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We develop a model for the competitive interactions in sermdustries where firms cater to multiple customer classes
or market segments with the help of shared service fadlitieprocesses, so as to exploit pooling benefits. Different
customer classes typically have distinct sensitivitieth® price of service as well as the delays encountered. In suc
settings firms need to determine: (i) the prices charged twsiomer classes, (ii) the waiting time standards, i.peeted
steady-state waiting time promised to all classes, (i) tapacity level and (iv) a priority discipline enabling fiiren

to meet the promised waiting time standards under the choemaarcity level, all in an integrated planning model which
accounts for the impact of the strategic choices of all cadmgdirms. We distinguish between three types of competitio
depending upon whether firms compete on the basis of th&eponly, waiting time standards only, or, on the basis
of price and waiting time standard. We establish in each efttihee competition models that a Nash equilibrium exists
under minor conditions regarding the demand volumes. Wes\atically compare the equilibria with those achieved
when the firms service each market segment with a dedicateides@rocess.

1. Introduction

We analyze the equilibrium behavior in service industriégere firms cater to multiple customer classes
or market segments with the help of shared service fagiliieprocesses, so as to exploit pooling benefits.
Different customer classes typically have rather disgasansitivities to the price of service as well as the
delays encountered. Conversely, from the firm’s perspedtig vital to offer differentiated service charges
and levels of service to different customer classes so askimize (long run) profits.

Examples of industries with the above characteristics areerous. Banks and credit card companies
segment their customers into regular and VIP or Gold andriliat customers. Computer software and
hardware firms often segment their customers, for exampte Home and Home Office users, Small Busi-
nesses, Large Businesses and the Government, Educatiéteatid Care sectors, using an integrated pool
of technical support personnel to serve the different custcsegments according to a specific priority dis-
cipline; each customer segment is associated with a specifie and waiting time expectation. Finally,
overnight delivery services use their planes and truckslivet letters, boxes and cargo, each with different
prices and delivery time standards. In many service intasstwaiting time standards are used as a primary
advertised competitive instrument. For example, most megctronic brokerage firms, (e.g. Ameritrade,
Fidelity, E-trade) all prominently feature the average @dman execution speed per transaction which is
monitored by independent firms. Some firms go as far as to ¢eo&n individual execution time score
card as part of the customer’s personal account statem&nis.second example, in the airline industry,
independent government agencies (e.g. the Aviation Coesinotection Division of the DOT, as well as
internet travel services e.g Expedia ) report the averalggy da a flight by flight basis.

In this paper we propose and analyze a model in which firmssaleor part of the following: (i)
the prices charged to all customer classes, (ii) the watting standards promised to all classes, (iii) the
capacity level and (iv) a priority discipline enabling tharfito meet the promised waiting time standards
under the chosen capacity level. We define wadting time standardffered by a given firm to a given
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market segment as tlmeaximum expected steady state waiting time in sy8terfirm guarantees. As to the
priority discipline, modern call centers or computerizedvice processes allow for the easy adoption of
very general priority schemes, while traditional “brickdamortar” service facilities may, for psychological
or other reasons, be confined to simple priority rules sudRGISS orabsolutepriority schemes with an
absolute priority ranking among the customer classes.

We distinguish between three types of competitionPfire competition here all waiting time standards
are exogenously given and the firms compete on the basisipptiees only, (II)Waiting timecompetition:
here all prices are exogenously given and the competitiom ierms of waiting time standards, and (l11)
Simultaneous competitiomll prices and waiting time standards are selected simedtasly. Prices and
waiting time standards are the orlyo essential strategic instruments. Once these are chosédirskeyace
providers, each firm can determine a combined capacity & priority scheme which minimizes its own
cost without affecting the revenues or the costs of its cditgs.

We first §5) represent the demand rate faced by a given firm for a givekehsegment (customer class)
as a separable function all prices and waiting time standards offered to this segmehgimdustry, which
in addition is linear in the price vector. This represemtatissumes that the customers are completely seg-
mented. Each individual potential customer unambiguobiglgngs to one of the market segments without
being able to switch between segments or to misrepresesefisent identity. In this context, a consumer
is defined as an individual service requiring unit, for imst®, an individual box or letter, rather than the
household or firm which selects the service provider, pbgsifie provider for its letters and a different one
for its parcels. Complete segmentation is possible for g@non the basis of (i) geographic differentiation
(internet and mail delivery services or banking servicés)(fferent product features (boxes vs. letters,
different financial products handled by electronic brogeréirms) (iii) age ( senior citizens, children and
others) and (iv) the business sector ( education ; goverhamehthe commercial sector.)

In §6 we outline how our model and results can be generalizedttioge where customers can select
which class they wish to belong to, and the demand volumeseified as functions of all prices and
waiting time standards offered &l segments throughout the industry. The demand models akote u
represengeneralradeoffs between (i) the prices, (ii) the waiting time stards, and (iii) all other attributes.
For example, for competing mail services, the “other aites” include the convenience of the pick-up
process, the ease at which deliveries can be traced andéfibdiod of the packages being damaged. For
internet service providers, customers consider the fregyuef service interruption and the quality of the
support staff along with the price and waiting time. EleotcoBrokerage Services monitor and advertise
execution price, price improvement and effective spreddtagr attributes” along with the commission and
execution speed (see for instance www.fidelity.com.) Wettpeice and waiting time as truly independent
attributes, in that, in general, a change in a firm’s waitinget(distribution) camot be compensated for by
a price change that will leave all firms’ demand volume uncfeah

Since the waiting time standard iggaaranteetheactualexpected waiting time experienced by the cus-
tomers may, sometimes, be lower - but never higher - than #ieng time standard. The actual expected
waiting time must match the standard, exactly, if the custientan apprise themselves of thetual
expected waiting time their class experiences, e.qg. ifritamitored (,perhaps by an independent organiza-
tion,) or if one assumes that an individual customer has untded rationality and is able to compute the
expected actual waiting times which arise in equilibriund@noptimal capacity levels and optimal dynamic
priority schemes. Note that our representation of the delnates as being dependent on stated (or adver-
tised) prices and waiting time standards imposes a weakengsion on individual customers’ ability or
willingness to process competitive information. At the gaime, the waiting time standards are believable
when customers can apprise themselves of the actual avweritjeg time either by the above mentioned
independent monitoring, or when they can develop their ostimates via repeated usage of the service.

We model each service provider as an M/M/1 queueing faclich customer class generates an inde-
pendent Poisson stream of customers to this service proatidiee rate determined by the above mentioned
demand functions. Its service times are i.i.d with a firm alads dependent service rate proportional to
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the firm’s capacity level. Each firm incurs a given class déelaencost per customer as well as a cost per
unit of time proportional to the adopted capacity level. (h€mlizations to settings where the capacity
cost depends on the capacity level according to a generaégdanction are straightforward.) Each firm
attempts to maximize its own expected profits.

We derive an analytical expression of the capacity levehdam needs to adopt to accommodate a given
vector of demand volumes and waiting time standards undeptimal associated dynamic priority rule.
We show that this capacity level is the maximum of a numbeltaxfed form capacity bounds, one for each
subset of the customer classes. Interestingly, for arbhtrspecified waiting time standards, the maximum
may be achieved for a strict subset of the collection of asés, the so calldémbttieneck sein which case,
strategic idleness times, i.e., artificial after-servietagls, may be adopted for the so-caltedidualclasses
outside the bottleneck set. The capacity function dispdagsmiomies of scope, i.e., it is always beneficial for
a firm to pool service processes of different collectionsustomer classes. The capacity function is always
jointly convexly decreasing in all of the segments’ waitimge standards. The capacity function exhibits
economies of scale for the customer classes with relatigedye waiting time standards, i.e. those receiving
relatively low service. At the same time, it exhibdéseconomies of scaler the customer classes with
relatively small (i.e. demanding) waiting time standafdere specifically, expressing a customer class’
waiting time standard as a multiple of its expected amountark per customer - the so classeatmalized
waiting time - the marginal capacity cost decreases (irr@gawith a segment’s demand volume, if the
segment receives worse (better) than average servicié the segment’s normalized waiting time is above
(below) the firm’swaiting time benchmarlka weighted average of the normalized waiting times amoing al
classes. Thus, unless all normalized waiting times ardichdifand there is no need to segment the classes),
the capacity cost function is always concave in some of thensats’ demand volumes and convex in the
others

The optimal capacity level is to be complemented with a ramided absolute priority rule. While residual
customer classes may arise under arbitrary exogenousterpgaiting time standards, they do not when
these waiting times are endogenously determined by the,fimasy of the competition models, below, in
which these waiting time standards are (part of) the stiatdwpices.

In each of the three competition models we establish thatra Nash equilibrium exists under minor
conditions regarding the demand volumes, and characteawethe equilibrium varies as a function of
the cost parameters and other exogenously specified pamam@Wvhile of theoretical interest, randomized
Nash equilibria are far more difficult to implement and heless likely to be adopted.) These existence
results are in stark contrast to the known behavior in exgstervice competition models. For example, the
models of Levhari and Luski (1978) and Li and Lee (1994) bathsider 2 service providers and a single
class of customers, and assume all customers choose theidrstrictly on the basis of the full price, i.e.,
the price plus a cost rate times the waiting time. The fornsgrep assumes the full price is based on the
steady statexpected waiting time, with customer specific i.i.d cosesawhile Li and Lee (1994) assume
that each arriving customer considers his expected waiiings based, on the prevailing queue sizes at
both firms (under a uniform cost rate). With service rateggexously given, the competition between the
two firms is ,in both models, confined to their price choicely amd a pure equilibrium often fails to exist.
See Chen and Wan (2003) for the complete analysis of LevhdriLaski (1978).

We compare the equilibria with those achieved when the fiengice each market segment with a ded-
icated service process, i.e. without pooling service ressi In the price competition model, for example,
the equilibrium is obtained, both under service pooling dedicated service facilities, when for each class
the relative markup vis-a-vis the marginal cost equals ¢legorocal of the demand elasticity. This general-
izes the well known Lerner index rule, derived for simplecprcompetition models, see e.g, Vives (2000).
The marginal cost per customer per unit of time always ctgsfthe variable service cost plus the marginal
capacity cost (per unit of time). When service is providethwdedicated facilities, the marginal increase
in the required capacity equals the expected amount of werlcpstomer of the considered class. Under
service pooling it is zero for residual classes and less djniian this benchmark value, depending upon
whether the customer class receives worse (better) thaagaseervice.
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Our numerical studies show that firms are always better afienservice pooling. Do the consumers
benefit as well? More specifically, are the members of a giustoener class charged lesisroughout the
industry, when the firms service the various customer classes in atedidacilities as opposed to them
pooling the service processes? The answer is affirmatitbeifjyiven customer class is in the bottleneck
set and receives better than average service, at all firmids.normalized waiting time is, at all firms,
lower than the above waiting time benchmark. In all other casesifithe customer class receives worse
than average service, or is a residual class, its menfiegrsfitfrom service pooling. In other words, “VIP”
customer classes in the bottleneck set, demanding bettarabverage service under service pooling, are
made to pay for the additional capacity cost their relagivi#manding service standards impose on the
firms beyond what they would pay in the absence of serviceipmolll other customer classes benefit
from service pooling. The same conclusion apply if gpdyt of the industry pools the service processes, at
least as far as the equilibrium prices of the service podlings are considered.

Similar conclusions prevail under waiting time competiti?Jnder this type of competition, we show
thatall customer classes are in the bottleneck set. (Thus, thesigcesintroduce strategic delays, is, in
out setting, confined to the case of price competition witbgenouslgpecified waiting time standards.)
Those receiving worse than average service at a given firdenservice pooling, can be consoled by the
fact that their waiting time standards, while worse thanweéghted average among all customer classes,
is still better than what they would receive, in the abserfcgeovice pooling. Conversely, if a customer
class receivelBetterthan average service at a given firm, under service pootmggquilibrium waiting time
standard would be even better if the firms employed dedidatglities for the different customer classes.
These results can be guaranteed when the normalized whitiegf a customer class is, percentage wise,
not too far from the firm’s benchmark value; our numericatigtshows that the results hold, throughout.
More strongly than the results under price competition argntee a particular ranking of a customer class’
waiting time at aspecificfirm, with and without service pooling, it suffices to know viter at this firm
(class) the customer class enjoys better or worse thanga/eedvice. Under simultaneous price and waiting
competition, all customer classes are in the bottlenecits@tfirms, as is the case under strict waiting time
competition. Numerical examples show that the above coisgas between service pooling and service in
dedicated facilities, may fail to apply: even when a custooless receives better than average service at all
firms, its equilibrium waiting time standards may $rallerunder service pooling as compared to service
with dedicated facilities. The reason is that under smailaultaneous competition, such a customer class
may may be charged consideralohpre under service pooling. Finally, one might conjecture thighhr
paying customer classes are always compensated by ragbwiter service but this may fail to hold, both
under price and waiting time competition.

§2 provides a review of the relevant literatug8.introduces the model and notation. The capacity choice
and associated priority rules are discussegdinFor the case of completely segmented markets, the equi-
librium behavior in the competition models is charactetizes5. In §6, we outline how our results can be
be extended to the general model, in which customers carsehsbich class they want to join (or which
firm to patronize)§7 provides additional insights, obtained through numégsamples§8 summarizes
our major conclusions and outlines possible generaliaatid the modél

2. Literature Review

In this section we provide a brief review of the relevantriiteire on models with multiple customer classes.
Mendelson and Whang (1990) addressed the problem of how aIMMgktvice provider with a given

capacity or service rate should select service charges agtamal priority rule ,so as to maximize the

expected social welfare, defined as the firm’s revenues prisdnsumer welfare minus the customers’

waiting cost for multiple customer classes. The demandafgach class is given by a decreasing function

9 Proofs of the theorems 4.1 and 5.1 are deferred to Appendixdifze remaining proofs to the on-line Appendix
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of the full price defined as the service charge plus a classifsgpenultiple of the expected waiting time.
The optimal priority rule is a simple.crule, and the solution is shown to be incentive compatible in
settings where customers are able to misrepresent theg idantity. (A solution is inventive-compatible if
no individual customer has an incentive to feign a classtitjedifferent than his own.) Recently Afeche
(2004), dealing with the case tflo customer classes, has shown thatuheestrictedoptimal policy may
fail to be incentive compatible when the firm’s revenueseathan social welfare are maximized. (This
unrestrictedpolicy continues to employ the abovg cule.) Conversely, no absolute priority rule may be
used as part of an optimal incentive compatible policy; iditoh, such a policy may require the use of the
above mentioned strategic idle times.

In the economics literature Gal-Or (1983)), Champsaur aadhBt (1989)), and Johnson and Myatt
(2003) deal with price competition among oligopolists dfig a menu of related products or services with
different quality levels. As in ouf6 model, these papers assume that the market can not be segmen
at all. However, in contrast to our model, they assume nadefgendencies among the costs incurred for
the different quality variants. We refer to Hassin and Hg2®03) and Allon and Federgruen (2007) for a
review of the literature on oligopolistic competition mdsl which the firms’ demand rates depend on the
customeexpected steady state waiting times in sysiéme papers reviewed there, and here, all assume that
customers aggregate the price and the waiting time starafar@d single full price measure; most papers
assume in addition that all customers select the servicadaowith thelowest full price disregarding
any other service attributes. Allon and Federgruen (20@3@) @ith the special case of our model in which
all customers belong to single customer class with each firm offering a uniform price andtiwgitime
standard to all.

To our knowledge Loch (1991), Lederer and Li (1997) and Arynaind Haviv (2001) are the only papers
that have addressed competition models in which waiting semsitive customers are segmented into mul-
tiple classes. When considering market segmentation, [(1@®1) considers an industry witivo M/M/1
service providers antvo customer classes, each with a given waiting cost rate andgeservice time. All
customers within a class select the firm which offers the kivfitél price, where the total demand volume in
the class is given by a known function of this full price valUeder quantity competition, the author estab-
lishes the existence of a Nash equilibrium under which tretaruers are prioritized according to the c
rule. Lederer and Li (1997) generalize this model to allowdn arbitrary number of non-identical M/G/1
firms and an arbitrary number of customer classes. Assurhimdirms engage in price competition, the
authors establish the existence of a Nash equilibrium, wwiiech each firm, once again, prioritizes cus-
tomers according to theucrule. The existence result is based on the assumption tbhtab@ss’ expected
waiting time at a given firm is a convex function of all of thenfis demand rates for the different customer
classes. Note also that while in Afeche’s (200d)nopolymodel, the incentive compatible optimal pol-
icy, frequently, cannot be based on the mriority rule, q. priority rulesare part of the Nash equilibrium
in Lederer and Li (1997)'perfect price competitiomodel (provided the above convexity assumption is
satisfied.)

In the above oligopoly models with multiple customer clasgeices or demand volumes are selected
by the service providers. Lee and Cohen (2001) consider &hnwih exogenous prices, in which each of
the customer classes decides, as a single entity, whaibfmaattits collective business to assign to each of
the service providers. The total demand rate of each custdags is exogenously given, as are the service
rates of the M/M/1 (or M/M/c) service providers who servealstomers on a FCFS basis, irrespective of
their class identity. The authors establish the existeigeNash equilibrium for the allocation decisions
of the different customer classes. To relax the assumpfitimeaccustomer classes’ total demand rate being
independent of service charges and waiting times, ArmowyHawviv (2001) analyze a two stage compe-
tition model with two M/M/1 service providers and two custentlasses, each again acting as a single
entity in deciding what fraction of its business to assigeaah of the providers. In the first stage, the two
providers compete with each other by announcing their sersiarges. In the second stage, the customer
classes compete with their allocation decisions. A pureepgijuilibrium may fail to exist in this two stage
game.
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3. Model and Notation

We consider a service industry wifii competing service providers in a market which is segmemied/i
segments or customer classes. Eet {1, ..., J}. Each firmi positions itself in the market by selecting a
vector of prices for the different customer classes, as agln associated vector of expected steady state
waiting times. More specifically,

p. = firm i's (service) charge for customers in cldss=1,...,N;l € E
w! = firm i’s expected steady state waiting time for customers in ¢lass
i=1,...,N;l=1,...,J

Letp = {p! :4,l}, w= {w! : 4,1}, and for eachH € F, p' = (p!,p,...,pYy) andw' = (w},wh,... wh)
denote the vectors of price and waiting time standardsedfév class. As illustrated in the introduction,

in many service industries, the waiting time standards apdiatly advertised by the service providers
themselves; in others, they are reported by independeanizations. The standard should be viewed as
a (collective) guarantee allowing for the possibility thia actual expected waiting time is lower than the
stated value. For each firin=1,..., N, and customer clags= E, the pricep! and waiting time standard
w! are chosen from given closed intervats™**, p, ™" |, [w; ™", wi™"].

Each firmi faces a demand stream of customers of clagenerated by a Poisson process with pdte
In the most general model, the ratgs } depend on all prices and waiting time standards offered by th
various firms to all market segmenti¥.= fl(p,w),i=1,...,Nandl=1...,J

The amounts of work associated with customers of dlase independent and exponentially distributed
(iid) with ratev!. 1/1! is thus the average amount of work each clamsstomer brings. Each firinselects
a capacity leveli;, where capacity is defined as the number of units of work what be processed per
unit of time. Thus, customers of classvhich opt for service provider experience service times that are
exponentially distributed with ratg,»!. Each firmi selects his capacity level, in conjunction with a
priority rule so as to be able to service each customer ¢lagth an expected steady state sojourn time, no
larger thanw!, given demand rate§\F};_,. v; denotes the per unit capacity cost rate of fitrThe only
other cost component is a variable service ¢bger customer of clagsserved by firmi=1,..., N.

As far as the priority rules are concerned, we consider tingpbete clasdl of all rules with steady state
waiting time distributions that aneon-anticipativei.e. under which priorities are assigned, with possible
service preemption, on the basis of any part of the histotii@process. Note, priorities cannot be assigned
on the basis of the remaining service times of the custonmesiivice, since this information does not
become available to firms until the actual service comphstithemselves. At the same time, the priority
rule may prescribe that a server be idle while customerstesi system or that customers’ sojourn times
are to be extended with post-serviteategic delaysa term coined by Afeche (2004).

When discussing priority rules and their associated veabexpected waiting time standards, we invoke
the following properties of set functions: 2 — R. A set functionf(-) is calledmonotoneif f(S) <
f(T),vS CT.ltis calledsubmodulajsupermodular, modular] if (U {j}) — f(T) < [>,=]f(SU{j}) —
f(S),¥5¢T DS, i.e. the increment in the set function value due to the aditf a new elemeng;} is
smaller [bigger, identical], if this element is added to@éa setl” as compared to a smaller setsee e.g.
Nemhauser and Wolsey (1989) for equivalent definitions. Kpedron inR” is a polymatroidif it can be
represented by the following set of constraints

> X' < f(S),VSCE (1)

1es
X >0

where the set functiorf is monotone and submodualr wift{)) = 0. The baseof this polymatroid is the
polyhedron described by (1) with the constraint $o+ E specified as arquality.
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4. The Capacity Choice and Associated Priority Rules

Since a firm’s capacity choice only affects its own cost arafi{s, it is clearly optimal for each firm to
adopt the minimal capacity level which allows for a prionityle under which the waiting time standards
{w! : 1 € E} can be accommodated, under the projected demand {ates € E}. To characterize this
minimum feasible capacity level;, for a given firms:, we first address the inverse question of which set
of vectors of waiting time standard$V! : [ € E} is achievable under some priority ruleihfor a given
capacity level.?.

Lemmad4.1Fix i =1,..., N. Assume firm adopts a capacity level{. The space of achievable vectors of
waiting time standard$ W/ : { € E} is a polyhedronV, described by

> W = b,(5),VSCE 2)
les
Whel’epl— O L, andb,(S) = (zles ) 2(V ) 1721137)— - (Zles (Ul)z) ﬁ

Lemma 4.1 immediately identifies what capacity leyelsillows firm: to offer a given vector of waiting
time standard§w!,l € E} under a given vector of demand ratgs : [ € E}: in (2), replace.! by the
variabley;, and the variable§W/ : | € E} by the specific vectow, to obtain that the latter is achievable,
under some priority rule ifl, if and only if

> Autx L

l
les Hiv Hi

Al 1
Z(Vl)2> VS CE
les i —Zle —i

Multiplying both sides of the inequality hy; ( — D s —i) we obtain, after some algebra, that a capacity
level i, is feasible if and only if

)\l
A D s oiE
p>y S+ =20 sk, 3)
v 1
les Zzes LWy

Corollary 42 (a) Fixi=1,...,N, and given vectors of waiting time standafds, : | € £}, and arrival
rates{\. : 1 € E}. The minimum feasible capacity level is given by

) A1
i =g {Z PR AT } “
les

l

whereli() = Y, (e ) i)/ ies (7))

(b) There exists a largest sﬁ; which achieves the maximum in (4). We refer to this set asdtiebeck
set (of customer classes).

(c) If S} = E, the capacity choicg:.’ can be optimally combined with a (possible randomization of
absolute priority rule(s).

(d) If S; # E, the capacity choicg’ can be optimally combined with one of the following two pitior
rules:
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Figure1  Capacity Cost Function Regions For Two Classes
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r1: A (possible randomization of) at most+ 1 absolute priority rule(s) combined with strategic delays
{z':1€ E\S*} for the classes i\ S};

ro: A (possible randomization of) at most- 1 absolute priority rule(s) under which the actual expected
sojourn time for classelse S* is given byw! and for classeée F\S* by w! — 2!

The maximand in (4) representsaver boundfor the capacity level required to meet the waiting time
standards for the classes in the Seunder the projected demand rates. This lower bound cersigivo
terms: the firstisy",_4(A!)/2/!, the total workload demanded by customer classes in thé per unit of
time, a base capacity required to ensure stability of theesy&respective of what waiting time standards
are offeredThe second terrﬁ,il(—s) represents aafety margirgiven by the reciprocal of a weighted average
of the so-callechormalized waiting time standardéw!v'}, the waiting time experienced by a customer
in classl expressed as a multiple of the expected amount of work deeddlog the customer. The safety
margin thus decreases with any of the waiting time standatdgever, it may fail to be monotone in
the setS, and the same may be true for the complete lower bound, ewewlhits first term, the offered
load doesincrease as more customer classes are considered in thd.lioamsider, for example, the case
of two customer classes with fixed arrival ratésand \?, andv! = v? = 1. The capacity bound for the
single clasd dominates over that for the sét whenever the waiting time standard for cl&sts chosen

1,41, 1
to be in excess of a threshold value which increases wijthi.e. whenever? > % if w} < Tg
By symmetry, the bound for clag@sdominates ifw;} is chosen to be in excess of a threshold value which

increases withw?, and has a horizontal asymptotewt = ;—1 Figure 1 thus exhibits that the positive

quadrant of thdw},w?) pairs can be partitioned into 3 reglions, with one of the fidesiets of classes
representing the bottleneck in each. It is easily verified the two switching curves intersect only in the
origin. We conclude that the bottleneck s&t may be a strict subset df. In this case, it appears, in
general, to be preferable, for all parties concerned, td@ymple r,, as opposed to rulg . However, if the
customers can apprise themselves of the actual averag&sdimes, either because they are monitored
and reported by independent firms (-see the IntroductioaXamples-) or because they are able to compute
them by themselves, customers become aware of the facthtiatttual expected sojourn time is lower
than the guaranteed vala€. This will result in increased demand for the relevant copclasses and
hence increased congestion in the service facility, néatisg an increase in the capacity level. In this
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case, the firm may need to opt for rulg This rule is easily implemented, without any adverse ¢ffe€
the customer is physically separated from the actual sepfiocess, e.g., when service is provided via the
internet or in remote facilities. However, when able to olseghe progress in the actual service process,
customers may resent their strategic delays. Strategit@mtional delays, were first introduced by Afeche
(2004) and have been used as an essential component ofypsidremes by Maglaras and Zeevi (2003) and
Yahalom et al. (2005). Since these papers address indusiitie asymmetric information, i.e., the service
provider is unable to observe the class identity of its ausls, the essential use of strategic delays appears
to be the consequence of this asymmetry. We show that statetpys are a required mechanism when
selecting capacity levels and priority schemes, even ittengevith symmetriénformation, assuming rules
of typer, are either infeasible or not desired. In the price competithodel, strategic delays may be a part
of the equilibrium strategy of the firm, as shown below. Ndt&ttin Afeche (2004)’s model, rules of type
ry are not an option since firms are assumed to announce theple@nscheduling policies and customers
are capable of computing the resulting expected sojouredifor all customer classes.

The following proposition identifies a number of structupabperties of the capacity function: We say
that at a given firm, classi receives better (worse) than average service, if and oritg fiormalized
waiting time (w!v') < (>)W;(S;), the weighted average of these normalized waiting times.

Proposition 4.1 Fixi=1,...,N.

(@) LetE', E? denote two disjoint sets of customer classes with given demates and waiting time
standards{ (A}, w!): 1 € E'}, and{(\,,w!) : € E?}. Lety;© denote the capacity in a single facility which
providescombinedservice toE* and E?, andui* (u;?) the capacity of a facility which provides service to
E' (E?) only. Thenu;© < u;' + ui?, i.e. the capacity function always exhibits economies opsc

® u: <L (G )

(c) w; is decreasing and jointly convex {! : 1 € E}

(d) w;isincreasinginthe demandrat¢s! : [ € E'}. If classl is residual at firmi, the marginal capacity
requirement is% = 0. If class! s in the bottleneck s&t, the marginal capacity requiremer%“% exists

(assumingS; is the unique maximand in (7), and

A m,,m 1,1 A7
—r — —r
ou; 1 1 ZmGS;‘ oz Wi v w;v zmesj ()2

O 7 A ) 2
ZmGS;‘ vm

Thus, the marginal capacity requirement for a bottleneelsslis larger (smaller) than the expected amount
of work a marginal customer in the class adds if and only ifdtess receives better (worse) than average
service.

(e) Fix{\[,r #1} at a given firm; and a given customer clagsAssume the same bottleneck Sgt
applies for all demand volumeg. Thus, the optimal capacity level

(5)

: ; :
independent ok; if classl ¢ S;.
w; is concave in\!  if classl € S} and receivesvorsethan average service at firi

convexin\l  if classl € S; and receivebetterthan average service at firm

The condition in part (d) is satisfied everywhere except feeteof measure zero, where several capacity
bounds for different subsets of customer classes are gxaqihl and maximal among all capacity bounds,
for all possible sets of/, see (10). The condition in part (e) is satisfied whereventhiéing time standards
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are endogenously determined as part of a competitive mfmtedample the waiting time and simultaneous
competition models, as we will show, in these caSgs= E' throughout.) We conclude from part (d) that
under service pooling, the marginal capacity cost at a gfirem for a given bottleneck customer class,
is lower (higher) than its value with dedicated servicelities, if the class receives worse (better) than
average service at this firm. Part (e) shows that under sepdgoling, the required capacity level exhibits
decreasing (increasing) marginal cost to scale with régpehe demand volume of a bottleneck set if and
only of this class receives worse (better) than averagecgeat the firm. When service is provided with
dedicated facilities, the required capacity level is alsvaffinein any of the demand volumes. Since , per
definition, some classes receive better than average aedsotforse than average service, the capacity
function always fails to be convex in all of the demand volsreeparately, let alone to be jointly convex; the
only exception is the trivial case where all classes rechigesame service (i.e., have the same normalized
waiting time), in which case no differentiation betweentouser classes is required.

5. The Competition Model : The Case of Completely Segmented Markets

In this section, we analyze the competition models underagsimption that the market is completely
segmented, i.e. each customer is unambiguously assigreshiecific customer class. See the introduction
for a discussion of this assumption. The demand rates fovengilass are therefore entirely independent
of the prices and waiting time standards offered to othetornsr classes and the interdependence between
the customer classes stems from the structure of the jopataity cost described above. More specifically,
we consider the following demand functions.

X(p',w') )= > ok (wh) —bipl+ > BLphi=1,...,N 6)

J#i J#i

Herea! is a decreasing concave function reflecting the fact thatiangaime reduction by a firm results
in an increase in its demand volume, however, with non-emsireg marginal returns to scale. The functions
o!; are general decreasing functions, representing the facfitm ;s demand volume can only increase in
response to an increase in the waiting time standard of aity cdbmpetitors.

Several relationships may be assumed regarding the mdgrofié! compared with other parameters in
(6). First, prices may be scaled in units such that

da;(w;) |
dw!

d(l ( lmaw)

(S) bl > max ]

wﬁ,min< l< l max

i=1,....N,lcE.

Also without loss of practical generality, we assume thandorm price increase by alN firms cannot
result in an increase in any firm’'s demand volume and a pricee@se by a given firm cannot result in an
increase of the industry’s aggregate demand, i.e.

D) b.>Y Bli=1,...,NlcE; (D) b>)» pi=1,...,NIcE
J#i J#i

The demand function (6), may, e.g. be derived from a reptatie@ consumer model with utility function
Ul(Al N=C+NT(B) AN — NT(B')~"a(w) where theN x N matrix B' hasB}; = —b} and B!, =
LA, d(w) = dl(wh) =Y., ok (wh) andC > 0. ( (D) ensures thatB') ! exists and is negative semi-
definite, giving rise to a jointly concave utility functiarifhe demand functions (6) arise by optimizing the
utility function subject to a budget constraint.
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The expected profit for firmis, by Corollary 4.2, given by

mi(p,w) = Y (0 — DN (P w') =7\ w)) ()
leE .
ALptwh)
A(ptwt) Dies “TE
= Dk = DN ) = | e § 0= S
leE les ZIGS vl

Even though the firms make selections for four types of gjiatdecisions, i.e. prices, waiting time stan-
dards, the capacity level and the priority rule, the closmdhfexpected profit function in (7) allows us to
represent each firm’s profit as a function of the price veptand waiting time standards vecteronly.

Let A; £ max;cp(w'v') — mineg(wivt),i =1,..., N, thespanof the vector of normalized waiting time
standards, denote tltegree of service differentiatidior firm 7. Note that the measure is dimensionless;
it is, in particular, invariant with respected to the chosiere unit. Finally, to allow for comparisons with
systems without service pooling, we assume that the mininroes are set to ensure a positive variable
profit margin, under dedicated service, i.e.

>y ®)
v

5.1. Price Competition

In the Price Competition model (PC), all waiting time stami$aare exogenously given. Firms compete by
choosing a price list for the different customer classea@lwith a capacity level and associated priority
rule. This type of competition arises when waiting time dils are either chosen in a way different than
through non-cooperative competition, or they are seleaiéilower frequency than the prices. The (PC)
model differs fundamentally from earlier price competitimodels addressing segmented markets, which
assume that the firms’ cost can be represented as a sepdiraaedr convex) function of the demand rates.
We have argued that, w.l.og;""" > ¢! + 4, see (8). The derivation of our results for the price contioeti

l,min

model are, however, simplified when expandmg the feaségen by specifying; ™" = c..

Theorem 5.1 There existB; > 0 such that if for alli,/ the demand volumes > B;y/A; on the entire
feasible price region, the following results hold:

(a) a price equilibriump* exists and any such equilibrium is in the interior of the priegion.

(b) for any price equilibriump* and corresponding demand vectoip* |w), assume that firriis optimal
capacity level:; is achieved for a unique sét in (4),i=1,..., N. Thenp* and\(p*|w) satisfy the system
of equations\! = b} (pli —c - %g—’;i)

(c) any price equilibriunp* is component-wise increasing in each of the cost paramétérs; }

Thus, a price equilibrium exists provided the demand vokime not too small. The theorem states
specific lower bounds as sufficient conditions derived frdvgl{ly generous) bounding arguments. The
lower bounds are proportional to the square roots of theedsguf service differentiatiofA, }. The closer
the normalized waiting time standards for the differentooner classes are to each other, the smaller the
lower bounds are. Also, the bounds decrease to zero in tleeodassingle class or when the normalized
waiting time standards are identical for all customer @as¥heorem 5.1 thus provides a full generalization
for the equilibrium existence result in Allon and Federgr2007). The condition in part (b) is satisfied

* The following conditions are easily verified to guarantes the condition in Theorem 5.1 is satisfiedw;) — >° ., ai; (w}) —
bllpi,mzn + Z]¢Z Upi max > Bz
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l,min _lmax

almost everywhere on the feasible price region[p; ™", p;"**]. While equilibrium prices are monotone
in each of the cost parameters, no such monotonicity can pecéed with respect to the waiting time
standards (even for sufficiently large demand volumeshrAdind Federgruen (2007) established this, even
for the case where all customers belong wiralesegment, identifying a sufficient condition with respect
to the derivatives of the functiorf} and{«/; }, under which prices decrease with waiting time standards.
The equilibrium conditions are thus structurally ideniticathose under dedicated service. In the latter
case, the marginal capacity requwem%’fﬂ L for all customer classes. As shows in Proposition 4.1(b),

under pooled service, the marginal capacity requwemaﬁnsfor residual class, and for bottleneck classes
it is either lower or higher than the benchmark valwé)~' depending upon whether the class receives
worse or better than average service at firfihe equilibrium conditions state that at each firm and fahea
customer class the variable profit margin equals the recgbrof the demand elasticity. This generalities
the so-called Lerner index condition, derived for basic@dompetition models with linear costs.

These observations give rise to the following propositiehich compares the price equilibrium achieved
under pooled service with that arising when each firm serves/elass with a dedicated service facility.

Proposition 5.1 Letp” denote the price equilibrium which arises when each of timedfiserves every class
with a dedicated service facility. L&t be the bottleneck set of customer classes for fiunder a price
equilibriump* for the model with pooled service. Hix E.

(@) Assume claske S7,Vi=1,...,N, and receivedetter than averagservice:v'w! < W;(S;), i.e
its normalized waiting time is Iess than or equal to the weedlaverage of normalized waiting timesSh.
Thenp?' <p:'.Vi=1,...,N.

(b) Assume that for aIzI =1,...,N, eitherl ¢ S} or | € S and receivesvorse than averagservice:
viwl > W, (S7), i.e., its normalized waiting time is greater than or equalthe weighted average of nor-
malized waiting times i$;. Thenp?! > p:! Vi=1,...,N.

(c) Assume only one of the firms, w.l.0.g firm 1, pools seraicéhk J customer classes, and all other
firms serve their customers in dedicated facilities. Letenote a price equilibrium and an associated
bottleneck set for firm. If [ S and /! wt < Wl(S) thenpP! <p;,Vi=1,...,N.If L ¢ Sorl eSS, but
viwt > Wy (S), thenpP > pi,Vi=1,...,N.

Proposition 4.1 shows that all firms reduce their cost stimecby switching from dedicated to pooled
service. Proposition 5.1 shows, however, that these cestggado not necessarily result in price reductions
for all customer classes. Indeed, if a customer class gétisrliban average service (and belongs to the
bottleneck set) at all firms, it is charged a higher price urséevice pooling than under dedicated service.
The following provides some intuition behind this resufisame all classes initially getidentical normalized
waiting time standards; if class 1, say, subsequentlydiasgor a lower waiting time standard, the cost for
the other customer classes increases, for which exteéesatiass 1 is made to pay.

Example. Let N =J =3 andw’™" = 1073, = w"™* = 41073, po™"" = 70,p.™*" = 105. Let
al(w!) = al + ol,a;log(w — w}) andal, (wh) = ol a5 log(w — w'), while b, = 1007, 3!, = 4.50.. Thus, all
classes share the same intercefts the demand functions. Also all functlonﬁ;‘(w andao, are propor-
tional to the common functiolvg(w — w!) andlog(w — w) respectively, with proportlonallty factors that
are identical across classes up to a class specific fagto'l’he same applies to the price sensitivity coeffi-
cients[b!; ﬁfj] which in addition are identical across firms. We considepdy@meter values:;, = 2;02 =
1500 =10, =100 =0, = 1. (a}, a3,a3) = (435,435,705); (a1, as, az) = (100,100,100); a10 = gy =
a3 = azy = 40 while a3 = a3 = 50. As to the cost paramete(s,, v2,73) = (35,35,50),¢1 = ¢3 = 40
andci = 25 while ¢ = ¢3 = ¢} = ¢3 =20 andci = ¢3 = 5. Finally, v* =4,0? = 2,1° = 1. Thus, the classes
are ranked in decreasing order of their prices and waitimg sensitivities and in increasing order of their
expected service times. The instance may reflect an industinyan established domestic firm and two
entrant, oversees competitors. The domestic firm 3 enjoggard brand recognition, as reflected by larger
intercepts of the demand functions and operates with a hicgygacity cost rate, but lower per customer



Allon and Federgruen: Competition in Service Industries with Segmented Markets
Management Science 00(0), pp. 000-0@0000 INFORMS 13

Table 1 Price Competition under Pooled and Dedicated Service

| Firms 1,2 | Firm 3
Class1l Class2 Class&lass1 Class?2 Class 3
Pooled 71 65 80 72 69 71

Dedicated 97.37 82.9 79.70 102.75 89.69 70.58

variable service cost. The two oversees competitors hardiahl characteristics. Finally, variable service
costs are incurred for class 1 customers.

Table 1 exhibits the price equilibrium both under dedicated pooled service when all firms are offered
an identical waiting time standard 8f 102 time units. Under pooled service, classes 1 and 2 experience
at all firms, higher than average normalized waiting timesicivequalt - 1073,4-1073,4.6 - 10~ for firms
1,2,3. Class 3 experiences a lower than average normaliaéohgvtime at all firms. It is a VIP class in
spite of itsabsolutewaiting time standard being identical to those offered ®dther classes. Consistent
with Proposition 5.1, classes 1 and 2 benefit under pooledcgdut not class 3.

5.2. Waiting Time Competition
In some settinggpricesare chosen exogenously, in a manner different than throogkcooperative com-
petition. Alternatively, prices may exhibit significantlgrger stickiness than service levels. See Allon and
Federgruen (2007) for a detailed discussion. In the (WT)pmatition model, we thus assume that prices
{pt,i,1} are exogenously given and firms compete by selecting waitimg standards.

In the following theorem, we establish the existence of auildgium in the (WT) competition model,
assuming that the minimum acceptable waiting time starsdard™ "} are not chosen to be excessively
small. In particular, we assume

l,min i Vi
s </4 (P —c = %) a;Py, ®)

) % i

2 l l . . .y . .
wherea <l <plmaz ddZ;ﬂ?g) ‘ (Note, the minimum acceptable waiting times decrease to
=W, =W i

zero as the exogenlously given prices Increase).

L2) — s
i = ININ_ 1,min
w..

Theorem 5.2 Assume (9) holds for a given vector of prideé}. There exist lower bounds; > 0 such that
if demand rates\! > B, throughout the feasible waiting time region, a Nash eqtiililm exists.

As in the case of the (PC) model , a simple condition may bebkskeed to ensure that any Nash equi-
librium of the (WT) model is an interior point of the feasilriegion and therefore satisfies the following
system of first order conditions, see the proof of Theorem 5.2

wh = a{’—l _%M/ ZmGS A?/(Vm)Q

1 7 ou*
l H l
(pi — i = Vigar )V
K2

(10)

wherea! ~'(-) denotes the inverse of the decreasing functiph). These equilibrium conditions generate

the following insights, assuming all classes have the saargimal waiting time sensitivity functions(-):
if two customer classes offer identical demand volumes|divest waiting time is offered to the class for

which the profit margins per unit of work per customer, ilg; — ¢l —v; g‘;l V! is highest. At the same

time, if two classes show the same profit margins per unit akvper customer, the class generating the
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higher volume of customers is associated with a lower dmjiilin waiting time standard. In general, the
equilibrium waiting times standards are ranked in the sanderoas the ratios of the demand volumes
and the profit margins per customer per unit of wotk (p; — ¢t —~; ‘2’;1) vt Conversely, if this ratio
is identical for a given pair of classdé#, [}, but classk has a point-wisé larger waiting time sensitivity,
ie. faf ()] > |af ()],
capacity cost rate; goes up, the firm compensates by increasing the waiting tiamelards foall classes,
as opposed to only some.

In contrast to the (PC) model, in equilibrium, all customiaisses belong to the bottleneck set, and as a
consequence, no strategic delays need to be imposed on Hreya@asses.

Proposition 5.2 Letw* denote an interior point equilibrium in the (WT) competitimodel. Then$; =
E.Vi=1,...,N,ie. all customer classes are part of each firm’s bottlersstkand the vector of waiting
time standardsv* can be achieved without imposing strategic delays on anlyeo€tistomer classes.

We conclude this subsection, again, with a comparison letwlee equilibrium under pooled vs. dedicated
service. In the (PC) model, Proposition 5.1 showed that toousr class with better (worse) than average
service experiences a lower (higher) equilibrium pricearmkdicated vs. pooled service. The following
proposition shows that for a customer class with better §@jpthan average service under pooling, a move
to dedicated service is, again, beneficial (detrimental) obly if its normalized waiting time is not too far
below (above) the weighted average.

Proposition 5.3 Let w? denote the waiting time equilibrium which arises when eafcthe firms serves
every class with a dedicated service facility, and assurigeah interior point of the feasible waiting time
space. Letv* denote an interior point equilibrium under pooled servicet A =5 . (I/A,:'L)Q

(@) Assume classe B recelves moderately better than average service undeicggpoolingat a given
firm i, i.e. \/_,/ Z)Q_W*(E)<1 thenw?! < w?'.

(b) Assume claslse E rece|ves moderately worse than average service undercgepaolingat a given
firm i, i.e.vVul /5 l)Q_W*(E)>1 thenw?P! > w:'.

(c) Iffirmi serves its customers with dedicated facilities, its eiilim waiting time standards are inde-
pendent of any of the competitors’ characteristics. In gaitar, a firm with dedicated service is unaffected

by the choice of any of its competitors whether to adopt gbotededicated service.

No specific ranking of clas$s equilibrium waiting times under dedicated vs. pooledvier can
I
be guaranteed when classreceives extremely better [worse] than average serviee,ﬁ:;(—';ﬂ) <[>

]min{\/ﬁ Al/(—l)m } [max{\/— Al/( 21 . In this respect, the ranking result is more limited than
its counterpart in Proposition 5.1; at the same time, to nize a specific ranking for a given class at a
given firm, it suffices to compare this class’ normalized imgittime with the average value #tis firm
only. We expect that the results of parts (a) and (b) contiowgply under more general demand functions
and queueing models for the firms’ facilities. In contras¢, independence of each firm’s equilibrium wait-
ing time standards with respect to any of the competitoratatteristics is a consequence of three specific
assumptions: (i) separability of the demand function wétbprect to the firms’ waiting time standards; (ii)
the fact that each firm services the different customer ekass a dedicated facility, and (iii) the safety
margin of a firm’s capacity level is a function of its own waditime standard only.
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5.3. Simultaneous Competition

When firms simultaneously compete in terms of their pricedaaiting time standards, the existence of
a Nash equilibrium can be guaranteed under conditions verijas to those required in the waiting time
competition model. It suffices to replace (9) by

w,le’L’n 2 , Vi — . (11)
4|(ph—ch— ) aH ¢ iles Dy,
Once again, the larger the minimum markL(p$— c; — —) the lower the minimum waiting time standard

may be chosen, while ensuring that a Nash equmbrlum exists

Theorem 5.3 (a) Assume (11). There exist lower bounds> 0 such that if demand rates! > B;
throughout the feasible price-waiting time standard regia Nash equilibrium exists.
(b) If the equilibrium is an interior point, the bottleneaktsS; = £, Vi=1,...,N.

6. Competition Modelsfor Unsegmented Models

In this section, we discuss generalizations of the modedgdation 5, to allow for settings where the market
fails to be pre-segmented, i.e. individual customers hlageption to select a service class along with the
firm they wish to patronize. The following is the natural exg®n of the demand model (6)

N
Ailp,w) )= Dol () =YY ki (wy) ~bipi+ Y Bip +Zzwi5npj;, 1, N =1,

JFi k#l m=1 J#l k#l m=1
(12)

when the functions:* () are again general decreasing functions and the paramgfers 0, to reflect
the fact that any increase of the price or waiting time stash@iar a customer clasks # [ at firm ¢ or any

of its competitors, can only result in an increase of the etggbdemand volume for service cldsa firm

1. The demand model (6) clearly arises as a special case ofAha)ogous to (D) and (D’), we assume
again, without loss of practical generality, that a unifgonce increase by all firms and for all types of
customers [for a given firm and customer class] cannot r@sal increase of the demand volume for any
given customer class and any given firm [the total demandwe]ju

N
© >34, +ZZ¢W; INJI=10,0 0) B> ALY ol

VE) k#l m=1 VE k#l m=1

Theorem 6.1 There exists minimal demand threshaldsuch that if for alli, I the demand volumeg > \!
on the entire feasible price region, the following resultéds
(a) A price equilibriump* exists and any such equilibrium satisfies the first order @@t

ous
)\ _ _ A 2
0=\ — b (pl c, %a)\l>+ E o5 ( Y X”) (13)

m#l

(b) Any price equilibriunp* is componentwise increasing in each of the cost paramétérs; }.

The equilibrium no longer specifies that the percentagetpradigin should equal the reciprocal of the
demand elasticity, the generalization of the Lerner indéx idiscussed in Section 5. Similarly, the condition
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Table 2 Simultaneous Competition under Pooled and Dedicated Service

| Firm 1 | Firm 3
Class1l Class2 ClassBClassl Class2 Class3
Prices - Pooled 87.5 87.5 77 91 91 73.5
Waiting times - Pooled | 25-10"* 19-10"* 28-107*[25-10"* 25-10"* 25.10~*
Prices - Dedicated 87.5 83.3 80.15| 89.6 88.8 70
Waiting times - Dedicate@32-10~* 29-10~* 33-10~*|33-10~* 30-10~* 34-10~*

Table 3 Price Competition under Pooled and Dedicated Service
| Firm 1 | Firm 3
Classl Class2 ClassBClassl Class2 Class3
Waiting times (Exogenous@5-10~* 30-10~* 35-10"*{35-10"* 30-10~* 25-10~*
Prices - Pooled 90 83 76 84 90 77
Prices - Dedicated 91.21 82.9 77.12| 86.1 89.7 75.8
Waiting times (Exogenous@2-10~* 30-10~* 37-10"*{37-10"* 30-10~* 22-10~*
Prices - Pooled 95 82 73 79 89 81
Prices - Dedicated 93.7 82.9 7479 | 81.7 89.7 78.8

under which a given customer class is charged more or lessheer pooled service as compared to service
with dedicated facilities is no longer as simple as the ciioin Proposition 5.1.

7. Examples

In this section, we illustrate out results and identify samportant qualitative observations regarding the
equilibria in the three competition models. These obs@matcomplement our theoretical results and stem
from extensive numerical experiments. For the sake of tyrewvie report here on the results of one instance
obtained from the Example by modifying the following paraems: o) = 1.5,v' = v* = v* = 1. Table

2 displays the equilibrium under pooled and dedicated serfor the simultaneous competition model.
Unlike firm 3, firms 1 and 2 select, under simultaneous cortipatidifferent service levels for the three
customer classes. The total variable cost per customeznigicdl at all firms and all classes. Firm 3's greater
brand recognition (intercepts in the demand functionsjnitsrit to charge classes 1 and 2 a higher price
while providing inferior service. Nevertheless, to ingeats market share and revenues it offers class 3 a
lower price along with superior service. Table 3 (4) displéhye price (waiting time) equilibria for the price
(waiting time) competition model.

First, one might conjecture that, under price competittbie, ranking of the equilibrium prices across
different classes is the reverse of the ranking of the bastbenormalized waiting time standards. Con-
versely, one might expect that if class charged a higher price than cldsst is rewarded with a lower
waiting time in the waiting time competition model. The riésdor firm 3 in Tables 3 and 4 disprove both
conjectures. For example, in the first (second) instanceabfel3 (4) class 3 is charged the lowest price
while receiving the highest service. Proposition 5.1 shtves a class with better (worse) than average
service byall providers is better (worse) off atl firms under dedicated as opposed to pooled service. This
leaves open the question whether providing worse (bettar) &verage service to a specific customer class
at aspecificfirm ensures that this class has a lower (higher) equilibjurime at this specific firm under
pooled vs. dedicated service. The results for class 1, a$ firand 2, in both instances of Table 3 disprove
this localized version of Proposition 5.1.

Next, Proposition 5.3 provides conditions under which agielass at a given firm benefits or suffers
from service pooling under waiting time competition. Thesmditions fail to exhaust the spectrum of
possibilities, but our numerical experiments have shova, thvariably,all classesbenefit from pooling.
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Table 4 Waiting Time Competition under Pooled and Dedicated Service

| Firm 1 | Firm 3
Classl Class2 ClassBClassl Class2 Class3
Prices (Exogenous) 85 85 85 85 85 85

Waiting times - Pooled | 26-10~* 22-10"* 25-10"*|29-10~* 27-10~* 17-10~*
Waiting times - Dedicated34-10-* 29-10~* 31-10~*|35.10~* 31-10~* 31-10~*
Prices (Exogenous) 85 90 90 90 90 85
Waiting times - Pooled | 26-10~* 20-10"* 24-10"*|26-10"* 26-10~* 20-10~*
Waiting times - Dedicated34-10-* 28-10~* 31-10-*|33-.10~* 30-10~* 31-10~*

The same applies to dfirms, under all three types of competition. While Propositioh dhows that a
firm’s profit function under service pooling is point-wisedar than under dedicated service, this, by itself,
doesn't guarantee that the same ranking applies to theilequih profits. Invariably, all 3 classes belong
to the bottleneck set. (Recall, Proposition 5.2 and Thedr&tb) show that this must hold for any interior
point equilibrium in the waiting time and simultaneous catition models.) Also, invariably, a mixture
of absolute priority rules is required to meet the offeredtiwg time standards. For example, in the first
instance of Table 4, firm 1firm 3} need to mix the absolute priority rul¢8 —1 —2),(2 -3 —1),(1 —
2-3){(3-2-1),(2—1-3),(1 —3—2)} with close to equal probabilities. (Under absolute prioritle
(A-B-C), class A receives absolute priority over class B Braler C.)

8. Conclusionsand Extensions

We have developed a general model for the competitive ictierss between providers in a service industry
which cater to multiple customer segments, with the helpghafed service facilities. Under mild regularity
conditions, we have established that a Nash equilibriuretexin each of the three competition models,
considered, i.e., the Price Competition - (PC), the Waifiilge Competition - (WT), and Simultaneous
Competition (SC) model. The existence conditions meresciude that demand volumes or minimum
waiting time standards are excessively low. We systemnibticampare the equilibria with those arising
underdedicatedservice: all firms always benefit from service pooling, usuaith major profit increases.
In the (PC)- model, a class always pays a lower (higher) privger dedicated service if, under pooled
service, it receives a better (lower) than average norea@heaiting time, at all firms. In the (WT) - model,
for a class to be better (worse) off under dedicated versokegcervice at a given firm, it suffices that,
under pooled service, it receives better (worse) than gessarvice athis firm (only).

We have also investigated various comparative staticdtsefsw the equilibria. For example, we have
proved that, under price competition, each firm’s equilibriprices are monotone in each of its cost param-
eters, as well as those pertaining to its competitors. Hewequilibrium prices (waiting time standards)
may under (PC) [(WT)] fail to be be monotone with respect mékogenous waiting times [prices]. More-
over, equilibrium prices may fail to be ranked in accordawid the waiting time standards the classes
receive, and this in each of the competitive models.

To achieve the above results, we have characterized how a fiapacity level and associated priority
rule depend on the demand volumes it faces and the waitirggiemdards it offers to the various customer
classes. The capacity level, for example, can be expressedased form function of the vector of demand
volumes and waiting time standards. The capacity functbimportance in its own right, is monotone and
jointly convex in the waiting time standards, exhibits eaanes of scope but not necessarily of scale.

An important assumption in our model is that customers amepdetely segmented and that their class
identity is given. In some settings, customers may be abddtose a class identity. To model this variant,
the demand rate for a given customer class at a given firm wuoead to be specified as a functionadff
prices andall waiting time standards offered &l classes (and by all firms) rather than just the class under
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consideration. This generalization imposes no additidifatulties on the characterization of the required
capacity level or priority schemes. The above analysis atktitan continue to be employed to establish the
existence of a Nash equilibrium in the various competitiordeis and to study its qualitative properties.
Only the existence conditions for the Nash equilibria beeonore complex.

Future work will extend the above results to settings whastamers are primarily sensitive to ttelay
they experience, rather than to the full sojourn time, thekere service is best characterized as a fractile
of the waiting time distribution rather than its expectetbeaand those where the service facilities need
to be described by more general queueing models. For example former case, it is possible to derive
a capacity cost function, analogous to (8), i.e where thadapis the maximum of2/ — 1) closed form
functions of the demand volumes and the expected delaysporach subset of the classes of customers.
(This characterization requires a restrictiomtm-preemptiveriority rules but allows for @eneralservice
time distribution scaled down in proportion to the investaghacity.) The structure of the closed form
capacity bounds?, (such tha:; = maxsc g 115') is more complex than that of the maximand in (8).
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Appendix A:  Proofs

Proof of Theorem 4.1: Consider an arbitrary priority rukec IT and letiV/ (r) denote the expected steady state sojourn
time for classl customers under rule, at firm . We first verify that the vectof W/ (r)} satisfies the constraints
(2). Thus, select an arbitrary subset- E. Note that), . %W}(r) denotes the aggregate expected steady state
amount of work for customers belonging to one of the clagsésunder ruler. The right hand side of (2) denotes the
aggregate expected amount of work for classes, innderanyrule which is non-idling and gives preemptive priority
to customers belonging t6 over all others, see e.g., Federgruen and Groenevelt (1888grefore also denotes
the expected steady state amount of work ingimgle class M/G/1 system which arises when all clagsesS are
merged into a single class, no other customer classes arittedirand the server operates with no-idling. Similarly,
Y ies(N)/(u2vh)W(r) denotes the expected amount of work in the same single cl&8glNystem under a rule
which forces the server to idle, while customers are wajtivigenever, in the original system, rulassigns the server
to a customenot belonging to one of the classes.$hor prescribes him to be idle. Since in the single class M/G/1
system, the amount of work is minimized by any non-idlingrthe vecto{ W'(r) : | € E'} satisfies (2) for this sef.

Conversely, consider an arbitrary vector2 {w! : [ € E} in the polyhedron described by (2). We show that a
rule r € 11 exists such thatV!(r) = w!, forall I = 1...,.J. Let W, C W denote the base polyhedron described by
(2), however, with the constraint f¢t = £ specified as aequality. If w € W;, it is well known from Coffman and
Mitrani (1980) and Federgruen and Groenevelt (1988) ihat the vector of expected sojourn times under a simple
absolute priority rule or a randomization of such ruleswlf WV;, there exists a vectar £ {z',...,27} > 0, such
thatw’ £ w — z € W;,. To verify this, note thaty — = € W, iff

J

S P =2y =b:(8),SCE; Y phw' —a') =bi(E) (14)

les =1

Let X' 2 plz! I € E. Thus,z > 0 andw — x € W,, iff

J
S X'<h(S),SCE Y X'=b(E); X>0 (15)

les =1

where@(S) £33 s Piwi —b(S), S C E. Theorem 2 in Federgruen and Groenevelt (1988) shows taaetifunction
b(-) is supermodular, so that the set funct?b(\), as the difference between a modular function and a superiaod
function is submodular. Moreové?ri,(S) >0forall S C E sincew € W,. The set functio@i(-) may fail to be mono-
tone, i.eﬂ-(S) > EL-(T) may arise for some pair of sefsc 7'. Atthe same time, it is easily verified that the polyhedron
described by (15) remains unaltered when replacing the higihd sideb?i(S) by b;(S) £ ming—s b; (T),SCE:

J
D OX'<h(8),SCE; > X'=h(E); X>0 (16)

les =1

The set functiom, (-) is clearly monotone and non-negative siﬁg(e) > 0; itis also submodular, see for instance The-

orem 135 in Edmonds (2003). This implies that the polyhedestribed by (16) is the base of a polymatroid which is

always non-empty. For example, the vedtor({1}),...,b: ({1,...,1}) —=bs ({1,.... 0= 1}),...,bs({1,..., J}) = bu ({1,..., T = 1}))
satisfies (16). This shows the existence of a veetor0 such thatw’ = w — = € W, for which we have pointed out

that a (possible randomization of ) absolute priority rsje(c II exists such thalV (r) = w’. Letr denote the rule
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obtained from- by extending the sojourn time of any customer in cldsg a post-service (strategic) delay Clearly,
w=w+x=W(r).

|
Proof of Theorem 5.1: (a) The profit functionr; can be written as;(p) = mingcz 7 (p) where

D)
M) | Yies T
w0 = Y20k - )~ | S M)y e

1 1
v Al(p )
leE les ZZES L i

In view of the Nash-Debreu Theorem, to show the existencenadcauilibriump*, it suffices to verify that each of
the functions{=? : S C E'} is jointly concave in(p}, ...,p/), since in that case; as the minimum o2’ — 1 jointly
concave function is jointly concave itself. L@t £ max,,cx w!" , v, 2 min,,c z /", b; = max,,cs b

and(wv); = min,,w"v™. Also let B; = \/~;b; ‘Z—b_ max{(w—lu)_, g [ + 20 } } Note that

1
b, = min,,c g b},

i1 =

(wr)

or? ,ops
apz - )\l _ bl (pL — C. ) +H{ZES}’7’L Y (i))\l (17)

Ay

% <7y T
= —2b}, andw =0,fork#L LetAV =3 .~

ym

Thus, forl ¢ S, 2 6( )2

9%u? 2wk (b))? AT m
Forall < . J5f = ~20+44(p), where,by (D3 =, 04)* 535 = 25t (5, o 0mur v <

AT; 2v;wh(bh)? ;
Wgei,lf
2,52 (1) A 2,52 (1) A
. _. 2 . ’Yz [ (U_L) 7 ’Yz 7 (U_L) 7
> 27i(bi)?As > l > l

i

_ N2 = m\2 = 2
SO T el (S )\ el it (S )

wlm 2
6w, ()? (zmes )

> (18)

where the inequality follows from the bou d\/ Yo o m)zu w > (_) ) where,\ = >om since the left

hand side of this inequality is the reciprocal of a weighteerage of the normalized waiting tlme standards.

Similarly, fork,l € S
)\m w™ wl
Y L . (19)
V’!?L V ym
meS

el U [T
oplopt vkl (5\5)3 i ok )8
S

7712!

A m.m 3
’Yzb b \wkukfwlyl\ QWbébfwfzmes —2-(’/7;'1) [w v —w; vt | Ai’yibébf |:L Qwif :| )
Then | s | < Gy T (G = T ey L ] S0
A (D)2 1 2w; AbLbE, 1 2w;
M= L ) ® v | e 20)
(Ces i) wes 12 W )2 (8, 40 ) e, L2 (2

We conclude that for the chosen coefficieBts (18) and (20) hold fot; = % In this case, the Hessian of with
respect to the vectdp;, . ..,p/) has negative diagonal elements andiegonally dominanti.e., the absolute value
of each diagonal element is larger than the sum of the aleswhlties of the off-diagonal elements in its row. This
implies that the Hessian is negative-semidefinite, sotfias jointly concave inp}, ..., p/).
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It remains to establish that any equilibrigsh must be in the interior of the feasible price range. Givencthace
of pme= it suffices to show thap:' > ¢l = p™" for all i andl. Assume to the contrary that for some péirl)
p' = cl. The profit functionr; is only piece-wise smooth, and may fail to be differentiahle*. We show that for
any subgradieny = (¢',...,¢”) of m; in the pointp*, ¢' > 0, thus contradicting, by proposition (5.1.2) in Makela
and Neittaanmaki (1992) ,the fact that is an optimal price for firm, when all competitors charge according to the
vectorp*. Sincer; is piece-wise smooth, any of its subgradients is a convexbamation of the2” — 1 gradients of

, if

I ¢S, thenZs =\ >0.1f L€ 5, by (17)

87{? 1 4 ’Yl_bi ZmES Af:n“;? - wi):; )\l _ ’Yzbi ZMES (um)2 |U) v — wﬁyl|
% —~\ 2 =N ™M,
op; 7 ()\fg’) (V)2 ()\gj) (Zmes AZ(VT);)
VR L S VO (%B’Ai) Loo
T ) N ) AT

Where\, = Zmes @ m)2 Where the third inequality follows from the reciprocal ofv@ighted average of nor-
>\’L w‘L

vm

malized waiting times belng smaller than the reciprocalhef minimum value ang ;.

inequality hold since\! > (V b /R ;» by the definition ofB,.
(b) Sincey; is achieved for alnglesetS* of customer classes, () is differentiable irp*, and since* is an interior

point of the feasible price reglcﬁ*fr i(p7) — (p ) — 0 for all 1,1. Thusp* satisfies (17).

P;

(c) Let H denote the NJ x NJ matrix (.—rir | and G denote the matrixG = diag(b},...
P, OD;

07503, ... by by, ..., b%). Applying the Implicit Function theorem to (17), we obtafioy A\ sufficiently large:
(%”k = (—H)'G >0 since(—H = —H" + o()\), where the row corresponding witl, /) in (—H°) has2b! as
its ciiagonal element-4., in the column corresponding witfy, /) and zeros elsewhere. Thus; H°)~! > 0, see
e.g., Bernstein and Federgruen (2002) énd7)~' = (—H°)~! 4 o(\). Similarly, (‘9”3 ) = (—H)~'T', where the
NJ x N matrixI' =T° + o(\) andT° > 0. [ |
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Appendix B:  On Line Appendix

Proof of Proposition 4.1:
(a)Let S;¢ denote the largest maximizing sethtt U E2 in (4) for p;¢. Decompose;© = S} US2, S} Cc E',S% C

)\
E? Leta= Z s} (l,m)z/zmeslus2 (um)2

Al 1 Al 1 1
= — < <t *2
K Z l+OéWZ-(S~1)+(1—a)W-(S.2)_Zyl +Z w,(s2) =t T H

v
1estus? ’ ST est

where the equality follows from simple algebra, and the firetjuality since U (sl)+(1 A (Sz) < W (Sl) + (Sz)
as can be verified by multiplying both sides @y, (S}) + (1 — )W, (S?)). The last inequality follows directly from
(4).

(b)Follows from part (a) by induction, choositg! = {1,...,J — 1}, andE? = {J}.

(c)Monotonicity and joint convexity are easily verified: fowgn demand rates, the lower bound for any given set

S C E, isjointly convex, as the composition of a jointly convex@tion and a linear function. Moreover, the maximum
of 27 — 1 jointly convex functions is convex.

(d)Monotonicity is straightforward. Lefi; denote the capacity required when increaskido Xl !, leaving
everything else unchanged. The demand Xarmay be viewed as the aggregate arrival ratevafclasses, claslsmth
ratel, and! with )\l AL, both with waiting time standard! = w!. As in Corollary 4.2(d) , let» be the priority rule
assomated with the enlarged system and its capacity ﬁgvdf wr < pr, letr denote the modification of this rule,
obtained by giving claskthe lowest priority in any of the absolute priority rules oweich r, randomizes. Clearly,
the expected waiting time for all of the original clasgés. .., J} do not increase when switching fror to 7 and
therefore are at or below the required standafrd € E. This contradicts,; > [

If class! is residual at firmi, the marginal capacity cost is clearly 0. Otherwise, thetexice 01‘% follows from the
. Ay

fact thatu? _ZZES; Tt w (S )

for gig follows from simple calculus; the conditions about the nirzatjcapacity value being larger or smaller than

the expected amount of work, a customer of classadding to the system are immediate from the sign of thergkco

term to the right of (9).

(e)Since the same bottleneck s&tprevails for all valueg \!}, if class! is residual for some demand volurye )©
it is residual for all possible values, and the capapityis invariant with respect ta.. Otherwise, the assumption

ensures that for the same s&t 7 =5, s* Di for all values of)\!. Differentiating (7) with respect ta!,

for the samesetS; in neighborhood of the demand volumesXf The expression

_ W, (s*
we obtain
0%t 2w (bl)? A p™ L A
7 — 7 7 K ? _ in v (21)
B(AIL)Q (yl)Z (X\g)):; mzes (Vm)QVl mzes (Vm)Zyl

The concavity and convexity properties follow readily.

[
Proof of Corollary 4.2: For u° = pu¥, define)V; andW; as in the proof of Lemma 4.1, and the set functipf) as
in (2). Part (a) is immediate from (4). Part (b): Assume theimam in (4) is achieved for two set$ 7T'. Note that

bi(SUT) <Y csurPiwt = cg Phwt 43 e plwt =3 g prawt < 0;(S) 4+ b:(T) = b;(SNT) < b;(SUT), where

the first twomequalmes follow fronw; € W; and the last inequality from the supermodularity of&h&nction. Thus
S esur Piwt =b,(SUT), i.e., the maximum in (4) is achieved f6tU T Part (c): Sincev = {w!,l € E} € W,, the
claim foIIows as shown in the proof of Lemma 4.1. Partgd)Z W;, but the proof of Lemma 4.1 shows that a vector
x>0 exists such that/ =w —z € W,. 2! =0 for I € S*, sinceb,(S;}) = Zles* plwt > Zles* Hwh—a') > b;(S)),
where the first equality follows from the fact that is achieved aS* and the last inequality from € W,. The
optimality of rulesr; andr, follows again from the proof of Lemma 4.1 and the fact tSaand 7' achieve the
maximum. Since, by Caratbhdory’s Theorem (see e.g. Bazaraa and Shetty (1979)), e@iohip a J-dimensional
polyhedron can be written as a convex combination of no muma f + 1 extreme points, at most + 1 absolute
priority rules needed to be randomized.

[
Proof of Proposition 5.1:
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(a)Let A’ denote theV x N matrix with A, = 20} and A}, = —3!,,i # j. By (D) it is easily verified thatA' is

invertible with (A")~! > 0 (see e.g. Bernstein and Federgruen (2002)):d_<and kP! be theN-vectors withx?! =
l 1, wl

wl-)\
af(wh) =37, o (wh) + 0% (¢t + %) andx! —IQDl—F%b Z mes; S . p* satisfies (17), which in matrix form,

AT\ 2

i Ui
mesy T um

by (6) can be written asl’(p},...,p\ )T = «'. Applying Theorem 5.1 to the setting in which dedicated ®enis
provided at all firms it follows that the equilibriup” satisfies (17) with the second term to the left replaced by
Thus,(AY)(pP,. .., pE0 T = kP and(p3l,...,p3) = (AY) "1kt > (APl = (pP' ..., pRY), where the inequality
follows (A")~' >0 andx! > kP! sincew'v' > W;(S;),Vi=1,...,N.

(b)Analogous to the proof of part(a) except thét k',

(c)Analogous to the proof of part (a) replacirgby &' wherer! = x!, andk! = kP!, Vi = N

Proof of Theorem 5.2: With a fixed price vectop, the profit functionr; can be written as; (p, w) = mingc g 75 (p, w)

where

5 M) | Dnes S
m m i ) me vm
Wf(p,w) = (pi" — M)A ( )_ Vi ( + AT (p™ W) m)
2P

Vm 7 )
meE meS Z'mes vm

As in the proof of Theorem 5.1, it suffices to show that eactefftinctionsr? is jointly concave inw?, ..., w/),

7

so thatr;, as the minimum of these functions, is jointly concave. Vigaim, show concavity of;’ by verifying that
its Hessian has negative diagonal elements and is diagcdtmhinant Tothatend, lety =5 Afl g s,

i Wi
mes  pym

‘2’5 =a! (p\ — ¢l — %) and thus for alk € E, W—O and-27e S = =a!" (pl —cl — %) <0.1f I € S, we obtain
after some algebra,
)\771 771 ’qu ~ Al. ~
0 S ’ f (v Zm z/m - u_%A~5 _l)\s
=l (== L) =l cach B k- 2 22)
e o
=d" (pl - *)4-7 ) !
L 2% Domes A/ (vm)2 WE(S)
. AT wit wi
oo vl ou i Vit Limes v ( i "m)
Sl = (r—c-2)- : (23)
wt) v

AP wi 1A 1y wi® _ w
% (Zmes vm [ ﬁA (ul)2 ZmES om ul T oum
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Note that the first and last elements in (23) are negativelevati other terms vanish as the demand rates increase.
Thus, 25 Bw 1)2 < 0 when the demand volumés."} are sufficiently large.

oene () (@) (2 5) (08) 2t Ses 0 (5~ 5%)

= =7
Owtowr bovlk ~)3

L
A\ QWi 2y Aj i
’ ul(uk)2 ( ) TRl meS (Vm)_g
+ % ( i ) —3
(%)
L E\ ~
() G) %
— 2 —3
(%)
Thus, l |
Ad Al Al
rs RS | i, 2 (s 25 —224) X,
) ’awﬁ)? 2 | Gurgar| <4 (B =) v (%)’ to)- @9
k#L /\S

If 2 =+ 2 i ES Zithis expression is strictly negative for sufficiently lary If —f < %Z cs Um, the right hand

AL AL

(A2
side of (24) can be bounded by’ (p! —c! — %) + = — /! ( - ) +o(\), whereA =Y _ M
this expression is bounded from abOVed?)’( | — ¢l = 2) + 5525 +o(A) which s strictly negative in view of the
lower bound forw, n

Proof of Proposition 5.2: Assume to the contrary that for sorhe 1,..., N, S; ¢ E is the bottleneck set of customer
classes. Let ¢ S;. By (3) and the fact thaw* is an interior point of the feasible region, it is possible¢ducew;
without incurring any additional capacity costs, whiler@asing the firm'’s variable profits as given by the first term
in (7). This contradicts the fact that* is a Nash equilibrium. The conclusion regarding the firmsogity rules is
immediate from Corollary 4.2(c). |

Proof of Proposition 5.3:

(a)Sincew; is an interior point of the feasible waiting time region,allbws from Proposition 5.2 that; (w*) =
wF(w*), and0 = Az
that

(25)

where/\Ng“ = es ATZZm Sinceal(-) is decreasing, an@”;i—,”;) < 1, the first term to the right of (25) is negative.
T Al 5 Al

The lower bound for'w;! is equivalent to( oz = % < V; W = VTL (fw) = ?EAZ, which in turn is

equivalent to the second term to the right of (25) being riegats well. We conclude that;’ sat|sf|es the equation

I T —p_ Vi
a; (p c Vl) R wh)? (26)

where R < 0, while class!’s equilibrium waiting time under dedicated service is basierified to satisfy
at’ (pﬁ —cl— %) = —(JT)Z The solution of (26) is the (at most unique) intersectioa decreasing and an increasing
function, and it is decreasing iR; thus,w;’ <wP'.
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(b)The proof of part (b) is analogous.
(c)immediate from the fact that the system of equations (26)hgmses on a firm by firm basis.

[
Proof of Theorem 5.3:
(a)As in the proof of Theorem 5.2, one verifies that, for SliC E =7 is jointly concave in(p!,...,p]) and
(wl, ... w!), by verifying that the HeSS|an |s dominant diagonal. Thd)&?IEB.IS analogous to that of Theorem 5.2,
9%r da ('Lu )
noting that la F =o(\) for k #1, while 2 La T = +o(N).
(b)Anangous to the proof of Proposition 5.2.
[ |

Proof of Theorem 6.1:
The proof proceeds in close similarity to that of Theorem ®hce again, it suffices to show that each of the

functionsr? (p), given by (12) is jointly concave in the vectfp!, ..., p/ }, aslong as af \7 } are in excess of certain
minimal threshold value§\!" }.
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wherexw =3 2L Thus,
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S sl =t
(0p)? Op;0p;

, Where
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Pi (0%) Sk i (%)

= o n pF

As in the proof of Theorem 5.1, it is possible to show that foy a< 0, [0!}| < e and|d!¥| < € as long as the minimal
demand volume$)!" } are sufficiently large. Invoking conditigiD?) this implies that the Hessian of the functiop

has a negative diagonal and it is diagonally dominant, émguhat it is semi-negative definite. This completes the
proof that the functionr? is jointly concave. |



