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Reallocation Costs and Efficiency!

By YUVAL SALANT AND RON SIEGEL

We study the efficient allocation of a divisible asset when reallocation
is costly. Two players initially divide an asset between them. At the
time of this initial division the players’ valuations for the asset
are uncertain. After the uncertainty resolves, costly reallocation
may take place. We first establish that the surplus associated with
efficient reallocation monotonically increases or decreases in
the concentration of the initial division for a wide range of cost
specifications. We then characterize how the budget necessary to
implement the efficient reallocation changes with the initial division.

(JELDI11, D63, D81)

ssets such as labor and capital are often allocated when there is uncertainty about

their best use. And reallocating such assets after the uncertainty resolves—to
increase the benefit they generate—is typically costly. With this cost in mind, how
should an asset be allocated initially?

This question arises in the context of professional partnerships. For example,
when partners in a law firm begin to handle the cases of a new client, they may face
uncertainty about each partner’s fit with the client’s needs. And reallocating cases
later on to the partner with the better fit is costly, because it requires that partner to
learn what the other partners did with their cases. Anticipating this cost, how should
the partners initially divide the cases?

A similar question arises in the context of inheritance planning. When parents
draft a will to bequeath a family business or other assets to their children, they
(and their children) may not know how much each child will value each asset at
the time of the will’s execution. Being concerned that any future reallocation of the
assets may cause an emotional loss to the children whose shares in a particular asset
decrease, how should the parents design their will?
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Another relevant setting is joint ventures. When two firms contract to build a
plant that manufactures a widget used in the production of each firm’s final product,
they are often uncertain about their own demand for the plant’s output. And any
future redistribution of this output may involve costly adjustments to each firm’s
supply chain. How should the firms initially divide the portion of the output they
may wish to reallocate later?

The reallocation costs in the joint venture setting may be thought of as convex in
the amount reallocated, because firms may have the flexibility to first make the least
costly adjustments to their supply chain. But in professional partnerships, learning
some tasks previously assigned to a coworker may make it easier to learn an addi-
tional task, so reallocation costs may be concave. Similarly, in the spirit of Tversky
and Kahneman’s (1991) model of reference-dependent preferences, the marginal
sensitivity to emotional losses decreases in the size of the loss, so reallocation costs
in the context of inheritance planning may also be concave. Of course, in these and
other settings, reallocation may also involve an overhead that is independent of the
amount reallocated.

We establish that the curvature of the reallocation costs determines the optimal
initial division of the asset. If reallocation costs consist of an overhead that is inde-
pendent of the amount reallocated or are concave in the amount reallocated, it is
optimal to choose as concentrated an initial division of the asset as possible. Thus,
when reallocation involves a significant learning component, as may be the case
when reassigning tasks in professional partnerships, a single partner should initially
handle the workload associated with a particular client. Similarly, when reallocation
involves emotional losses, as may be the case when reassigning ownership of family
assets, the initial ownership of each asset should be concentrated in the hands of a
single child (equity can be preserved by allocating additional monetary assets). In
contrast, we establish that if reallocation costs are convex in the amount reallocated,
as may be the case when reallocating output in a joint venture, it is optimal to choose
as equal an initial division as possible.

We also establish that the curvature of the reallocation costs determines how
large a budget players should set aside at the time of the initial division to facilitate
optimal reallocation when their valuations are realized privately. If the curvature is
sufficiently small, the required budget increases in the concentration of the initial
division. The same is true even if the curvature is not small, provided that realloca-
tion costs are small. And if reallocation costs are large, the budget also increases in
the initial concentration for concave costs, but decreases in the initial concentration
for convex costs.

We study a two-period model in which two symmetric risk-neutral players with
quasi-linear utilities wish to allocate between them a divisible asset. The allocation
consists of an initial division and a final allocation. The initial division is carried
out in the first period, when players’ valuations for the asset are still uncertain.’

! This fits settings in which postponing the initial division is too costly, as in the joint venture example in which
valuations may be realized only after products are put on the market. When this is not the case, the tradeoff between
early and delayed allocation can be determined by comparing the surplus in our model to the first-order statistic of
players’ valuations net of any delay costs, which is the value of delayed allocation.



VOL. 8§ NO. 1 SALANT AND SIEGEL: REALLOCATION COSTS AND EFFICIENCY 205

The final allocation takes place in the second period, after players’ valuations are
realized. When the final allocation differs from the initial division, the players incur
reallocation costs. The reallocation costs may depend on players’ valuations for the
asset and on the amount reallocated.

Our first set of results characterizes how the initial division affects the maxi-
mal expected surplus, which is the expected sum of players’ utilities generated by
optimally reallocating the asset given the initial division. We establish that when
reallocation costs are insensitive to the amount reallocated or concave in the amount
reallocated, the maximal expected surplus is constant when the initial concentration,
which is the larger share in the initial division, is smaller than some threshold, and
then strictly increases in the initial concentration. In contrast, when reallocation
costs are convex in the amount reallocated, the maximal expected surplus is still
constant when the initial concentration is small enough, but then strictly decreases
in the initial concentration. These results hold regardless of the magnitude of the
reallocation costs, how valuations are distributed, and how valuations affect the
costs. These parameters only influence the threshold above which the monotonicity
becomes strict.

To obtain the maximal expected surplus for a given initial division, the appro-
priate final allocation must be implemented. The players can do this when their
valuations are realized publicly by either contracting ex ante on the final allocation
or by bargaining efficiently ex post. If valuations are realized privately, the max-
imal expected surplus can be obtained via a mechanism that induces players to
report their valuations and implements the corresponding final allocation, provided
that players’ reallocation costs satisfy an increasing differences condition. But the
expected payments specified by the mechanism may be positive, and thus generate
a second-period deficit.

Our second set of results is about the effect of the initial concentration on the
second-period deficit when reallocation costs depend on the amount reallocated but
not on players’ valuations. First, the second-period deficit is positive when the entire
asset is initially owned by one player. This extends to the setting with realloca-
tion costs Myerson and Satterthwaite’s (1983)—henceforth, MS—result that in a
buyer-seller setting efficient trade leads to a deficit. Second, when reallocation costs
are sufficiently small (regardless of their curvature), or have a sufficiently small cur-
vature (regardless of their magnitude), the second-period deficit increases in the ini-
tial concentration. This generalizes the results of Cramton, Gibbons, and Klemperer
(1987)—henceforth, CGK—who study implementation of ex post efficiency with-
out reallocation costs.? Finally, when reallocation costs are large in the sense that
for every initial share there is a valuation that makes not reallocating optimal, the
second-period deficit behaves like the maximal expected surplus: it increases in the
initial concentration when reallocation costs are amount-insensitive or concave, and
decreases in the initial concentration when reallocation costs are convex. Thus, in
contrast to the results of CGK, with convex reallocation costs the deficit in the equal
initial division is larger than when one player initially owns the entire asset.

20ther environments have been studied by Fieseler, Kittsteiner, and Moldovanu (2003); Jehiel and Pauzner
(2006); and Segal and Whinston (2011, 2012).
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Another important difference between our setting and the literature on imple-
menting ex post efficiency pioneered by MS and CGK is that what is ex post efficient
in the setting with reallocation costs, and the associated maximal expected surplus,
changes with the initial division. Understanding this dependency is an important
part of our analysis. Moreover, players in our model initially interact when they
do not own shares of the asset or have private information about their valuations.
They can thus finance any second-period deficit via a first-period payment. When
players’ ability to make such inter-period payments is limited, our results about the
second-period deficit identify the set of feasible initial concentrations, as well as the
optimal initial concentrations in this set.

One factor we do not consider is investments to improve the asset that take place
after it is initially allocated. When these investments are non-contractible, the allo-
cation of the asset affects players’ investment incentives and hence the surplus from
the asset. How to optimally allocate assets in such settings is the focus of the prop-
erty rights literature pioneered by Grossman and Hart (1986) and Hart and Moore
(1990). There are important settings in which non-contractible investments are a
dominant factor. There are other settings, such as inheritance planning, in which
investments may play a smaller role, and joint ventures, in which investments may
be contractible. There are also settings in which both investments and costly reallo-
cation are present. In such settings, we expect both factors to jointly determine the
optimal initial division.

There is also a finance literature that studies costly reallocation in the context of
rebalancing a financial portfolio. Typical models in this literature study dynamic
settings in which an investor can frequently rebalance his investments in a risk-free
asset and a risky asset whose value is determined by a random process. The transac-
tion costs involved in rebalancing may be proportional (linear), constant, or a frac-
tion of the portfolio value.” Our work differs from this literature in several respects.
First, we study a strategic environment with more than one player. Second, because
we are interested in understanding the effect of reallocation costs in general, rather
than in a particular application, our specification of reallocation costs is richer than
in this literature. Third, we study how different forms of reallocation costs influence
the connection between the initial division of the asset and the surplus generated by
optimally reallocating it, rather than taking the initial division as given (if it is at all
relevant) and focusing only on optimal rebalancing.

I. Environment

Two risk-neutral players with quasi-linear utilities over money wish to allocate
a divisible asset of size 1 between them. The allocation takes place in two periods,
and consists of an initial division of the asset and its final allocation. The initial

3 Cadenillas (2000) surveys infinite horizon, continuous time models of portfolio rebalancing in which a risky
asset’s value is determined by Brownian motion. There are also two-period models in which the portfolio can be
rebalanced between the two periods. Mitchell and Braun (2004) consider this problem in the presence of convex
transaction costs, and characterize for a risk-averse investor the efficient frontier that trades off risk and expected
return. Dybvig (2005) considers a similar problem with linear or fixed costs when the investor has mean-variance
preferences.
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division S = (s, 1 — s) specifies player 1’s initial share, s € [0, 1], and player 2’s
initial share, 1 — 5. We refer to s, = max{s, 1 — s} as the initial concentration.
The initial division takes place in the first period, when players’ valuations for the
asset are uncertain and are expected to be drawn from a symmetric joint probabil-
ity distribution. The final allocation takes place in the second period, after play-
ers’ valuations are realized. The final allocation specifies, for each realization
(v1, v2) of players’ valuations, the final share x(v;, v,) of player 1 (player 2’s share
is 1 — x(vy, v2)). There is no discounting between periods.*

When the final allocation differs from the initial division, each player may incur
reallocation costs. These costs may depend on the amount reallocated, whether a
player’s share increases or decreases, and players’ valuations, but not on the play-
er’s identity. The cost of reallocating an amount A > 0 from the Losing player
with valuation v, to the Gaining player with valuation vg is C*(v, vg, A) > 0
to the losing player and C G(VL, vg, A) > 0 to the gaining player. The total cost
C(vp, v, A) = CHvp, vg, A) + C%(vy, vg, A) is strictly positive.

The per-period utility of a player with valuation v from a share y of the asset is yv
(nonlinear utilities are discussed in Section V). Player 1’s expected utility from the
initial division is E(sv,), where the expectation is taken with respect to the distribu-
tion of players’ valuations. Given a realization (v, v,) of players’ valuations, player
1’s utility in the second period is

Ml(vl’ Vo, X, S) = X(Vl, VZ) Vi — lx(vl,vz)<sCL<v1’ Vo, § — X(Vl, v2))
- lx(vl,v2)>s CG<V2’ Vi X(Vl, V2> - S),

where the first term is the player’s benefit from the final allocation x, and the other
two terms are the player’s cost when he loses s — x(vy, v,) or gains x(vy, v,) — s.
Player 1’s total expected utility from the initial division and final allocation is there-
fore E(svy + ui(vy, v, x, 5)). Player 2’s expected utility is defined similarly.

Because players are ex ante symmetric, the sum of their expected utilities from
the initial division, E [sv1 + (1 =) v2] , does not depend on s. We thus ignore this
expectation, and refer to the sum of players’ utilities in the second period as the
expected surplus:

E[X(Vb V)V (1 = x(vi, v2))va — L) <s CVi Vo, s — X(vy, 12))
- lx(v],v2)>s C(VZ’ Vs X(Vl, VZ) - S)]

Given a realization of players’ valuations, we refer to the sum of players’ utilities in
the second period as the ex post surplus.

#This assumption does not affect any of our results.
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A. Efficient Final Allocation

Because players have quasi-linear utilities and can make monetary transfers,
ex post Pareto efficiency is equivalent to maximizing the ex post surplus (given the
initial division). We therefore consider an S-efficient final allocation x5, which max-
imizes the ex post surplus for any realization (v, v,), that is,

x%(vy, vp) € argmax xvy + (1 —x)»,
x€[0,1]

— C(min{vy, vo}, max {v, vo}, max {x — s, 5 — x}).>

We refer to the expected surplus of an S-efficient final allocation as the maximal
expected surplus.
Example 1 illustrates an S-efficient final allocation.

Example 1: Players’ valuations are distributed independently and uniformly
on [0, 1], and the total reallocation cost is C < 1. For any initial division S, an
S-efficient final allocation has a “bang-bang” form. It allocates the entire asset to
player 1 if the average benefit of doing so, v; — v,, is larger than the average cost,
C/(1 — s) (region 1 in|Figure 1), and to player 2 if v, — v, is larger than C/s
(region 2 in Figure 1). Otherwise, it maintains the initial division (region 3 in
Figure 1).

In the setting of Example 1, compare the specified S-efficient final allocation to
the final allocation that assigns the entire asset to the player with the higher valu-
ation, which is efficient when there are no reallocation costs. First, the S-efficient
final allocation changes with the initial division. Second, it is not symmetric for
s # 1/2. Third, the expected surplus changes with the initial division even when
each player’s initial share is positive. None of these hold for the final allocation that
assigns the entire asset to the player with the higher valuation.®

I1. Imitial Divisions and Maximal Expected Surplus

This section studies how the maximal expected surplus changes with the initial divi-
sion. We first consider reallocation costs that are insensitive to the amount reallocated,
and then consider costs with either a concave or a convex variable component. Section
[T identifies conditions under which S-efficient final allocations can be implemented.

A. Amount-Insensitive Reallocation Costs
Amount-insensitive costs do not depend on the amount reallocated, but may

depend on players’ valuations. One example is the legal and other fees associ-
ated with transferring ownership of a property, which may essentially be the same

SWe require C(vy, vy, - ) to be lower semi-continuous in its third argument so that a maximizer exists.
S1n this final allocation, the expected surplus is 2/3 — Cif S ¢ {(0, 1),(1, 0)}and 2/3 — C/2 otherwise.
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FIGURE 1. THE S-EFFICIENT FINAL ALLOCATION IN EXAMPLE 1 FOR s > 1/2

regardless of how much of the property changes hands. The magnitude of this over-
head may be affected by players’ valuations when they correspond to the use to
which the property is put (residential, commercial, etc.).

With amount-insensitive costs, an S-efficient final allocation assigns the entire
asset to the player with the higher valuation or maintains the initial division. This is
because the benefit of reallocation increases in the amount reallocated, whereas the
cost of reallocation does not. If this final allocation were independent of the initial
division, the expected surplus would be maximized at an initial division that min-
imizes the expected reallocation costs. But the S-efficient final allocation changes
with the initial division, so the opposite may occur. For instance, in Example 1 with
C > 1/2 the expected probability of reallocation increases in the initial concentra-
tion (region 1 in Figure 1 is then empty and region 2 increases in s), which implies
that both the expected reallocation costs and the expected reallocation benefit increase
in the initial concentration. The increase in the latter is larger than in the former, so
the expected surplus is maximized when the expected reallocation costs are maximal.

The following result shows that regardless of how the expected reallocation costs
change with the initial concentration, and regardless of the distribution of players’
valuations, how the valuations affect reallocation costs, and the magnitude of the
costs, the maximal expected surplus increases in the initial concentration. (The
proofs of this and all other results are in the Appendix.)

PROPOSITION 1: The maximal expected surplus increases in the initial concen-
tration. The increase is strict if and only if the initial concentration is larger than a
threshold in [1/2, 1].
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The threshold depends on the distribution of players’ valuations, how the valu-
ations affect reallocation costs, and the magnitude of the costs. It is lower than 1
if and only if there is a positive measure of realizations for which the difference
between players’ valuations is strictly larger than the reallocation costs associated
with the valuations.

To illustrate the proof of Proposition 1, consider the S-efficient final allocation
depicted in Figure 1, and take two valuations vg > v;. Because player 1 has the
larger initial share and reallocation costs are constant, if it is optimal to reallocate
the asset to player 1 when player 1 has the higher valuation, then it is optimal to real-
locate the asset to player 2 when player 2 has the higher valuation. That is, region 1
is a subset of the reflection of region 2 along the diagonal. This implies that if we fix
regions 1, 2, and 3, increase player 1’s initial share slightly, and maintain the new
initial division in region 3 (but reallocate as before in regions 1 and 2), the sum of
the ex post surpluses of the two realizations (vg, v;) and (v;, vg) increases. This is
because if (VG, VL) is in region 1, so (vL, vG) is in region 2, or (VL, vG) is in region 3,
SO (VG, vL) is in region 3, the increase in concentration has no effect on the sum;
but if (vG, vL) is in region 3 and (vL, VG) is in region 2, the sum increases because
vg > v;. Optimizing the final allocation for the more concentrated initial division
further increases the sum.

One implication of Proposition 1 relates to situations in which not every initial
division is possible. This happens, for example, when learning one’s valuation for
the asset requires a minimal initial share, or when players have time or other con-
straints that restrict their initial share but are likely to be resolved before valuations
are realized. This may also happen because of implementation-related issues, which
we discuss in Section IV. In such cases, efficiency implies specifying as concen-
trated an initial division as possible.

When the initial division is not constrained, efficiency implies specifying a fully
concentrated initial division and a final allocation that either maintains the initial
division or reallocates the entire asset to the player with the higher valuation. Ex post
one of the players has the entire asset, which is similar to the final allocation in the
setting of CGK, in which reallocation is costless. But in contrast to that setting, the
player who ends up with the asset may sometimes be the one with the lower valuation.

B. Concave Reallocation Costs

Reallocation costs may have a variable component that is concave in the amount
reallocated. As mentioned in the introduction, this may be the case if reallocation
requires learning by the gainer or results in an emotional loss for the loser. The
total reallocation cost function is then concave, regardless of whether there are also
amount-insensitive costs.

With concave reallocation costs, it is still optimal to reallocate the entire asset
to the player with the higher valuation or to maintain the initial division, because
the marginal reallocation cost decreases in the amount reallocated, whereas the
marginal benefit is constant. The following result shows that similarly to the case
of amount-insensitive costs, the maximal expected surplus increases in the initial
concentration.
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PROPOSITION 2: The maximal expected surplus increases in the initial concen-
tration. The increase is strict if and only if the initial concentration is larger than a
threshold in [1/2, 1].

Propositions 1 and 2 extend to environments with more than two periods in which
players’ valuations in each period are drawn independently from their valuations in
previous periods and the asset can be reallocated after each period’s valuations are
realized. Maximizing the (possibly discounted) sum of the expected surpluses across
periods is done by initially allocating the entire asset to a single player, and in each
period, based on players’ realized valuations, either doing nothing or reallocating
the entire asset to the other player. This maximizes the per-period surplus, because
the entire asset is allocated to a single player at the beginning of every period, before
the valuations for that period are realized. And the sum of expected surpluses cannot
exceed what is obtained by maximizing the each period’s expected surplus.

Proposition 2 may hint at how to assign ownership when players are loss averse.
More concretely, suppose that a player views his initial share as a reference point,
and experiences a mental loss when his final share is smaller than this reference
point.” According to Tversky and Kahneman (1991), the marginal sensitivity to
losses decreases in the amount lost, so reallocation costs are concave. Efficiency
then implies allocating the asset initially to a single player, who will transfer own-
ership to the other player ex post if the other player’s valuation is sufficiently higher
than his. A relevant context may be inheritance planning: when parents wish to
divide family assets among their children, they may be concerned that any future
reallocation of the assets may result in mental losses to the children whose shares in
a particular asset decrease. In this case, the parents should concentrate the owner-
ship of each asset in the hands of one child, and can preserve equality by allocating
additional monetary assets.

C. Convex Reallocation Costs

Unlike with mental losses, variable reallocation costs are often convex in the
amount reallocated, for example, when players have the flexibility to reallocate the
least costly units first. In this case, it is generally not optimal to reallocate the entire
asset to one player or to maintain the initial division. Moreover, the qualitative rela-
tionship between the initial division and the maximal expected surplus depends on
the magnitude of the amount-insensitive costs. We first consider convex variable
costs without an amount-insensitive component, and then add this component. In the
former case, we obtain the converse of Propositions 1 and 2, again with a threshold
that depends on the distribution of players’ valuations and how the valuations affect
reallocation costs.

7This specification of a reference point differs from that of Készegi and Rabin (2006), which is the individual’s
expectation about his final asset ownership. As Tversky and Kahneman (1991, page 1046) note, “Although the
reference state usually corresponds to the decision maker’s current position, it can also be influenced by aspirations,
expectations, norms, and social comparisons |[...].” They also argue (page 1055) that the same mental loss does not
arise with respect to corresponding monetary payments.
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PROPOSITION 3: With no amount-insensitive costs, the maximal expected surplus
decreases in the initial concentration. The decrease is strict if and only if the initial
concentration is larger than a threshold in [1 /2, 1].

The threshold in Proposition 3 is 1/2 if reallocation costs are sufficiently small
and strictly convex.® The equal initial division is then uniquely optimal. But when the
threshold is higher than 1/2 and lower than 1, then unlike with amount-insensitive
or concave costs, all the initial concentrations between 1/2 and the threshold are
optimal. A slight asymmetry between the players makes it optimal to assign an ini-
tial share higher than the threshold to the player with the higher expected valuation
for the asset, as we discuss in Section V. In particular, when reallocation costs are so
large that reallocation never takes place, which leads to a threshold of 1, the asym-
metry implies that it is uniquely optimal to initially allocate the entire asset to the
player with the higher expected valuation.

While convex costs push toward an equal initial division, amount-insensitive
costs push toward a concentrated initial division. When both costs are present and
each player has only two possible valuations vg > v;, one of the costs dominates,
so an optimal initial division is either a fully concentrated one or the equal one. To
see which one is optimal, denote by v, (v;, vs) the maximal surplus that can be
generated by transferring up to s shares from a player with valuation v; to a player
with valuation v when ignoring amount-insensitive costs, that is,

Vo (Vi vG) = 1;12)5 {y(vG —v) — VC(v, ve, y)},
where VC denotes the variable convex costs. Let C = 2v01p/t2 (Vs vG) = Vopr (Vi VG),
which is nonnegative by convexity. We then obtain the following result.

PROPOSITION 4: If the amount-insensitive costs are lower than C, then the
expected surplus is maximized at the equal initial division. Otherwise, the expected
surplus is maximized at the fully concentrated initial divisions.

Linear variable reallocation costs have 21}0115,2 = volp,, so with amount-insensitive
costs the optimal initial divisions are the fully concentrated ones.

Proposition 4 clearly applies when players have more than two possible valua-
tions, provided that its conditions hold for a measure 1 of realizations. For example,
the fully concentrated initial divisions are optimal if the amount-insensitive costs
are always larger than volp/,z, because volp, > volp/,z. In general, however, it may be
that neither the equal initial division nor the fully concentrated ones are optimal.
Moreover, in contrast to Proposition 4, the optimal initial concentration need not
increase in the magnitude of the amount-insensitive costs. The following example
demonstrates this.

8This is because A(s) in the proof of Proposition 3 is then strictly concave at s = 1/2, since strict concavity
holds for the integrands in the definition of A(s) for a positive measure of players’ valuations.
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Panel A. Sum of surpluses for (0, 2) and (2, 0) Panel B. Sum of surpluses for (0, 5/4) and (5/4, 0)
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Panel C. Aggregate expected surplus
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FIGURE 2. EXPECTED SURPLUSES AS A FUNCTION OF THE INITIAL CONCENTRATION IN EXAMPLE 2

Example 2: Players have three possible valuations, 0, 5/4, and 2, the distribu-
tion of players’ valuations is uniform over the four realizations (0, 5/4), (5/4, 0),
(0, 2), and (2, 0), the variable cost is A2, and the amount-insensitive cost is 3 /8.
Panel A ofi depicts how the sum of surpluses of the realizations (O, 2) and
(2, 0) changes with the initial concentration. This sum is maximized at the equal
initial division. Panel B of Figure 2 shows that the sum of surpluses of the realiza-
tions (0, 5/4) and (5 /4, 0) is maximized at the fully concentrated initial divisions.
The aggregate expected surplus, depicted in panel C of Figure 2, is maximized at the
initial divisions with concentration 13/24. The optimal initial concentration is not

monotonic in the amount-insensitive cost, because for amount-insensitive costs of 0
and 25/64 the optimal initial concentration is 1/2.

III. Implementing S-efficient Final Allocations

When players’ valuations are realized publicly, the players can contract ex ante
on an initial division S and an S-efficient final allocation, and divide the resulting
surplus between them via side payments (monetary transfers). An S-efficient final
allocation is also implementable without contracting, as long as players can bar-
gain efficiently ex post and use a first-period side payment to compensate the player
whose expected ex post bargaining position is weaker.

It is also possible to implement S-efficient final allocations when players’ valu-
ations are realized privately. To induce players to report their valuations truthfully,
second-period payments that depend on players’ reports must be incorporated. Such
payments exist when players’ valuations are correlated, and also when the valua-
tions are independent and players have “private values,” i.e., C* does not depend on
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vg and CY does not depend on v;.” Such payments also exist when players do not
have private values, as the following observation shows.

OBSERVATION 1: An S-efficient final allocation is implementable as an ex post
equilibrium if both players’ marginal reallocation costs increase in the losing play-
er’s valuation and decrease in the gaining player’s valuation.'®

With independent valuations the sum of the second-period payments to the play-
ers may be strictly positive, creating a second-period “deficit.” This deficit will be
financed by the players in the first period, when they initially interact to decide on the
initial division and have no private information.'! The ability to make a first-period
payment in order to finance the second-period deficit is not present in MS and CGK,
who considered a setting with costless reallocation, in which players own shares of
the asset and have privately-known valuations at the outset (henceforth: the standard
setting). We now proceed to investigate how the second-period deficit in our model
changes with the initial concentration, and compare this to how the deficit in the
standard setting changes with the initial concentration.

IV. Reallocation Costs and Second-Period Deficit

To facilitate the comparison and simplify the analysis, we focus on Bayesian
Nash implementation and assume that players’ valuations are independent, real-
location costs depend only on the amount reallocated, and each player can walk
away with his initial share after he privately learns his valuation.'? Each valuation
is drawn from the interval [O, 1] according to a CDF F, which has a strictly positive
density f.

In the standard setting, increasing the initial concentration does not affect the effi-
cient ex post allocation rule or the expected surplus. The change in players’ outside
option, however, increases the payment to the player with the larger initial share,
and decreases the payment to the player with the smaller initial share. CGK showed
that the increase is larger than the decrease, so the deficit, which is the sum of the
payments, increases in the initial concentration. Thus, for any bound on the allowed
deficit, the set of initial concentrations with a smaller deficit is an interval with lower
bound 1/2. All these feasible initial concentrations are optimal, because each of
them maximizes the expected surplus. In addition, the deficit is negative at the equal
initial division and positive when the initial concentration is sufficiently high.

We now consider how the second-period deficit in the setting with realloca-
tion costs changes with the initial concentration. Section IVA shows that when

For correlated valuations see Crémer and McLean (1988), McAfee and Reny (1992), and Kosenok and
Severinov (2008). For private values one can use a Vickrey-Clarke-Groves (VCG) mechanism (see Mas-Colell,
Whinston, and Green 1995, Chapter 23).

191 an ex post equilibrium, given that the other player reports truthfully, a player prefers to report his valuation
truthfully for any valuation of the other player.

"'The budget can be balanced ex post by modifying the second-period payments as in Arrow (1979) and
d’ Aspremont and Gérard-Varet (1979).

2Most of the results generalize to private values with cost functions C* and C© that are differentiable with
respect to v; and v and whose derivatives are uniformly bounded across all valuations and allocations.
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reallocation costs are small (independently of their curvature) or when their curva-
ture is small (independently of their magnitude), the deficit behaves similarly to the
deficit in the standard setting. Section IVB shows that when reallocation costs are
large, the second-period deficit behaves like the maximal expected surplus, charac-
terized in Section II.

A. Small or Almost-Linear Reallocation Costs

Consider first small reallocation costs. For any initial concentration s sufficiently
close to 1/2, there is an e > 0 such that if reallocation costs are bounded above by
€, then the second-period deficit is negative on [1 /2, s] and increases in the initial
concentration on [s, 1]. This is because the second-period deficit is continuous in the
reallocation costs, and the derivative of the deficit in the standard setting is bounded
away from 0 on [s, 1]. Thus, for sufficiently small reallocation costs the set of ini-
tial concentrations with a negative second-period deficit is an interval with lower
bound 1/2, just like in the standard setting. Note, however, that the optimal initial
concentration is unique, rather than the entire interval, provided that reallocation
costs are nowhere linear. This is because for sufficiently small costs the thresholds
in Section II for strict monotonicity of the maximal expected surplus are equal to
1/2. Thus, the optimal initial concentration is 1/2 with convex costs, and the upper
bound of the interval with amount-insensitive or concave costs. Consequently, as
reallocation costs vanish, the optimal initial concentration remains 1/2 with convex
costs and converges to the upper bound of the interval of the standard setting with
amount-insensitive or concave costs.

Consider next reallocation costs with a small curvature, i.e., close to linear. By
continuity, the second-period deficit behaves similarly to the case of linear realloca-
tion costs, which is characterized by the following result.

PROPOSITION 5: With linear reallocation costs the second-period deficit increases
in the initial concentration. The increase is strict if and only if the slope of the costs
is smaller than 1/2.

Propositions 2 and 3 imply that the maximal expected surplus is constant in the
initial concentration when reallocation costs are linear. Therefore, given any bound
on the second-period deficit, any initial concentration with a smaller second-period
deficit is optimal, and if the set of these initial concentrations is not empty, then it is
an interval with lower bound 1/2. This extends CGK’s characterization of the set of
optimal initial divisions to the setting with linear reallocation costs.

We now turn to substantial reallocation costs, whose magnitude and curvature
may not be small.

B. Substantial Reallocation Costs
Reallocation costs are substantial if for every initial share, there is a valuation

for which no reallocation takes place when the player with the initial share has this
valuation.
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Reallocation costs with an amount-insensitive component of at least 1/4 are sub-
stantial, since for every initial share s no reallocation takes place for the valuation
v = s. This is because the maximal reallocation gain s(1 — s) (generated by real-
locating the share s to a player with valuation 1 or reallocating the share 1 — s from
a player with valuation 0) is no higher than 1/4 for every s. Concave reallocation
costs for which the cost of reallocating the entire asset is at least 1/2 are also sub-
stantial, because by concavity the cost of reallocating a share s of the asset is no less
than s/2, so no reallocation takes place for the valuation 1/2. For the same reason,
convex reallocation costs in which the marginal reallocation cost is at least 1/2 are
also substantial.

Given an initial division, if reallocation costs are substantial, each player has a
valuation such that the initial division is maintained for any valuation of the other
player. This valuation corresponds to an “opt-out type” a la Segal and Whinston
(2012), who study a setting with costless reallocation, in which the efficient decision
rule is independent of players’ initial shares. Segal and Whinston (2012) show that
the MS formula for the deficit extends to their setting, provided that each player
has an opt-out type. That is, the deficit is equal to the “gains from trade,” which is
the difference in expected surplus between the efficient decision rule and the initial
property rights.'? The same formula also applies in our setting for a fixed initial
division. We therefore obtain the following result.

PROPOSITION 6: When reallocation costs are substantial, the second-period defi-
cit is equal to the maximal expected surplus minus a player’s expected valuation for
the asset.

Proposition 6 has several implications. The first implication is that Section II
fully characterizes how the second-period deficit changes with the initial division: it
increases in the initial concentration if reallocation costs are amount-insensitive or
concave, and decreases in the initial concentration if reallocation costs are convex.

The second implication is that the second-period deficit is strictly positive if real-
location takes place with positive probability, because the maximal expected surplus
then exceeds a players’ expected valuation for the asset.

The third implication is that for any bound on the second-period deficit, if the set
of initial concentrations with a smaller second-period deficit is not empty, then it
is an interval with lower bound 1/2 if reallocation costs are amount-insensitive or
concave, similarly to the standard setting, and it is an interval with upper bound 1
if reallocation costs are convex, in contrast to the standard setting. Thus, for convex
costs it may be possible to implement ex post efficiency when one player initially
owns the entire asset but not when the asset is divided equally. Another difference
is that in the standard setting every initial concentration in the interval of feasible
initial concentrations is optimal, whereas in the setting with reallocation costs this
is not the case when the threshold for strict monotonicity of the maximal expected
surplus is smaller than the upper bound of the interval.

13See Segal and Whinston’s (2012) equation (15) for N = 2.
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The fourth implication is that a pointwise increase in reallocation costs decreases
the second-period deficit, because it implies a decrease in the maximal expected
surplus. As a result, for any bound on the second-period deficit, increasing realloca-
tion costs pointwise increases the set of initial concentrations with a smaller deficit.
When reallocation costs are high enough so that no reallocation takes place, there is
no second-period deficit, so this set becomes the interval [l /2, 1].

Finally, the MS impossibility result continues to hold in the setting with reallo-
cation costs even if they are not substantial, as long as some trade is optimal. This
is because at a fully concentrated initial division the MS formula for the deficit
continues to hold, since each player has a valuation for which no reallocation takes
place.™

V. Concluding Remarks

This paper studied how to initially divide an asset when reallocation is costly.
The main takeaway is that reallocation costs effect the optimal initial division of the
asset and the budget required to optimally reallocate the asset in a systematic way.
We conclude with a discussion of how modifying our symmetry, linear-valuations,
and two-player assumptions effects the optimal initial division.

Asymmetric Players: The symmetry assumption allowed us to isolate the effect
of reallocation costs on the optimal initial division. When players are asymmet-
ric, the asymmetry interacts with reallocation costs to determine the optimal initial
division.

One possible asymmetry is in the distribution of players’ valuations. When real-
location costs are amount insensitive or concave, the optimal initial division still
assigns the entire asset to one of the players.'” If, for example, for any pair of possi-
ble valuations v; > v; player 1 is more likely to have the higher valuation, that is,
f(vg, vi) > f(vi, vg), where fis the density of the distribution of valuations, then
the optimal initial division assigns the entire asset to player 1. Note, however that if
the asset could initially either be assigned to player 2 or divided between the players
with a slightly larger share for player 1, the former option might be better, despite
player 1’s advantage. When reallocation costs are convex, under the aforementioned
assumption on f, player 1’s initial share is optimally larger than player 2’s share.
This is true independently of the first-period expected surplus, which also pushes
toward a higher initial share for player 1.

Nonlinear Valuations: When players’ utilities from the asset are not linear in
their share, the initial division effects the first-period expected surplus as well as
the second-period expected surplus. The effect on the first-period expected surplus
is straightforward: If each player’s utility from the asset is concave (convex) in
his share, then the first-period expected surplus decreases (increases) in the initial

4 This is the lowest type for the “buyer” and the highest type for the “seller” in the terminology of MS.
!5 This is because the proof of Propositions 1 and 2 shows that the maximal expected surplus is convex in
player 1’s initial share for any distribution of players’ valuations.
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concentration. The effect on the second-period expected surplus is less straightfor-
ward. For example, if utilities are sufficiently convex in share and reallocation costs
are concave in the amount reallocated, then the entire asset may sometimes be opti-
mally reallocated to the player with the lower valuation. Nevertheless, the maximal
expected surplus increases in the initial concentration when the utility from the asset
is convex in the share and reallocation costs are amount-insensitive or concave in the
amount reallocated, and decreases in the initial concentration when the utility from
the asset is concave in the share and reallocation costs are convex in the amount
reallocated, regardless of how valuations affect the reallocation costs.'¢

More than Two Players: Extending our analysis to N > 2 players requires a
more general notion of concentration. Given two initial divisions S = (sl, ey sN)
and T = (tl, e, tN), we say then S is more concentrated than T if S majorizes
T, that is, if when the shares in S and in T are arranged in decreasing order, we
have that Zle s; > Zf‘: | tiforevery k = 1,..., N.In settings with two players,
majorization induces a complete ordering on the set of initial divisions. With three
or more players, the induced ordering is a partial one. Assuming that reallocation
costs are additive across reallocations, and the costs of each reallocation depend
only on the amount reallocated and on the valuations of the gaining player and the
losing player, we obtain the following generalization of our results.

PROPOSITION 7: Suppose that S is more concentrated than T. Then,

(i) If reallocation costs are amount insensitive or concave in the amount real-
located, then the maximal expected surplus associated with S is higher than
that associated with T.

(ii) If reallocation costs are convex in the amount reallocated, then the maximal
expected surplus associated with T is higher than that associated with S.

In particular, because the initial divisions that assign the entire asset to a sin-
gle player majorize every other initial division, they are optimal when reallocation
costs are amount insensitive or concave. And because the equal initial division is
majorized by every other initial division, this division is optimal when reallocation
Ccosts are convex.

APPENDIX

PROOF OF PROPOSITIONS 1 AND 2:
It suffices to prove Proposition 2, because Proposition 1 is a special case. An
S-efficient final allocation assigns the entire asset to the player with the strictly

16 When the utility is convex in x, a proof similar to those of Propositions 1 and 2 applies, because an S-efficient
final allocation still assigns the entire asset to one player or maintains the initial division. The comment at the end of
the proof of Proposition 3 explains how to modity the proof to accommodate a utility that is concave in x.
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higher valuation if the other player’s initial share is sufficiently large, and otherwise
maintains the initial division. Thus, the maximal expected surplus is

As) = E(max {vi = Clvy, vi, 1 = 5), v = C(vy, v, ), sy + (1 — ) vz}).

Because each of the three functions over which the maximum is taken is convex in
s € [O, 1], the maximum of convex functions is a convex function, and the integral
of convex functions is a convex function, we have that A is a convex function of
s € [0, 1]. In addition, A is symmetric around 1/2 because F is symmetric.
Convexity and symmetry imply that A weakly decreases on [O, 1/ 2] and weakly
increases on [1/2, 1]. This also implies that A is constant on [1/2, s..,|, Where
Seonst = MaXy> ) {A(s’) = A(1/ 2)}, and strictly increases on [s, 1. ®

PROOF OF PROPOSITION 3:
Ignoring realizations for which both players have the same valuation, so the asset
is not reallocated, the maximal expected surplus is

A(S) - j;]>v2 xren[?' 1] (XV] + (1 - x) Vo — C(Vz, Vi, X — S)) dF

—i—j;>v max (xvl + (1 — x) V) — C(vl, Vo, § — x)> dF.
2 lxe[O,s]

Because F is symmetric, A(s) is symmetric around 1/2. Thus, as in the proof of
Propositions 1 and 2, it suffices to show that A(s) 1S concave in § € [0, 1]. We
show that the first integral is concave; showing that the second one is concave is
analogous.

Fix vy > v, and for each s € [0, 1] suppose that h(s)
= maXelq (xvi + (I — x)v; — C(vp, v, — s)) is attained at x(s).
Because the integral of concave functions is concave, it suffices to show that
h(s) is concave. Consider shares s and s’ and « € [0, 1], and let
t = as+ (1 —a)s.Theny = ax(s) + (1 — a)x(s") € [t 1]. We have that

h(t) > yvi + (1 = y)vy — C(vp, vy y — 1)
= afx(s)vi + (1 - x(5)w)
+(1 - a) (x(s’) v+ (1= x(s")) vz) — C(vy, vy — 1)
= ah(s) + (1 —a)h(s') + aC(vy, vy, x(s) =) + (1 = a)C(vo, v, x(s') — &)
— €2 vi, afals) = 5) + (1 = a)(x(s)) = s))
> ah(s) + (1 - a)h(s).

which concludes the proof. B
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Comment: If player i’s utility from a share x of the asset is V(v;, x), which is
concave in x, the proof requires a modification. This is because when a player’s
initial share is large it may be optimal to reallocate some of the asset to the other
player even if he has the lower valuation (since he may have the higher marginal
valuation). To accommodate this, modify A(s) so that the maximum is taken over
X € [0, 1]. Because V is concave, inequalities similar to the ones above show that
h(s) is concave when x(s) < s and x(s') < s" or x(s) > s and x(s') > s.
Suppose that x(s) < sand x (s") > s Then,if y < ¢, convexity implies that

C(vl, Vo, t — y) < ozC(vl, Vo, § — x(s))

< aC(vl, Vo, § — x(s)) +(1—a) C(vz, v, x(s') — S') ,

and similarly ify > 7. Similarly, if x(s) > sandx (s") < s’ Thus, h(s) is concave.

PROOF OF PROPOSITION 4:

If both players have the same valuation, the asset is not reallocated. We therefore
consider the maximal expected surplus A(s) associated with the two realizations
(vi, vg) and (vg, v;). We first show that A(s) is maximized in either a fully con-
centrated initial division or the equal one. Denote by s4(v;, vs) the minimal uncon-
strained share for which reallocation is beneficial, that is,

so(vL, vG) = inf{s : s(vG — vL) — VC(vL, VG s) > AIC(VL, vG)} s

where AIC (vL, vG) are the amount-insensitive costs, and so(v;, vg) = 1 if this setis
empty. If the smaller initial share in an initial division is larger than s(v;, v¢), then
reallocating some of the asset to the player with the higher valuation is beneficial
independently of his initial share, and the amount reallocated is determined by the
convex variable component VC. The proof of Proposition 3 therefore shows that
A(s) restricted to [so(vz, vg), 1 — so(vi, v6)| is maximized ats = 1/2. Tt therefore
suffices to show thatA(s) restricted to [0, so(vL, vG)] U [1 — so(vL, vG), 1] is max-
imized at s = 0, 1. But for an initial division with s in this range, A(s) is equal to
vy + vg plus any additional benefit generated by reallocating shares to the player
with the higher valuation when he has the smaller initial share. This additional ben-
efit increases in the concentration because more of the asset can be transferred to
this player.

To determine which initial division is optimal, suppose that AIC (v,vs) > C.
If so(v, vg) > 1/2, then the proof above shows that A(1) > A(1/2).
It so(vy, vg) < 1/2, then the A(1/2) = v, + vg + 2vil2(vi, ve) —
2AIC vy, v), and A(1) = vy + vg + v (v, vg) — AIC(vp, vg), which is
larger by assumption.

Now suppose that AIC(VL, vG) < C . This implies that s0<vL, vG) < 1/2.
Otherwise, vglp/f(vb vg) < AIC(v;, vg) and volp/,z(vb v6) < Vo (Voo vG)s
which contradict AIC (vL, vG) < C. The result now follows similarly to the
previous case. B
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PROOF OF OBSERVATION 1:

We prove that an S-efficient final allocation is implementable as an ex post equi-
librium if the reallocation cost functions C° and C” satisfy increasing differences in
(vz, A) and decreasing differences in (vg, A)."

To do this, we demonstrate that there exists a payment schedule tl(-, -), which is
a function of both players’ valuations, that supports ex post incentive compatibility
for player 1; the treatment of player 2 is analogous.

By part (a) of Lemma 2 in Segal and Whinston (2011), a sufficient condition is that

(i) xS(vy, v,) increases in v, for every v,, and
(i) u(vy, vy, x, s) satisfies increasing differences in (v, x) for every v, and s.

For (i), fix v, and consider valuations v; > v,, which implies that x3(v,, v,) > s.
Because x5(v|, v,) maximizes the sum of the players’ utilities (surplus), we can
apply Topkis’s (1998) theorem 2.8.7 to show that xs(vl, vz) increases in v;. For this
it suffices to show that

fv, x) = uy(vy, v, X, 8) + us(vi, vo, 1 — x, 1 — )

= xv; — C%ay v, x — 5) + (1 — x)v, — CH(vy, vi, x — 5)

= vix+ (1 = x)v; = C(vp, vi, x — 5)
satisfies strict increasing differences in (v}, x) when v; > v, and x is in [s, 1].'S
Since v, = vg and CY and C* satisfy decreasing differences in (vG, X — s), we
have that —C = —C¢ — Cl satisfies increasing differences in (vl, x). In addition,
vy x satisfies strict increasing differences in (vl, x) and ( 1 — x)v2 satisfies increasing
differences in (vl, x). Therefore, f satisfies strict increasing differences in (v, x),
s0 x5(v}, v,) increases in v;. A similar argument shows that x5(v;, v,) increases in
vy for vi < v,. Finally, because for v; and v{ such that v{ > v, > v; we have
xs(vi, V) > s > xs(vl, vz), we conclude thatxs(vl, v2) increases in v;.

For (ii), suppose that x is in [s, 1], and hence u(vy, vo, X, 5) = xv| —

C G(vz, vi, x — ). Since xv; satisfies increasing differences in (vl, x) and CY satis-

fies decreasing differences in (vl, X — s), we are done. A similar argument applies
to x in [0, s|. Finally, consider x' and x such that x' > s > x. We have that

u(vl, Vo, X, s) — u(vl, Vo, X, s)
= x'v; — CG(vz, v, x' —s5) — (xvl — CL(Vl, Vo, § — x))

= (x" = x)y, — CG(vz, v, x' —s5) + CL(vl, vy, 8 — X).

7Let Vand X be two sets of real numbers. A function f : V x X — R satisfies (strict) increasing differences
in (v, x) if g(v) = f(v, x) — f(v, x) (strictly) increases in v for any x’ > x.If g(v) (strictly) decreases in v, then
[ satisfies (strict) decreasing differences in (v, x).

'8 This would satisfy the conditions of Topkis’s theorem because f is trivially quasisupermodular in x, and strict
increasing differences in (v, x) implies the strict single crossing property in (v, x)
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To show that the expression increases in v, it suffices to show that
CG(vz, vy, X' — s) decreases in v; and CL(vz, Vi, § — x) increases in v,. Because
CY satisfies decreasing differences in (vG, A), for v{ > v; we have that
COvy, viyx' —5) — C%vp, v, 0) < C%(vy, vy, x"—5) — C%vy, v}, 0); and because
CG(-, . O) = 0, we have that CG(vz, vi, x' — s) < CG(vz, v, x' — s). Similarly,
CL(VZ, Vi, S — x) > CL(VZ, Vi, § — x). [ |

PROOF OF PROPOSITION 5:

The proof uses the notation and (4) in the proof of Proposition 6 below.

By the envelope theorem (Milgrom and Segal 2002, Section 3.1), player 1’s util-
ity in any mechanism that implements an S-efficient final allocation x5 when his
type is v; is equal to U(s, v;) + K, where

Vi

(1) U(s, vi) = fo E, (xs(v, vz)) dv

and K is some constant. By comparing U (s, vl) to a VCG mechanism that generates
the same interim utilities for player 1 and noting that Uf(s, O) = 0, we have that
U(s, vl) = EVZ(AS(VI, vz)) — EVZ(AS(O, v2)), SO

(2) H(s) = U(s, v*(s)) +E, (AS(O, vz)) — sv¥(s).

Consider costs C(x) = bx with b > 0. By Propositions 2 and 3, A(s) is
constant in s. For b > 1/2 the costs are substantial, so by Proposition 6 the
second-period deficit is constant in the initial concentration. To show that for
b < 1/2 the second-period deficit strictly increases, in the initial concentration, it
suffices by (4) to show that H (s) is strictly concave in s for s € (0, 1), since then
H(s) + H(1 — s) strictly decreases ins € (1/2, 1).

Differentiating with respect to vy, (1) and the definition of x5 imply that

(3) Us(s,vi) = F(v; — b) + s(F(vl +b) — F(v, — b))
= (1 — s)F(vl — b) + sF(vl + b).

In addition, because U(s, v;) — sv; is minimized atv; = v*(s), setting v, = v*(s)
in (3) we obtain

(1 =5)F(v*(s) — b) +sF(v*(s) + b)

=5 = (1-FW*(s) — b) = s(1 —F(v*(s) + b))."

9Tf v*(s) is interior, then Us(s, v*(s)) = s because U(s, v) — sv is minimized at v*(s). And
U (0, v) = E,(x(0, v)) < s, but 0 € argmax, {sv; — U(s, v)} implies s < U,(0, v); similarly,
Uy(1,v) = E,,(x*(1,v,)) > s,but1 € arg max, {sv; — U(s,v,)} implies s > U,(1,v).
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This equality implies that v¥(s) € (b, 1 — b) (sinces € (0, 1) and b < 1/2), so
vi(s) — b, F(v*(s) - b) > 0 and v¥(s) + b, F(v*(s) + b) < 1. From (2) we
have that

BZ(U(S, v*(s)) + EVZ(AS(O, vz)) — sv*(s))

H//<s> — 85 5

82(U(s, v*(s)) - sv*(s))

ds? ’

where the second inequality follows from 82EV2 (A(O, vz)) /O0s? = 0, which follows
from

E(A50,v2) = (1= $)Ey(v) + s [ (vs — B)f(v) dvs.

Letting K(s) = U(s, v*(s)) — sv*(s), we have that

where the last inequality follows from Uz(s, v*(s)) = 5. We therefore have

K'(s)

Ui (s v(s)) + Un(s v(s) (")) = (v(s)
= Un(s v (9) + (Unls () 1) ()
We have that Uy, (s, v*(s)) = 0, because by (3)
Ulsov) = ([((0 = ) F(v — b) + sF(v + 8)) v).
In addition, U(s, v(s)) = (1 — s) F(vi — b) + sF(v{ + b), so

Ulz(s, v*(s)) = Uzl(s, v*(s)) = F(vi +b) — F(vi = b) € (0, 1).
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By the implicit function theorem for g(s, v*(s)) =(1-y) F(v*(s) — b) -
s(l — F(v*(s) + b)) = 0, we have that

81(3’ v*(s)) F(v*(s) — b) -+ (1 — F(v*(s) + b))

VO = o) (= g0 = ) 56+ 8)°

H'(s) = K”(s) = (F(v*(s) + b) — F(v*(s) — b) — 1)

y F(v*(s) — b) + (1 — F(v*(s) + b))
(1 —5)f(vi(s) = b) + sf(v¥(s) + b)

(F(v(s) +b) — F((s) — ) — 1)’
(1= s)f(v(s) = b) + sf(v*(s) + b)

< 0,

where the inequality follows from F(v*(s) — b) > 0 and F(v*(s) + b) < 1.
Thus, H( ) is strictly concave.

PROOF OF PROPOSITION 6:

Choose an initial division S. We begin by deriving an expression for the
second-period deficit. For this we observe that for any mechanism that imple-
ments an S-efficient final allocation there is a VCG mechanism that generates the
same interim utilities to the players and the same (expected) deficit. Therefore, the
second-period deficit is equal to the deficit that arises in an individually rational
VCG mechanism in which the players obtain the lowest possible utilities. We there-
fore compute the deficit in such a VCG mechanism.?"

To do this, suppose without loss of generality that player 1’s initial share is
S = Spar and recall that in a VCG mechanism, player 1’s utility is As(vl, v2) —
hs(vz), where AS is the ex post surplus in an S-efficient final allocation x5 and /S
is some function of v,.

Let H(s) = minvl{EVZ(AS(vl, vz)) - svl} be the highest value of E(hs(vz))
such that all of player 1’s participation constraints hold, and denote by
vi(s) € arg minvl{EVZ(As(vl, v2)) — svl} a “binding valuation.” Thus, the min-
imal expected utility that player 1 can get while satisfying his participation con-
straints is A(s) — H(s), where A(s) = E(As(vl, vz)) is the maximal expected
surplus. Since A(s) — H(l — s) is the corresponding utility for player 2, and the
available expected surplus, generated by x5, is A(s) , we obtain that the deficit is

29This approach was formalized by Williams (1999) and then shown to hold under more general conditions
by Segal and Whinston’s (2012) lemma 3 part (ii), whose conditions are satisfied here. Our derivation is similar to
their derivation of equation (15).
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(4) A(s) — H(s) + A(s) — H(1 — 5) — A(s) = A(s) — H(s) — H(1 — s).

Also, by definition

H(s) = EVZ(AS(V*(S>, vz) — sv*(s) — (1 — s) vz) + (1 — s) E(vz),

Expected gains from reallocation

so H(s) + H(1 — s) is no lower than each player’s expected valuation for the asset,
and the two are equal if and only if for each player it is optimal for no reallocation
to take place with probability 1 when he has a binding valuation. Moreover, if a
player has a valuation for which no reallocation is optimal, then this valuation min-
imizes the expected gains from reallocation, and therefore, by definition of v*, it is
binding. Thus, when reallocation costs are substantial, the deficit is as stated in the
proposition. B

PROOF OF PROPOSITION 7:

Suppose first that costs are amount-insensitive or concave. This implies that if
some of the asset is optimally reallocated from player i to player j, then player i’s
entire initial share is optimally reallocated to player j. Thus, an S-efficient final allo-
cation is characterized, for any realization of players’ valuations, by a partition of
the set of players and a player within each element of the partition, such that for each
element of the partition the shares of all the players in the element are reallocated to
the specified player in the element (singleton elements corresponds to maintaining
the initial shares). Thus, the maximal expected surplus is

A(S)

T

(+(5%) - 5, <o) })

=F max
{Zy.iy .. .. Ix.ix : K>1, iy €Ty, and [[;<xLi=N}

Because each of the functions over which the maximum is taken is convex in S,
the maximum of convex functions is a convex function, and the integral of convex
functions is a convex function, we have that A is a convex function of S. In addition,
A is symmetric (i.e., its value does not change under permutations of S) because
F is symmetric. A convex symmetric function is Schur-convex (Schur 1923), i.e.,
A(S) > A(T) if S majorizes T.

Now suppose that costs are convex. Given a realization of players’ valuations, an
S-efficient final allocation optimally reallocates each player’s initial share between
this player and players with higher valuations. To formalize this, denote by II the
set of permutations of 1, ..., N, so that 7T(i> is the element in the ith position in the
permutation © € II. Ignoring, for notational simplicity, the expected value of the
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asset and realizations in which not all valuations are distinct, the maximal expected
surplus is

Because sums and integrals of concave functions are concave, to prove that
A(S) is concave it suffices to show that for any permutation 7 and realization
Va(1) > -+ > Vg of players’ valuations

i1
h(S) = max

i1 =1
. . . J
{xf, cs X120 Z}X}S%(i)}
=

/~
—_
<
3
=
|
<
=N
\\_i/
el
|
a
—
=<
A
<
3
=
\XN
S—
—

is concave in S. Consider initial divisions S and S’ and corresponding maximiz-
ing vectors x(S) and x(S'). Let T = aS + (1 —a)S’ and y = ax(S) +
(1-a) X(S’) for some o € [0, 1]. We then have

WT) = ((va) = va)yf = € (vt va(i ) )

> ah(S) + (1 — a)h(S').

In addition, A(S is symmetric because F is symmetric, so by Schur-convexity
—A(S) > —A(S’) if S majorizes S, i.e.,A(S’) > A(S).n
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