
How to Buy Advice∗

Ronen Gradwohl Yuval Salant †

First version: January 3, 2011
This version: September 20, 2011

Abstract

A decision maker, whose payoff is influenced by an unknown stochastic pro-

cess, seeks the advice of an advisor, who may be informed about the process.

We identify a sufficient condition on the correlation between the advisor’s infor-

mation and the true stochastic process, called conservativeness, for which there

exists a strategy D of the decision maker that will yield him an almost first-best

payoff in every period. We also demonstrate that without conservativeness no

strategy can approximate the first-best payoff.

The belief-free strategy D satisfies various desirable properties. It only

requires a fixed budget – regardless of the realizations of the stochastic process

and whether or not the advisor is actually informed about it, the total payoff

to the decision maker will never fall below a fixed threshold. Moreover, per-

period compensation to the advisor is independent of the present realization of

the process, and depends solely on the expected value of the advice as reported

by the advisor.
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1 Introduction

A decision maker (DM) faces uncertainty about events that unfold over time and

influence his payoff. He seeks the advice of an advisor who claims to be informed about

the process that governs the events. In actuality the advisor may either be informed

or uninformed, and the DM is uncertain about this as well. When interacting with

the advisor, can the DM obtain a “high” payoff in case the advisor is informed while

simultaneously not losing “too much” in case the advisor is uninformed?

This question arises, for example, when an investor considers hiring a financial

advisor to manage his portfolio, or when a firm considers hiring a consultant to get

advice on certain aspects of its business. In both situations, the advisor may be

informed or uninformed about the process that influences the payoff of the DM, and

the DM may be uncertain about that as well as about the underlying process.1 In

both situations, it is hard to evaluate the quality of the advice without actually

following it, yet following it may be costly to the DM. Finally, in both situations, the

interaction with the advisor is potentially repeated over time, where in every period

the advisor provides some advice and gets compensated for it.

We study a repeated interaction between a DM and an advisor with all the above

features. Our first observation is that even when the advisor is informed, it may be

impossible to achieve a high payoff in the interaction with him without the risk of

losing too much. Consider the following example:

Example 1.1 Nature is a stochastic process that realizes in every period one of two

states, H or L. Up to period T , the state is realized according to a coin toss that

assigns probability 3
4

to state H and 1
4

to state L. From period T onward, the process

becomes a deterministic sequence of H’s and L’s.

An advisor believes that Nature is a deterministic sequence of H’s and L’s: up

to period T he believes the state is always H, and thus he correctly estimates the

direction of the bias but overestimates its magnitude. From period T+1, he accurately

predicts Nature’s state.

A DM is uncertain about all of the above and his uncertainty cannot be captured

by a prior. In every state, he may bet on the state or stay out. If he bets, he wins $1

if correct and -$3 if incorrect. If he stays out, he receives a sure payoff of $0 and has

no indication of the state realization. The DM has a “budget” of $B that reflects the

1Such uncertainty may be alleviated in environments where developing reputation for being

informed is possible.
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maximum amount the he is willing to lose in the interaction with the advisor.

Let us verify that even though the advisor above is informed, it is impossible for

a DM to identify the period T from which the advisor accurately predicts the state

without exceeding his budget $B.

Suppose, for simplicity, that the advisor charges a fixed fee of $c per period for

his advice (in case the DM decides to follow it) and that the DM uses a deterministic

strategy in the interaction with the advisor.2 Denote by Tmax the smallest integer

that satisfies that the DM consulted with the advisor and invested B/c+ 1 times up

to period Tmax. Clearly, Tmax exists and is finite or else the DM will not be able to

identify T and obtain a high payoff, if T were large enough. But if Tmax < T then

in expectation the DM will exceed his budget by period Tmax, because every time he

consults with the advisor and invests he obtains an expected payoff of $0 and has to

pay the advisor $c. ♦

The advisor in Example 1.1 is informed: Up to period T , he identifies correctly

the direction of the coin’s bias but overestimates it; from period T + 1 he accurately

predicts the state. To achieve a high payoff, the DM needs to identify the period

T , and to do so, the DM must consult with the advisor every once in a while. The

advisor overestimates the value of his advice (he believes it is 1 while it is actually 0)

and recommends that the DM invest. But every time the DM invests prior to period

T he loses money, and thus may use up his budget. This is a general observation:

To achieve a high payoff the DM needs to consult with the advisor every once in a

while, but if the advisor overestimates the true value of his advice in these periods

and recommends that the DM invest this may harm the DM.

We therefore focus on advisors who underestimate the value of their advice or

only “slightly” overestimate it. We say that an advisor is conservative if the advi-

sor’s assessed value of his best advice (according to the advisor’s information) does

not overestimate the true expected value of the same advice (according to Nature’s

process) by too much.

Conservativeness comes up naturally in the context of learning.

Example 1.2 In every period, Nature realizes either the state H or the state L

according to an i.i.d. coin toss. The advisor knows that Nature’s process is i.i.d., and

2In Section 3.2 we establish an impossibility result for any strategy of the DM and any limited-

liability compensation scheme.

3



he has some prior over the bias of the coin that puts non-zero weight on the true bias.

He observes some realizations of the coin prior to his interaction with the DM.

Similarly to Example 1.1, the DM is uncertain about all of the above and his

uncertainty cannot be captured by a prior. He may bet on the state (and get a

positive payoff if correct) or stay out.

Then, with high probability, the advisor will be able to approximate the true bias

of the coin prior to interacting with the DM. His assessed value of his advice will

approximate the true value of his advice according to Nature’s process. Hence, he is

conservative. ♦

Conservativeness also arises when the advisor is more optimistic than Nature

about the likelihood of outcomes with negative payoffs and is more pessimistic than

Nature about the likelihood of outcomes with positive payoff, given his best advice.

For example,

Example 1.3 Nature is a stochastic process that realizes in every period one of two

states, H or L, according to a coin toss that assigns probability 3
4

to state H and 1
4

to state L. The advisor believes that the bias to state H is actually 2
3
.

The DM may bet on the state or stay out. If he bets, he wins $1 if correct and

-$1 if incorrect. If he stays out, he receives a sure payoff of 0.

The advisor’s best advice is to bet on H. He underestimates the probability of

the outcome with positive payoff: He assigns a probability of 2
3

to the positive payoff

as compared to the true probability of 3
4

and overestimates the outcome with the

negative payoff. Hence, he is conservative. ♦

Our main result answers our initial question affirmatively – the DM can obtain

a “high” payoff in case the advisor is informed while simultaneously not losing “too

much” in case the advisor is uninformed – when informed advisors are ones that are

conservative. Specifically, there exists a simple belief-free calibration strategy D of

the DM and a zero-liability compensation scheme to the advisor that achieve the

following:

(1) If the advisor is truthful (i.e., never distorts his view of the underlying process)

and conservative, then after an initial test period, the sum of the DM’s per-period

payoffs up to every period is close with high probability to the sum of payoffs the DM

would have expected to obtain if he knew the advisor’s process;
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(2) If the advisor is conservative and strategic (i.e., provides advice that improves

his own payoff with high probability over truthfulness), then the DM’s payoff guar-

antee can only increase;

(3) The budget spent by the DM never exceeds a fixed and bounded amount that

depends on how close to the optimal payoff the DM wants to be and on the probability

with which he wants to obtain it. Importantly, this budget is independent of the

number of periods t.

Put differently, there exists a strategy that enables the DM to approximate the

sum of payoffs he could have achieved if he knew the information of the advisor

and used it optimally in case the advisor is conservative, and to lose up to a fixed

and bounded amount otherwise. This is possible even though the only instruments

available to the DM in interacting with the advisor are a zero-liability compensation

scheme and the ability to stop interacting with him.

We also extend Example 1.1 and show that the assumption of conservativeness is

necessary in the sense that for any limited-liability compensation scheme and strategy

of the DM, there exist an advisor that is “far” from being conservative (yet is informed

in the sense of Example 1.1) and a process of Nature for which the DM will not even

approximate the first-best.

The strategy D that achieves the guarantees of the positive result above has two

phases: In the first “test” phase, the DM buys information from the advisor whenever

the advisor claims the value of the information is larger than some threshold value. In

the second “calibration” phase, the DM buys information from the advisor whenever

the advisor claims its value is larger than that threshold, and as long as the past

recommendations of the advisor are close to the payoff realizations of the DM. Note

that D does not require the DM to form beliefs about the true underlying process, the

advisor’s process, the correlation between the two, or the advisor’s strategy, which

may be a challenging task in complex environments.

The corresponding compensation scheme is to award the advisor a small fraction

of what he claims is the expected value of his advice in case the DM decides to follow

it, and zero otherwise. This compensation scheme has zero liability – payments are

made from the DM to the advisor, and never vice versa.3 In addition, compensation

is not outcome-based in the sense that it does not depend on whether the advice

turns out to be valuable, but only on the expected value of the advice as stated by

the advisor. These features are reminiscent of portfolio management contracts, in

3See Chassang (2011) for further discussion of limited-liability contracts.
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which a manager’s fee depends only on the amount invested in each period and not

on the realized returns from that period (see for example Farnsworth, 2011).

We proceed as follows. Related literature is surveyed below. Section 2 presents the

model. Because our goal is to establish a possibility result, we fix the compensation

scheme to be the one mentioned above. Section 3 presents our main results. Section

4 comments on possible extensions of our analysis.

1.1 Related literature

Our results are related to the recent literature on testing experts. In this literature, a

DM desires a test that will determine whether an expert is knowledgable and knows

Nature’s stochastic process, or whether he is ignorant and does not know Nature’s

process. Foster and Vohra (1998), Fudenberg and Levine (1999), Lehrer (2001),

Sandroni (2003), Sandroni, Smorodinsky, and Vohra (2003), Vovk and Shafer (2005),

Olszewski and Sandroni (2008, 2009), and Shmaya (2008) establish in various settings

that any test that passes a knowledgable expert is also manipulable: An ignorant

expert can strategically generate predictions so that he matches the performance of

a knowledgable expert.

In order to overcome this impossibility result, various authors have relaxed some

of its underlying assumptions to obtain a non-manipulable test. Among the relevant

papers are Dekel and Feinberg (2006), Olszewski and Sandroni (2008, 2009), Al-

Najjar and Weinstein (2008), Al-Najjar et al. (2010), Fortnow and Vohra (2009), Hu

and Shmaya (2010), Echenique and Shmaya (2008), and Olszewski and P ↪eski (forth-

coming). However, while the distinction between an ignorant expert and one who

is completely informed about the true process makes impossibility results stronger,

this extreme distinction makes the possibility results rather weak. In particular, the

non-manipulable test is guaranteed to pass only completely knowledgeable experts,

and may fail experts who are almost fully knowledgeable (such as the conservative

advisors in this paper).

Of the above papers, Echenique and Shmaya (2008) and Olszewski and P ↪eski

(forthcoming) model explicitly how the expert’s advice influences the payoff of the

DM. Both papers establish that there exists a test that passes a knowledgable expert,

and if it also passes an ignorant expert then the predictions of that ignorant expert

do not harm the DM too much.

In Echenique and Shmaya’s model (2008), a DM has a theory π about how certain

events will unfold over time. The DM needs to decide whether to replace that theory
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with a new theory ν offered by an expert, as he will then use the selected theory to

make payoff-relevant choices. Echenique and Shmaya show that there exists a test

that guarantees the DM the following: (1) The test passes ν with certainty if ν is a

true theory, and (2) if the test passes some theory ν, then an infinitely patient DM

who behaves according to ν will obtain an expected payoff that weakly exceeds his

expected payoff under π (where the expectation is taken with respect to the DM’s

original theory π).

Olszewski and P ↪eski’s (forthcoming) principal-agent model is more closely related

to our model. In their model, the DM needs to take an action in each period, and his

per-period payoff depends on his action and an unknown state. The DM seeks the

advice of an expert who may be knowledgable or ignorant. He offers the potential

expert a menu of contracts, each defining the periods in which the expert will be

required to provide predictions as well as the expert’s compensation, a function of

his predictions and the realized outcomes. The expert chooses a contract from the

menu, and then provides predictions and gets compensated accordingly. Olszewski

and P ↪eski establish that if the DM evaluates infinite payoff sequences according to

their limit average, then there exists a menu of contracts that enables a DM to achieve

the following: (1) If the expert is knowledgable the DM obtains a payoff close to the

payoff he would obtain if he knew Nature’s process, and (2) if the expert is ignorant

the DM’s payoff can fall only marginally below his outside option.

We establish stronger possibility results. First, our results apply not only when

the advisor is fully informed, but also when he is partially informed and conservative.

Second, the advisor in our model only needs to form beliefs about Nature’s process

in the next period, whereas in Olszewski and P ↪eski (forthcoming), the advisor needs

to form beliefs about Nature’s entire process in order to choose a contract. Third,

we show that there exists a strategy that enables the DM, after an initial test period,

to extract almost full surplus up to every period in the interaction rather than only

in the limit. Fourth, this strategy uses a budget that is bounded and fixed (while in

Olszewski and P ↪eski, the budget required for implementing any contract in the menu

is not bounded even though its limit average is negligible). Finally, compensation

to the advisor in our model does not depend on the realized state of nature, which

provides stronger incentives to the advisor to mis-report his information.

Our analysis is also related to the famous theorem of Hannan (1957). Hannan’s

theorem states that if a DM receives recommendations from a fixed number of experts,

then he has a decision scheme that approximates the payoff he would receive from
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following the recommendations of the “best” expert among them. The approximation

is such that for any number of periods t, the DM’s payoff is the payoff from the best

advice minus O(
√
t). There are many variations on this theorem, many of which are

surveyed by Cesa-Bianchi and Lugosi (2006). The variation that is most relevant to

the current work is that of Auer et al. (2002), in which the DM must choose exactly

one expert from whom to receive a recommendation in each round. He does not see

the recommendations of non-chosen experts in that round. This corresponds to our

model in the sense that if the DM does not purchase advice in a certain round, then

he does not observe the realization of Nature in that round.

One can embed our problem into this framework by constructing two experts:

one expert recommends the DM to purchase advice from the advisor whenever the

declared value of the advice is positive. The other expert always recommends to stay

out. The work of Auer et al. (2002) implies that there exists a strategy for the DM

in which he always obtains at least the value of the advisor minus O(
√
t) or, if that

value is negative, at least the value of staying out (zero) minus O(
√
t).

There are two main differences between our positive results and those of Auer et

al. (2002). First, Auer et al. (2002) do not entertain the possibility of strategic experts

that may report untruthfully. Second, the budget needed to implement the Auer et

al. (2002) strategy is unbounded (i.e., the required budget is O(
√
t)), as opposed to

our result, in which the DM needs only some fixed budget.

2 Model

Nature. Nature is a stochastic process N = (N1,N2, . . .) of random variables with

outcomes in a finite set R. Let rt ∈ R be the realization of Nature’s process in period

t, and rt = (r1, . . . , rt) ∈ Rt be a vector of realizations in the first t periods. For

t > 1, the random variable Nt = Nt(r
t−1) may depend on the realizations in periods

1, . . . , t− 1.

Advisor. An advisor is an agent whose complete view of Nature is captured by a

stochastic process A = (A1,A2, . . .) of random variables with outcomes in R. The

random variable At = At(r
t−1) may depend on Nature’s past realizations, and reflects

the advisor’s view of Nt(r
t−1).
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Decision maker. In every period t, the DM decides whether to bet on the outcome

of Nature’s process in that period or stay out. If he stays out in period t, his payoff is 0

in that period.4 Otherwise, he chooses a bet zt from a finite set Z of bets and obtains

a per-period payoff of u(zt, rt) ∈ [−a, b], where rt is the realization of Nature’s process

in period t. Note that the per-period payoff of the DM is bounded. The DM has no

knowledge of Nature’s process, the advisor’s process, or the correlation between the

two. The DM’s preference is to stay out without obtaining additional information.

We now describe the interaction between the DM and the advisor. Because our

goal is to establish a possibility result, we fix the compensation scheme to the advisor

to be the one discussed in the introduction. According to this scheme, whenever the

DM decides to follow the advisor’s advice, he pays the advisor a small fraction α of

the expected per-period net gain, as claimed by the advisor, of following his advice.

The fraction α may be an industry standard or the outcome of a bargaining process

between the DM and the advisor that we do not model.

Interaction. In every period t, the advisor provides a prediction (vt, zt) specifying

the maximal expected value vt of betting in period t according to his information, and

the bet zt that achieves vt in expectation. If the DM decides not to follow the advice,

the period ends and both the DM and the advisor get a payoff of 0. Otherwise, the

DM pays the advisor α · vt, observes the realization rt from Nt(r
t−1), and obtains

a payoff of u(zt, rt). That is, the DM needs to invest in order to observe Nature’s

realization: This corresponds to the observation that it is often hard to evaluate the

quality of advice without actually following it.5

Strategies. The advisor’s strategy is a sequence of declarations {(vt, zt)}t, where

period t’s declaration is a function of (1) the t − 1 past declarations of the advisor,

(2) the t− 1 past decisions of the DM about whether to buy the information or not,

4We extend the analysis to cases in which the outside option is some arbitrary fixed number in

section 4.
5An alternative setting would be one in which a prediction is a distribution over the possible

realizations and in which the DM need not follow the action zt specified by the advisor. Another

alternative setting would be one in which the DM always observes the realization of Nature, but the

advisor provides only the expected value vt of his advice up front. The recommended bet zt that

results in the expected value vt is communicated only if the DM decides to purchase the information.

In both settings our possibility results continue to hold, although it may be possible to obtain a

somewhat tighter approximation of the first-best payoff.
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and (3) the t − 1 past realizations of Nature. The DM’s strategy is a sequence of

binary decisions {dt}t, dt ∈ {0, 1} about whether to use the advisor’s information or

not, where dt is a function of (1) the t−1 past decisions of the DM, (2) the t−1 past

declarations of the advisor, and (3) the past realizations in all the periods j ≤ t− 1

in which dj = 1.

Note that DM’s strategy is conditioned only on realizations in periods in which

he invests. Also note that we do not specify the beliefs of the DM regarding Nature’s

process, the advisor’s process, or the correlation between the two. Our focus will be

on identifying a strategy for the DM that performs well independently of such beliefs.

Payoffs. Fix a sequence of realizations rt, and (pure) strategies at = {(vj, zj)}j≤t
and dt = {dj}j≤t of the advisor and the DM respectively.

The advisor’s payoff in period j is αvj if the DM decides to bet according to his

advice, and 0 otherwise. Thus, the advisor’s payoff up to period t is pA,t(at, dt, rt) =∑t
j=1 dj(αvj). When the strategies and realizations are clear from the context, we

omit them and simply write pA,t.

The DM’s payoff in period j if he decides to bet is u(zj, rj)− αvj, where zj is the

action recommended by the advisor and rj is the realization of Nature’s process in

period j. Otherwise, his payoff is 0. Thus, the DM’s payoff to period t is pDM,t =

pDM,t(at, dt, rt) =
∑t

j=1 dj(u(zj, rj) − αvj). Note that we are implicitly assuming

here that the DM follows the advice he obtains. This only makes our positive result

stronger, and for our negative result we dispense with this assumption.

3 Analysis

In this section, we design a strategy for the DM that achieves two goals. First, it

obtains a payoff that is close to the first-best payoff in case the advisor is conservative

(to be defined below). This requirement is in the spirit of the requirement in the

expert-testing literature that a test will pass an expert who knows Nature’s process.

Second, it bounds the DM’s realized loss when interacting with any other advisor.

This is similar to the requirement that a test will fail an ignorant expert in the

expert-testing literature.

We also show that the assumption of conservativeness is necessary in the sense

that for any limited-liability compensation scheme and strategy of the DM, there

exist an advisor that is informed in a non-conservative way and a process of Nature
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for which the DM will not even approximate the first-best.

We begin by defining the notion of first-best payoff.

First-best payoff. In assessing the expected payoff of the DM from betting in some

period j, there are at least two issues to consider. First, the expected payoff of the DM

is bounded above by the expected payoff of the best bet according to Nature’s process,

i.e., it is bounded above by maxz∈Z E(u(z,Nj(r
j−1))), where E(u(z,X)) denotes the

expected payoff of the bet z, taken with respect to the process X. Second, since the

only information available to the DM is that of the advisor, the DM cannot expect

to get a payoff that is higher than that of the payoff-maximizing bet according to the

advisor’s process, i.e., maxz∈Z E(u(z,Aj(r
j−1))).

We thus define the first-best per-period payoff from betting to be

valj(r
j−1) = min {max

z∈Z
E(u(z,Nj(r

j−1))),max
z∈Z

E(u(z,Aj(r
j−1)))}.

Of course, if that value is negative, the DM can stay out and obtain a payoff of 0.

He can thus aim to achieve a payoff of at most max {0, valj(r
j−1)} in every period

j. Since the DM also has to compensate the advisor for the advice, we define the

first-best payoff up to period t on the history rt−1 = (r1, . . . , rt−1) to be

FBt(r
t−1) =

t∑
j=1

max

{
0, valj(r

j−1)− α ·max
z∈Z

E(u(z,Aj(r
j−1)))

}
.

We now define what constitutes a good approximation of the first-best payoff.

Approximating the first-best. Fix two small numbers γ, δ > 0. A strategy d of

the DM achieves a (γ, δ)-approximation of the first-best payoff against a strategy a

of the advisor if there exists a universal constant C (independent of N) such that for

every period t,

Pr
rt∼N

[
pDM,t > FBt(r

t−1)−max{C, γt}
]
> 1− δ,

where rt ∼ N means that r1 is drawn from N1, r2 from N2(r1) and so on.

Thus, a strategy that achieves a (γ, δ)-approximation guarantees that with prob-

ability 1 − δ (over the realizations of Nature), the difference between the average
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first-best payoff FBt(rt−1)
t

and the average payoff realized by the strategy is bounded

above by γ after enough periods (specifically, after C/γ or more periods).6

The parameters γ and δ control the two types of challenges the DM faces when

interacting with the advisor. The confidence parameter δ is needed since it may

happen that even though the advisor knows Nature’s process, Nature’s realizations

may be extremely unrepresentative, leading the DM to conclude that the advisor is

uninformed. The accuracy parameter γ is needed because realized payoffs may differ

in the short-run from expected payoffs.

In addition to achieving a good approximation of the first-best payoff against

informed advisors, we would also like to make sure that the DM does not lose too

much when trying to determine whether the advisor is informed.

Limited budget. A strategy d of the DM uses a realized budget of at most m ∈ R
if for every strategy a of an advisor, every t, and every sequence of realizations rt of

Nature, it holds that

pDM,t ≥ −m.

Finally, it remains to define the notion of conservativeness.

ζ-Conservative advisor. Fix a small nonnegative number ζ. An advisor is ζ-

conservative if any optimal action according to his information yields a weakly smaller

or at most ζ-larger expected payoff under the advisor’s process than under Nature’s

process. Formally, in every period t and sequence of realizations rt−1

E(u(zt,At(r
t−1))) ≤ E(u(zt,Nt(r

t−1))) + ζ,

where zt ∈ arg maxz∈Z E(u(z,At(r
t−1))) denotes an optimal action according to the

advisor’s information.

Conservativeness arises naturally in the context of learning. If the advisor has

a correct structural model of Nature (e.g., that Nature is an i.i.d. coin toss), yet

needs to estimate the parameters of the model (e.g., the bias of the coin), then after

6Our notion of (γ, δ)-approximation is similar in spirit to the notion of Probably-Approximately-

Correct (PAC) learning, in which a learner’s goal is to predict with high probability (with respect to

an unknown distribution) most of the decisions made by the agent who is the object of learning. See

Kearns and Vazirani (1994) and Vidyasagar (1997) for the theory of PAC learning, and Kalai (2003),

Salant (2007), Al-Najjar (2009), and Al-Najjar and Pai (2009) for applications of PAC learning to

economics.
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observing enough realizations of Nature’s process, he will converge to Nature’s process

and hence be conservative. Example 1.2 demonstrates such a scenario.

Conservativeness also arises when the advisor tends to underestimate the likeli-

hood of outcomes with positive payoffs and overestimate the likelihood of outcomes

with negative payoffs. Consider, for example, a situation in which Nature’s process

is a sequence of coin tosses with outcomes in R = {−1, 1} and that the possible

bets Z = {−1, 1} are on the direction of the coin. If the DM’s payoff function has

the form u(z, r) = r · z then being conservative amounts to correctly identifying the

direction of the bias in every coin, yet weakly underestimating it. That is, either

Nt(r
t−1) ≥ At(r

t−1) > 1/2 or Nt(r
t−1) ≤ At(r

t−1) ≤ 1/2.

3.1 Possibility results

The next two theorems establish that there is a strategy D of the DM that achieves

the following three payoff guarantees for every process of Nature and for every advisor.

First, if the advisor is conservative and truthful (i.e., reports the maximal expected

value and the payoff-maximizing action according to his information in every period),

then D approximates the first-best payoff. Second, if the advisor is conservative and

strategic, then the DM’s payoff guarantee can only increase. Finally, the loss of the

DM never exceeds a fixed threshold.

Recall that the per-period payoffs of the DM are in [−a, b].

Theorem 3.1 Let γ > 2ζ and let k = O
(
− log((γ−2ζ)δ)

(γ−2ζ)2

)
.7 There exists a strategy D

of the DM such that for every process of Nature the following hold:

• The strategy D obtains a (γ, δ)-approximation of the first-best payoff against

any truthful ζ-conservative advisor, where the constant C is 2k(a+ b).

• The strategy D uses a realized budget of m = k(a+ αb).

Note that if the DM knew that the advisor is truthful and conservative, he could

obtain the first-best payoff in expectation by simply following the advisor’s recom-

mendation in every stage. Theorem 3.1 establishes that it is possible to obtain with

high probability a realized payoff that approximates the first-best payoff against a

7Formally, there exists a universal constant B = B(a, b) such that for every γ, ζ < γ/2, and δ,

we have that k ≤ B ·
(
− log((γ−2ζ)δ)

(γ−2ζ)2

)
.
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truthful conservative advisor even when the DM does not know ex-ante whether the

advisor is truthful and conservative and by risking only a limited budget.

The strategy D that achieves the above guarantees is a simple modification of

standard calibration strategies. It has two phases: In the first “test” phase, the

DM buys information from the advisor whenever the advisor claims the value of the

information is larger than some value β. In the second “calibration” phase, the DM

buys information from the advisor whenever the advisor claims its value is larger than

β and as long as the past recommendations of the advisor are within ε-distance from

the payoff realizations of the DM. Setting ε = γ
2

and β = ε
1−α enables achieving the

guarantees of Theorem 3.1. More formally,

DM’s strategy. Suppose the interaction is currently in period t, the advisor’s

recommendations thus far have been {(vj, zj)}j<t, the DM’s actions have been {dj}j<t,
and Nature’s realizations have been {rj}j<t. The DM’s strategy D in period t given

the recommendation (vt, zt) is:

• If
∑

j<t dj < k then follow the advisor’s prediction (i.e., set dt = 1) if vt ≥ β.

• If
∑

j<t dj ≥ k then follow the advisor’s prediction if vt ≥ β and∑
j<t:dj=1 u(rj, zj)∑

j<t dj
>

∑
j<t:dj=1 vj∑
j<t dj

− ε.

• Otherwise, set dt = 0.

It is straightforward to verify that this strategy uses a realized budget of at most

m = k(a + αb). Indeed, in the test phase, the DM purchases information at most k

times, and whenever he does so, he pays the advisor at most αb and loses at most a.

In the calibration phase, the payoff of the DM up to (and including) period t is∑
j<t:dj=1

u(rj, zj)− α
∑

j<t:dj=1

vj − a− αb

≥ (1− α)
∑

j<t:dj=1

vj − ε
∑
j<t

dj − a− αb

≥ ((1− α)β − ε)
∑
j<t

dj − a− αb

≥ −a− αb,
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where the first inequality is derived from the calibration condition (and the additional

loss of a+αb is the worst possible outcome of round t), the second from the fact that

the DM purchases information only when its value is larger than β, and the last from

the choice of the parameters.

It is also straightforward to verify that if the DM did not “fail the advisor” –

that is, if the calibration inequality of D is satisfied – then the DM’s realized payoff

approximates FBt(r
t−1). There are two cases to consider:

Case I: D is in the test phase. On the (at most) k periods in which the DM

followed the advice, he lost at most a + αb per period. In addition, it holds that

FBt(r
t−1) ≤ kb + βt: the first term is the maximal value in the k periods in which

the DM followed the advice and the second accounts for the t − k periods in which

the value of the advice was less than β. Thus, the payoff of the DM is at least

−k(a+ αb) = (1− α)(kb+ βt)− k(a+ b)− βt(1− α)

≥ FBt(r
t−1)− k(a+ b)− γt

2

≥ FBt(r
t−1)−max{2k(a+ b), γt}.

Case II: D is in the calibration phase. The DM’s payoff up to period t (as

calculated above) is bounded below by

(1− α)
∑

j≤t:dj=1

vj − ε
t∑

j=1

dj ≥ (1− α)
∑

j≤t:dj=1

vj − εt.

Since the DM buys information only when its value is ≥ β, we have that

(1− α)
∑

j≤t:dj=1

vj + (1− α)βt ≥ FBt(r
t−1).

Thus, the DM’s payoff is at least FBt(r
t−1)− (1− α)βt− εt = FBt(r

t−1)− γt.
The challenging part of the proof, which appears in the appendix, is to show that

the DM fails a truthful ζ-conservative advisor with probability at most δ, where the

probability is over rt ∼ N.

When being truthful, a ζ-conservative advisor can guarantee himself with proba-

bility 1− δ a payoff of at least

Vt
def
= α

 ∑
j≤t: valj(rj−1)>0

valj(r
j−1)− βt


15



over t periods. This follows from the observation that if the advisor does not fail

the test, his payoff is roughly an α-share of valj(r
j−1) in every period j in which

valj(r
j−1) ≥ β and 0 otherwise. The probability that he fails the test is bounded

above by δ.

Now suppose the advisor has a (mixed) strategy S that improves upon this payoff

guarantee with high probability. The following result states that the strategy D still

approximates the first-best payoff for the DM with high probability.

Theorem 3.2 Suppose an advisor uses a strategy S for which

Pr
rt∼N
s∼S

[
pA,t(s,D, rt) > Vt + x

]
> 1− κ

for some period t. Then it holds that

Pr
rt∼N
s∼S

[
pDM,t(s,D, rt) > FBt(r

t−1) +
(1− α)x

α
−max{C, γt}

]
> 1− κ,

where C = 2k(a+ b).

To summarize, the strategy D uses a finite and bounded budget. When inter-

acting with a conservative and truthful advisor, the strategy achieves a payoff that

approximates the first-best payoff with high probability. Any strategizing of a con-

servative advisor that improves his own payoff guarantee over truthfulness can only

increase the payoff guarantee of the DM.

3.2 Impossibility result

We conclude this section by showing constructively that without conservativeness,

it is impossible to achieve an approximation of the first-best payoff even when the

advisor is informed. The reason is that approximating the first-best requires the DM

to invest every once in a while, yet if the advisor is not conservative, then it is possible

that whenever the DM invests, his payoff is small relative to the first-best.

Fix Nature’s possible state realizations to be in R = {−1, 1}, the DM’s possible

bets to be in Z = {−1, 1}, and the DM’s payoff function from investing to be u(z, r) =

r ·z. That is, the DM obtains a payoff of 1 if he correctly predicts Nature’s realization

and -1 otherwise.

We allow the compensation scheme to the advisor to be any zero-liability scheme.

We also allow the DM to have a larger set of actions: the DM can invest without
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consulting the advisor, and if he does consult with the advisor then he does not

have to follow his advice. Thus, the DM’s strategy in every period t is a probability

distribution over pairs (dt, at) where dt ∈ {0, 1} specifies whether the DM consults

with the advisor, and at specifies the action taken by the DM, which is either a bet

in Z or “stay-out.”

We now fix a strategy D′ of the DM and show that D′ does not achieve a good

approximation of the first-best payoff against an advisor who is informed in the sense

that the average per-period payoff from following his advice converges to the maximal

attainable per-period payoff as the number of periods approaches infinity.

Consider a truthful advisor who believes Nature is a deterministic sequence (A1, A2, . . .)

of 1’s and (-1)’s, and who is right from some period T that can be arbitrarily large.

Nature is a deterministic sequence of 1’s and (-1)’s as well. From period T onward, it

is identical to the advisor’s process. Up to period T , however, we construct Nature in

a way that the DM obtains a payoff of at most 1/2 in every period while the first-best

payoff is 1. Since T can be arbitrarily large, this implies that D′ does not achieve the

first-best payoff.

To construct Nature up to period T , let p11, p
1
−1 and p1s denote the probabilities

(according to D′) that the DM takes the action 1, -1 or stay-out in period 1. Nature’s

realization in period 1 is

r1 =


A1 if p1s > 1/2,

1 if p1s ≤ 1/2 and p11 − p1−1 ≤ 1/2, and

−1 otherwise.

It is easy to verify that the expected payoff to the DM in period 1 is at most 1/2

(without even taking into account the payment to the advisor) while the first-best

payoff is 1.

We now move to period 2. The probability with which the DM purchases infor-

mation and with which he follows a particular action may depend on what he did

in period 1 and on Nature’s realization in case the DM invested. Since we know the

distribution over the DM’s actions, we can denote by p21 the marginal probability that

the DM takes the action 1 in period 2, and by p2−1 and p2s the corresponding marginal

probabilities of taking the action -1 and staying-out in period 2. We define r2 in a

similar fashion to r1 using the marginal probabilities p21, p
2
−1 and p2s.

We repeat this process until period T , getting a sequence r1, . . . , rT on which the

total expected difference of the DM’s payoff from the first-best is at least T/2. Since
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T is arbitrarily large, we obtain that:

Theorem 3.3 Fix ζ < 1/2. For every strategy D′ of the DM and for every integer

T , there exists a process of Nature and an advisor that is not ζ-conservative such that:

• The strategy D′ does not obtain a (γ, δ)-approximation, for γ < 1/2, of the

first-best payoff against the advisor until period T , even though

• the advisor is informed in the sense that the average per-period payoff from

following his advice converges to the maximal attainable per-period payoff as the

number of periods approaches infinity.

Note that the same analysis extends to less restrictive compensation schemes in

which the advisor partially compensates the DM for a loss (i.e., the advisor pays the

DM some fraction of the realized loss that is bounded away from 1.)

4 Concluding comments

We conclude with two comments about possible generalizations of our results and the

tightness of the approximation of the first-best payoff.

Arbitrary outside option. Throughout the paper we assumed that the DM’s

outside option is 0. A generalized framework would be one in which the outside

option is allowed to be some θ ∈ R.

In the generalized framework, the definition of the first-best payoff is changed in

a natural way. By staying out, the DM can obtain a payoff of θ in every period j.

He should weigh that against the expected payoff of the best bet according to the

advisor’s information in period j, namely valj(r
j−1). Thus,

First-best payoff. The first-best payoff up to period t is

FBt(r
t−1) =

t∑
j=1

max{θ, valj(r
j−1)− α ·max

z∈Z
E(u(z,Aj(r

j−1)))}.

Similarly, the definition of limited budget also changes. One may want to make

sure that by interacting with the advisor, he does not lose more than some fixed

amount with respect to what he could obtain by not interacting with the advisor,

which is θt. Thus,
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θ-Limited budget. A strategy d of the DM uses a θ-realized budget of at most

m ∈ R if for every strategy a of an advisor, every t, and every sequence of realizations

rt of Nature, it holds that

pDM,t ≥ θt−m.

It is straightforward to extend Theorems 3.1, 3.2 and 3.3 to this generalized set-

ting. For example, the modified version of Theorem 3.1 would state that there exists

a strategy Dθ that achieves a (γ, δ)-approximation of the expected first-best payoff

against any truthful ζ-conservative advisor such that the θ-realized budget of Dθ is

m = k(a + αb). The strategy Dθ that achieves this guarantee is almost the same

as the strategy D, except that in both the “test” and “calibration” phases the DM

purchases information only if vt ≥ θ + β (as opposed to vt ≥ β in D). The proof is

essentially equivalent to that of Theorem 3.1, and is thus omitted.

Tightness of approximation. Three parameters govern the performance of the

strategy D. The parameter γ specifies the desired distance from the first-best payoff.

The parameter δ (or actually 1 − δ) specifies the probability with which the DM

wishes to achieve this distance. Given the specification of these two parameters, a

budget of m = O
(

1
γ2

log 1
γδ

)
is sufficient to achieve a (γ, δ)-approximation (if ζ = 0).

In practice, one may have a fixed budget m and may be interested in identifying

which (γ, δ)-approximations are achievable with this budget. Our results indicate

that using the strategy D, it is possible to achieve a (γ,Be−γ
2m/γ)-approximation for

any γ > 0, where B is some universal constant. It remains an open question whether

it is possible to achieve a tighter approximation. It also remains an open question

whether tighter approximations can be achieved by relaxing the assumption on the

messages sent by the advisor to the DM.

5 Appendix

5.1 Proof of Theorem 3.1

It remains to prove that the strategy D fails a truthful conservative advisor with

probability at most δ. To prove this, we use a super-martingale inequality for random

variables generated by a decision tree established by Chung and Lu (2006). We begin

by describing Chung and Lu’s (2006) setup and result, and then we show how to

apply their result in our setting.
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Let T be a tree8 of depth n. For each node u in T , let C(u) denote the finite set

of the children9 of u in T . The set C(u) contains the possible outcomes given that

the history of outcomes thus far has been the path from the root of T to u. For each

edge from a node u to a node v ∈ C(u), let puv be the probability of the outcome

v ∈ C(u) given that node u has been reached. Let f be a function from the nodes of

T to R.

Assume f satisfies the following properties:

• Super-martingale: For each node u it holds that f(u) ≤
∑

v∈C(u) puvf(v).

• c-Lipschitz: For each u and v ∈ C(u), it holds that |f(u)− f(v)| ≤ c.

• σ-bounded-variance: For each node u it holds that

∑
v∈C(u)

puvf
2(v)−

 ∑
v∈C(u)

puvf(v)

2

≤ σ2.

Then,

Theorem 5.1 (Chung and Lu (2006), Theorem 8.8) Fix a tree T of depth n

and a function f satisfying the super-martingale, c-Lipschitz and σ-bounded-variance

conditions. Let Y0 be the root of T , and let Yn be the random variable over the leaves

of T generated by the tree process using the probabilities puv. Then

Pr [f(Yn) ≤ f(Y0)− λ] ≤ e
− λ2

2σ2n+2cλ/3 .

Going back to our setup, we will now show that the strategy D fails a truthful

ζ-conservative advisor with probability at most δ. It is sufficient to show that if the

DM purchases information on recommendation (vj, zj) whenever vj ≥ β then for any

t and any ζ-conservative truthful advisor, it holds that

Pr
rt∼N

[∑s
j=1 dju(rj, zj)∑s

j=1 dj
≤
∑s

j=1 djvj∑s
j=1 dj

− ε for some s ∈ {k, . . . , t}

]
≤ δ.

8A tree is an undirected, rooted, acyclic graph. The depth of a node in a tree is the number of

edges on the path connecting the node and the root, and the depth of a tree is the maximal depth

of any node in the tree.
9A node v is a child of a node u if there is an edge connecting u and v, and if the path from the

root to v passes through u.
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The random variables generated by the stochastic process N naturally fit into the

decision tree setup described above. A realization of Nature’s process at any time

period occurs with probability that depends on the history of realizations. The diffi-

culty lies in the fact that the DM does not consider all periods meaningful, but only

those that have a value at least β. The challenge is, then, to construct a tree (or

rather, a forest10) and a function f that will allow us to use Theorem 5.1.

For the remainder of the proof, assume t is fixed. To simplify the construction, we

add a ‘dummy’ period 0 realization r0 to each possible realization rt = (r1, . . . , rt) ∈
Rt, so the realizations are of the form rt = (r0, r1, . . . , rt) where r0 is identical across

realizations. Since t is fixed, we also write r instead of rt when it is clear from the

context.

For each s ∈ {1, . . . , t} and r = (r0, r1, . . . , rt), let Us(r) be the number of times

in the first s periods the advisor’s perceived value was at least β, assuming r is the

sequence of realizations. Formally,

Us(r)
def
= |{j : 1 ≤ j ≤ s and vj ≥ β}| ,

where vj = vj(r0, . . . , rj−1) depends on past realizations in periods 0, . . . , j − 1.

Next, we define t − k + 1 sets of sequences of realizations, one for each w ∈
{k, . . . , t}, as follows:

Rw
def
=
{
r ∈ r0 ×Rt : ∃s ≤ t such that Us(r) = w

}
.

Note that a specific sequence of realizations r may be in more than one of the sets

Rw. A sequence r is absent from all Rw if the number of times in which vj ≥ β is at

most k − 1.

We now construct a forest Fw for a given w. The vertices of Fw correspond to the

first w prefixes of sequences in Rw after which the value of information is at least β.

Formally, the set of vertices is

Uw
def
= {(r0, . . . , rj−1) : (r0, . . . , rj−1) is the prefix of some r ∈ Rw,

and vj(r0, . . . , rj−1) ≥ β,

and |{i < j − 1 : vi(r0, . . . , ri−1) ≥ β}| < w}.

The edges of Fw link every prefix to the minimal prefixes it nests. Formally, at

each stage i = 1, . . . , w, we remove all vertices from Uw that have no prefix in Uw,

10A forest is a collection of disjoint trees.
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and add them to level i of the forest Fw. We connect any vertex v removed in stage

i > 1 to his parent, which is the unique vertex in level i−1 that is a prefix of v. Note

that if v1 < β then Fw is a forest, and otherwise it is a tree.

We add transition probabilities between parents and their children in Fw as follows.

For u = (r0, . . . , r`) and v = (r0, . . . , r`, . . . rj), where u is a parent of v, we assign to

the edge connecting them the probability

puv = Pr [N`+1(r0, . . . , r`) = r`+1] · . . . · Pr [Nj(r0, . . . , rj−1) = rj] .

We next modify Fw further by adding final-realization nodes as follows. For any

vertex u = (r0, . . . , rj−1) ∈ Uw and any rj ∈ R, let p(rj) be the total transition proba-

bility from u to its children whose j’th coordinate is rj, i.e., p(rj) =
∑

q∈C(u):
qj=rj

puq. If u is

a leaf then p(rj) = 0. If (r0, . . . , rj−1, rj) /∈ Uw, we add the node v = (r0, . . . , rj−1, rj)

to the forest with transition probability

puv = Pr [Nj(r0, . . . , rj−1) = rj]− p(rj).

Due to the addition of final-realization nodes, the transition probabilities from a

non-leaf parent to its children now add up to one.

The resulting forest Fw has depth w (i.e., w + 1 levels), but it may have leaves

that are not at the bottom level. To remedy this we add completion nodes to Fw

as follows. For any leaf u in Fw such that the depth of u is some d < w we add

w − d nodes u(1), . . . , u(w−d). The nodes are arranged in a line emerging from u: u

is the parent of u(1), which is the parent of u(2), and so on until u(w−d). Transition

probabilities between the new nodes are all 1.

The resulting forest Fw consists of trees of depth w, where the length of all paths

from the root of a tree to a leaf is exactly w.

We now turn our attention to the second ingredient in the decision tree setup –

the function f . We define f recursively with respect to the levels of the tree. First,

set f(root) = 0 for the root of any tree in Fw. For any other node v = (r0, . . . , rj),

let u = (r0, . . . , r`) be the parent of v in Fw (and so ` < j). We set f(v) = f(u) if v

is a completion node, and otherwise,

f(v) = (u(z`+1, r`+1)− v`+1) + f(u) + ζ.

Intuitively, f(v) sums up the differences between reported values and realized

payoffs in those periods in which the reported value was at least β, leading up to but

not including the realizations represented by v.
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For any r ∈ Rw, let L(r) be the leaf of the forest Fw that is reached when the

sequence of realizations is r. The value f(L(r)) is then the difference between (i) the

sum of realized values obtained by the DM given the realizations r ∈ Rw plus w times

ζ and (ii) the sum of expected values reported by the advisor. When the sequence

r is chosen at random from N, the random variable f(L(r)) captures the possible

differences between realized values and expected values in the first w meaningful

periods, conditional on r ∈ Rw.

The function f satisfies the following properties.

1. f is a super-martingale. If a vertex u is a completion node or a final real-

ization node then its f value is identical to its only child’s f value. For each

vertex u = (r0, . . . , rj) that is neither a final realization node nor a completion

node, it holds that ∑
v∈C(u)

puvf(v)

− f(u) =
∑
v∈C(u)

puvu(zj+1, rj+1)− vj+1 + ζ

=

∑
rj+1

u(zj+1, rj+1)
∑

v∈C(u) s.t. vj+1=rj+1

puv

− vj+1 + ζ

=

∑
rj+1

Pr [Nj+1(u) = rj+1] · u(zj+1, rj+1)

− vj+1 + ζ

≥ 0,

where the final inequality follows from the fact that the advisor is truthful and

ζ-conservative.

2. f is (a + b)-Lipschitz. This is an immediate implication of the fact that the

range of the DM’s utility function is [−a, b].

3. f has
(
a+b
2

)
-bounded-variance. This is an immediate implication of the fact

that the variance of each vertex is bounded above by the variance of a Bernoulli

random variable that is 0 with probability 1/2 and (a+ b) with probability 1/2.

Theorem 5.1 implies that, for any λ,

Pr
rt∼N : rt∈Rw

[
f(L(rt)) ≤ −λ

]
≤ e

− λ2

w(a+b)2/2+2λ(a+b)/3 .
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Fixing λ = (ε− ζ)w yields

Pr
rt∼N : rt∈Rw

[
f(L(rt)) ≤ −(ε− ζ)w

]
≤ e

− ((ε−ζ)w)2

w(a+b)2/2+2(ε−ζ)w(a+b)/3 ≤ e
− 6(ε−ζ)2w

5max{a+b,(a+b)2} (1)

since (ε− ζ) ≤ 1.

By the definition of f , the advisor fails in the calibration phase any time up to

period t if for any w ∈ {k, . . . , t} it holds that f(L(r)) ≤ −(ε − ζ)w in the forest

Fw for some realization r of length t with Ut(r) ≥ w. We can use inequality (1)

to calculate an upper bound on the probability that this happens by summing the

right-hand expressions in this equation over all w ∈ {k, . . . , t}. Denote by B =

max{a+ b, (a+ b)2}. We obtain that the probability of failure is bounded above by∑
w∈{k,...,t}

e−
6(ε−ζ)2w

5B ≤
∫ ∞
k−1

e−
6(ε−ζ)2w

5B dw =
5B

6(ε− ζ)2
· e−

6(ε−ζ)2w
5B

∣∣∣∣∞
k−1

= δ,

where the last equality holds for k = 5B
6(ε−ζ)2 log 5B

6(ε−ζ)2δ + 1.

5.2 Proof of Theorem 3.2

Fix a sequence of realizations rt = (r1, . . . , rt), and let {(vsj , zsj )}j≤t be the corre-

sponding recommendations of the advisor playing s ∈ supp(S) when the DM plays

D. Suppose that pA,t(s,D, rt) > Vt + x, and denote by

Et(r
t−1) =

∑
j≤t: valj(rj−1)>0

valj(r
j−1).

There are two cases to consider:

Case I: D is in the test phase. It must be the case that

kb+ βt > Et(r
t−1) +

x

α
. (2)

To see why, observe that the DM bought information at most k times. Each time, he

paid the advisor at most αb. Thus, pA,t(s,D, rt) ≤ αkb. By assumption it holds that

pA,t(s,D, rt) > Vt + x. Combining the two inequalities yields (2).

In the (at most) k periods in which the DM followed the advice, he lost at most

a+ αb per period. Thus, the payoff of the DM is at least

−k(a+ αb) = (1− α)(kb+ βt)− k(a+ b)− βt(1− α)

> (1− α)
(
Et(r

t−1) +
x

α

)
− k(a+ b)− γt

2

≥ FBt(r
t−1) +

(1− α)x

α
−max{2k(a+ b), γt}.
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Case II: D is in the calibration phase. The payoff of the advisor up to period

t is pA,t(s,D, rt) = α ·
∑t

j=1 d
s
j · vsj , where dsj denotes the action of the DM in period

j given the realizations of Nature’s process and the recommendations of the advisor

up to period j. Since pA,t(s,D, rt) > α(Et(r
t−1)− βt) + x, it holds that

t∑
j=1

dsj · vsj > Et(r
t−1)− βt+

x

α
.

As shown in the main text, the payoff of the DM in the calibration phase is at least

(1− α)
t∑

j=1

dsj · vsj − ε
t∑

j=1

dsj .

Substituting the left summation by Et(r
t−1)− βt+ x

α
and the right summation by t,

we obtain that the payoff of the DM is bounded below by

(1− α)
(
Et(r

t−1)− βt+
x

α

)
− εt = (1− α)Et(r

t−1)− t((1− α)β + ε) +
x(1− α)

α

= (1− α)Et(r
t−1)− γt+

x(1− α)

α

≥ FBt(r
t−1) +

x(1− α)

α
− γt.

Noting that rt is a sequence of realizations for which pA,t(s,D, rt) ≥ α(Et(r
t) −

βt) + x with probability 1− κ over rt ∼ N and s ∼ S completes the proof.
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