 max{ a

4b
, 1+θ

2
}.

(a)Let πi = λi(pi − c− γ)− γ

wi
. Note,

∂πi

∂pi

=−b(pi − c− γ)+ λi;
∂πi

∂wi

=−a(pi − c− γ)+
γ

w2
i

. (37)

πi is jointly concave in the pair(pi,wi) on [c + γ, pmax] × [0,wmax], since its Hessian, on this rectangle, has

diagonal elements(−2b) and − 2γ

w3
i

, and a determinant4bγ

w3
i

− a2 > 0, since γ ≥ (wmax)3 a2

4b
. It follows that a

Nash equilibrium exists. Moreover, the Nash equilibrium isuniquesince the Jacobian of the system of equations
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{
∂πi

∂pi
= 0; ∂πi

∂wi
= 0, i = 1, . . . ,N

}
is negative definite. (The JacobianJ =





−2b β · · · β −a α · · · α

. . .
. . .

β · · · β −2b α · · · α −a

−a α · · · α −2γ

w3
i

0 · · · 0

. . .
. . . 0

α · · · α −a 0 · · · 0 −2γ

w3
i





is

dominant diagonal, since2b > a+(N − 1)(α +β) and 2γ

w3
i

≥ a+(N − 1)α. Since its diagonal elements are negative,

J is negative definite.) Thus any pair(p,w), which satisfies the first order conditions:

∂πi

∂pi

= 0;
∂πi

∂wi

= 0, if wi < wmax and
∂πi

∂wi

≥ 0, if wi = wmax, i = 1 . . . ,N (38)

is theuniqueNash equilibrium. We show that (38) is indeed satisfied by a symmetric vector, i.e.p1 = · · · = pN = p

andw1 = · · ·= wN = w. Using (37) this implies:

p =
a0 −w(a− (N − 1)α)+ b(c + γ)

2b− (N − 1)β
(39)

(Substituting this identity into the expression for∂πi

∂wi
in (37), we obtain after some algebra andC = 2b−(N−1)β

a[a−(N−1)α]
:

∂πi

∂wi

w2
i

C
= w3 −w2 a0 − (c + γ)(b− (N − 1)β)

a− (N − 1)α
+

γ(2b− (N − 1)β)

a(a− (N − 1)α)
(40)

Clearly, ∂πi

∂wi
> 0 when evaluated atw = 0 ( andp = a0−b(c+γ)

2b−(N−1)β
). Thus, if ∂πi

∂wi
> 0 when evaluated atw = wmax, the

pair [a0−wmax(a−(N−1)α)+b(c+γ)
2b−(N−1)β

,wmax] is a Nash equilibrium. Otherwise, (40) has a unique root on[0,wmax], since

∂πi

∂wi
is monotone and the characterization of the unique equilibrium (p∗,w∗) follows. Finally, using (37) and (38), we

obtain− aλ∗

b
+ γ

(w∗)2
= [≥]0, if w∗ < [=]wmax.

(b)The proof is analogous to that of part (a), after establishing that the profit functionΠ(p,w) =

∑N

i=1

[
λi(pi − c− γ)− γ

wi

]
is jointly concave in the vector(p,w). This follows from its Hessian being negative dom-

inant diagonal under the stated conditions.

(c)CC(w) andC∗(w) differ by +a constant. Ifθ ≥ [>] ρ

2−ρ
, CC(w) ≥ C∗(w) ≥ [> 0]0 for all w ≤ w∗, so that

wCB ≥ [>]w∗. Similarly, if θ < ρ

2−ρ
, C∗(w) > CC(w)≥ 0, for all w ≤wCB , so thatw∗ > wCB.

(d)Since(p∗,w∗) is a Nash equilibrium under Simultaneous Competition,w∗ is an equilibrium in the Waiting Time

competition model, when the price level is fixed atp = p∗. Thusw∗ =
√

γ

a(p∗−c−γ)
, as shown in§4. Similarly,wCB

is the optimal waiting time standard in the centralized problem when the price level is fixed atpCB, so thatwCB =
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√
γ

(a−(N−1)α)(pCB−c−γ)
. Thus, ifpCB ≤ p∗, thenwCB ≥w∗.

(e)wCB ≥ w∗ follows from part (c). We distinguish between two cases: (i)w∗ < wmax; (ii) w∗ = wmax. In case

(i), λ∗ = bγ

a(w∗)2
≥ bγ

a(wCB)2
≥ λCB , by parts (a) and (b). In case (ii),wCB = w∗, andp∗ andpCB are, respectively,

the equilibrium price and the optimal price level in a centralized system, where the waiting time standard is fixed at

w = wmax = wCB . λ∗ ≥ λCB now follows from Proposition 1(b).

�

Proof of Proposition 7.1

(a)It follows from (37) thatp∗ − c− γ = λ∗

b
. Employing the relationships betweenw∗ andλ∗, andwCB andλCB

obtained in Theorem 6.1(a) and (b), we getπ∗
i = λ∗(p∗ − c− γ)− γ

w∗
= (λ∗)2

b
−
√

aγλ∗

b
andπCB = λCB(pCB − c−

γ)− γ

wCB = (λCB)2

b(1−ρ)
−
√

1−θ

1−ρ

√
λCBaγ

b
.

(b)If θ = ρ

2−ρ
, 1− θ = 2 1−ρ

2−ρ
andC∗(w) andCC(w) coincide and have an identical (unique) rootw0 on [0,wmax].

Employing the relationships betweenλ∗ andw∗ andλCB andwCB in parts (a) and (b) of Theorem 8, the condition in

part (a) reduces to γ2b(2−ρ)

4a2(1−ρ)(w0)4
− γ

w0 ≥ bγ

a2(w0)4
− γ

w0 which holds iff 2−ρ

4−4ρ
≥ 1⇔ ρ≥ 2

3
.

�


