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Abstract. This paper examines the properties of accounting rules designed to maximize the effi-
ciency of accounting-based debt covenants in a setting with incomplete contracts and asset sub-
stitution. Accounting takes the role of a state-contingent decision facilitator by inducing cove-
nant violations, and hence a transfer of decision rights from the borrowing firm to the lender, 
whenever the lender has less detrimental decision incentives than the firm. This representation of 
accounting is distinctive in two respects. First, accounting does not have to enlarge the contract-
ing parties’ information sets but is nonetheless valuable because it provides verifiable infor-
mation and hence improves contract efficiency. Second, accounting is an endogenously chosen 
information aggregation rule rather than an information signal with exogenous properties. The 
optimal accounting rule in this setting is a function of cash flows and fair value estimates and 
implements a debt contract with a unique optimal tradeoff between decision rights and interest 
rates. The optimal degree of conservatism of this accounting rule, measured as the tendency to 
yield low accounting measures and hence more frequent covenant violations, is higher for firms 
with high leverage, low profitability, and high liquidation values. 
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1. Introduction 

 

The objective of this paper is the derivation and characterization of accounting rules that 

maximize the efficiency of debt contracts. In practice, debt contracts commonly contain cove-

nants that are based on accounting measures such as book value of equity, leverage, or income. 

The properties of the accounting rules underlying the computation of these measures therefore 

determine when the borrower has violated the covenant. Covenant violations, also referred to as 

“technical default,” tend to result in changes to the borrowing firm’s operating or financing deci-

sions, most commonly because the lender receives the right to call the debt. For example, the 

lender may force the firm into liquidation by insisting on immediate payment of the borrowed 

amount or, in exchange for waiving its right to do so, compel the firm to curtail dividends, under-

take or forgo certain investments, pay a higher rate of interest, or maintain a certain level of li-

quidity or leverage. Covenants can also specify remedies directly, e.g. an automatic requirement 

for additional collateral or an increase in interest rates upon violation. 

The decision consequences of covenant violations, or the absence thereof, can have detri-

mental effects on total firm value. In debt contracts, the asymmetric distribution of payoffs be-

tween borrower and lender induces the well-known asset substitution problem, in which the bor-

rower has a preference for (possibly inefficiently) high risk while the lender has a preference for 

(possibly inefficiently) low risk. The accounting process can mediate this agency conflict and 

thereby limit the resulting inefficiency by summarizing information about the state of the world 

into an accounting measure. Based on this measure, a debt covenant can then induce decision 

consequences that are least affected by the contracting parties’ detrimental incentives. In other 

words, accounting takes the role of a state-contingent rule that assigns decision rights. The deri-

vation of its optimal functional form is the objective of the following analysis. 

The model investigates how the optimal accounting rule and the agency cost of debt are de-

termined in this setting. Specifically, the model addresses the following questions. i) How do the 

decision incentives of borrower and lender relate to the first-best decision rule that maximizes 

total firm value? How are these incentives affected by information about past and future out-

comes? ii) What is the functional form of the accounting rule that implements the optimal debt 

covenant? Is it unique? iii) How does the optimal accounting rule vary with the borrower’s lev-
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erage, the profitability of the underlying investment, the opportunity cost of decision alternatives, 

and the variance of payoffs? The results of the analysis suggest that the optimal allocation of de-

cision rights is unique. The accounting measure that implements this optimal allocation increases 

in past cash flows and decreases in the firm’s estimated liquidation value. Optimal accounting 

rules are more conservative, in the sense that they induce more frequent covenant violations, 

when the borrowing firm has higher leverage, lower profitability, or a relatively high liquidation 

value. Finally, debt financing becomes more costly in general if the firm has high operating risk. 

Prior research has studied the problem of control allocation in the presence of incentives for 

asset substitution but has generally focused on different aspects. Caskey and Hughes (2012) ex-

amine state-contingent control allocation based on an accounting rule in a setting with complete 

information and a non-contractible project selection problem. The authors consider several func-

tional forms of the accounting rule and find that rules allocating control predominantly to the 

lender perform best. Sridhar and Magee (1997) analyze an incomplete contract setting in which 

the borrowing firm can, with some probability, overstate the contractible accounting measure 

underlying the debt covenant in order to avoid costly covenant violations. The authors conclude 

that such uncertain, opportunistic accounting manipulation can lead to underinvestment but sub-

mit that the optimal contract terms may not be unique. Gârleanu and Zwiebel (2009) study costly 

renegotiation of debt contracts when the borrowing firm is privately informed about the severity 

of the asset substitution problem before the contract is signed. Because of the resulting adverse 

selection problem, the optimal contract in this setting assigns control rights to the uninformed 

lender. Control allocation in Gârleanu and Zwiebel is unconditional and hence does not require 

accounting information. 

An important feature of the model in this paper is that accounting does not by itself generate 

new information but rather serves the role of a decision facilitator by aggregating existing infor-

mation and allocating control rights. A number of other accounting models in the debt contract 

setting have focused on the informational role of accounting instead. Gigler, Kanodia, Sapra and 

Venugopalan (2009) study a complete contract setting in which accounting provides information 

about future outcomes. Under the assumption that the liquidation value of the firm’s invested 

assets is below the expected continuation value, the authors conclude that accounting conserva-

tism, interpreted as the degree to which high realizations of the accounting measure are more in-

formative than low realizations, reduces the efficiency of the contract. In Göx and Wagenhofer 
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(2010), accounting is an information signal about the value of the borrowing firm’s collateral. 

The authors conclude that the optimal accounting system is designed so that low accounting sig-

nals, which indicate low collateral values, are more precise but less frequent than high account-

ing signals because the firm seeks to maximize the probability that the reported collateral value 

is above the minimum threshold required to obtain financing, even if such high reported collat-

eral values are less precise. Burkhardt and Strausz (2009) model a firm that can engage in asset 

substitution after signing a debt contract but must sell its existing investment in a secondary capi-

tal market in order to do so. If the firm’s accounting report is uninformative, the secondary mar-

ket does not learn the value of the existing investment, and the resulting adverse selection prob-

lem prevents a large proportion of firms from selling their investments and engaging in ineffi-

cient asset substitution. 

The properties of accounting-based debt covenants have also been studied extensively in em-

pirical research. For example, Beneish and Press (1993) document that technical default is costly 

to violating firms because subsequent renegotiation of the contract tends to result in higher inter-

est rates, increases in collateral, or the prohibition of certain investing or financing transactions, 

and may force firms to divest part of their operations in order to meet payment obligations. 

Dichev and Skinner (2002) observe that firms tend to make discretionary accounting choices in 

order to avoid debt covenant violations and that covenants are generally tight and violated fre-

quently. The authors also note that covenants are often based on GAAP that have been adjusted 

for borrower-specific characteristics. 

The role of accounting conservatism in debt contracting has been investigated in a number of 

empirical studies. Ahmed, Billings, Morton and Stanford-Harris (2002) present evidence that 

firms apply more conservative accounting practices when the conflict between shareholders and 

bondholders over dividend policy is severe. In addition, their results indicate that firms with 

more conservative accounting achieve higher credit ratings. Zhang (2008) finds that borrowing 

firms with more conservative accounting practices are more likely to violate their debt covenants 

after negative stock price shocks but pay lower interest rates to their lenders. Beatty, Weber and 

Yu (2008) investigate to what extent accounting conservatism and the restrictiveness of debt 

covenants, both of which increase the likelihood of technical default, are used as substitutes and 

find that accounting conservatism and conservative covenant modifications are both frequently 
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found in debt contracts and are often applied jointly, which suggests that the two are not com-

pletely substitutable in practice. 

The asset substitution problem underlying the latent contractual inefficiency in this setting is 

specific to the payoff structure of the debt contract. Hence, the model cannot explain the optimal-

ity of debt financing relative to other forms of capital and takes the contracting parties’ payoff 

functions as exogenously given. While not modeled explicitly, the reasons for preferring debt 

over other forms of financing can take various forms. For example, research in corporate finance 

has suggested that debt may be useful as a signaling device when managers need to convey their 

private knowledge about firm value to outside investors in a credibly way (Ross, 1977), or as a 

commitment mechanism for managers to take some optimal action in a moral hazard setting 

(Grossman and Hart, 1982). In both cases, debt financing is beneficial because bankruptcy is 

modeled as a personally costly event to managers. Further, debt may be an efficient choice if ver-

ification of outcomes is costly (Townsend, 1979), insider equity investors can consume private 

benefits at the expense of outsider equity investors (Jensen and Meckling, 1976), or issuers of 

securities prefer the unconditional payoff function of debt because it can mitigate the adverse 

selection resulting from information asymmetry in the capital market (Myers and Majluf, 1984). 

The assumption of a fixed payoff function rules out a large class of decision mechanisms that 

rely on contingent transfer payments, which would require a deviation from the payoff structure 

of the standard debt contract.1 For example, the asset substitution problem does not arise in con-

nection with equity financing. The model therefore differs from studies like Aghion and Bolton 

(1992) in that it solves neither a complete security design problem (which would require endoge-

nously chosen payoff functions) nor a complete capital structure problem (which would require 

modeling the agency cost of alternative forms of financing). Yet, solving security design or capi-

tal structure problems in generality almost invariably requires simplifying assumptions such as 

one-dimensional contractible information signals or reduced-form representations of agency 

costs. The model in this paper, by contrast, contains an endogenous agency problem with two-

dimensional information signals. While limited to a specific type of financing contract, this set-

ting can yield some insights into the intrinsic relationship between incentives, information and 

inefficiency that more general but simplified settings might not permit. 

                                                 
1 The term ‘standard debt contract’ refers to a fixed interest rate or a fixed spread above the risk-free rate. In practice, 
some deviations from this rigid structure occur. For example, Asquith, Beatty and Weber (2005) document various 
benefits of performance pricing, i.e. the adjustment of spreads depending on the borrower’s financial performance. 
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The remainder of the paper is organized as follows. Section 2 introduces the setup of the debt 

contracting model and the related accounting system. The optimal debt contract and its underly-

ing accounting rules are derived in Section 3, along with a discussion of its salient properties. 

Section 4 contains an analysis of the relationship between the optimal contract terms, accounting 

conservatism and the firm’s capital structure. Section 5 provides some general concluding com-

ments and caveats about the implications of the results. 

 

 

2. Model Setup 

 

A firm has an investment opportunity with positive expected net present value.2 The project 

requires a capital outlay of ܫ at time ݐ ൌ 0 and yields uncertain cash flows of ܿ௧ during the sub-

sequent periods ݐ ൌ 1,2 if continued to the end. Alternatively, the firm’s owners can sell the en-

terprise after the first period for a liquidation value ݒ. The total payoffs are therefore either 

ܿଵ  ܿଶ under continuation or ܿଵ  -under liquidation. The cash flows are distributed on the in ݒ

terval ሾ0, ܿҧሿ with cumulative probability distribution functions ܨ௧ and continuously differentiable 

density ௧݂. Likewise, the liquidation value is distributed with cumulative probability ܨ and con-

tinuously differentiable density ݂ on the same interval ሾ0, ܿҧሿ. Cash flows and liquidation values 

are independent and their distributions are common knowledge. For simplicity, the firm is as-

sumed to undertake only this single project, so that the only business decision to be made subse-

quent to initiating the project is the binary choice between liquidation and continuation at ݐ ൌ 1. 

For lack of internal funds, the firm must obtain the requisite capital for the project from an 

outside investor. Initially, the firm is assumed to finance ܫ entirely through debt for now. This 

assumption will be relaxed in Section 4. The lender’s payoff function is defined by a maturity 

value ܮ, which the firm must repay upon conclusion of the project or at the time of liquidation. If 

the firm’s cash flows or liquidation proceeds are insufficient to cover the maturity value ܮ, the 

lender receives all available payoffs. In addition, the debt contract includes a covenant upon 

whose violation at ݐ ൌ 1 the lender may demand immediate payment of ܮ and thereby force the 

firm into liquidation. The debt covenant is based on the firm’s accounting book value of equity 

                                                 
2 Throughout this text, “the firm” refers to the firm’s owners and managers, who are assumed to seek to maximize 
the value of the firm’s equity. Intra-firm agency conflicts between owners and managers are not part of this model. 
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 ሺ·ሻ, which can be an arbitrary function of any contractible variables. In particular, the firm isܸܤ

considered to be in violation of the covenant if its book value falls below some threshold value 

ܤ ܸ. The accounting rule ܸܤሺ·ሻ and the threshold value ܤ ܸ are agreed upon as part of the con-

tract at time ݐ ൌ 0.3 

The lender is assumed to break even in expectation, i.e., the firm raises ܫ in a competitive 

capital market.4 Both parties are risk-neutral and the risk-free interest rate is normalized to zero. 

Hence, the terms of the financing contract are set so that the investor’s expected payoff is ܫ, after 

considering the anticipated liquidation or continuation decisions at ݐ ൌ 1 across all possible real-

izations of ܸܤ. In order to simplify the analysis, realized cash flows must first be used to repay 

the lender, and the financing contract is assumed to prohibit the firm from issuing additional debt 

or equity, distributing dividends, and making new investments for the duration of the project. 

Permitting these decisions would complicate the analysis but not alter the fundamental dynamics 

of the problem.5 

The information structure of the problem is as follows. The firm’s cash flows ܿ௧ are assumed 

to be observable and verifiable for contracting purposes after they have been realized, for exam-

ple via an audit. No new information about cash flows arises over time, i.e., all available infor-

mation about ܿ௧ is summarized by the prior distribution ܨ௧. The liquidation value ݒ, in contrast, is 

assumed to be observable but unverifiable even at time ݐ ൌ 1. This lack of contractibility arises 

in practice when the value of the firm’s assets depends on factors that cannot be described in op-

erational terms ex ante. For example, a manufacturer of board games may become aware of a 

shift in consumer taste toward electronic games at ݐ ൌ 1, which would adversely affect ݒ, but 

this observation could not be anticipated and cast in verifiable terms in a contract at ݐ ൌ . 0

While ݒ itself is not directly verifiable, some verifiable information correlated with ݒ is as-

sumed to be available in the form of an information signal ݏ. For example, the value a firm’s in-

ventory could be estimated by observable market prices of like goods, the value of its buildings 

by prevalent real estate prices, or the value of its notes receivable by interest levels and historical 

default rates. Such inputs can be used in a valuation model to construct a contractible estimate of 

                                                 
3 For simplicity, the variable ܸܤ will refer to both the accounting rule, i.e. the rules according to which book value is 
computed, and the firm’s actual book value, i.e. the output. 
4 One could without loss of generality require that investor obtain a positive economic profit in expectation. 
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‘capital covenant,’ whereas the covenant based on ܸܤ above would be considered a ‘performance covenant.’ 



the firm’s liquidation value at time ݐ ൌ 1. The inputs are necessarily imperfect because they are 

constrained to come from verifiable information sources, and so ݏ can be thought of as a ‘noisy’ 

version of ݒ. In accounting terminology, ݏ represents an estimate of the fair value of the firm’s 

invested assets in the resale market.6 It induces a posterior distribution with cumulative probabil-

ity ܩሺݏ|ݒሻ and density ݃ሺݏ|ݒሻ whose properties are common knowledge. In the extreme case 

when verifiable information sources provide no useful information about ݏ ,ݒ is uninformative 

and so the conditional distribution ܩሺݏ|ݒሻ is equal to the prior distribution ܨሺݒሻ. In the converse 

case when ݏ is a perfect estimate of ܩ ,ݒሺݏ|ݒሻ is degenerate, with Prሺݒ ൌ ሻݏ ൌ 1. 

 

 
Figure 1. Timeline of the model. 
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The timeline of the model is summarized in Figure 1. At ݐ ൌ 0, both parties observe the dis-

tributional properties of all variables and agree on a debt contract with elements ܮ ,ܫ and a cove-

nant based on the firm’s book value of equity ܸܤ. If ܸܤ falls below the contractually specified 

threshold value ܤ ܸ at ݐ ൌ 1, the firm is considered to have violated the covenant and the lender 
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may call the debt and thus enforce liquidation. Otherwise, decision rights remain with the firm. If 

liquidation occurs, proceeds in the amount of ݒ are realized. The lender receives any amount up 

to ܮ and the firm receives the remainder. If the project is continued instead, ܿଶ is realized in 

ݐ ൌ 2, and the lender receives all payoffs up to ܮ while the firm receives the remainder. 

Given the above information structure, the book value ܸܤ at ݐ ൌ 1 can be based on the con-

tractible information variables ܿଵ and 7.ݏ For the sake of brevity, a pair ሺܿଵ,  ሻ will be denoted byݏ

by Θ ߠ and the set of all contractible states ߠ ؿ Թଶ. The cumulative probability of ߠ will be de-

noted by ܪ and the joint density by ݄. The accounting rule is a continuous mapping 

:ܸܤ Θ ՜ Թ 

The covenant effectively partitions Θ i n fault’ subset nto the ‘tech ical de

ܦ ؠ ሼߠ: ܸܤ ൏ ܤ ܸሽ 

of states in which the firm has violated e ‘no-default’ subset  the covenant and th

ሼߠ: ܸܤ  ܤ ܸሽ ܰ ؠ

of states in which book value is above ܤ ܸ and hence no violation has occurred.8 Figure 2 pro-

vides a graphical illustration of a possible partition of Θ into ܦ and ܰ, whereby the path of cutoff 

states כߠ along which ܸܤ ൌ ܤ ܸ identifies the boundary between the two subsets. 

 

 
Figure 2. Control allocation between firm and lender. 
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7 The accou ased on veri le information, i.e. discretionary accounting choices and strategic 
manipulatio c  es ates are no art of this model. 
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hold in either case. 



 

This paper is concerned with the efficiency of the debt contract and the underlying account-

ing rule. Efficiency is the degree to which the liquidation or continuation decisions taken under a 

given contract maximize total firm value, including both debt and equity. Liquidation and con-

tinuation are opportunity costs and both parties are risk-neutral, so liquidating the firm at ݐ ൌ 1 is 

efficient whenever 

ݒ   ଶߤ

i.e., the liquidation value exceeds the expected cash flows in the second period. If the estimate ݏ 

were a perfect signal of ݒ, the optimal accounting rule ܸܤ could prescribe liquidation directly 

whenever the firm’s book value is below ܤ ܸ, and the accounting rule to compute this book val-

ue would be 

ܸܤ  ൌ ܤ ܸ  ଶߤ െ (1) ݏ

where ߤଶ ؠ  ሺܿଶሻ. The result would be a complete contract that incurs no inefficiency. Since theܧ

underlying accounting rule is independent of the maturity value ܮ in this case, the latter could 

then be chosen freely to satisfy the lender’s break-even constraint. This first-best outcome under 

complete information will serve as the effici enchmark in the analysis to follow. ency b

The option to renegotiate the contract at ݐ ൌ 1 is not considered in this paper.9 This re-

striction may appear to limit the applicability of the results, and indeed the optimal accounting 

rule would be almost arbitrary in the symmetric information setting considered here if renegotia-

tion were costless because any ex-ante control allocation would yield first-best efficiency ex-post. 

The results from a setting without renegotiation are nonetheless relevant for several reasons. First, 

renegotiation is generally infeasible for publicly traded debt obligations because of frictions such 

as free-rider problems. Public bonds are therefore rarely renegotiated (Smith and Warner, 1979). 

Second, renegotiation is generally not costless in reality even if it is feasible. Among other things, 

renegotiation costs may represent direct legal and administrative expenses, which are likely to be 

high when the debt capital is provided by a large number of lenders, as well as negative external-

ities. For example, a major customer of the firm may become aware of the renegotiation, inter-

pret the event as a signal that the firm is in financial difficulty, and seek a new supplier that does 

not have a potential going concern problem. Hence, a strategic, state-contingent allocation of de-

                                                 
9 The term “renegotiation” refers to a negotiated change in contract terms. A waiver of decision rights by one party 
without any alteration of the contract terms is assumed to be feasible and costless in all cases. 
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cision rights is meaningful as long as renegotiation costs would outweigh the benefits in at least 

some states. Finally, a trivial renegotiation to the first-best outcome is generally not attainable 

when information is asymmetric. While not considered in this paper, the optimal accounting rule 

in a setting with asymmetric information is affected by the same incentives as those demonstrat-

ed in the following analysis, even if renegotiation is permissible and costless. Thus, this paper 

characterizes basic properties of an optimal accounting rule for debt contracts in a simplified 

scenario but its results should prove useful in extensions of the model to more realistic settings. 

 

 

3. Optimal Accounting-Based Debt Covenants 

 

The contract agreed upon at time ݐ ൌ 0 depends on the anticipated liquidation or continua-

tion decisions at ݐ ൌ 1. It will therefore be convenient to begin the analysis with the two parties’ 

decision preferences. The controlling party at time ݐ ൌ 1 chooses liquidation or continuation in 

order to maximize its payoff. The extent to which this payoff maximization deviates from the 

first-best rule, i.e. to liquidate whenever ݒ   ଶ, will ultimately determine the optimal allocationߤ

of control rights. The parties’ decision preferences follow from their payoff functions. In particu-

lar, the firm maximizes residual claims and therefore prefers liquidation at ݐ ൌ 1 whenever 

௩ݔ   ଶ (2)ݔ

௩ݔ ؠ maxሺ0, ܿଵ  ݒ െ  ሻܮ

where 

is its expected payoff under liquid tia on and 

ଶݔ ؠ ,ሺmaxሺ0ܧ ܿଵ  ܿ̃ଶ െ  ሻሻܮ

is its expected payoff under continuation.10 It should be noted that ܿଵ has been realized and ob-

served at this time and can therefore be treated as a constant. The firm’s liquidation payoff is ze-

ro for ݒ  ܮ െ ܿଵ and changes one-for-one with ݒ from thereon. Then ceteris paribus, there ex-

ists at most one cutoff value ݒ ൌ ݇ for which (2) holds with equality and above which the firm 

prefers liquidation. 

Similarly, the lender maximizes debt claims and therefore prefers liquidation at time ݐ ൌ 1 

whenever 
                                                 
10 Random variables inside expectations are denoted by a tilde. 

10 
 



௩ݑ   ଶ (3)ݑ

௩ݑ ؠ minሺܿଵ  ,ݒ  ሻܮ

where 

ଶݑ ؠ ሺminሺܿଵܧ  ܿ̃ଶ,  ሻሻܮ

and 

As a mirror image to the firm’s case, the lender’s liquidation payoff increases one-for-one with ݒ 

when ݒ  ܮ െ ܿଵ and remains constant once total payoffs exceed the maturity value ܮ. Hence, 

the lender also has at most one indifference point ݒ ൌ ݇ at which, ceteris paribus, (3) holds with 

equality. The indifference points ݇ and ݇ will be referred to as liquidation thresholds. 

As noted above, the decision to liquidate maximizes total firm value whenever ݒ  -ଶ beߤ

cause ݒ and ܿଶ are opportunity costs. The efficiency of the debt contract thus depends on the dis-

tance between ߤଶ and the liquidation thresholds ݇ and ݇. The inequalities in (2) and (3) suggest 

that ݇ and ݇ do not generally coincide with the first-best benchmark value ߤଶ because they de-

pend on ܿଵ and on the debt value ܮ, whereas ߤଶ is independent of both. The following proposi-

tion establishes a critical regularity in the relationship between the liquidation thresholds and ߤଶ. 

The distance ห݇ െ ݅ ଶห forߤ א ሼ݂, ݈ሽ will be referred to as the inefficiency range. The proof of 

this and of all subsequent results can be found in the Appendix. 

 

Proposition 1. For any state ߠ and any maturity value ܮ, the firm never prefers inefficient liqui-

dation and the lender never prefers inefficient continuation. The firm’s inefficiency range in-

creases in ܮ and decreases in ܿଵ while the reverse holds for the lender’s inefficiency range. 
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In essence, Proposition 1 is simply a reflection of the well-known asset substitution problem. 

Similar observations arise in other debt contract models, e.g., in the continuous time setting in 

Décamps and Faure-Grimaud (2002). The misalignment of preferences is illustrated in Figure 3. 

The lender’s liquidation payoff ݑ௩, shown in the left panel, follows the total liquidation value ݒ 

up to the level of the maturity value ܮ and remains constant thereafter. The lender’s continuation 

payoff ݑଶ is bounded by the lower of ܮ and ߤଶ, and hence the indifference point at the intersec-

tion of ݑ௩ and ݑ௩ is bounded from the right by the first-best indifference point ݒ ൌ  ଶ. The graphߤ

of the firm’s liquidation payoff ݔ௩, shown in the right panel, follows the total liquidation value ݒ 

at a constant distance of ܮ units below, while the distance between the firm’s continuation payoff 



-Hence, the firm’s indif .ܮ ଶ is bounded above byߤ ଶ and the total expected continuation valueݔ

ference point at the intersection of ݔ௩ and ݔଶ is bounded from the left by the first-best indiffer-

ence point ݒ ൌ -ଶ. The liquidation thresholds thus describe the fundamental tension in this modߤ

el: both parties prefer to maximize the investment’s payoff ex ante at ݐ ൌ 0 but are unable to im-

plement the maximally efficient outcome because neither can commit to taking the first-best ac-

tion at ݐ ൌ 1. 

 

 
Figure 3. Liquidation thresholds relative to first-best for the lender (left) and the firm (right).11 
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Figure 4. Liquidation preferences as a function of first-period cash flows and liquidation values. 
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If the contracting parties were to make decisions based on their liquidation thresholds, the 

firm would cause more inefficiency when the maturity value ܮ is high and ܿଵ is low while the 

opposite holds for the lender. The reason is that the balance ܮ െ ܿଵ of outstanding debt is similar 

to the strike price of a call option on total firm value held by the firm’s owners: the higher the 

strike price, the greater the value of potentially inefficient volatility in firm value, and hence the 

greater the incentive to forgo efficient but riskless liquidation. The lender’s incentives naturally 

move in the opposite direction. This observation is an important determinant of the optimal debt 

covenant and holds under any assumptions about probability distributions. Figure 4 provides a 

graphical illustration of the liquidation thresholds as functions of ܿଵ and ܮ. 

Relative to the first-best cutoff point ݒ ൌ  ଶ, the expected inefficiency cost incurred if eitherߤ

party makes the liquidation decision according to its incentives is then 

ݍ ൌ න ሺݒ െ ଶሻߤ ሻݏ|ݒሺܩ݀


ఓమ
 

in a given state ߠ ൌ ሺܿଵ,  ሻ if the decision is delegated to the firm andݏ

ݍ ൌ න ሺߤଶ െ ሻݒ ሻݏ|ݒሺܩ݀
ఓమ


 

if the decision is delegated to the lender.12 Similarly, the payoff to the lender given an allocation 

of decision rights to party ݅ א ሼ݂, ݈ሽ in a given state ߠ is 




ҧ







ҧ



The fi 

ܸܤ

from ܸܤ, and so no loss of generality is incurred by normalizing the for er to ܤ ܸ ൌ 0 hereafter. 
                                                

ݑ ൌ න ଶݑ ܩ݀  න ௩ݑ ܩ݀ ൌ න ሺminሺܿଵܧ  ܿ̃ଶ, ሻሻܮ ܩ݀  න minሺܿଵ  ,ݒ ሻܮ  ܩ݀

rm’s payoff ݔ  is given by the same expression if ݑଶ and ݑ௩ are replaced by ݔଶ and ݔ௩. 

Whether inefficiency and payoffs are realized according to the liquidation thresholds ݇ or 

݇ depends on the accounting rule ܸܤ. Specifically, the expected inefficiency at time ݐ ൌ 1 in a 

given state ߠ and under a given accounting rule ܸܤ can be written as 

ሻܸܤሺݍ  ൌ ۷ሺܸܤሻ · ݍ  ൫1 െ ۷ሺܸܤሻ൯ ·  (4)ݍ

where ۷ is the technical default indicator function 

۷ሺܸܤሻ ൌ ൜0 if ሻߠሺܸܤ  ܤ ܸ
1 if ሻߠሺܸܤ ൏ ܤ ܸ

 

Raising or lowering the default threshold  is equivalent to adding or subtracting a constant 

m

13 
 

 
12 For brevity, ݀ܩሺݏ|ݒሻ will be written as ݀ܩ from hereon. Likewise, ݀ܪሺߠሻ will be abbreviated ݀ܪ. 



The term ݍሺܸܤሻ reflects the agency cost of the contract incurred in a particular state ߠ. Anal-

ogously, the firm’s and lender’s pa of ሺݔ  given sty fs ݑሺܸܤሻ and ܸܤሻ in a

 in (4) with ݔ and ݑ, respecti

 following identity. In each st

ate for a given account-

ing rule are defined by replacing ݍ vely. The relationship between ݍ, 

can be summarized by the ݔ and ݑ ate ߠ, the total payoff from the 

ݓ  െ ሻ (5)

where the left-hand side is the first

ties. 

On  left 

and lia n ߠ, 

)

ss all ߠ, subject to the 

nder r -even constr 0 is therefore 

ሺ·
ܪ݀


 

subject to 

The

)

,ߠሺݕ ,ܸܤ ,ܮ ሻߣ ൌ ݓ ሺܸܤሺߠሻ, ሻߠ െ  ܫߣ

constraint. Determining when 

is constraint binds  the first step in setting up the necessary conditions for an optimal contract. 

ሻܸܤሺݍ ൌ ሻܸܤሺݔ  ܸܤሺݑ

-best payoff 

firm’s investment must equal 

ݓ  ؠ ܿଵ  maxሺݒ, ଶሻ (6)ߤ

less the g   a ency cost ݍ, and the right-hand side is the allocation of this payoff to the two par

e can interpret (5) as a type of balance sheet equation, where assets are shown on the

bilities and uity are shown on the right. The va  of th firm’s equity, co itioneq lue e nd al o

can therefore be written as 

ሻܸܤሺݔ  ൌ ݓ െ ሻܸܤሺݍ െ ሻ (7ܸܤሺݑ

by rearranging (5). When the contract is negotiated at time ݐ ൌ 0, the state ߠ is yet unrealized 

and so the firm seeks to ma e

eak

ximize its equity value ݔ in exp ctation acro

aint. The firm’s optimization problem at ݐ ൌ

ሻ,
, ሻሿߠ

le ’s b

max නሾݓሺߠሻ െ ,ሻߠሺܸܤሺݍ ሻߠ െ ሻߠሺܸܤሺݑ

නݑሺܸܤሺߠሻ, ሻߠ ܪ݀


  ܫ

 firm’s optimization program is a simple form of an optimal control problem with a static 

constraint. For ease of exposition, it will be convenient to write the objective function in La-

grange form as 

 ܻሺܸܤ, ,ܮ ሻߣ ൌ නݕሺߠ, ,ܸܤ ,ܮ ሻߣ 8) ܪ݀

where 


ሺߠሻ െ ,ሻߠሺܸܤሺݍ ሻߠ ሺߣ െ 1ሻ · ݑ

even 



or the lender’s break-and ߣ  0 is the Lagrange multiplier f

th  is

 

Lemma 1. The lender’s break-even constraint binds under any optimal contract. 
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verp proves the lender’s decision in

ntives and thereby reduces ine t of the o rpayment. As eq

 

y either 

reducing the maturity v

An optimal accoun t, and hence a transfer 

 rights to the א ߠ than under ܦ א ܰ. 

This condition is equivalent to requir

(9)

 

the Appendix u n (9) states that in any state 
the firm is indifferent betw ,כ nd only if the net effect of 

erring control to the lende  In economic terms, Γ thus 

nts the m because 

the re restrictions 

a 

ot and hence does not affect control rights, so the value of ܻ would remain unchanged. 

 hold simulta-

eously in an optimal contract or, equivalently, control allocation to either party is equally effi-

cien

 

 to 

Lemma 1 rules out the possibility that the firm may ever choose to overpay the lender. One 

might suspect that such an o -ayment could be optimal if it im

fficiency by more than the ce amoun ve

tion (7) shows, the firm would reap the entire benefit of this efficiency gain. The reason why 

such an overpayment is never optimal from the firm’s perspective is that whenever the lender’s

expected payoff is abov  l  could increas uity value b

ua-

e the required evel ܫ, the firm e its eq

alue ܮ or expanding the no-default set ܰ. 

ting rule ܸܤ induces a violation of the debt covenan

 lender, in all igher under ߠ states ߠ in which ݕ is h

ing that 

 

of decision

 Γሺܮ, ,ߣ ሻߠ ؠ ሻߠሺݍ െ ݍ ሺߠሻ  ሺ1 െ ሻߣ · ቀݑ ሺߠሻ െ ሻቁߠሺݑ ൌ 0 

in all critical states ߠ ൌ ሻߠሺܸܤ i.e. states in which ,כߠ ൌ ܤ ܸ ൌ 0. The formal derivation of Γ

can be found in nder the proof of Lemma 2. Equatio

een retaining and ceding control if a

r on the firm’s equity value is zero.

ߠ

transf

represe  net cost or benefit of technical default, which always accrues to the fir

aks even by Lemma 1. It should be noted that equation (9) imposes no lender b

on ܸܤ for ߠ ്  ,This observation is intuitive: if the book value is not at the default threshold .כߠ

small increase or decrease in ܸܤ does not change whether the firm has violated the covenant or 

The first-order necessary condition (9) implies that ܸܤ ൌ  and Γܸܤ ൌ 0 must

n

n

t if and only if the book value is at the technical default threshold. In all other states, Γ must 

either be strictly positive or negative. In particular, Γ ൏ 0 means that the firm is better off ceding

control to the lender, while Γ  0 means that the equity value is higher when the firm retains 

control over the liquidation decision. Given the normalization ܤ ܸ ൌ 0, it is therefore optimal

specify the accounting rule so that ܸܤ ൏ 0 in the former and ܸܤ  0 in the latter case, which 

yields the following result. 
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Lem

The solution oes by itse

ma 2. An accounting rule ܸܤሺ·ሻ is optimal if and only if ܸܤሺߠሻ ൌ ሻߠሺݖ · Γ for some func-

tion ݖሺߠሻ  0 at all ߠ. 

 

giv emma 2 holds for an  but the result den in L y optimal contract, lf

not yet identify the globally optimal contract terms. The reason is that Γ is a function of the 

choice variable ܮ, and a further necessary condition for an optimal contract is that డ
డ

 

ൌ 0. Henc

ܸܤ ൌ ሻߠሺݖ · Γ states the solution function only in implicit form. In order to conclude that Lem

ma 2 identifies the global optimum, it remains to be shown that (9) and డ
డ

e, 

-

ൌ 0 can only hold 

simultaneously for a unique value of ܮ and that this critical point indeed attains a maximum. The

following proposition resolves this problem. 

 

Proposition 2. There exists a unique maturity value ܮ and a unique partition of Θ into the de-

fault set ܦ and the no-default set ܰ at which ܻ attains i l axim

 

 

 

l 

t th el set ሼכߠሽ ؠ ሼߠ: e for 

ll po i le solution functions particular, the normaliz ll ߠ is without 

stic pro ome intuition why the o ation and ma-

rit st be ique. The level of ܮ and the size of ܦ are substitutes with respect to the 

lend

 

 

ts g obal m um. 

The uniqueness result applies to ܮ and to the partition ሼܦ,ܰሽ that ܸܤ implements, but not to

the accounting rule ܸܤ itself because ݖሺߠሻ can take arbitrarily many functional forms as long as 

ݖ  0 for all ߠ. But even though the accounting rule that implements a given allocation of con-

trol rights is not unique, this multiplicity is inconsequential because the objective function ܻ 

takes the same values under all such accounting rules, i.e., contractual efficiency and the payoffs 

to both parties are the same. The requirement that ܦ and ܰ remain unchanged under all optima

accounting rules implies tha ritical lev ሻߠሺܸܤ ൌe c 0ሽ must be the sam

ss b ሻߠሺݖ In ation .ܸܤ ؠ 1 for a

loss of generality with respect to the properties of ܸܤ on ሼכߠሽ. 

The following heuri vides s ptimal control alloc

y value mu  un

a

tu
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er’s payoff, i.e., one can raise the expected debt payments either by increasing the interest 

rate on the debt or by enlarging the number of states in which the lender has control. Control

rights are valuable because the two parties’ decision incentives are misaligned, as shown in 

Proposition 1. Since the lender’s break-even constraint binds by Lemma 1, one can evaluate the

set of all possible solutions systematically by raising the maturity value ܮ and reducing the de-



fault set ܦ such that the lender’s expected payoff is always equal to the investment cost ܫ. By 

Proposition 1, raising ܮ exacerbates the firm’s incentives but improves the lender’s, so reducing 

 at the same time gives more control to the party whose incentives are deteriorating. This mon-

t 

e l er. 

 

 

curred, 

nd region ܦ, in which the inefficiency given by the lender’s surface is incurred. If the choice of 

ሼכߠሽ were unconstrained, this boundary would optimally follow the intersection of the two sur-

faces, but the binding of the lender’s break-even constraint generally prevents this outcome. Yet, 

ሼכߠሽ is not arbitrary. Given that each כߠ is a solution to Γ ൌ 0, the multiplier 

ܦ

otonicity ensures that there exists a unique point at which the rate of increase in the agency cos

caused by the firm equals the rate of decrease in the agency cost caused by th end

 

qf
ql

Figure 5. Agency costs by state under control allocation to either the firm or the lender. 

 

Figure 5 illustrates how the sets ܦ and ܰ are chosen optimally. The state space Θ ൌ ሼܿଵ,  ሽ isݏ

two-dimensional in this problem, and so the ܿଵ-ݏ-plane covers all possible contractible realiza-

tions of ߠ. For each point in this plane, one can plot on the ݖ-axis the inefficiency incurred if the 

firm or the lender, respectively, were in control of the liquidation decision. The distance between

the resulting two surfaces at any point ߠ ൌ ሺܿଵ, ݍሻ is หݏ െ  ሽ identifies theכߠห. The level set ሼݍ

boundaries between region ܰ, in which the inefficiency given by the firm’s surface is in

c1
s

a
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ߣ െ 1 ൌ
ሻכߠሺݍ െ ሻכߠሺݍ
ሻכߠሺݑ െ  ሻכߠሺݑ

must be constant across all כߠ. In economic terms, its value can be interpreted as the firm’s cost 

of reducing inefficiency. The intuition for this observation arises from the requirement that an 

optimal contract may not permit any rearrangement of ܦ and ܰ such that the firm’s payoff in-

creases. In particular, if the ratio were not constant, there would exist states in ܦ and ܰ over 

which firm and lender could swap control rights such that the break-even constraint is main-

tained but inefficiency decreases. 

It has yet to be determined whether precise statements are possible about how the input vari-

ables ܿଵ and ݏ determine the properties of the optimal accounting rule ܸܤ. In order to improve 

tractability when answering this question, the distribution ݃ሺݏ|ݒሻ is hereafter assumed to have a 

monotone likelihood ratio, as stated in Assumption 1 below. The monotone likelihood ratio 

property operationalizes the intuitive idea that ݏ and ݒ should be positively correlated and en-

i istent 

anner. A monotone likelihood ratio implies first-order stochastic dominance but i

stri

sures that higher realizations of ݏ shift the posterior distribution of ݒ to the r ght in a cons

m s more re-

ctive because it requires a monotonic shift in the density ݃ሺݏ|ݒሻ on any subinterval of ሾ0, ܿҧሿ. 

 

Assumption 1 (Monotone likelihood ratio). The ratio ݈ሺݏ|ݒሻ ؠ డሺ௩|௦ሻ
డ௦

· ଵ
ሺ௩|௦ሻ

 is increasing in ݒ. 

 

The perhaps most elementary question about ܸܤ is whether book value is, in its optimal con

figuration, an increasing or decreasing function of the firm’s past cash flows ܿଵ and of the esti-

mate ݏ of the firm’s liquidation value. Taken together, Proposition 1 and Assumption 1 permit an 

unambiguous answer to this question. Under standard accounting practices, one might expect th

firm’s book value to increase in both of these inputs, but as the following result shows, optimal 

accounting in the debt contract setti s conjecture. 

 

-

e 

Proposition 3. In any critical state  rule ܸܤ is increasing in past cash 

of 

ଵ n-

ng differs slightly from thi

the optimal accounting ,כߠ

ݏ
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flows ܿଵ and decreasing in the liquidation value estimate . 

 

The rationale for the cash flow part of Proposition 3 follows directly from the dependence 

the inefficiency ranges on ܿ , as shown in Figure 4. Higher past cash flows lessen the firm’s i



centive to seek inefficiently high risk and thus decrease its inefficiency range. At the same tim

the lender’s incentive to seek ineff

e, 

iciently low risk is exacerbated. The debt contract is therefore 

gen

y 

es 

 

ical default is more likely to result in an efficient dec n can thus view

e opportunity cost of disposing of them via liquidation. The accounting treatment of ݏ is the

fore consistent with the going concern presum

ሽ is therefore increas-

g monotonically in the ܿଵ-ݏ-space onsistent with the illustration in Figure 2. This monotonici-

 sum o  functions that only de-

end either ܿଵ or ݏ but not both variables jointly. 

 

 

erally more efficient if the firm retains decisions rights when realized cash flows are high, 

consistent with the observation that firms tend to violate covenants more often in practice if the

performed poorly in the past. 

That book value should be lowered when the firm’s estimated liquidation value ݏ increas

may seem counterintuitive at first but follows economic logic. Liquidation is efficient when ݒ is 

high. Given Assumption 1, a high realization of ݏ then indicates that the probability that the firm

will forgo efficient liquidation is larger than the probability that the lender will enforce ineffi-

cient liquidation because ݇  ଶߤ  ݇ for all ߠ and ܮ by Proposition 1. In other words, tech-

h  the n ision for igh ݏ. O e 

firm’s book value as a reflection of the continuation value, or ‘value-in-use,’ of its assets, net of 

re-th

ption of standard financial reporting, augmented 

by the inclusion of opportunity costs in the computation of an asset’s carrying amount.13 

The monotonicity of ܸܤ in both ܿଵ and ݏ on the level set ሼכߠሽ implies that there exists a 

bijective mapping between the critical values ܿଵכ and כݏ, i.e., for each ܿଵ, there exists a unique 

cutoff value כݏ above which the firm is in technical default, and for each ݏ, there exists a unique 

cutoff value ܿଵכ below which the firm is in technical default. The path of ሼכߠ

in , c

ty permits the construction of a useful alternative representation of the optimal accounting rule in 

the form of a separated solution, i.e., ܸܤ can be written as a f two

on p

Corollary to Proposition 3. The optimal accounting rule can be written as a separated solution

ܸܤ ൌ ݒܾ  ሺܿଵሻݒܾ   ሻݏ௦ሺݒܾ

where ܾݒ is a constant, ܾݒሺ·ሻ is bounded and everywhere positive and increasing, and ܾݒ௦ሺ·ሻ 

is bounded and everywhere negative and decreasing. 
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13 Book value would naturally be increasing in ݏ if ݏ were instead defined to be informative about ܿଶ rather than ݒ. 



The separated solution identified in the preceding corollary shows similarity to the familiar 

accrual accounting system, in which cash flows from past transactions are aggregated and ad-

justments in the form of accruals are made. The constant ܾݒ can be interpreted as scheduled ac-

cruals that do not depend on the realization of cash flows or other economic inputs, e.g., depre

ation, amortization, or accrued interest. Further, any differences between ܾݒሺܿଵሻ and ܿଵ or be-

tween ܾݒ௦ሺݏሻ and ݏ can be viewed as variable accruals computed based on realized economic 

inputs. For example, the difference between ܾݒଵ and ܿଵ may reflect accruals related to units-of-

production depreciation, warranty costs, or inventory obsolescence, and the difference between 

 .may reflect impairments ݏ ሻ andݏ௦ሺݒܾ

Notwithstanding the ve interpretation of ܸܤ in terms gular financial accountin

ci-

g prin-

cip -

 firm to seek inefficiently high business risk. 

Despite the different economic motivation for the recognition rules in the accounting process 

counti amiliar from regular financ hen ݏ is a perfect estim  ,ݒ

(0 ݏ

nd leads to a straightforward implementation of the first-best outcome already noted in (1) be-

cau

is 

-

abo of re

les, the economic nature of accrual accounting in the debt contract setting differs from gen

eral-purpose financial reporting in one important respect. The objective of general-purpose fi-

nancial reporting is the recognition of revenues and expenses in accordance with economic re-

source flows rather than cash flows, for example as reflected in the matching principle. In con-

trast, the accounting rule in the debt contract problem considered here produces accruals that re-

flect the firm’s contingent losses from asset substitution. In other words, high accrued expenses 

do not necessarily imply a high rate of usage of the firm’s invested assets during the period in 

question, but rather indicate a strong incentive for the

underlying ܸܤ, the book value ܤ storical cost and fair value ac-ܸ is built on the principles of hi

ial reporting. For example, wng f ate of 

one can readily verify that the separated solution becomes 

ܸܤ  ൌ ଶߤ െ (1

a

se a perfect estimate of ݒ effectively yields a complete contract. Given the result of Proposi-

tion 1, partitioning Θ at ݏ ൌ ଶ then removes all agency cost. The optimal accounting rule in thߤ

scenario can be viewed as an example of fair value accounting based on a current estimate ݏ of 

the firm’s asset values. 

In the converse extreme case when ݏ is entirely uninformative about ݒ, the posterior distribu

tion of ݒ is equal to the prior distribution for all ݏ, and so Γ is invariant under ݏ. The separated 

solution of the optimal accounting rule is then reduced to 
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ܸܤ  ൌ ݒܾ  ܿଵ (1

where ܾݒ  0.14 Given its independence of the liquidation value estimate ݏ, this accounting rul

can be viewed as a form of pure historic

tion

1)

e 

al cost accounting because book value is solely a reflec-

g. 

-

 

t, 

 

par

eady been concluded and whose pay-

ents have been settled, but it has no bearing on t decision rule because the latter 

 

 

iquidation decision. The relative sensitivity of ܤ ܿ  and ݏ is thus a 

refl

a constant propor n 

 of transactions concluded in the past. For all intermediate precision levels of ݏ, the account-

ing rule ܸܤ therefore always has characteristics of both fair value and historical cost accountin

In terms of economic fundamentals, the solution in (10) for precise ݏ is solely calibrated to

ward the first-best benchmark rule ݒ ൌ ଶ and is therefore independent of the potential agencyߤ

cost reflected in the contracting parties’ inefficiency ranges ห݇ െ ଶห and |݇ߤ െ ଶ|. In contrasߤ

the optimal accounting rule in (11) for uninformative ݏ is calibrated to partition the state space at

the set of points where the probability-weighted inefficiency ranges are equal, i.e., the optimal 

 is determined by the need to balance the agency cost. The solution for ݏ for uninformative ܸܤ

intermediate precision levels of ݏ must therefore reflect two optimality benchmarks that are in 

t determined independently. 

The accounting rules (10) and (11) are also related to the concepts of relevance and reliability 

of accounting information. The cash flow value ܿଵ is measured without error and therefore highly 

reliable because it represents past transacti alrons that have 

 the first-besm

requires forward-looking information about ݒ and ܿଶ. Nonetheless, past cash flows are pertinent

to the problem indirectly through their influence on the contracting parties’ incentives, as shown

in Proposition 1. In contrast, the fair value estimate ݏ is forward-looking and therefore inherently 

uncertain but highly relevant because it provides a direct estimate of the critical variable ݒ need-

ed to make the optimal l ܸ to ଵ

ection of a relevance-reliability tradeoff. 

A simple illustration of the relevance-reliability tradeoff arises in the special case when the 

sensitivities of Γ to changes in ܿଵ and to c  in tiohanges in ݏ are

߲Γ
െ߲ܿଵ

൬߲ݏ
߲Γ
൰ ൌ  ߛ
ିଵ
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14 One might conjecture that adding or omitting an uninformative ݏ from ܸܤ is a matter of indifference because both 
parties are risk-neutral, but the control allocation induced by this ݏ would be uncorrelated with ݒ and hence with the 
contracting parties’ incentives. Therefore, ݏ could at most not overturn a control allocation that is efficient ex ante 
based on knowledge of ܿଵ, but it will do so in some cases and is hence optimally excluded from ܸܤ. 



for all כߠ and some constant ߛ  0. In this case, the separated solution of the optimal accounting

rule, as detailed in the proof of the corollary to Proposition 3, is reduced to the linear function 

 

ܸܤ  ൌ ݒܾ 
ߛ

ߛ  1 ܿଵ െ
1

ߛ  1 1) ݏ

Large values of ߛ imply that ݏ is relatively uninformative and hence has little impact on Γ, while 

changes in ܿଵ result in substantial shifts in agency costs. Then the coefficient on ܿଵ approaches 1 

while the coefficient on ݏ shrinks toward zero. Conversely, a low value of ߛ indicates that ݏ is 

highly correlated with ݒ while the agency cost implications of changes in ܿଵ are relatively mino

In this case, the coefficient on ܿଵ is reduced toward zero while the coefficient on ݏ increases to-

ward unity. A decrease in ߛ can th

2)

r. 

us be viewed as a shift from historical cost toward fair value 

acc

the 

 

 verifiable information a pe d to ee

size 15

 

4. Contract Terms, Accou on ital Structure 

 

of the optimal degree of acco resulting implications for the 

rm’s capital st cture and th  e rates and control right re s

ounting. Graphically, an increase in the information content of ݏ can be represented as a 

clockwise rotation of the graph of ሼכߠሽ in the ܿଵ-ݏ-plane in Figure 2. 

These observations about ߛ are consistent with the simple intuition that more informative in-

put data should have a greater impact on the accounting measure. One would therefore expect 

accounting rules underlying debt covenants in industries with relatively more verifiable inputs to 

asset valuation to exhibit greater reliance on fair value measures, e.g., among financial services 

firms whose assets and liabilities are mainly in the form of securities with verifiable market pric-

es. A highly informative ݏ permits a debt contract with nearly first-best efficiency, so it stands to 

reason that these firms would rely heavily on debt financing. Conversely, firms with proprietary

intangibles that are difficult to value based on re ex cte  d mpha-

 fair value measures in their debt covenants and use debt financing to a lesser degree.  

 

nting C

 

This section investigates the tradeoffs involved in the choice of ܮ and ܸܤ, the determinants

unt

servatism and Cap

ing conservatism in ܸܤ, and the 

fficiency of the contract. Interest fi ru e s a

                                                

ub-

 
15 The decrease in the usefulness of accounting measures that include imprecise fair value estimates seems con-

he e pir de  in  use of balance eet-based 
debt covenants, concurrent with standard setters’ efforts to expand the application of fair value accounting to assets 
sistent with t m ical evi nce  Demerjian (2011), who documents a decline in the sh

and liabilities whose values are inherently difficult to estimate. 
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stitutes with respect to payoffs, i.e., an increase in the expected debt payments can be achieved 

either by raising the maturity value ܮ or by expanding the set of states ܦ in which the lender has

control. An important implication of this substitutive relationship is that the interest rate a firm 

pays on its debt does not imply how costly debt financing is for the firm. In particular, while

pirical research has suggested hat conservative accounting, which inc

 

 em-

reases the likelihood of 

cov  

 

lly 

fficient. This section examines some of the fundamental economic factors that determine this 

adeoff and to explore some implications for the firm’s optimal choice of financial leverage. The 

e the discussion. 

Def  

 t

enant violations and hence effectively provides more control rights to the lender, is beneficial

because firms that apply more conservative accounting practices have been found to pay lower 

interest rates on their debt on average (Zhang, 2008), the substitutive relationship suggests that 

these firms may only have traded one mechanism of providing payoff to the lender for another. 

The empirical finding is therefore moot with respect to the benefits of conservative accounting. 

Yet, while the lender’s break-even constraint can be met by a large set of possible combina-

tions of ܮ and ܦ, Proposition 2 shows that there exists a unique optimal choice. In other words, 

the tradeoff between the interest rate implied in ܮ and the control allocation implemented by ܸܤ

is not arbitrary because not all contracts that provide the lender with a given payoff are equa

e

tr

following definition of accounting conservatism will be adopted to facilitat

 

inition. An accounting rule ܸܤ is said to be more conservative than an accounting rule ܸܤᇱ

if ܸܤሺߠሻ  ܤ ܸ whenever ܸܤᇱሺߠሻ ൌ ܤ ܸ in at least some settings, and never ܸܤሺߠሻ  ܤ ܸ 

whenever ܸܤᇱሺߠሻ ൌ ܤ ܸ.16 

 

Intuitively, greater accounting conservatism implies an overall decrease in book value, con-

sistent with the general notion that conservatism means a greater tendency to recognize losses 

than to recognize gains.17 A more conservative accounting rule under this definition involves a 

general increase in expense recognition and a general decrease gain recognition. A covenant 

based on more conservative accounting rules is thus more easily violated and hence assigns more 
                                                 
16 A ‘setting’ refers to a given set of distributional parameters for ܿଵ, ܿଶ, ݒ and ݏ. 
17 It is generally not possible to meet the stricter definition of a decrease in ܸܤ at all כߠ in all possible settings unless 

כ gee 
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ሼߠ ሽ is a singleton. The latter case can only arise if the state space is one-dimensional, e.g., as in Sridhar and Ma
(1997). A sufficient condition under which the stricter definition can be met even if Θ is not one-dimensional is 
డమ௬

డడఒ
ן డమ௬

డడ
 on ሼכߠሽ, i.e., the effects of ܸܤ on the first-order necessary conditions with respect to ܮ and ߣ are pro-

portional across כߠ. 



control rights to the lender. In comparison to other models of accounting conservatism, e.g. in 

Gigler et al. (2009) or in Göx and Wagenhofer (2010), this definition does not require any specif

ic changes to the informational properties of ܸܤ. 

-

 

3)

lysis 

 far has assumed that ܫ ൌ ܫ ܫ ൌ 0, but replacing ܫ by ܫ in (8) would not alter the struc-

Pro

that 

-

nder receives additional decision rights. 

Hen

 is held ܫ  is offset by a decrease in  while the total investment costܫ 

lte tively have been the 

of-

The first object of interest in the analysis is the investment cost parameter ܫ. The firm so far 

has been assumed to raise ܫ entirely in the form of debt, but firms in practice finance their capital

needs by a variety of combinations of debt and equity. The following discussion will therefore 

adopt the representation 

ܫ  ൌ ܫ   (1ܫ

of the firm’s capital structure immediately following the conclusion of the debt contract, where 

 is the principal amount of the debt. The anaܫ  is the amount of paid-in equity capital andܫ

so and 

ture of the problem because an equity investment of ܫ  0 does not give rise to any additional 

constraints. The debt financing amount ܫ can thus serve as a measure of financial leverage, 

which yields the following result. 

 

position 4. For firms with higher leverage, optimal debt covenants are based on more con-

servative accounting rules. 

 

Ceteris paribus, an increase in the amount of outstanding debt means a greater likelihood 

the firm will ultimately default and the lender receives less than the full maturity value ܮ. In oth-

er words, the debt is more at risk when ܫ increases and hence a higher maturity value ܮ is need

ed to compensate the lender. As Figure 4 illustrates, the lender’s inefficiency range shrinks as a 

result, so that contract efficiency improves if the le

ce, the optimal debt covenant for more highly levered firms is based on more conservative 

accounting rules and is thus more easily violated. 

The result in Proposition 4 is stated in terms of financial leverage and hence implicitly as-

sumes that an increase in ܫ

constant. Yet, one can readily observe that an increase in ܫ m t aigh rna

result of an increase in ܫ that the firm decided to finance, at least partly, by raising additional 

debt. In contrast to the leverage interpretation, this scenario implies a decrease in the firm’s pr
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itability rather than a mere shift in capital llustrate this claim, one can note that tstructure. To i he 

return on the firm’s investment is 

ܫܱܴ ؠ
ܹ െ ܳ
ܫ ൌ

ݓఏሺܧ െ ሻݍ
ܫ  

where ܹ ؠ ܳ ,ሻ is the expected first-best firm valueݓఏሺܧ ؠ  ,ሻ is the expected inefficiencyݍఏሺܧ

is the inefficiency as defin ݍ as defined in (6), and ߠ is the first-best firm value for a given ݓ

in (4). When ܫ increases, the return  de

ed 

 rate clines by 

ܫܱܴ݀
ൌ െ

ܹ െܳ  ௗொ
ௗூ
ܫ
൏ െ

ܹ െ ܳ െ ܫ
ܫ݀ ଶܫ ଶܫ ൏ 0 

llows from Lemma 1 and the final inequality from the requirement 

at the investment has positive net present value.18 Mathematically, this alternative interpreta-

tion 

ܫ  on the optimal contract terms is the same in 

bot  

compet s w profit margins should tend to 

follow more conservative account covenants. 

Gi le leverage in ural to make ܫ and ܫ 

 

where the first inequality fo

th

 of an increase in ܫ  does not alter the problem. Proposition 4 thus has a natural corollary. 

 

Corollary to Proposition 4. For firms with lower profitability, optimal debt covenants are based 

on more conservative accounting rules. 

 

In summary, ܫ has a dual interpretation as either a measure of profitability or as a measure 

of financial leverage, but the effect of a change in 

h cases. The reason is that in both settings, the firm’s payment obligation to the lender, and

thus its incentive to make decisions that yield inefficiently high risk, have increased. In response, 

an efficient contract shifts decision rights to the lender, who now has relatively less detrimental 

incentives. This observation suggests that conservatism in accounting, as defined in this context, 

is neither unconditionally beneficial nor unconditionally disadvantageous. Rather, its optimal 

degree is determined by the economic situation of the firm and its capital structure. A direct em-

pirical implication is that firms in itive indu tries with lo

ing practices under their debt 

terpretation of ܫ, it mven the possib ay seem nat

choice variables of the firm, but as noted in the introduction, an endogenous capital structure 

would require a full model of capital costs across all types of financing options. Nonetheless, the

                                                 
18 If ௗொ

ௗூ
൏ െ1, t  firm would voluntarily overpay the lender because the resulting reduction in inefficiency would 

exceed the amount of the overpayment, but Lemma 1 shows that this situation can never arise in an optimal contract. 
he
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model can make a limited lem in the fol-

lowing sense. In the frict the firm should not be 

 

s, 

e firm’s owners would choose ܫ to maximize their net return 

. 

Given the lender’s binding break-even constraint, maximizing (14) is equivalent to maximiz-

ing

 contribution to solving the firm’s capital structure prob

ionless setting of Modigliani and Miller (1958), 

able to improve its return on equity, net of financing costs, by changing its capital structure, and

so the firm’s return less its cost of equity financing would be the same regardless of ܫ. Then if 

one were to introduce the agency cost from asset substitution as the sole friction, ceteris paribu

th

 ܻ െ ܫ ൌ ܻ  ܫ െ (14) ܫ

where the equality follows from ܫ ൌ ܫ  ܫ

 total firm value. The corresponding first-order condition would require that 

ܻ݀
ܫ݀  1 ൌ െߣ  1 

is zero at an optimal interior value of ܫ, where the equality follows from the envelope theorem. 

As noted in the Introduction, the corner solution ܫ ൌ 0 would attain the first-best outcome be-

cause the agency conflict is eliminated under pure equity financing. But if ܫ were bounded 

away from zero for exogenous reasons and ߣ evolved in a non-monotonic manner, one might 

conjecture that this stylized capital structure problem might also have a local interior maximum 

under some contract for which ߣ ൌ 1. The following result demonstrates that this is not the case.

 

 

Pro

 

t 

                                              

position 5. Firm value is convex in leverage. 

 

The convexity of total firm value in ܫ implies that a maximization of firm value or a mini-

mization of inefficiency would yield a corner solution in this simplified setting. Then even if the

trivial optimum ܫ ൌ 0 is infeasible or undesirable for exogenous reasons, one would still expec

firms, ceteris paribus, either to minimize their debt as much as possible or to seek the highest 

possible amount of debt.19 The reason why intermediate levels of leverage are inefficient is that 

they require costly compromises between conflicting decision incentives. The more decision 

rights and payoff claims are vested with only one party, the less costly the financing choice be-

   
19 Fo , a corner solution need not co e ܫ ൌ 0 if the firm only has limited access 

 
r example

to equity capital, in which case ܫ  is bounded O s treme, ܫ  may be bounded above because 
the firm can only make a credible commitment to pay out some maximum amount to an outside financier, e.g., be-
cause of the opportunity to consume private benefits at the financier’s expense. 

incide with the extreme valu
 below. n the oppo ite ex
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comes. Taken together, Propositions 4 and 5 are consistent with the finding by Rajan and 

Zin

 effects on con-

tract efficiency, and hence the opposin ved in practice may in part 

be intended to reduce agency costs. One should, however, bear in mind that the convexity result 

. 

e 

that minimizes inefficiency would always coincide with one of the endpoints of the feasible in-

gales (1995) that firms with higher profitability tend to have lower leverage. As shown in 

Proposition 4 and its corollary, profitability and leverage have additively inverse

g directional alignment obser

is obtained in a setting in which asset substitution is the only financing cost that varies with lev-

erage, while firms’ leverage choices in practice are likely guided by a number of other factors. 

 

 
Figure 6. Debt and equity values as a function of leverage. 

 

Figure 6 provides a graphical illustration of the values of debt and equity as functions of ܫ

Total firm value is bounded above by the first-best level ܹ, as defined above. The lender’s pay-

off ܷ ؠ ܷ  because the break-even constraintܫ ሻ increases one-for-one withݑఏሺܧ    bindsܫ

under any optimal contract by Lemma 1. Hence, the value of the firm’s equity ܺ ؠ  ሻ isݔఏሺܧ

bounded above by തܺ ؠ ܹ െ . One can readily observe from the convexity of ܺ that even if thܫ

firm’s choice of ܫ were constrained to interior values for exogenous reasons, the value of ܫ 

W

U

X

Xӯ

IU
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terval.20 Since the slope of ܺ is –  by the envelope theorem, the convexity result also implies ߣ

that ߣ serves as an index of leverage and profitability. Firms with higher ߣ are more profitable 

and less leveraged, with the middle case ߣ ൌ 1 as a convenient benchmark.21 References to ߣ in 

Propositions 6 and 7 below thus correspond directly to the economic fundamentals of the firm. 

Proposition 4 and its corollary still leave the question whether profitability and leverage ex-

plain tradeoffs between accounting conservatism and interest rate levels. The answer is negative. 

As shown in the proof of Proposition 5 in the Appendix, an increase in ܫ must coincide with an 

increase in the maturity value ܮ, which generally also yields a higher interest rate, as implied in 

the ratio 
ூೆ

.22 Thus, increases in financial leverage or decreases in profitability do not imply that 

firms trade off more conservative accounting rules for lower interest rates. 

The reason ܫ cannot explain tradeoffs is that changing ܫ also shifts the total expected pay-

off that must be transferred to the lender via adjustments to ܮ and ܸܤ. This observation implies 

trol rights and interest rates can only 

e drawn if the break-even constraint and hence the expected debt payment are held constan

Eve

i-

h 

     

that a meaningful conclusion about the tradeoff between con

b t. 

n more importantly, ܫ and ܫ are endogenous in reality, and so a change in any model pa-

rameter that affects the lender’s payoff does not only have a direct effect on the optimal choice 

of ܮ and ܸܤ but is also likely to prompt the firm to adjust its amount of debt financing in re-

sponse, which would trigger a secondary adjustment to ܮ and ܸܤ. An important empirical impli-

cation is that testing the relationship between accounting conservatism and interest rates may not 

yield meaningful results unless the role of the firm’s capital structure and profitability as covar

ates of the optimal contract terms is reflected in the research design. 

A genuine tradeoff consideration, on the other hand, arises when the relative weights of cas

flows and liquidation values in the contracting parties’ payoff functions shift but the overall prof-

itability and leverage are held constant. In accounting terms, one can interpret a greater liquida-

tion value as a high proportion of ‘tangible’ assets on the firm’s balance sheet, such as plant, 

                                            
 Naturally, the corner solution ܫ ൌ ܹ is only feasible in case of a zero-NPV investment, in which case the lender 

would receive all payoffs in all states. 
21 When ߣ ൌ 1, the optimal partitioning line in the ܿଵ-ݏ-space follows the intersection of the two surfaces in Figure 5
22 In a first-best scenario, the bre constraint ܷ ൌ  implies that ௗܫ

20

. 

ௗூೆ
ൌ ଵ

ଵିP୰ሺሻ
, where Prሺܮሻ is the probability ak-even 

that total s are less than ܮ. The interest rate t en increases monotonically by ௗ
ௗூೆ

 payoff h  ቀ 
ூೆ
ቁ ൌ ଵ

ூೆ
· ቀ ௗ

ௗூೆ
െ 

ூೆ
ቁ  0, 

where th ality follows from the observatio 
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this paper is similar, but the interest rate need not increase monotonically at all levels of ܫ. 

n 1 െ Prሺܮሻሻ · ܮ ൏ ܫ . The second-best setting analyzed in 



property and equipment, which are likely to have substantial value to outside buyers if the firm 

were liquidated. Liquidation and continuation are opportunity costs with different degrees of risk

and so given the asymmetric risk preferences established in roposition 1, o

, 

ne may suspect that 

fav

e. 

 P

orable or unfavorable changes in either one should have predictable effects on the optimal 

allocation of decision rights even in the absence of differences in profitability or capital structur

Since ݒ and ܿଶ are random variables when the contract is written at ݐ ൌ 0, this analysis requires a 

characterization of such changes in terms of distributions, as given in the following definition. 

 

Definition. A parameter ߟ provides an ordering of the firm’s liquidation value if the likelihood 

ratio ݉ሺݏ|ݒሻ ؠ డሺ௩|௦ሻ
డఎ

· ଵ
ሺ௩|௦ሻ

 is increasing in ݒ and decreasing in ݏ for all ݏ ,ݒ and ߟ. 

 

Similar to Assumption 1, the definition of ߟ utilizes the monotone likelihood ratio property to 

operationalize the notion of an increase in ݒ. Firms with higher ߟ thus have higher expected liq-

uidation values, while the distribution of the continuation value ܿଶ is held fixed.23 Since both ݏ 

and

e 

 

ayoff function ܷ and the firm’s actual and first-best payoff functions ܺ and തܺ are scaled up ac-
                                                

 now induce monotone likelihood ratios, their interaction must be specified in order to ߟ 

maintain tractability. The likelihood ratio of ߟ is therefore assumed to decrease in 24.ݏ Finally, 

one should observe that the contracting parties’ decision incentives are invariant under ߟ becaus

 is realized before the decision whether to liquidate the firm or not is made.25 ݒ

An increase in ߟ has two distinct effects. First, ߟ makes liquidation the efficient decision un-

der the first-best rule in more states ߠ and thus increases the weight of ݒ as a source of payoff 

relative to ܿଶ. This will be referred to as the composition effect of ߟ. Second, the two parties’ 

payoffs ܺ and ܷ, and hence total firm value, increase with ߟ because liquidation proceeds have

increased while cash flows, investment costs and incentives are all unchanged. This will be re-

ferred to as the level effect of ߟ. Figure 6 provides a graphical intuition for the level effect. The 

increased liquidation value increases the first-best firm value ܹ, and hence both the lender’s 

p
 

23 The same conclusions can be obtained if the prop f ݒ are held co t and ߟ is spec ith respect to the 
distribution of ܿଶ instead. 

r 

-
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erties o nstan ified w

24 One can verify graphically that a likelihood ratio ݉ that is constant or increasing in ݏ is difficult to sustain: if ݏ 
increases, ݃ሺݏ|ݒሻ is shifted to the right, and hence the likelihood ratio in ߟ must generally be negative over a longe
interval of ݒ. 
25 This observation does not apply when ߟ is defined with respect to the continuation value ܿଶ, but subject to a tech
nical assumption on ݃ሺݏ|ݒሻ, the conclusions are the same. 



cordingly. Then if ܫ is held fixed, its relative position on the ݔ-axis has shifted left, which 

yields both a lower optimal degree of accounting conservatism by Proposition 4 and, ge

r rate of interest. In other 

nerally, a 

owe words, the leve fect of ߟ is equivalent to a decrease in ܫ in 

term

ere re examines 

fir

e 

her ߟ 

rge 

crease 

the 

l l ef

s of its implications for ܸܤ and ܮ, and is therefore simply a variant of Proposition 4. 

The preceding discussion implies that only the composition effect can yield insights into the 

tradeoff between accounting conservatism and interest rates because the level effect generally 

decreases both of them simultaneously. Hence, two firms with different ߟ are, ceteris paribus, not 

comparable with respect to the tradeoff in accounting conservatism and interest rates unless one 

controls for the level effect. This observation again emphasizes that profitability and leverage are 

important covariates of the optimal debt contract terms. The following result th fo

a  so that 

th

m with a relatively high liquidation value, defined as a higher level of both ߟ and ܫ

level effect is neutralized and only the composition effect remains.26 

 

Proposition 6. For ߣ sufficiently close to 1, optimal debt contracts for firms with relatively high 

liquidation values are based on lower interest rates and more conservative accounting rules. 

 

The intuition behind Proposition 6 follows from Proposition 1. If liquidation is the efficient 

decision in more states of the world, decision rights should be vested more often with the lender, 

whose decision incentives are aligned with the first-best rule when liquidation is optimal. A se-

cond, less apparent but important cause is that lowering ܮ becomes more beneficial with hig

because the lender’s inefficient liquidation decisions now occur in states with a lower ex-ante 

probability. The reason Proposition 6 cannot provide an unambiguous prediction if ߣ is too la

or too close to zero, i.e., leverage or profitability are too large or too small, is that ߟ can in

marginal benefit of raising the maturity value ܮ in these cases, which may make higher ܮ and 

less conservative accounting rules optimal.27 Therefore, the predictions of Proposition 6 may not 

be observable in firms around the tails of the leverage and profitability distributions, which cor-

respond to very high or very low values of ߣ and, graphically, the corner regions in Figure 6. 
                                                 
26 Formally, isolating the composition effect is equi lent to examining an increase in  with a joint increase in ܫ  

డ
va ߟ 

that offsets the increase 
డఎ
 0 in the lender’s expected payoff. 

27 For very high ߣ, the firm has efficient centives in most states and bankruptcy is highly u likely. Raising ܮ would
incur little additio  in ev di

in n
l ineffic  constrain

tional control allocation to the firm can increase efficiency. Raising ߟ increases this marginal benefit. A symmetric 
argument applies when ߣ is close to zero. 

 
na iency in this case but create substantial slack  the break- en t, so that ad -
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A natural corollary of Proposition 6 is the impact of a relatively high liquidation value on ef-

ficiency. One may conjecture that firms with more valuable liquidation options enter into more 

efficient debt contracts because they can pledge collateral of higher expected value and pay a 

lower rate of interest. The envelope theorem implies that the composition t o  inc

ߟ

 effec f an rease in 

 on contract efficiency is – డொ
డఎ

.28 Expanding shows that a greater weight of the liquidation value 

െ
߲ܳ
ߟ߲

in the overall payoff function changes contract efficiency by 

 ൌ න න ሺݒ െ ଶሻߤ · ݉ሺݏ|ݒሻ ܩ݀ ܪ݀ න න ሺߤଶ െ ሻݒ · ݉ሺݏ|ݒሻ ܩ݀
మ

(15) ܪ݀

where 

 

hat 

n 6 is thus consistent with the notion that collateralized debt carries a lower interest rate, but as 

assets that probably have little or 

no value in the hands of a different owner. Firm-specific intangibles suc as human capital or a 

 ఓ

ఓమே 

݉ denotes the likelihood ratio as given in the definition of ߟ. 

Inspection of (15) reveals no particular directional bias. For small ܫ, the set ܰ is large but 

the firm’s inefficiency range ห݇ െ  is small but the ܦ ଶห is small while the technical default setߤ

lender’s inefficiency range |݇ െ -. Further, the monܫ ଶ| is large. The converse applies to largeߤ

otonic increase in ݉ suggests that the first term in (15) is generally positive and the second term 

is generally negative. Taken together, these observations do not permit the conclusion that (15) is

systematically different from zero and hence the efficiency of debt contracts in this model bene-

fits from high liquidation values, even though Proposition 6 predicts such firms to pay a lower 

rate of interest on their debt. This conclusion again emphasizes that the interest rate level is by 

itself not indicative of contractual efficiency. 

In practice, firms with high values of ߟ hold assets with a high degree of fungibility, which 

would therefore be valuable to a broad set of potential outside buyers in liquidation and be well-

suited as loan collateral. Such firms likely tend to operate in relatively competitive industries t

require extensive investment in tangible assets such as plant, property and equipment. Proposi-

tio

noted above, the lower interest rate and the attendant conservative accounting rule do not imply 

greater contract efficiency. In contrast, firms with low ߟ hold 

h 

                                                 
28 Formally, the tal effect of ߟ on efficiency is to

ܻ݀
ߟ݀ ൌ ఎܹ െ ܳఎ  ሺ1 െ ሻߣ · ܷఎ 

where subscripted ߟ denote pa ial derivatives. The terms ఎܹ and ܷఎ are level effects, and so the composition effect
డொ

rt
of ߟ is given by െܳఎ ؠ െ

డఎ

 
. 
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well-func xpect the 

h and

ܿଶሻ

tioning organization are likely to fall into this category. One would therefore e

s to be more prevalent in industries characterized by a high intensity of researclatter firm  

development activity, product innovation, and intellectual capital. 

Proposition 6 effectively examines the implications of a shift in the mean of the liquidation 

value relative to expected cash flows. A natural complement to this result is an analysis of 

changes in the variance of payoffs. The following discussion will focus on the firm’s operating 

risk, defined as the variance of the its second-period cash flows ܿଶ. As in the case of ߟ, it is im-

portant to avoid the confounding effects of changes the first-best firm value ܹ. Higher operating 

risk is therefore modeled as a mean-preserving spread of the distribution of ܿଶ. 

 

Definition. A parameter ߪ provides an ordering of the firm’s operating risk if 

න
ଶሺ߲ܨ
ߪ߲


݀ܿଶ  0 



for any ܿ א ሾ0, ܿҧሿ, with equality when ܿ ൌ ܿҧ. 

 

Mean preservation implies that ߪ has no bearing on the first-best decision rule because 
డఓమ
డఙ

ൌ 0 by construction, and hence the first-best firm value ܹ is the same for all ߪ. Yet unlike ߟ, 

operating risk affects the contracting parties’ decision incentives. In particular, the firm adjusts 

its liquidation threshold upward by 

 
߲݇

ߪ߲ ൌ
ଶݔ߲
ߪ߲ ൌ െන

ଶܨ߲
ߪ߲ ݀ܿଶ

ҧ

ିభ
 0 (16)

while the lender adjusts its liquidation threshold downward by 

 
߲݇

ൌ
ଶݑ߲ ൌ െන

ଶܨ߲
ߪ߲ ߪ߲ ߪ߲ ݀ܿ

ିభ
 0ଶ



in response to an increase in 29.ߪ This observation is consistent with the rationale that the fi

benefits from inefficiently high risk to begin with, so that an increase in ߪ should reinforce its 

incentives further. On the other hand, higher ߪ also reinforces the lender’s incentive to avoid ris

 (17)

rm 

k. 

Taken together, (16) and (17) and the constant first-best cutoff value ߤଶ suggest that efficiency 
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29 Incentives woul unaffected if ߪ were he prior distribution of ݒ because both 

 results would then be con nt with those from the above construction of ߪ. 

d be d w esp
parties observe the realization of ݒ before making their decisions. One could, however, assume the contracting par-
ties to observe imperfect information abou  de w ߪ o the variance of ݒ conditional on 
this imperfect information. The siste

 instead define ith r ect to t

t ݒ at ݐ ൌ 1 and fine ith respect t



decreases with ߪ because ݇  ଶߤ  ݇ by Proposition 1, and hence both parties’ liquidation 

thresholds move away from the efficient benchmark. The next result formalizes this reasoning. 

f debt contracts. 

 

Proposition 7 follows from the ob tive problem becomes more severe 

fir nder receives control rights. Higher 

 incre  differential betwee skless liquidation option and the risky continuation 

like  

 e inefficiency cost ܳ as a first-order 

effect, but also transfers wealth me time. The lender’s ex-

cted payoff ܷ therefore decr onstraint ܷ ൌ  must holܫ

te the lender for the expected 

ents involv  in view of Proposition 4 and 

thus effectively move the co e 6. Due to the convexity of 

t-

, 

erefore benefit mo  reducing ܫ than marginally profitable firms would benefit from in-

nancing should be revalent in volatile industries and among firms with high-risk busi-

nes

contracting parties’ information at ݐ ൌ 1, to remain constant. If one were to give the firm and the 

 

Proposition 7. For ߣ  1, higher operating risk always reduces the efficiency o

servatio

with higher values of ߪ, regardless whether th

ase the risk n the ri

n that the incen

e m or the le

ߪ

option and thereby intensify the agency conflict. Ceteris paribus, operating risk is therefore ly

to prompt firms to set their financing choices closer to the more efficient corner values of ܫ. 

The need for a nuanced statement with respect to ߣ arises as follows. A higher variance of cash 

flows not only exacerbates ince entiv s, and hence increases th

 from the lender to the firm at the sa

eases in ߪ, but since the break-even cpe d, 

this wealth transfer requires ad nts to  that comjustme ܸܤ and ܮ pensa

e higher ܮ and more conservative ܸܤ

act to the right on the ݔ-axis in Figur

loss. These adjustm

ntr

firm value in ܫ, this relative rightward shift decreases firm value when ܫ is low (and hence ߣ is 

high) and increases it when ܫ is high (and hence ߣ is low). Therefore, the efficiency loss is mi

igated when ߣ ൏ 1 and an unambiguous analytical statement can only be made for ߣ  1. 

As noted previously, ߣ can be viewed as an index of leverage or profitability. Proposition 7 

therefore not only suggests that debt is generally more costly for firms with high operating risk

but that this cost increase is most pronounced in highly profitable firms. These firms would 

th re from

creasing ܫ further.30 If this effect is economically significant in reality, a high degree of equity 

 more pfi

s models, especially if risk and return are positively correlated in practice. 

Proposition 7 implicitly assumes the variance of the liquidation value ݒ, conditional on the 
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30 In addition, ܫ is bounded above by ܫ, so increasing debt financing further may not even be feasible. 



lender imperfect information about ݒ at time ݐ ൌ 1 and consider an increase in the variance of 

the parties’ estimate of ݒ given this imperfect information instead, the resulting incentive effects 

would take the opposite signs of (16) and (17), but the direction of the wealth transfer and hen

the effect of ߣ would remain the same. Therefore, while the agency cost ܳ increases with ߪ but 

would decrease with the variance of ݒ, the impact of an increase in either variance on contract 

efficiency is always less favorable for firms with high ߣ. In other words, a high degree of equi

financing would be relatively more efficient for profitable high-risk firms even if risk were de-

fined with respect to the liquidation value ݒ. 

The relationship between ߪ and the optimal accounting rule ܸܤ depends on a number of fac-

tors. First, the symmetry of the implications of ߪ with respect to the parties’ decision incentives 

and the absence of a change in the first-best decision rule imply that ܸܤ should, on average, be 

unaffected by the impact of ߪ on the agency cost ܳ. Second, the wealth transfer from the lender 

to the firm necessitates a more conservative accounting rule to compensate the lender, as n

ce 

ty 

oted 

abo -

on 

between operating 

risk

g 

this context. First, it can provide information to the contracting parties and thus reduce the cost 

of decision errors. Second, it can act as a decision mechanism in the presence of an incentive 

ve. Third, the preceding discussion also suggests that firms might adjust their financial lever

age in response to changes in ߪ: highly profitable firms would benefit from adjusting ܫ, and 

thus their financial leverage, downward if ߪ increased, which by itself would imply a reducti

in accounting conservatism in view of Proposition 4. Conversely, firms with low profit margins 

may benefit from raising ܫ further. Hence, one would expect the optimal accounting rule to be-

come more conservative when ߪ increases in firms with low profitability, while no clear direc-

tional prediction emerges for highly profitable firms. The possible correla on ti

 and profitability in practice may further complicate the prediction. 

 

 

5. Conclusion 

 

Accounting measures frequently serve as a basis for debt covenants. This paper examines 

how the underlying accounting rules are designed optimally to minimize inefficiency in a settin

with incomplete contracts and asset substitution. Accounting can serve two broad purposes in 

misalignment problem, e.g. by triggering technical default events under a covenant. The focus of 
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this paper is on the second role. Accounting is modeled as an information aggregation function 

that implements an efficient a ocation of decll n bo

This setup permits several observations about the properties of the optimal accounting rule. 

Both past transaction data in the form of realized cash flows and forward-looking data in the 

form of fair value estimates are valuable in the debt contract problem. The former affects the 

contracting parties’ decision incentives and hence the severity of the asset substitution problem, 

whereas the latter provides information about the first-best decision. The relative usefulness of 

these two types of information determines whether the optimal accounting rule has a historical 

cost focus or a fair value focus. Furthermore, accounting conservatism, defined as the tendenc

of the accounting rule to yield values below the technical default threshold, is neither unambigu-

ously beneficial nor detrimental. In particular, the empirically observed negative correlation be-

tween measures of conservatism and interest rate levels may only reflect the substitutive nature 

of the two with respect to the lender’s payoff. 

The properties of the optimal accounting rule give rise to a number of empirical predictions. 

Debt financing is expected to be more prevalent in industries in which re

ision rights betwee rrower and lender. 

y 

liable estimates of the 

alue of the borrowers’ assets are available, and these debt contracts should rely more on fair 

alue measures. Firms with high leverage or low profit margins are expected to follow more con-

ting practices than highly profitable firms and firms predominantly financed by 

quity. Moreover, debt contracts are least efficient at medium levels of leverage, at which com-

pro

t-

t-

e firms’ 

cap

and 

 

v

v

servative accoun

e

mises between the conflicting incentives of the firm and the lender are most costly. Ceteris 

paribus, firms are therefore expected to align their degree of debt financing inversely to their 

profitability, consistent with the observation in Rajan and Zingales (1995). A high liquidation 

value relative to the value of the firm as a going concern increases the optimal degree of accoun

ing conservatism and decreases the optimal interest rate level. Finally, high volatility of opera

ing cash flows increases the cost of debt, particularly for highly profitable firms, and is therefore 

expected to correlate with a high degree of equity financing. 

These results are subject to several qualifications. First, the predictions concerning th

ital structure are only partial in the sense that the model does not include the cost of alterna-

tive financing sources, specifically equity. Empirical results may be difficult to obtain if debt 

equity costs are too highly correlated. In addition, debt financing is costly relative to equity in

this model, and hence there must exist benefits outside the model that compel firms to choose 
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positive leverage ratios to begin with. Their correlation with the forces in the model may again 

complicate empirical tests. Similarly, cash flows, liquidation values, the precision of fair value 

information, profitability, operating risk and other variables in the model are assumed to be inde-

pendent, but the correlation structure is unlikely to be so simple in reality. Lastly, the firm is as-

sumed to borrow from a single lender, but in practice, debt financing is often provided by multi-

ple lenders, whose claims may be ranked by seniority. It may be important to consider that the 

severity of the incentive misalignment likely depends on the seniority of the lender’s claim, 

whe

 

 

ght 

ake the simple form of a fixed cut-

off 

ity 

 

reby unsecured lender’s incentives are more closely aligned with those of equityholders. 

A further commentary concerns the extent to which the properties of the optimal accounting

rule derived in this paper are useful attributes of accounting in general. In practice, accounting

serves multiple purposes, and firms generally seem to rely on a basic, general accounting system 

and make purpose-specific adjustments to the output information, e.g. for external financial re-

porting, performance evaluation, or contracts. The model in this paper examines the role of ac-

counting for a single, specific purpose and therefore cannot identify a clear boundary between 

contract-specific accounting adjustments and general-purpose accounting rules. Providing insi

into which aspects of the mapping from the state space to the allocation of decision rights are 

optimally part of general-purpose accounting rules and which aspects should be specific to debt 

contracts would require a more general model in which accounting has multiple roles. 

Finally, the discrimination between accounting rules and covenant provisions in this model is 

to some extent ambiguous. The debt covenant is assumed to t

value of the accounting measure ܸܤ while all computational mechanisms are absorbed into 

the accounting rule, but one could alternatively specify a floating threshold whose calculation 

assumes some of the properties of ܸܤ without altering the outcome. An example from practice 

may illustrate this point: an income escalator clause, i.e., a prescription that less than one-

hundred percent of the borrower’s positive income in a given period is credited to owner’s equ

as computed under the covenant, can be viewed either as a covenant provision superimposed on

the accounting rule or as an accounting rule by itself that prescribes the accrual of an expense 

related to agency costs. Another manifestation of this ambiguity is the possible substitution be-

tween accounting conservatism and covenant tightness. One should therefore bear in mind that 

some of the predicted properties of the optimal accounting rule may manifest themselves in the 

form of covenant provisions rather than accounting numbers from in public financial reports.
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Appendix 

 

n Proof of Proposition 1. The firm’s payoff is zero under liquidation if ݒ  ܮ െ ܿଵ but positive i

expectation under continuation, so the firm never prefers liquidation for ݒ  ܮ െ ܿଵ. For 

ݒ  ܮ െ ܿଵ, the firm’s indifference condition ݔ௩ ൌ  ଶ becomesݔ

ݒ ൌ ܮଶሺܨ െ ܿଵሻ · ሺܮ െ ܿଵሻ  න ܿଶ ଶܨ݀
ҧ

ିభ
  ଶߤ

with equality only when ܿଵ ൌ ݒ The solution value .ܮ ൌ ݇ changes with ܿଵ by 

߲݇

߲ܿଵ
ൌ െ ܨଶሺܮ െ ܿଵሻ  0 

and reaches its minimum when ܿଵ ൌ in which case ݇ ,ܮ ൌ -ଶ. Hence, the firm never prefers inߤ

efficient liquidation and its inefficiency range ห݇ െ  ,ଶห decreases monotonically in ܿଵ. Furtherߤ

డ

డ
ൌ െ డ

డభ
 0 because ݇ only depends on ܿଵ and ܮ through the joint term ܮ െ ܿଵ. 

Conversely, the lender receives the maximum payoff of ܮ for any ݒ  ܮ െ ܿଵ and therefore

always prefers liquidation for ݒ  ܮ െ ܿଵ. For ݒ ൏ ܮ െ ܿଵ, the lender’s indifference point is 

ݒ ൌ න ܿଶ ଶܨ݀
ିభ


 ൫1 െ ܮଶሺܨ െ ܿଵሻ൯ · ሺܮ െ ܿଵሻ   ଶߤ

and so the solution ݒ ൌ ݇ changes with ܿଵ by 

߲݇

߲ܿଵ

 

ൌ ܮଶሺܨ െ ܿଵሻ െ 1  0 

Then the lender’s liquidation threshold reaches its maximum for ݒ  ܮ െ ܿଵ when ݇ ൌ  ,.ଶ, i.eߤ

the lender never prefers inefficient continuation and its inefficiency range |ߤଶ െ ݇| decreases 

monotonically in ܿଵ. As in the firm’s case, డ


డ
ൌ െ డ

డభ
 0. 

 

Proof of Lemma 1. In any given state ߠ א ܰ, the firm maximizes its payoff by solving 

max


ߠ|ሺܽݔ א ܰሻ 

where ݔሺ· ߠ| א ܰሻ is the firm’s payoff conditional on ߠ and the absence of default, and ܽ א

ሼܽଵ, ܽଶሽ is the action the firm chooses at ݐ ൌ 1, where ܽଵ corresponds to liquidation and ܽଶ cor-

responds to continuation. Similarly, the lender solves 
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max


ߠ|ሺܽݑ א  ሻܦ

ߠ א  it must be that ,ߠ Then for a given state .ܦ

ሺܽݔ ߠ| א ܰሻ  ሺܽݔ ߠ| א  ሻܦ

at the firm’s 

with its control 

rights. A symmetric argu pli

Then for any partition ሼܦ, ܰ d choose some ൛ܦ෩, ෩ܰൟ with 

h payoffs 

 

Proof of Lemma 2

in any state 

 

with equality only when 

argmax


ߠ|ሺܽݔ א ܰሻ ل argmax


ߠ|ሺܽݑ א  ሻܦ

It follows th
 

total expected payoff is 

ܺ൫ ෩ܰ൯  ܺሺܰሻ 

for any partition ሼܦ, ܰሽ and ൛ܦ෩, ෩ܰൟ w ෩ܰ ل ܰ, i.e., the firm’s payoff increases 

ment ap

ith 

es to the lender. 

hat ܷ  the mሽ such t ,ܫ fir  coul

෩ܰ ل ܰ so that its payoff increases without violating the lender’s break-even constraint, and so 

ሼܦ,ܰሽ could not be part of an optimal contract. If ܷ  ܦ and ܫ ൌ  i.e., the firm cannot expand ,

its space of control, it can lower the maturity value ܮ until ܷ ൌ beca ܫ n whic

depend on ݇ (and adv e ith p

use states i

 hence erse incentive eff cts could reduce ܺ) are reached w robability 

zero when ܦ ൌ ܷ ,Hence . ൌ  .under any optimal contract ܫ

a. Under c

 
݀

 an optimal c ounting rule, the first variation 

ߝ݀ නݕ൫ܸܤ  ߠሺ݆ߝ


y contin

ሻ൯ ቤܪ݀
ఌୀ

ൌ න݆ሺߠሻ · Γሺܮ,


st function ݆ሺ·ሻ, where Γሺ·ሻ is

,ߣ ሻߠ · ሻܸܤሺߜ (A1) ܪ݀

must be zero for an uous te   and ߜ e Di-

ݕ߲

given by (9) ሺ·ሻ is th

rac delta distribution. By the fundamental lemma of calculus of variations, (A1) is zero if and 

only if the Euler-Lagrange equation 

ݕ  ؠ ܸܤ߲ ൌ Γሺܮ, ,ߣ ሻߠ · ܸܤሺߜ

nce ero at any ܸܤ

ሻ ൌ 0 (A2)

olds for all ߠ. Si  the delta distribu ് 0 but assigns point mass when 

ሺߠሻ · Γ 

is ther nt to set (A1) to ze hown that this solution maxi zes ܻ. 

ies that the firm’s equity value is higher if , while  implies the 

responds to the control allocation that ሺ ሻ  implements as long as 

es to note that an accounting ܸ 

h tion is z

ܸܤ ൌ 0, (A2) holds if and only if Γ ൌ 0 0. The accounting rule ܸܤ ൌ ݖ

ro

 whenever ܸܤ ൌ

. It remains to e s
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efore sufficie  b mi

Indeed, Γ  0 impl ߠ א ܰ Γ ൏ 0

opposite, which cor ܸܤ ൌ ݖ ߠ · Γ

ሻߠሺݖ  0 for all ߠ. In order to establish necessity, it suffic rule ܤ෪



cannot be w  the form ܸܤ ൌ ߠሺݖ ൯ ് sgnሺܸܤሻ for at least some ߠ. 

r any such ߠ, and hence ܤ෪ܸ  can-

not be an op counting rule.

Proof of Proposition 2.  a local maximum is 

(A3)

where 

ݕ
ݕ

൩ (A4)

. 

-

ro  increasing book value 

ݑ߲

ritten in Γ

However, then the control allocatio n

timal ac

ሻ ·  only if sgn൫ܤ෪ܸ

n u der ܤ෪ܸ  is not optimal fo

 

 

A sufficient condition for the contract to achieve

 0  න݆ଶሺ


ሻߠ · detሺۻሻ ܪ݀

ۻ  ൌ 
0 ܷ ݑ




ܷ ܻ
ݑ ݕ

is the bordered Hessian matrix at a given ߠ and ݆ሺߠሻ is an arbitrary, continuous test function

Then (A3) holds if and only if 

detሺۻሻ ൌ െ ܷ
ଶݕ  ݑ2 ܷݕ െ ଶݑ ܻ  0 

for all ߠ, with strict inequality for at least some ߠ. The elements of ۻ are defined as follows. 

As argued in the proof of Lemma 1, the lender’s payoff decreases whenever a state ߠ is trans

ferred from ܦ to ܰ. Hence, the change in the lender’s payoff f m

ݑ ൌ ൫ݑ െ ൯ݑ · ሻ ܸܤሺߜ ؠ ܸܤ߲
must be non-pos e ܮ given by itive for all ߠ. Conversely, the effect of raising the maturity valu

ܷ ؠ
߲ܷ
ܮ߲ ൌ නܮ߲

ݑ߲
ܪ݀


 

must be positive in view of the following argument. Let כܮ denote the optimal maturity value f

a given level of ܫ. For ܫ ൌ ܦ ,0 ൌ a 

or 

כܮ

ܷ|ୀ

nd ൌ 0 because ܷ ൌ  by Lemma 1, and so ܫ

ൌ න ൭න
ଶݑ߲
ܮ߲ ܩ݀




 න

௩ݑ߲
ܮ߲ ൱ܩ݀

If one were to raise ܮ and dynamically adjust ܦ and ܫ such t at ܮ ൌ everywhere, the resulting כܮ

path would cover all possible optima. If ܷ ൏ 0 for any ܮଵ  0 on this path, continuity implies 

that ܷ ൌ 0 for some optimal ܮ ൏ ଵ because ܷ|ୀܮ  0. Then ܻ ൌ 0 at ܮ if and only if 

ܳ ൌ 0, which implies ܺ ൌ 0 because 

ܺ  ܷ ൌ െܳ 

ҧ


ܪ݀



h  

 0 
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in view of (5). Hence, ܮ must maximize both ܺ and ܷ, which implies that both would decreas

if ܮ were increased beyond ܮ. Therefore, כܮ ൌ  ଵ cannot be part of an optimal contract and soܮ

ܷ  0 at any כܮ. 

e 

The second partial derivative ܻ ؠ
డమ
డమ

 must be negative. Otherwise, the firm could raise ܮ 

  0 as noted above, but the brea a

 such that ܻ  0 can meet . The second-order condition 

with respect to the accounting rule is

ݕ ؠ
߲ଶݕ
ଶܸܤ߲

and obtain a higher equity value wit ecause hout violating the lender’s break-even constraint b

k-even constraint must bind by Lemma 1. Hence, no m

 the neces t n ܻ ൌ 0

ܷ turity 

value ܮ sary condi io

 

ൌ Γ ·
ሺߜ݀
ܤ݀
ሻܸܤ
ܸ ൌ Γݖᇱሺߜ · ሺߠሻ · Γሻ ൌ െ

1
ሻߠሺݖ · ߜ

ሺݖሺߠሻ · Γሻ 

 is 

when evaluated at the optimum ܸܤ ൌ ሻߠሺݖ · Γ, and so ݕ ൏ 0 for all כߠ because ݖ  0 by 

Lemma 2.31 Finally, the cross-partial derivative with respect to ܸܤ and ܮ

ݕ ؠ
߲ଶݕ

ൌ
߲Γ

· ሻܸܤ ൌ െ
߲Γ

ሺߜ ߲ܿଵ
· ሺߜ ܸሻ ܤ ܮ߲ܸܤ߲ ܮ߲

whe

amine 

ߠ  forݕ ൌ . en ߣ ൌ 1, th

߲Γ

re the second equality follows from the observation that Γ only depends on ܮ and ܿଵ through 

the joint term ܮ െ ܿଵ. The delta d str u n nd hence it suffices to ex

כߠ Wh

i ib tio is zero for ܸܤ ് 0, a

e ݑ terms are eliminated and one obtains 

 െ߲ܿଵ
ൌ ሺ݇ െ ଶሻߤ · ݃ሺ݇ หݏ · ߲݇

ሻ
߲ܿଵ

 ሺ ଶߤ െ ݇ ሻ · ݃ሺ݇|ݏሻ · ߲ܿଵ
߲݇  (A5)

By Proposition 1, both liquidation thr nd ݇  ଶߤ  ݇, which yields 

െ డ

esholds decrease in ܿଵ a

డభ
൏ 0. Equa on (A of giving control rights to the 

 at which 

Γ ൌ 0 is unique when ould have to exist 

some interval on th u ring interval to the 

ng 

A  ൏ 0 for any כߠ. 

ti 5) thus implie at he m benefit 

lender for a given ݏ is monotonically decreasing in ܿଵ, and hence the critical value ܿଵכ

ߣ

 

s th  t arginal 

ൌ 1. If ܿଵכ were not unique for some ߣ ് 1, there w

pport of ܿଵ whose states are in ܦ and wh ghbo

e two parties cou e nge on o r stat

e s ose nei

left is in ܰ. But then th ld xcha  c tr l rights ove es from these two in-

tervals such that the break-even constraint ܷ ൌ  is maintained. This control transfer is feasible ܫ

because ݑ  0 for all ߠ as noted above and would decrease inefficiency. Hence, an accounti

rule that yields multiple ܿଵכ for a given ݏ cannot m dition ( 2), and so ݕ
                                                

eet con
 

31 Equival efine ௗ
ௗ

ently, one could d ൌ Γ · as ߡ tive of Γ, where  is the gradient with respect 
to ߠ ൌ ሺܿଵ, is any vector in Θ that corres ߡ ሻ, andݏ ase in ܸܤ. Graphically, ߡ thus points from de-
fault to no-default states. 

 the directional deriva
ponds to a unit incre
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The above observations imply that detሺۻሻ must be non-negative for all ߠ and strictly posi-

tive for all כߠ. Hence, any accounting rule and maturity value that satisfy the first-order condi-

tion attain a maxim ma wou

min

um. Multiple a ld require the existence of saddle points o

ሻߠሺݖ · Γ ൌ 0 

holds r a un e optimal 

accounting rule from  type 

ݏ߲

loc l maxi r 

ima, and so the maximum must be unique. 

 

Proof of Proposition 3. Let כݏ and ܿଵכ denote the critical values at which ܸܤ ൌ ܤ ܸ ൌ 0. The 

path of ሼכߠሽ is one-to-one if the Euler-Lagrange equation 

 fo ique ܿଵכ given ݏ and for a unique כݏ given ܿଵ, where ܸܤ ൌ ሻߠሺݖ · Γ is th

 Lemma 2. Since  all כߠ and ݖ or all by Lemm

  i

Γ ൌ 0 at  0 f a 2, the ߠ 

of stationary point at כߠ for a given ܿଵ is identified by the s gn of 

߲Γ
ൌ න ሺݔ െ | ܩ݀



ሻݏ|


ଶ ௩ሻݔ · ݈ሺݒ ሻݏ


 නߣ ሺݑଶ െ ௩ሻݑ · ݈ሺݒ


cept for the likelihood ratio factor 


 ܩ݀

which is identical to Γ ex

݈ሺݏ|ݒሻ ؠ
߲݃ሺݏ|ݒሻ
ݏ߲ ·

1
݃ሺݏ|ݒሻ 

By Assumption 1, ݈ increasing in ݒ. Further, the parenthetical terms in b

creasing on ሾ݇,

 is o h int
ሿ, as shown in the proof of Proposition 1. Since Γ ൌ 0 for any 

ly that డ
డ௦

t egrands are in-

݇  the previous ,כߠ

observations imp ൏ 0. Control is therefore optim ly tra f  th

 

al ns erred from

lender at any כݏ. The existence of multiple כݏ for a given ܿଵ would require that డ
డ௦

e firm to the 

 0 for at leas

one כݏ, and hence the critical value must be unique. The uniqueness of the critical value ܿכ fol

lows from డ
డభ

t 

ଵ -

 0 at any כߠ, as shown in the proof of Proposition 2 above. 

 

Proof of Corollary to Proposition 3. Let Γ ؠ
ப
డభ

 and Γ௦ ؠ
ப
డ௦

. The level set 

ሼכߠሽ ൌ ሼߠ: ሻߠሺܸܤ ൌ 0ሽ ൌ ሼߠ: Γ ൌ 0ሽ 

is characterized by the directional derivative 

ܸܤ  · ߡ ൌ Γ · ݀ܿଵכ  Γ௦ · כݏ݀ ൌ 0 (A6)

th  ܿ spac-ݏ- nt where  otes the gradien  respect to ߠ, and ߡ is a ctor in he e tange
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 den t of ܸܤ wi  ve  t ଵ

to the path of ሼכߠሽ. Equation (A6) must hold for all כߠ and states the well-known result that the 



gra

Γ൫ݐ, ሻ൯ݐሺכݏ

dient of ܸܤ must be orthogonal to the level set ሼכߠሽ. Dividing (A6) through by Γ െ Γ௦ and 

integrating yields the separated solution 

ܸܤ ൌ ݒܾ  ሺܿଵሻݒܾ   ሻݏ௦ሺݒܾ

where ܾݒ is a constant, 

ሺܿଵሻݒܾ ൌ න
Γ൫ݐ, ሻ൯ݐሺכݏ െ Γ௦൫ݐ, ሻ൯ݐሺכݏ

ݐ݀


 

is positive and increasing for all ܿଵ becaus Γ௦

భ

൏ 0 at all כߠ by Proposition 3, and 

ሺ ሻ
൯

e Γ  0 and 

௦൫ݐ, ܿଵݒܾכ௦ ݏ ൌ න
Γ ሺݐሻ

Γ൫ݐ, ܿଵכሺݐሻ൯ െ Γ௦൫ݐ, ܿଵכሺݐሻ൯
ݐ݀


 

is negative and decreasing for all 32.ݏ The cutoff values כݏ and ܿଵכ are uniquely identified for giv-

en ܿଵ and ݏ, respe v ro i n |ܾ

௦

ܿ,  ,ߠ and all ݏ

and hence both te

 

tified by its 

first-order condition ൌ 0. Then ncrease in ܫ if and only if 

ݕ݀

cti ely, by P pos tion 3. By co struction, ݒ| א ሾ0,1ሿ for ݅ ൌ

rms are bounded. 

nting rule ܸܤ is idenProof of Proposition 4. By Propos , acc u

ݕ

ition 2  the optimal o

is still optimal after an i ܸܤ

 
ܸܤ݀ ൌ ܤݕ ூܸ  ூܮݕ  ூ  ூ  · ൬ܮூ  ݕ

ݑ ݑ ߣ ൌ ݕ ܸܤ  ݕ ூ൰ߣ ൌ 0 (A7)

for all כߠ, where ܤ ூܸ ؠ
డ
డூ

ூܮ , ؠ
డ
డூ

 and ߣூ ؠ
డఒ
డூ

 denote the contract term adjustments and all 

other terms are defined as in the proof of Proposition 2. Similarly, the adjustments must solve 

 
݀ ܻ

ܫ݀ ൌ ܻܮூ  නݕܤ ூܸ ܪ݀


 ܷߣூ ൌ 0 (A8)

and 

ܷ݀
ܫ݀  ൌ ܷܮூ  නݑܤ ூܸ ܪ݀ ൌ 1 (A9)

כ

ܻ ൏ 0 and ܷ  0 under any t then (A7) cannot hold for 

any כߠ because ݕ ൏ ݕ ,0 on 2, and hence ܤ ூܸ  0 for 

                                          



If ܤ ூܸ  0 for all ߠ , (A9) implies that ܮ  0, which in turn yield ூߣ   0 by (A8) because 

b

b

ூ s

 optimal contract y Proposition 2. Bu

൏ 0 and ݑ ൏ 0 for all כߠ y Propositi  

       
 If כݏ i ndefi r some ܿ  becau ontrol for all ݏ, one c32 s u ned fo ଵ e ei e

Γ௦ to zero so that the integrand of ܾݒ becomes 
 ି

s ther the lender or th  firm optimally receives c

ೞ 

an set 
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ൌ 1 for these ܿଵ. This normalization is without loss of generali
ty because the constant term ܾݒ can be adjusted accordingly. An analogous argument applies to values of ݏ for 
which ܿଵכ is undefined in ܾݒ . Graphically, these two cases correspond to regions beyond the points at which the path 

 Figure resp

-

௦
of ሼכߠሽ shown in 2 intersects the ܿଵ-axis or the ݏ-axis, ectively. 



all כߠ is impossible. Conversely, in order to demonstrate that ܤ ூܸ  0 for all כߠ is feasible, one

can consider the scenario ݕ ן ݑ ሼ r all כߠ be-

 

f the same sign fo

cause 
 on כߠሽ. Then ܤ ூܸ must be o


ூܮݑ ݕ

ூߣ ൌ  ܥ

in (A7). The ca כߠ e 0 im l ூܸ  0, w
כ

for som  at all hich has been ruled out ܥ

 

increases in ܫ. 

 

e constant s ܥ  ൏ p ies ܤ

as a solution, and hence ܤ ூܸ  0 for all ߠ  in this scenario. Therefore, the conservatism of ܸܤ

Proof of Proposition 5. Since 
ௗூ
ௗ ൌ 1 െ  if ܫ by the envelope theorem, firm value is convex in ߣ

డఒ
డூ
൏ 0. Given the uniqueness of the optimal contract terms, the contract term adjustments 

ߣ ؠ డఒ
ூ డூ

ூܮ , ؠ
డ
డூ

 and ܸܤ ؠ డ
ூ డூ

 in r are optim ܫ  nd only iesponse to an increase in if a f 

0)

is as ۻ is 

1)

 

ways zero because the firs ܸ must hold for every

Solving (A11) yields 

ூߣ ؠ ሺ1  ߝ െ ܷݕሻ 

ூ  0 t m his ூ is negative if 
ଶ 2)

al 

 න ۻ · 
ூߣ
ூܮ
ܤ

൩ ܪ݀ ൌ 
1
0൩ (A1

ூܸ 0
 defined in Proposition 2. Then in each state כߠ, the integrand of (A10) 

1  ଵߝ

where 

ۻ  · 
ூߣ
ூܮ
ܤ ூܸ

൩ ൌ  ଶߝ
0

൩ (A1

for some ߝ, where ܧఏሺߝሻ ൌ ,  t ght-hand side of (A11) is0 for ݅ ൌ 1 2. The third element on he ri

t-order condition ݕ ൌ 0 with respect to ܤal  .ߠ 

ଵሻ · ሺ ܻݕ െ ଶݕ ሻ  ଶߝ · ሺݑݕ

ሺ1  ߝ ݕ െ ܷ ݕ ሻ െ ߝ

and 

ூܮ ؠ ଵሻ · ሺݑ    ଶݑଶ  

for all כߠ, where the definitions and signs of all terms on the right-hand sides are as given in the 

proof of Proposition 2. Since ܧఏሺߝଶሻ ൌ 0, continuity implies that ߝଶ ൌ 0 for some ߠ. Then if 

ܮ , i ust be that ߝଵ  െ1 at t ߣ in which case ,ߠ 

(A1 ܻݕ െ ݕ ൏ 0 

It remains to the shown that both ܮூ  0 and (A12) hold for all ܫ. First, ܮ ൌ 0 when ܫ ൌ 0 

but ܮ  0 when ܫ  0, and so by continuity, ܮூ ൏ 0 can only hold if ܮூ ൌ 0 for some ܫ. The mul-
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tiplier of ߝଵ in ܮூ is always nonzero, and so ܮூ ൌ 0 can only hold if ߝଵ ൌ െ1 when ߝଶ ൌ 0, which

in turn implies ߣூ ൌ 0. Then (A7) can only hold if ܤ ூܸ ൌ 0 for all כߠ, but then all contract term

remain has incre ܫ d, n a int 

 

s 

 unchanged while ase  lender’s break-even constra is no 

longer met. Hence, ூ  0 annot hold f

In order to es lish ne can and ual to the determinant of 

3)

ver ܮ and ܸܤ, which di s nal program (8) in that ߣ has been fixed, Θ is red

 with either ܮ ൌ 0 and n ߣ  1, or ܮ ൌ 2ܿҧ and ܸܤ ൏ 0 when ߣ  1 because 

m or 

interior 

r ive m ܸܤ ion 2, and so local interior maxi-

a cannot exist. Further, ܻ ൏ 0 and nd ܸܤ cannot yield a minimu

ther, and therefore (A13) must be at 

roof Proposition 6. he level eff డ
డఎ

 i  which c se the

or any level of ܫ. 

 note th ft-h

ܮ  c

tab  (A12), o at its le  side is eq

the Hessian matrix in the unconstrained optimization program 

 max
,

൫ݓ െ ሻܸܤሺݍ  ሺߣ െ 1ሻ · ሻ൯ (A1ܸܤሺݑ

ffer  fro om the origi uced 

to a single state and ݑ is unconstrained. The unique maximum of this program is always a corner 

solution ܸܤ  0 whe

i) ݍ ൌ 0 in both cases, ii) ݓ does not depend on the contract terms, iii) ݑ attains its minimu

maximum when all payoffs and control rights are allocated to one party only, and iv) the 

stationa y point g n by ܮ and situst be unique by Propo

ݕ  ൏ 0 imply that ܮ a

a saddle point, w

m  

implies that (A12) holds. 

 

of 

m ei-

 hich 

ect of ߟ is the increase P T  in the lender’s payoff. Since 

Proposition 6 only refers to the composition effect of ߟ, 
డఎ
డ is assumed to be offset by an increase

in ܫ and does therefore not enter (A16) below. Given the uniqueness of the optimal contract, 

contract term adjustm s  

 

ly if 

 

ents in response to an increa e in ߟ are optimal if and on

ݕ݀
ߟ݀ ൌ ݕ  ݕ ܸܤ  ݕ ܮ  ݑ ߣ ൌ 0 

డ

ఎ  ఎ  ఎ  ఎ (A14)

for all ܤ ఎܸ ؠ డఎ
ఎܮ , where ,כߠ ؠ

డ
డఎ

 and ߣఎ ؠ
డఒ
డఎ

. Further, these adjustments must solve 

 
݀ ܻ

ߟ݀ ൌ ܻఎ  ܻܮఎ  ఎ ݀


ߣఎ ൌ 0 (A15)

and 

ܷ݀

නݕ ܸܤ ܪ  ܷ

ൌ ൌ ߟ݀  0 ܷ ఎܮ  


(A16

The definitions and signs of all terms not involving ߟ follow from the proof of Proposition 2. 

 නݑ ܤ ఎܸ ܪ݀ )
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First, assume that ݕఎ ൏ 0 for all כߠ and ܻఎ ൏ 0. Then if ܤ ఎܸ  0 for all כߠ, (A16) can only 

hold if ܮఎ  0, which implies that ߣఎ  0 in order for (A15) to hold. But then (A14) cannot hold 

for any כߠ, and so ܤ ఎܸ  0 for all כߠ is impossible. Next, consider the scenario ݑ ן ݕ ן ఎݕ

on ሼכߠሽ. Then 

 

ఎݕ
ݕ

 ఎܮ  ݕ
ݑ ఎߣ ൌ  ܥ

he case ܥ ൏ 0 implies ܤ ఎܸfor s e constant ܥ at all כߠ in (A14). T 0 for all כߠ, w ch h
כ

om  hi

been ruled out, and so it must be that ܥ  0 and hence ܤ ఎܸ  0 for all ߠ . 

The above arguments imply that the conservatism of ܸܤ increases in ߟ if it can be shown that 

ఎݕ ൏ 0 and ܻఎ ൏ 0. Since ݕ is given by (A2), the effect of ߟ on ݕఎ takes the same sign as 

 ߲Γ
ߟ߲

as 

ൌ න ൫ݔଶ െ ௩ݔ  ߣ · ሺݑଶ െ ௩ሻ൯ݑ · ݉ሺݏ|ݒሻ ܩ݀



 (A17)

where 

݉ሺݏ|ݒሻ ؠ
߲݃ሺݏ|ݒሻ
ߟ߲ ·

1
݃ሺݏ|ݒሻ 

h term i qu al nt tas in the definition of ߟ. T e s e iv o Γ except for the weighting factor ݉. Then 

(A17) is negative for all כߠ because i) ݉ is increasing in ݒ by Assumption 1, ii) ݔ െ ݔ  and 

ଶ ௩ ఎ  ,ߠ

 

e

ଶ ௩

ݑ െ ݑ  are decreasing in ݒ, and iii) Γ ൌ 0 by the first-order condition. Then ݕ  0 for all 

with strict inequality for כߠ. The cross-partial derivative with respect to ܮ and ߟ is 

ܻఎ ؠ නሺߤଶ െ ݇ሻ ·
߲݇

ܮ߲ · ݃ሺ݇|ݏሻ · ݉ሺ݇|ݏሻ ܪ݀


 නߣ ሺߤଶ െ ݇ሻ ·
߲݇

ܮ߲ · ݃ሺ݇หݏሻ · ݉ሺ݇หݏሻ ܪ݀
ே

 ሺߣ න
ଶെݑ߲ 1ሻන ൭ ߟ߲ · ݉ሺݏ|ݒ ܩ݀


 න ߟ߲

ሻ
 ௩ݑ߲


· ሻݏ ܩ݀
ҧ

൱ |ݒሺ݉ܪ݀
ே

െ 1ሻන
ଶݑ߲
ߟ߲ ሺߣ ൭න · ݉ሺݏ|ݒሻ ܩ݀



 න
௩ݑ߲
ߟ߲

· ݉ሺݏ|ݒ
ҧ


ሻ  ܪ൱݀ܩ݀

(A18)

ߣ ൌ 1, the last two terms are negative because i) the in

grand of the first term is always econd term is always negative 

3, 

and iii) ݉ is increasing in ݒ and decreasing in ݏ, and so the inequality 



 eliminated. Then (A18) must be 

positive and the inte rand of the s

For te-

g

in view of ݇  ଶߤ  ݇, ii) any ݏ in ܰ is lower than any ݏ in ܦ for a given ܿଵ by Proposition 
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sufficiently clos ߣ 

 

Proof of Proposition 7. B he enve ith ߪ by 

݉ሺ݇หݏሻ  ݉ሺ݇|ݏሻ (A19)

must hold both for all ݏ given any ܿଵ and for all ܿଵ given any ݏ. Then since ܻ ൌ 0 must hold at 

the optimum and ܻఎ is equivalent to ܻ except for the weighting terms (A19), it must be that 

ܻఎ ൏ 0 for any e to 1. 

lope theorem rm’s equity value changes wy t , the fi

ܻ݀
ߪ݀ ൌ න ቆെ

ሻܸܤሺݍ߲
ߪ߲  ሺߣ െ 1ሻ

ሻܸܤሺݑ߲
·ߪ߲ ቇ ܪ݀


 

where 

ሻܸܤሺݍ߲
ߪ߲ ൌ ·۷ሺܸܤሻ


ሺ݇ െ ଶሻߤ · ݃ሺ݇|ݏሻ ·

߲݇
ߪ߲  ൫1 െ ۷ሺܸܤሻ൯ · ሺ݇ െ ߤ  ߲݇

ଶሻ · ݃ሺ݇ หݏሻ · ߪ߲  

must be positive regardless of control allocation because డ


డఙ
 0 and డ



డఙ
 0

݇ by Pr    lender’s p

 as shown in (16) 

) and ݇  ଶߤ  o ayoff is 

ሻܸܤሺݑ߲

and (17 position 1. The change in the

ൌ ۷ሺܸܤሻ · න
ଶݑ߲

ߪ߲ ߪ߲ ܩ݀


 ሻ · ݃ሺ݇หݏሻ ·
߲݇


ଶݑ߲

 ൫1ߪ߲ െ ۷ሺܸܤሻ൯ · ቌሺߤଶ െ ݇ න ߪ߲





which must be negative because 

ଶݑ߲
ߪ

ܩ݀


ቍ 

ൌ െන
ଶܨ߲
ߪ߲ ݀ܿଶ

ିభ
 0 ߲ 

nder’s break-even constraint binds for all ߪ by LeSince the le mma 1, ௗ
ௗఙ

 must also equal the 

change in to se in both equity value and 

efficiency through 

tal firm value, and so an increase in ߪ results in a decrea
డሺሻ
డఙ

. The decrease is larger for ߣ  1 but mitigated for ߣ ൏ 1 because 

ሺሻ
డఙ

డ௨ ൏ 0. 
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